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ABSTRACT. In this work, we investigate the Variational Principle and develop a
thermodynamic formalism for correspondences. We define the measure-theoretic
entropy for transition probability kernels and topological pressure for correspon-
dences. Based on these two notions, we establish the following results:

The Variational Principle holds and equilibrium states exist for continuous po-
tential functions, provided that the correspondence satisfies some expansion prop-
erty called forward expansiveness. If, in addition, the correspondence satisfies the
specification property and the potential function is Bowen summable, then the equi-
librium state is unique. On the other hand, for a distance-expanding, open, strongly
transitive correspondence and a Holder continuous potential function, there exists a
unique equilibrium state and the backward orbits are equidistributed. Furthermore,
we investigate the Variational Principle for general correspondences.

In conformal dynamics, we establish the Variational Principle for the Lee—Lyubich—
Markorov-Mazor-Mukherjee anti-holomorphic correspondences, which are matings
of some anti-holomorphic rational maps with anti-Hecke groups and not forward
expansive. We also show a Ruelle-Perron—Frobenius Theorem for a family of hy-
perbolic holomorphic correspondences of the form f.(z) = 24/P + .
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Correspondences. A correspondenceﬂ T on a compact metric space X is a map
from X to the set consisting of all non-empty closed subsets of X with the property

that the set {(z1,22) € X? :

zy € T(x1)} is closed in X?. As a natural general-

ization of (single-valued) continuous maps, correspondences appear abundantly in
control theory [Po21], differential games [Pe93], mathematical economics and game

IThere exist notions in the literature related to correspondences, such as upper semi-continuous
set-valued functions in [KTI7], set-valued maps in [RT18], and closed relations in [MA99]. Our
notion of correspondence coincides with the first one but differs slightly from the other two.
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theory [CPMPO0S]|, qualitative physics and viability [For88], and continuous selec-
tions [Mich6al, Mich6b, Mic57]. To quote from the monograph of J. P. Aubin and
H. Frankowska [AF09]: “Who needs set-valued analysis? Everyone, we are tempted
to say.” Indeed, they listed eight famous examples of correspondences studied by
J. Hadamard, J. von Neumann, K. Kuratowski, E. Michael, T. Wazewski, V. V. Fil-
ippov, and many other mathematicians, ranging from eight different mathematical
subjects mentioned in [AF09, Introduction].

To the best of our knowledge, the studies on correspondences originated from
dealing with ill-posed problems (for partial differential equations) in the sense of
J. Hadamard [Ha02]. Here by ill-posed problems, we mean that the existence of a
solution or the uniqueness of the solution fails for some choice of data. This was indeed
noticed during the first three decades of the 20th century by founders of “Functional
Calculus”, such as P. Painlevé, F. Hausdorff, G. Bouligand, and K. Kuratowski to
quote only a few. In his remarkable book Topologie [Ku66], K. Kuratowski gave set-
valued maps their proper status. Since then, the study of correspondences (known
as set-valued analysis) has been increasing rapidly. Many fundamental concepts of
single-valued analysis such as limits, differentiation, integral, and fixed point theorems
have been adapted to the set-valued realm, see the monograph [AF(09] and references
therein.

Other than general correspondences, the study of holomorphic and anti-holomorphic
correspondences attracts its independent interests in complex dynamics.

The study of (anti-)holomorphic correspondences dates back at least to P. Fatou
[Fa29]. Indeed, P. Fatou observed similarities between limit sets of Kleinian groups
and Julia sets of rational maps in the 1920s, and proposed the following question
[Fa29]:

“L’analogie remarquée entre les ensembles de points limites des groupes Kleinéens-
et ceux qui sont constitués par les frontieres des régions de convergence des itérées
d’une fonction rationnelle ne parait d’ailleurs pas fortuite et il serait probablement
possible d’en faire la syntese dans une théorie générale des groupes discontinus des
substitutions algrébriques.”

About the analogy between Kleinian groups and rational maps, D. Sullivan discov-
ered deep connections between the iteration theory of rational maps and the theory
of Kleinian groups (see [Su85l, Introduction]), which became known as Sullivan’s dic-
tionary. Since then, there have been considerable efforts to draw direct connections
between these two branches of conformal dynamics. See for example, the works of
S. Bullett and C. Penrose [BP94], C. T. McMullen [Mc95, Mc96], M. Yu. Lyubich and
Y. Minsky [LM97], P. Haissinsky and K. M. Pilgrim [HP09], M. Bonk and D. Meyer
[BM10, BM17], M. Mj and S. Mukherjee [MM23], and references therein.

Our current work is partially motivated by the interest of the community includ-
ing M. Bonk, D. Meyer, S. Rohde, etc., to extend Sullivan’s dictionary to some
fractals arising from probability theory, hoping to transplant key analytic tools and
techniques to such settings, and partially motivated by the recent works of S. Lee,
M. Yu. Lyubich, N. G. Makarov, S. Mukherjee, etc., on certain anti-holomorphic
correspondences which will be discussed below.
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Apart from the analogy from Sullivan’s dictionary, to answer Fatou’s question,
we need to “naturally” combine the dynamics of a rational map with that of a
Kleinian group. Matings between Kleinian groups and rational maps developed by
S. Bullett, C. Penrose, L. Lomonaco, P. Haissinsky, and M. Freiberger could com-
bine some Kleinian groups and some rational maps in the category of holomorphic
correspondences, see [BP94, [BL20, [BL22, BL23, BF05, BHO7, Bu00]. In detail, in
[BP94, [BHOT], the authors established the framework of matings for quadratic polyno-
mials with the modular group as well as some Kleinian groups abstractly isomorphic
to the modular group. In [BL20, BL22, BL23], they studied a family of quadratic
correspondences F,. Specifically, when a belongs to what they called the modular
Mandelbrot set, the correspondence F, is a mating between the modular group and
some quadratic rational map P4(z) == z+ % + A. Moreover, the modular Mandelbrot
set is homeomorphic to the classical Mandelbrot set. In [BF05, Bu00], they discussed
matings between some polynomial-like maps and Hecke groups.

Motivated by the study of the dynamics of Schwarz reflection maps associated
to quadrature domains, S. Lee, M. Yu. Lyubich, N. G. Makarov, and S. Mukherjee
investigated matings between such reflection maps and a discrete group abstractly
isomorphic to the modular group, see [LLMM21]. Such matings are anti-holomorphic
correspondences. Later, M. Yu. Lyubich, J. Mazor, and S. Mukherjee constructed
a family of anti-holomorphic correspondences for Schwarz reflection maps associated
to quadrature domains and gave two criteria that ensure that such anti-holomorphic
correspondences are matings between Schwarz reflections and anti-Hecke groups, see
[LMM23].

Apart from matings, holomorphic correspondences, uniting rational maps, Kleinian
groups, and matings, also attracted the attention of S. Bullett and C. Penrose. To ex-
tend Sullivan’s dictionary to include holomorphic correspondences, they studied the
general theory of holomorphic correspondences in [BP01]. Specifically, they formu-
lated a formal definition for holomorphic correspondences and generalized the notions
of regular sets, limit sets, and Julia sets for holomorphic correspondences.

As part of attempts to study the dynamics of holomorphic correspondences, as well
as to investigate the density of hyperbolicity and structural stability in the category
of holomorphic correspondences, C. Siqueira and D. Smania studied a specific family
of holomorphic correspondences f,(z) = 29/? 4 ¢ in [Siql5, SS17, [Siq22} [Siq23]. In
these papers, C. Siqueira and D. Smania generalized the notion of Julia Setsﬂ for £,
discussed the hyperbolicity for such holomorphic correspondences, established some
geometric rigidity results for the Julia sets, and gave an upper bound of the Hausdorff
dimension of the Julia sets.

However, among all the works cited above about holomorphic and anti-holomorphic
correspondences, few focused on ergodic theory for these correspondences.

On the other hand, ergodic theory for general correspondences has also attracted
interest recently and there have been some loosely connected but individually valuable

2(. Siqueira and D. Smania’s version of Julia sets for holomorphic correspondences is different
from S. Bullett and C. Penrose’s version in [BP01l Section 3.2].
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works on this topic. For example, from the topological aspect, Poincaré’s recurrence
theorem was investigated by J. P. Aubin, H. Frankowska, and A. Lasota in [AFLI1];
various concepts of topological entropy, and their upper and lower bounds were es-
tablished in [KT17]; expansiveness was discussed in [Wi70, [PV17]. In addition, from
the measure-theoretic aspect, several characterizations of invariant measures are sys-
tematically investigated in [MA99]; Perron-Frobenius operators and approximations
of invariant measures are studied in [Mil95]. Moreover, in the setting of holomor-
phic correspondences, T. C. Dinh, L. Kaufmann, and H. Wu [Wu20, [DKW20] stud-
ied some canonical probability measures under the dynamics of some holomorphic
correspondences on Riemann surfaces. V. M. Parra [Par23al [Par23b] studied the
equidistributions for the matings discussed in [BP94] and proved that a version of
entropy (see [VS22]) of the equidistributions equals to the topological entropy (see
[KT17]) of the matings. However, systematic studies on invariant measures are still
under development, which motivates us to study the thermodynamic formalism for
correspondences.

Thermodynamic formalism for single-valued maps. Thermodynamic formal-
ism, inspired by statistical mechanics and created by Ya. G. Sinai, R. Bowen, D. Ru-
elle, and others around the early 1970s [Do68, [Sin72), Bow 75, [Ru78], is a mechanism to
produce invariant measures with nice properties and prescribed Jacobian functions.

To be more precise, for a continuous (single-valued) map f: X — X on a com-
pact metric space (X, d), and a continuous function ¢: X — R (called a potential),
we can consider the associated topological pressure P(f, ) as a weighted version of
the topological entropy hiop(f). The Variational Principle identifies P(f, ) with
the supremum of its measure-theoretic counterpart, the measure-theoretic pressure
P,(f,¢) = hu(f) + [xpdu, (where h,(f) is the measure-theoretic entropy), over
all invariant Borel probability measures p [Bow75, Wa76]. A measure that attains
the supremum is called an equilibrium state for the given map and potential. In
particular, when the potential ¢ is (cohomologous to) a constant function, the equi-
librium state is called a measure of maximal entropy. The studies on the existence
and uniqueness of equilibrium states (or measures of maximal entropy), as well as
their ergodic and statistical properties such as supporting sets and equidistributions,
have been the main motivation for much research in ergodic theory.

The theory of thermodynamic formalism for f with strong forms of hyperbol-
icity has been systematically studied. For example, it is well-known that if f is
forward expansive, then an equilibrium state exists. Moreover, we have the Ruelle—
Perron—Frobenius Theorems (see also Propositions and for more detailed
statements), which describes the equilibrium states for more regular potentials, see
for example [RT18, Theorem 2.1] and [PUL0, Chapter 5.

Briefly speaking, if f is forward expansive and has the specification property and ¢
is Bowen summable, or if f is open, topologically transitive, and distance-expanding
and ¢ is Holder continuous, then the equilibrium state exists and is unique, and also
has some Gibbs property.
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One active direction for investigation in thermodynamic formalism nowadays is
to extend the Ruelle-Perron—Frobenius Theorem beyond the scope of uniform hy-
perbolicity. Our Theorem [E] on the Lee—Lyubich-Markorov—Mazor-Mukherjee anti-
holomorphic correspondence can be seen as such an attempt in the setting of corre-
spondences.

Thermodynamic formalism for correspondences. In the present work, we sys-
tematically develop a thermodynamic formalism for correspondences. We will address
the following aims:

(i) Formulate definitions of measure-theoretic entropy of transition probability
kernels and topological pressure for correspondences;

(ii) Establish a Variational Principle for some correspondences;

(iii) Establish the existence of equilibrium states and obtain a Ruelle—Perron—
Frobenius Theorem for correspondences with some strong expansion proper-
ties.

Statement of main results. Our main results consist of four parts: a Variational
Principle and existence of equilibrium states, a thermodynamic formalism for equi-
librium states, a lower bound for the topological pressure, and applications to holo-
morphic and anti-holomorphic correspondences.

Entropy functions and Variational Principle. We start by defining the measure-
theoretic entropy for transition probability kernels and the topological pressure for
correspondences.

Roughly speaking, a transition probability kernel Q on a compact metric space
(X, d) assigns each x € X a Borel probability measure Q, on X. We define the
measure-theoretic entropy h,(Q) (see Definition [5.22) for a transition probability
kernel Q with respect to a Q invariant (see Definition [5.10)) probability measure u.
The potential function is defined on the set Oy(T) = ng) € X?:a € T(x)}
equipped with the metric dy given by da((21, 22), (Y1, y2)) = max{d(x1,y1), d(z2,y2)}
for all (z1,23), (y1,y2) € O(T). The topological pressure P(T,¢) is defined for
a correspondence T and a continuous potential function ¢. Then, to connect the
transition probability kernel and correspondences, we give a relation between them.

We say that a transition probability kernel Q on X is supported by a correspondence
T if the measure Q, is supported on the closed set T'(z) for every z € X.

We conjecture the following Variational Principle to hold.

Conjecture (Variational Principle for correspondences). Let T' be in a suitable class
of correspondences on a compact metric space (X,d) and ¢: Oo(T) — R be a suffi-
ciently reqular function, then

(1.1) P(T,¢) = sup{ // xl)(b 1, Ty de(:vg)du(;El)}

where Q ranges over all transition probability kernels on X supported by T and pu
ranges over all Q-invariant probability measures on X.
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This conjecture naturally generalizes the classical Variational Principle for single-
valued maps. Specifically, the topological pressure P(T,¢) for the correspondence
T generalizes the classical topological pressure for continuous maps, the measure-
theoretic entropy h,(Q) of the transition probability kernel Q with respect to the O-
invariant measure p generalizes the classical measure-theoretic entropy of a measure-
preserving endomorphism, and the integral in corresponds to the potential en-
ergy in the classical statement of Variational Principle, see Appendix |B| for details.

Currently, no one has established any version of the Variational Principle for corre-
spondences to our knowledge. In this work, we establish a version of the Variational
Principle for correspondences with some expansion properties, see Theorem [A] More-
over, we have not found any counterexample to our conjecture.

If a transition probability kernel Q on X supported by T and a Q-invariant Borel
probability measure p on X satisfy the equality , then we call the pair (i, Q) an
equilibrium state for the correspondence 7" and the potential function ¢. Moreover,
if p =0, we call (u, Q) a measure of maximal entropy for T.

Variational Principle and the existence of equilibrium states. We establish
the Variational Principle and the existence of equilibrium states for forward expansive
correspondences.

A correspondence is forward expansive, if, roughly speaking, every pair of distinct
forward orbits (x1, za,...), (Y1, Y2, ... ) consists of a pair of corresponding entries x,
and y; with at least a specific distance apart (see Definition .

The statement of the Variational Principle and the existence of the equilibrium
state for forward expansive correspondence is as follows:

Theorem A. Let (X, d) be a compact metric space, T be a forward expansive cor-
respondence on X, and ¢: Oy(T) — R be a continuous function. Then the following
statements hold:

(i) The Variational Principle holds:

P(T,9) :sup{hu(Q) +// d)(m,xz)de(aﬁg)du(:ﬁl)} €R,
Q“U« X T(xl)

where Q ranges over all transition probability kernels on X supported by T

and p ranges over all Q-invariant Borel probability measure on X.

(ii) There exists an equilibrium state (u, Q) for the correspondence T' and the
potential ¢.

The proof of this theorem occupies from Subsection [6.2] to Subsection and is
the most technical part of this work.

Thermodynamic formalism and equidistribution. We introduce various prop-
erties for correspondences and potential functions and then give two versions of ther-
modynamic formalism in Section [7]

Let T be a correspondence on a compact metric space X. The metric space

(0,(T),d,) is given in (2.3) and (2.2). If Q is a transition probability kernel on
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X supported by T and p is a Q-invariant Borel probability measure on X, then we
denote ;1Q¥| a probability measure on O, (7)) given in Remark [6.14]

In the first version, we assume that 7' has the specification property (see Defi-
nition and ¢ is Bowen summable (see Definition , then consequently the
Variational Principle holds, the equilibrium state exists and is unique in an appro-
priate sense, and the unique equilibrium state can be obtained by investigating the

(classical) Ruelle operator L5 and E% (see 1) and )

Theorem B. Let (X, d) be a compact metric space, T' be a forward expansive corre-
spondence with the specification property, and ¢: Oy(T) — R be a Bowen summable
continuous function. Then the Variational Principle holds and there exists an
equilibrium state (yuy, Q) for the correspondence T' and the potential ¢, i.e., there
exist a transition probability kernel @ on X supported by T" and a Q-invariant Borel
probability measure p14 on X such that the following equality holds:

(1.2) P(T, &) = hy,,(Q) + /X / 0l 32) 40, (22) ).

Moreover, the equilibrium state (s, Q) is unique in the sense that the measure p
is unique and that if there are two equilibrium states (uy, Q) and (e, @), then for
pe-almost every x € X and all A € #(X), the equality Q,(A) = Q. (A) holds.

Furthermore, the equilibrium state (ug, @) can be obtained in the following way:

(i) There is a Borel probability measure my on X and a transition probability
kernel Q on X supported by T" such that m,Q“|r is an eigenvector of E;‘fg.
(ii) There is a Borel measurable function u, € L'(mg) such that Ls(ug) = Mg,

where A = exp (P(a, (b)) = exp(P(T,¢)) and uy: O,(T) — R is the bounded
Borel measurable function induced by u, in the following way:

Ug(x1, 22, ... ) = ug(x1).

(ili) Set py = ugpmyg, then (uy, Q) is the equilibrium state for the correspondence
T and the potential ¢.

In the second version, we assume that 7" is distance-expanding (see Definition ,
open (see Deﬁnition, and strongly transitive (see Deﬁnition and ¢ is Holder
continuous, then the Variational Principle holds, the equilibrium state exists and is
unique in an appropriate sense, and the unique equilibrium state can be obtained
from the Ruelle operator and has the equidistribution property.

Theorem C. Let T be a open, strongly transitive, distance-expanding correspon-
dence on X and ¢: Oy(T) — R be a Holder continuous function. Then the Vari-
ational Principle holds and there exists an equilibrium state (g, Q) for the
correspondence 1" and the potential ¢. Moreover, the equilibrium state (p4, Q) is
unique in the sense that the measure p, is unique and if there are two equilibrium
states (fp, Q) and (g, Q'), then for py-almost every z € X and all A € A(X), the
equality Q,(A) = Q/(A) holds.

Furthermore, the equilibrium state (j4, Q) can be obtained in the following way:
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(i) There is a Borel probability measure mg on X and a transition probability
kernel @ on X supported by 7" such that m,Q%|r is an eigenvector of E;“g.
(ii) There is a Borel meaiurable function ug € L*(my) such that Ls(ug) = g,
where A = exp(P (0, ¢)) = exp(P(T, ¢)) and @g: O,(T) — R is the bounded
Borel measurable function induced by u, in the following way:
Ug(x1, X, ... ) = ug(xy).
If, moreover, T' is continuous (Definition , then ug, is continuous.

(ili) Set py = ugpmy, then (uy, Q) is the equilibrium state for the correspondence
T and the potential ¢.

In addition, the backward orbits under 71" are equidistributed with respect to the
measure ji,. More precisely, if we denote

O_p(x) = {(yo,yl,...,yn) € X"y, =2, yp € T(yp_1) for each k € {1, ..., n}},

Zn(w) = Z eXp (”Zi o(yi, ?Jz’+1)> )

(yO,u.,yn)eo_n(x)
then the following statements hold:

(a) For each x € X, the following sequence of Borel probability measures on X

L 2j=0%;
Zn(m) Z n4+1 eXp Z¢ y17y7,+1 , n €N,

(yOw-»yn)EO—n( )
converges to /i, in the weak™ topology as n tends to +oo.

(b) If, moreover, T is topologically exact (Definition [7.13]), then for each = € X,
the following sequence of Borel probability measures on X

1 n—1
Zn(x) Z 51/0 exp <; gb(ylv yi-i—l)) , n e N7

(yO,u.,yn)eo_n(x)

converges to m, in the weak™® topology as n tends to +o0.

For general correspondences and continuous potential function, we establish the
following result.

Theorem D. Let 7" be a correspondence on a compact metric space (X,d) and
¢: O2(T) — R be a continuous function. Then the following statements hold:

(i) There exists a transition probability kernel Q@ on X supported by 7" and a
Q-invariant Borel probability measure p on X.

(ii)) We have
13  P(T.¢) > s;g{h o+ [ T(m)mxl,xg)de(:cz)dm:m},

where Q ranges over all transition probability kernels on X supported by T
and p ranges over all Q-invariant Borel probability measures on X.
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Applications to holomorphic or anti-holomorphic correspondences. Our
main motivation for the investigation in this work comes from the following two
classes of correspondences in the complex dynamics, especially the first one. For
more details, see Section
LeefLyubictharlg)rov:Mazor—Mukherjee anti-holomorphic correspondence.
Let d € N and f: C — C be a rational map of degree d + 1 that is univalent on
the open unit disk D. Set n(z) := 1/Z, the reflection map on the unit circle.
The Lee—Lyubich—Markorov—Mazor—Mukherjee anti-holomorphic correspondence €*
is defined as follows:

(1.4) ' (2) = {w cC: f(w) = fn(2)) = O}

w —1(2)

for all z € C. See [LMM23, Section 2| for more details. We note that is not ¢*
forward expansive.

The correspondence €* can be divided into two independent parts in the sense of
Proposition [3.1 The dynamics of €* is equivalent to the action of an abstract anti-
Hecke group on one part in some cases (see [LMM23, Propositions 2.15 and 2.19]),
and is related to an anti-holomorphic map on another part, see Proposition for
details. Note that €* is not forward expansive.

We establish a version of the Variational Principle for the correspondence €* as
follows.

Theorem E. Let €* be the correspondence given above and ¢: O9(€*) — R be a
continuous function. Then we have

w5 P =sw{n(@+ [ [ oom)a0u e}
Qu CJex(z1)

where Q ranges over all transition probability kernels on C supported by €* and p

ranges over all Q-invariant probability measures on C.

A family of hyperbolic holomorphic correspondences.

Next, we consider a family of holomorphic correspondences studied in [Siq15, [SS17,
Siq22) [Siq23]. Fix p, ¢ € N satisfying p < ¢. Let ¢ € C.

Denote by f.(z) = 29/P 4 ¢ the correspondenc on C given by

f.(2) ={we C:(w—rcyP= 27}

for all z € C.

A version of Julia set J(f.) is defined as the closure of the union of all repelling
periodic orbits of f,, see for example, [Siql5, Definition 6.31] or [SS17, Section 2.1].
Denote by f.|; a map given by f.|;(z) = J(f.) Nf.(2) for all z € J(£,).

Set P, =, en fr (0) and
Mgyjpo ={c e C:3I(x1,29,...) € O,(f.) such that 21 = 0 and {z, }nen is bounded}.

3The superscript ¢/p in 29/P 4+ ¢ is merely a notation, not a fraction. The two correspondences
22/1 4 ¢ and z%2 + ¢ are different by this definition.
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A number ¢ € C is called a simple center if ¢ # 0 and there is only one bounded
orbit (z1,xs,...) € O, (f.) with x; = 0 and such a bounded orbit is a cycle, see for
example, [Siq22, Section 2.2].

Theorem F. There is an open set H,, containing both C\ M/, and every simple
center such that for every ¢ € H,,, the following statements holds:

(i) The set C\ P. is a hyperbolic Riemann surface.

(ii) The statements (i), (ii), (iii), (a), and (b) in Theorem |C| hold for the corre-
spondence f.|; on the compact metric space (J(f.),d.), where d. refers to the
hyperbolic metric on C\ P..

Remark. C. Siqueira pointed out in [Siq15, Section 1.2] that one of the motivations to
study the correspondences 29/ + ¢ is the density of hyperbolicity. Specifically, Fatou
conjectured in 1920 that hyperbolic maps are dense within the space of rational maps
with fixed degrees. C. Siqueira introduced a version of hyperbolicity for this family
of holomorphic correspondences in [Siq22) Definition 5.6] and proved that there is an
open set Hy, containing both C\ M/, and every simple center with the property
that f. is hyperbolic for all ¢ € Hy,, see [Sig22, Corollary 5.7.1]. But now we do not
know further relations between the two different H,/, on which Theorem E holds and
on which f. is hyperbolic, respectively.

Note that 0 is not a simple center, so Theorem [F] does not work when ¢ is close to
0. For ¢ in a neighborhood of 0, we have the following result.

Theorem G. There is an open neighborhood Uy, of 0 with the property that for
every ¢ € Uy, the statements (i), (ii), (iii), (a), and (b) in Theorem |C] hold for the
correspondence f.|; on the compact space J(f.) equipped with the Euclidian metric
on C.

Strategy of this work. In this subsection, we discuss our innovations, the difficul-
ties, and the methods to overcome these difficulties.

Correspondences assign each point a set, which means they are multi-valued, while
the continuous maps are single-valued. To emphasize this difference, we use single-
valued continuous maps to refer to continuous maps. Despite this difference, J. Kelly
and T. Tennant managed to define the topological entropy of correspondences in a
natural way using (n, €)-separated sets and (n, €)-spanning sets [KT17, Definition 2.5].
We extend this idea to define the topological pressure for correspondences (see Sec-
tion .

In contrast, measure-theoretic entropy is harder to define for correspondences,
because, given a subset of a space, there are no canonical distributions on it. We
overcome this difficulty by assigning a distribution on the image of each point under
a correspondence, i.e., we consider a transition probability kernel. Roughly speaking,
a transition probability kernel on a space X assigns each point a probability measure
on X. We introduce the measure-theoretic entropy for a transition probability kernel
using the entropy of partitions (See Section .

To establish our Variational Principle, we need a relation between correspondences
and transition probability kernels. The most natural relation is support. Recall that
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a correspondence T' on X assigns each point x € X a closed subset T'(x) of X, and
a transition probability kernel on X assigns each point a probability measure on X.
Recall that a transition probability kernel is supported by a correspondence T' if, for
each point = € X, the probability measure is supported on the closed subset T'(x).
We conjecture a version of the Variational Principle, see ((1.1)).

Now we sketch the main results and their proofs.

We first establish the characterizations of both the topological pressure of corre-
spondences and the measure-theoretic entropy for transition probability kernels in
terms of the shift map on the orbit space. We briefly explain the dynamics of such a
shift map now.

Let T" be a correspondence on a compact metric space X, Q be a transition proba-
bility kernel on X, and p be a probability measure on X invariant under Q, i.e., the
pushforward of x under Q is still p (see Definition for details). Let o be the shift
map on X = {(z1,x9,...) 1 xx € X for all k € N}, ie., o(v1,29,...) = (22, 23,...).
It turns out that O, (T) = {(x1,22,...) € X¥ : 241 € T(xx)} is an invariant set
of . Moreover, for the potential function ¢: Oy(T) — R, we also lift it to the orbit
space O, (T): denote by ¢ the function on O, (T) given by ¢(x1,za,...) = d(z1).
Now we state the following characterizations:

First, the (classical) topological pressure of o restricted on O, (7T) with respect to
the potential ¢ is equal to the topological pressure of T" with respect to the potential
¢ (see Theorem [4.9)).

Second, we consider the Markov process with the initial distribution g and the
transition probability kernel Q. Denote by pQ“ the distribution of forward infinite
orbits of the Markov process. It is a probability measure on X“. The assumption that
i is invariant under Q implies that pQ® is invariant under o (see Subsection .
We prove that the (classical) measure-theoretic entropy of o with respect to the
invariant measure Q" is equal to the measure-theoretic entropy of Q with respect
to the invariant measure p (see Theorem [5.24)).

Thereby, the following conjecture about ¢ is equivalent to our (conjectured) Vari-
ational Principle:

(1.6) P(O’|OM(T),5) = sgp{h,,(o) - /gdu},

where v ranges over all Borel probability measures on O, (7T") induced by Markov
processes and invariant under o (see Subsection for details).

Note that if the supremum in is taken by letting v range over all Borel
probability measures on O, (7T) invariant under o, then holds, ensured by the
(classical) Variational Principle. From this perspective, we establish Theorem [D] But
some o-invariant measures on O, (7" are not induced by Markov processes, which is
the difficulty of establishing the Variational Principle for correspondences. For the
Variational Principle and the corresponding thermodynamic formalism, we use two
kinds of methods in Sections [6] and [7] respectively.
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In Section |§|, we introduce the forward expansiveness for correspondences (see Def-
inition and establish the Variational Principle for forward expansive correspon-
dences (Theorem . We overcome the difficulty that a probability measure invariant
under the shift map may not be induced by a Markov process in this section. Specif-
ically, for an arbitrary Borel probability measure v on the orbit space O, (7T) which
is invariant under the shift map, the projection of v onto the first two coordinates
can induce a measure y and a conditional transition probability kernel Q. It turns
out that Q is supported by a forward expansive correspondence T" and that u is O-
invariant. Moreover, the measure-theoretic entropy of QY is greater than or equal to
the measure-theoretic entropy of v. Therefore, to prove , it is enough to consider
the case where v is induced by a Markov process, and the measure-theoretic entropy of
such v corresponds to the measure-theoretic entropy of transition probability kernels.

In Section [7], we first introduce various properties for correspondences or potential
functions, including specification property (Definition|7.1]), Bowen summability (Defi-
nition , distance-expanding property (Definition openness (Definition ,
and strong transitivity (Definition , and recall the topologically exact prop-
erty (Definition for correspondences. We prove that these properties imply
some corresponding properties of the shift map on the orbit space. See Proposi-
tions [D.3], [D.4] [D.6] [D.7], and for precise statements. Then we give two versions
of thermodynamic formalism for forward expansive correspondence 1" on a compact
metric space X with a continuous potential function ¢: O(T') — R satisfying some of
the properties above. The key tool for our approach is the Ruelle-Perron-Frobenius
Theorem for the shift map. Since the Ruelle-Perron—Frobenius Theorem describes
the equilibrium state for the shift map explicitly, we can verify that the equilibrium
state is indeed induced by a Markov process. In this way, we get that equilibrium
states for correspondences, and their various properties (uniqueness and equidistri-
bution) come from the corresponding properties of the equilibrium states for shift
maps.

Structures of this work. Let us highlight our results and structure of this work in
more detail.

__[Sec. 2,4, 5, App. Aj

[Sec. 6.4 (Thm D)) App. D, Sec. 7 (Thms B & C)]

\

[Sec. 6.5 (Thm A)J [Sec. 3.1 (Thm E)J [Sec. 3.2 (Thms F & G)}

/

In Section [2| we fix some notations that will be used throughout this work.
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In Section , we introduce the topological pressure P (T, ¢) of a correspondence T'
with respect to a continuous potential function ¢: O3(T") — R through the (n,€)-
separated set and (n, €)-spanning set (Definition [4.6). Then we show that our topo-
logical pressure of a correspondence T' with respect to a continuous potential function
¢ is equal to P(U, gb) (see Theorem , the topological pressure of the shift map o

on the orbit space O, (T) with respect to the potential function ¢ (given in )
induced by ¢.

In Section [5, we discuss transition probability kernels and introduce the measure-
theoretic entropy h,(Q) (Definition [5.22) for a transition probability kernel Q with
respect to a Q-invariant (Definition [5.10]) probability measure p through the entropy
of partitions. Then we show that the measure-theoretic entropy of a transition prob-
ability kernel is equal to the measure-theoretic entropy of the shift map.

In Section (6] we introduce the forward expansiveness for correspondences (see
Definition [6.1]) and establish the Variational Principle for forward expansive corre-
spondence (Theorem . We also investigate general correspondences and establish
Theorem D] by utilizing what we called the “support” relation between transition
probability kernels and correspondences (see Definition |5.3)).

In Section [7], we first introduce various properties for correspondences or potential
functions, including specification property (Definition [7.1]), Bowen summability (Def-
inition [7.3)), distance-expanding property (Definition[7.5)), openness (Definition [7.11)),
and strong transitivity (Definition [7.12)), and recall the topologically exact property
for correspondences (Definition [7.13)). Then we give two versions of thermodynamic
formalism for forward expansive correspondence 1" on a compact metric space X with
a continuous potential function ¢: Oy(T) — R with some of the properties above.

Apart from that, in Section [3, we apply our theory to two examples: the Lee—
Lyubich—Markorov—Mazor—Mukherjee anti-holomorphic correspondence and a family
of hyperbolic holomorphic correspondence of the form 297 + c.

Acknowledgments. The authors want to thank Wenyuan Yang for interesting dis-
cussions on random walks. X. Li wants to thank Xianghui Shi for the useful com-
ments.

2. NOTATION

We follow the convention N := {1, 2, 3, ...}, Ny .= NU {0}, and N := NU {w}.
Here w is the least infinite ordinal. For each n € Ny, write [n] :== {0, 1, ..., n} and
(n] == [n] \ {0}. R

Let C be the set of all complex numbers, C := CU{oc}, and D :={z € C: |z| < 1}
be the unit disk on the complex plane.

For a set D consisting of other sets, denote by | J D the union of all elements in D.

When we use the notation AN B x C' or B x CN A for sets A, B, and C, it should
be interpreted as first performing the multiplication operation between sets B and C
and subsequently finding the intersection of the result with A.
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Let X be a set and n € N. Define ¢,: X" — X" by
tn(x1, Toy oy y) = (Tp, X1, ..., x1)  forall (xq,...,2,) € X"

For a function ¢: X — R, write ||¢|l = sup{|¢(z)| : x € X}. Let #(X) be
a o-algebra on X. Denote by B(X,R) the set of real-valued bounded measurable
functions on X and by P(X) the set of probability measures on X.

Let Y be a compact metric space. Denote by Z(Y) the Borel o-algebra on Y.
Denote by F(Y') the set of all non-empty closed subsets of Y, and by C(Y,R) the set
of real-valued continuous functions on Y.

Let X be a compact metric space with the metric d and 7: X — F(X) be a map.
For each subset A C X, set T'(A) = J,c4, T(x) € X. For n € N, define 7"(A) € X
inductively on n with T'(A) = T(A) and T""(A) = T(T"(A)), for alln € N.
Moreover, write T™1(A) = {z € X : ANT(z) # 0} C X. For n € N, define
T~"(A) C X inductively on n with 7=+ (A) .= T-1(T—"(A)), for all n € N. For
each n € Z\ {0} and each x € X, write T"(z) = T"({z}).

For a subset A C X and each z € X, define T'|4(x) == T(x) N A.

For each n € N, equip X" := {(z1,...,x,) : 1 € X for all k € (n]} with the metric
d, given by

(2.1) dn((z1, . xn), (Y1, -+ o Yn)) = max{d(z;,y;) : i € (n]}
for all (zq,...,2,), (y1,...,yn) € X" Clearly ¢,: X™ — X" is an isometry. Similarly,
equip X = {(x1,x9,...) : 7 € X for all k € N} with the metric d,, given by

+oo

(2.2) do(@r, 2, ), (1,92, -)) = ) 2k(1dixség:)yk))

for all (x1,xs,...), (y1,92,...) € X¥. With the metrics d,, for n € I/\\I, the topologies
of X™ induced by these metrics are the product topologies.
For each n € N, write

O (T) ={(x1,...,2,) € X" : 231 € T(xy,) for each k € (n — 1]} C X™.
Then the orbit space O, (T) induced by T is given by
(2.3) O,(T) ={(x1,29,...) € X¥: 241 € T(xy) for each k € N} C X¥.

For cach n € N, We call an element in O,(T) an orbit. A sequence of orbits
(xgj),xg),...) € 0,(T), j € N, converges to an orbit (z1,zs,...) if and only if

x,(f) converges to x as j — +oo for each k € N.

Let ¢: X — R and ¢: O5(T) — R be two continuous functions. Denote by
0, ¢: Oy(T) — R and @: Oz(T) — R be functions given by

(2.4) o(x1,29,...) =p(x1), oO(x1,29,...) = @(x1,22), and @(z1,x2) = @(x1).
Clearly, they are all continuous functions.

Denote by m, 7e: (J X" — X, and 7y5: J
maps given by

X" — X? the projection

nelN\{1} neN\{1}

(2.5) Tio: (Tp)n = (T1,22), T1: (Tp)p = 1, T2 (Tp)n — To.
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If v is a Borel probability measure on a subset A of X™ for some n € N \ {1},
then p o 7, refers to a Borel probability measure on X? given by uo 7, (B) =
w(ANTLH(B)) for all B € %(X?), and o7, ! refers to a Borel probability measure

on X given by po7, 1(B) = u(AN7,; 1(B)) for all B € #(X), wherei=1ori=2.

3. HOLOMORPHIC AND ANTI-HOLOMORPHIC CORRESPONDENCES

In this section, we discuss our main motivation for the investigation in this work:
two examples in complex dynamics, especially the first one. Since we will apply our
theory developed throughout this work to them, the reader can skip this section in
the first read.

3.1. Lee—Lyubich—Markorov—-Mazor—-Mukherjee correspondences. In this sub-
section, we aim to prove Theorem [E] L

Set D* := {z € C: |z] > 1}. Recall d € N and that f: C — C is a rational map
of degree d + 1 that is univalent on the open unit disk D. Recall n(z) = 1/Z and the

correspondence €*(z) = {w € C: %ﬁ;&(z)) =0} forall z € C.

Let 2 := f(ID). An anti-holomorphic map 7: 2 — C is given by
(3.1) 7= fono(fln)™"

Let T'(1) = C \ © and S(7) be the singular set (consisting of all cusps and double

points) of 9T (1) = Q. Set T°(r) == T(7) \ S(7) and T°(7) = |J 7 ™(T°(1)).
n€Ng

Write K (7) := C\T*(7), which is called the non-escaping set of 7. It turns out that

K (1) is a closed subset of C by [LMM23, Proposition 2.2]. Write

(3.2) K(7) = f~Y(K(7)) and T>(7) == fH(T>(r)) = C\ K(7).

—_~— P

The subset K (7) is closed in C, and the subset 7°(7) is open.
About the dynamics of the correspondence, the following result is from [LMM23,
Proposition 2.4].

Proposition 3.1. For all z,w € C, if w € €*(2), then z € f/(?T/) if and only if

w e K(1), and z € 1%?(/7') if and only if w € T/Og(/ﬂ

Set Vo = f71(C\Q), Up = f710Q\ S(1)) N D, V,, = f1(r(C\ Q) NDr,
Uy = [ D@\ S(r) nD*, Vo, = f(r(C\ Q) ND, and U_,, =
Y™\ S(7))) ND for all n € N. We have the following lemma.

—_~—

Lemma 3.2. The collection {V, }nez U {Uy}nez is a partition of T>(1).

Proof. Since 771(T°(7)) € Q and T°(r) C C \ Q, we can see that {77(T°(7)) }neny
a partition of T°°(7). Note that T7°(7) = (C\ Q) \ S(7) is the disjoint union of C\ Q
and 00\ S(7), so {f~H (=" (@ \Q)) }nGNO U{f(77(022\ S(7))) }nen, is a partition

—_—

of Too(r) = f=H(T*(7)).
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Recall that € is the univalent image of D under f. For each n € N, since 77" (@ \
Q) C Qand (r(82\ 5(r))) C Q, we have f~(r—(C\Q)) C C\ 9D = DUD* and
Y r(02\ S(7))) € DUD*. Moreover, since f(D) = , whose intersection with
00\ S(7) is empty, we have f~1(9Q\ S(7)) C 9D U D*. From the arguments above,

we conclude that the collection {V},}nez U {U, }nez is a partition of T°°(7). O

By (3.1), we have 7o f(2) = fono (flp) ' o f(z) = fon(z) for all z € D, and
7o fon(z) = f(z) for all z € D*. This implies for each A C C,

(3.3) STHTTHA) ND =7(f7H(A) ND and n(f~(771(A))) N D" = [ (A) ND".

The following proposition is to describe the dynamics of (€*)™' on {V, },ez U
{Un}nEZ-

Proposition 3.3. Let n € Ny be arbitrary, then
(i) (€)1 (Va) € Vit UV,

(ii) (€)~H(Von) € Vonoa,
(iii) (€5)~"1(U,) CU,.,UU_,, and
(iv) (€)H(Un) S U

Proof. Recall €*(z) = {w € C . [w-to=) 0} for all z, w € C. Tt follows that

w— n(Z)

(€)Hw) Cn(f~(f(w))). If z € (€*)"H(w), then f'(w) =0 or n(z) # w. Recall Q
is the univalent image of D under f, and thus f(D) = Q and f(0D) = 9Q. If w € D

and z € (€*)7')(w), since f is injective on D and thus f'(w) # 0, we have n(z) ¢ D.
It follows that n(z) € D*, i.e., z € D because f(9D) = 0 and f(D) = Q. As a result,
(€)~1(D) € D. . . _

Firstly, (€)7(Vo) S n(f 7' (f(/71(C\Q)))) =n(f(C\Q)). Recall f(D) =10,
so f~1(C\ Q) C D*. By (3.3)

n(f_l(@ \Q)) = n(f_l(@\ﬁ)) ND= f‘l(T_l(@\ﬁ)) ND=V_.
Hence, (€*)7 (V) C V..

For each w € Uy = f~1(9Q\ S(7)) N ID, if z € (€*)~H(w), i.e., % =0,
then f(n(z)) = f(w) € 9Q\ S(7), and thus n(z) € (E\]D) =D*UdD, i.e., z € DUID.
Moreover, we have 7(z) # w or f'(w) = 0. We argue by contradiction and assume
z € dD, then n(z) # w indicates that f(w) = f(n(z)) is a double point on 0€2, and
f'(w) = 0 indicates that f(w) is a cusp on 9. This contradicts f(w) € 9Q \ S(7)
and we conclude z € D, so (€*)71(Uy) C D. Consequently, by (3.3),

(€)1 (To) S (f7(0Q\ S(r))) ND = fH(r7(992\ S(7))) ND = U_,.
Fix an arbitrary n € N.

Recall (€*)7'(D) C D and V_,, = /' (—(C\ ©2)) ND. By (3.3),
(€) (Vo) So(f (r(E\D))) D = 7 (r D@\ Q) ND = V.
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Recall f(OD) = 09, so f~! (T*"(@\ﬁ)) C f74(Q) CDuUD*. By we have
(€)' (Vo) Ca(F (€N D))
= (7 CAR)) AR U ({77 (7 (C Q) N D7)
= (7 ENR) ND) U (£ (T (C\R) D7)
— V—n—l U Vn—l-
Recall (€*)"4(D) C D and U_,, = f~1(77(9Q\ S(7))) N D. By (3.3),

(€)M U=) Sa(f @2\ S(m))ND = [ (700 S(7))) ND = U_y1.
Now we show (€ ) YU,) CU,.1UU_,. Recall U, = f~H(r~=D(90Q\ S(7)))ND*.
If n > 2, then f~1(7="*1(0Q\ S(7))) C f~1(Q) C DUD*. By we have

(€)1 (U) S n(f ("D (02 S(7)))

= (n(f~H(r~ "2\ 8(7)))) N D) U (f_l( “D 09\ (1)) N D)
= (fHr (O S(7))) ND) U (f~H(r~ 290\ S(7))) ND*)
=U_,UU,_;.
Assume n = 1. if w € U; and 2 € (€))7} (w), then f(n(z)) = f(w) € 92\ S(7)
implies z € DU ID. If z € ID, then f(z2) = f(n(z)) € 9N \ S(7), and thus z €

“HOOQ\S(1))NID = Uy. If z € D, then 7(f(2)) = f(n(z)) € 92\ S(7), and thereby,
zer Y f 00\ S(1)ND = U,l Therefore we have (€*)~1(U;) CUyUU_,. O

Proposition 3.4. If Q is a transition probabzlu‘y kernel on C supported by € and p
is a Q-invariant probability measure on C, then u(K( )) = 1.

Proof. By [MA99, Theorem 3.1], if Ay, Ay € %(C) satisfy (€*)71(A;) C A, then
(1(Az2) = p(Ay).

As a result, the statements in Proposition indicate pu(V_,—1) > u(V_,) and
w(U—p—1) = p(U-y) for all n € Ny. For each n € Ny and k € N, we have

——~——

Zu pu(T>(7)),

where the last inequality is ensured by Lemma . Hence we have ku(V_,) < + for
all k& € N, and thus pu(V_,) = 0 for each n € Ny. Similarly, u(U_,) = 0 for each
n e No.
Again, by Proposition [3.3] for each n € N we have u(V,,) < (V1) 4+ p(Vopo) =
(Vo) amd ju(U,) < p(Uny) + p(U-y) = (U 1) This immplies (Vi) < u(Vi 1) <
- < (Vo) =0, and thus p(V,,) = 0 for every n € N. Similarly, p(U,) = 0 for every
n € N. o o
By Lemma , we conclude p(T%(7)) = 0, and therefore, (K (7)) = 1. O

Propositions [3.1] [3.4], and imply the following corollary which leads us to shift

our focus to €*|HT/)
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Corollary 3.5. Let ¢ € C(O2(€*),R). Set ¢ = ¢‘02(¢*\m)' Then Qﬁ*\ﬁ/) is a
correspondence on K (1) and P(€*,¢) = P(€*\§v, d)K)

The following proposition is to describe the dynamics of €*|—— K

Proposition 3.6 ([LMM23| Proposition 2.5]). The following statements hold:
: — . . 1,
(i) For all z € K(1), we have #€& ﬁr/)( z) = #(¢ E(\/)) (z) =d.

(i) Ifw € €* " )( z), then z € Ia?) ND* implies that w € K (1) ND*, moreover,

wEK( )N D implies thatze[?(?)ﬁﬁ.

—_~—

(iii) The correspondence Q:*|;(?T/) has one forward branch carrying K(7) N D onto
itself with degree d, which is topologically conjugate to 7: K(1) — K(7), and
the remaining forward branches carry K (1) ND onto K(7) N D*.

—~—

(iv) The correspondence €*|Em has a backward branch carrying K (1) N D* onto
itself with degree d, which is topologically conjugate to 7: K(1) — K(7), and
the remaining backward branches carry K(7) ND* onto K(7) N D.

Write G = €| —— et Proposition (iii) indicates that €* KD is induced by

—_—~—

a single-valued continuous map, so we suppose it is induced by g: K(7) N D —
K(t)ND, ie. (’S*|N — = C, (for the definition of C,, the correspondence induced
by g, see Appendlx 2| for detalls) Similarly, Proposition (iv) indicates that
(e EE-/)Q]D)*> = Cy+, where g*: K(7 )QW — K(7)ND* is a single-valued continuous
map.

Let ¢ € C(O2(€*),R). Recall ¢ = gb|@2(¢*‘m) € C(0O2(G),R). Note that each
(z,y) € Oy(Cy) is of the form (x,g(x)), so functions on OQ(Q*'?(TT/)@) = 0y(Cy)
actually only depend on the first coordinate. As a result, we can choose ¢ € C (K ()N
D, R) such that p(z) = ¢(z, y) for all (z,y) € O, (€*|N 7). Similarly, we can choose
e e C(K ( ) ND*, R) such that ¢*(y) = ¢(z,y) for all (z,y) € 02(¢*|Nmm*)

With the dynamics of G = Qﬂﬁ given by Proposition we estimate the
topological pressure P(G, ¢r) (see Subsection 4.2)).

Proposition 3.7. Let ¢ € C(O(€*),R) and G, g, g%, ¢k, @, and ©* be given above.
We have P(G, ¢x) = max{P(g,¢), P(g",¢")}.

Proof. We briefly recall the definition of topological pressure for correspondences
from Definition : Let T be a correspondence on a compact metric space (X,d)
and ¢ € C'(O2(T),R). The topological pressure is

P(T,4) = lim hmsup—log(sup Z exp(Sp1)(z )))

07 nosdoo T En(e) ZEEn(€)
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where E, (¢) ranges over all e-separated subsets of (O, 11(T"), dns1), and Spth (1, ..., Tpi1) =

ZLl Y(xg, Tpy) for all (zq,.. ., 2n41) € O (T).

Now we return to the estimation on the topological pressure of G = €*|[f((»;) Let d

be the spherical metric on C and d,, be the metrics given by 1} and 1'
Fix arbitrary n € N and € > 0, write S,¢(x1,. .., Tni1) = Y p_y ¢(2k, Tx11) for all
(l’l, - 7$n+1> S On+1(G),

(34) a(n,e):=sup »_ exp(S,0(z)),

En() ye B (e)
where E,(e) ranges over all e-separated subsets of (O,,+1(Cy), dyt1), and
(3.5) S(n,€) == sup Z exp(Spo(z)),

Fn(€) per (o)

where F),(¢) ranges over all e-separated subsets of (OnH(Cg_*l), dpi1).
Recall € —— _ = Cy, €| _ = C.', p(z) = ¢(z,y) for all (z,y) € O:(C,),

K(r)nD K(r)nD*
and ¢*(y) = ¢(z,y) for all (z,y) € O3(C,4+). By Propositions and [1.8] we have
P(g7 ()0) = P(Q:*|K(T)ﬁﬁ’ ¢‘O2 c* |;(\/)ﬁﬁ)) and P(g*7 gp*) = P(Q:*‘ (’T)ﬂD*’ ¢‘O2 ¢* ‘K(T)I"ID*))

By (3.4)), (3.5)), and the definition of the topological pressure for correspondences, we
have

1
P(g,¢) = lim limsup — log(a(n, €)),

e—0F n—-+oo n

(3.6) 1
P(g*,¢") = lim limsup — log(B(n, €)).

=0 notoo T
Fix arbitrary € > 0, n € N, and e-separated subset W, (¢) of O,+1(G). By Propo-
sition (ii), we can write W, (€) = Uy__; Wax(€), where
Whi(€) = {(zo,...,x,) € Wy(€) : x; € D for i <k and x; € D* for i > k}.
For each k € [n] and each (x,...,zx) € Ex(€/2), set
Wik worzn(€) = { (Yo, - - -, yn) € Wi(€) : d(x;,y;) < €/2 for all i € [k]},

and fix an arbitrary maximal §-separated subset Ej(e/2) of O11(Cy). For each

(Yo, - - -+ Yn) € Wik (€), the maximality ensures that there must be some (zo, ..., zx) €
Ey(e/2) such that d(x;,y;) < €/2 for all i € [k], so
(3.7) U Wz (€) = Wi (e).

Fix arbitrary k& € [n — 1] and (zo, ..., 7;) € Ep(e/2). For each y = (yo,.-.,¥n) €
Wi ko, (€), d(zi,y:) < €/2 for all i € [k] implies that

- k—1
Z¢(yj7yj+1 Z (b Ly, xJJrl + k'A(¢7 )7
j=0 J=0
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where A(¢,0) = sup{|p(z1,x2) — d(y1,y2)| : d(z1,y1) < § and d(xs,y:) < 0} for all
0 > 0. As a result, we have

n—1
(38)  Sudly) < D dlws, i) +RA(05) + 10l + D Gy vin):

j=k+1

N
—

<.
I
o

Because W, k xp....z,. (€) is contained in W, (¢), an e-separated subset of O,1(G),
for each pair of distinct orbits (yo,...,¥n), (20,---2n) € Wh k... 2 (€), there exists
[ € [n] such that d(y;, z;) > €. Such an integer [ must be greater than k, because for
each j € [k], we have d(y;, z;) < d(zj,y;) +d(x;,2;) < §+ 5 = €. As aresult, the set
{Wrt1s - 3Un) © (Y15 Yn) € Wakao,...z,,(€)} is an e-separated subset of On,k(Cng).
Thus by and we have

k-1

Z eSnely < B(n—k—1¢) eXp(Zﬁb l‘],$]+1) +kA<¢ 2) + ||¢||<><>>

geWn,k,xO,.“,xk (6)

Consequently, by and we have
(3.9) Z Sy oz(l{:, %)B(n —k—1,¢) exp(nA(cb, %) + H(;ﬁHOO)

QGWn,k(e)
Note that (3.9)) holds for k € [n — 1], so we need to consider k = —1 and k = n in-
dependently. Specifically, W,, _1(¢) = {(x¢, ..., z,) € Wy,(€) : z; € D* for all i € [n]}
is e-separated in O,11(C.') and W, (€) = { (w0, ..., @) € Wy(e) s ; € Dforalli €
[n]} is e-separated in O,,41(Cy). By 1) and |D we have > i) exp(Shd(y)) <
B(n,€) and Zyewnn(e exp(Snd(y)) < a(n,e). By 1) and since W, (€) = (U,__; Wax(e€),

we have

n—1
S° 00 < aln,e) + B, o) + OIS 0 (b, S) B~k — 1,0)
yEWn(e) k=1

Since lim,_,o+ A(qb, %) = 0 due to the uniform continuity of ¢, applying 1D we
conclude

1
P(G, ¢r) = lim limsup — 10g<sup § : o Sné( ))
(310) €207 notoo N Wha(e) YyEWn (€)

< max{P(g,¢), P(g*,9")}.

Additionally, for arbitrary n € N and € > 0, every e-separated subset of O,,+1(C,)
is also an e-separated subset of O,,11(G). Thus by Definition 4.6{ we have P(G, ¢x) >
P(Cy, tlouc,)- Similarly, we have P(G, ¢x) > P(Cy', 8lo,c-))- Recall P(Cy, dloye,)) =
P(g,) and P(C;", 6lo,c-1)) = Plg*, ¢"). Hence P(G, oK) > max{P(g, v), P(g",¢")}
Therefore, by (3.10) we conclude P(G, ¢x) = max{P(g,¢), P(g*,¢")}. O

Now, we prove Theorem [E]
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Proof of Theorem |E] [F]. In this proof, if  is a Borel probability measure on some Borel
subset K of (C then 1z will refer to the Borel probability measure on C ¢ given by
w(A) = u(K N A) for all A € @(C) Corollary and Proposition imply
that P(€*, ¢) = max{P(g, ), P(g*, ¢*)}. We establish Theorem [E| by discussing the

following two cases:
Case 1. P(€*,¢) = P(g, ¢).
By the classical Variational Principle , we have

(3.11) P(g,¢) = sup {hu(g) + /ﬁmmw du},

I

P

where p ranges over all g-invariant probability measures on K (7) N D.

Fix an arbitrary g-invariant Borel probability measure p on I?Z?)ﬂﬁ. By Lemma(B.2

and (B.5)), p is g-invariant and h,(g) = h,(g), where g is the transition probability

kernel on K (7) N D induced by g given in Definition [B.1, We choose a Borel mea-
surable branch ag of €*, where the existence of q is ensured by [MA99, Lemma 1.1].

Let S be a transition probability kernel on C given by

SCed) {1A<g<z>>, zeK()n
| (a0(2)), = ¢ K(r)N

for all z € C and A € %(@) It follows that S, = dy(.) for all z € K 7')
S is supported by €*. By Lemma [5.28, ji is S-invariant and h;(S) = h,(9) =
Recall p(2) = ¢(z,g(z)) for all z € K(7) ND. We have

D,

D

ND and that

g hu(g)'
/C* 6(z,w) dS. (w) dji(2) / L e m s ant)

(3.12) = /ﬁmmcb(z,g(Z))du(Z)

= /N _pdp.
K(r)nD

Recall S is supported on €*. By (3.11)), (3.12)) hz(S) = h,(g), and P(€*, ¢) = P(g, ¢),

we have
313 reo <sfnQ)+ [ /) 1,22) 00, (22) due) .

where Q ranges over all transition probability kernels on C supported by ¢* and p

ranges over all Q-invariant probability measures on C. Therefore, ) follows by
Theorem [Dl

Case 2. P(&*, ¢) = P(g*, ¢*).



THERMODYNAMIC FORMALISM FOR CORRESPONDENCES 23
By the classical Variational Principle , we have

(3.14) P(g",¢") = sup {hu(g*) + /N " du},
M K(1)nD*

—_~—

where g ranges over all g*-invariant probability measures on K (7) N D*.
We proceed with the proof in a manner similar to the previous case. Fix an

arbitrary g*-invariant Borel probability measure 4 on K(7) ND*. We choose a Borel
measurable branch a; of (€*)~!. Let S be a transition probability kernel on C given
by

1a(g* K D~

S(Z,A) — A(g (Z))7 < e /@ m_?

14(a1(2)), z¢ K(r)NnD*
forall z € C and A € B (@) It is supported by (€*)~!, and thus the measure S
is supported on Oy((€*)~1). By (B.5| - Lemmas - and ! 1 is S-invariant and
hz(S) = hu(g*). Recall ¢ ( ) = ¢(g*(2),2) for all z € K(7) N D*. By (A.11) in

Lemma . we have

(3.15) /gbwz p,S[l (z,w) //qf)wzdS )du(z) = / ©*du,
(r)nD*

which corresponds to in the previous case. By , we have (ZZS [1]) o

Ty = uS = [i. Choose a backward conditional transition probability kernel R of
iSM from C to C supported on Oy((€*)7!). Definition (a) and the fact that
uSM is supported by (€*)~! indicate that R is supported on €*. By Remark [A.15]

Definition (b) leads to (aSM) o iyt = ARM, where 15(z,w) = (w,z) for all
C ﬁ

z, w € C. By Proposition | i is R-invariant and hz(R) = ha(S) = hu(g*). By

, (3.15), and (asSW) o'LQ_ = RN, we have
/ o(z,w)dR,(w)dpu(z) = ¢d(ﬁ7€[1])
CJex(2) C2

(3.16) = [ bound(psh)
(CQ
:/ et dp.
K(T)ﬁ]D)*
Recall R is supported on €*. By (3.14)), (3.16), h = h,(g*), and P(€*,¢) =

P(g*, ¢*), we get that (3.13)) holds, and therefore, follows by Theorem[D| O

3.2. A family of hyperbolic holomorphic correspondences. In this subsection,
we aim to establish Theorems [F] and [G] To begin with, we explain in detail the
definition of Julia set of f, = 29/? + ¢ mentioned in Subsection [1] I see for example,
[Siq15], Definition 6.31] or [SS17, Section 2.1].

A periodic orbit is a sequence {zx}y, where n € N, z, € C for each k € [n],
satisfying z, € f.(z_1) for each k € (n] and z, = zp. For each k € (n], if 2,
does not belong to {0, co}, we can choose a branch of the holomorphic function
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Or: 2 — exp(élog(zp)) + ¢ in a neighborhood of z,_; which maps z,_; to z,. We
say that a periodic orbit {zx}§ is repelling if none of elements in that orbit belong to
{0, oo} and [(¢p 0 -0 pa0¢1) (20)] > 1. The Julia set J(f.) is defined as the closure
of the union of all repelling periodic orbits of f,.

Recall P, = U,y f2(0). The following proposition is formulated from [Siq22,
Theorems 4.4, 5.1, and 5.8|.

Proposition 3.8. There is an open set Hy, containing both C\ My, o and every
simple center with the property that for each c € Hy ), the following statements hold:

) £ (1) = I(£) # 0.
(ii) The set C\ P. is a hyperbolic Riemann surface and J(f.) C C\ P..

(iii) If we denote by d. the hyperbolic metric on C\ P., then there exist constants
A > 1 and d > 0 depending on p, q, and ¢ with the following property:
If a pair of distinct points z1, zo € J(f.) satisfy d.(z1,22) < 0, then for
each wy € J(f.) N f.(z1) and each wy € J(f.) N f.(22), we have d.(wy,wy) >
)\dc(Zl, Zg) .

(iv) For every open set V in C that intersects J(f.), there exists n € N such that
LV nJ(f)) = Jf)

The following proposition about f, when ¢ is closed to 0 is formulated from [Siq15),
Corollaries 4.6,4.8, Theorems 3.5, and 2.7].

Proposition 3.9. There is an open neighborhood Uy, of 0 such that for every c €
Uy/p, the following statements hold:

) £1(I(F) = I(f) #0.
(ii) There exist constants X > 1 and § > 0 depending on p, q, and c¢ with the
following property:
If a pair of distinct points z1, zo € J(f.) satisfy |21 — zo| < 0, then for each
wy € J(f.)Nf.(z1) and each wy € J(f,)Nf.(22), we have |wy —ws| > |21 —22].

(iii) For every open set V in C that intersects J(f.), there exists n € N such that
LoV nJ(f)) = J(f)-

Recall £.|;(z) = J(£.) N £.(z) for all z € J(£.). for all z € C. Now we are prepared
to establish Theorems [F] and

Proof of Theorems[F] and [G Note that 0 € My, is not a simple center. We choose
the open sets H,/, and U,/, as in Propositions and , respectively, such that
Hy, MUy, = 0. For every ¢ € Hyj,, we denote by d. the hyperbolic metric on
the hyperbolic Riemann surface C \ P., where the hyperbolicity of C\ P, is ensured
by Proposition (ii). For every ¢ € U,/,, we denote by d. the Euclidian metric
on C. By Theorem , it suffices to show that f.|; is an open, distance-expanding,
topologically exact correspondence on the compact metric space (J(f.),d.) for all
¢ € Hypp UUsyp.
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Fix an arbitrary ¢ € Hy/, U Uy yp.

First, we show that f.|; is a correspondence on J(f.). Indeed, for every z € J(f.),
by Propositions (i) and (i), there is a point w € J(f.) with z € £.'(w), i.e.,
w € f.(z). Consequently, f.|;(z) = f.(2) N J(£.) is non-empty and closed for all
z € J(f.). Moreover, the set Oy(f.|;) = Oy(f.) N J(£.)? is closed in J(f.)®. Hence it
follows that f.|; is a correspondence on J(f,).

Second, the openness of f.|; follows from £, (J(f.)) = J(£.), i.e., Propositions (i)
and (i). Specifically, we fix arbitrary z € J(f.), an open neighborhood V' of z
in J(f.), and w € f.|;(z). For every point w’ € J(f.) which is sufficiently close
to w, a branch of £, gives a point 2/ € V such that w’ € f.(2'). This implies
2 e £ (J(£)) = J(f.), sow € f.|;(2') C £.|;(V). The argument above shows that
f.|;(V) contains a neighborhood of w in J(f.). Hence we conclude that f.|; is open.

Third, Propositions (iii) and [3.9| (ii) indicate that f.|;, as correspondence on
the compact metric space (J(£.),d.), is distance-expanding.

Fourth, £.'(J(£.)) = J(£.) implies that for arbitrary W C C and n € N, we have
(fl)"WnJ(f)) = £2(W)n J(f.). Thus Propositions (vi) and (iii) imply
that f.|; is topologically exact.

Hence, for all ¢ € Hyy, U Uyp, the correspondence f.|; satisfies all the hypothesis
in Theorem [C] and therefore Theorem [C] directly yields Theorems [F] and [G] O

4. TOPOLOGICAL PRESSURE OF CORRESPONDENCES

In this section, we introduce and discuss the topological pressure of correspon-
dences. First, we recall the definition of correspondence in Subsection Then
in Subsection [4.2] we introduce the topological pressure of a correspondence with
respect to a continuous potential function. Finally, in Subsection 4.3, we define a
shift map for a correspondence and relate the topological pressure of this shift map
to that of the correspondence, see Theorem [£.9] the main theorem of this subsection.

4.1. Definition of correspondences. In this subsection, we state our definition of
correspondences on compact metric spaces.

Recall from Section [2| that for a compact metric space X, the set F(X) consists
of all non-empty closed subsets of X. The following lemma is established in [IMO06,
Theorems 1, 2, and 3].

Lemma 4.1. Let (X,d) be a compact metric space. For a map T: X — F(X), the
following statements are equivalent:

(i) (Upper—semicontinuity)ﬁ For every x € X and an arbitrary open neighborhood
U of T'(x), there exists an open neighborhood V of x such that T'(y) C U for
each y € V.

(ii) Ox(T) = {(x1,22) € X? : 19 € T(x1)} is closed in X2.
(iii) O,(T) is closed in X™ for each n € N.

4The notion of upper-semicontinuity in this setting is also discussed in [AF(09, Definition 1.4.1].
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Definition 4.2 (Correspondence). Let (X, d) be a compact metric space. We say
that amap T: X — F(X) is a correspondence on X if it satisfies one of the equivalent
conditions (i), (ii), and (iii) in Lemma [4.1]

J. Aubin and H. Frankowska discussed upper-semicontinuity (see Lemma (1)),
lower-semicontinuity, and continuity for what they called “set-valued maps” in [AF09,
Chapter 1]. Let us recall the notion of continuity for correspondences on compact
metric spaces from [AF09, Section 9.4.1, footnote 6.

Definition 4.3 (Continuity). Let (X, d) be a compact metric space and T: X —
F(X) be a correspondence on X. if T is continuous with respect to the metric d
on X and the Hausdorff distance on F(X), then we say that 7" is a continuous
correspondence.

Recall T~} (z) = {y € X : 2 € T(y)} for all z € X from Section [2|

Lemma 4.4. If T is a correspondence on a compact metric space X satisfying
T(X) =X, then so is T71.

Proof. The property T(X) = X implies T7'(x) # 0 for all x € X. Tt follows that
T-1(X) = X. Since Oy(T) is compact, we have T7!(z) = {y € X : z € T(y)} =
T (X x {2} N Oz(T)) is compact for all z € X, and thus is closed in X, where m
is the projection map given in (2.5). Consequently, T-!(z) € F(X) for all z € X.
Moreover,

Oo(T7") ={(z,y) e X*yeT )} = {(z,y) € X* : 2 € T(y)} = 12(O(T)),

where t5: X2 — X2 is the isometry given by ts(x,y) = (y,z) in Section 2] Thus
Oy(T™1) is closed in X, and therefore T~! is a correspondence on X. U

4.2. Definition of topological pressure for correspondences. In this subsec-
tion, we introduce a new version of topological pressure of a correspondence with
respect to a continuous potential function ¢ through the (n,e€)-separated sets and
(n, €)-spanning sets. This definition naturally generalizes the definition of the topo-
logical pressure of a single-valued continuous map. When ¢ vanishes, our notion of
topological pressure coincides with the notion of topological entropy for correspon-
dences in [KT17, Definition 2.5].

For € > 0 and a metric space (Y, p), we say that F C Y is e-separated if for each
pair of distinct points z, y € E, we have p(z,y) > e. We say that FF C Y is e-
spanning if for each y € Y there exists © € F' such that p(z,y) < e. For each § > 0
and each continuous function g: Y — R, set A(g,d) = sup{|g(z) — g(v)| : =, y €
Y and p(z,y) < 0}.

Let T be a correspondence on compact metric space (X,d) and ¢: Os(T) — R be
a continuous function. For each n € N, the function S,¢: O,.1(T) — R is given by:

(4.1) Spd(T1, .o Tpg1) = Z O(xi, Tig1)-
i=1
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For each n € N and each € > 0, write

$n(T, b, €) = sup{z exp(S,¢(z)) : E is an e-separated subset of On+1(T)},

z€ER

ro(T, ¢, €) == inf{z exp(Spo(z)) : F is an e-spanning subset of (’)n+1(T)},

z€F

1
s(T, ¢, €) == limsup — log(s,(T, ¢,¢€)), and

n—+oo N

1
r(T, ¢, €) = limsup — log(r,(T, ¢, €)).
n—+oo T
We establish some estimates for these quantities.
By choosing an orbit z, € O,,1(T) and focusing on the e-separated subset {z,} of
Ons1(T), we have s,(T, ¢, €) = exp(Snd(z)) 2 exp(—n| ¢||«) and

) 1
s(T', ¢, €) = limsup —log(exp(—n|[¢])) = —|¢]l-
n—+oo N
For an arbitrary e-spanning set F' C O,,1(T"), we can choose an orbit z, € F, and
thus we have >, ¢ exp(Sn¢(2)) 2 exp(Sn¢(zy)) = exp(—n¢llo) and

(4.2)
_ 1 _ 1
r(T, ¢,e) = limsup — log(r, (T, ¢, €)) = limsup — log(exp(—n||¢||o0)) = —|}]|co-
n—+o0 n—+oo T

On the other hand, both (T, ¢, €) and s(T, ¢, €) may be +oc.

Since for arbitrary e; > €; > 0, an ep-separated set is also e;-separated, we
have s,(T, ¢, €2) < $,(T, 0, €1), 1.e., s,(T, ¢, ¢€) is decreasing in €, and thus s(7, ¢, ¢€)
is decreasing in e. Similarly, an e;-spanning set is also e;-spanning, so we have
ro(T, 0, €2) < mo(T,0,€1), ie., (T, ¢,€) is decreasing in €, and thus r(7T, ¢, €) is
decreasing in €. As a result, the following limits exist:

P,(T,¢) = lim s(T, ¢,¢), P.(T,¢) = lim r(T, ¢,¢).

e—0t e—0t

Proposition 4.5. Let T' be a correspondence on a compact metric space (X,d) and
¢: Ox(T) — R a continuous function. Then Py(T, ¢) = P.(T, ¢).

Proof. For each n € N and each ¢ > 0, choose a maximal e-separated subset £ C
On:1(T). For each y € O,41(T), since E U {y} is not e-separated, there exists
x € E such that d,;1(z,y) < e. Thus E is e-spanning in O,,41(T). Thereby, we have
$n(T, 0,€) = 3 cp exXp(Snd(z)) = 7, (T, ¢, €). This implies s(T, ¢, €) > (T, ¢, ¢), and
hence we get Py(T, ¢) > P.(T, $).

For each n € N and each € > 0, choose an arbitrary e-separated set £ C O, 41(T)
and an arbitrary $-spanning set /' C O,1(T). For each orbit x € E, since F is
$-spanning, there exists y(z) € F such that d,1(z,v(z)) < €/2. For each pair of
distinct orbits z, y € E, since d,,11(z,y) = €, dpi1(z,v(z)) < €/2, and d,11(y, Y(y)) <
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€/2, we have y(z) # v(y). Thereby, v: E — F is injective, and thus
exp

> exp(Sa(y) = > exp(Sud(v(z)))

zelR

> " exp(Snd(z) — A(Sh¢,€/2))

z€E
= exp(—A(Su0,¢/2)) Y exp(Su0(2)),
z€F
where
A(Spp,€/2) = sup{|5n¢(g1) — Sn¢(g2)’ 1Y, Y, € Ony1(T), dn+1(y1, ) 6/2}.
Recall dy1((z1,. .., Tng1), (@), ... 20, )) = max{d(z;,2]) : 1 <t <n+ 1} If
(@1, .. Tny1), (2, .., @) € On(T)
and
dnp1((z1, . Tog), (27,0, 204q)) < €/2,

then d(xz;, 2}) < €/2 for all i € (n + 1], and thereby, we have

n

Z(¢(93i, Tiy1) — Cb(xfw :v;“))

i=1
Z|¢ xlvwl-‘rl ( T, Z+1)|
nA(¢,€/2).
This implies that A(S,¢,€/2) < nA(¢p,€/2). As a result, we get
> exp(8a0(y)) = exp(—nA(g,€/2)) > exp(Snp(z)).

yer z€E

‘Sn¢(x17 s 71:71-1-1) - ans(xlh s ?x;H—l)l =

Since F and F' are chosen arbitrarily, we have
r(T, 6,¢/2) > exp(—nA(,¢/2))su(T, b,€).
Thus,
(4.3) P(T,6,¢/2) > 5(T, 6,¢) — A(6,€/2).

Since X is compact and ¢ is continuous, ¢ is uniformly continuous, i.e., for

an arbitrary 6 > 0, there exists A > 0 such that A(¢,A) < 0. Thus we have
lim o+ A(,€/2) = 0. Consequently, by taking e — 07 in (4.3), we get P.(T,¢) >
P,(T, ¢).

Therefore, we conclude that P.(T,¢) = Py(T, ¢).

Definition 4.6 (Topological pressure). Let T' be a correspondence on a compact

metric space (X,d) and ¢: O(T) — R be a continuous function. The topological

pressure P(T, ¢) is defined as
P(T7 ¢) = PS(T7 (b) = Pr(Ta gb)
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In other words,

P(T,¢) = lim limsupllog(sup Z exp(Sn(b(@)))

e—0T n
e En(€) peBa(e)

(4.4) 1
= lim limsup—log(i?(g Z exp(anb(i)))a

€207 nodoo T ZEF(€)
where E,(€) ranges over all e-separated subsets of (O,1(T"),d,+1) and F,(€) ranges
over all e-spanning subsets of (O,,11(T), dy+1)-
In particular, if ¢ = 0, we call P(T,0) the topological entropy of T and denote it
by h(T).

Remark 4.7. Recall from (4.2) that r(T, ¢, €) > —||¢||s. This implies
(45) P(T.6) = P(T.¢) = lim r(T.6.6) > ~ 6]l > —oc.

Let ¢: O2(T) — R be a continuous function. Denote by ¢: Oy(T™') the conjugate
function given by ¢(z,y) = ¢(y,x) for all (z,y) € O(T~'). The definition of
topological pressure for correspondences can lead to the following proposition.

Proposition 4.8. Let T' be a correspondence on a compact metric space X satisfying
T(X)=X and ¢: O2(T) = R be a continuous function. Then

P(T,¢)=P(T",9).
Proof. For each n € N and z = (21,...,2,) € X", z = (v1,29,...,2,) € O,(T)
if and only if ¢,(z) = (2, Tp_1,...,71) € On(T™'). Consequently, the isometry ¢,
sends O, (T) onto O,(T~'). From (4.1)) we can see that S,¢(z) = S,¢(tny1(x)) holds
for all x € O, 41(T). Since t,41 is an isometry, for each € > 0, E,(€) C O,.1(T) is €-
separated if and only if ¢,1(E,(€)) € Ony1(T71), so by we conclude P(T, ¢) =
P(T,9). O

4.3. A characterization of the topological pressure. We will prove in this sub-
section that our topological pressure of a correspondence T with respect to a con-

tinuous potential function ¢ is equal to P(U, qb), the topological pressure of the shift

map o on the orbit space O, (T') with respect to the potential function ¢ (given in
(2.4))) induced by ¢ (see Theorem for the precise statement).

Let T be a correspondence on a compact metric space (X,d). We consider a
dynamical system (O (T),o0), where O, (T) is equipped with the metric d, and
o: O0,(T) = O,(T) is the shift map given by

(4.6) o(xy, g, x3,...) = (T2, 23,...)
for all (z1,29,...) € X¥.

Theorem 4.9. Let T be a correspondence on a compact metric space (X,d), ¢: Oo(T) —
R be a continuous function, and o be the shift map on O,(T) given above. Then we
have

P(T,¢) = P(0,9),
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where P(a, 5) refers to the topological pressure of the dynamical system (O, (T),0)
with the potential function ¢ given in .

Proof. We divide this proof into two steps. Let ¢ > 0 be arbitrary and denote
€=¢/(1+e).

Step 1. We show P(T,¢) < P(cr, gz~5)

Let n € N. For every (x1,...,2,41) € Oni1(T), we choose T, 19, Tpys, - -+ € X such
that (x1,...,Tpi1, Tnsa, ... ) € Ou(T). Denote by 7: E,(¢) = O,(T) the map that
extends each (x1,...,2Z,41) € FE,(€) to the orbit (z1,..., %11, Tna2,...) € OL(T).
The map 7 is injective.

Fix arbitrary n € N and an e-separated subset FE,,(¢) of (O,:1(T), dyy1).

For an arbitrary pair of distinct orbits (z1,...,2,11), (Y1, .-, Yns1) € En(€), we
have

S dpr1((@1s s Tpga), (Y15 - Yngr)) = max{d(z, y;) 1 1 <i<n+ 1}
Choose k € (n + 1] such that d(zy, yx) > €, then

do (" (T (21s o 041)), 0 T (Y1, - Ynn)))

1 d(zr, yr)

— Ay (@hs o Tmsts ) Us e Yty - - _ ATk Yr)

This implies that 7(E,(¢)) is (n+1, €/2)-separated in the dynamical system (O (7)), o).
Since

Z oSndl(@) _ Z eXi=1 (5 wi1) — Z eXi-1 9@ @),

€ En(©) (@1 st ) ET(Bn () 2er(En(e)

l\.')lmz

and the e-separated set F,,(¢€) is chosen arbitrarily, we have

sup{ Z eSn9@ - [ (€) is e-separated in (’)n+1(T)}
IGEn )
< sup Z eiz0 Blo7 () . Eo(¢/2) is (n+ 1,&/2)-separated in (Ow(T),O')}.
.’L‘EEn )
This implies that

P(T,¢) = lim hrnsupllog<sup Z eXp(Sn¢(g)))

e—0t n
norteo En(e) zEFEy (€)

< lim hmsup—log<~sup > eXp(i%(U%@)))

e=0" pstoo M = =
En/2) ye B, (/2)

= P(0,9),

where E,(€) ranges over all e-separated subsets of O,.1(T), E,(¢/2) ranges over all
(n+ 1, €/2)-separated sets of the dynamical system (O, (T), o), and the last equality

holds because lim,_,o+ €/2 = 0. Hence we conclude P(T,¢) < P (a, gb).
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Step 2. We show P(T,¢) > P(a, gg)

Fix arbitrary n € N and an e-spanning subset F,,(€) of (O,:1(T), dp11).

For every (a,..., 2, 1,2 9,...) € Oy(T), since (z7,...,2,,,) is in O (T), we
can choose an orbit (1, ..., Zu41) € F,(€) such that dpi (2, ..., 204), (21, ..., Tpg1)) <
€, i.e., d(zg, x)) < € for all k € (n+ 1]. For each k € [n — |/n| — 1]}, we have

LMo Tys Py (s 2s1)
= o ((Thprs > Tyt Ty - -+ )y (Thg1y - - s g1, Tz, )
= 1 d(x;c—&—ja Th+j)

a 1 Y1+ d(x) ), Thsj)

n—=k 1 +o0 1
<D, 56T > 5
j=1 j=n—k+1

<é427H
< é4 2 vt
<é+2 v

Hence 7(F,(¢)) is an (n — [/n],é + 27V")-spanning set in the dynamical system
(Ou(T), o).
Recall ||¢]loo = sup{|op(x1,x2)| : (21, 22) € O2(T)}. We have

Z eSnd@) — Z ej=1(%j,mj+1)

2EF,(e) (T1,sTp41)EFn(€)
_ Z o520 B(o7 ()
zeT(Fn(e))
> Z S0 307 (@)~ LIl
zeT(Fn(e))
> e Vildle 37 oM (0 ()

z€T7(Fp(e))
For each 6 > 0 and each m € N, write

a(m,d) = inf Z eXito d'@) . B () is (m, d)-spanning in (OW(T),G)},

QEFm((S)

then we have P(o, 5) = lim;_,o+ limsup,,_, ., = log(a(m,?)).
Since for dy > d; > 0, an (m, d;)-spanning set is also (m, d3)-spanning, we can see
that a(m, ) is decreasing in § for each m € N.
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Since 7(F,(€)) is an (n — [v/n), €+27V")-spanning set in (O, (1), o), implies

S 5w o Vilblea (n — [/n], & +27V7).
zEFn(e)

Let F),(¢) range over all e-spanning subsets of (O,,+1(T), d,,+1) and take an infimum
in the inequality above, we get
ro(T, ¢, €) = inf Z eSne@ > e*\/ﬁ”‘b”“’a(n — [Vn], e+ 2*\/5).

(€

zEFy(€)

This implies
1
P(T,¢) = lim limsup — log(r,(T, ¢, €))
n

e=0" potoo

> lim limsup(n~'log(a(n — [V/n),é+27V")) — [|¢[len™"?)

e=0% potoo

> Jim limsup(n — [n))~ log(a(n — [V, € +¢))

= P(0,9),
where the last equality holds because n — |y/n]| ranges over all positive integers as n
ranges over all positive integers and lim,_,q+ € + € = 0. O]

5. MEASURE-THEORETIC ENTROPY OF TRANSITION PROBABILITY KERNELS

This section is devoted to introduce and discuss the measure-theoretic entropy of
transition probability kernels. We discuss some basic notions and properties about
transition probability kernels in Subsections [b.1] and [5.2] and introduce the measure-
theoretic entropy of transition probability kernels in Subsection 5.3 Finally, in Sub-
section [5.4] we define another shift map for a correspondence and relate the measure-
theoretic entropy of this shift map to that of the correspondence, see Theorem [5.24]
the main theorem in this subsection.

5.1. Basic properties of transition probability kernels. In this subsection, we
recall the definition of transition probability kernels (see for example, [MT12, Sec-
tion 3.4.1]), which are also called Markovian transition kernels (see for example,
[Gal6l Section 6.1]). Intuitively, a transition probability kernel on a measurable
space X assigns each x € X a probability measure on X. We fix some notations in
probability to prepare for the next subsection. Moreover, we recall how a transition
probability kernel pushes a function forward (Deﬁnition and pulls a measure back
(Definition , how to compose transition probability kernels (Definition , and
we show some properties of these actions and compositions such as the association
law (see for example, [Re84l Section 1.1}).

Definition 5.1 (Transition probability kernels). Let (X, .# (X)) and (Y, .#Z(Y)) be
measurable spaces, where X and Y are sets and .Z(X) and .Z(Y') are o-algebras
on X and Y, respectively. A transition probability kernel from Y to X is a map
Q:Y x #(X) — [0,1] satisfying the following two properties:
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(i) For every y € Y, the map .#(X) 3> A — Q(y, A) is a probability measure on
the measurable space (X, .Z(X)).

(ii) For every A € .#(X), the map Y 5y — Q(y, A) is .4 (Y )-measurable.

With the notations above, for every y € Y, denote by Q, the probability measure
that assigns a measurable set A € Z(X) the value Q(y, A). In other words,

Qy(A) = Q(y, A).

Moreover, if Y = X, we also call a transition probability kernel from Y to X a
transition probability kernel on X.

Remark 5.2. As an interpretation of Definition [5.I we can think of a transition
probability kernel Q from Y to X as a stochastic process that transmits each point
y € Y “randomly” to a point x € X with distribution Q,.

Definition 5.3. Let 1" be a correspondence on a compact metric space X and Q be
a transition probability kernel on X. We say that Q is supported by T' if the measure
Q. is supported on the closed set T'(x) (i.e., supp Q, C T'(x)) for every x € X.

Given a measurable map F': Y — X, we can pull back a function f: X — R
(with the resulting pullback F*: f — f o F') or push forward a probability measure
pon Y (with the resulting pushforward F,: y+ po F~!). For a Markov chain with
the state space X = (d] and a transition matrix P, a distribution p = (p1,...pq)
on X becomes pP after one step of the Markov process. Definitions [B.1] and
show that transition probability kernels generalize measurable maps and transition

matrices. Their actions on functions and measures are standard, see for example,
[Gal6l, Section 6.1] and [MT12) Section 3.4.2]. We recall them below.

Definition 5.4. Let (X, .# (X)) and (Y, .#(Y)) be measurable spaces, f € B(X,R)
be a bounded measurable function, and Q be a transition probability kernel from Y
to X. The pullback function Qf: Y — R of f by Q is given by

of() = [ )40, (o).
X
As an operator acting on bounded measurable functions, @ is linear, i.e.,

(5.1) Qlaf +g)=aQf + Qg

for all f, g € B(X,R), and a € R. Moreover, Q as an operator is continuous in the
sense of the following lemma.

Lemma 5.5. Let (X, #(X)) and (Y, #(Y)) be measurable spaces, Q be a transition
probability kernel from'Y to X, and f € B(X,R). If a sequence of uniformly bounded
measurable functions f, € B(X,R), n € N, converges pointwise to f: X — R as
n — 4oo, then Qf, converges pointwise to Qf as n — +oo. Moreover, Qf is
measurable and || Qf|sc < || oo

We include a proof of Lemma [5.5 in Appendix [A.T]
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Definition 5.6. Let (X, .# (X)) and (Y, .#(Y)) be measurable spaces, u € P(Y) be
a probability measure on Y, and Q be a transition probability kernel from Y to X.
The pushforward probability measure 4Q on X of p by Q is given by

- /Y Qy. A) du(y)

We shall check that ©Q is a probability measure on X:

(i) Since Q(y, A) € [0,1], we have (uQ)(A4) = [, Q( p(y) >0 for all A €
M(X).

(i) (LQ)(X) = [ Qy, X)du(y) = [y 1du(y) =1.
(iii) If Ay, Ay, -+ € A (X) are mutually disjoint, then

(1Q) (gfln) = /YQ(y,gAn) d

Z/YZ Ay, An) dp(y)

for all A e #Z(X).

= (nQ)(A

Hence we conclude that pQ given in Definition is indeed a probability measure
on X.

Remark 5.7. Recall from Remark that @ can be considered as a stochastic
process. Under this perspective, for an initial distribution p on Y, if we set a random
point y € Y with the distribution p and transmit it to a point x € X through the
stochastic process Q, then the resulting distribution of x € X is uQ.

Remark 5.8. Notice that 0,Q = Q, holds for all y € Y, where ¢, refers to the Dirac
measure at the point y. This is because for each A € .#(X) and each y € Y, we
have

/Q z, A)doy(z) = Qy, A) = Qu(A).

Proposition 5.9. Let (X, # (X)) and (Y, #(Y)) be measurable spaces, u € P(Y),
Q be a transition probability kernel from'Y to X, and f € B(X,R). We have

(5.2) [eran= | rawe).

Proposition is standard for any specialist. But we include a proof in Appen-
dix since we cannot locate a precise reference.
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Definition 5.10. Let (X, .# (X)) be a measurable space and Q be a transition
probability kernel on X. We say that a probability measure g on X is Q-invariant if
1@ = u. Denote by M(X, Q) the set of all Q-invariant probability measures on X.

The following notion comes from |Gal6, Definition 6.1].

Definition 5.11. Let (X, # (X)), (Y, #(Y)), and (Z, .#(Z)) be measurable spaces,
@ be a transition probability kernel from Y to X, and Q' be a transition probability
kernel from Z to Y. The transition probability kernel Q' Q from Z to X is given by

(QQ)(z 4) = (2£Q)(4)

for all z € Z and A € .#(X), where Q. Q is a probability measure on X defined in
Definition 5.6

We check in Appendix [A 1] that Q'Q is indeed a transition probability kernel from
Z to X, see Lemma [A]]

Remark 5.12. Recall from Remark[5.2that Q and Q' can be considered as stochastic
processes. Under this perspective, Q' Q refers to the composition process of the two
processes, i.e., the stochastic process that transmits each point z € Z randomly to
an intermediate point y € Y through the process @', and next transmits y randomly
to a point z € Z through the process Q.

Lemma 5.13. Let (X, # (X)), (Y, #(Y)), and (Z, #(Z)) be measurable spaces, Q
be a transition probability kernel from Y to X, Q' be a transition probability kernel

from Z toY, and u € P(Z). We have the law of association:
mQQ) = (nQ)Q.

We include a proof of Lemma in Appendix [A.]

For measurable spaces X, X5, and X3, transition probability kernels Q from X3
to Xy and Q' from X, to Xy, and p € P(Xj3), Lemma ensures that we can write
1QQ" without parentheses.

5.2. Transition probability kernels Q" and Q¥. In this subsection, we give the
definition of transition probability kernels Q" (n € Ny) and Q¥, which are repeatedly
used in the sequel. First, we discuss some intuition.

Recall from Remark that a transition probability kernel Q on a measurable
space X can be considered as a stochastic process. For n € N, if we iterate this
stochastic process n times, then from an initial point zy € X, we can get an orbit
(o, T1,...,7,) € X" The stochastic process that transmits each zg € X randomly
to an orbit (g, x1,...,x,) with the distribution that comes from the n-fold iterate of
Q is formed by the transition probability kernel Q™. From this intuition, we notice
that Q" is a transition probability kernel from X to X"*!.

If we iterate this stochastic process infinitely many times, then from an initial point
xo € X, we can get an infinite forward orbit (xq, z1,...) € X*. The stochastic process
that transmits each xy € X randomly to an orbit (zg,z1,...) with the distribution
that comes from the infinite iterates of Q is formed by the transition probability Q.
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We notice from this intuition that QY is a transition probability kernel from X to
X,

Another important thing in this subsection is the measure pQ“, where p is a prob-
ability measure on X and @ is a transition probability kernel on X. The probability
measure g as an initial distribution and the transition probability kernel Q as a
stochastic process can generate a Markov process. The distribution of the forward
infinite orbit in this Markov process is denoted by pQ“.

We discuss the above notations more carefully below.

We always use (X,.Z (X)) to denote a measurable space where X is a set and
A (X) is a o-algebra on X.

Consider m € N\ {1}, ny, na, ..., -1 €N, nyy € N, and a subset B; C X™ for
each ¢ € (m]. Set Ny := 0 and N = Z; nj € N for each i € (m]. The notation
By x -+ x By, refers to a subset of X given below:

B x---x B, = {(Z’l,LEQ, ) EXNmZ
(TNp 1 +1> TNy 142, -« -5 TNy_y+ni) € By for each k € (m]},

where (T, 41, TN, 1425+, TN,,_14n,,) MeANS (TN 11, TN, 142, ---) if gy = w.
For each n € N, denote by A (X™) the o-algebra on X" generated by [J;—, {Xz
Ax X 1=t Ae ///( )}. Denote by .#(X“) the o-algebra on X% = {(xl,xg, )
T, Tg, -+ € X} generated by [ 5{X  x Ax X“: A€ #(X)}.

For each A, ;1 C X" and each (xq,...,z,) € X", write

(5.3) Tt (1, ooy Ty Apg1) = {21 € X 0 (21, .., Tn, Tpi1) € Apga

Definition 5.14. Let Q be a transition probability kernel on a measurable space
(X, (X)), where X is a set and .Z(X) is a o-algebra on X. Define the transition
probability kernel Q from X to X™*! inductively on n € Ny as follows

First, Q0 := = idy x, where idy is a transition probablhty kernel given by id X(m A) =

14(z) for all z € X and A € .#(X). This means ol = §,, the Dirac measure at
z € X, for all z € X. If Q" has been defined for some n € N, we define Q" as:

(5.4) Q" (2, A,.y) = / Q(ms T (T1s 2 An1)) AO Y (2, )

(z1,emyxn)EX™

for all z € X and A, € ,///(X”“).

Remark 5.15. Recall from Section 2] that [n] = {0, 1, ...,n}. Our notation Q"
is compatible with the notation in the proof of [Gal6l Corollary 6.4], in which its
author uses a finite subset U = {t1, ..., t;} of R, as a superscript to indicate the
distribution of following orbits of a continuous-time Markov process: (xi,,..., 2, ),

where z; denotes the random variable at the time ¢ in the Markov process. In addition,
see [MT12] Section 3.4.1] for a related notion P}

We check in Appendix that Q" defined above is indeed a transition probability
kernel for each n € N, see Lemma
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Remark 5.16. Recall from Remark that Q can be considered as a stochastic
process and we can iterate it n times. If we start at a point x € X, then Q;Ec”] is the
distribution of orbits of the n-step stochastic process, containing n + 1 entries from
the 0-th step to the n-th step.

Lemma 5.17. Let Q be a transition probability kernel on a measurable space (X, # (X)),
m, n € No, and A € .4 (X"). For each x € X, we have

(5.5) ol (x, A) = Qtml(z A x X™).

We include a proof of Lemma [5.17] in Appendix [A.T]
Applying the Kolmogorov extensmn theorem (see Lemma for details), we get
the following definition.

Definition 5.18. Let Q be a transition probability kernel on a measurable space
(X, .#(X)). Define the transition probability kernel Q* from X to X* as the unique
transition probability kernel from X to X“ with the property that for each x € X,
each n € Ny, and each measurable set A € . (X""1), the following equality holds:

(5.6) Q“(x, A x X¥) = Q"(a, A).
Remark 5.19. For each p € P(X), Definition and imply that
(5.7 (1Q”)(A x X¥) = (4Q")(A).

5.3. Definition of measure-theoretic entropy for transition probability ker-
nels. In this subsection, we introduce the measure-theoretic entropy for transition
probability kernels (Definition . As we can see in Definition , transition prob-
ability kernels generalize measurable maps. Our definition of the measure-theoretic
entropy of transition probability kernels uses the entropy of partitions and generalizes
naturally the definition of the measure-theoretic entropy of measurable maps.

A finite measurable partition A of a measurable space (Y, . (Y)) is a finite collec-

tion of mutually disjoint measurable subsets {4y, ..., 4,} satisfying J;_, 4; =Y,
where n € N.
For arbitrary finite measurable partitions Ay, ..., A,, of measurable spaces (X", .Z (X)),

, (X, A (X™)), respectively, their product is given by
Ay X oo X Ay = {A; X - X At A; € A, for every i € (m]} C o/ (XM tmm),

It is a finite measurable partition of (X™ T *mm g/ (X"t +nm)),
For a finite measurable partition A and n € N, write

A= AXxAx - x A,

~
n copies of A

Recall that for a finite measurable partition A and a probability measure p on X,
the entropy of A is given by

(5.8) = u(A)log(u(A)).

AeA
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We refer the reader to [PUIL0L Chapter 2] for basic properties of the entropy H, (A;)
of a finite measure partition A; and the conditional entropy H,(A;|A3) of a finite
measurable partition A; given another finite measurable partition As.

Proposition 5.20. Let Q be a transition probability kernel on a measurable space

(X, (X)), p € M(X,Q), and A be a finite measurable partition of X. Then we
have

o1 (A") Z poe (A x {XH{X} x A" x {X¥}),

where {X“} (resp., {X}) is the partition of X¥ (resp., X ) into only one subset.

Moreover, the limit lim,, ., %Hug[nfu (A™) ezists.

Proof. By (5.7) and (5.8), we have H,gn-1(A") = Hygw (A" x {X“}). By (A.9) in
Corollary A.7 and 1 , we have H,go ({X} x A¥ x {X“}) = H, 0. (A" x {X“}).

e (A”) = Hyou (A" x (X4
- Z(HMQ“ (A < {X9}) = Hyugu (A x {X*}))

n—1

= 3 (Hyon (A X (X)) = Hon (1) x A x (X))

k=0
n—1
=Y Hugo(Ax {X“H{X} x A" x {X“}).
k=0
Here A° x {X“} is {X“}, whose entropy is 0.

Since H,gw (A x {X* x A¥ x {X“}) is non-negative and it decreases as k
increases, we get

. 1 n . w k w
Jim EHMQM_H (A") = kEIfoo Hyugo (A x {X“H{X} x A" x {X“}).
Therefore, the limit lim,, , o %H L Qln—1] (A™) exists. O

This proposition guarantees that h,(Q, A) in the next definition is well-defined.

Definition 5.21. Let Q be a transition probability kernel on a measurable space
(X, (X)), p be a Q-invariant probability measure on X, and A be a finite measur-
able partition of X. Then h,(Q, A), the measure-theoretic entropy of Q with respect
to the partition A, is defined as

. 1 n
h,(Q,A) = nl_l)r_i_noo EH“Q[TL_I] (A™).

We can now formulate our definition of the measure-theoretic entropy of a transi-
tion probability kernel.
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Definition 5.22. Let Q be a transition probability kernel on a measurable space
(X, .#(X)) and p be a Q-invariant probability measure on X. The measure-theoretic
entropy h,(Q) (of Q for ) is given by

hu(Q) = Sup h.(Q, A),

where A ranges over all finite measurable partitions of X.
We can establish a useful result through this definition.

Proposition 5.23. Let Q, R be transition probability kernels on a measurable space
(X, #(X)) and p € P(X). If nQM = (MR[”) ouy !, then € M(X,Q)NM(X,R)
and h,(Q) = h,(R).

Proof. Suppose pQM = (uRM) o 13", We have shown in Lemma that u €
M(X, Q)N M(X,R).

By Lemma and , for every finite measurable partition A of X and every
n € N, we have h,gm (A" = h,pwm(A™"). Consequently, by Definition , we
have h,(Q, A) = h,(R, A). Therefore, by Definition [5.22] h,(Q) = h.(R). O

5.4. A characterization of the measure-theoretic entropy. This subsection
aims to establish Theorem [5.24l

Let (X, # (X)) be a measurable space. Denote by ¢ the shift map on X*“ given
by
(59) 0'(171,552,...) = (.172,,1’3,...)
for all (z1,x9,...) € X%,

For two arbitrary finite measurable partitions A; and As of X, the finite measurable
partition A; V Aj is given by A1 V Ay = {A1 N Ay : Ay € Ay, Ay € Ay}

Let Q be a transition probability kernel on X and p be a Q-invariant probability

measure on X. For arbitrary n € N and measurable set A € .Z(X"), by (A.9) in
Corollary [A.7] we have

(1Q°)(07H(A x X)) = (pQ“)(X x A x X¥) = (uQ”)(A x X*¥).
By the Dynkin’s -\ Theorem, we get (1Q%)oo~! = pQ“, which means that pQ¥
is o-invariant. As a result, the invariant measure pQ“ and the measure-theoretic

entropy hy,ow (o) of o for pQ* are well-defined in the sense of classical ergodic theory
for single-valued maps (see for example, [PUL0, Chapter 2]).

Theorem 5.24. Let Q be a transition probability kernel on the measurable space
(X, (X)), 1 be a Q-invariant probability measure on X, and o be the shift map on

X*®. Then we have
hu(Q) = hyg-(0).
Before establishing Theorem [5.24] we give three lemmas.

Lemma 5.25. Let Q be a transition probability kernel on the measurable space
(X, # (X)), p € M(X,Q), o be the shift map on X¥, and A be a finite measurable
partition of X. Then

hM(QaA) - h,uQ“(O-’A X {XW})
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Here the definition of the measure-theoretic entropy h,o-(o, A x {X“}) of the
single-valued map o with respect to the partition A x {X*} can be found in [PU10,
Lemma 2.4.2].

Proof. First, for each n € N, we have

V o 1X9) = V0] A X0 = A0 x ()

Recall H,,gin-1(A") = Hygw (A" x {X“}) from the proof of Proposition m There-
fore,

1
hy(Q,A) = lim = H, gy (A")

n—-+oo N

= lim —H,ou (A" x {X*})

Jim o (\/ A (X))

= h#Q‘“ (Ua A x {Xw})v
where the last equality follows from [PUL0, Lemma 2.4.2]. O

The next two lemmas come from [Wa82]:

Lemma 5.26 ([Wa82, Theorem 4.12 (vi)]). Let (Y,.#(Y)) be a measurable space,
F:Y — Y be a measurable map, u be an F-invariant probability measure on'Y, A
be a finite measurable partition of Y, and k € N. Then we have

hu(F, A) = hy,(F, AV FH(A) V- v F7F(A)).

Lemma 5.27 ([Wa82 Theorem 4.21)). Let (Y, .#(Y)) be a measurable space, F': Y —
Y be a measurable map, p be an F-invariant probability measure on Y, and S be a
sub-algebra of A (Y') satisfying that 4 (Y') is the o-algebra generated by S. Then we
have

hu(F) = sup b, (F, A),
A
where A ranges over all finite partitions of Y satisfying A C S.

Proof of Theorem[5.24 First, we set some notations:

Ao = {A" x {X*} : Ais a finite measurable partition of X and n € N},
G={Byx---xB,xX“:neNand By, ..., B, € #(X)},

S :={FE : F is a finite union of sets in G},

20 .= {D : D is a finite measurable partition of X“ and D C S}.

We can verify that S is a sub-algebra of .#(X*) and that .#(X) is the o-algebra
generated by S. So by Lemma [5.27 we get

(5.10) huow(0) = sup{h,g-(c,D) : D € A}.
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Fix an arbitrary D € . Suppose D = {Dy, ..., D,}, D; = G U--- UGy, €
S for all i € (p], and Gy = Byj1 x --- X Byjp,, x X¥ € G for all i € (p] and
J € (q;], where By, € #(X) for all i € (p|, j € (¢, and k € (r;;]. Set A =

1 Vis, V21 { Bijk, ijk}, a finite measurable partition of X, then A" x {X“} € 2,
is a finer partition of X* than D, where n = max{r;; : i € (p|, j € (¢]}, and a par-
tition is finer than another means that each element in this partition contains in an
element in another partition.

From the discussion above we conclude that for each partition in 2, we can find a
finer partition in 2.

We can conclude by that if a finite measurable partition A’ of X“ is finer
than another finite measurable partition A", then h, g (0, A") > h,o- (0, A”). Thus
sup{huo«(0,D) : D € A} < sup{hug-(0, Ag) : Ay € Ap}. Moreover, we can check
that 2y C 2, and thus

(5.11) sup{h,g«(0,D) : D € A} = sup{hyo-(0, Ag) : Ag € Ap}.

For each A" x {X“} € 2, where A is a measurable partition of X and n € N,
recall \/;L_O1 oI (A x {X¥}) = A" x {X“} from the proof of Lemma |5.25, By (5.10)),

(5.11)), and Lemma we have
hyuo«(0) = sup{h,g-(0, D) : D € A}
= sup{hugw (0', .A()) c Ay € Q[()}
= sup hyo- (0, A" x {X*})
A

n—1
= sup hugw (O', \/ O'ii<./4 X {XW}))
A i=0
— sup hyge (0, A x {X¥)),
A

where A ranges over all finite measurable partitions of X.

Therefore, by Definition and Lemma we get hy,ou(0) = sup 4 h,(Q, A) =
h,(Q), where A ranges over all finite measurable partitions of X. O

A lemma which is useful in Subsection B.1] follows from Theorem [5.24}

Lemma 5.28. Let Q be a transition probability kernel on a measurable space (X, # (X)),
Y € #(X), and Q' be a transition probability kernel on the measurable space
(Y, 4 (Y)), where M (Y) refers to the o-algebra induced by #(X). Suppose p €
MY, Q) and € P(X) satisfy 1(A) = p(A) for all A € #(Y). If for each
Ae #(Y), the equality Q(y, A) = Q'(y, A) holds for p-almost every y € Y, then we
have i € M(X, Q) and hz(Q) = h,(Q).

Proof. Denote by oy the shift map on X* given in (5.9), and oy = ox|y~ be the
shift map on Y. The conditions above indicate that £Q = 1 by (5.6), and that the
measure Q% is the extension of the measure Q™ from Y to X% i.e., (uQ¥)(B) =
(uQ™)(BNY¥) holds for all B € .#(X*). As a result, the inclusion map from Y to
X¥ is an isomorphism between measure-preserving systems (Y, .Z(Y"), oy, uQ')
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and (XY, 4 (X%),0x,19%), s0 hygw(oy) = hge(ox). Then h;(Q) = h,(Q') follows
from Theorem [(.241 O

6. VARIATIONAL PRINCIPLE FOR FORWARD EXPANSIVE CORRESPONDENCES

In this section, we establish the Variational Principle when the correspondence T'
on a compact metric space (X,d) has a property called forward expansive. More
precisely, we will prove Theorem [A] the first main result of this work. The proof of
this theorem is the most technical part of this work. In Subsection [6.1] we introduce
forward expansiveness for correspondences. Then in Subsection[6.2] we prove a lemma
for Subsection [6.3] Subsection [6.3]is devoted to establishing the Rokhlin formula for
measure-theoretic entropy of transition probability kernels and of the corresponding
shift maps. Theorem [D] is established in Subsection [6.4] and is used in the proof
of Theorem [A] Finally, in Subsection [6.5] we establish an inequality about measure-
theoretic entropy (Proposition by the Rokhlin formulas and prove Theorem .

6.1. Forward expansiveness. R. K. Williams has defined a type of expansiveness
for correspondences or set-valued functions in [Wi70, Definition 3|, which is called
RW-expansiveness by M. J. Pacifico and J. Vieitez in [PV17, Definition 3.2]. In
Definition below, what we call forward expansiveness is inspired but different
from what M. J. Pacifico and J. Vieitez called RW-expansiveness.

Definition 6.1 (Forward expansiveness). Let T be a correspondence on a compact
metric space (X,d). We say that T is forward expansive, if there exists a number
e > 0 such that for each pair of distinct orbits (x1, 22, ...), (y1,¥2,...) € O,(T), we
have d(z,,y,) > € for some n € N. Such a positive number ¢ is called an ezpansive
constant of T.

Remark 6.2. Let T be a forward expansive correspondence on a compact metric
space (X,d) with an expansive constant ¢ > 0. Fix an arbitrary point z; € X
and choose an orbit (x1,xs,...) € OL(T). For a pair of distinct points xg, z;, € X
satisfying x1 € T'(xo)NT (), we have (zg, x1,...) € Oy (T) and (xp, x1,...) € O, (T).
By the forward expansiveness of 7', we must have d(zg, x) > €. Since X is compact,
we know that T-!(x) = {y € X : x € T(y)} is finite for all x € X. Moreover, for
each z € X, we have #T~1(x) < M., where M, refers to the largest cardinality of an
e-separated subset of X.

If the correspondence T on X degenerates to a singe-valued continuous map, then
the forward expansiveness for T is equivalent to the forward expansiveness for the cor-
responding single-valued map, see Appendix (i) for the precise statement. More-
over, Propositions and show that the forward expansiveness of (O, (7)), 0)
and the forward expansiveness of T" are equivalent.

Let X be a compact metric space and T be a correspondence on X. In Subsec-
tions and we give two different shift maps, one on X* and one on O, (7).
To distinguish them, we denote by ¢': X“ — X“ the shift map in Subsection
given by o'(z1,x9,...) = (x3,23,...), and by o: O,(T) = O,(T) the shift map in
Subsection given by .
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Lemma 6.3. If a correspondence T on a compact metric space X is forward expan-
sive, then for every A € B(X), the set T(A) is Borel measurable.

Proof. Recall from Remark that if two different points z, y € X satisfy T'(z) N
T(y) # 0, then d(z,y) > €.
Fix an arbitrary x € X. The arguments above implies that T(y;) N T(y2) = 0

for all y1, yo € Bep(x) = {y € X : d(z,y) < €/2} with y1 # 2, so for each
z € T(Bej(x)), there is exactly one y € Bes(z) satisfying z € T(y). Suppose

g T(Beja(x)) — Bepo(x) is the map with the property that g,(z) is the unique

point y € Bejo(z) with z € T(y), i.e., T = g, ' on Bejs(z). Since Oo(T') is compact by

the definition of correspondences, T'(B,/2()), the projection of Os(T) N Beja(z) x X
on the second coordinate, is compact. Since B»(z) is compact and {(y,2) : z €

T(Be/2($)>v Yy = gx(z)} = {(ya Z) NS Be/2(w)7 z € T<y)} = OZ(T) N BE/2($) X X
is compact, we get that g,: T (Be/g(l’)) — Bc/2(x) is continuous. Thereby, for each
Borel set A C B.js(z), the set T(A) = g, '(A) is Borel measurable in T'(B.(z)),
and thus is Borel measurable in X due to the fact that T'(B.2(z)) is a closed subset
of X.

Since X is compact, we can choose a finite collection of points {z1, ..., z,} C X
such that {Be/g(l'i)}?zl covers X. Let A € #(X) be arbitrary. For each i € (n],
the Borel set AN B,/s(x;) is contained in B /s(x;), and thus T(A N Be/g(xi)) is Borel
measurable. As a result, therefore,

is Borel measurable. O

Corollary 6.4. Let (X, d) be a compact metric space. If a continuous map f: X — X
is forward expansive, then for each Borel measurable set A € B(X), the set f(A) is
Borel measurable.

Proof. Let C; be the correspondence on X induced by f, see Appendix|B.2|for details.
By Appendix (i), Cy is forward expansive. Therefore, by Lemma [6.3] f(A) =
C;(A) is Borel measurable for all A € Z(X). O

Lemma and Corollary are important in Sections [6] and [7} because Theo-
rems [A] B} and [C] all assume that the correspondence T is forward expansive. When
the correspondence T is forward expansive and at the same time o: O, (T) — O, (T)
is forward expansive, we can write T'(A) as an Borel set of X for every A € #(X)
and o(B) as an Borel set of O, (T) for every B € A(0,(T)).

Let T be a correspondence on a compact metric space (X,d) and A be a finite
Borel measurable partition on X. Set

mesh A := sup{diam B : B € A}.
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For each n € N, the pair (T, .A) induces a finite Borel measurable partition .Zr} of the
orbit space O, (T') given by

(6.1) A% = {By x -+ X B, x X*NO,(T): By, ..., B, € A}.

Note that A% = P ok (.,Z%p) for all n € N. For each z € O,(T) and each n € N,
denote by A}(x) the element in A% containing x.

Lemma 6.5. Let T be a forward expansive correspondence on a compact metric
space (X, d) with expansive constants €, > 0 and eo > 0. There exists L € N with the
following property:

For each n € N greater than L, if two orbits (z1,...,2,), (Y1,---,Yn) € On(T)
satisfy d(xy, yr) < €3 for all k € (n], then d(xy, yr) < € holds for all k € (n — L.

Proof. We argue by contradiction and assume that for every [ € N, we can choose two
orbits (xll, e ,xﬁ”), (yll, e ,yfw) € 0,,(T), ny € N, n; > [ satisfying that d(xﬁc, yfc) <
e for every k € (ny], and that there exists j € (n; —I] such that d(z},}) > €.
Assume j = 1, otherwise substitute (xé, e ,:pfu) and (yé-, e ,yf”) for (xll, e ,xill)
and (yi,...,4. ), respectively.

Extend each pair of orbits (xll, o ,xill), (yi, o ,yf”) € 0,,(T) to (:Ell,xé, . ),
(Y1, vh,...) € Ou(T). Since O,(T) x O,(T) is compact, we can choose an increasing
sequence of positive integers [, € N, r € N, such that (xl{, a:l{, . ) and (yl{, yé“, .. )
converge to (22, 29,...) € O (T) and (y9,43,...) € O,(T) as r — +oo, respectively,
i.e., for each k € N, z¥ and yi" converge to # and 4 as r — 400, respectively.

Fix an arbitrary k£ € N, since for each » € N with n;. > [, > k, we have d(xﬁg, yfg) <
€2, and since [, tends to 400 as r — +o0, we get d(x%, y,g) = lim, d(mﬁg, y,lg) < 6.
This implies ¥ = y2 for each k € N because €, is an expansive constant of 7.

Recall d(z},y}) > € for all | € N. Thus we have

0=d(2?,9)) = lim d(xl{,y?) > e >0,
r—+00
which is impossible. U
This lemma leads to the following corollaries.

Corollary 6.6. Let T be a forward expansive correspondence on a compact metric
space (X, d) with an expansive constant € > 0 and A be a finite Borel measurable

partition of X with mesh A < e. Then lim,,_, ., mesh /T;’ﬁ = 0.

Proof. Fix an arbitrary § € (0, €). Since € is an expansive constant for T, ¢ is also an
expansive constant for 7. Choose N € N such that 2LN < g. By Lemma m, we can
choose L € N greater than N with the following property:

For each n € N greater than L, if two orbits (x1,...,2,), (y1,...,yn) € On(T)
satisfy d(zg, yx) < € for all k € (n], then d(xy,yx) < 2 holds for all k € (n — L].

Fix an arbitrary n € N greater than N + L. If two orbits (zq,x2,...), (y1,¥2,...) €
O, (T) belong to the same element in the partition A%, then we have d(xy, yi) < € for
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all k € (n] by mesh A < e. Then it follows from the property of L that d(zy, yx) < 3
for all k € (n — L], so
16 - 1 5 1
Ly o ~ <.
dw((l'l,l?a )7 (y17y27 )) ; k1 6 _ nZL+1 ok < = 5 + — oN )

Consequently, we have mesh ./Z(% < 4. Since ¢ is chosen arbitrarily, we conclude that
lim,,_, | o, mesh A% = 0. O

Corollary 6.7. Let T be a forward expansive correspondence on a compact metric
space X with an expansive constant e > 0, v be a o-invariant Borel probability measure
on Oy (T), and A be a finite Borel measurable partition of X with mesh A < e. Then

the partition ,Zl/lT of O,(T) is a finite one-sided generator for v, i.e., if x, y € Oy(T)
satisfy AL(0™(z)) = ./NllT(J"(g)) for alln €N, then x = y. Moreover, we have

(6.2) ho(0) = hy, (0, AL).

Proof. By Corollary m and Lemma , we can choose n € N such that mesh .Z:’;i
is less than some expansive constant for 0. By [PUI0, Lemma 3.5.5], we get that

the partition .Z? is a finite one-sided generator for v, ie., if z,y € O, ( ) satisfy
Az (o™ (z)) = A3(0™(y)) for all m € N, then z = y. Recall A2 = \/}Z) 0% (AL),
so Am(o™(z)) = .@%(am(g)) is equivalent to the statement that AlT( mik(z)) =
Al (6™ (y)) holds for all k € [n — 1]. Hence, the fact that An is a finite one-sided
generator for v implies that JZPT is a finite one-sided generator for v. Finally, {}
follows by [PUI0, Theorem 2.8.7 (b)]. O

6.2. Properties of the induced partition ﬂ% of the orbit space. We show the
following lemma in this subsection.

Proposition 6.8. Let T be a forward expansive correspondence on a compact metric
space (X,d) with an expansive constant € > 0, A be a finite measurable partition of
X with mesh A < ¢, v € P(O,(T),R), and f € B(O,(T),R). Then for v-almost
every x € O, (T), the following properties hold:

(i) For all n € N, we have V(.Z%(g)) > 0.
(ii) The following limit exists and the equality holds:

lim %/ fdv = f(z).

n—+00 y( ()) A (z)

Proof. Set S = {z € O,(T) : ( 7(z)) = 0 for some n € N}.
For each N € N, set

Jy = {g €0,(T): y(j%(g)) > 0 for all n» € N and

1 _ _ 1
1;Tgi1£m/g?(x)|f@) - f(@)|dv(z) > N}'
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Note that all orbits in O,(T) \ (SU ( s Jn)) satisty properties (i) and (ii), so
we aim to show that this set is of full measure in terms of v.
To this end, we first show S € ,%’(OM(T)) and v(S) = 0.

Write D = {A € U} Ap : = 0}. Note S = JD € B(O,(T)). Since
Zg 7., a countable union of ﬁmte sets is countable, its subset D is also countable.

Consequently, we get v(S) = v(|JD) = 0.
Next, we fix an arbitrary N € N and turn our attention to the structure of Jy.
Fix an arbitrary n € N. For each A € A}, since f: O, (T) — R is Borel measurable,
the integral [|f(Z) — f(z)| dv(Z), as a function of z, is Borel measurable on A. If
A\ S # 0, then v(A) > 0. In this case, the function

ﬁ/ﬂ 1)~ @) = o 11 — S o),

in the variable z, is Borel measurable on A\ S. Thus

ﬁ [ @ = @] i)

as a function of z, is Borel measurable on O, (7)) \ S. Since n € N is arbitrary, we
conclude that Jy is a Borel set.
We choose M > 0 such that |f(z)] < M for all z € O,(T). Fix an arbitrary
d > 0. By Lusin’s theorem (see for example, [Fol99, Theorem 7.10]), we can choose
a continuous function ¢g: O, (T) — R with the following properties:
(a) For each z € O, (T), we have |g(z)| < M.
(b) The compact set K = {x € O,(T) : f(z) = g(z)} satisfies v(K) > 1 —9.
Fix an arbitrary z € Jy. We have

1 1 _ _
s v < lggigopmé%(z)\f(x) — f(z)| dv(7)
<) o) + ) imenp s [ 0@ gl a7,
where
1 _ _ _
) = iy s /A @ gl

By Corollary [6.6] and the fact that g is continuous, we have

1
limsup ——— z)—qg(x)|dv(z) = 0.
P ) /~%(x)|g< ) — g(z)| dv(z)

n—+oo UV (./455 X

As a result, (6.3) implies that either f(z) # g(z), in which case x € O,(T) \ K, or
h(z) > 1/N.
Set

Iy ={z€0,T): 1/(2@(&)) >0 for all n € N and h(z) > 1/N}.
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Then Jy C Iy U (O,(T) \ K). Write
+oo
C = {A e J Ay /A|f(f) — g(@)| dv(z) > ”g?)}.

For each z € Iy, choose n € N such that

1 / 1
——— [ |f(@) —g9@)|dv(T) > .
v(Ap(2)) J A N
This inequality implies that z € A%(z) € C, and thus z € | JC. Hence, Iy C |JC.
For each n € N, define C,, C C inductively as follows:

(1) First, set C; == leT NC.
(2) For each n € N, set Cp,41 :==C, U {A € ,Z@H NncC:AnUC, = (Z)}.

From the inductive definition, we can see C,, C UZ:1 .,Zlvfkp for all n € N, and thus C,
is a finite set for all n € N.

Claim 1. For each n € N, elements in C,, are mutually disjoint.

Indeed, we establish the claim by induction on n. First, C; C .Z%p implies Ehat
elements in C; are mutually disjoint. Moreover, for each n € N, C,,; \ C, C A%
implies that elements in C,.; \ C, are mutually disjoint, and the requirement A N
UC, = 0 in the definition of C,; implies that each element in C,,; \ C, does not
intersect with any element in C,,. The above arguments show that for each n € N, if
elements in C,, are mutually disjoint, then the elements in C,,;; are mutually disjoint.
Claim 1 now follows by induction on n.

Let C' = :3 C, CC. Since C; € Cy C ---, elements in C’ are also mutually
disjoint. The fact that C, is finite for each n € N implies that C’ is countable.

Claim 2. |JC" = C.

We already have | JC' C [ JC since C' C C. We argue by contradiction and suppose
UC S UC. Choose z € (UC) \ (UC'). Then we choose n € N and A € C with the
following properties:

(1) z€ Ae Ay
(2) For each k € (n — 1], there is no Borel set A’ € C with z € A’ € Ak

We have A ¢ C' since x € Aand z ¢ C'. If n =1, thenAEA}ﬂCzCl cc.

This contradicts A ¢ C'. If n > 1, then C,, C C" and A ¢ C’ indicate that

Ag¢C,=CiU{BedinC:BN|JCiy =0}

Since A € JZ%HC, we get AN C,,—1 must be non-empty. Choose B € C,,—; C Uz;ll VZ’%
intersecting with A and then choose k € (n— 1] such that B € A%. Since the
partition ./Z’:} is finer than the partition .Z’;l, AN B # () implies A C B. As a result,
we have x € A C B € C,_1; C (’, which implies that z € |JC'. This contradicts
z e (UC)\ (UC), and we conclude that Claim 2 holds.
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Since C’ is countable and each pair of elements in C’ is disjoint, we have

/UC"f_gldV:Z/A|f_g|dy>%ZV(A):%V(UCI).

Ael’ Ael’

On the other hand, recall that the inequalities |f(z)| < M and |g(z)| < M hold
for all z € O, (T). We have

/ |f—g|du</ f — gldv < 2M - (O (T) \ K) < 2Ms.
uc Ou(T)
Since Iy C |JC =JC', we get
v(Iy) < v(JC) < N/ |f — gl dv < 2MN§.
uc

Since Jy C INU(OL(T)\K), we get v(Jy) < v(In)+v(Ou(T)\K) < (2MN+1)J.
As ¢ > 0 is chosen arbitrarily, taking § — 0% we get v(Jy) = 0, which holds for every
NeN

Recall that v(S) = 0 and that all orbits in O, (T) \ (S U (Un=, Jv)) satisfy
properties (i) and (ii) in the statement of Proposition [6.8] Therefore, we conclude
that v-almost every point z € O, (T) satisfies properties (i) and (ii). d

6.3. Rokhlin formulas. This subsection is devoted to showing Proposition [6.9] and
Theorem [6.11} We first use the Shannon-McMillan-Breiman Theorem and Proposi-
tion [6.8] to establish the formula in Proposition [6.9] a variant of the Rokhlin formula
for measure-theoretic entropy of shift maps. Then we use this formula to establish
the formula in Theorem [6.11] the Rokhlin formula for measure-theoretic entropy of
transition probability kernels. Finally, in Remark [6.12] we point out that an equiv-
alent form of the classical Rokhlin formula for forward expansive single-valued map
(see for example, [PUL0, Theorem 2.9.7]) can be deduced from Theorem [6.11] That is
why we call the formulas in Proposition [6.9] and Theorem the Rokhlin formulas.
This subsection and Subsection [6.5] rely on Appendix

Let u be a probability measure on some measurable space (Y, #(Y)). If there
exists a countable measurable set A € Z(Y") such that v(A) = 1, then we set

(6.4) H() ==Y v({y})log(v({y})).

yeA

where we follow the convention that 0log0 = 0. If v(A) < 1 for all countable
measurable set A € Z(Y), then we set H(v) = +00.

Let v be an arbitrary Borel probability measure on O, (T"). Denote by v the Borel
probability measure on X“ given by V(A) = v(ANO,(T)) for all A € B(X*).

Proposition 6.9. Let T be a forward expansive correspondence on the compact met-
ric space (X, d) with an expansive constant € > 0, v be a o-invariant Borel probability
measure on Oy (T), and P be a backward conditional transition probability kernel of
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v from X% to X supported on Oz(T) x X¥. Then we have
h,(o) = H(P,)dv(z).
Ou(T)
See Definition for the notion of backward conditional transition probability

kernels.

Proof. Choose a finite Borel measurable partition 4 of X with mesh 4 < e. Recall
for each n € N, .Z? ={By x---xB,xX“N0O,(T): By, ..., B, € A}, and that for
cach z € O,(T), A%(z) is the element in A" containing .

For each n € N, set .A1n+1 = {X X ANOL(T) : A€ An } =0~ (N”), and for
cach z € O,(T), denote by Ak 2 (z) the element in .A "*1 containing z. We can
check that A 2 e) = o0t (A"( (z))) holds for all z € O,(T), thus V(A%F"H(g)) —
vo o (Aj((w) = v(Flo(w). i

We could verify A2 = \/1Z) o~ * (AT) and Ap" = \/'_ o~ *(A}). By Corol-
lary m, we have h, () = h, (o, .A%).

Applying the Shannon-McMillan-Breiman Theorem to the measure-preserving
system
(O,(T), B(O,(T)),v,0) with the partition AL, we get that for v-almost every z €

O,(T), v(Ap" ™ (z)) > 0 holds for all n € N, the limit lim AT @) exists, and

n-r+oo V(AZ" (@)

o) = (0, A3) = | wm‘l‘)g< lim (j—”))) ().

n—+o00 I/(Al n+1(£)
Note that ¢’: X — X is the projection map from X¥ = X x X“ onto X*.
Applying (A.15) in Remark and writing
V(./Zgj—l([l?(), Tiy...

An+1
L= lim (fﬁ n+1(x0, RRARA )) and Ly = lim 2 ))
ntoo (AR (o, 21, - . ) notoo p(AR(z1, To, .. )

we have

ho(0) :/w</X—10gL1 dp(xl,m,__)(xo)) (50 (') )21, 7, .. )
(6.5) _ / W(T)( 3 —P(thw)({xo})logL2> Az, za,. .. ).

20€T—1(z1)

Since 0(O,(T)) = O,(T) NT(X) x X¥, we have 0 (O, (T) N T(X) x X¥) =
O, (T), and thus v(O,(T) NT(X) x X¥) = v(O,(T)) = 1. This allows us to assume
(z1,22,...) € O,(T) NT(X) x X in the integrand in the right-hand side of (6.5).
Now we fix an arbitrary orbit (z1,2,...) € O, (T) with z; € T(X) and compute
this integrand.

Fix an arbitrary zo € T !(z;). Recall that A(zg) refers to the element of A
containing xg. Since P is a backward conditional transition probability kernel of ¥
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from X“ to X supported by Oy(T") x X and since z; € T'(X), the measure Py, 4,,...)
is supported on T~!(x;). Note that the diameter of A(zg) is less than €, an expansive
constant for 7', by Remark [6.2] we get that A(zo) N T (x;) = {x¢}. Consequently,

(6.6) Plar,a,.) (A(20)) = Plar ... ({20})-

Also, by the definition of the partitions A%, we have AW (zg, x1,...) = Alzo) x
A(xq) x - x A(z,) x XY NOL(T) = A(zo) x Af(x1,22,...) N OW(T). Applying
Proposition to the Borel measurable function that assigns each z € O, (T) the
value P(z, A(zo)), by Definition (b), we get

f.;{%(xhxz, )P<£> A(xO)) dl/(&)

P((21,22,...), Alzg)) = lim

norteo V(./Z%(l’l,l’g,...))
(6.7) = lim ”(“4(9”0)X%%(ivl,xz,...)mow(:r))
n—s+00 v(AR(z1,2,...))
— lim V(./Z(%—H(JZO,ZL‘M...)).
ntoo (AR (21, 3o, .. )

By (6.5 - ., and -, we have
/ 3" Pl (201 08 (Pl (50) s, 22,
0u(T)

zo€T~1(z1)

Therefore, by (6.4) we conclude h,( f o, P,)dv(z) as we want. O

Lemma 6.10. Let T be a correspondence on a compact metric space (X,d), Q be
a transition probability kernel on X supported by T, and p be a Q-invariant Borel
probability measure on X. If R is a backward conditional transition probability kernel
of uQM from X to X supported on Oo(T), then the transition probability kernel R
from X to X given by

(6.8) R((z1, 2o, . .. ), B) = R(x1,B) for all (x1,xs,...) € X“ and B € A(X)

1s a backward conditional transition probability kernel of n@Q* from X% to X supported
on Oy(T) x X«.

Proof. To verify that R is a backward conditional transition probability kernel of
nQ® from O, (T") to X supported on Oy(T) x X*, we should check the properties (a)

and (b) in Definition |A.14]

First, because R is a backward conditional transition probability kernel of ; QM
from X to X supported on Oy(T'), by Definition (a), R, is supported on T~ (z)
for all x € T(X). For each (z1,29,...) € T(z) x X, since R,, is supported on

T-(z1), we have ﬁ((ml,xg, ...), T Hz1)) = R(21,T " (z1)) = 1. Thus Defini-
tionlm (a) holds for R as T(X) x X¥ = ¢ ((92( ) x X%).

By Remark M we have QM = (,LLR 1) o L; , so Lemma, indicates pQM =
(uRM™) oy}, for all n € N. Thus, by (5.7) and (A.4) in Lemm 3, for every n € N
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and every Ag, Ay, ..., A, € B(X) we have
/ Rz A) @) e) = [ Rl A)d(u@" ) a...)
Al XX Ap X XY@ Al x-xA

:/ R('rlaAO)d(MR[n_l})(xna'"7x1)
Ap XX Aq
= (/[R[”])(A X o X Ay)

= (uQ")(Ag x -+ x A,)
= (nQ“)(Ag x -~ xAnxX“’).

This is equivalent to the property (b) in Definition for R by the Dynkin’s
m-A Theorem, corresponding to (b2) in Remark Therefore, R is a backward

conditional transition probability kernel of pQ* from X* to X supported on Oq(T) x
Xv. O

Theorem 6.11. Let T be a forward expansive correspondence on a compact metric
space (X, d), Q be a transition probability kernel on X supported by T, and p be a Q-
wnwvariant Borel probability measure on X. If R is a backward conditional transition
probability kernel of pQY from X to X supported on Oy(T), then we have

:/XH(R

Proof. First, by Lemma m, the transition probability kernel R given by is a
backward conditional transition probability kernel of ©Q* from X* to X supported
on Oy(T) x X*.

Thus by Proposition and Theorem [5.24],

Bu(Q) = hyge, (o) = / H(Ripyn.) A1) (a1, 2,

Ou(T)

= [ HR.)d(uQ|r) (w1,
Ou(T)

~ [ 1R dutar),

where the last equality follows from taking n = 0 in (5.7)).
Therefore h,(Q) = [, H(R,) du(x). O

Remark 6.12. If the forward expansive correspondence 1" in Theorem is induced
by a single-valued forward expansive map f, i.e., T = Cs, we can conclude the
following statement, which is equivalent to the Rokhlin formula (see for example,
[PUIL0, Theorem 2.9.7])

Let X be a compact metric space, f: X — X be a forward expansive continuous
map, and g be an f-invariant Borel probability measure on X. If R is a transition
probability kernel on X that satisfies M(Aﬁ f! ) JzR(z, A)dpu(z) forall A, B €
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PB(X), then we have

(6.9) h(f) = /X H(R

6.4. Proof of Theorem [D] We aim to establish Theorem [D] for general correspon-
dences in this subsection.

Let (X,d) be a compact metric space. Recall that a transition probability kernel
Q on X is supported by a correspondence T on X if Q(z,T(x)) = 1 holds for all
reX.

Lemma 6.13. Let Q be a transition probability kernel on a compact metric space
(X,d) supported by a correspondence T on X and p be a Borel probability measure
on X. Then the measure pQr=Y is supported on O,(T) for every n € N, and the
measure (1Q“ is supported on O, (T).

Proof. First we show that for each n € N and each point x € X, we have
(6.10) Qn=Y(z, 0,(T)) = 1.

If n = 1, the equality (6.10)) holds because QL (z, O1(T)) = ﬁ;(x,X) = 1.
Now suppose that (6.10) holds for some n € N. By (5.4), we have

Q[n] (x7 On+1 (T))
:/ Ot Tt (1, 125 Ops (T))) QPN (a1, 2,)
(

— / Az, T(x,)) dQLn_l] (1,...,2n)
( T

= / dQI=Y(zy, ..., x,)
(21500 y2n)EOR(T)

.....

= Q" (z,0,(T))
=1,

where the second-to-last equality follows from Q(x,,T(z,)) = 1 because Q is sup-
ported by T'. Hence by induction we get that the equality (6.10)) holds for all n € N.

For each n € N, by (|6 and Deﬁnltlon . we have
(1" 1)(0 /QW”xO 1) du(r) = [ dp=1.
X
By (57), we get

(1Q°)(Ou(T)) = wa)(ﬂ O(T) % X*) = Iim (u0")(O,(T)  X*)

n—-+o0o

= lim (MQ[" 1)( O,(T)) = lim 1=1.

n—-+00 n—-+o0o

Therefore Q" is supported on O,(T) for every n € N, and Q¥ is supported on
O, (T). O
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Remark 6.14. Suppose that Q is supported by T'. Denote by pQ“|r the restricted
measure of £Q% on O, (T). Since (uQ“)(0O,(T)) =1 and O, (T) is forward-invariant
under o’: X¥ — X% the measure-preserving system (O, (T), B(0,(T)), nQ%|r,0)
is isomorphic to (X*, Z(X*),nQ%,¢'), so their entropies are equal. Thus we can
rewrite Theorem [£.24] as

(6.11) 1(Q) = el (0).

Recall the projection maps 7y, Ty, and 715 given in (2.5)). Let 7" be a correspondence
on a compact metric space (X,d). In Proposition if Xy = Xy = X and

M = O4(T), then for a Borel probability measure p on X and a transition probability
kernel @ on X, the property (a) in Proposition means that Q is supported by
T, and the property (b) means that Q! = v. Proposition also indicates
p=von; . Consequently, we get the following proposition.

Proposition 6.15. Let T be a correspondence on a compact metric space (X, d) and
v be a Borel probability measure on X? supported on Oy(T). Then there exists a
transition probability kernel @ on X supported by T such that (v o7, )QMN = v,

Moreover, if two transition probability kernels Q and Q' on X satzsfy v=(rvo
oW = (wor HQWM, then for each A € B(X), Q(x, A) = Q'(x, A) holds for
v o -almost every x € X.

Lemma 6.16. Let T be a correspondence on a compact metric space X and v be
a o-invariant Borel probability measure on O (T). Then there exists a transition
probability kernel Q@ on X supported by T such that vo 7' € M(X,Q) and (v o
~_1 ] _ ~

7 )OY =voms,.

Proof. The measure vo7, is a Borel probability measure on X? supported on O5(T)
because the image of 7y lies in O9(7T). By Proposition we can choose a transition
probability kernel Q on X supported by T such that vo7,, = ((vo7,)o 7T1 Holl =

(7/ o7 )QU. Since v is o-invariant and ((v o7 )QM) o 7" = (v o 7 ")Q from
, we have
(Vo%fl)Q: ((yo%fl)Q[l]) ~*1 = (yo%ﬁl)o7@1
=vom, = (oo~ )o%ll—uoml.
Therefore, v o 7} L= 1 is Q-invariant. O

Now let us give the proof of Theorem [D]

Proof of Theorem[D. (i) Since o is a continuous transformation on the compact met-
ric space O, (T), by the Bogolyubov—Krylov Theorem (see for example, [PUIL0, The-
orem 3.1.8]), we can choose a Borel probability measure v on O, (7T) that is invariant
under o. Then Theorem [D] (i) follows from Lemma [6.16]

(ii) Let Q be an arbitrary transition probability kernel on X supported by T" and
1 be an arbitrzﬁ Q-invariant probability measure on X.

By Remark [5.8 and (A.10), we have Q) o 7, = (6,9 oyt =6,Q=0Q,.
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We apply the (classical) Variational Principle to the dynamical system (O, (T'),0):

P(o, 5) = sgp {hl,(a) —l—/o (T)gdy},

where the measure v ranges over all o-invariant Borel probability measures on O,, (7).
Since pQ¥|r is a o-invariant probability measure on O, (T") for arbitrary p and Q,

we get
P0:3) = sup{ hyouy () + [ W(T)aﬁd(uQ“IT)}-

Recall P(T,¢) = P(o, ¢) from Theorem and h,(Q) = hyov|,(0) from (6.11).
We can rewrite the inequality above as

P(T,6) > sup {h (Q) + /@ N(Tﬁdmgwm}-

Q.

Since Q,(T'(z)) = 1 for all # € X and since pQ“(0,(T)) = 1 from Lemma [6.13]
the equality (A.11) can be written as

/ Fd(Q¥) = / o1, 22) AQy, (1) dp(ry).
W (T) XJT(z1

Therefore we get

P = s {1,0)+ [ [ ot )4Q., ) due) .

i.e., we complete the proof of statement (ii). O

In addition, the following result is useful in Subsection [3.1] and its proof uses the
similar techniques in this subsection.

Proposition 6.17. Let T be a correspondences on a compact metric space X, Y €
F(X) such that Ty is a correspondence on Y, and ¢ € C(Oy(X),R). Assume
that for each Borel probability measure p on X with the property that there exists a
transition probability kernel Q on X such that u is Q-invariant, we have p(Y') = 1.
Then P(T,¢) = P(Tly, ¢|02(T|Y))'

Proof. Denote by ox the shift map on O, (T'), by oy = ox|y«no, (x) the shift map on
Ou(Tly) = Y* 1 OL(X), by dx € C(Ou(T),R) given by ox (1,2, ..) i= 61, 12)
for all (z1,22,...) € Ou(T), and by ¢y € C(O,(T]y),R) given by ¢y (z1,22,...) =
¢(21,32) for all (z1,22,...) € Ou(T|y). By Theorem [£.9) we have P(T,¢) =
P(Ux, ¢X) and P(T‘y, ¢|02(T\Y)) = P(O’y, ¢y>
Fix an arbitrary o x-invariant Borel probability measure v on O, (T'). By Lemma m,

the measure g on X given by p(A) = v(A x XN O,(T)) for all A € B(X)
is Q-invariant for some transition probability kernel Q on X, so u(Y) = 1, ie.,
v(Y x X“N0O,(T)) = 1. Since v is ox-invariant, we have (X" xY x X“NO,(T)) =
v(ox" (Y xX“NO,(T))) = v(Y xX“NO,(T)) = 1 holds for all n € Ny. Consequently,
we have v(O,(T]y)) = v(Y*NOL(T)) = v(NIZ(X" xY x XN O,(T))) =1.
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We have proved that v(O.(Ty)) = 1 holds for all ox-invariant Borel probability
measure v on O,(T). Since ¢y = ¢X\@w (Tly)» applying the classical Variational
Principle for ox with the potential ¢X and oy with the potential qby, we
get P(UX,¢X) = P(ay,¢y) Recall P(T,¢) = (oX,¢X) and P(Ty, ¢|lo,r)y)) =
P(oy, 5Y), so we conclude P(T, ¢) = P(T|y, ¢|o(r}y))- O

6.5. Proof of Theorem [Al We aim to proceed with the proof of Theorem [4] for
forward expansive correspondences in this subsection.

For a correspondence T on a compact metric space (X, d), recall that 715: O, (T) —
X? is the projection given by Tia(z1,22,...) = (z1,22). For a Borel probability
measure v on O, (T), set v15 == v o 75, a Borel probability measure on X2. Note
that 145 is supported on Oz(T') because the image of 75 lies in Oy(T'). The following
proposition is useful to prove Theorem [A]

Proposition 6.18. Let T be a forward expansive correspondence on a compact metric
space (X, d) with an expansive constant € > 0 and v be a o-invariant Borel probability
measure on O, (T). If a transition probability kernel Q on X supported by T and a
Q-invariant Borel probability measure u on X satisfying v1o = pQW, then h, (o) <
hyu(Q)-

Proof. Recall v be the measure on X¥ given by V(A) = v(AN O,(T)) for all A €
A(X¥). Let P be a backward conditional transition probability kernel of 7 from X
to X supported on Oy(7T") x X and S be a forward conditional transition probability
kernel of ¥ from X to X“ supported on O, (7). Proposition [6.9| indicates

~ [ HP)aa)
Ou(T)

By Corollary , vig = pnQM implies g = vip o7t = (Vo) om l =vom .
Applying (A.15) in Remark (b3) for S we get

(6.12) ho (o) = /X ( Ow(T)H(P(xm,,,,))dsxl(xz,xg,...)) du(a).

Recall from Remark that 77'(z1), on which the measure P, 4, ) are sup-
ported, is a finite set. Since the map z — xlogx is a convex function for x € [0, 1],
by (6.4) and Jensen’s inequality we have for each x; € X,

(6.13)

/ H(P(xl,xz,...)> dSasl (:EQ) T3, ... )
0u(T)

- Z / P((z1,22,...),{xo}) log(P((w1, 22, ... ), {20})) dSs, (z2, 23, .. .)

o€l 1

< - Z R(x1, {zo}) log(R(x1, {x0})),

$0€T71(a:1)
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where R(z1,{zo}) fo ((x1,29,...),{wo}) dSz, (22, x5, ...) for all (xg,x1) €
O, (T'). Moreover, for each :Ul € X and A € A(X), define
(614) R(l‘l,A) ::/ P((l’l,ZL‘Q,...),A) del({EQ,Ig,.‘.).

w(T)

We can check that this R is a transition probability kernel on X. Now we verify
that R is a backward conditional transition probability kernel of pQM from X to X
supported on Oy(T).

First, recall that P is a backward conditional transition probability kernel of
v from X*“ to X supported on Oy(T) x X“. By Definition (a), we have
P((x1,22,...), T xy)) = 1 for all (z1,79,...) € T(X) x X¥. By (6.14), we have
R(xy, T (zy)) =1 for all z; € T(X).

Second, applying (A.15) for S, we have

/R x1, A) dp(xq) /(/ P((x1,x2,...),A) del(.’L‘Q,SEg,...)) dp(zy)

:/ P((mlax%---),A)dy(ﬂjl,.’EQ,...).
BxX“NO,(T)

Recall that P is a backward conditional transition probability kernel of ¥ from X*
to X supported on O2(T") x X“. Definition (b) implies

V(Ax Bx X“N0O,(T)) = / P((z1,x2,...),A)dv(zy, z9,...).
BxX«“NOu(T)

Hence, [,R(z1, A) dp(z1) = v(Ax Bx X“NO,(T)) = v12(AxB) = (uQW) (Ax B).
Applying the Dynkin’s 7-A Theorem (see the equivalence between the properties (b)
and (b1l) in Remark , we conclude that R is a backward conditional transition
probability kernel of Q" from X to X supported on Oy(T) by Definition .

Thus Theorem indicates h,(Q) = [ H(R,)du(z). By , we get
9= [ X R o) los(Riwr, fmo})) (a1

CC()ET xl)
> / </ H (P 0s,..)) A8y (22, 25, . .. )) dp(zy).
x\Jo.(1)
Therefore by (6.12]) we conclude h, (o) < h,(Q). O

With all the preparations in previous subsections, we are now ready to prove The-
orem [Al

Recall that a pair (u, Q) consisting of a transition probability kernel Q on X
supported by T and a Q-invariant Borel probability measure p on X is called an
equilibrium state for the correspondence 1" and the potential function ¢ if it satisfies

the equality ((1.1)).

Proof of Theorem[A] (1) and (2). By Proposition [D.1] the forward expansiveness of
T implies that the shift map o: O,(T) — O, (T) is forward expansive. By applying
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[PUL0, Theorem 3.5.6] for the forward expansive dynamical system (O, (T'), o) with

the potential ¢: O, (T) — R, we can choose a o-invariant Borel probability measure
v on O,(T) such that the following equality holds:

P(o, 5) = h,(o) +/ (T)gbdu.

We choose a transition probability kernel Q on X supported by T" and a Q-invariant
Borel probability measure g on X such that v = uQM (the existence of this choice

is ensured by Proposition[6.15]). Then Proposition indicates that h, (o) < h,(Q).
By Theorem and (A.11)), we have

P<Ta ¢> = P(U? QZ)

:hl,(a)—l—/o m%du

< hu(Q) + P11, ) Ay
O2(T)

= h(Q) + ¢(1,22) d(pQ")

O2(T)
/ / ¢ xlaxQ szl(xQ) d/L(Qj'l)

By Theorem @, we have P(T,¢) > h,(Q) + foT(ml)qﬁ 11, T2) dQy, (w9) du(z1).
Thus we have P(T,¢) = h,(Q) + foT(x1)¢(x1,:c2) dQ,, (z2) du(xy). Together with
Theorem @, we manage to prove Theorem [A] except for P(T,¢) € R. Now we show
it.

First, Remark [4.7] indicates that P(T, ¢) > —oc.

Recall from Remark that there exists M € N such that #7(x) < M for
all x € X. Suppose that a transition probability kernel R on X satisfies the
two properties ( ) and (b2) in Lemma [6.10, Then Theorem indicates that

= [(H X (x). Since for each r € X, the transmon probability ker-
nel Rx is supported on T-(z) (property (a) in Lemma [6.10)), we have H(R,) =
— 2 yer-1(x) Ra({y}) log(R x({y})) < log M for all z € X. As a result, h,(Q) <
log M, and thus P(T,¢) = ) + Jx S @(@1, 22) dQy, (22) dpu(21) < log M +
|o|loo < +00. O

Let T be a forward expansive correspondence on a compact metric space X. If the
potential function is identically zero, then Theorem [A| (2) suggests that there exists a
transition probability kernel Q supported by 7' and a Q-invariant probability measure
pon X such that h(T) = h,(Q). One can show that h(T") and h,(Q) are both non-
negative, so only in the case that h(T") > 0 is the equality h(T") = h,(Q) non-trivial.
There have been some results that show h(7") > 0 for some kinds of correspondences
T, for example, [PV17, Theorem C] and [RT18, Theorem 3.3]. Moreover, under their
restrictions on 7', we conclude h,(Q) > 0.
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7. THERMODYNAMIC FORMALISM FOR CORRESPONDENCES

In this section, we develop thermodynamic formalism in two different settings for
forward expansive correspondence T on a compact metric space X with a continuous
potential function ¢: O5(T) — R.

In the first version, we assume that 7' has the specification property (see Defini-
tion and that ¢ is Bowen summable (see Definition , then the Variational
Principle holds, the equilibrium state exists and is unique in the sense of Theorem [B]
and the unique equilibrium state can be obtained by the eigenvectors of the Ruelle
operator and its adjoint operator (see Theorem [B|for precise statements).

In the second version, we assume that T is distance-expanding (see Definition ,
open (see Deﬁnition, and strongly transitive (see Deﬁnition and ¢ is Holder
continuous, then similar results hold and in addition, we get some equidistribution
properties (see Theorem |C| for precise statements).

7.1. Specification property and Bowen summability. First, we introduce the
specification property for correspondences. The notion of specification for correspon-
dences or set-valued maps has been discussed by B. E. Raines, T. Tennant [RT18],
as well as W. Cordeiro and M. J. Pacifico [CP16]. But in order to ensure Appen-
dix (ii) and Proposition [D.3 we give a definition for this notion with subtle
differences from theirs and slightly stronger than the specification property given in
[CP16l, Definition 5.1].

Definition 7.1 (Specification property). We say that a correspondence 7" on a com-
pact metric space (X, d) has the specification property if, for an arbitrary € > 0, there
exists M € N depending only on e with the following property:

For arbitrary n € N, zf, ..., 2y € X, my, ..., my, p1, ..., pp € N with p; > M
for every j € (n], and an orbit (2, 27,... ,:I;ﬁnj_l) € On, (T) for every j € (n], there
exists an orbit 2 = (29, 21,...) € O,(T) such that d(zm_1)1:,7]) < € for all j € (n]
and i € [m; — 1], where m(j) = > _7_, (ms + px).

Recall D. Ruelle’s definition of specification property of a continuous map from
[Ru92l, Section 1]:

Definition 7.2 (Ruelle’s specification property). We say that a continuous map
f: X — X on acompact space (X, d) has the specification property if, for an arbitrary
e > 0, there exists M € N depending only on € with the following property:

For arbitrary n € N, xy, ..., x, € X, and my, ..., my, p1, ..., pp € N with p; >
M for every j € (n], there exists a point z € X such that d(fmU=Y+i(2), fi(z;)) < e
for all j € (n] and i € [m; — 1], where m(j) == S°1_, (my. + p).

Proposition states that the specification property of a correspondence 7' in the
sense of Definition [7.1] implies the specification property of the corresponding shift
map o: O, (T) = O,(T) in the sense of Definition 7.2, This proposition corresponds
to [RT18, Theorem 4.1], with a similar proof. For the convenience of our reader, we
include a proof in Appendix [D] due to the subtle differences between Definition
and the definition of specification property for correspondences in [RT18].
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Definition 7.3 (Bowen summability). Let T' be a forward expansive correspon-

dence on a compact metric space (X, d). For a bounded Borel measurable function
¢: Oz(T) — R, denote

Kor(d,n) = SUP{ ;(¢($kaxk+l) - ¢<yk>yk+1))’ i

(71) (:Eh-"7xn+1)7(y17"'7yn+1) € On—i—l(T)
satisfying d(xy,yr) < d for all k € (n + 1]}

for each n € N and each § > 0.

Choose an expansive constant € > 0 of T', write K, r(€) == sup{Kyr(e,n) : n € N},
and define Vr == {¢ : Kyr(€) < +00}. Functions in Vr are called Bowen summable
with respect to T

The notation Vy above does not contain € because it does not depend on €, which
we will prove in Proposition [7.4]

Proposition 7.4. Let T be a forward expansive correspondence on a compact metric
space (X,d), €1, €6 > 0 be two expansive constants of T with € < €y, and ¢ €
B(Os(T'),R). There exists L € N such that for each n € N with n > L, we have

(72) K¢7T(€1,7’L) g K¢7T(€2, n) < K¢7T(61,7’L — L) + 2L||¢||oo

Proof. First, since €; < €, if (z1,...,Zn11), W1, -+ Yns1) € Oni1(T) satisty d(zy, yr) <
e for every k € (n+ 1], then d(zy, yx) < € for every k € (n+ 1]. Thus by (7.1]), we
have Ky r(€e1,n) < Ky r(ez,n).

Now we focus on the second inequality in .

Applying Lemma [6.5] we can choose L € N with the following property:

For each n € N greater than L, if two orbits (x1,...,Zn41), (Y1, -, Ynt1) €
Opn11(T) satisty d(zg, yx) < € for every k € (n+ 1], then d(zy,yx) < € holds for
every k € (n+1— L]. Since

j{:(¢(xk7$k+1)—-¢(yk,yk+1)ﬂ

k=1
n—L n
<D @k, zps1) — ¢(yk7yk+1>>‘ + > (I6(@h Trgn)| + [S(Yks Yrgr)])
P k=n—L+1
n—L
< [Ster,o0) = dton, o)) | + 210
P
by (7.1) we get Kyr(ea,n) < Kyr(er,n — L) + 2L||¢]]0o- O

Definition 7.5 (Distance-expanding). Let T be a correspondence on a compact
metric space (X, d). We say that T is distance-expanding if there exist A > 1, n > 0,
and n € N with the property that for each z, y € X, if d(x,y) < n, then

inf{d(z',y): 2’ e T"(x), v € T"(y)} = Md(x,y).
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Remark 7.6. Note that if a correspondence T is distance-expanding, then it must be
forward expansive, and thus we can say whether a bounded function ¢ € B(Oy(T'),R)
is Bowen summable.

Proposition 7.7. Let T be a correspondence on a compact metric space X and
¢: Oo(T) — R be a bounded Borel measurable function. If T is distance-expanding
and ¢ is Hélder continuous with respect to the metric dy on Oo(T), then ¢ is Bowen
summable.

Proof. If T is distance-expanding and ¢ is Holder continuous, suppose that there
are several constants A > 1, 7 > 0, n € N, a € (0,1), and C > 0 satisfying
|91, 22) — O(y1,y2)| < C - da((21,22), (y1,92)) for all (z1,22), (y1,92) € O2(T) and
inf{d(z',y') : 2’ € T"(x), v € T"(y)} = Ad(z,y) for all z, y € X with d(z,y) < 7.
Fix an arbitrary ¢ € N. If (21,...,2Zp+1), W1, Ygn+1) € Ognsr(T) satisty

d(zg, yr) < nforall k € (gn+ 1], then for each j € ((¢ — 1)n + 1], we have d(z 41, Yj1n) =

inf{d(z',y') : 2’ € T"(x;), vy € T"(y;)} = Ad(xj,y;). Thereby, for every p € (¢q] and
r € [n—1], we have d(pn—r, Ypn—r) < N9 d(Tgn—r, Ygn—r) < AP~ and similarly
d(Tpn—rt1, Ypn—rt1) < AP~ consequently,

qn

Z(¢($k>$k+1) - ¢(yk7yk+1>)‘ < ZW(%, Tht1) = O(Yrs Yrr1)]
k=1

k=1

qn

<> C - max{d(ar, i), d(r1, Yes1) )
P
qg n—1

<330y

p=1 r=0

< Cnn

A—1

Fix an arbitrary m € N, m > n. Suppose m = gn+r, where ¢ € Nand r € [n — 1].
If (@1, @), (U155 Ymi1) € Oman(T) satisfy d(xy, yx) < n for all k € (m + 1]
then (z1,...,%gn+1), (W1, - Ygns1) € Ognirg(T) satisfy d(xy,yx) < n for all k €
(gn + 1]. By the estimates above, we have

Y

qn

Z(¢($k,$k+1) — &Yk, Yrt1))| < Cnn

k=1

A—1
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As a result, we have

Z(¢($k, Tht1) — (Y, yk+1))‘
k=1
qn gn—+r
<D (O(k, wr41) — ¢(ykayk+1))‘ Y (D 1) — Yk Yrs1))
k=1 k=gn+1
< O~ +rldll
< Cnn)\ —3 + 1|0||0o-

By 1’ we get Ky7(n,m) < Cnns2; + nl|¢||. Hence

A
1 + n|@|lo < +00.
Therefore, by Definition [7.3] we conclude that ¢ is Bowen summable. O

Kgyr(n) = sup{Kysr(n,m):m e N} < Cnnp

Recall the notion of Bowen summability of ¢: X — R with a continuous map
f: X — X from [Ru92, Section 1]:

Definition 7.8 (Bowen summability). Let (X,d) be a compact metric space and
f: X — X be a forward expansive continuous map. For a bounded Borel measurable
function ¢: X — R, denote

Z_:(sﬁ(fk(fv)) —o(f* ()| 12, ye X with y € Bx(e,n)},

(7.3) K, p(0,n) = sup{

for each n € N and each § > 0, where B,(e,n) is the Bowen ball given by
(7.4) By(e,n) == {y € X : d(f*(x), f*(y)) < 6 for every k € [n — 1]}.

Choose an expansive constant € of f, we write K, ;(e) = sup{K, r(e,n) : n € N},
and define V; = {¢ : K, s(e) < +oo}. Functions in V; are called Bowen summable
with respect to f.

The notation Vy does not contain e because it does not depend on € (see [Ru92,
Section 1]).

Proposition 7.9. Let T be a correspondence on a compact metric space (X, d). If a

function ¢: Oo(T) — R is Bowen summable with respect to T, then the ¢: O,(T) —
R is Bowen summable with respect to the shift map o: O,(T) — O (T).

Note that we do not require ¢ to be continuous.

Proof. Choose a number € > 0 small enough such that € is an expansive constant for

T and that € := ﬁ is an expansive constant for the shift map o.
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Suppose that x = (21,22,...), ¥y = (y1,42,...) € Ou(T) satisfy y € By(&,n + 1),
then for every k € [n],

d(xk—l-la yk+1)
1 4 d(xgs1, yk+1)>'

This implies that d(zxy1, yri1) < € for every k € [n]. By (7.3) and (7.1)), we get

€> d(c"(2),0"(y)) = d((pr1, Ths2, - )y Y, Yor2s - o)) = 2

Kq;’o(é, n+1) < Kyr(e,n). Since ¢ is Bowen summable with respect to 7', we have
K3 ,(6) =sup{K; (;n+1):n €Ny}
< maX{Kd) (€,1), sup{Kyr(e,n) : n € N} }
< max{2[|[|co, Kor(€)}
< 400.
Therefore ;5 is Bowen summable with respect to the shift map o. O

7.2. Forward expansive correspondences with the specification property.
Our target in this subsection is to prove Theorem [B] The key tool for our proof is the
Ruelle-Perron—Frobenius Theorem for the shift map. We first recall some definitions
and propositions from [RT18] without explanations.

Let Y be a compact metric space, f: Y — Y be a forward expansive continuous
map with specification property, and ¥: ¥ — R be a Bowen summable continuous
function.

We recall the definition of the Ruelle operator £, on Borel measurable functions
on Y given by

(7.5) Ly(@) ()= > By)exp(v(y)).
yef~1(z)

The operator L, is linear and maps the spaces of bounded Borel functions onto
itself. The act of £, on continuous functions determines completely the deal operator
L3, a bounded linear map on finite Borel measures on Y. In other words, for a finite
Borel measure v on Y, the equality

(7.6) /Y BdL(v) = /Y L4(®) dv

holds for all continuous function ®: Y — R. This implies that (|7.6) holds for all
bounded Borel measurable functions ®: Y — R.
If ACY is a Borel set satisfying that f|, is injective, then we have

(7.7) EZ(V)(A):/YlAdE’;(V):/Yﬁw(lA)dy:/f(A)exp¢o(f|A)_ldy.

If there is a non-zero Borel measure v on Y such that L}, (v) = Av, then £,, defines

an operator on L'(v).
We recall [RT18, Theorem 2.1], i.e., the Ruelle-Perron-Frobenius Theorem, as
follows.
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Proposition 7.10. Let Y be a compact metric space, f: Y — Y be a forward expan-
sive continuous map with specification property, andy: Y — R be a Bowen summable
continuous function. The following statements hold:

(i) There is a unique eigenvector v (up to a multiplicative constant) of L), acting
on finite Borel measures on'Y :

Ly(v) = Av.

Furthermore, the eigenvalue A = exp(P(f,v)) and v is a Gibbs statﬂ for
.
(i) There is a unique non-negative eigenfunction ® € L'(v) (up to a multiplicative
constant) of Ly acting on L'(v):

Ly(B) = \D, @ > 0.

Furthermore, A = exp(P(f, 1)), log ® is essentially bounded, and v is the
only equilibrium state for 1.
(iii) Denote by 1y: Y — R the function that assigns each pointy € Y the constant
value 1, we have
lim exp(—nP(f,v))- L}(1y) = ® in L'(v).
n—-+00
Now suppose that T is a forward expansive correspondence with the specification
property on a compact metric space X and that ¢: O(T) — R is a Bowen summable
continuous potential function.

By Theorem (6.11)), and (A.11)), the following equality ([7.8]) concerning the

dynamical system (O, (T), o) is equivalent to (1.2)).

(7.8) P(0,3) = hyyouin (0) + /O L G0i@lr)

By Proposition [D.1] the forward expansiveness of 7" implies the forward expansive-
ness of 0. By Proposition[D.3] the specification property of 7" implies the specification
property of . By Proposition 7~the Bowen summability of ¢ with respect to T
implies the Bowen summability of ¢ with respect to o.

Thereby, the dynamical system (O, (T), o) is forward expansive and has the spec-
ification property, and the continuous function ¢: (’)w(TiR is Bowen summable

with respect to 0. As a result, we can apply Proposition for o and 5 With this
approach, we are now ready to prove assertions (i), (ii), (iii) and the uniqueness of
(te, Q) in Theorem [B|in turn.

5That v is a Gibbs state for 1 means that there is a number ¢ > 0 such that for all z € ¥ and
n €N,

n—1 n—1

exp(zw(fk(x)) P (f.p) - c)) < v(Bu(en)) < eXp<Z(¢(f’“(x)) “nP(f,0) + c)),

k=0 k=0
where B, (e, n) is the Bowen ball given in 1}
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Proof of Theorem|[B, (i). By Proposition (i), we can choose a Borel probability
measure v on O, (T") with

(7.9) ,C’é(l/) =\,
where A = exp(P(a, gg))

Set 115 = v o Ty, a Borel probability measure on X? supported on Oy(7T) and
Mg = vgom; = (VoT,)om  =vom , where 79, 71, and 7, are the projection
maps given in (2.5). By Proposition [6.15, we can choose a transition probability
kernel Q@ on X supported by 7" such that my oM = yps.

We will prove E(*g(m(ﬁQﬂT) = A - myQ¥|r, or equivalently, for each n € N\ {1}
and arbitrary Borel sets Ay, ..., A, € $B(X) with diam A; less than €, an expansive
constant for T', we have

L5(meQ%r) (A x -+ x Ay x X¥ N Ou(T))
= A (mpQ¥|7)(A1 x -+ x A, x XN OL(T)).

For each x5 € T'(A;), there exists 1 € A such that xo € T'(z1). If there is another
xy € Ay such that xo € T(x)) and xy # 2, we can choose (x2,23,...) € O,(T),
and then we have (z1,29,23,...) € Ou(T) and (2,29, 23,...) € O,(T). As the
forward expansiveness of T with € as an expansive constant, we get either x; = 2, or
d(zy,2}) > e. We have assumed z; # 2/, so we have d(z1, ) > €, which contradicts
the assumptions z1, ] € A; and diam A; < e. Thus A; NT (x,) is a singleton.
This allows us to define a map J: T(A;) — A; satisfying Ay NT ! (z3) = {J(z2)} for
all zo € T(A;). The map J is a Borel map because its graph is closed in T'(A;) x A;.

If two orbits M), 2 € A; x X“ N O,(T) satisfy o(zV) = o(2?), then zM)
and z® are of the form (xgl),:cg,a:g, ) ) € O0,(T) and (xf),:z:g,xg, : ) € O,(T),

respectively, where azgl), a:§2) € Ay, xo...,x, € X. Since xy € T(azgl)) C T(A)

(7.10)

and xgl), x§2) € Ay NTY(xy), we have xgl) = J(xg) = x?’. Thus o is injective on
Ay x XN O,(T) and we have (0], x xwno, 1)) (22, 23,...) = (J(x2), 22, 23,...) for
all (z2,23,...) € (A1 x XN OL(T)). By (7.7), we have

E;%(md)QﬂT)(Al X X An x X“N OW(T»

~ 1 .
/ exp(¢ o (0]a,xxeroum) ) d(meQ”|r)
o(A1 XX ApxX“NO,(T))

(7.11)

/ exp(P(J(xa), 22)) d(myQ¥) (2, 23, .. .)
(T(Al)ﬂAg)XAg,X'“XAnXX“"

exp(¢(J(x2), 22)) d(my Q) (22, ..., 2,).

/(T(Al)ﬂAg)XAngXAn
In addition, we have
(mgQ¥|r) (A1 X -+ x A, x XN OL(T))

T2 (@) x Ay X) = (@) (A - x A,)
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By (7.11)) and (7.12)), the equality ([7.10) is equivalent to
(7.13) / exp(p(J(z2), x2)) d(m¢Q["_2}) (9. .., Ty)
(T(A1)ﬂA2)><A3><~~~><An

=\ (md)Q[”*”)(Al X oo X Ay).

We prove ([7.13]) by induction on n.
If n =2, we rewrite ((7.13)) as

U o EPOUT),22) ma2) = A+ (s @) (A )

To prove ([7.14)), we come back to the property of v. The equality (7.9)) implies

/ exp (50 (0] 4, XmeOw(T))_l) dv
O’(A1 XAQXXWOOW(T))

— A v(A; x Ay x XN OL(T))
=\ 1/12(141 X A2 N OQ(T))
=\ (md)Q[l])(Al X Ag)

Moreover, recall my = v o7, '. We have

~ 1
/ exp(¢ o (o|a,xxenoLm) ) dv
O'(AlXAQXX“’ﬂOW(T))
_ / exp(6(J (w2), 7)) dv(z, T3, ... )
(T(A1)NA2) x XNOu (T)

N /T(A )NA exp(@(J(2), x2)) dmy(x2).

Hence the equality ([7.14)) holds, i.e., the equality ([7.13]) holds for n = 2.
Suppose that (7.13) holds for n — 1, n > 3, which means

/ exp(6(J (2), 7)) d (ms Q") (@, ..., 00 1)
(T(A1)NA2)x Az XX Ap_1

=\ (m¢,Q[”*2])(A1 X oo X Ap_1).

This and (A.4) in Lemma imply that
\- (m¢Q["_”)(A1 X oo X Ap)

= )\/ Q(xn_l,An)d(m¢Q["_2])(x1,...,:Bn_l)
A1><~~~><An,1

/ Q(l‘n—l, An)e(b(‘](m)’zz) d(mqu[n_g]) (I2, s ;$n—1)
(T(Al)ﬂAQ)XA;gXMXAn_l

/ @) (11, Q0 (2, ),
(T(Al)ﬂAQ)XA3><~~~><An

Hence (|7.13]) holds for n, and therefore £(’;7(m¢ Q“’|T) =X -myQ¥|r. O
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Proof of Theorem@ (7). Let v: X — R be a non-negative bounded Borel measur-
able function. For each (z1,zs,...) € O,(T), we have

L0(x1,2s,...) = > ¥(zo, 21, . .. ) exp(P(zo, 1, ... )
(z0,21,... )€o~H(z1,22,...)
= Z v(20) 9 (o, 1),
2o €T~ 1(z1)

which indicates that L’g’ﬁ(xl, Tg,...) only depends on z7. Consequently, there exists
a function w: X — R such that w = [,5'17. Then one can check the non-negativeness,
boundedness, and Borel measurability of w.

The statement above implies that

exp(—nP(a, 5)) . E%(low(T)) = eXp(—nP(U, gg)) . L%(i})

is of the form 1w, for some non-negative bounded Borel measurable function u,: X —
R for each n € N. By Proposition [7.10] (ii) and (iii), {Un}nen converges to @
in L'(myQ¥|r), where @ is the only non-negative eigenfunction of L acting on
L(meQ°|r).

By taking n = 0 in , we get that the sequence {u, }nen converges in L(my).
Suppose that u,, converges to uy € L'(my) asn — +oo in L*(mg). Then @, converges
to Uy as n — +o0 in LY (myQ¥|r). Thus ® = @, in L' (my). By Proposition (ii),
we have L5(ug) = Ay O

Proof of Theorem[B, (iii). By Proposition (i), ug(meQ“|r), a Borel probability

measure on O, (7)), is the only equilibrium state for o.
Set g = ugmg. For an arbitrary Borel set M € #(X“), we have

Uy (myQ°[r) (M N Ou(T))

o el Al @ )
:/Mu<z>(:ﬂ1)d(m¢Q“)(x1,:c2,...)

= /X(/wlM(ml,xa,---) -u¢(x1)dQ;(x1,x2,...)) dmy(z) (by Proposition [5.9)
Z/X(/wle,xz,---)-%(ar)dgg(xl,@,...)) dmg(x)  (by LemmalAg)
— [ wola) - @ (e dm(o)

_ /X Q“(z, M) d(ugmy)(x)

= ((upme) Q)(M)
= ((ugmg) Q%) (M N OL(T)).
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Hence 11, Q% |7 = (upmey) Q¥ |1 = Up(myQ¥|r) is the only equilibrium state for o,
and therefore ((1.2)) holds for (p4, Q). O

We have finished constructing an equilibrium state (p4, Q) for the correspondence
T and the potential function ¢. Now we show that it is unique in the sense of
Theorem [Bl

Proof of Theorem [B, uniqueness of the equilibrium state. Recall that is equiva-
lent to that QY| is an equilibrium state for ¢ in the dynamical system (O, (7)), o).
Since o: O,(T) — O,(T) is a forward expansive continuous map with specification
property and ¢: O,(T) — R is a Bowen summable continuous function, Proposi-
tion (ii) says that the equilibrium state for ¢ in the dynamical system (O, (7)), o)
is unique.

Suppose that both (i, Q) and (i, Q') are equilibrium states for the correspondence
T and the potential function ¢, then both pQ¥|r and p/(Q')“|r are equilibrium
states for o and ¢, and thus pQ“|r = 1/ (Q")“|r. Thereby, we have pQ“ = 1/(Q')“
by Lemma . By , we have pQU = /(Q)U. By Proposition [A.11 we
conclude p = p’ and that for p-almost z € X and all A € Z(X), the equality
Q(z,A) = Q' (z,A) holds. O

7.3. Open, distance-expanding, strongly transitive correspondences. In this
subsection, we will prove Theorem [C], which provides another version of conditions
that ensure the Variational Principle, the existence and uniqueness of the equilibrium
state, and some equidistribution properties of the unique equilibrium state. We first
introduce some notions.

Definition 7.11 (Openness). Let T' be a correspondence on a compact metric space
(X, ,d). We say that T is open, if, for each open subset U C X, T'(U) is an open
subset of X.

Propositions [D.4] and indicate that the openness of the correspondence T and
of the corresponding shift map o: O, (T) — O,(T) are equivalent.

Definition 7.12 (Strong transitivity). We say that a correspondence T on a compact

metric space X is strongly transitive if Zz T~"(z) is dense in X for every z € X.

Remark. We call this property to be strongly transitive because if T' = C; for some
continuous map f: X — X, then this property is slightly stronger than topological

transitivity, see Appendix (v).

Definition 7.13 (Topological exactness). Let T' be a correspondence on a compact
metric space X. We say that T is topologically exactlﬂ if for every non-empty open
subset U C X, there exists N € N such that TV(U) = X.

6C. Siqueira and D Smania [SS17, Section 4.4] called this property locally eventually onto for f,
on what they called “hyperbolic repellers”.
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Proposition 7.14. Let X be a compact metric space and T be a correspondence on
(X,d). If a function ¢: Oz(T) — R is a-Holder continuous with respect to the metric

dy on Oy(T), then the function ¢: O, (T) — R is a-Holder continuous with respect
to the metric d,, on O,(T).

Proof. Suppose that ¢ is a-Hélder continuous with respect to the metric dy on Oq(T)
and that a constant C' > 0 satisfy

[p(x1, 72) — d(y1,y2)| < C - da((71, 22), (y1,92))"

for all (w1,73), (y1,92) € O2(T). Then for arbitrary z = (71,73,...) and y =
(y1, Y2, ... ) in O,(T), we have

6(2) — o(y)| = |¢(x1,72) — G(y1,32)| < C - max{d(z1, p1), d(wa, y2)}.

Since
d(z1, 1) d(z2,2)
d,(z,y) >
(_ Q) 2(1+d(l‘1’y1)) 4(1+d($2ay2))
d(z1, 1) d(2,y0)

4(1 + diam X) = 4(1 4+ diam X)
S max{d(z1,y1), d(za,y2)}
4(1 + diam X) ’
where diam X = sup{d(z,w) : z, w € X} < 400, we have

|6(2) — dy)| < C- (4(1 + diam X)) - d. (2, )"

Therefore we conclude that 5 is a-Holder continuous with respect to the metric d,,

on O,(T). O

Let T" be a correspondence on a compact metric space X, recall O_,,(z) = O, 1 (T)N
X" xA{x} = {(o.y1,---,Yn) € Opn1(T) : y, = 2} for all n € N and x € X from
Theorem [C] If T' is forward expansive, then the set O_,(x) is finite for all n € N and
z € X, ensured by the fact shown in Remark [6.2] that T '(y) = {2 € X : y € T(2)}
is a finite set for all y € X.

The proofs of Theorem . ), (ii), and (iii) are similar to the proofs of Theo-
rem [B] (i), (ii), and (iii), and the proofs of Theorem [C] (a) and (b) are similar, so now
we sketch the proofs of Theorem [C] (i), (ii), (iii), and (b) and give a detailed proof of
Theorem |C]| (a).

First, to prove Theorem [C] (i), (ii), and (iii), we should notice the property of the
correspondlng shift map o: O, (T ) —> O,,(T) if an open, strongly transitive, distance-
expanding correspondence 7' on X is given: that o is open (by Proposition
topologically transitive (by Propos1t10n - and distance- expandlng (by Propos1—

tion . Also, by Proposition [7.14] the lifted potential function ¢: O, (T) — R is
a-Holder Contlnuous ifo: X — R is a-Holder continuous. Thereby, under the setting
of Theorem [C] we can apply the following version of the Ruelle-Perron-Frobenius
Theorem for the continuous map ¢ and the potential function ¢.
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Proposition 7.15. Let Y be a compact metric space, f: Y — Y be an open, topolog-
wcally transitive, distance-expanding continuous map, and V:Y — R be an a-Holder
continuous function with respect to the metric on Y, where a € (0,1). Then the
following statements hold:

(i) There is a unique eigenvector v (up to a multiplicative constant) of Ly, acting
on finite Borel measures on Y :

L, (v) = v
Furthermore, the eigenvalue A = exp(P(f, 1)) and v is a Gibbs state for 1).
(ii) There is a unique positive a-Hélder eigenfunction ® (up to a multiplicative
constant) of Ly:
Ly(®) = A\D, & >0,
Furthermore, A = exp(P(f,1)) and ®v is the only equilibrium state for ).

(iii) If we denote by 1y: Y — R the function that assigns each point y € Y the
constant value 1, then the sequence exp(—nP(f, 1)) - Ly, converges uniformly
to ® as n — +oo.

In addition, the backward orbits under [ are equidistributed with respect to the mea-
sure ®v. More precisely, the following statements hold:

(a) For eachy €Y, the following sequence of Borel probability measures on'Y’

1 Z?:o 8p5(2) n—1 i
T ew(T w(ri)) X, e (;W () nen

z€f~"(y)

converges to v in the weak™ topology as n tends to +oo.

(b) If, moreover, f is topologically exact, then for each y € Y, the following
sequence of Borel probability measures on'Y

1 n—1 '
S sexp( S w(fiz)). neN,
2 eXp(gw(fi(Z))) zef~"(y) p<i=0 )

z€f~"(y)

converges to v in the weak* topology as n tends to +0oo.

This proposition is summarized from [PUIL0, Chapter 5]. In detail, statement (i)
comes from [PUI0, Theorem 5.2.8, Propositions 5.2.11, and 5.1.1], statement (ii)
comes from [PUIL0, Proposition 5.1.5, 5.3.1, 5.2.10, Theorems 5.3.2, and 5.6.2], state-
ment (iii) comes from [PUL0, Section 5.4, (5.4.2)], statement (a) comes from [PUL0,
Remark 4.4.4], and statemeﬁb) comes from [PUI0, Section 5.4, (5.4.4)].

(i) for o and 5, we can get the unique Borel probabil-

By applying Proposition
ity measure v on O, (T") with ,C;%(I/) = exp(P(0,9)) - v. The proof of Theorem (i)
indicates that v is of the form m,Q“|r, where m, is a Borel probability measure

on X and Q is a transition probability kernel on X. Consequently, Theorem |C] (i)
follows.
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By applying Proposition (ii) for o and ¢, we can get the unique a-Hélder func-
tion ®: O, (T) — R with L5(®) = exp (P(0,9)) - ®. Applying Proposition [7.15| (i),
we can see ¢ = u, for some function uy, € L'(my) following the proof of The-
orem [Bf (ii). In addition, suppose that 7' is continuous in the sense of Defini-
tion , we aim to prove that wug is continuous. Fix an arbitrary e > 0. By
Proposition (ii), us is Holder continuous, so we can choose 6 > 0 such that
|ug(x) — uy(y)| < € holds for all z, y € O,(T) with d,(z,y) < 26. Choose n € N
satisfying 27" < §. Set §, := 6. According to Definition 4.3, the compactness of
X implies that T: X — F(X) is uniformly continuous, i.e., for each n > 0, there
exists ' > 0 satisfying dy(T(x),T(y)) < n for all z, y € X with d(z,y) < ', where
dy is the Hausdorff distance on F(X). This allows us to choose §,,_1, d—2, ..., 01
sequentially with the property that for each k € (n — 1],

(1) dg(T(z), T(y)) < 041 for all z, y € X with d(z,y) < d,
(2) 0< (Sk < 5k+1-

Fix arbitrary z;7, y; € X with d(z1,y1) < ;. By induction on k, we can see that

we can choose xo € T(x1),y2 € T(y1), ..., xn € T(xp-1),yn € T(yn—1) € X
such that d(zy,yx) < o < 0, = 0 for all k € (n]. Furthermore, we choose
Tntl, Ynils Tni2s Ynie, - € X such that z = (z1,..., 25, Tps1,...) € Ou(T) and

g = (y17 <oy Yny Ynt, - - ) S OUJ(T) We have

d(z,y) iol Az, yr) <i15+§ )
plzy) =) Y — .
oY k=1 261+ d(wy, yx) k=1 2k k=n+1 2

This implies |ug(z1) — ug(y1)| = |ug(x) — Us(y)| < €. Since € is chosen arbitrarily, we
conclude that u, is continuous. Theorem (ii) follows.

We have proved (ugmg)Q%|r = ty(myQ®|r) in the proof of Theorem [B] (iii). This
equality and Proposition [7.15 (ii) imply Theorem [C] (iii).

In the proof of the uniqueness of the equilibrium state in Theorem , we have
shown that if the equilibrium state for the shift map o and the potential ¢ is unique,
then the equilibrium state for the correspondence T and the potential ¢ is unique
in the sense of Theorem [Bl The uniqueness of the equilibrium state in the setting of
Theorem [C] also follows by the uniqueness of the equilibrium state for the shift map
o and the potential ¢ (see Proposition (ii)) in the same way as the proof of the
uniqueness of the equilibrium state in Theorem [B]

Now we give a detailed proof of Theorem |C] (a).

Proof of Theorem[( (a). We have pointed out that o: O,(T) — O,(T) is an open,

topologically transitive, distance-expanding continuous map, and that ¢: O, (T) — R
is a Holder continuous function. This allows us to apply Proposition (a) to the

shift map o and the potential function ¢:
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For each z € O, (T, the following sequence of Borel probability measures on O,,(T")

1 Z UJ(z
1 ex ¢ 7n N7
> exp@ o(0'(2))) Zef;@:) wrl p(z ) -

z€o ()

converges to f1,Q“ |7 in the weak™ topology as n tends to +oo.
If we consider the projection of the sequence onto the first coordinate, i.e., we
consider each item composing 7; ', then we can get Theorem |C| (a). O

Notice that by Proposition , we can apply Proposition (b) to the shift

map o and the potential function ¢ under the assumption that T is topologically
exact. Then we consider the projection of the measure sequence, and then we can
get Theorem |C| (b) in the same way as the proof of Theorem |C| (a)

APPENDIX A. TRANSITION PROBABILITY KERNELS

We have recalled the definition of transition probability kernels and other related
notions in Subsections and 5.2 We discuss further about transition probability
kernels in this appendix.

A.1. Proofs of basic properties. In this appendix, we prove the lemmas and
propositions in Subsections[5.1]and 5.2 and check that Definitions[5 14| and[5.1
are well-defined.

Proof of Lemmal5.5. For every y € Y, by the bounded convergence theorem,
Jdim Qfn) = i [ fuw)dQ,(a) = [ fa)4Q,(x) = Qfy).

Since [QF (1)| = | f(2)4Q(@)] < [yl Fllx Q@) < [1f]l holds for every y €
Y, we have [|Qf oo < [|f|oe-
For every A € #(X), denote by 14: X — R the characteristic function on A. For

each y € Y, we have Q14(y) = [(1a(z)dQ,(z) = Q(y, A). By Definition [5.1} the
map Qla: y+— Qy, A)is measurable Consequently, by ((5.1]), for an arbitrary simple
function g = a114, + agla, +---+a,ly,, where ay, ..., a, € Rand Ay, ..., A, €

A (X), the function Qg = a1 914, + -+ + a,Q1,, is measurable.

Choose a sequence of uniformly bounded simple functions f,: X — R that con-
verges pointwise to f as n — +o0o. We have shown that Qf, converges pointwise to
Qf as n — oo. By the measurability of Qf, for all n € N, we conclude that Qf is
measurable. OJ

Proof of Proposition [5.9. Choose a sequence of uniformly bounded simple functions
fu: X = R, n € N, convergent pointwise to f as n — +oo. By Lemma Qf, is
uniformly bounded and convergent pointwise to Qf as n — +oo. Thus

lim /and(,uQ) :/de(uQ), and nEToo/YQf"dM:/YQfdM'

n—-+o0o
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Thereby, we can reduce to the case where f is a simple function. Moreover,
the linearity of Q as an operator on all bounded measurable functions on X, i.e., (.1)),
allows us to further reduce to the case where f is a characteristic function. Let
us verify when f = 1p, the characteristic function of an arbitrary measurable

set B € #(X):

/ d(uQ) = /Q y, B) du(y /YngdM.

Hence, (5.2)) holds when f is an arbitrary characteristic function, and therefore it
holds when f is a bounded measurable function. OJ

Lemma A.1. The map Q' Q given in Definition 15 indeed a transition probability
kernel from Z to X.

Proof. First, fix an arbitrary z € Z, the map that assigns each measurable set A €
A (X) the value (Q'Q)(z, A) is the probability measure Q. Q on X. Then we shall
check that for every A € .#(X), the function that assigns each z € Z the value
(Q'Q)(z, A) is measurable. Fix an arbitrary measurable set A € .#(X). For each
z € Z we have

(Q(QLA)( / Q14(y) A2 (y / Oy, 4)dQ.(y) = (Q.Q)(4) = (Q'Q)(z, A).

Thus the function that assigns z € Z the value (Q'Q)(z, A) is Q'(Q14), which is
measurable by Lemma Therefore we conclude that Q'Q is indeed a transition
probability kernel from Z to X. 0

Proof of Lemma |5.15. For every bounded measurable funciton g: Y — R, by Propo-
sition and Definition [5.4], we have

/Y gd(nQ) = /Z Qg dp(z) = /Z ( /Y ng;) dp(2).

For each measurable set A in X, applying the equality above we have
W@)A) = [(QQ)(z, ) du(2)
- [(@ @) a2

- [([ e 00w ancs)

Therefore, u(Q'Q) = (nQ')Q. O

Lemma A.2. The map Q" defined in Definition 1s indeed a transition proba-
bility kernel from (X, .# (X)) to (X", .4 (X"1)).
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Proof. First, Q¥ = El; is a transition probability kernel from X to X.

Suppose that we have varified that Q"= is a transition probability kernel from X
to X™ for some n € N. Now we focus on proving that Q" is a transition probability
kernel from X to X"*!,

For each A,y € #(X"), write La,,,(y) = Q(@n, Tng1 (21, ..., Tn; Anyr)) for

all y = (z1,...,2,) € X" We claim that L,,,, is a measurable function on
(X", (X)) for every A,y € A (X™T).
Indeed, we consider the case A,,;1 = By XX B, x B, first, where By, ..., B,.1 €

A (X) are arbitrary measurable sets. In this case,

By, ifx; € B; foralli € (n],

0, otherwise

7Tn+1(x17 <y Tng An—l-l) = {

holds for all (z1,...,2,) € X", and thus L, (21,...,2,) = Q(@n, But1) [[15(2:).
i=1

Since Q(z,, Bn+1) as a function of x,, is measurable on X and since 1, is measurable

on X for all i € (n], the function Ly, (1,...,x,), their product, is measurable on

X",

Denote by D a subset of .# (X™"!) consisting of all measurable sets A € . (X"™!)
satisfying that L4 is measurable on (X", .#(X"™)). Then the claim is equivalent to
D = .#(X™"). We have shown G := {Byx-+-XBy,11: By, ..., Buy1 € #(X)} CD.

Let (z1,...,2,) € X" and A € 4 (X"). From (5.3 we can see

o1 (1, .oy Ty AY) = 1 (2, o0 g A)C

Thus we have Lyc = 1 — Ly. This indicates that A € D implies A° € D. In other
words, D is closed under complement.

Let (x1,...,2,) € X™ and a countable collection of mutually disjoint measurable
sets Ay, Ao, --+ € M (X™1) be arbitrary. From ((5.3) we can see

400 +00
Tt (T, - T U A;) = U o1 (1, ooy Ty Ai),
i=1 i=1

and thus Lyt 4 = T°° La,. This shows that D is closed under countable disjoint
union. -

Thus D is a Dynkin system. Note that G = {Byx---xXB,,1: By, ..., B, € #(X)}
is a m-system because it is non-empty and closed under intersection. By the Dynkin’s
m-A Theorem, G C D implies that D contains the o-algebra generated by G, i.e.,
A (X)) C D. Since D C 4 (X™1), we conclude D = .#(X™). The claim is
therefore established.

This measurability ensures that the integral in is well-defined. Moreover,
Ly, ,, is bounded because its range is contained in [0,1], so by Definition mie

have Q(z, A1) = [oexn L, () 4QF ™ (y) = (Q"La4,,,)(x). By Lemmalp.5|

Ql(z, A1) = QL () is measurable as a function on z € X.
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Now we fix an arbitrary point € X, we shall show that Q"l(x, ), the map that
assigns each measurable set A, € . (X"*!) the value Q" (x, A,,, 1), is a probability
measure on (X" 7 (X™)).

By and Lemma if measurable sets Ay, Ay, --- € 4 (X") are mutually
disjoint, then

+oo
Q) = (@ 1))
=1

= (Q[”” (i LA,.) ) (z)
— i(g[n—”mi)(@

+oo
- Z ol (z, 4,).
i=1
Moreover, because
Q(@n, Mot (@1, .o, 2 X)) = Q(2,, X) =11
holds for all (z1,...,2,) € X", by (5.4) we have
ol (g, Xntt) = / Aoz, ... x,) = 1.
(1,00 yn)EX™

Hence QI"l(x, ) is a probability measure on (X" .Z(X"+1)).
We have checked the two conditions in Definition and conclude that Q" is
a transition probability kernel from X to X"*!. By induction on n, therefore, we

conclude that QI is indeed a transition probability kernel from X to X"*! for all
n e No. OJ

Proof of Lemmal[5.17 If m =0, is trivial. We only consider m € N below.

Through induction on m € N, we can reduce to the case in which m =1, i.e.,
Qll(x, A) = Q"*ll(x, A x X). We check this equality using , the inductively
definition of Q1.

QnHll(z, A x X)

= Q(Tnsts Tpio(T1, .. Tnpr; A X X)) AQP (&1, 2pis)
Xn+1

- /Q<xn+1a X) ng:n] ('Il? S 7xn+1) + Q(QT”_H, @) ng:n] ('Ila cee 7xn)
A Ac
= Ql(a)
By induction, therefore, (5.5 holds for all m € N. O
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Lemma A.3. The transition probability kernel Q¥ satisfying (@) mn Deﬁmtz'on

exists and is unique.

Proof. By the Kolmogrov extension theorem, Lemma [5.17] indicates that for each
x € X, there exists a unique probability measure p, on (X“, Z(X¥)) satisfying

(A.1) fz (A X X¥) = Q[n](x7A>

for arbitrary measurable set A € . (X"*!) and n € Nj.

Write B .= {Ax X% : A€ #(X"™) for some n € N}, a m-system on X. Denote by
D’ the set consisting of all measurable sets B € . (X*) satisfying that the function
which assigns each point x € X the value p,(B) is measurable. The equality
implies 8 C D'.

Fix an arbitrary z € X. Since u,(B¢) = 1—u,(B) holds for an arbitrary measurable
set B € .#(X*) and p, (.55 Bi) = Y15y #2(B;) holds for an arbitrary collection of
mutually disjoint measurable sets By, By, -+ € #(X%), the collection D" of some
measurable subsets of X“ is closed under complement and countable disjoint union.
Thus D’ is a Dynkin system. Since .#(X%) is the o-algebra generated by the 7-
system % and £ is contained in D', we get .#(X*) C D’ by the Dynkin’s 7-A
Theorem. Thus, D' = .#(X¥), i.e., for every B € .#(X*), the function that assigns
each x € X the value u,(B) is measurable. Hence, if we set Q“(x, B) = u.(B) for
each z € X and B € .#(X"), it is a transition probability kernel from X to X*
satisfying in Definition m

The uniqueness of the transition probability kernel @ from X to X“ that satisfies
(5.6 is because for each z € X, determines the probability measure QY by
determining its value on the algebra K = {A x X¥ : A € X" for some n € N}, by
which . (X%) is the o-algebra generated. O

Now we establish some more properties of transition probability kernels.

Corollary A.4. Let Q be a transition probability kernel on a measurable space
(X, # (X)) and p € P(X). We have

(A.2) (,uQm) o7t = L.

Proof. 1f we take n = 0 and m = 1 in Lemma [5.17} then we can get Q!(z, A x X) =
Qll(z, A) = idx(x,A) for all z € X and A € .#(X). Thus by Definition m we

have

(@) (4 x X) = [ Qa4 X) di(a)
- [ it ) duto)

- /X La(2) dpu(z)

= u(A)
for all A € .#(X). Therefore, we get (uQW) o 7! = p. O



76 XIAORAN LI, ZHIQIANG LI, AND YIWEI ZHANG

Lemma A.5. Let Q be a transition probability kernel on a measurable space (X, # (X)),
neN, and p€ P(X). If Be . #(X"), then

(A.3) ( Q[n / Q(@nt1, Tng1(T2, ... Tny1; B)) d(/iQ[nfl])(xza ey ).

If Ay, Ay, ..., Ay € (X)), then

(A.4) (/LQM)(AO X oo X Ay) = / Q(zn, An) d(uQ[”_l])(xl, ce Ty
A0>< ><An 1

Proof. By Proposition [5.9 and Definitions [5.4] [5.14] and [5.6]

Q(xn—&—la ﬂ-n—i—l(an <o Tt B)) d(ﬂQ[n_l])(x% s axn—i—l)
Xn

:/( Q(xnﬂrnﬂ(m,...,xn;B))dQL"_”(xl,...,xn)) du(y)
x\Jxn

= /X Q"l(y, B) du(y)

= (MQ[”])(B).
Therefore, ({A.3)) holds, and (A.4]) follows by taking B = Ay x --- x A, in (A.3)). O

Lemma A.6. Let Q be a transition probability kernel on a measurable space (X, # (X)),
n € N, and B be a measurable set in A (X™). For each v € X, we have

(A.5) (@0 ) (z,B) = Q"(2, X x B).
In particular, for each x € X and each B € .#(X), we have
(A.6) Q(z,B) = QM(z, X x B).

Moreover, for each x € X and each measurable set A € .#(X¥), we have
(A.7) (QO¥)(xz,A) = Q“(z, X x A).
Proof. We prove ({A.5) by induction on n.

If n = 1, by Definitions and [5.6] we have

(QQ")(x, B) = (Quidx)(w, B) = / idy(y, B) dQu(y) = Qu(B) = Q(, B).
X

Moreover, by (5.4 . we have

Qe X x B) = [ Qum(yi X x B))d02() = [ Q. B)di.(y) = . B)

where ¢, is the Dirac measure on (X, . (X)) at . Thus (QQ[O])(x, B) = QM(x, X x
B).

Suppose that (A.5) holds for some n € N. Let x € X and B € .#(X"") be
arbitrary. Since m,io(21, %2, ..., Tpi1; X X B) = mpi1(xe, ..., py1; B), by (5.4) we
have

Q[n+1] (II?, X x B) = Q(.ﬁl]n+1, 7Tn+1($2, B N B)) dQ&n}(SL’l, T, ... ,LUnJrl).

Xn+1
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Note by the induction hypothesis that QI'(X xC) = (@al"1) (C) = (Q.Q" ) (C)

holds for all C' € .#(X™), which means that Q, Q" is the projection of Qgﬂ from
X" onto the last n coordinates. This leads to the following:

Q[n+1] (%, X x B) = Q(.TnJrl, 7Tn+1($2, N VT [ B)) d(Q:EQ[nil})CUQ, Ce ,anrl)

xn

Hence by in Lemma and Definition , we conclude Q" (z, X x B) =
(QxQ[”]) (B) = (QQ["})(L B). Therefore, follows for all n € N.

Applying the Dynkin’s 7-A Theorem, we can reduce to the cases where A
belongs to {B x X* : B € .#(X™) for some n € N}, a m-system by which .#(X¥) is
the o-algebra generated.

Let n € N and B € .#(X") be arbitrary. By (5.7)), (A.5), and (5.6), we have

(QQY)(7, B x X¥) = (2.Q%)(B x X“’)
(0" )(B

- (02" B>

= Q"l(z, X x B)

= Q“x, X x Bx X%).

Therefore (A.7) holds for all measurable sets A € .#(X*“) by the Dynkin’s 7-A
Theorem. U

We have the following corollary by Lemma and Definition [5.6]

Corollary A.7. Let Q be a transition probability kernel on a measurable space
(X, # (X)), n e N, Be .#(X"), and p be a probability measure on (X, #(X)).
Then

(A8) (1QQ"Y)(B) = (1Q")(X x B).

Moreover, we have (uQQ¥)(B) = (uQ¥)(X x B). Additionally, if p is Q-invariant,
then

(A.9) (nQ¥)(B) = (nQ°)(X x B).
If we take n =1 in , we get
(A.10) (nQM) o7y = Q.

Lemma A.8. Let Q be a transition probability kernel on a measurable space (X, # (X)),
n € Ny, and f: X" — R be a measurable function, then we have QL"]({y} xX") =1
and

f(zo, xo, 21, ..., xp) dQ[y"] (oo, )

Xn+1

— f(y,xg,ml,...,xn)dQL"](mo,...,xn)

Xn+1

forally € X.
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Proof. First, by Lemma [5.5] for each y € X we have

QM ({y} x X™) = Qy, {y}) = idx(y, {y}) = 1.
Hence the following equality

f(zo, zo, ..., 20) dQ[y"] (s, ) = / f(zo,zo, ..., 20) dQ?[J"] (o, .., Tp)
{ypxxm

Xn+1

:/ f(y,a:o,...,xn)dQL”](xo,...,xn)
{yrxxn

= f(y,:vo,...,xn)dQL"](xo,...,xn)

X'n+1

holds for all y € X. O

Lemma A.9. Let Q be a transition probability kernel on a measurable space (X, # (X)),
¢ € B(X*R), and p € P(X). Then we have

b1, 22) A(nQ®) (21, 29, ... ) = qugd(”Q[l])

_ /X /X $(1,5) AQ,, (w2) du(zy).

Proof. By takingn = 1in (5.7), we get [, d(z1, z2) d(pQ¥) (21, 22,...) = [0 d(uQM).
Moreover, by Proposition and Definition [5.4] we have

(A12) / od(;Ql) = / QU dyu = / 61, 22) AQW (2, 25) du(y)
X2 X XJXx2
By Lemma [A.8| and in Lemma |A.6|
(A13) / b1, 72) AQM (21, 29) = / oy, 12) AQ (21, 29) = / oy, 12) AQ, ().
X2 X2 X

Therefore, by (A.12)) and (A.12]), we have
/ dd(nQ) = / / 021, 22) AQs, () dpr(),
X xJx

(A.11) X

establishing (A.11)). O
Recall for each n € N, v,,(x1, 29, ..., 2,) = (Tp,Tp_1,...,21) for all (z1,...,2,) €
X",

Lemma A.10. Let Q, R be transition probability kernels on a measurable space
(X, # (X)) and p € P(X). If pQM = (uRM) 013", then p € M(X, Q)N M(X,R)
and QM = (MR[”]) o L,;lrl for all m € N.

Proof. Since pQW = (uRM) 015", we have (uQY) o7, = (WRM) o7 and (LQM) o
7o = (WRM) o 7. Thus by and (A.10), we have u = uR and pQ = p, ie.,
peMX,QNM(X,R).

Now we prove Q" = (,uR["]) o L;}LI by induction on n € N. The case n = 0 holds
by hypothesis.
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Suppose pQr—1 = (,uR[” 1]) o ¢! holds for some n € N, n > 2. In order to show
pQ = (uRM) o4, 1), it is enough to prove (pQIM)(Ag x -+ x A,) = (uRIM) (4, x

- X Ao) for all AO, Al, ceey An S %(X)

Fix arbitrary Ag, ..., A, € #(X). In this proof, we write A" == A; x -+ X A,,

Al = A, x oo x Ay 2 = (2, .., 1), and 2 = (z,,...,7;) for i =0 and i = 1.
(uRM) (A7)
| Riay, 40) d(WR" ) () (by (A4))
: R(a1, Ao) d(nQ" 1) () (by pQI 1 = (uRI" 1) 00 1)

= / Rz, (Ao) ng”_l] (z7)du(y)  (by Proposition |5.9] and Definition
ATL

/R Q[” UeAm) du(y) (by Lemma[A.8)
— [ [ Qiian aR,an) auty
XJ Ag
= [ Q) AR 3, ) (by (&)
= / Qy1(AY) d(nQ) (2, y) (by pQ = (uRW) 013"
Agx X
= [ [ obianag.m)ant) (by (A1I))
_ / (01 (x, A7) du(x) (by Definitions [5.6 and [F1T)
Ao
[ QMG X x A dp(a) (by (A.3))
- / Qll(x, Ag x A}) dpu(x) (by QM(z, {z} x X") =1 in Lemma [A-)
X
= (#Q["])(Ag) (by Definition [5.6).

Hence we conclude Q" = (,uR ) o1, 11, and therefore, Lemma|A.10| follows. [

A.2. Conditional transition probability kernels. In Section |ZL we always need
to address the following question: for a probability measure v on X2, how to find a
probability measure p on X and a transition probability kernel Q on X such that
v = 11QM? This appendix is devoted to discussing related theories about conditional
transition probability kernels.

Proposition A.11. Let X; and X5 be compact metric spaces, M be a non-empty
closed subset of X1 x Xy, v be a Borel probability measure on X1 x Xy supported on M
(i.e., v(M) =1), and k: X1 x Xo — X be the projection map given by k(x1,xs) = 71
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for all x1 € Xy and xo € Xy. There exists a Borel probability measure p on X1 and
a transition probability kernel Q from X to Xy with the following properties:

(a) For each xy € k(M), we have
Q(l’l, {1'2 € X2 . (33'1,1’2) € M}) =1.
(b) For each C € B(X; x Xs), we have

v(C)= [ Qzy,{x2 € Xo: (21,22) € C})dp(zy).

X1

Moreover, . must be vo k™!, and Q is unique in the sense that if both u, Q and

w, Q' satisfy the properties (a) and (b), then for p-almost every x1 € X; and all
B € #B(X,), the equality Q(x1, B) = Q'(x1, B) holds.

Remark A.12. We list three properties equivalent to the property (b) in Proposi-
tion for the Borel probability measure p on X; and the transition probability
kernel Q from X; to X5:

(bl) For each A € #(X;) and each B € #(X3), the following equality holds:
(A.14) V(A x B) = / O, B) dpu(ay).
A

(b2) There exist some m-systems 2A; C Z(X;) and Ay C HB(X,) with the following
property:
(i) The o-algebra generated by 2, is A(X;) for i =1 and 2.
(ii) For each A € 24 and each B € 2y, the equality holds.

(b3) For each lower bounded Borel measurable function f: X; x Xy — RU{+o0},
we have

(A.15) /XlXXQf(:El,IQ) dv(a1, 22) = /

X1

( Xzf(ﬂ:u:vz)szl(Iz)) dpfan).

The equivalence of properties (b), (bl), and (b2) can be verified by the Dynkin’s
7-A Theorem. Clearly (b3) implies (b). We explain why (b) implies (b3):

Suppose (b) holds for 4 and Q. Property (b) implies that the equality holds
when f is a characteristic function of an arbitrary Borel subset of X; x X5, and thus
by and Lemma the equality holds when f is an arbitrary simple
function on X; x X5. Because each lower bounded Borel measurable function on
X1 x X5 can be pointwise approached by an increasing sequence of bounded simple
functions, the equality holds for all lower bounded Borel measurable functions
fﬁ X x X9 —>RU {+OO}

Let us now proceed with the proof of Proposition [A.T1]

Proof of Proposition[A.11 Denote by %, the o-algebra on X; x X, given by %, =
{Ax Xy: Ae AB(X1)}. By |GS74, Theorem 1.3.3], there exists a function Qy defined
on X; x Xy x B(X; x Xy) satisfying:
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(i) Fix an arbitrary Borel set B € Z(X; x X3), the map that assigns each point
(1, 22) € X7 x X3 the value Qs(z1, 29, B) is %-measurable.

(ii) Fix an arbitrary point (xy, x2) € X3 X X, the map that assigns each Borel set
B € B(X1 x Xs) the value Qy(x1, x9, B) is a probability measure on X; x Xs.

(ili) For each B € (X, x X3) and each B’ € %, the following equality holds:

(A.16) Qs (w1, w9, B) dv (1, 22) = v(B N B).

B/
The condition (i) implies that Qs(z1,x2, B) does not depend on z3, so we set
Qi(z1, B) == Qys(x1,79,B). Let up = vox™'. For each A € B(X;) and each B €

PB(X1 x X3), we can rewrite (A.16) as
(Al?) /Ql(l‘l,B) d[t(ﬁl) = V(B NA X XQ)
A

By taking B = A°x X, in we get [, Q1(x1, A°x X3) dp(x1) = v() = 0, which
implies Q;(x1, A° X X3) = 0 holds for p-almost every z; € A. In other words, for
p-almost every z; € X, either x; ¢ A or Q;(x1, A° X X5) = 0.

Choose a countable topological basis {A;};en for X;. Then for p-almost every
x1 € X1, we have Qq(zq, AS x X3) = 0 for all i € N satisfying x; € A;. By condition
(ii), the following equality

Qi (1, {1} x X3) = Q4 (:171, U (AS x X2)> = 0 for p-almost every z; € X;.
Ai9x1

holds for p-almost every x; € X;. Hence for p-almost every z; € X;, we have
(A.18) Qi (1, {1} x Xo) = 1.
Since v is supported on M, by taking A = X; and B = M in (A.17) we get

Q1 (z1, M) du(z,) = v(M) = 1.

X1
This implies that Q(xy, M) = 1 holds for p-almost every z; € X;. This property
together with (A.18)) implies that for p-almost every z; € Xy, we have
(A19> Ql(xl,{xl} XXQQM) =1.

Suppose that holds for z; € J, where J € #A(X;) and u(J) = 1. If
x1 € J, then {1} x Xo N M must be non-empty, and thus z; € x(M). Consequently,
J C k(M). Fix a point x5 € X5 and a Borel measurable map f: k(M) — X, such
that (x1, f(x1)) € M for every x; € k(M). The existence of f is guaranteed by
[IMA99, Lemma 1.1]. For each 27 € X; and each A € #(X,), define

Ql(iﬁl, {[L’l} X A), if x| € J,
Q(.I’l,A) = 5f(x1)<A>7 if z1 € K(M) \ J,
5., (A), it 2y € X0\ k(M)
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where 9§, refers to the Dirac measure on X, at a point y € X,. Fix an arbitrary Borel
set A € B(X,). By condition (i), the function that assigns each point z; € J the
value Q(x1, A) = Qi(x1,{z1} x A) is Borel measurable. Moreover, the measurability
of f ensures that the function that assigns each point x; € (M) \ J the value
Q(w1,A) = 0f(2,)(A) is Borel measurable. Furthermore, the the function that assigns
each point z; € X; \ k(M) the value Q(z1, A) = d,,(A) is clearly Borel measurable.
Consequently, the function that assigns each point x; € X; the value Q(z1, A) is
Borel measurable.

Fix an arbitrary point z; € X;. If z; € J, then by (A.19), Q(1,-), the map
that assigns each Borel set A € B(X,) the value Q(x;, A) = Qi(z1, {71} x 4) is a
probability measure on X supported on {xs € Xy : (21,22) € M}. If 21 € k(M) \ J,
since (1, f(z1)) € M, the map Q(z1,-) = 0f@,) is a probability measure on X,
supported on {xs € Xy : (21,29) € M}. If 21 € X1\ (M), the map Q(z1,) = 0,
is a probability measure on X5. Hence, Q is a transition probability kernel from X;
to X5 with the property (a) in Proposition Now we verify the property (bl) in

Remark for 1 and Q, which is equivalent to the property (b) in Proposition|A.11}
By (A.18), we have for each z; € J and each B € #(X5),

Qi(z1, X1 x B) = Qi(x1, X1 x BN{z1} X Xp) = Q1(z1, {21} x B) = Q(z1, B).
Fix arbitrary Borel sets A € #(X;) and B € #(X3). Since u(J) = 1, applying

we can get
/Q(azl,B) dp(ey) = / Qi(x1, X1 x B)du(z1) = (X1 x BN A x Xa) = v(A x B).
A A

Hence we conclude that this x4 and Q satisfy the properties (a) and (b) in Propo-
sition [ATT]

Now we check the uniqueness of p and Q.

Suppose that a transition probability kernel Q from X; to X5 and a Borel prob-
ability measure p on X, satisfy the properties (a) and (b). First, fix an arbitrary
A € HB(x1). by taking C' = A x X in the property (b) we get

v ok 1 (A) = (A X Xp) = / Q1. Xo) dp(y) = / dpu(z1) = u(A),

so it = vok 1. Suppose that a transition probability kernel @' from X, to X, together
with u also satisﬁes the properties (a) and (b). Then the property (b) implies that
J4Q(z1, B)dp(w1) = [,Q'(x1, B) dpu(x1) holds for arbitrary Borel sets A € %(X;)
and B € #(X3), which indicates that Q(x1, B) = Q'(z1, B) holds for all B € #(X,)
p-almost every xy € Xj.

Choose a countable topological basis # for X, and denote by T(Z#) the collection
of all finite intersections of elements in %, which is also countable. We can see that
T(A) is a m-system and that the o-algebra generated by ¥(Z) is B(X,). Since the
countability of T(A), for p-almost every x; € X, the equality Q(z1, B) = Q'(z1, B)
holds for all B € T(A), and thereby holds for all B € #(X3) by the Dynkin’s 7-\
Theorem. 0
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Let X; and X, be compact metric spaces, M be a non-empty closed subset of
X1 xXs, and v be a Borel probability measure on X; x X5 supported on M. Denote by
k1 Xi X Xo — Xj and ky: X7 X Xo — X the projection maps given by r1(xy, z3) =
x1 and ko(x1,T9) = x9, respectively, for all z; € X; and xs € X5. Proposition
ensures the notions defined in the following two definitions always exist.

Definition A.13. If a transition probability kernel Q from X; to X5 and the Borel
probability measure 4 = v o k;' on X, satisfy the two properties (a) and (b) in
Proposition [A.11], then Q is called a forward conditional transition probability kernel
of v from X1 to Xy supported on M.

Definition A.14. A transition probability kernel Q from X, to X is called a back-
ward conditional transition probability kernel of v from Xy to X supported on M if
it satisfies the following two properties:

(a) For each x9 € ky(M), we have
Q(fg, {xl € X1 . ($1,$2> € M}) =1.
(b) For each C' € #(X; x X3), we have

v(C) = | Qzz,{z1 € X5 (z1,22) € C})d(vory')(z).

X2

Remark A.15. If X; = X5, then by in the case where ¢ is a characteristic
function of a measurable subset of X2 we can see that property (b) in Proposi-
tion is equivalent to v = QM. Similarly, (b) in Definition is equivalent
tovou, = (voky, )QW where ty(x,y) = (y,2) for all (z,y) € X2

APPENDIX B. SINGLE-VALUED MAPS

In this appendix, we focus on a degenerate case when the correspondence is in-
duced by a single-valued map, and show that our theory is compatible with the
classical ergodic theory for single-valued maps. In particular, we will explain why
the conjectured naturally arises and coincides with the Variational Principle for
single-valued maps when the correspondence is induced by a single-valued map.

B.1. Transition probability kernels and measure-theoretic entropy. Let (X, Z(X))
and (Y, %(y)) be measurable spaces and F': Y — X be a measurable map.

Definition B.1. Let F': Y — X be a measurable map. The transition probability
kernel F' induced by F' is defined as

F\(y,A) = 1F71(A)(y) = {(1)’ i ?Ez; Z j’

forally € Y and A € B(X).

Remark. In this case, we have ﬁy = 0p(y) for each y € Y, where 0p(, refers to the
Dirac measure on X at the point F(y).
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Let F:' Y — X be a measurable map and f X — R be a measurable function.
For each y € Y, we have Ff = [ f(z = [ f(@)dopy)(z) = f(F(y)), so
Ff =foF.

Suppose that p is a probability measure on (Y, #(Y)). For each A € B(X), we
have (uF)(A) = [ F(y, A) du(y) = [y 1r-1a)(y) duly) = p(F~1(A)), so
(B.1) pF = poF 1,

This leads to the following lemma.

Lemma B.2. Let F': X — X be a measurable map on a measurable space (X, B(X)).
A probability measure on X is F-invariant if and only if it is F-invariant.

Let (X, %4(X)), (Y,2(Y)), and (Z,%(Z)) be measurable spaces and F;: Y — X
and Fy: Z — Y be measurable maps. From Definition and , we have
for each z € Z and A € #(X), (ﬁgﬁl)(z,A) = (5F2(Z)ﬁ1)(A) = dpo)(FTH(A)) =
1F2_10F1_1(A)(z) = Fio0Fy(z,A), so FoF) = Fyo F.

Let (X, #(X)) be a measurable space and F': X — X be a measurable map. Then
for each n € Ny and arbitrary measurable sets By, By, ..., B, € $(X), we have

FI'l(z, By x By x -+ x B,) = O(z,F(2),....Fn(z))(Bo X By X -+ X By)

.....

= 1p,nr-1(B)n-nF—n(B) (T),

which can be verified by induction on n based on Definition [5.14. This property and
Definition imply that for an arbitrary probability measure y on X, we have

(B.2) (WE™)(By x By x -+ x B,) = u(By N F~Y(By) N --- N F(B,)).

Let u be an F-invariant probability measure on X. By Lemma [B.2] the mearure
1 is also F-invatiant.

We recall some conventions from [PUL0, Chapter 2]:

Let A be a finite measurable partition of X and n € N. The finite measurable
partition F~"(.A) is given by

FHA) = {FY(A): Ac A}, and F7"(A) = F7Y(F~"D(4)).
The entropy h,(F, A) is given by

(B.3) hu(F, A) == lim lHN (AVEHA) V- v 7D (4)).

n—-+oo N,
By 1) we have H p,—1(A") = Hy, (AVF Y A) V- v F-("=D(A)). Hence
(B.4) h(F, A) = hy(F, A).

Recall h,(F) = sup 4 h,(F, A) from [PUI0, Chapter 2|, where A ranges over all
finite measurable partitions of X. By (B.4]), we have

(B.5) hu(F) = Iy (F).
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B.2. Correspondences and topological pressure. For a continuous map f: X —
X on a compact metric space (X,d), denote by Cr: X — F(X) the map that as-
signs each point x € X the closed subset {f(x)} of X. It turns out that C; is a
correspondence on X. Let us compute its topological pressure.

Let ¢: X — R be a continuous function. We recall the definition of the topological
pressure P(f, ) from [PUL0, Section 3.3]:

For each n € N, we say that a subset £ C X is (n,€)-separated in (X, d) if the
set {(z, f(x),..., " Hx)): x € E} is e-separated in (O0,(Cy),d,); and we say that a
subset F' C X is (n, ¢)-spanning in (X, d) if the set {(z, f(z),..., " }z)) :x € F}
is e-spanning in (O,,(Cy),d,). The topological pressure P(f, ) is given by

1

P(r.e) = lim sy Llog(swp 3 (T ot/ )

+
e=>0" pstoo N Ey(e) 2E€En(€) =0

=0t ot N n(€)

n—1
1 .
= lim limsup — log< inf exp( gp(f%x)))),
€Fn(e)

j=0

where F, (€) ranges over all (n, €)-separated subsets in X and F),(¢) ranges over all
(n, €)-spanning subsets in X.

We will show that P(f,¢) and P(Cs,®) are equal, where @: O5(Cy) — R is a
function induced by ¢ (see for its precise definition), and thus the topologi-
cal pressure of correspondences generalizes the topological pressure of single-valued
continuous maps.

Proposition B.3. Let f: X — X be a continuous transformation on a compact met-
ric space (X, d) and ¢: X — R be a continuous function. Then P(f,$) = P(Cy, ®).

Proof. Fix an arbitrary n € N. Since for each z € X, C¢(x) = {f(z)} is a singleton,
we can see that (z1,29,...,2,41) € On41(Cy) depends on z; in the way that z; =
S ) for i € {2, ..., n+ 1}. Thus the map @, that assigns each point z € X
the orbit (z, f(z),..., f"(x)) € On11(Cy) is a bijection from X to O,41(Cs). Recall
that a subset £ C X is (n + 1,€)-separated in (X,d) if and only if ®,,,(E) =
{(z, f(z),..., f"(x)) : © € £} is e-separated in (O,,41(Cy), dn11), SO

ap Y e (f%w(x)))

En1(e) 2€En+1(€)
~ sup S ewn( S Ewmn) + o)
En+1(e) (@1, Znt1)EPny1(Enti(e)) J=1

= s%p Z exp(Su@P(z) + P(Tnt1)),

2=(T1,..sTn41)EE
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where E, ;1 (¢€) ranges over all (n + 1, €)-separated subset of X and E ranges over all

e-separated subset of O,(Cy). Since s,(Cs, P, €) =sup Y exp(S,p(x)), we have
E zeFE

e Ieles (CpBe) < sup > eXP(Z@(fj(f))) < elfl>s, (Cr, B, ).
=0

Ent1(e) TEEp 11 (e)

Therefore by (B.6) we have P(f, ¢) = lim lim sup%log(sn(cf,Q €)) = lim+ s(Cy, ¢,€) =
e—0

e=0T pstoo

P(Cy, ). U

The only transition probability kernel supported by C; is ]?, defined in Defini-
tion [B.1] and what we shall consider is the Borel probability measure p which is
f-invariant, or equivalently, f-invariant, where the equivalence has been shown in
Lemma [B.2

By applying Variational Principle to ¢ in the dynamical system (X, f), we have

(B.7) P(f,¢) = sup{hu(f) + / edp : pis f—invariant}.
X

Recall C¢(z1) = {f(x1)} and ]/”;1 = f(z,) for all z; € X. By 1} we have

(B3)
[ seai @ antes = [ [ o) dby ) dues) = [ odn
XJCy(x1) XJ{f(z1)} X
By (B.7), Proposition , (B.5) and (B.8]), we get

P(Cs,?) = Sup{hu(ﬂ + /X/C ( )@(ml,xg)dﬁl(xg)d,u(xg) s f—invariant}.
sl

Therefore the Variational Principle holds when the correspondence is induced by
a single-valued continuous map.

B.3. Several properties for C;. Let f: X — X be a single-valued continuous map
on a compact metric space (X, d). Recall that C;: X — F(X) is the correspondence
on X that assigns each point x € X the closed subset {f(x)} of X. In this subsec-
tion, we point out some relations between properties for the correspondence C; and
properties of the single-valued map f, all of which are not difficult to check by their
definitions.

(i) The correspondence Cy is forward expansive with an expansive constant € > 0
if and only if the single-valued map f is forward expansive with an expansive
constant e, i.e., for each pair of different points x1, xo € X, there exists n € Ny
such that d(f™(z1), f"(z2)) > €.

(ii) The correspondence C; has the specification property in the sense of Defini-
tion [7.1] if and only if the single-valued map f has the specification property
in the sense of Definition [7.2]

(iii) The correspondence Cy is distance-expanding in the sense of Definition if
and only if the single-valued map f is distance-expanding.
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(iv) The correspondence Cy is open in the sense of Definition if and only if
the single-valued map f is open.

(v) If the correspondence Cy is strongly transitive in the sense of Definition [7.12}
then the single-valued map f is topologically transitive.

(vi) The correspondence C; is topologically exact in the sense of Definition if
and only if the single-valued map f is topologically exact.

APPENDIX C. FINITE CASES
In this section, we focus on another case when X is a finite set, and examine our

notions and theorems.

C.1. Transition probability kernels and measure-theoretic entropy.

Definition C.1. Let d € N, X =Y = (d], Z(X) = B(Y) = 2%, the set of all
subsets of X, and P = (p”)1<l-7j<d be a matrix satisfying p;; > 0 for all 1 <4,j <d

and Z pij = 1 for all 1 <4 < d. The transition probability kernel P induced by P is

deﬁned as
jeA
for all i € (d] and A C (d]. In particular, for arbitrary i, j € X, we have P(i, {j}) =
Pij-
Remark. In this case, we can consider the matrix P as the transition matrix of a

Markov chain with the state space X = (d]. For each i € (d], the measure P, can be
represented by the probability vector (pi1, ..., Pid)-

Let d € Nand P = (p;;)1<i j<a be the transition matrix of a Markov chain with state
space X = (d]. We use a column vector v; = (f(1), f(2),..., f(d))” to denote a func-
tion f: X — R. Additionally, for a distribution p on X, we write p = (p1,p2, ..., pa),
where p; = p({j}) for each j € X.

For a function f: X — R, we have Pf(i) = [ fU Z f(J)pi;, and thus

vpp = Puy. Let p = (p1,pa, ..., pa) be a distribution on X. For each i € X, we have
N d d
pP({i}) = le<j’ {iHp({s}) = zjlpjpjh SO
= =

(C.1) pP = pP.
This leads to the following lemma.

Lemma C.2. For a d-state Markov chain with transition matrix P, a probability
distribution vector p on the state space is P-invariant if and only if pP = p.



88 XIAORAN LI, ZHIQIANG LI, AND YIWEI ZHANG

Letd € N, X = (d], and P, = (p(l-) @) be transition matrices

ij )1<i,j<d’ Py = ( i )1<i,j<d o
on X. From Definition and 1) for each 7, j € X, we have (P,P)(i,{j}) =
((P2),P)({}) = Sy v pi) = PoPi(i{j}), so PoPi = PP

Let d € N and P = (p;;)1<i j<a be the transition matrix of a Markov chain with the
state space X = (d]. Then for arbitrary n € Ny and ¢, jo, j1, - .-, jn € X, we have

PM (ia {(jO:jla cee v]n)}) = 5ijopj0j1pj1j2 e Pjn—1jn>

which can be verified by induction on n based on Definition [5.14] This property and
Definition [5.6| imply that for an arbitrary probability measure g on X, we have

(0'2) :UJPM({]'O; jla ceey ]n}> - M({jO})pjojlpﬁJé - - Pjn_1jn-

Let st be a P-invariant Borel probability measure on X. Let p = (n({1}), ..., u({d}))
be the distribution vector associated with pu. Lemma ensures that pP = p, so
C.2) and reveal that the measure-preserving system (X Y AB(XY), ,uﬁw, a) is a
one-sided (p, P)-Markov shift. Write p; = u({i}) for each i € (d.

The following result is shown in [Wa82, Theorem 4.27]:

d
h,po(0) = — Z pipij log(pij),

ij=1

where we follow the convention that 0log0 = 0. Therefore by Theorem [5.24], we have

(C.3) hy, (13) =— Z pipij log(pij)-

1,7=1

C.2. Correspondences and topological pressure. Let d € N, X = (d] be a finite
space with the discrete topology, and A = (a;;)1<ij<q be a 0-1 matrix with at least
one entry 1 in each row. Denote by C4: X — F(X) the map that assigns each point
i € X the subset {j € X : a;; = 1} of X. Since there is at least one entry 1 in each
row of A, we have C4(i) # 0 for each i € X, which ensures C4(i) € F(X). Note that
both X and F(X) are endowed with the discrete topology, so C4 is a correspondence
on X.

This appendix is devoted to computing the topological pressure of Cy.

Let ¢: O9(Ca) — R be a function and Ay = (a;;-e?%9) ¢, j<q be a d x d matrix (if
(i,7) ¢ O2(Ca), then a;; = 0, so in this case we do not need to define ¢(i, j)). Let n €
N. By definition of the metric d,, 1, the only e-spanning subset of (O,4+1(Ca), dy+1)
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is O,,41(C4) for € > 0 small enough. As a result, by (4.4]) we get

PCa) ~ s o3 e(s,00))

n—o0

160n+1 CA)
= limsup — log( (H az]zj+1> - exp <Z o(15, ij+1))>
oo M (i1yommsins1)EXTHL Nj=1 j=1
= lim sup — log( Z H iy, - €20 z;+1))>
neteo BN int1=1 j=1
1
= limsup — log(\|A¢H )
n—-+00
where the norm || - ||; is given by ||B]|; = Z” 1|bij| for every d x d matrix B =

(bij)1<i j<d-
By the Gelfand’s formula, we have

(C.4) P(Ca,¢) = hmsup log(”A H ) = log(liniiupHAng> = log(p(A4y)),

where p(Ay) is the spectral radius of As. Moreover, by (4.5)), we get

(C.5) p(Ag) = exp(P(Ca, ¢)) = exp(—||9]loo).

Notice that (O,(C4), o) is the one-sided subshift of finite type defined by A. The-
orem and imply that the topological pressure of the one-sided subshift of
finite type (O, (C4),0) defined by A with respect to the potential ¢ is log(p(Ay))-
Taking ¢ = 0 we get the topological entropy of (O, (C4), o) is log(p(A)), which has
been proved by W. Parry in [Pa64, Theorem 7).

C.3. Construction of an equilibrium state. By the discreteness of the finite
space, all correspondences on X = (d| are forward expansive, so by Theorem ,
the Variational Principle always holds and equilibrium states always exist in this
case. This appendix is devoted to constructing an equilibrium state explicitly. The
equilibrium state may be not unique because the 0-1 matrix A may be not irreducible,
so we do not discuss thermodynamic formalism beyond the existence of equilibrium
states here.

Let d € N, X = (d] be a compact metric space with the discrete topology, A =
(aij)1<ij<a be a 0-1 matrix with at least one entry 1 in each row, and ¢: O3(C4) — R
be a function. We focus on the correspondence C4. Recall from that the
topological for ¢ is log(p(As)). We have shown p(Ag) > 0 in (C.5).

A transition probability kernel on X supported by C4 is of the form ﬁ, where
P = (pij)i<ij<d 1s a transition matrix satisfying p;; = 0 for all i,j € (d] with
a;; = 0. Let p be a P-invariant Borel probability measure on X with the associ-
ated distribution vector p = (p1,...,pq), where p; = u({i}) for each i € (d]. Recall
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hy, (ﬁ) =— Z?,j:l pipi;log(p;;) from (C.3|). Thereby, that the pair (,u, ﬁ) is an equi-
librium state for C4 and ¢ is equivalent to the following equality:

(C.6) log(p(Ay Z pipij log(pij) + Z pipi (i, 7).
i,j=1 ,j=1

Now we construct P and p such that holds. In [Ki98, Section 6.2}, there is a
construction for irreducible A and ¢ = 0.

By the Perron-Frobenius Theorem, A := p(A,) > 0 is an eigenvalue of A,, and we
can choose an associated non-zero right eigenvector ¢ = (qi,...,qq)" with ¢; > 0 for
all ¢ € (d] such that Ayq = Ag. Write L := {i € (d] : ¢; # 0}. Since ¢ is non-zero, we
have L # (). Define P = (p;;)1<i j<a as follows:

sae?t),ifie L,
Pij =

#ng(l) , otherwise

for all 4, j € (d], where #C4(i) denotes the cardinality of C (7).
Clearly, for all i, j € (d], we have p;; > 0, and, moreover, if a;; = 0, then p;; =
0. To show that P is a transition matrix, we rewrite the equality A¢q = \q as

> i1 gja;je®®) = \g; for all i € (d], which implies Z?leij = Z;l 1 3 @i e?d) = 1

. . d d ;i

for all i € L. Moreover, for each i € (d] \ L, we have > 5 pi;y = >, o =

#{j€(d:aij=1}

#{je(d:ai;=1}
Note that for each ¢ € L and each j € (d] \ L, we have p;; = —a”ed’( ) = 0, so for

each i € L, we have

d
(C.7) sz'j = Zpij =1
j=1

jEL

= 1. Hence, P is a transition matrix.

This equality implies that the submatrix Py, :== (p;;)i ez is a [ X[ transition matrix,
whose spectral radius is 1, where [ := #L. By the Perron—Frobenius Theorem, we
can choose a distribution vector py = (p;)ier such that p, P, = pr, i.e., for each
JjeL,

(C.8) sz‘pz‘j =D
i€l
We set p; = 0 for all i € (d] \ L and get a distribution vector p = (p1,...,Dpaq).
d
Now we check pP = p. Firstly, for each j € L, we have ) pipi; = > .o, pivij = pj-
i=1
Secondly, since p;; = 0 for all ¢ € L and j € (d] \ L, we have Zle PiPij = D _ier Di-
0+ g 0:-pij =0= p] for all j € (d]\ L. Hence, pP = p, and thus p is P-invariant.
Now we verity (C for p,, P)

- Z pipijlog(pij) Z szpw log(pij) (since p; = 0 for each i ¢ L)

,j=1 i€l j=1
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= — Z pipij log(pij) (since p;; =0forallie L, j ¢ L)
i,jeL
.. eP(0:3)
qia;:e
== Z pipij log %
= q;
i,jeL
6<z5(w)
= — Z DiDij log : (if a;; # 1 then p;; = 0)
i,jEL

Thus it follows from (C.8]) and (C.7) that

d
- Z pipij log(pi;)

3,7=1

== pipij(log(g;) + 6(i, j) — log A — log(q:))

1,jEL
= Z (Z ng) 1Og QZ + lOg )\ Z log QJ szpm Z pipijﬁb(i; ])
i€l  jeL jeL €L i,jeL
= pi(log(q:) +log \) = > p;log(q;) — Y pipijdli, )
1€l JjeEL i,jeL

d
= log A — Z pipid(i, J)-

4,j=1

Therefore {) holds and (,u, 16) is an equilibrium state for C4 and ¢.

APPENDIX D. CORRESPONDENCES AND CORRESPONDING SHIFT MAPS

We assume that T is a correspondence on a compact metric space (X,d) and
o: O,(T) = O,(T) is the corresponding shift map on the orbit space O, (7T") through-
out this appendix. This appendix is devoted to establishing some relations between
some properties of 7" and the corresponding properties of o. These relations are
mainly used in Section [7]

Forward expansiveness.
Proposition D.1. If T is forward expansive with an expansive constant €, then o is
forward expansive with an expansive constant 2(1;%)

Proof. For each pair of distinct orbits (x1,za,...), (y1,¥2,...) € Ou(T), by the for-
ward expansiveness of T, we can choose a positive integer n such that d(z,,y,) > €.
This implies that

dw(a”_l(acl,...,xn,...),a”_l(yl,...,yn,...))
d(Tp, Yn) €
)= 21 + d(xn, yn)) - 2(1+¢€)

= dw(($n7xn+17 cee )a (ynvyn-‘rl) s
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Therefore the shift map o is forward expansive with an expansive constant ﬁ

Proposition D.2. If o: O (T) — O,(T) is forward expansive with an erpansive
constant € < 1, then T s forward expansive with an expansive constant =

Proof. We argue by contradiction and assume that there is a pair of distinct orbits
(z1,22,...), (Y1,42,...) € Ou(T) such that d(zy,yr) < 1= for all £ € N. Then for
all n € N, we have

dw(an_l(xl, Ty ), 0 T YL Y ))
= dw((:vn,xnﬂ, Ce ), (yn’yn+1’ e ))

o Z xk’—i—na yk—i—n)
2k+1 1 + d xk+n7 yk-‘rn))

= Z Ok+1

:E’

which contradicts the fact that o: O,(T) — O, (T) is forward expansive with an
expansive constant €. Therefore, T is forward expansive with an expansive constant
€ 0
1

—€

Specification property.

Proposition D.3. IfT has the specification property in the sense of Definition
then o has the specification property in the sense of Definition[7.3,

Proof. Fix an arbitrary number ¢ > 0. Choose K € N such that 1/25% < ¢/2.
By the specification property of T, suppose that M &€ N satisfies the following

property:

For arbitrary n € N, =, ..., 20 € X, my, ..., mp, p1, ..., p, with p; > M for
every j € (n], and orbits (mo,xl, . ,:Ein__l) € O, (T') for every j € (n], there exists

an orbit z = (29, 21,...) € Ou(T) such that d(zmJ Dtir T ) < €/2 for all j € (n] and

i € [mj — 1], where m(j) == ij(mk + Pi)-

k=1
Now fix arbitrary n € N, orbits 2/ = (zf,21,...) € Ou(T), j € (n], and
My, ..., My, P1, ---, Pnp € N with p; > M + K. Since p; — K > M, we can choose

an orbit z = (29, z1,...) € O,(T) such that d(zm(j_l)ﬂ,mg) < 5 for all j € (n] and

J J
€ [m; + K — 1], where m(j) = > (my + K +pr, — K) = > (mg + pr).
k=1 k=1
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Then for all j € (n] and ¢ € [m; — 1], we have
dy (O-m(j_l)—’—i(z)’ O-i('rj)) =d, ((Zm(]'*l)Jri? Am(j—1)+i+1y - - )7 (Iz7 szrla s ))

. Z ij 1)+itrs L Z-H’)

2r+1 1+ d(zm (j=1D)+itr, L H—T’)
1y R |

<

r

J
2r+1 d(zm(j_l)“’i‘”" xi—l—’l’) + 2r+1
r=K

=

|~

1

_
2 ' 2K

N

1

M3

Therefore we conclude that the shift map ¢ has the specification property. O

Openness.
Proposition D.4. If T is open, then o is an open map.

Proof. Fix an arbitrary open set U C O, (7). We show that o(U) is an open subset
of O,(T). Fix an arbitrary orbit y € o(U).

Assume that z € U and o(z) = y. Since U is an open subset of cO,(T), we can
choose n € N and open subsets Vi, ..., V,, of X such that z € V; x --- x V, x X“ N
O.(T) CU. Soy=o(z) € O'(V1 e x Vo x XN O,(T)) C o(U). Since T is
open in the sense of Definition [7.11] we have T'(V;) is an open subset of X, and thus
o1 x -+ x Vo x XNOLT)) =T WV)NVa) x Vg x - xV, x XN O,(T) is an
open subset of O, (T). Because y € o(U) is chosen arbitrarily, we know that o(U) is
an open subset of O, (7). Therefore, the shift map o is an open map. O

Proposition D.5. If o is an open map, then T is open.

Proof. Assume that ¢ is an open map. Then choose an arbitrary open subset U of
X. We have that o(U x XN O,(T)) =T(U) x XN O,(T) is an open subset of
cO,(T). Since the projection map is an open map, we have T'(U), as the projection
of T(U) x XN O,(T) on the first coordinate, is an open subset of X. Therefore,
the correspondence 7' is open. O

Strong transitivity.

Proposition D.6. If T is open and strongly transitive, then o is topologically tran-
sitive.

Proof. To show that ¢ is transitive, we choose two arbitrary non-empty open subsets
U,, Uy of O,(T) and show that there exists n € N such that o¢"(U;) N U, # 0.
Assume U; = V) X -+ XV, Xx XY N O,(T), where m € N and V3, ..., V,, are open
subsets of X.
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Note that
o™ N U) =™ N Vi x -+ x Vi x XN OL(T))

_ ((nj T””“’“(V,J) % X“ N O,(T).

Since the correspondence T is open in the sense of Definition and Vq, ..., Vi,
are open subsets of X, we have (), 7™ *(V},) is an open subset of X. Moreover,
Nie, T™*(V}) is non-empty because o™ !(U,) is non-empty due to U; # 0. So
MNie, T™ *(V}) is a non-empty open subset of X.

As U, is non-empty, we can choose an orbit (z, 7, ...) € Uy. We have 2] 77" (z;)
is dense in X, ensured by the strong transitivity of 7. So there exists n € N such
that 77"(z1) N (e, T™ (Vi) # 0, ie., there exists (yo,...,yn) € On(T) with
Yo € Npey T™7%(V,) and y,, = 1. Consider the orbit 2 == (yo, . - -, Yn—1, %1, T2,...) €
O, (T). Since yo € (o, T™*(Vi), we have

v € (T () x XN 0L(T) = a" (L)),
k=1
Moreover, 0" (z,) = (21, %2, ...) € Uy. Therefore o™ " H(U,) N U, # 0. O

Topological exactness.
Proposition D.7. If T is open and topologically exact, then o is topologically exact.

Proof. To show that ¢ is topologically exact, we fix an arbitrary non-empty open
subset U of O, (T) and show that there exists m € N such that ™ (U) = O, (T).
Choose x € U. Suppose x € Uy x ---U, x X*NO,(T) C U, where Uy, ..., U, are
open subsets of X. We have 0" (z) € 6" (U} x --- U, x X* N O,(T)) C a" 1 (U).
Note that 6" !(z) € 0" ' (Uy x -+ Uy, x XY N OL(T)) = (M=, T "(Ux)) x X* N
O,(T), so Np_, T"*(U}) is non-empty. Since the correspondence 7' is open in the
sense of Deﬁnitionand Ui, ..., U, are open subsets of X, we have (,_, 7" *(Uy)
is an non-empty open subset of X. Thereby, the topologically exact property of T
indicates that there exists N € N such that TV ((,_, 7" *(Ux)) = X, and thus

o"NTH U x - Uy x XY N OL(T)) = o ( ((i] T""“(Uk)) x XN Ow(T))

= TN(ﬁ T""“(Uk)) x X*NOLT) =X x X N0O,(T) = 0O,(T).

Therefore, o™tV =Y (U) = O, (T). O
Distance-expanding property.

Proposition D.8. Let T' be a distance-expanding correspondence on a compact met-
ric space X. Suppose that X > 1, n > 0, and n € N satisfy inf{d(z,y') : 2’ €
T"(z),y € TM(y)} > Md(z,y) for all x,y € X with d(z,y) < n. Then for an
arbitrary X' € (1, X), there exists ' > 0 and k € N with the property that:
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For each (x1,x9,...), (y1,92,...) € O,(T), if du((x1,22,...), (Y1,%2,...)) < 1/,
then d, ("™ (1, 29,...), 0" (Y1, yo, ... )) = Ndy,((z1, 72, ... ), (Y1, 42, .. .).
In short, iof T is distance-expanding, then o s distance-expanding.

Proof. Choose k € N with 2 . AQ_—/\)‘, > XN and set ' = 22%min{ﬁ, ﬁ)\/\_/”} Fix

arbitrary = (21, %2,...), ¥ = (Y1, %2, ...) € Ou(T) with d,(z,y) < n'. We aim to

prove d,,(0*"(z), " (y)) = Ndo(z, y)-
For each j € (2kn], since

I n A=N ,
= d
92kn {1_{_77’ 2)\/()\_1)} n > w((xlaf@, )7(y1ay27 ))
1 d(zj,y;)
1 d(e)
- 22kn 1 + d(fﬂj,y])’

we have d(z;,y;) < min{n, ﬁf\/_/\,} < n. This implies d(j4n, Yj+n) = (24, Y;)

for all j € (2kn] since x;1, € T™(x;) and y,4+, € T"(y;). As aresult, for each j € (kn],

we have d(2j4n, Yjrrn) = Ad(z5,y;) = Ad(z;,y;). In addition, d(z;,y;) < 50—

implies 45 2G> o0l which holds for all j € (kn]. Recall 20228 > X'

From the arguments above, for every j € (kn| we have

ofn A(Tjikns Yjvhn) o opn A TN Ad(@5,95) pn A= N d( Ty ks Yjrkn)
1+ d(Tjkn, Yjrkn) 2X 14 Md(zxj,y;) 2N 1+ d(Tjskn, Yithn)
S ok y/ d(z;, ;) AT jkns Yjrkn)

1+ d(z;,v;) L+ d(@)4kns Yjtrhn)

Dividing both sides of the inequality above by 2*"*J and then summing over j from
1 to kn, we get

kn 2kn
(D.1) 1 d(xj-i-kna yj-i-kn) >\ 1 d(xﬁyj)

= 2j 1 —f- d(xj-i-kn’ yj-i—kn) - st 2j 1 + d(l’j, yj)

Additionally, since X' < 2k . ’\2_—):\/ < 2F" we have

+oo +00
1 d(zj,y) 1 d(z,y;)
D.2 : 22 >\ el
( ) Z 23_knl—|—d($j,yj) Z 27 1+d<$J,yj>

j=2kn+1 j=2kn+1

Adding both sides of inequalities (D.1]) and (D.2)) together, we obtain

(0" (z), 0™ (y)) = Ndu(z, y).

The proposition is now established. 0
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measure of maximal entropy, [5} [7]
measure-theoretic entropy, [39]
measure-theoretic entropy with respect to

partition, [3§]

open, [67]
orbit,
orbit space,

periodic orbit, 23]

pullback,
pushforward,

repelling,
Rokhlin formulas,
RW-expansiveness, @I

simple center,
specification property,
strongly transitive, [67]
Sullivan’s dictionary,

support, [33]

topological entropy, 29
topological pressure, 28|
topologically exact,
99



100 XIAORAN LI, ZHIQIANG LI, AND YIWEI ZHANG

XIAORAN LI, SCHOOL OF MATHEMATICAL SCIENCES, PEKING UNIVERSITY, BEIJING 100871,
CHINA
Email address: 2000010758@stu.pku.edu.cn

ZHIQIANG L1, SCHOOL OF MATHEMATICAL SCIENCES & BEIJING INTERNATIONAL CENTER FOR
MATHEMATICAL RESEARCH, PEKING UNIVERSITY, BEIJING 100871, CHINA
Email address: z1i@math.pku.edu.cn

YIWEI ZHANG, SCHOOL OF MATHEMATICS AND STATISTICS, CENTER FOR MATHEMATICAL
SCIENCES, HUBEI KEY LABORATORY OF ENGINEERING MODELING AND SCIENTIFIC COMPUTING,
HuazunoNG UNIVERSITY OF SCIENCE AND TECHNOLOGY, WUHAN 430074, CHINA

Email address: yiweizhang@hust.edu.cn



	1. Introduction
	Statement of main results
	Applications to holomorphic or anti-holomorphic correspondences
	Strategy of this work
	Structures of this work
	Acknowledgments

	2. Notation
	3. Holomorphic and anti-holomorphic correspondences
	3.1. Lee–Lyubich–Markorov–Mazor–Mukherjee correspondences
	3.2. A family of hyperbolic holomorphic correspondences

	4. Topological pressure of correspondences
	4.1. Definition of correspondences
	4.2. Definition of topological pressure for correspondences
	4.3. A characterization of the topological pressure

	5. Measure-theoretic entropy of transition probability kernels
	5.1. Basic properties of transition probability kernels
	5.2. Transition probability kernels Q[n] and Q
	5.3. Definition of measure-theoretic entropy for transition probability kernels
	5.4. A characterization of the measure-theoretic entropy

	6. Variational Principle for forward expansive correspondences
	6.1. Forward expansiveness
	6.2. Properties of the induced partition A"0365AnT of the orbit space
	6.3. Rokhlin formulas
	6.4. Proof of Theorem D
	6.5. Proof of Theorem A

	7. Thermodynamic formalism for correspondences
	7.1. Specification property and Bowen summability
	7.2. Forward expansive correspondences with the specification property
	7.3. Open, distance-expanding, strongly transitive correspondences

	Appendix A. Transition probability kernels
	A.1. Proofs of basic properties
	A.2. Conditional transition probability kernels

	Appendix B. Single-valued maps
	B.1. Transition probability kernels and measure-theoretic entropy
	B.2. Correspondences and topological pressure
	B.3. Several properties for Cf

	Appendix C. Finite cases
	C.1. Transition probability kernels and measure-theoretic entropy
	C.2. Correspondences and topological pressure
	C.3. Construction of an equilibrium state

	Appendix D. Correspondences and corresponding shift maps
	References
	Index

