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Abstract. We investigate the correspondence between thermodynamic formalism and
ergodic optimization. It has been known that the Bousch operator LA is tropical linear
and corresponds to the Ruelle operator RA. In this paper, we present general idempotent
analysis (tropical algebra) results, define the tropical adjoint operator L∗

A which corre-
sponds to R∗

A, and study the existence and generic uniqueness of tropical eigen-densities
of L∗

A. We also investigate the Logarithmic type zero temperature limit of equilibrium
states which implies the large deviation principle. It turns out that the rate function is
the tropical product of a calibrated sub-action and a tropical eigen-density.
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1. Introduction

This paper is devoted to explore more connection between ergodic optimization and ther-
modynamic formalism. The connection of the two areas is related to the zero temperature
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limit called the Maslov dequantization and consequently the tropical (max-plus) algebra
naturally appears. From this viewpoint, the tropical algebra corresponds to the linear
algebra on R, the Bousch operator as a tropical linear operator corresponds to the Ruelle
operator, the maximal potential energy corresponds to (the exponential of) the topological
pressure (as the eigenvalues of the corresponding operators), and the calibrated sub-actions
(i.e., the tropical eigenfunctions of the Bousch operator) correspond to the eigenfuction of
the Ruelle operator. We add to the existing connection that tropical eigen-densities are
just the rate functions for the large deviation principle for the family of eigenmeasures
parametrized by the temperature. For relevant background in dynamical systems, see
[BLL13] and [LZ23]. For more about the tropical algebra and other applications, see
[LMS01] and [Mik06]. Note that [LMS01] focuses on idempotent analysis, i.e., analysis in
some abstract max-plus algebra, while [Mik06] is about tropical geometry which is related
to algebraic geometry.

Thermodynamic formalism (in ergodic theory) dates back to the works of Ya. G. Sinai,
R. Bowen, D. Ruelle, and others around early 1970s [Do68, Sin72, Bow75, Ru78], inspired
by statistical mechanics. See also [Bro65, Lyu82] for early works in complex dynamics.
Recall the measure-theoretic pressure

Pµ(T, φ) = hµ(T ) +

∫
φ dµ,

where hµ(T ) is the measure-theoretic entropy and µ is a T -invariant Borel probability mea-
sure. We call µ an equilibrium state if µ maximizes Pµ(T, φ). In particular, for a constant
potential, an equilibrium state reduces to a measure of maximal entropy. Equilibrium
states are the central focus on thermodynamic formalism. The Ruelle operator Rφ, also
known as the Ruelle–Perron–Frobenius operator or the transfer operator, was introduced
by D. Ruelle to study the equilibrium states.

Our work can be seen as a tropical version of thermodynamic formalism. We first
present a relatively complete study in idempotent analysis (tropical algebra) including the
definitions and properties of completions of tropical spaces, tropical dual spaces, tropical
continuious linear functionals, tropical measures, and densities. Then we investigate the
existence and representations of the calibrated sub-actions (i.e., the tropical eigenfucntions
of the Bousch operator), define the tropical adjoint operator of the Bousch operator, and
investigate the existence and representations of the tropical eigen-densities of the tropi-
cal adjoint operator. We remark that generically (when the Hölder potential is uniquely
maximizing) the tropical eigenfunction and the tropical eigen-density is unique up to a
(tropical multiplicative) constant. Tools from ergodic optimization including the Aubry
set and the Mañé potential are used when we give the representations. Moreover, we also
investigate the zero temperature limit which links the corresponding objects of thermody-
namic formalism to its tropical counterpart. Similar to the fact that the equilibrium state
in thermodynamic formalism is the product of the eigenfunction and the eigenmeasure, we
see that the zero temperature limit of the equilibrium states is a tropical product of the
tropical eigenfuction and the tropical eigen-density.

1.1. Preliminaries and assumptions.
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1.1.1. Tropical algebra and uniformly expanding dynamical systems. We consider Rmax :=
R ∪ {+∞, −∞} equipped with the tropical (max-plus) algebra:

x⊕ y := max{x, y}, x⊗ y := x+ y, for x, y ∈ Rmax.

Since −∞ is seen as the tropical zero element, we adopt the convention that −∞⊗+∞ =
−∞. The basis {(a, b), [−∞, a), (b,+∞] : a, b ∈ R} generates the desired topology on
Rmax. Define sup ∅ := −∞.

Let C(X,R) be the space consisting of real-valued continuous functions on a topological
space X. Let RX

max denote the space of Rmax-valued functions on X. The space RX

max

with (u ⊕ v)(x) := u(x) ⊕ v(x) for all u, v ∈ RX

max and (λ ⊗ u)(x) := λ ⊗ u(x) for all
u ∈ RX

max and λ ∈ Rmax is a Rmax-semimodule and it has the natural order: u ≼ v if and
only if u(x) ⩽ v(x) for all x in X, i.e., u ≼ v if and only if u ⊕ v = v. We also consider
(u⊗ v)(x) := u(x)⊗ v(x) for all u, v ∈ RX

max.
In the sequel, ⊕ always means sup.
Note that −∞ is the zero element (the additive identity) of Rmax, 0 is the multiplicative

identity element of Rmax, and the constant −∞ function is the zero element of RX

max.
We use 0X and 1X to represent the constant zero and one functions on X, respectively.
In this paper, we focus on uniformly expanding systems T : X → X that satisfy the

following Assumptions:
(i) X is a compact metric space with the metric d.
(ii) T is open, continuous, and topologically transitive (thus surjective).
(iii) T is distance expanding, i.e., there exist constants λ > 1 and η > 0 such that

d(x, y) ⩽ 2η implies d(Tx, Ty) ⩾ λd(x, y) for x, y ∈ X.

1.1.2. Ruelle operators and Bousch operators. Let Lip(X, dα) denote the space of α-Hölder
continuous functions φ : X → R with respect to the metric d where α ∈ (0, 1]. For
A ∈ C(X,R), the operator RA : C(X,R) → C(X,R) given by

u 7→ RA(u)(x) :=
∑

y∈T−1(x)

u(y)eA(y)

is called the Ruelle operator with potential A. For a uniformly expanding dyamical system
T : X → X, it is well known that for a Hölder potential A ∈ Lip(X, dα), RA (resp. its
adjoint operator R∗

A) has a unique eigenfunction (resp. eigenmeasure) up to a constant
with respect to the eigenvalue of maximal modulus, i.e., eP (T,A), where P (T,A) is the
topological pressure of T with respect to the potential A. Thus, if mA is a probability
measure that satisfiesmA(X) = 1 andR∗

A(mA) = eP (T,A)mA, while the function uA satisfies∫
uA dmA = 1 and RA(uA) = eP (T,A)uA, then µA := uA ·mA is the unique equilibrium state.

Fix A ∈ Lip(X, dα). Let R̃A(u) :=
1

eP (T,A)uA
RA(uuA) be the normalized Ruelle operator.

Note that R̃βA is just the Ruelle operator with potential
(1.1) gβ = βA+ log uβA − log uβA ◦ T − P (T, βA)

and R̃βA(1X) = 1X , R̃∗
βA(µβA) = µβA. See for example, [PU10, Chapters 3 and 5] for more

details.
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For each β > 0, denote

(1.2) lµβ(f) :=
1

β
log

∫
eβf dµβA and lmβ (f) :=

1

β
log

∫
eβf dmβA,

for f ∈ C(X,R). When we say the “Logarithmic type zero temperature limits”, we are
considering the accumulation points (in the compact-open topology) of { 1

β
log uβA}β∈(0,+∞),

{lµβ(·)}β∈(0,+∞), or {lmβ (·)}β∈(0,+∞) as β → +∞.

Definition 1.1. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
C(X,R). The Bousch operator LA with potential A is defined by

LA(u)(x) := ⊕
y∈T−1(x)

(u(y)⊗ A(y)) = sup
y∈T−1(x)

{u(y) + A(y)},

for all u ∈ C(X,R) and x ∈ X. We define its tropical adjoint operator L∗
A by

(1.3) L∗
A(b)(x) := b(T (x))⊗ A(x) = b(T (x)) + A(x)

for each x ∈ X and each density b ∈ Dmax(X).

Remark 1.2. For the Bousch operator LA, we will recall the fact that LA(u) ∈ C(X,R)
for all u ∈ C(X,R) in Proposition 3.2. It immediately follows that LA is a tropical linear
map (see also [LZ23, Lemma 6.1]). For the precise definition of tropical linearity, see
Definition 2.5.

For the tropical adjoint operator L∗
A, as we will see, every tropical linear functional

in C(X,R)∗ corresponds to a unique density in Dmax(X) (see Proposition 2.12 and Re-
mark 2.17) and every finite tropical measure corresponds to a unique density in Dmax(X)\
{+∞} (see Proposition 2.16 and Remark 2.17). For the definition of Dmax(X), see Re-
mark 2.17.

We choose to define the tropical adjoint operator L∗
A on the space of densities Dmax(X).

For a justification for our definition in formula (1.3), see Remark 3.7. For the precise
definitions of tropical linear functionals, C(X,R)∗ , tropical measures, and densities, see
Definitions 2.5, 2.9, 2.14, and 2.15, respectively.

The constant Q(T,A), which we call the maximal potential energy, is defined as

Q(T,A) := sup

{∫
A dµ : µ ∈ M(X,T )

}
,

where M(X,T ) is the set of all T -invariant Borel probability measures on X. The supre-
mum is attained due to the weak*-compactness of M(X,T ). We call a measure µ ∈
M(X,T ) that satisfies

∫
A dµ = Q(T,A) a maximizing measure for T and A and denote

the (nonempty) set of maximizing measures by

Mmax(T,A) :=

{
µ ∈ M(X,T ) :

∫
A dµ = Q(T,A)

}
.

The study of maximizing measures became known as ergodic optimization after O. Jenk-
inson [Je06]. Ergodic optimization originated in 1990s from the works of B. R. Hunt and
E. Ott [HO96a, HO96b], with motivation from control theory [OGY90, SGYO93], and the
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Ph.D. thesis of O. Jenkinson [Je96]. For comprehensive surveys on the subject, see O. Jenk-
inson [Je06, Je19], J. Bochi [Boc18], and A.T. Baraviera, R. Leplaideur, and A.O. Lopes
[BLL13].

Note that A := A−Q(T,A) is the normalized potential.
We have the following definitions:
(i) u ∈ C(X,R) is a tropical eigenfunction of LA (associated with eigenvalue Q(T,A))

if LA(u) = u⊗Q(T,A), i.e., LA(u) = u.
(ii) u ∈ C(X,R) is a sub-action if LA(u) ≼ u⊗Q(T,A).
(iii) A density b ∈ Dmax(X) is a tropical eigen-density of L∗

A (associated with eigenvalue
Q(T,A)) if L∗

A(b) = b⊗Q(T,A), i.e., L∗
A
(b) = b.

As we will see in Theorem A the tropical eigenvalue for LA (resp. L∗
A) is unique.

In ergodic optimization (e.g.[Ga17]), a tropical eigenfunction of LA is called a “calibrated
sub-action”. In order to find a sub-action, T. Bousch [Bou00] proposed to find a calibrated
sub-action which is a fixed point of LA. The operator LA was studied by T. Bousch
in [Bou00], which is why we call LA the Bousch operator (with potential A). It is also
known as the Bousch–Lax operator or the Lax operator in the literature since an analogous
construction gives the Lax–Oleinik semi-groups in the context of Hamiltonian systems.

We call the potential A uniquely maximizing if Mmax(T,A) consists of a single measure.
It is worth mentioning that for an open and dense subset of A in Lip(X, dα), A is uniquely
maximizing. This is proved in G. Contreras, A.O. Lopes, and P. Thieullen [CLT01].

1.2. Main results. In [LZ23], it is proposed to study the “dictionary” for the corre-
spondence between ergodic optimization and thermodynamic formalism. A proof of the
existence of tropical eigenfunctions following this dictionary is presented in [LZ23]. We in-
vestigate along this direction and study the existence of tropical eigen-densities and generic
uniqueness of both tropical functions and tropical eigen-densities.

Theorem A (Existence and generic uniqueness of tropical eigenfucntions and tropical
eigen-densities.). Suppose that T : X → X satisfies the Assumptions in Subsection 1.1 and
A ∈ Lip(X, dα). Then the following statements hold:

(i) (Existence of tropical eigenfunction) For each u ∈ Lip(X, dα), define
vu(x) := lim sup

n→+∞
Ln

A
(u)(x),

for each x in X. Then vu ∈ Lip(X, dα) and vu is a tropical eigenfunction of LA.
(ii) (Generic uniqueness of tropical eigenfunction) For an open and dense subset of A

in Lip(X, dα), LA has a unique tropical eigenfunction up to a tropical multiplicative
constant.

(iii) (Existence of tropical eigen-density) There exists a tropical eigen-density of L∗
A

different from constant density functions −∞ and +∞.
(iv) (Generic uniqueness of tropical eigen-density) For an open and dense subset of A

in Lip(X, dα), L∗
A has a unique tropical eigen-density up to a tropical multiplicative

constant.
Moreover, Q(T,A) is the unique tropical eigenvalue of LA (resp. L∗

A).
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In order to study the generic uniqueness of tropical eigenfunctions and tropical eigen-
densities, we study the general representations which can be described by tools in ergodic
optimization.

Theorem B (Representation of tropical eigenfunctions and eigen-densities). Suppose that
T : X → X satisfies the Assumptions in Subsection 1.1 and A ∈ Lip(X, dα). Let ϕA(·, ·) : X×
X → R ∪ {−∞} be the Mañé potential associated with A and ΩA be the Aubry set with
respect to A. Then the following statements hold:

(i) For every tropical eigenfunction v of LA, the identity

v(y) = ⊕
x∈ΩA

(v(x)⊗ ϕA(x, y))

holds for every y in X.
(ii) For every tropical eigen-density b of L∗

A, we have that b(·) is equivalent to ⊕
y∈ΩA

(ϕA(·, y)⊗

b(y)), i.e.,

⊕
x∈X

(f(x)⊗ b(x)) = ⊕
x∈X,y∈ΩA

(f(x)⊗ ϕA(x, y)⊗ b(y))

for every f ∈ C(X,R).
(iii) If A is uniquely maximizing, then the entries of {ϕA(x, ·)}x∈ΩA

(resp. {ϕA(·, y)}y∈ΩA
)

are the same tropical eigenfunction of LA (resp. eigen-density of L∗
A) up to a tropical

multiplicative constant.

The Mañé potential and the Aubry set are recalled in Definitions 3.11 and 3.10, re-
spectively. While the parts of Theorem B on eigenfunctions have appeared in [Ga17,
Propositions 6.2 and 6.7], the parts on eigen-densities are new.

The zero temperature limits can be seen as a bridge connecting thermodynamic formal-
ism objects and their tropical counterparts. We study the Logarithmic type zero temper-
ature limits below.

Theorem C (Logarithmic type zero temperature limits of eigenfuctions and eigenden-
sities). Suppose that T : X → X satisfies the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). Then the following two statements hold:

(i) The family
{

1
β
log uβA

}
β∈(1,+∞)

is normal and the (uniform) limit of every con-
vergent subsequence

{
1
βn

log uβnA

}
n∈N with βn → +∞ as n → +∞ is a tropical

eigenfunction of LA.
(ii) The family

{
lmβ (·)

}
β∈(0,+∞)

is normal and the (pointwise) limit of every convergent
subsequence

{
lmβn

(·)
}
n∈N with βn → +∞ as n → +∞ is a tropical linear functional

whose density is a tropical eigen-density of L∗
A.

(iii) The family
{
lµβ(·)

}
β∈(0,+∞)

is normal and the (pointwise) limit of every convergent
subsequence

{
lµβn

(·)
}
n∈N with βn → +∞ as n → +∞ is a tropical linear functional

whose density is the tropical product of a tropical eigenfunction of LA and a tropical
eigen-density of L∗

A.
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Here lmβ and lµβ are defined in (1.2) and uβA is the eigenfunction of the Ruelle operator
RβA defined in Subsection 1.1.

While Theorem C (i) may be a well-known result, Theorem C (ii) and (iii) are new and
it follows from Theorem C (ii) and (iii) that the density functions are the corresponding
rate functions.

Theorem D (Logarithmic type zero temperature limits of equilibrium states and nor-
malized potentials). Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(A, dα). Then the following statements hold:

(i) The two families
{gβ

β

}
β∈(1,+∞)

and
{
lµβ(·)

}
β∈(0,+∞)

are normal.

(ii) Suppose that
{gβk

βk

}
k∈N (uniformly) converges to Â and

{
lµβk

(·)
}
k∈N (pointwise) con-

verges to l̂(·) with βk → +∞ as k → +∞. Then l̂ is a tropical linear functional.
Let b̂ be the density of l̂ in Dmax(X). Then L∗

Â

(̂
b
)
= b̂, i.e., b̂ ◦ T + Â = b̂.

Here gβ is the normalized potential defined in (1.1) and Dmax(X) is defined in Re-
mark 2.17. Theorem D is a generalization of results in [Me18].

Recall that a family of real-valued continuous functions on X (resp. functionals on
C(X,R)) is a normal family if for every sequence of functions (resp. functionals) of this
family, there exists a subsequnce that is uniformlly converging on every compact subsets
of X (resp. C(X,R)). It immediately follows that if a sequence of real-valued continuous
functions on X (resp. functionals on C(X,R)) of a normal family pointwise converges,
then the pointwise limit of this sequence is the limit of this sequence in the compact-open
topology.

In Theorems C and D, all the limits of functions (on X) metioned are uniform limits
and all the limits of functionals (on C(X,R)) metioned are pointwise limits. Once the
normality of a certain family is verified, we do not distinguish between the two kinds of
limits.

Theorem A is our main result which corresponds to thermodynamic formalism. We give
original proofs of (i) and (iii) following the correspondence of thermodynamic formalism
and its tropical couterpart. For (i), recall that the eigenfunction of the Ruelle operator Rφ

with respect to a potential φ ∈ Lip(X, dα) is the limit of 1
n

∑n
i=0 Ri

φ(u) as n → +∞ for
every u ∈ Lip(X, dα) where φ := P (T, φ)−1φ. Since + correspnds to ⊕ and φ corresponds
to A, we shall consider some tropical sum ⊕

i
Li

A
(u). It is worth noticing that we use the tail

⊕
i⩾n

Li
A
(u) instead of ⊕

i⩽n
Li

A
(u) but one notices that the limit of 1

n

∑n
i=0 Ri

φ(u) only depends

on the tail of
{
Rn

φ(u)
}
n∈N (see Proposition 3.5 and Corollary 3.6). For (iii), recall that

existence of the eigenmeasure of R∗
φ follows from general functional analysis results (the

Schauder–Tychonoff fixed point theorem). Thus, we refer to properties of tropical spaces.
We use the completeness of the tropical space ̂C(X,R) and apply a version of Perron’s
method to prove (iii) (see Proposition 3.9).

In Theorem B, we use the Mañé potential to represent tropical eigenfunctions and trop-
ical eigen-densities. Theorem B (i) is well known, see Proposition 3.13 (see also [Ga17,
Proposition 6.2]). It is worth mentioning that the proof of Theorem B (ii) interestingly
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relies on the constructive result Corollary 3.6 (i.e., Theorem A (i)) for tropical eigenfunc-
tions. Theorem A (ii) and (iv) follow from Theorem B (iii). While Theorem A (ii) is a
combination of two well-known results (see [Bou00, Lemma C] and [CLT01]), Theorem A
is new.

Theorem C is a direct result of our perspective about the Logarithmic type zero temper-
ature limits. Combining with Theorems A and B, we immediately see that if the Hölder
potential A is uniquely maximizing, then the accumulation point for the Logarithmic type
zero temperature limit in Theorem C (i)(ii) is unique. Recall that the equilibrium state
is the product of an eigenfunction of the Ruelle operator Rφ and an eigenmeasure of R∗

φ

in our setting (see for example, [PU10, Section 5.2]). Thus, we have the Logarithmic type
zero temperature limit for equilibrium states, which implies the large deviation princi-
ple for equilibrium states. In this way, we prove that the equilibrium states {µβA}β∈(0,+∞)

satisfy the large deviation principle if the Hölder potential A is uniquely maximizing (Corol-
lary 4.3). To study the equivalence between the large deviation principle of the equilibruim
states and the two Logarithmic type zero temperature limits for eigenfunctions and eigen-
measures, we establish Theorem D as a generalization of Corollary 4.4. In the context
of subshifts of finite type, Corollary 4.3 has been proved via a “dual shift” technique in
[BLT11], and [Me18] proved Corollary 4.4 using methods specific to subshifts of finite type.
Our methods in our proofs of Corollaries 4.3 and 4.4 clearly reflect our philosophy in this
paper.

The outline of the paper is as follows. In Section 2, we introduce idempotent analysis
results in our setting, which include the definitions of completeness, tropical dual spaces,
and tropical measures. In Section 3, we focus on the Bousch operator. Subsection 3.1
follows the ideas of [LZ23] in order to reach a constructive proof of Theorem A (i) (i.e.,
Proposition 3.5 and Corollary 3.6). In Subsection 3.2, we recall the concept of the Mañé
potential and discover that tropical eigen-densities of the tropical dual of the Bousch oper-
ator can be represented by the Mañé potential. Theorem B is proved there. In Section 4,
we investigate the Logarithmic type zero temperature limits and establish Theorems C and
D. Moreover, Theorems C and D can simplify the proofs of results in [BLT11] and [Me18]
(i.e., Corollaries 4.3 and 4.4) and give a clear picture from our perspective. We keep the
proofs that are known to experts in Appendix A.

Acknowledgments. The authors want to thank Juan Rivera-Letelier and Misha Lyubich
for suggestions on references. The authors were partially supported by NSFC Nos. 12101017,
12090010, and 12090015.

2. General analysis results

In this section, we prepare some general idempotent analysis results including the defi-
nitions of completeness, tropical dual spaces, and tropical measures.

In this section, we always assume that (X, d) is a metric space. For all x ∈ X and r > 0,
denote B(x, r) := {y ∈ X : d(x, y) < r}. We use N to denote the set of positive integers
and N0 = N ∪ {0}.

2.1. Tropical spaces and tropical dual spaces. We focus on tropical spaces and trop-
ical dual spaces in this subsection, especially the completion and tropical dual of C(X,R).



TROPICAL THERMODYNAMIC FORMALISM 9

We introduce the following notion of completeness and completion, which is different
from the “normal completion” in [LMS01, Page 9].

Definition 2.1. Let S ⊆ RX

max. The subset S is said to be complete if for each subset
U ⊆ S, the (pointwise) supremum taken in RX

max, sup{u(·) : u ∈ U}, is in S. We use ⊕
to denote sup, and ⊕

u∈U
u means sup{u(·) : u ∈ U}. The completion of S, denoted by Ŝ, is

defined to be the intersection of all complete subsets of RX

max containing S.
Recall that a function u : X → Rmax is upper (resp. lower) semi-continuous if for every

b ∈ Rmax, the set {x ∈ X : u(x) < b} (resp. {x ∈ X : u(x) > b}) is open.
Remark 2.2. The “normal completion” of C(X,R) is LSC(X) ∪ {+∞, −∞} (i.e., real-
valued lower semi-continuous functions and the two constant infinity funcitons) while
̂C(X,R) contains more lower semi-continuous functions which take +∞ somewhere but do

not equal +∞ everywhere. Indeed, different kinds of completions can be seen as analogs
of different norms on (conventional) linear spaces.
Lemma 2.3. If g : X → R ∪ {+∞} is lower semi-continuous, then there exists a family
{ui}i∈I in C(X,R) such that g = ⊕

i∈I
ui.

Proof. Baire’s Theorem (see [Ha17]) implies that every lower semi-continuous function
g : X → R ∪ {+∞} on a metric space X is the limit of a non-decreasing sequence of
continuous functions and if g : X → R, then the continuous functions in the sequence
desribed above can be chosen to be real-valued. So if g is real-valued, using Baire’s Theorem
directly leads to the desired result. If g takes +∞ somewhere, we consider gn(x) :=
min{g(x), n} for all n ∈ N and x ∈ X. Note that for all n ∈ N, gn is both lower
semi-continuous and real-valued. Then we obtain a non-decreasing sequence {fk,n}k∈N in
C(X,R) with

lim
k→+∞

fk,n(x) = gn(x)

for all x ∈ X. Therefore, we conclude that g = ⊕
k,n∈N

fk,n. □

Since our main focus is the space C(X,R), we shall give a description of its completion
as follows.
Proposition 2.4. ̂C(X,R) = {g : X → R ∪ {+∞} : g lower semi-continuous} ∪ {−∞}.
Proof. Denote W := {g : X → R∪{+∞} : g lower semi-continuous}∪{−∞}, and we need
to show that W = ̂C(X,R). By Definition 2.1, it suffices to check that W is complete and
each complete subset of RX

max containing C(X,R) contains W .
We first prove the completeness of W . For each family {gv}v∈V in W , gv is lower semi-

continuous for all v in V . Thus, ⊕
v∈V

gv is lower semi-continuous. Moreover, if there exists v0
in V such that gv0 is not constant function −∞, then ⊕

v∈V
gv : X → R∪{+∞} easily follows

from gv0 : X → R ∪ {+∞}. Otherwise gv = −∞ for every v in V and ⊕
v∈V

gv = −∞ ∈ W .
We conclude that ⊕

v∈V
gv is always in W . The completeness of W follows.
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Now we show that every complete set W̃ ⊆ RX

max containing C(X,R) contains W . Note
that −∞ = ⊕

u∈∅
u ∈ W̃ . By Lemma 2.3, for each g ∈ W \ {−∞}, there exists a family

{ui}i∈I in C(X,R) ⊆ W̃ such that g = ⊕
i∈I

ui. Now g ∈ W̃ follows from the completeness of

W̃ . We conclude that W ⊆ W̃ . □
Now we define tropical continuous linear maps based on completeness following [LMS01].

Recall that a R-semimodule is a set S equipped with a binary operation S×S → S, which
we denote by ⊕, and a map from R× S → S, which we denote by ⊗, with the operations
for the ring R also denoted by ⊕ and ⊗, provided that the following axioms are satisfied:

(i) (a⊕ b)⊕ c = a⊕ (b⊕ c) for a, b, c in S.
(ii) a⊕ b = b⊕ a for a, b in S.
(iii) There is an element 0S in S such that 0S ⊕ a = a for every a in S.
(iv) λ⊗ (a⊕ b) = (λ⊗ a)⊕ (λ⊗ b) for λ ∈ R and a, b ∈ S.
(v) (λ1 ⊕ λ2)⊗ a = (λ1 ⊗ a)⊕ (λ2 ⊗ a) for λ1, λ2 ∈ R and a ∈ S.
(vi) 0R ⊗ a = 0S for every a ∈ S.
(vii) 1R ⊗ a = a for every a ∈ S.
(viii) (λ1 ⊗ λ2)⊗ a = λ1 ⊗ (λ2 ⊗ a) for λ1, λ2 ∈ R and a ∈ S.

Definition 2.5. Let V,W ⊆ RX

max be two Rmax-semimodules. Let L be a map from V to
W .

(i) We call L tropical linear if
L(u⊕ v) = L(u)⊕ L(v) and L(λ⊗ u) = λ⊗ L(u),

for all λ ∈ Rmax and u, v ∈ V .
(ii) We call L tropical continuous if L can be extended uniquely to a tropical linear

map L : V̂ → Ŵ satisfying
L
(
⊕
u∈U

u
)
= ⊕

u∈U
L(u)

for every subset U ⊆ V̂ .
(iii) If W = Rmax (seen as the set of constant functions in RX

max), then L is called a
tropical functional.

When L satisfies more than one properties above, we adopt the convention to only use one
“tropical”, for example, a tropical linear functional.

Let V,W ⊆ RX

max be two Rmax-semimodules and L be a tropical linear map from V to
W . Suppose u, v ∈ V and u ≼ v, i.e., u ⊕ v = v. Then L(v) = L(u ⊕ v) = L(u) ⊕ L(v),
i.e., L(u) ≼ L(v). Thus, L is an order-preserving map. (As subsets of RX

max, V,W inherits
the natural order on RX

max.) We record this well-known fact below.

Lemma 2.6. Let V,W ⊆ RX

max be two Rmax-semimodules and L be a tropical linear map
from V to W . Then L is an order-preserving map.
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We discover the following interesting result which plays a role in the discussion on zero
temperature limits.

Proposition 2.7. If X is compact, then every tropical linear functional L : C(X,R) →
Rmax is tropical continuous.

Proof. We need to prove that L can be uniquely extended to some L̂ : ̂C(X,R) → Rmax

satisfying L̂
(
⊕
u∈U

u
)
= ⊕

u∈U
L̂(u) for each subset U ⊆ ̂C(X,R) and L̂(λ ⊗ g) = λ ⊗ L̂(g)

for all g ∈ ̂C(X,R) and λ ∈ Rmax. We first construct an extension and then verify the
uniqueness.

We consider L̂(g) := ⊕
u∈C(X,R),u≼g

L(u) for g ∈ ̂C(X,R). If g ∈ C(X,R), then the tropical

linearity of L and Lemma 2.6 imply L(u) ⩽ L(g) for all u ∈ C(X,R) with u ≼ g. Note
g ≼ g. Thus, L̂(g) = L(g), i.e., L̂ is an extension of L. Next, we check the linearity and
continuity condition for L̂. Fix g ∈ ̂C(X,R). Note that when λ ∈ R,

(2.1) L̂(λ⊗ g) = ⊕
u∈C(X,R),u≼λ⊗g

L(u) = ⊕
u∈C(X,R),u≼g

L(λ⊗ u) = λ⊗ L̂(g).

When λ ∈ {+∞, −∞}, the identities in (2.1) obviously hold.
To prove L̂

(
⊕
u∈U

u
)
= ⊕

u∈U
L̂(u), denote g := ⊕

u∈U
u for some arbitrary U ⊆ ̂C(X,R).

According to our construction of L̂, u ≼ g implies L̂(u) ⩽ L̂(g). We conclude that
⊕
u∈U

L̂(u) ⩽ L̂(g). Now we need to show L̂(g) ⩽ ⊕
u∈U

L̂(u). According to our construction of

L̂, it suffices to prove that for every v in C(X,R) satisfying v ≼ g, L(v) ⩽ ⊕
u∈U

L̂(u).
Fix ϵ > 0 and v ∈ C(X,R) with v ≼ g = ⊕

u∈U
u. For every x ∈ X, there exists ux ∈ U such

that ux(x) > v(x)− ϵ. Since ux ∈ ̂C(X,R), by Lemma 2.3 there exists wx ∈ C(X,R) such
that wx ≼ ux and wx(x) > v(x)− ϵ. Now that wx and v are both in C(X,R), wx > v − 2ϵ
holds in some neighbourhood B(x, rx). Thus,

⋃
x∈X

B(x, rx) forms an open cover of X and

compactness of X implies that there is a finite cover X =
n⋃

i=1

B(xi, rxi
). We conclude that

v − 2ϵ ≼ ⊕
1⩽i⩽n

wxi
.

Note that ⊕
1⩽i⩽n

wxi
is in C(X,R) since wxi

is in C(X,R). Thus, the linearity of L,
wx ≼ ux, and ux ∈ U implies that

L(v)− 2ϵ ⩽ L
(

⊕
1⩽i⩽n

wxi

)
= ⊕

1⩽i⩽n
L(wxi

) ⩽ ⊕
1⩽i⩽n

L̂(uxi
) ⩽ ⊕

u∈U
L̂(u).

Let ϵ → 0+ and we conclude that L(v) ⩽ ⊕
u∈U

L̂(u) and the continuity follows.

Finally, we verify the uniqueness of the extension. Let L̃ be an extension of L satisfying
L̃
(
⊕
u∈U

u
)
= ⊕

u∈U
L̃(u) for each subset U ⊆ ̂C(X,R) and L̃(λ ⊗ g) = λ ⊗ L̃(g) for all

g ∈ ̂C(X,R) and λ ∈ Rmax.
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Fix g ∈ ̂C(X,R), consider U := {u ∈ C(X,R) : u ≼ g}. By Lemma 2.3, we have
⊕
u∈U

u = g. Now since L̃ is a tropical continuous linear extension of L, we see that L̃(g) =

⊕
u∈U

L̃(u) = ⊕
u∈C(X,R),u≼g

L(u) = L̂(g). Uniqueness follows. □

Remark 2.8. This proposition suggests that when X is compact, there is no difference
between tropical linear functionals and tropical continuous linear functionals. Furthermore,
we observe that when X is compact, we can replace “every subset U ⊆ V̂ ” with “every
countable subset U ⊆ V̂ ” in Definition 2.5 (ii).

Definition 2.9. Let V ⊆ RX

max be a Rmax-semimodule. The tropical dual space V ∗ of V
is defined to be the space consisting of all tropical continuous linear functionals from V̂ to
Rmax.

In the sequel, we discuss the connection between the completion and the tropical dual
space. The following definitions are important for the representation of the tropical dual
space as well as some analysis in Section 4. Similar notions also appear in [CGQ04] and
[LMS01].

Definition 2.10. For u, v ∈ RX

max, we define
u� v := sup

{
λ ∈ Rmax : λ⊗ v ≼ u

}
∈ Rmax and

u ÷ v := u⊗ (−v) ∈ RX

max.

Recall that sup ∅ = −∞.

Definition 2.11. For each v ∈ ̂C(X,R), we denote
lv(f) := −(v � f) = sup

x∈X
{f(x)− v(x)}

for every f ∈ ̂C(X,R).

Since the sup operation is exchangeable, it immediately follows that lv is a tropical
continuous linear functional, i.e., lv ∈ C(X,R)∗ .

Due to the subtlety of our notion of completion in Definition 2.1, the following bijective
relation can be verified.

Proposition 2.12. The functional lv defined above is a tropical linear functional and the
map l• : ̂C(X,R) → C(X,R)∗ given by v 7→ lv is a bijection.

Proof. We first prove that l• is surjective and then verify its injectivity.
Let L : ̂C(X,R) → Rmax be a tropical continuous linear functional. First we consider the

case where the range of L does not contain any real number, i.e., L(f) ∈ {+∞,−∞}, for
all f in ̂C(X,R). Note again that we adopt −∞− (−∞) = −∞ and +∞− (+∞) = −∞
following −∞ ⊗ +∞ = −∞. If there exists u ∈ C(X,R) such that L(u) = −∞, then
L(+∞) = L(+∞⊗ u) = +∞⊗ L(u) = +∞⊗−∞ = −∞. Note that +∞ is the maximal
element of ̂C(X,R), it follows that L(f) = −∞ for all f ∈ ̂C(X,R). Otherwise, L(u) =
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+∞ for every u in C(X,R). We conclude that the only two tropical linear functionals for
the first case are

L(f) = −∞ and L(f) =

{
−∞ if f ≡ −∞,

+∞ if f 6≡ −∞.

The former is l+∞ and the latter is l−∞.
Now we suppose that L takes some real value, then the range of L must contain R

since L is tropical linear. Consider M :=
{
f ∈ ̂C(X,R) : L(f) ⩽ 0

}
and it follows that

L(M) := {L(f) : f ∈ M} also contains some real number. Since ̂C(X,R) is complete, we
consider v := ⊕

f∈M
f and v is in ̂C(X,R).

Claim. L(v) = 0 and L = lv.
The tropical continuity of L and the definition of M immediately implies that L(v) =

⊕
f∈M

L(f) ⩽ 0. Note that L(M) ∩ R 6= ∅ and this implies L(v) ∈ R. Thus,

L((−L(v))⊗ v) = (−L(v))⊗ L(v) = 0,

and (−L(v)) ⊗ v is in M . Recall that v = ⊕
f∈M

f is the maximal element of M , it follows

that (−L(v))⊗ v ≼ v. Thus,
0 = (−L(v))⊗ L(v) = L((−L(v))⊗ v) ⩽ L(v)

and we conclude that L(v) = 0.
Futhermore, for each f ∈ ̂C(X,R), L((−L(f))⊗ f) = (−L(f))⊗ L(f) ⩽ 0 implies that

(−L(f)) ⊗ f ∈ M . Since v is the maximal element of M, we have (−L(f)) ⊗ f ⩽ v,
i.e., −L(f) ⩽ v � f (recall Definition 2.10). Meanwhile, it follows from Definition 2.10
((v � f)⊗ f ≼ v) and Lemma 2.6 that

v � f + L(f) = L((v � f)⊗ f) ⩽ L(v) = 0,

i.e., v � f ⩽ −L(f). Combine the two inequalities together and our claim follows.
We conclude that l• is surjective.
Finally, we need to verify the injectivity of l•, i.e., for each pair of u, v in ̂C(X,R), if

sup
x∈X

{f(x)− v(x)} = sup
x∈X

{f(x)− u(x)}

for all f in ̂C(X,R), then v = u. Now take f = u in the condition and we get u ≼ v. Take
f = v and we get v ≼ u. We conclude that u = v and injectivity follows. □

The following basic fact is used in the proofs of Proposition 3.8 and Theorem B.

Proposition 2.13. Assume that X is compact. Then every tropical linear functional
L : C(X,R) → Rmax is continuous with respect to C0 topology on C(X,R). Moreover, let
L̂ be the tropical continuous extension of L. If L̂ 6= l−∞ and L̂ 6= l+∞, then the range of L
is contained in R and

|L(u)− L(v)| ⩽ ‖u− v‖C0

for all u, v in C(X,R).
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Proof. Fix a tropical linear functional L : C(X,R) → Rmax. If L̂ = l−∞ (resp. l+∞), then
L is the constant +∞ (resp. −∞) functional. So L is continuous.

If L̂ 6= l−∞ and L̂ 6= l+∞, then by Proposition 2.12, there exsits v ∈ ̂C(X,R)\{+∞, −∞}
such that L̂ = lv. Thus, L(f) = sup

x∈X
{f(x)− v(x)} for all f ∈ C(X,R).

By Proposition 2.4, v ∈ ̂C(X,R) \ {+∞, −∞} implies that v : X → R∪ {+∞} is lower
semi-continuous and there exists x0 ∈ X so that v(x0) ∈ R. The lower semi-continuity of
v and the compactness of X imply that there exists C ∈ R so that v(x) ⩾ C for all x ∈ X.

We conclude that
f(x0)− v(x0) ⩽ sup

x∈X
{f(x)− v(x)} ⩽ ‖f‖C0 − C

for all f ∈ C(X,R). Since X is compact, it follows that L(f) ∈ R for all f ∈ C(X,R).
Moreover, fix u1, u2 ∈ C(X,R). Since u1 ≼ u2 ⊗‖u1 − u2‖C0 and u2 ≼ u1 ⊗‖u2 − u1‖C0 ,

it follows from Lemma 2.6 and the tropical linearity of L that
L(u1) ⩽ ‖u1 − u2‖C0 ⊗ L(u2) and L(u2) ⩽ ‖u2 − u1‖C0 ⊗ L(u1).

Recall L(f) ∈ R for all f ∈ C(X,R). We conclude that |L(u1)−L(u2)| ⩽ ‖u1−u2‖C0 and
it follows that L is continuous. □

2.2. Tropical (cost) measures. This subsection is devoted to the connection of abstract
tropical measures and tropical linear functionals: the function −v appearing in the repre-
sentation of tropical linear functionals should be the density b of the corresponding tropical
measures.

We recall the following definitions in [ACG94, Definition 18].

Definition 2.14. Let U be the collection of all open subsets of X. A map m : U → Rmax

is a tropical measure if it satisfies the following conditions:
(i) m(∅) = −∞.
(ii) m

(⋃
i∈I Ai

)
= ⊕

i∈I
m(Ai), where I is countable and Ai ∈ U for each i ∈ I.

When m(X) < +∞, m is finite; and m is a tropical probability measure if m(X) = 0.

Remark. In [ACG94, Definition 18], tropical probability measures are called cost measures.

Definition 2.15. A function b : X → Rmax is a density of a tropical measure m if
m(U) = ⊕

u∈U
b(u)

for every open subset U of X.
For a tropical measure m with a density b, we define the tropical integral with respect

to m by ∫ ⊕

V

f(x) dm := ⊕
x∈V

(f(x)⊗ b(x))

for each open subset V of X and each f ∈ C(X,R). For the well-definedness of the tropical
integral, see Remark 2.17 below.
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A function b : X → Rmax is a density of a tropical linear functional l on C(X,R) if
l(f) = ⊕

x∈X
(f(x)⊗ b(x))

for all f ∈ C(X,R).
Proposition 2.16. For each finite tropical measure m on a compact space X, there exists
a unique upper semi-continuous function b : X → R∪{−∞} such that b is a density of m.
Remark. Here we present a direct proof in the case where X is compact, which is the only
case we need. For more general discussions, see [ACG94, Theorem 19], [Ak99, Proposi-
tion 3.15], and [Ak99, Corollary 3.22].
Proof. We first verify the existence. By the definition of tropical measures, m(A ∪ B) =
m(A)⊕m(B). Thus, A ⊆ B implies m(A) ⩽ m(B). Then for every x ∈ X, we define b(x)
as

b(x) := lim
ϵ→0+

m(B(x, ϵ)).

We need to show that b(·) is upper semi-continuous and
m(U) = ⊕

u∈U
b(u)

for every open subset U of X.
Consider a sequence {xk} in X that converges to x in X as k → +∞. Note that

b(xk) ⩽ m(B(xk, d(x, xk))) ⩽ m(B(x, 2d(x, xk))).

Combining xk → x and the definition of b(x), we see that
lim sup
k→+∞

b(xk) ⩽ b(x).

This establishs the upper semi-continuity.
Now suppose that U is open, we get b(u) ⩽ m(U) for every u in U from the definition

of b. Thus,
m(U) ⩾ ⊕

u∈U
b(u).

To prove the inverse inequality, we need to use the fact that X is a second-countable
topological space, so that for every open cover of U , we can find a countable subcover of
U . Fix ϵ > 0. By the definition of b, there exists a neighbourhood B(u, ru) such that
b(u) ⊗ ϵ ⩾ m(B(u, ru)) for every u in U . Now that {B(u, ru)}u∈U forms an open cover of
U , we then have a countable subcover {B(uk, ruk

)}k∈N. According to the definition of m,
we get

m(U) ⩽ ⊕
k∈N

m(B(uk, ruk
)) ⩽

(
⊕
u∈U

b(u)
)
⊗ ϵ.

As ϵ tends to 0 from above, we get
m(U) ⩽ ⊕

u∈U
b(u).

We conclude that b is a density ofm and the finiteness ofm implies that b : X → R∪{−∞}.
Finally, it is straightforward to check that if b : X → R ∪ {−∞} is an upper semi-

continuous density of the measure m, then b(x) must be equal to the limit of m(B(x, ϵ))
as ϵ tends to 0 from above. The uniqueness follows. □
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Remark 2.17. Denote

(2.2) Dmax(X) := {b : X → R ∪ {−∞} : b upper semi-continuous} ∪ {+∞}.

Assume that X is compact. By Proposition 2.16, Dmax(X) \ {+∞} consists of upper
semi-continuous densities of finite tropical measures. Moreover, v ∈ ̂C(X,R) is equivalent
to −v ∈ Dmax(X). Thus, by Proposition 2.12, Dmax(X) consists of densities of tropical
continuous linear functionals and b 7→ l−b gives a bijection from Dmax(X) to C(X,R)∗ .
Recall Definition 2.15. We conclude that Proposition 2.16 together with Proposition 2.12
forms a tropical analog of the Riesz representation theorem for C(X,R) whenX is compact.

Existence of the density provides convenience to study tropical measures and tropical lin-
ear functionals. But one needs to be aware that a tropical measure (resp. linear functional)
can have different densities that may not be upper semi-continuous. So in the sequel, when
we say 2 densities b1 and b2 are equivalent, we mean that they induce the same tropical
linear functional, i.e., ⊕

x∈X
(f(x)⊗ b1(x)) = ⊕

x∈X
(f(x)⊗ b2(x)) for all f ∈ C(X,R).

Note that there is a slight difference between ⊕
x∈X

(f(x)⊗ b1(x)) = ⊕
x∈X

(f(x)⊗ b2(x)) for
all f ∈ C(X,R) and ⊕

u∈U
b1(u) = ⊕

u∈U
b2(u) for every open subset U of X. If ⊕

x∈X
b1(x) < +∞

and ⊕
x∈X

b2(x) < +∞, then the two conditions are equivalent.
Generally, one can prove that ⊕

u∈U
b1(u) = ⊕

u∈U
b2(u) for every open subset U of X implies

⊕
x∈X

(f(x) ⊗ b1(x)) = ⊕
x∈X

(f(x) ⊗ b2(x)) for all f ∈ C(X,R) and consequently for all f ∈

̂C(X,R). Fix an open subset V of X and a function h ∈ C(X,R). Note that the function
hV which equals h at points in V and takes −∞ at points in X \V is lower semi-continuous.
We conclude that hV ∈ ̂C(X,R) and consequently ⊕

x∈X
(hV (x)⊗b1(x)) = ⊕

x∈X
(hV (x)⊗b2(x)),

i.e., ⊕
x∈V

(h(x)⊗ b1(x)) = ⊕
x∈V

(h(x)⊗ b2(x)). This justifies our definition of tropical integral
in Definition 2.15.

For every b1 with ⊕
x∈X

b1(x) = +∞, b1 and the constant function +∞ induce the same
tropical linear functional but they may not induce the same tropical measure.

We can also define the counterparts of invariant measures and ergodic measures for
future reference. Consider the dynamical system (X,T ) where T : X → X is a continuous
map. We focus on the case where X is compact so that density functions are available.

Definition 2.18. Let T : X → X be a continuous transformation on a compact topological
space X. Let m be a finite tropical measure on X with the upper semi-continuous density
b : X → R ∪ {−∞}.

(i) m is T -invariant if for every point x in X, b(x) = ⊕
y∈T−1(x)

b(y).

(ii) m is ergodic if m is T -invariant and for every point x in X,

lim
k→+∞

b
(
T k(x)

)
=

{
⊕

y∈X
b(y) if b(x) ∈ R,

−∞ if b(x) = −∞.
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3. Bousch operator and its tropical dual

In parallel to the classical Ruelle operator theory, we establish in this section the rep-
resentation of tropical eigenfunctions and tropical eigen-densities with respect to a Hölder
potential.

Tropical eigenfunctions will be systematically studied. We first present analysis similar
to that in thermodynamic formalism which gives a specific constructive result for the
tropical eigenfunctions (Corollary 3.6) and reach the general representation using the Mañé
potential.

However, analysis becomes different for tropical eigen-densities. It turns out that the
Mañé potential can also give a representation of tropical eigen-densities with the help of
the constructive result Corollary 3.6.

Subsection 3.1 presents analysis similar to that in thermodynamic formalism and Sub-
section 3.2 presents analysis about the Mañé potential. To be consistent with the previous
context, we adopt the notation of the tropical algebra. We always assume that T : X → X
satisfies the Assumptions in Subsection 1.1.

3.1. Analysis in the tropical thermodynamic approach. This subsection can be seen
as a tropical version of a part of the thermodynamic formalism. In the following, many
ingredients are similar to propositions in the thermodynamic formalism, but there is much
difference when we deal with the tropical adjoint operator. We present an original approach
to the existence of tropical eigen-densities.

The following lemma is well known (see for example, [PU10, Lemmas 4.1.2 and 4.1.3]).
We omit its proof.

Lemma 3.1. Let T : X → X satisfy the Assumptions in Subsection 1.1. Then there
exists a constant ξ > 0 such that for each x in X, B(T (x), ξ) ⊆ T (B(x, η)). Here
η is the constant from the Assumptions in Subsection 1.1.. Moreover, the restriction
T |B(x,η) is injective and the inverse map T−1

x : B(T (x), ξ) → B(x, η) has the property that
d
(
T−1
x (y), T−1

x (z)
)
⩽ λ−1d(y, z). Futhermore,

sup
x∈X

cardT−1(x) =: N < +∞.

Remark. For each n ∈ N, we denote T−n
x : B(T n(x), ξ) → B(x, λ−nξ) as the composition

of inverse maps T−1
T i(x)

for 0 ⩽ i ⩽ n− 1.

We first deal with the construction of tropical eigenfucntions. The idea of this process fol-
lows [LZ23] but the proof is slightly easier in the present setting. For the convenience of the
reader, we consequently leave the proofs of Proposition 3.2, Lemma 3.4, and Proposition 3.5
below to the Appendix A. As is already mentioned, the construction in Corollary 3.6 turns
out to be useful in the general representation of tropical eigen-densities.

Recall that we use Lip(X, dα) to denote the space of α-Hölder continuous functions
φ : X → R with respect to the metric d where α ∈ (0, 1]. For each φ ∈ Lip(X, dα), denote

|φ|dα := sup

{
|φ(x)− φ(y)|

d(x, y)α
: x, y ∈ X, 0 < d(x, y)

}
and
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|φ|dα,ϵ := sup

{
|φ(x)− φ(y)|

d(x, y)α
: x, y ∈ X, 0 < d(x, y) < ϵ

}
.

Recall that 0X is used to represent the constant zero function on X. For a potential A in
C(X,R), denote

SnA(x) := A(x) + A(T (x)) + · · ·+ A
(
T n−1(x)

)
.

Proposition 3.2. Let T : X → X satisfy the Assumptions in Subsection 1.1. The operator
LA with potential A ∈ C(X,R) (resp. Lip(X, dα)) maps a real-valued continuous (resp. α-
Hölder) function to a real-valued continuous (resp. α-Hölder) function.

Lemma 3.3. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈ Lip(X, dα).
Then the Bousch operator LA : C(X,R) → C(X,R) satisfies

‖LA(u1)− LA(u2)‖C0 ⩽ ‖u1 − u2‖C0

for all u1, u2 in C(X,R).

Proof. Note that u1 ≼ u2 ⊗ ‖u1 − u2‖C0 and u2 ≼ u1 ⊗ ‖u2 − u1‖C0 . Thus, by Lemma 2.6
and the tropical linearity of LA (directly from definition), we have

LA(u1) ≼ LA(u2)⊗ ‖u1 − u2‖C0 and LA(u2) ≼ LA(u1)⊗ ‖u1 − u2‖C0 .

It follows that ‖LA(u1)− LA(u2)‖C0 ⩽ ‖u1 − u2‖C0 . □
Lemma 3.4. Let T : X → X satisfy the Assumptions in Subsection 1.1. For every A ∈
Lip(X, dα), there exists a constant C1(A) > 0 such that for all n ∈ N and x, y ∈ X, we
have ∣∣ ⊕

x∈T−n(x)
SnA(x)− ⊕

y∈T−n(y)
SnA(y)

∣∣ ⩽ C1(A).

Moreover, there exists a constant C2 > 0 such that for all A, u ∈ Lip(X, dα) and n ∈ N,
|Ln

A(u)|dα ⩽ C2(|A|dα + |u|dα).

Proposition 3.5 (Construction of a tropical eigenfunction). Let T : X → X satisfy the
Assumptions in Subsection 1.1 and A ∈ Lip(X, dα). Consider A := A − Q(T,A) and LA.
Define

v0X
(x) := lim sup

n→+∞
Ln

A
(0X)(x)

for all x in X. Then v0X
is a function that satisfies the following properties:

(i) ‖v0X
‖C0 ⩽ C2|A|dα(diamX)α.

(ii) v0X
∈ Lip(X, dα) with |v0X

|dα ⩽ C2|A|dα, v0X
is the uniform limit of

sup
k⩾n

Lk
A
(0X)

as n → +∞.
(iii) LA(v0X

) = v0X
, i.e., v0X

is a tropical eigenfunction of LA with tropical eigenvalue
Q(T,A).

Here C2 > 0 is the constant from Lemma 3.4.

We generalize Proposition 3.5 in the following corollary.
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Corollary 3.6. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). For each u ∈ Lip(X, dα), denote

vu(x) := lim sup
n→+∞

Ln
A
(u)(x),

for all x in X. Let C2 > 0 be the constant from Proposition 3.4. Then vu satisfies the
following properties:

(i) ‖vu‖C0 ⩽ C2|A|dα(diamX)α + ‖u‖C0.
(ii) vu ∈ Lip(X, dα) with |vu|dα ⩽ C2(|A|dα + |u|dα), vu is the uniform limit of

sup
k⩾n

Lk
A
(u)

as n → +∞.
(iii) LA(vu) = vu, i.e., vu is a tropical eigenfunction of LA with tropical eigenvalue

Q(T,A).

Proof. By Lemma 3.3, we have
∥∥Ln+1

A
(u)−Ln+1

A
(0X)

∥∥
C0 ⩽

∥∥Ln
A
(u)−Ln

A
(0X)

∥∥
C0 for every

n ∈ N0. Thus,
∥∥Ln

A
(u) − Ln

A
(0X)

∥∥
C0 ⩽ ‖u − 0X‖C0 for every n ∈ N. We conclude that

‖vu − v0X
‖C0 ⩽ ‖u− 0X‖C0 . Now (i) follows from Proposition 3.5 (i).

By Lemma 3.4, for each n ∈ N, we have
∣∣Ln

A
(u)

∣∣
dα

⩽ C2(|A|dα + |u|dα) and it follows that∣∣sup
k⩾n

Lk
A
(u)

∣∣
dα

⩽ C2(|A|dα+|u|dα). Since vu is the pointwise decreasing limit of sup
k⩾n

Lk
A
(u) as

n → +∞, (i) implies a uniform lower bound of
{
sup
k⩾n

Lk
A
(u)

}
n∈N. A uniform upper bound

now follows from the above uniform Lipschitz constant estimate and the compactness of
X.

We conclude that
{
sup
k⩾n

Lk
A
(u)

}
n∈N forms a normal family since it is equicontinuous and

uniformly bounded. Thus, vu is its uniform limit and it follows that |vu|dα ⩽ C2(|A|dα +
|u|dα).

Note that for each n ∈ N, LA

(
sup
k⩾n

Lk
A
(u)

)
= sup

k⩾n+1
Lk

A
(u) (see [LZ23, Lemma 6.1 (iii)]).

By Lemma 3.3 and (ii), as n → +∞, the left-hand side of the above identity uniformly
converges to LA(vu) and the right-hand side of the above identity uniformly converges to
vu. Thus, LA(vu) = vu and (iii) is verified. □

Remark. The map u 7→ vu is a projection into the semimodule of tropical eigenfunctions
of LA, which plays a role in the representation of tropical eigen-densities of L∗

A.

Now we look into the tropical adjoint operator L∗
A. Next remark explains the reason of

the definition of L∗
A in (1.3).

Remark 3.7. According to Remark 2.17, we define the tropical adjoint operators on the
space Dmax(X). It is straightforward to check that b ∈ Dmax(X) implies L∗

A(b) ∈ Dmax(X).
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Recall b 7→ l−b gives a bijection from Dmax(X) to C(X,R)∗ . We denote c := L∗
A(b).

Then
l−c(u) = ⊕

x∈X

(
u(x) + L∗

A(b)(x)
)
= ⊕

x∈X
(u(x) + b(T (x)) + A(x))

= ⊕
x∈X

(
⊕

y∈T−1(x)
(u(y) + A(y)) + b(x)

)
= ⊕

x∈X
(LA(u)(x) + b(x)) = l−b(LA(u))

for all u ∈ C(X,R). The fact that T is surjective is used here. By identifying b with l−b,
L∗

A can be seen as a map from C(X,R)∗ to C(X,R)∗ , i.e., L∗
A(l−b) = l−c. Now the above

identities imply that
L∗

A(l)(u) = l(LA(u))

for all l ∈ C(X,R)∗ and u ∈ C(X,R). To avoid confusions on notations, we will not use
this identification in this paper.

For b ∈ Dmax(X)\{+∞}, letmb be the finite tropical measure satifyingmb(U) = ⊕
x∈U

b(x)

for every open subset U of X. Recall b 7→ mb gives a bijection from Dmax(X) \ {+∞} to
the set of finite tropical measures, c = L∗

A(b), and Definition 2.15. Then for every open
subset U of X,

mc(U) = ⊕
x∈U

L∗
A(b)(x) = ⊕

x∈U
(b(T (x)) + A(x))

= ⊕
x∈T (U)

(
b(x) + ⊕

y∈T−1(x)
A(y)

)
=

∫ ⊕

T (U)

⊕
y∈T−1(x)

A(y) dmb

By identifying b with mb, L∗
A can be seen as a map on the set of finite tropical measures,

i.e.,

L∗
A(m)(U) =

∫ ⊕

T (U)

⊕
y∈T−1(x)

A(y) dm

for every open subset U of X. Note that the above identity can serve as the defining
identity for the tropical adjoint operator on other spaces of tropical measures.

Proposition 3.8 (Uniqueness of tropical eigenvalue). Let T : X → X satisfy the Assump-
tions in Subsection 1.1 and A ∈ Lip(X, dα). Then the following statements hold:

(i) If there exists u ∈ C(X,R) and λ ∈ Rmax such that LA(u) = λ⊗u, then λ = Q(T,A).

(ii) If there exists a density b ∈ Dmax(X)\{+∞, −∞} and λ ∈ Rmax such that L∗
A(b) =

λ⊗ b, then λ = Q(T,A).

Proof. (i). Suppose LA(u) = λ ⊗ u for some u ∈ C(X,R) and some λ ∈ Rmax. By
Proposition 3.2, LA(u) ∈ C(X,R), so λ ∈ R. Recall that we have constructed v0X

∈
Lip(X, dα) in Proposition 3.5 such that LA(v0X

) = Q(T,A)⊗ v0X
.

By Lemma 3.3, we have ‖Ln+1
A (u) − Ln+1

A (v0X
)‖C0 ⩽ ‖Ln

A(u) − Ln
A(v0X

)‖C0 for every
n ∈ N0. Thus, ‖Ln

A(u)−Ln
A(v0X

)‖C0 ⩽ ‖u− v0X
‖C0 for every n ∈ N. Since LA(u) = λ⊗ u

and LA(v0X
) = Q(T,A)⊗ v0X

, it follows that
‖n(λ−Q(T,A)) + u− v0X

‖C0 ⩽ ‖u− v0X
‖C0

for every n ∈ N. This implies λ = Q(T,A).
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(ii). Suppose L∗
A(b) = λ ⊗ b for some density b ∈ Dmax(X) \ {+∞, −∞} and some

λ ∈ Rmax. By Remark 3.7, l−b is a tropical linear functional different from l+∞ and l−∞
satisfying

l−b(LA(v)) = λ⊗ l−b(v)

for all v ∈ C(X,R). Thus, l−b(LA(v0X
)) = λ ⊗ l−b(v0X

). It follows from the tropical
linearity of l−b that

Q(T,A)⊗ l−b(v0X
) = λ⊗ l−b(v0X

).

By Proposition 2.13, it follows from l−b 6= l−∞ and l−b 6= l+∞ that l−b(v) ∈ R for all
v ∈ C(X,R). Thus, l−b(v0X

) ∈ R and λ = Q(T,A). □
Here we demonstrate the existence of a tropical eigen-density.

Proposition 3.9. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). There exists a density b ∈ Dmax(X) \ {+∞, −∞} such that

L∗
A(b) = Q(T,A)⊗ b.

Proof. Since ̂C(X,R) is complete, we switch to v := −b according to Remark 2.17 and it
suffices to find a solution of v ◦ T = v + A in ̂C(X,R) \ {+∞, −∞}.

Recall that we have constructed a tropical eigenfunction v0X
∈ C(X,R) of LA in Propo-

sition 3.5, so
(3.1) v0X

+ A ≼ v0X
◦ T.

Consider w := v−v0X
and φ := v0X

+A−v0X
◦T ∈ C(X,R). It suffices to find a nontrivial

solution (not constant function −∞ or +∞) w ∈ ̂C(X,R) such that w ◦ T = w + φ.
Note that φ ≼ 0X (see 3.1) and

Q(T, φ) = sup

{∫
φ dµ : µ ∈ M(X,T )

}
= max

{∫
φ dµ : µ ∈ M(X,T )

}
= max

{∫
A dµ : µ ∈ M(X,T )

}
= Q(T,A) = 0.

The supremum is attained due to the weak*-compactness of M(X,T ) and we fix a maxi-
mizing meaure µ ∈ M(X,T ) for φ.

Note that supp(µ) ⊆ φ−1(0) follows from C(X,R) 3 φ ≼ 0X and
∫
φ dµ = 0. Moreover,

since µ is T -invariant, T (supp(µ)) ⊆ supp(µ). We use these two properties to construct a
solution w = w0.

Consider S :=
{
w ∈ ̂C(X,R) : w+φ ≼ w ◦T, w|supp(µ) = 0, 0X ≼ w

}
and w0 := ⊕

w∈S
w ∈

̂C(X,R) (since ̂C(X,R) is complete). Note that φ ≼ 0X implies 0X ∈ S. Thus, S is not
empty and w0 6≡ −∞.

It is straightforward to check that w0 ∈ S. Thus, w0 6≡ +∞ follows from w0|supp(µ) = 0.
Now consider w1 := w0 ◦ T − φ.

We claim that w1 ∈ S.
Since w0 ∈ S, we have 0X ≼ w0 ≼ w1. So w0 ◦ T ≼ w1 ◦ T , i.e., w1 + φ ≼ w1 ◦ T . Recall

supp(µ) ⊆ φ−1(0) and T (supp(µ)) ⊆ supp(µ). It follows that w1|supp(µ) = 0. We conclude
that w1 ∈ S.
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It follows that w1 ≼ w0 since w0 is the maximal element of S. We conclude that w1 = w0,
w0 ◦ T = w0 + φ, and w0 ∈ ̂C(X,R) \ {+∞, −∞}. □
3.2. Mañé potential and representation. In this subsection, we recall properties of
the Mañé potential and the representation of tropical eigenfunctions (Proposition 3.13)
and prepare for the representation of tropical eigen-densities (Theorem B).

As in Proposition 3.5, we write A := A − Q(T,A) in the following discussion. For the
discussion below, whether the system is a subshift of finite type or a general uniformly
expanding system makes no essential difference. We work in the more general setting
while [Ga17] presents the theories for subshifts of finite type.
Definition 3.10 (Aubry set). Let T : X → X satisfy the Assumptions in Subsection 1.1.
For a continuous potential A, we call x ∈ X an Aubry point if for every ϵ > 0, there exists
y ∈ X and n ∈ N such that

d(x, y) ⩽ ϵ, d(T n(y), x) ⩽ ϵ, and |SnA(y)| ⩽ ϵ.

The collection of all Aubry points is called the Aubry set and denoted by ΩA.
Some basic knowledge about the Aubry set is contained in Chapter 4 of [Ga17], for

example the nonemptiness of the Aubry set and the fact that the Aubry set is closed and
T -invariant. The mechanism of the nonemptiness will show up in the proof of Proposi-
tion 3.13.
Definition 3.11 (Mañé potential). Let T : X → X satisfy the Assumptions in Subsec-
tion 1.1. For a potential A ∈ Lip(X, dα), the Mañé potential associated with A is the
function ϕA defined on X ×X given by

ϕA(x, y) := lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ

d(Tn(z),y)⩽ϵ

SnA(z) = lim
ϵ→0+

sup
n∈N

sup
d(z,x)⩽ϵ

d(Tn(z),y)⩽ϵ

SnA(z)

Remark. In order to match the tropical (max-plus) algebra, our definition is a slightly
different from that in [Ga17, Proposition 5.A], where the Mañé potential is defined as

lim
ϵ→0+

inf
n∈N

inf
d(z,x)⩽ϵ

d(Tn(z),y)⩽ϵ

(−SnA(z)).

It is straightforward to check that our ϕA(·, ·) is upper semi-continuous. Moreover, it
immediately follows from Proposition 3.5 (i) that there exists D ∈ R such that
(3.2) Sn(A)(x) ⩽ D

for all n ∈ N and x ∈ X. Thus, ϕA(·, ·) : X ×X → R ∪ {−∞}.
Proposition 3.12 (Main properties of the Mañé potential). Let T : X → X satisfy the
Assumptions in Subsection 1.1 and A ∈ Lip(X, dα). Then the following statements hold
for all x, y, z ∈ X:

(i) For every tropical eigenfunction u of LA,
u(x)⊗ ϕA(x, y) ⩽ u(y).

(ii) For every tropical eigen-density b of L∗
A,

ϕA(x, y)⊗ b(y) ⩽ b(x).



TROPICAL THERMODYNAMIC FORMALISM 23

(iii) ϕA(x, z) ⩾ ϕA(x, y)⊗ ϕA(y, z).
(iv) x ∈ ΩA if and only if ϕA(x, x) = 0.
(v) If x ∈ ΩA, then ϕA(x, ·) is a tropical eigenfunction of LA.

Statements (i), (iii), (iv), and (v) already appear in [Ga17, Proposition 5.2]. State-
ment (ii) is a new. Statement (v) is the counterpart of Lemma 3.14. We only prove (ii)
here. For a sketch of the proof of others, see Appendix A.

Proof. (ii) Since b is a tropical eigen-density of L∗
A, b(T (x))⊗A(x) = b(x) for every x ∈ X

and b is upper semi-continuous. Since A ∈ Lip(X, dα) and b takes values in Rmax, it follows
that b(x) ∈ R if and only if b(T (x)) ∈ R and that b(x) = −∞ if and only if b(T (x)) = −∞.

Thus,
(3.3) b(T n(x))⊗ Sn(A)(x) = b(x)

for all x ∈ X.
Denote ϕ̃A(x, y) := lim

ϵ→0+
⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

Sn(A)(y0).

Claim. ϕ̃A ≡ ϕA.
To prove the claim, by Definition 3.11, it immediately follows that

ϕA(x, y) = lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ

d(Tn(z),y)⩽ϵ

SnA(z) ⩾ lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ
Tn(z)=y

SnA(z) = ϕ̃A(x, y)

for all x, y ∈ X. So it suffices to prove ϕ̃A(x, y) ⩾ ϕA(x, y) for all x, y ∈ X.
Fix x, y ∈ X, n ∈ N, and ϵ ∈ (0, ξ) where ξ is the constant in Lemma 3.1. We show that

for every z ∈ X satisfying d(z, x) ⩽ ϵ
2
and d(T n(z), y) ⩽ ϵ

2
, there exists y0 ∈ X satisfying

d(y0, x) ⩽ ϵ and T n(y0) = y such that

|Sn(A)(z)− Sn(A)(y0)| ⩽
|A|dαϵα

2α(λα − 1)
.

According to Lemma 3.1, if d(z, x) ⩽ ϵ
2
and d(T n(z), y) ⩽ ϵ

2
, then there exists y0 ∈ X

such that T n(y0) = y and d
(
T i(z), T i(y0)

)
⩽ λ−n+i ϵ

2
for all 0 ⩽ i ⩽ n. Since A is in

Lip(X, dα),

|Sn(A)(z)− Sn(A)(y0)| ⩽
n−1∑
i=0

|A|dαd
(
T i(z), T i(y0)

)α
⩽ |A|dα

n−1∑
i=0

λ(−n+i)α
( ϵ
2

)α

=
|A|dαϵα

2α(λα − 1)
.

Note that d(y0, x) ⩽ d(z, x) + d(z, y0) ⩽ ϵ. We conclude that

⊕
d(z,x)⩽ ϵ

2
d(Tn(z),y)⩽ ϵ

2

SnA(z) ⩽
(

⊕
d(y0,x)⩽ϵ
Tn(y0)

Sn(A)(y0)
)
⊗ |A|dαϵα

2α(λα − 1)

for all n ∈ N and ϵ ∈ (0, ξ).
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Thus,
ϕA(x, y) = lim

ϵ→0+
⊕
n∈N

⊕
d(z,x)⩽ ϵ

2
d(Tn(z),y)⩽ ϵ

2

Sn(A)(z)

⩽ lim
ϵ→0+

(
⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

Sn(A)(y0)
)
⊗ |A|dαϵα

2α(λα − 1)
= ϕ̃A(x, y)

for all x, y ∈ X and the claim follows.
By the claim and (3.3),

ϕA(x, y)⊗ b(y) = lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ
Tn(z)=y

(Sn(A)(z)⊗ b(y))

= lim
ϵ→0+

⊕
n∈N

⊕
d(z,x)⩽ϵ
Tn(z)=y

b(z) ⩽ lim sup
z→x

b(z) ⩽ b(x),

where the last inequality follows from the upper semi-continuity of b. □
Proposition 3.13 (Representation of eigenfuctions). Let T : X → X satisfy the Assump-
tions in Subsection 1.1 and A ∈ Lip(X, dα). Then every tropical eigenfunction u of LA

satisfies u(·) = ⊕
x∈ΩA

(u(x)⊗ ϕA(x, ·)).

This proposition is [Ga17, Proposition 6.2 (iii)] and we present a sketch of the proof in
Appendix A.

Lemma 3.14 (ϕA(·, y) is an eigen-density for each y ∈ ΩA). Let T : X → X satisfy the
Assumptions in Subsection 1.1 and A ∈ Lip(X, dα). The Mañé potential satisfies
(3.4) ϕA(T (x), y) = ϕA(x, y)− A(x)

for all x, y ∈ X with T (x) 6= y. In particular, for every y ∈ ΩA, (3.4) holds for every
x ∈ X, that is to say, ϕA(·, y) is a tropical eigen-density of L∗

A.

Recall L∗
A from Definition 1.1. This lemma is similar to [Ga17, Proposition 5.3]. We

present a different and concise proof.
Proof. The condition T (x) 6= y ensures that the sum Sn(A)(z) that approximates ϕA(x, y)
must have length n > 1 when 0 < ϵ < d

(
x, T−1(y)

)
. Thus, (3.4) follows immediately from

the definition of ϕA and the fact that lim
z→x

d(T (x), T (z)) = 0 since T is continuous. This
proves the first part of the lemma.

Recall ϕA(·, ·) : X ×X → R ∪ {−∞} and is upper semi-continuous. It suffices to show
that ϕA(T (x), y) = ϕA(x, y) − A(x) for all y ∈ ΩA and x ∈ T−1(y). Fix y ∈ ΩA and
x ∈ T−1(y). By Proposition 3.12 (iv), we have ϕA(T (x), y) = ϕA(y, y) = 0. Thus, it
suffices to prove ϕA(x, T (x)) = A(x).

Claim. ϕA(x, T (x)) = A(x) for all x ∈ X.
Fix a point x ∈ X. On the one hand, Sn(A)(z) = A(x) for n = 1, z = x and it follows

that ϕA(x, T (x)) ⩾ A(x).
On the other hand, since T is continuous and X is compact, for every ϵ > 0, there exists

η(ϵ) ∈ (0, ϵ) such that d(y1, y2) ⩽ η(ϵ) implies d(T (y1), T (y2)) ⩽ ϵ for all y1, y2 ∈ X.
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Thus,

⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),T (x))⩽η(ϵ)

Sn(A)(z) ⩽
(

⊕
d(z,x)⩽η(ϵ)

A(z)
)
⊗
(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),Tn(x))⩽η(ϵ)

Sn−1(A)(T (z))
)

⩽
(

⊕
d(z,x)⩽η(ϵ)

A(z)
)
⊗
(

⊕
m∈N0

⊕
d(z̃,T (x))⩽ϵ

d(Tm(z̃),T (x))

Sm(A)(z̃)
)
.

In the above inequalities, we use the observation that every trajectory
{
z, · · · , T n−1(z)

}
satisfying d(z, x) ⩽ ϵ and d(T n(z), T (x)) ⩽ ϵ can be decomposed into one single step from
z to T (z) and steps from T (z) to T n−1(z).

Note that Sm(A)(z̃) = 0 for all z̃ ∈ X if m = 0. As ϵ tends to zero from above, we get

ϕA(x, T (x)) ⩽ A(x)⊗ (0⊕ ϕA(T (x), T (x))).

Recall the tropical eigenfunction v0X
of LA constructed in Proposition 3.5. It follows from

Proposition 3.12 (i) that ϕA(x, x) ⩽ v0X
(x)− v0X

(x) = 0 for all x in X.
Combining the last two inequalities above, we conclude that ϕA(x, T (x)) ⩽ A(x). Hence,

the claim is now verified.
This finishes the proof. □

The following characterizations will be useful in the proof of Theorem B (iii).

Lemma 3.15. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). If ϕA(x, y)⊗ ϕA(y, x) = 0 for all x, y ∈ ΩA, then ϕA(x, ·) = ϕA(y, ·)⊗ ϕA(x, y)
and ϕA(·, x) = ϕA(·, y)⊗ ϕA(y, x) for all x, y ∈ ΩA.

Proof. Fix x, y ∈ ΩA.
By Proposition 3.12 (iii), we have

ϕA(x, ·)⊗ ϕA(y, x) ≼ ϕA(y, ·) and ϕA(y, ·)⊗ ϕA(x, y) ≼ ϕA(x, ·).

The above two inequalities and ϕA(x, y)⊗ ϕA(y, x) = 0 imply

ϕA(x, ·) = ϕA(y, ·)⊗ ϕA(x, y).

By Proposition 3.12 (iii), we have

ϕA(·, x)⊗ ϕA(x, y) ≼ ϕA(·, y) and ϕA(·, y)⊗ ϕA(y, x) ⩽ ϕA(·, x).

Therefore, ϕA(·, x) = ϕA(·, y) ⊗ ϕA(y, x) follows from the above two inequalities and
ϕA(x, y)⊗ ϕA(y, x) = 0. □

Proposition 3.16. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). Then the following statements are equivalent:

(i) The entries of {ϕA(x, ·)}x∈ΩA
are the same up to a tropical multiplicative constant.

(ii) The entries of {ϕA(·, y)}y∈ΩA
are the same up to a tropical multiplicative constant.

(iii) For all x, y ∈ ΩA, ϕA(x, y)⊗ ϕA(y, x) = 0.
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Proof. Fix x, y ∈ ΩA.
To see that (i) implies (iii), suppose ϕA(x, ·)⊗ c = ϕA(y, ·). It follows that ϕA(x, x)⊗ c =

ϕA(y, x) and ϕA(x, y) ⊗ c = ϕA(y, y). By Proposition 3.12 (iv), we get c = ϕA(y, x) and
ϕA(x, y)⊗ c = 0. Thus, ϕA(x, y)⊗ ϕA(y, x) = 0.

To see that (ii) implies (iii), suppose ϕA(·, x)⊗d = ϕA(·, y). It follows that ϕA(x, x)⊗d =
ϕA(x, y) and ϕA(y, x) ⊗ d = ϕA(y, y). By Proposition 3.12 (iv), we get d = ϕA(x, y) and
ϕA(y, x)⊗ d = 0. Thus, ϕA(y, x)⊗ ϕA(x, y) = 0.

That (iii) implies (i) and (ii) follows from Lemma 3.15. □
Proposition 3.17. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). If the restriction T |ΩA

is transitive, then ϕA(x, y) ⊗ ϕA(y, x) = 0 for all
x, y ∈ ΩA.

Proof. Recall that x ∈ ΩA implies T (x) ∈ ΩA. So by Lemma 3.14 and Proposition 3.12 (iv),
we have

ϕA(x, T
n(x)) = Sn(A)(x)⊗ ϕA(T

n(x), T n(x)) = Sn(A)(x) and
0 = ϕA(x, x) = ϕA(T

n(x), x) + Sn(A)(x)

for all x ∈ ΩA and n ∈ N0.
We conclude that ϕA(x, T

n(x))+ϕA(T
n(x), x) = 0 for all x in ΩA and n ∈ N0. Now that

T |ΩA
is transitive, we fix a point w in ΩA such that its orbit is dense in ΩA. Suppose y ∈ ΩA

is the limit of a subsequence {T nk(w)}k∈N with lim
k→+∞

nk = +∞. The upper semi-continuity
of ϕA implies

ϕA(w, y)⊗ ϕA(y, w) ⩾ lim sup
k→+∞

(ϕA(w, T
nk(w))⊗ ϕA(T

nk(w), w)) = 0.

Thus, ϕA(w, y)⊗ϕA(y, w) = 0 since ϕA(w, y)⊗ϕA(y, w) ⩽ ϕA(w,w) = 0 (Proposition 3.12
(iii)(iv)).

Note that replacing w with Tm(w) does not affect the above analysis. Therefore,
ϕA(T

m(w), y) ⊗ ϕA(y, T
m(w)) = 0 for all y in ΩA and m ∈ N0. Again using the upper

semi-continuity of ϕA and that the orbit of w is dense in ΩA, we conclude from Proposi-
tion 3.12 (iii)(iv) that ϕA(x, y)⊗ ϕA(y, x) = 0 for all x, y in ΩA. □

3.3. Proof of Theorem B. We discover the representation of tropical eigen-densities in
light of the duality of ϕA(·, ·). We are now ready to give the proof of Theorem B.

Proof of Theorem B. For (i), see Proposition 3.13.
For (ii), it suffices to prove that if b is a tropical eigen-density of L∗

A, then
(3.5) ⊕

x∈X
(u(x)⊗ b(x)) = ⊕

x∈X,y∈ΩA

(u(x)⊗ ϕA(x, y)⊗ b(y))

for all u ∈ C(X,R).
Fix a tropical eigen-density b of L∗

A. We first reduce the proof to tropical eigenfunctions
v of LA using Corollary 3.6 and then apply the representation of tropical eigenfunctions
(Proposition 3.13).

By Proposition 2.13, it suffices to prove (3.5) for a dense subset of C(X,R), for example,
the set Lip(X, dα) (by the Stone–Weierstrass theorem). Now fix u ∈ Lip(X, dα).
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For the left-hand side of (3.5), by Remark 3.7 and that b is a tropical eigen-density of
L∗

A, we have

(3.6) ⊕
x∈X

(LA(u)(x)⊗ b(x)) = ⊕
y∈X

(
u(y)⊗ L∗

A(b)(y)
)
= ⊕

y∈X
(u(y)⊗ b(y)⊗Q(T,A)).

By repeated use of (3.6), we get

⊕
x∈X

(u(x)⊗ b(x)) = ⊕
x∈X

(
Ln

A
(u)(x)⊗ b(x)

)
= ⊕

x∈X

((
⊕

m⩾n
Lm

A
(u)(x)

)
⊗ b(x)

)
for all n ∈ N. Recall that ⊕

m⩾n
Lm

A
(u) uniformly converges to the tropical function vu of LA

as n → +∞ (Corollary 3.6 (ii)(iii)). Thus, by Proposition 2.13, we conclude that

(3.7) ⊕
x∈X

(u(x)⊗ b(x)) = ⊕
x∈X

(vu(x)⊗ b(x)).

For the right-hand side of (3.5), according to Lemma 3.14, ϕA(·, y) is a tropical eigen-
density of L∗

A for each y ∈ ΩA. Thus, we can subtitute b(·) in (3.7) with ϕA(·, y) and it
follows that for each y ∈ ΩA

⊕
x∈X

(u(x)⊗ ϕA(x, y)) = ⊕
x∈X

(vu(x)⊗ ϕA(x, y)).

Hence,

⊕
x∈X,y∈ΩA

(u(x)⊗ ϕA(x, y)⊗ b(y)) = ⊕
y∈ΩA

(
⊕

x∈X
(ϕA(x, y)⊗ u(x))⊗ b(y)

)
= ⊕

y∈ΩA

(
⊕

x∈X
(ϕA(x, y)⊗ vu(x))⊗ b(y)

)
= ⊕

x∈X,y∈ΩA

(vu(x)⊗ ϕA(x, y)⊗ b(y)).

We have achieved the first step of reduction. Now it suffices to show

⊕
x∈X

(v(x)⊗ b(x)) = ⊕
x∈X,y∈ΩA

(v(x)⊗ ϕA(x, y)⊗ b(y))

for all tropical eigenfunctions v of LA.
Apply Propositions 3.12 and 3.13 and it follows from discussions below that

⊕
x∈X,y∈ΩA

(v(x)⊗ ϕA(x, y)⊗ b(y)) = ⊕
x∈X,y,z∈ΩA

(v(z)⊗ ϕA(z, x)⊗ ϕA(x, y)⊗ b(y))

= ⊕
y,z∈ΩA

(v(z)⊗ ϕA(z, y)⊗ b(y))

= ⊕
y∈X,z∈ΩA

(v(z)⊗ ϕA(z, y)⊗ b(y))

= ⊕
y∈X

(v(y)⊗ b(y))

for all tropical eigenfunctions v of LA. Here the first and fourth identity follow from the
representations of tropical eigenfunctions (Proposition 3.13), and the second identity im-
mediately follows from properties of the Mañé potential (Propostion 3.12 (iii)(iv)). For the
third identity, we remark that ϕA(z, y)⊗ b(y) ⩽ b(z) for all y, z ∈ X (Proposition 3.12 (ii))



28 ZHIQIANG LI AND YIQING SUN

and if z ∈ ΩA, then the equality is achieved at y = z ∈ ΩA as ϕA(z, z) = 0 (Proposition 3.12
(iv)). Thus, for all z ∈ ΩA,

⊕
y∈ΩA

(ϕA(z, y)⊗ b(y)) = ⊕
y∈X

(ϕA(z, y)⊗ b(y)) = b(z).

Now (ii) is verified.
For the proof of (iii), recall for each x ∈ ΩA, ϕA(x, ·) is a tropical eigen function of LA

(Proposition 3.12 (v)) and ϕA(·, x) is a tropical eigen-density of LA (Lemma 3.14).
By Propositions 3.16 and 3.17, it suffices to show that if A is uniquely maximizing, then

T |ΩA
is transitive. It is well known that a T -invariant measure µ is in Mmax(T,A) if and

only if supp(µ) ⊆ ΩA, see [Ga17, Theorem 7.1]. If T |ΩA
is not transitive, then it has at

least two transitive pieces. Thus, the weak* limit of
{ δx+···+δTn−1(x)

n

}
n∈N as n → +∞ for x

in the two transitive pieces will give two maximizing measures singular to each other. We
conclude that the uniquely maximizing condition implies the transitivity of T |ΩA

and (iii)
is established. □

3.4. Uniqueness of eigenfunction and eigen-density.

Proposition 3.18 (Sufficient condition of uniqueness). Let T : X → X satisfy the As-
sumptions in Subsection 1.1 and A ∈ Lip(X, dα). If A is uniquely maximizing, then up to
a tropical multiplicative constant, there exists a unique tropical eigenfunction of LA and a
unique tropical eigen-density of L∗

A.

The part of Proposition 3.18 on eigenfunctions is a reformulation of [Bou00, Lemma C].
We give a different proof using the relationship 0 = ϕA(x, y)⊗ϕA(y, x) (Proposition 3.16).
The part of Proposition 3.18 on eigen-densities is new.

Proof. By Theorem B (iii), Proposition 3.16, and Lemma 3.15, we conclude that the entries
of {ϕA(x, ·)}x∈ΩA

(resp. {ϕA(·, x)}x∈ΩA
) are the same tropical eigenfunction of LA (resp.

eigen-density of L∗
A) up to a tropical multiplicative constant and these constants are given

by

(3.8) ϕA(x, ·) = ϕA(x, y)⊗ ϕA(y, ·) and ϕA(·, x) = ϕA(·, y)⊗ ϕA(y, x)

for all x, y ∈ ΩA.
We then apply Theorem B (i) (resp. (ii)) to prove the uniqueness of tropical eigenfunction

of LA (resp. eigen-density of L∗
A). Fix x0 ∈ ΩA. For every tropical eigenfunction v of LA,

it follows from Theorem B (i) and (3.8) that

v(·) = ⊕
x∈ΩA

(ϕA(x, ·)⊗ v(x)) = ⊕
x∈ΩA

(ϕA(x0, ·)⊗ ϕA(x, x0)⊗ v(x))

= ϕA(x0, ·)⊗
(

⊕
x∈ΩA

(ϕA(x0, x)⊗ v(x))
)
,

where ⊕
x∈ΩA

(ϕA(x0, x) ⊗ v(x)) is a constant in Rmax. We conclude that up to a (tropical
multiplicative) constant, v(·) is the same as ϕA(x0, ·).
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For every tropical eigen-density b of L∗
A, it follows from Theorem B (ii) and (3.8) that

(3.9)

⊕
x∈X

(f(x)⊗ b(x)) = ⊕
x∈X,y∈ΩA

(f(x)⊗ ϕA(x, y)⊗ b(y))

= ⊕
x∈X,y∈ΩA

(f(x)⊗ ϕA(x, x0)⊗ ϕA(x0, y)⊗ b(y))

= ⊕
x∈X

(
f(x)⊗ ϕA(x, x0)⊗

(
⊕

y∈ΩA

(ϕA(x0, y)⊗ b(y))
))

for all f ∈ C(X,R). Denote c := ⊕
y∈ΩA

(ϕA(x0, y) ⊗ b(y)) and c is constant in Rmax. Recall

ϕA(·, x0) is a tropical eigen-density (Lemma 3.14). Thus, b(·) and ϕA(·, x0)⊗ c are both in
Dmax(X). Then by (3.9) and Remark 2.17, we conclude that b(·) = ϕA(·, x0)⊗ c, i.e., b(·)
is the same as ϕA(·, x0) up to a (tropical multiplicative) constant. □
3.5. Proof of Theorem A.
Proof of Theorem A. (i) follows from Corollary 3.6 and (iii) follows from Proposition 3.9.
For (ii) and (iv), we recall the well-known fact in [CLT01] that for an open and dense
subset of A in Lip(X, dα), A is uniquely maximizing. Thus, (ii) and (iv) follow from
Proposition 3.18. The uniqueness of tropical eigenvalue of LA (resp. L∗

A) follows from
Proposition 3.8. □

4. Zero temperature limit

In this section, we always assume that T : X → X satisfies the Assumptions in Subsec-
tion 1.1 and A ∈ Lip(X, dα).

There have been two kinds of zero temperature limits. One is to study the weak* limits
of the equilibrium states {µβA}β∈(0,+∞) as the inverse temperature β → +∞. The other is
to study the accumulation points (in C0 topology) of

{
1
β
log uβA

}
β∈(0,+∞)

as β → +∞ and
the accumulation points turn out to be tropical eigenfunctions of LA. This process is also
called selection of sub-actions.

Thus, it is also natural to consider the Logarithmic type zero temperature limits of the
equilibrium states {µβA}β∈(0,+∞) which gives the rate function of {µβA}β∈(0,+∞). With the
knowledge of the tropical ajoint operator and tropical eigen-densities, we see that the rate
function of {µβA}β∈(0,+∞) should be the tropical product of a tropical eigen-density of L∗

A

and a tropical eigenfunction of LA.
In this section, we investigate along the above philosophy and consequently give new

proofs for results in [BLT11] and [Me18].
Recall that for each f ∈ C(X,R) and each β > 0,

lµβ(f) =
1

β
log

∫
eβf dµβA and lmβ (f) =

1

β
log

∫
eβf dmβA.

In the sequel, we do not distinguish between the pointwise limit and the limit in the
compact-open topology when considering the accumulation points of normal families of
real-valued continuous functions on X (resp. functionals on C(X,R)) since they coincide.
We remark that all limits of functionals on C(X,R) mentioned below are pointwise limits
and all limits of fucntions on X metioned below are uniform limits (limits in the C0

topology).
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Since X is compact due to our assumptions, X and C(X,R) are both separable. Thus,
by Arzelà–Ascoli theorem, an equicontinuous family of real-valued continuous functions on
X (resp. functionals on C(X,R)) that is uniformly bounded on every compact subsets of
X (resp. C(X,R)) is a normal family. (citation need)

Thus, we only verify the equicontinuity and the (locally) uniform bound when showing
the normality of a certain family below. Recall that 0X and 1X are used to represent the
constant zero and one functions on X, respectively.

4.1. Proofs of Theorems C and D.
Proof of Theorem C. (i). We first show the normality with estimates in [PU10] and then
verify that every accumulation point of

{
1
β
log uβA

}
as β → +∞ is a tropical eigenfunction

of LA.
By [PU10, Proposition 4.4.3], there exists a constant D > 0 only depending on T such

that for all x, y ∈ X with y ∈ B(x, ξ), n ∈ N, and β > 0,

(4.1)
Rn

βA(1X)(x)

Rn
βA(1X)(y)

⩽ exp(D|βA|dαd(x, y)α)

and for all x, y ∈ X, n ∈ N, and β > 0,

(4.2)
Rn

βA(1X)(x)

Rn
βA(1X)(y)

⩽ exp(D(‖βA‖C0 + |βA|dα + 1)).

Recall mβA is the probability measure satisfying R⋆
βA(mβA) = eP (T,βA)mβA. It follows

from the definition of RβA that 0X ≼ Rn
βA(1X) for all n ∈ N. Thus, multiplying (4.2) by

Rn
βA(1X)(y) and integrating with mβA with respect to variables x and y respectively, we

get for all n ∈ N and β > 0,
(4.3)
exp(−D(‖βA‖C0 + |βA|dα + 1)) ≼ e−nP (T,βA)Rn

βA(1X) ≼ exp(D(‖βA‖C0 + |βA|dα + 1)).

By [PU10, Propositions 5.3.1 and 5.4.5], 1
n

∑n−1
i=0 e−iP (T,βA)Ri

βA(1X) uniformly converges to
uβA as n → +∞.

It follows from (4.3) that for all β > 0,
exp(−D(‖βA‖C0 + |βA|dα + 1)) ≼ uβA ≼ exp(D(‖βA‖C0 + |βA|dα + 1))

and consequently for all β > 1,∥∥β−1 log uβA

∥∥
C0 ⩽ D(‖A‖C0 + |A|dα + 1).

Thus,
{

1
β
log uβA

}
β∈(1,+∞)

is uniformly bounded.
It follows from (4.1) that for all x, y ∈ X with y ∈ B(x, ξ) and β > 0,

uβA(x)

uβA(y)
⩽ exp(D|βA|dαd(x, y)α)

and consequently for all β > 0, ∣∣β−1 log uβA

∣∣
dα,ξ

⩽ D|A|dα .

Thus,
{

1
β
log uβA

}
β∈(0,+∞)

is equicontinuous.
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We conclude that
{

1
β
log uβA

}
β∈(1,+∞)

is normal.
Now suppose v is the uniform limit of a convergent subsequence

{
1
βk

log uβkA

}
k∈N with

βk → +∞ as k → +∞. To show that v is a tropical eigenfunction of LA, we compare the
Ruelle operator RβA with the Bousch operator LA. It follows from definitions of the two
operators that for all β > 0 and f ∈ C(X,R),

(4.4) LA(f) ≼
1

β
logRβA

(
eβf

)
≼ LA(f)⊗

logN

β
,

where N = supx∈X cardT−1(x) < +∞ is the constant in Lemma 3.1. Recall RβA(uβA) =
eP (T,βA)uβA. Thus,

‖LA(v)−Q(T,A)⊗ v‖C0 ⩽
∥∥LA(v)− LA

(
β−1
k log uβkA

)∥∥
C0

+
∥∥LA

(
β−1
k log uβkA

)
− β−1

k logRβkA(uβkA)
∥∥
C0

+
∥∥β−1

k log uβkA + β−1
k P (T, βkA)− v −Q(T,A)

∥∥
C0

⩽ 2
∥∥v − β−1

k log uβkA

∥∥
C0 +

logN

βk

+
∣∣β−1

k P (T, βkA)−Q(T,A)
∣∣,

where the second inequality follows from Lemma 3.3 and (4.4). As k → +∞, it follows
that LA(v) = Q(T,A)⊗ v, i.e., v is a tropical eigenfunction of LA.

(ii). It immediately follows from the definition of lmβ that

(4.5)
∣∣lmβ (f)∣∣ ⩽ ‖f‖C0 and

∣∣lmβ (f)− lmβ (g)
∣∣ ⩽ ‖f − g‖C0

for all f, g ∈ C(X,R). We conclude that
{
lmβ (·)

}
β∈(0,+∞)

is locally uniformly bounded,
equicontinuous, and consequently normal.

Now suppose l(·) is the limit of a convergent subsequence
{
lmβk

(·)
}
k∈N with βk → +∞ as

k → +∞.

Claim. l is a tropical linear functional.

It follows from the definition of lmβ that lmβ (a ⊗ f) = a ⊗ lmβ (f) for all a ∈ Rmax, f ∈
C(X,R), and β > 0. Thus, l(a⊗ f) = a⊗ l(f) for all a ∈ Rmax and f ∈ C(X,R).

Fix f, g ∈ C(X,R). It suffices to prove l(f ⊕ g) = l(f) ⊕ l(g). For this reason, we
introduce the plus operation at inverse temperature β > 0:

h1 ⊕
β
h2 :=

1

β
log

(
eβh1 + eβh2

)
,

for all h1, h2 ∈ C(X,R).
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It immediately follows that h1 ⊕ h2 ⩽ h1 ⊕
β
h2 ⩽ (h1 ⊕ h2) ⊗ log 2

β
and lmβ

(
h1 ⊕

β
h2

)
=

lmβ (h1)⊕
β
lmβ (h2) for all h1, h2 ∈ C(X,R) and β > 0. Thus, for all k ∈ N,

lmβk
(f ⊕ g) ⩽ lmβk

(
f ⊕

βk

g
)
⩽ lmβk

(f ⊕ g)⊗ log 2

βk

,

lmβk

(
f ⊕

βk

g
)
= lmβk

(f)⊕
βk

lmβk
(g),

lmβk
(f)⊕ lmβk

(g) ⩽ lmβk
(f)⊕

βk

lmβk
(g) ⩽

(
lmβk

(f)⊕ lmβk
(g)

)
⊗ log 2

βk

.

We conclude that lmβk
(f⊕g)− log 2

βk
⩽ lmβk

(f)⊕lmβk
(g) ⩽ lmβk

(f⊕g)+ log 2
βk

. Recall lim
k→+∞

βk = +∞
and lim

k→+∞
lmβk

(·) = l(·). As k → +∞, it follows that l(f ⊕ g) = l(f)⊕ l(g). Now the claim
is verified.

Now we need to show that the density of l in Dmax(X) is a tropical eigen-density of L∗
A.

By Remark 3.7, it suffices to prove
l(LA(u)) = l(u)⊗Q(T,A)

for all u ∈ C(X,R). Fix f ∈ C(X,R).
It follows from (4.4) and (4.5) that for all k ∈ N,

(4.6)
∣∣∣∣lmβk

(LA(f))− lmβk

(
1

βk

logRβkA

(
eβkf

))∣∣∣∣ ⩽ ∥∥∥∥LA(f)−
1

βk

logRβkA

(
eβkf

)∥∥∥∥
C0

⩽ logN

βk

.

Note that

(4.7)

lmβk

(
1

βk

logRβkA

(
eβkf

))
=

1

βk

log

∫
RβkA

(
eβkf

)
dmβkA

=
1

βk

log

∫
eP (T,βkA) · eβkf dmβkA

=
P (T, βkA)

βk

⊗ 1

βk

log

∫
eβkf dmβkA

=
P (T, βkA)

βk

⊗ lmβk
(f),

where the second equality holds since mβA is the eigenmeasure of R∗
βA with eigenvalue

eP (T,βA). Recall lim
k→+∞

βk = +∞, lim
k→+∞

lmβk
(·) = l(·), and lim

β→+∞
P (T,βA)

β
= Q(T,A).

Combine (4.6) and (4.7) and let k → +∞. We conclude that l(LA(f)) = l(f)⊗Q(T,A).

(iii). It follows from the definition of lµβ that

(4.8)
∣∣lµβ(f)∣∣ ⩽ ‖f‖C0 and

∣∣lµβ(f)− lµβ(g)
∣∣ ⩽ ‖f − g‖C0

for all f, g ∈ C(X,R). This implies that
{
lµβ(·)

}
β∈(0,+∞)

is normal.
Now suppose l̂(·) is the limit of a convergent subsequence

{
lµβk

(·)
}
k∈N with βk → +∞ as

k → +∞. By (i) and (ii), we take a subsequence
{
β̃k

}
k∈N from {βk}k∈N with β̃k → +∞ as
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k → +∞ such that
{
β̃−1
k log uβ̃kA

}
k∈N uniformly converges to v and

{
lm
β̃k
(·)

}
k∈N converges

to l(·).
Note that for all β > 0 and f ∈ C(X,R), lµβ(f) = lmβ

(
f + β−1 log uβA

)
since µβA =

uβA ·mβA. Thus, for all k ∈ N and f ∈ C(X,R),∣∣l(v ⊗ f)− lµ
β̃k
(f)

∣∣ = ∣∣l(v + f)− lm
β̃k

(
f + β̃−1

k log uβ̃kA

)∣∣
⩽

∣∣l(v + f)− lm
β̃k
(v + f)

∣∣+ ∣∣lm
β̃k
(v + f)− lm

β̃k

(
f + β̃−1

k log uβ̃kA

)∣∣
⩽

∣∣l(v + f)− lm
β̃k
(v + f)

∣∣+ ∥∥v − β̃−1
k log uβ̃kA

∥∥
C0 ,

where the last inequality follows from (4.5). According to our definition of
{
β̃k

}
k∈N, let

k → +∞ and it follows that l(v ⊗ f) = l̂(f) for all f ∈ C(X,R). Let b be the density of
l in Dmax(X). Thus, l̂(f) = ⊕

x∈X
(f(x)⊗ v(x)⊗ b(x)) for all f ∈ C(X,R), i.e., l̂ is tropical

linear and v ⊗ b is the density of l̃ in Dmax(X). □

Recall that uA is the unique eigenfuction of the Ruelle operatorRA satisfying
∫
uA dmA =

1 with eigenvalue eP (T,A). Let R̃A(u) :=
1

eP (T,A)uA
RA(uuA) be the normalized Ruelle oper-

ator. Note that R̃βA is just the Ruelle operator with potential

gβ = βA+ log uβA − log uβA ◦ T − P (T, βA)

and R̃βA(1X) = 1X , R̃∗
βA(µβA) = µβA (see for example, [PU10, Section 5.4]).

So considering the Logarithmic type zero temperature limit, we predict that if Â is the
limit of gβ

β
and b̂ is the density in Dmax(X) of the limit of lµβ(·), then LÂ(0X) = 0X and

L∗
Â
(̂b) = b̂.

Proof of Theorem D. (i). Since gβ = βA + log uβA − log uβA ◦ T − P (T, βA), Q(T,A) =

lim
β→+∞

P (T,βA)
β

, and
{

1
β
log uβA

}
β∈(0,+∞)

is a normal family (Theorem C (i)), it immediately

follows that
{gβ

β

}
β∈(0,+∞)

is a normal family. It has been verified in Theorem C (iii) that{
lµβ(·)

}
β∈(0,+∞)

is normal.

(ii). By Theorem C (iii), l̂ is a tropical linear functional. Thus, by Remark 3.7, it suffices
to show that l̂

(
LÂ(f)

)
= l̂(f) for all f ∈ C(X,R). Fix f ∈ C(X,R).

Recall R̃∗
βA(µβA) = µβA and R̃βA = Rgβ . It follows that for all β > 0,

(4.9)

lµβ

(
1

β
logRgβ

(
eβf

))
=

1

β
log

∫
Rgβ(e

βf ) dµβA

=
1

β
log

∫
eβf dR∗

gβ
(µβA)

=
1

β
log

∫
eβf dµβA

= lµβ(f).
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It turns out that we need to compare LÂ(f) with 1
β
logRgβ

(
eβf

)
. More precisely, it directly

follows from definitions of the operators that for all β > 0,
LÂ(f) ≼ β−1 logRβÂ

(
eβf

)
≼ LÂ(f) + β−1 logN,∥∥Â− β−1gβ

∥∥
C0 ⩾

∥∥β−1 logRβÂ

(
eβf

)
−β−1 logRgβ

(
eβf

)∥∥
C0 ,

where N is the constant in Lemma 3.1. We conclude that for all β > 0.

(4.10)
∥∥LÂ(f)− β−1 logRgβ

(
eβf

)∥∥
C0 ⩽ β−1 logN +

∥∥Â− β−1gβ
∥∥
C0

Thus, for all k ∈ N,
(4.11)∣∣l̂(LÂ(f))− l̂(f)

∣∣
⩽

∣∣l̂(f)− lµβk
(f)

∣∣+ ∣∣lµβk
(f)− lµβk

(
β−1
k logRgβk

(
eβkf

))∣∣
+
∣∣lµβk

(
β−1
k logRgβk

(
eβkf

))
− lµβk

(
LÂ(f)

)∣∣+ ∣∣lµβk

(
LÂ(f)

)
− l̂

(
LÂ(f)

)∣∣
⩽

∣∣l̂(f)− lµβk
(f)

∣∣+ 0 +
∥∥LÂ(f)− β−1

k logRgβk

(
eβkf

)∥∥
C0 +

∣∣lµβk

(
LÂ(f)

)
− l̂

(
LÂ(f)

)∣∣
⩽

∣∣l̂(f)− lµβk
(f)

∣∣+ β−1
k logN +

∥∥Â− β−1
k gβk

∥∥
C0 +

∣∣lµβk

(
LÂ(f)

)
− l̂

(
LÂ(f)

)∣∣,
where the second inequality follows from (4.9) and (4.8), and the third inequality follows
from (4.10).

Recall lim
k→+∞

lµβk
(·) = l̂(·), lim

k→+∞

gβk
βk

= Â, and lim
k→+∞

βk = +∞. As k → +∞ in (4.11), we

conclude that l̂(f) = l̂
(
LÂ(f)

)
. □

4.2. Applications. From the point of view that we adopt in this paper, we are able to
derive in Corollary 4.3 the main result of [BLT11] without using the “dual shift” technique
used there and prove in Corollary 4.4 the main result of [Me18] using its generalization
Theorem D. Note that we prove these results in a more general setting while [BLT11] and
[Me18] present the results for subshifts of finite type.

Definition 4.1. A famliy of probability measures {µβ}β∈(0,+∞) satisfies the large deviation
principle as β → +∞ if there exists a lower semi-continuous function I : X → [0,+∞]
(called the rate function) so that the two inequalities holds:

lim inf
β→+∞

1

β
log µβ(G) ⩾ − inf

x∈G
I(x), for every open setG ⊆ X,

lim sup
β→+∞

1

β
log µβ(K) ⩽ − inf

x∈K
I(x), for every closed setK ⊆ X.

Remark 4.2. Note that I(x) ∈ [0,+∞] for all x ∈ X follows from the fact that µβ is a
probability measure. By [DZ09, Theorems 4.3.1 and 4.4.2], when X is a compact metric
space, the above definition is equivalent to the following condition

(4.12) lim
β→+∞

1

β
log

∫
eβf dµβ = sup

x∈X
(f(x)− I(x))

for all f ∈ C(X,R).
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Corollary 4.3. Let T : X → X satisfy the Assumptions in Subsection 1.1. Suppose that
the potential A in Lip(X, dα) is uniquely maximizing. Then the family of equilibrium states
{µβA}β∈(0,+∞) satisfies the large deviation principle as β → +∞ with rate function −(b⊗v),
where b is the unique tropical eigen-density of L∗

A satisfying ⊕
x∈X

b(x) = 0 and v is the unique
tropical eigenfunction of LA satisfying ⊕

x∈X
(v(x)⊗ b(x)) = 0.

Proof. Since A is uniquely maximizing, Proposition 3.18 implies the uniqueness of tropical
eigen-density of L∗

A up to a constant. Note that for all β > 0, lmβ (0X) = 1
β
log 1 = 0

since mβA is a probability measure. By Theorem C (ii), it follows that as β → +∞, lmβ (·)
must converge to the unique tropical linear functional l whose density b in Dmax(X) is a
tropical eigen-density of L∗

A and l(0X) = 0, i.e., b is the unique tropical eigen-density of
L∗

A satisfying ⊕
x∈X

b(x) = 0.

Claim. As β → +∞, 1
β
log uβA must converge to the unique tropical eigenfunction v of

LA satisfying l(v) = 0.
Recall that

∫
uβA dmβA = 1 for all β > 0. It follows that for all β > 0,

lmβ
(
β−1 log uβA

)
=

1

β
log

∫
uβA dmβA = 0.

Suppose v̂ is the uniform limit of a convergent subsequence
{

1
βk

log uβkA

}
k∈N with βk → +∞

as k → +∞ according to Theorem C (i). Recall (4.5) and it follows that for all k ∈ N,∣∣lmβk
(v̂)− lmβk

(
β−1
k log uβkA

)∣∣ ⩽ ∥∥v̂ − β−1
k log uβkA

∥∥
C0 .

We conclude that

(4.13)
|l(v̂)| ⩽

∣∣l(v̂)− lmβk
(v̂)

∣∣+ ∣∣lmβk
(v̂)

∣∣
=

∣∣l(v̂)− lmβk
(v̂)

∣∣+ ∣∣lmβk
(v̂)− lmβk

(
β−1
k log uβkA

)∣∣
⩽

∣∣l(v̂)− lmβk
(v̂)

∣∣+ ∥∥v̂ − β−1
k log uβkA

∥∥
C0

for all k ∈ N. Since lim
β→+∞

lmβ (·) = l(·) and lim
k→+∞

β−1
k log uβkA = v̂, we get l(v̂) = 0 as

k → +∞ in (4.13). Now our claim follows from the uniqueness of the tropical eigenfunc-
tion of LA up to a tropical multiplicative constant since A is uniquely maximizing (see
Proposition 3.18).

Finally, note that for all β > 0 and f ∈ C(X,R), lµβ(f) = lmβ
(
f + β−1 log uβA

)
since

µβA = uβA ·mβA. Thus, for all β > 0 and f ∈ C(X,R),

(4.14)

∣∣l(v + f)− lµβ(f)
∣∣ = ∣∣l(v + f)− lmβ

(
f + β−1 log uβA

)∣∣
⩽

∣∣l(v + f)− lmβ (v + f)
∣∣+ ∣∣lmβ (v + f)− lmβ

(
f + β−1 log uβA

)∣∣
⩽

∣∣l(v + f)− lmβ (v + f)
∣∣+ ∥∥v − β−1 log uβA

∥∥
C0 ,

where the last inequality follows from (4.5).
Since we have proved lim

β→+∞
lmβ (·) = l(·) and lim

β→+∞
1
β
log uβA = v, it follows from (4.14)

that lim
β→+∞

lµβ(f) = l(v ⊗ f) for all f ∈ C(X,R). Recall b is the density of l in Dmax(X).
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Thus, l(v+ f) = sup
x∈X

(f(x)+ (b(x)+ v(x))) for all f ∈ C(X,R). Therefore, by Remark 4.2,

−(b+ v) is the rate function I in (4.12). □
Corollary 4.4. Let T : X → X satisfy the Assumptions in Subsection 1.1 and A ∈
Lip(X, dα). Suppose that the family of equilibrium states {µβA}β∈(0,+∞) satisifies the large
deviation principle as β → +∞, then the following statements hold:

(i)
{gβ

β

}
β∈(0,+∞)

uniformly converges as β → +∞.
(ii)

{
1
β
log uβA

}
β∈(0,+∞)

uniformly converges as β → +∞.
(iii)

{
lmβ (·)

}
β∈(0,+∞)

locally uniformly coverges as β → +∞.

Proof. We have shown that the three families {gβ
β
}β∈(0,+∞), { 1

β
log uβA}β∈(0,+∞), and

{
lmβ (·)

}
β∈(0,+∞)

are normal in Theorem D (i) and Theorem C (i)(ii). It suffices to show that the limit of
every convergent subsequence must be the same fuction or functional. Since {µβA}β∈(0,+∞)

satisfies the large deviation principle as β → +∞, it follows from Remark 4.2 that{
lµβ(·)

}
β∈(0,+∞)

locally uniformly converges a tropical linear functional as β → +∞. We
denote the functional by l̂(·) with its density b̂ ∈ Dmax(X).

(i). Suppose that the subsequence
{
β−1
k gβk

}
k∈N uniformly converges to Â ∈ C(X,R)

with βk → +∞ as k → +∞. Then it follows from Theorem D (ii) that
(4.15) b̂(T (x)) + Â(x) = b̂(x)

for all x ∈ X. If b̂(x0) ∈ R for some x0 ∈ X, then it follows from Â ∈ C(X,R) that
b̂(T (x0)) ∈ R and Â(x0) = b̂(x0)− b̂(T (x0)). We conclude that the values of Â at points in
{y ∈ X : b̂(y) ∈ R} are determined by (4.15).

Recall that µβA is a probability measure for all β > 0. Note that

⊕
x∈X

(
0⊗ b̂(x)

)
= lim

β→+∞
lµβ(0X) = lim

β→+∞

1

β
log µβA(X) = 0

and it follows that b̂ : X → R ∪ {−∞}.
We claim that

{
y ∈ X : b̂(y) ∈ R

}
is dense in X. If the claim holds, then the values of Â

on X are all determined since Â ∈ C(X,R) and
{
y ∈ X : b̂(y) ∈ R

}
is dense. Thus, every

convergent subsequence
{
β−1
k gβk

}
k∈N converges to the same funtion Â ∈ C(X,R) and (i)

is verified.
Now we prove the claim by contradiction. Suppose that {y ∈ X : b̂(y) ∈ R} is not

dense, i.e., there is an open set U ⊆ X so that b̂(y) = −∞ for all y ∈ U . Moreover,
(4.15) implies that b̂(T (y)) = −∞ if b̂(y) = −∞. It follows that for all y ∈ U and n ∈ N,
b̂(T n(y)) = −∞. Since T is open distance-expanding and transitive, there exists a positive

integer M so that X =
M⋃
i=0

T i(U) (see [PU10, Theorem 4.3.12]). Thus,

0 = ⊕
x∈X

b̂(x) = ⊕
0⩽i⩽M

⊕
y∈T i(U)

b̂(y) = ⊕
0⩽i⩽M

(−∞) = −∞.

This is a contradiction and our claim follows.
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(ii). Recall gβ = βA+ log uβA − log uβA ◦ T − P (T, βA) and lim
β→+∞

P (T,βA)
β

= Q(T,A).

We have proved in (i) that gβ
β

uniformly converges to Â as β → +∞. Now suppose that
the subsequence

{
1
βk

log uβkA

}
k∈N uniformly comverges to v ∈ C(X,R) with βk → +∞ as

k → +∞, then

Â = lim
k→+∞

gβk

βk

= A−Q(T,A) + lim
k→+∞

log uβkA − log uβkA ◦ T
βk

= A−Q(T,A) + v − v ◦ T.

This implies that v − v ◦ T is uniquely determined.
Recall

∫
uβA dmβA = 1 for all β > 0. Suppose a subsequence

{
β̂k

}
k∈N of the sequence

{βk}k∈N satisfies
lim

k→+∞
β̂k = +∞ and lim

k→+∞
lm
β̂k
(·) =: ľ(·),

where ľ is the pointwise limit of lm
β̂k

as k → +∞.
Similar to the argument for the claim in the proof of Corollary 4.3 (see (4.13)), we have∣∣ľ(v)∣∣ ⩽ ∣∣ľ(v)− lm

β̂k
(v)

∣∣+ ∣∣lm
β̂k
(v)

∣∣
=

∣∣ľ(v)− lm
β̂k
(v)

∣∣+ ∣∣lm
β̂k
(v)− lm

β̂k

(
β̂−1
k log uβ̂kA

)∣∣
⩽

∣∣ľ(v)− lm
β̂k
(v)

∣∣+ ∥∥v − β̂−1
k log uβ̂kA

∥∥,
where the equality follows from

∫
uβA dmβA = 1 and the second inequality follows from

(4.5). As k → +∞ in the above inequalities, we have ľ(v) = 0. Moreover, ľ is tropical
linear by Theorem C (ii).

We claim that the uniqueness of v− v ◦T and that ľ(v) = 0 implies the uniqueness of v.
If there exists v1, v2 ∈ C(X,R) such that v1 − v1 ◦ T = v2 − v2 ◦ T and ľ(v1) = ľ(v2) = 0,
then v1 − v2 = (v1 − v2) ◦ T and v1 − v2 ∈ C(X,R). The transitivity of T immediately
implies that v1 − v2 must be a constant function c. Thus, it follows that

0 = ľ(v1) = ľ(v2 ⊗ c) = ľ(v2)⊗ c = 0⊗ c = c,

i.e., v1 = v2 and the claim follows. Now (ii) is verified.
(iii). Recall lµβ(f) = lmβ

(
f + 1

β
log uβA

)
for all β > 0 and f ∈ C(X,R) since µβA =

uβA ·mβA. By (ii), 1
β
log uβA uniformly converges to some v ∈ C(X,R) as β → +∞. Recall

that lµβ(·) pointwise converges to l̂(·) as β → +∞.
Now suppose that ľ(·) is the pointwise limit of lmβk

(·) with βk → +∞ as k → +∞. Similar
to the argument for the rate function in the proof of Corollary 4.3 (see (4.14)), we have
for all f ∈ C(X,R),∣∣lmβk

(v + f)− l̂(f)
∣∣ ⩽ ∣∣lmβk

(v + f)− lµβk
(f)

∣∣+ ∣∣lµβk
(f)− l̂(f)

∣∣
=

∣∣lmβk
(v + f)− lmβk

(β−1
k log uβkA + f)

∣∣+ ∣∣lµβk
(f)− l̂(f)

∣∣
⩽

∥∥v − β−1
k log uβkA

∥∥
C0 +

∣∣lµβk
(f)− l̂(f)

∣∣,
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where the second inequality follows from (4.5). As k → +∞ in the above inequalities, it
follows that

l̂(f) = ľ(f + v)

for all f ∈ C(X,R), i.e., ľ(g) = l̂(g−v) for all g ∈ C(X,R). We conclude that l̂ is uniquely
determined and (iii) is verified. □

Appendix A. Additional proofs

We include the proofs of a few results known to experts in this appendix for the conve-
nience of the reader.

Proof of Proposition 3.2. Fix x ∈ X and denote T−1(x) := {x1, · · · , xn}. Let ξ > 0 be
the constant in Lemma 3.1. For all y ∈ B(x, ξ), denote yi := T−1

xi
(y) for all 1 ⩽ i ⩽ n

and consequently T−1(y) = {y1, · · · , yn} according to Lemma 3.1. Thus, LA(u)(x) −
LA(u)(y) = max

1⩽i⩽n
{u(xi) + A(xi)} − max

1⩽i⩽n
{u(yi) + A(yi)}. It follows that

(A.1) |LA(u)(x)− LA(u)(y)| ⩽ ⊕
1⩽i⩽k

|u(xi)− u(yi) + A(xi)− A(yi)|.

If A and u are in C(X,R), the compactness of X implies that A and u are uniformly
continuous. Thus, for each ϵ > 0, there exists δ > 0 such that |u(z1) − u(z2) + A(z1) −
A(z2)| < ϵ for all z1, z2 ∈ X with d(z1, z2) < δ.

Then for all y ∈ B(x,min{ξ, λδ}), Lemma 3.1 implies that d(xi, yi) ⩽ λ−1d(x, y) < δ
for all 1 ⩽ i ⩽ n. It follows that |u(xi) − u(yi) + A(xi) − A(yi)| < ϵ for all 1 ⩽ i ⩽ n.
Thus, it follows from (A.1) that |LA(u)(x) − LA(u)(y)| < ϵ for all y ∈ B(x,min{ξ, λδ}).
Now the continuity of LA(u) is verified.

If A and u are in Lip(X, dα), we immediately have LA(u) ∈ C(X,R) and consequently
‖LA(u)‖C0 < +∞ since X is compact. Moreover, it follows from (A.1) and Lemma 3.1
that

|LA(u)|dα,ξ ⩽ λ−α(|u|dα + |A|dα).
Thus, |LA(u)|dα ⩽ max

{
2‖LA(u)‖C0/ξα, λ−α(|u|dα + |A|dα)

}
< +∞ and we conclude that

LA(u) ∈ Lip(X, dα). □

Proof of Lemma 3.4. Let ξ > 0 be the constant in Lemma 3.1. Fix x, y ∈ X with d(x, y) <
ξ and n ∈ N. Denote T−n(x) := {x1, · · · , xk} and yi := T−n

xi
(y) for all 1 ⩽ i ⩽ k. Then

Lemma 3.1 implies that T−n(y) = {y1, · · · , yk} and d(T l(xi), T
l(yi)) ⩽ λl−nd(x, y) for all

0 ⩽ l ⩽ n and 1 ⩽ i ⩽ k. It follows that∣∣∣ ⊕
x∈T−n(x)

SnA(x)− ⊕
y∈T−n(y)

SnA(y)
∣∣∣ ⩽ ⊕

1⩽i⩽k
|SnA(xi)− SnA(yi)|.

Since A ∈ Lip(X, dα), it follows that for all 1 ⩽ i ⩽ k,

(A.2)
|SnA(xi)− SnA(yi)| ⩽ |A|dα(d(xi, yi)

α + ...+ d(T n−1(xi), T
n−1(yi))

α)

⩽ |A|dαd(x, y)α(λ−nα + ...+ λ−α)

< |A|dαd(x, y)αλ−α/(1− λ−α).



TROPICAL THERMODYNAMIC FORMALISM 39

We take C0(A) := |A|dαξα λ−α

1−λ−α and conclude that for all x, y ∈ X with d(x, y) < ξ and
n ∈ N,

(A.3)
∣∣∣ ⊕
x∈T−n(x)

SnA(x)− ⊕
y∈T−n(y)

SnA(y)
∣∣∣ ⩽ C0(A).

Recall that X is compact and T is topologically transitive
Claim. There exists Nξ ∈ N such that for all x, y ∈ X, there exists an integer m

satisfying 0 ⩽ m ⩽ Nξ and Tm(B(x, ξ)) ∩B(y, ξ) 6= ∅.

SinceX is compact, there exists a finite set {z1, · · · , zs} ⊆ X such that
s⋃

i=1

B
(
zi,

ξ
2

)
= X.

For all x, y ∈ X, there exists i, j ∈ {1, · · · , s} such that d(x, zi) < ξ
2
and d(y, zj) < ξ

2
.

Thus, B
(
zi,

ξ
2

)
⊆ B(x, ξ) and B

(
zj,

ξ
2

)
⊆ B(y, ξ). We conclude that if for some m ∈ N0,

Tm
(
B
(
zi,

ξ
2

))
∩ B

(
zj,

ξ
2

)
6= ∅, then Tm(B(x, ξ)) ∩ B(y, ξ) 6= ∅.

Since T is topologically transitive, there exists mij ∈ N0 such that Tmij
(
B
(
zi,

ξ
2

))
∩

B
(
zj,

ξ
2

)
6= ∅ for all i, j ∈ {1, · · · , s}. Thus, denote Nξ := max

1⩽i,j⩽s
mij and s < +∞ implies

Nξ < +∞. Now the claim is verified.
Fix x, y ∈ X and n ∈ N. Then the claim implies that there exists y′ ∈ T−m(B(y, ξ)) ∩

B(x, ξ) for some integer m satisfying 0 ⩽ m ⩽ Nξ. It follows from (A.3) that

⊕
x∈T−n(x)

SnA(x) ⩽ C0(A) + ⊕
y′∈T−n(y′)

SnA(y′)

= C0(A)− SmA(y
′) + ⊕

y′∈T−n(y′)

Sn+mA(y′)

⩽ C0(A)−m inf A+ ⊕
y′∈T−n−m(Tm(y′))

Sn+mA(y′)

= C0(A)−m inf A+ ⊕
y′∈T−n−m(Tm(y′))

(SmA(y′) + SnA(T
m(y′)))

⩽ C0(A)−m inf A+m supA+ ⊕
y′∈T−n−m(Tm(y′))

SnA(T
m(y′))

= C0(A)−m inf A+m supA+ ⊕
z∈T−n(Tm(y′))

SnA(z)

⩽ 2C0(A) +Nξ(supA− inf A) + ⊕
y∈T−n(y)

SnA(y).

Thus, we can take C1(A) := 2C0(A) +Nξ(supA− inf A) and

(A.4)
∣∣∣ ⊕
x∈T−n(x)

SnA(x)− ⊕
y∈T−n(y)

SnA(y)
∣∣∣ ⩽ C1(A)

for all x, y ∈ X and n ∈ N.
Now it suffices to give the estimate for

∣∣Ln
A(u)

∣∣
dα

when A, u ∈ Lip(X, dα). Fix A, u ∈
Lip(X, dα). Note that for all x ∈ X,

Ln
A(u)(x) = ⊕

x∈T−n(x)
(SnA(x̄) + u(x)).
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For x, y ∈ X with d(x, y) < ξ, (A.2) implies that for all n ∈ N,∣∣Ln
A(u)

∣∣
dα,ξ

⩽ |A|dαλ−α

1− λ−α
+ |u|dαλ−α ⩽ λ−α

1− λ−α
(|A|dα + |u|dα).

For x, y ∈ X with d(x, y) ⩾ ξ, (A.4) implies that for all n ∈ N,

|Ln
A(u)(x)− Ln

A(u)(y)|
d(x, y)α

⩽ C1(A) + sup u− inf u

d(x, y)α
⩽ C1(A) + sup u− inf u

ξα
.

We conclude that for all n ∈ N,

(A.5) |Ln
A(u)|dα ⩽ max

{
λ−α

1− λ−α
(|A|dα + |u|dα),

C1(A) + sup u− inf u

ξα

}
.

Now let C2(A, u) denote a positive constant satifying |Ln
A(u)|dα ⩽ C2(A, u)(|A|dα + |u|dα)

for a specific pair A, u ∈ Lip(X, dα) and all n ∈ N.
If A, u ∈ Lip(X, dα) are two constant functions, then for each n ∈ N, Ln

A(u) is a constant
function. Thus, 0 = |A|dα = |u|dα =

∣∣Ln
A(u)

∣∣
dα

for all n ∈ N and consequently C2(A, u)
can be arbitrary positive number.

Now suppose that there is a non-constant function betweenA and u, i.e., |A|dα+|u|dα > 0.
By (A.5), we can take C2(A, u) := max

{
λ−α

1−λ−α ,
C1(A)+supu−inf u
ξα(|A|dα+|u|dα )

}
.

Moreover, A, u ∈ Lip(X, dα) implies that

supA− inf A ⩽ |A|dα(diamX)α and sup u− inf u ⩽ |u|dα(diamX)α.

Recall that C1(A) = 2C0(A) +Nξ(supA− inf A) and C0(A) = |A|dαξα λ−α

1−λ−α . We conclude
that

C2(A, u) ⩽
λ−α

1− λ−α
+

C1(A) + sup u− inf u

ξα(|A|dα + |u|dα)

⩽ λ−α

1− λ−α
+

2C0(A) + |u|dα(diamX)α +Nξ|A|dα(diamX)α

ξα(|A|dα + |u|dα)

⩽ λ−α

1− λ−α
+

Nξ(diamX)α

ξα
+

2C0(A)

ξα(|A|dα + |u|dα)

⩽ λ−α

1− λ−α
+

Nξ(diamX)α

ξα
+

2λ−α

1− λ−α
.

Thus, we take C2 :=
3λ−α

1−λ−α +
Nξ(diamX)α

ξα
and conclude that

|Ln
A(u)|dα ⩽ C2(|A|dα + |u|dα)

for all A, u ∈ Lip(X, dα) and n ∈ N. The proof is now complete. □

Proof of Proposition 3.5. The proof of this proposition is very similar to that of [LZ23,
Proposition 6.4]. For the convenience of readers, we keep it completely as follows.

Denote D := C2|A|dα(diamX)α in this proof, where C2 is the constant in Lemma 3.4.
To establish (i), we fix a maximizing measure µ ∈ M(X,T ) for A (i.e., µ is T -invariant
Borel probability measure satisfying

∫
A dµ = Q(T,A)).
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We choose for each n ∈ N a point yn ∈ X such that SnA attains its maximum at yn (due
to compactness of X). Recall that Ln

A(0X)(x) = ⊕
x∈T−n(x)

SnA(x) for all x ∈ X and n ∈ N.

Then we have the following estimate that for all x ∈ X and n ∈ N,

(A.6)

Ln
A
(0X)(x) ⩾ Ln

A
(0X)(T

n(yn))−
∣∣Ln

A
(0X)

∣∣
dα
d(x, T n(yn))

α

⩾ ⊕
y∈T−n(Tn(yn))

SnA(y)− C2|A|dα(diamX)α

⩾ SnA(yn)−D

⩾
∫

SnA dµ−D

= −D,

where the second inequality follows from Lemma 3.4, the third inequality follows from the
definition of yn, and the last two lines of the above inequalities follow from the definition
of µ. We conclude that for all x ∈ X,

v0X
(x) = lim sup

n→+∞
Ln

A
(0X)(x) ⩾ −D.

In order to prove v0X
≼ D, we claim that there exists a point z ∈ X such that v0X

(z) ⩽ 0.
If the claim holds, then it follows from Lemma 3.4 that

(A.7) Ln
A
(0X)(x) ⩽ Ln

A
(0X)(z) +

∣∣Ln
A
(0X)

∣∣
dα
d(x, z)α ⩽ Ln

A
(0X)(z) +D

for all x ∈ X and n ∈ N. Thus, v0X
(x) ⩽ v0X

(z)+D ⩽ D for all x in X and (i) is verified.
To establish the claim above, we argue by contradiction. Suppose that v0X

(z) > 0
for all z ∈ X. By the definition of v0X

, for every z ∈ X, there exists nz ∈ N such
that Lnz

A
(0X)(z) >

1
2
v0X

(z). By the continuity of Lnz

A
(0X), there exists δz > 0 such that

Lnz

A
(0X)(y) > 1

3
v0X

(z) for all y ∈ B(z, δz). By the compactness of X, there exists finite

points x1, · · · , xk such that X =
k⋃

i=1

B(xi, δxi
).

For each y ∈ X, we choose an i such that y ∈ B(xi, δxi
) and set ny := nxi

. Let
c := min

{
v0X

(xi)/(3nxi
) : 1 ⩽ i ⩽ k

}
> 0. Then for all y ∈ X, Lny

A
(0X)(y) ⩾ nyc, i.e.,

(A.8) ⊕
y∈T−ny (y)

SnA(ȳ) ⩾ nyc.

Note that T−ny(y) is finite for all y ∈ X.
Now fix a point z0 ∈ X. For every i ∈ N, we can recursively choose zi ∈ X satisfying

T ni−1(zi) = zi−1 and Snzi−1
A(zi) ⩾ nzi−1

c. Then consider the sequence of Borel probability
measures (on X) {µi}i∈N given by

µi :=
1

mi

mi−1∑
j=0

δT j(zi)

where mi := nz0 + nz1 + · · · + nzi−1
and δT j(zi) is the dirac measure at point T j(zi). Due

to the weak*-compactness of the unit ball of the space consisting of all finite signed Borel
measures on X, we conclude that there is a subsequence {µik}k∈N of {µi}i∈N that converges
to a Borel probability measure µ̃ in the weak* topology. Moreover, it directly follows from
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the definitions of µi that
∣∣∫ f dµi −

∫
f dµi ◦ T−1

∣∣ ⩽ 2
mi
‖f‖C0 . Note that mi ⩾ i. Thus,

µ̃ should be a T -invariant Borel probability measure, i.e., µ̃ ∈ M(X,T ). Recall that
Q(T,A) = max{

∫
A dµ : µ ∈ M(X,T )} and A = A−Q(T,A). It follows that

0 ⩾
∫

A dµ̃ = lim
k→+∞

1

mik

mik
−1∑

j=0

A
(
T j(zik)

)
= lim

k→+∞

1

mik

ik−1∑
j=0

Snzj
A(zj+1)

⩾ lim
k→+∞

1

mik

ik−1∑
j=0

nzjc = c > 0,

where the last inequality follows from (A.8). This is a contradiction and consequently our
claim is verified.

Next, we prove (ii). It follows from Lemma 3.4 that
∣∣Ln

A
(0X)

∣∣
dα

⩽ C2‖A‖dα for all n ∈ N.
Thus,

{
Ln

A
(0X)

}
n∈N is an equicontinuous family. It follows from (A.6) that

{
Ln

A
(0X)

}
n∈N

has uniform lower bound −D. For a uniform upper bound, recall that there exists z ∈ X
such that v0X

(z) ⩽ 0. Fix ϵ > 0. It follows that Lm
A
(0X)(z) ⩽ ϵ for all m big enough.

Thus, it follows from (A.7) that
{
Ln

A
(0X)

}
n⩾m

has uniform upper bound D + ϵ.
In conclusion, {

Ln
A
(0X)

}
n⩾m

and
{
sup
k⩾n

Lk
A
(0X)

}
n⩾m

are equicontinuous, uniformly bounded, and consequently normal. Thus, v0X
, as the point-

wise decreasing limit of supk⩾n Lk
A
(0X) as n → +∞, is the uniform limit (limit in the C0

topology) of supk⩾n Lk
A
(0X). Now it follows clearly that |v0X

|dα ⩽ C2|A|dα and (ii) is
verified.

For (iii), it is straightforward to check that (see [LZ23, Lemma 6.1 (iii)])

LA

(
sup
k⩾n

Lk
A
(0X)

)
= sup

k⩾n+1
Lk

A
(0X).

By (ii) and Lemma 3.3, we conclude that the left-hand side converges to LA(v0X
) and the

right-hand side converges to v0 as k → +∞, i.e., LA(v0X
) = v0X

. □
The next lemma is useful in the proof of Proposition 3.12 (v).

Lemma A.1. Let T : X → X satisfy the Assumptions in Subsections 1.1 and A ∈
Lip(X, dα). Let ξ > 0 be the constant in Lemma 3.1. If x0 ∈ ΩA is an Aubry point,
then for all ϵ ∈ (0, ξ) and l ∈ N, there exists a trajectory from x1 to T n(x1) satisfying
n > l, d(x1, x0) ⩽ ϵ, T n(x1) = x0 and |Sn(A)(x1)| ⩽ ϵ.
Remark. This lemma is slightly different from [Ga17, Corollary 4.5]. In this lemma, we
assume A ∈ Lip(X, dα) and require T n(x1) = x0 while [Ga17, Corollary 4.5] assumes
A ∈ C(X,R) and only requires d(T n(x1), x0) ⩽ ϵ. Although [Ga17, Corollary 4.5] is stated
for subshifts of finite type, its proof is applicable to our setting. Thus, we directly use its
result in the following proof.
Proof. Fix ϵ ∈ (0, ξ), l ∈ N, and x0 ∈ ΩA. Then fix δ > 0 satisfying

δ +
λ−α

1− λ−α
|A|dαδα < ϵ.
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It follows from [Ga17, Corollary 4.5] that there exists a trajectory from x2 to T n(x2)
satisfying n > l, d(x2, x0) ⩽ δ, d(T n(x2), x0) ⩽ δ and |Sn(A)(x2)| ⩽ δ.

Since d(x2, x0) ⩽ δ < ξ, Lemma 3.1 implies that we have the trajectory from T−n
x2

(x0)
to x0 with

d
(
T−n
x2

(x0), x0

)
⩽ d

(
T−n
x2

(x0), x2

)
+ d(x2, x0)

⩽ λ−nd(x0, T
n(x2)) + d(x2, x0) ⩽ 2δ < ϵ.

Denote x1 := T−n
x2

(x0). It follows from (A.2) that |Sn(A)(x1)−Sn(A)(x2)| ⩽ λ−α

1−λ−α |A|dαδα.
We conclude that d(x1, x0) < ϵ, T n(x1) = x0, and

|Sn(A)(x1)| ⩽ δ +
λ−α

1− λ−α
|A|dαδα < ϵ,

where the last inequality follows from the definition of δ. □

Now we provide a sketch of the proof of Proposition 3.12 below.

Proof of Proposition 3.12. (i). Since u is a tropical eigenfunction of LA, u(T (x)) ⩾ u(x)⊗
A(x) for all x ∈ X. Thus, u(z)⊗ Sn(A)(z) ⩽ u(T n(z)) for all z ∈ X and n ∈ N. Since X
is compact and u ∈ C(X,R), u is uniformly continuous. It follows that for every ϵ > 0,
there exists η(ϵ) ∈ (0, ϵ) such that

|u(y)− u(x)| ⩽ ϵ

for all x, y ∈ X with d(y, x) ⩽ η(ϵ). By Definition 3.11, we see that for all x, y ∈ X,

u(x)⊗ ϕA(x, y) = lim
ϵ→0+

u(x)⊗
(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),y)⩽η(ϵ)

SnA(z)
)

⩽ lim sup
ϵ→0+

(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),y)⩽η(ϵ)

SnA(z)⊗ u(z)⊗ ϵ
)

⩽ lim sup
ϵ→0+

(
⊕
n∈N

⊕
d(z,x)⩽η(ϵ)

d(Tn(z),y)⩽η(ϵ)

u(T n(z))⊗ ϵ
)

⩽ lim sup
ϵ→0+

(u(y)⊗ 2ϵ)

= u(y).

(ii). Statement (ii) is already established in Subsection 3.2.
(iii). In the analysis below, we use Lemma 3.1 to connect two trajectories when the end

of one trajectory is close to the beginning of the other.
For a trajectory from w1 to T n(w1) satisfying d(w1, x) ⩽ ϵ and d(T n(w1), y) ⩽ ϵ and a

trajectory from w2 to Tm(w2) satisfying d(w2, y) ⩽ ϵ and d(Tm(w2), z) ⩽ ϵ, Lemma 3.1
implies that for all 0 < ϵ < ξ

2
, we have the trajectory from T−n

w1
(w2) to Tm(w2) satisfying

d
(
T−n
w1

(w2), x
)
⩽ 3ϵ and d(Tm(w2), z) ⩽ ϵ.

Note that d(w2, T
n(w1)) ⩽ 2ϵ < ξ. Thus, it follows from (A.2) that∣∣Sn(A)(w1)− Sn(A)

(
T−n
w1

(w2)
)∣∣ ⩽ λ−α

1− λ−α
|A|dα(2ϵ)α.
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We conclude that

Sn+m(A)
(
T−n
w1

(w2)
)
+

λ−α|A|dα(2ϵ)α

1− λ−α
⩾ Sn(A)(w1) + Sm(A)(w2).

Now (iii) follows from Definition 3.11.
(iv). This is a direct consequence of the definition of the Aubry set and the Mañé

potential. See Definitions 3.10 and 3.11.
(v). We remark that the following idea, which is also a generalization of Lemma A.1,

is important for the proof below. When x0 ∈ ΩA, for all l ∈ N, z ∈ X, and ϵ > 0,
there exists a trajectory from x1 to T n(x1) satisfies n > l, d(x1, x0) ⩽ ϵ, d(T n(x1), z) ⩽ ϵ,
and |Sn(A)(x1) − ϕA(x0, z)| ⩽ ϵ. This idea is best captured by the concept of the Peierls
boundary which we do not elaborate on.

We first show ϕA(x0, z) = ⊕
y∈T−1(z)

(ϕA(x0, y)⊗A(y)) for all x0 ∈ ΩA and z ∈ X. We have

already proved
(A.9) ϕA(x, y) = lim

ϵ→0+
⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

Sn(A)(y0)

for all x, y ∈ X in the claim in the proof of Proposition 3.12 (ii).
Thus, for all z, x ∈ X,

⊕
y∈T−1(z)

(ϕA(x, y)⊗ A(y)) = ⊕
y∈T−1(z)

(
lim
ϵ→0+

⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

Sn(A)(y0)⊗ A(y)
)

= lim
ϵ→0+

⊕
y∈T−1(z)

⊕
n∈N

⊕
d(y0,x)⩽ϵ
Tn(y0)=y

(Sn(A)(y0)⊗ A(y))

= lim
ϵ→0+

⊕
n∈N

⊕
d(y0,x)⩽ϵ

Tn+1(y0)=z

Sn+1(A)(y0)

= lim
ϵ→0+

⊕
m⩾2

⊕
d(y0,x)⩽ϵ
Tm(y0)=z

Sm(A)(y0),

where the second equality follows from the fact that T−1(z) is finite.
Fix x0 ∈ ΩA and z ∈ X and it suffices to show

(A.10) ϕA(x0, z) = lim
ϵ→0+

⊕
m⩾2

⊕
d(y0,x0)⩽ϵ
Tn(y0)=z

Sm(A)(y0).

Let ξ > 0 be the constant in Lemma 3.1. Fix ϵ ∈
(
0, ξ

2

)
. Lemma A.1 implies that there

exists a trajectory from x1 to T n0(x1) satisfying n0 ∈ N, d(x1, x0) ⩽ ϵ, T n0(x1) = x0, and
|Sn0(A)(x1)| ⩽ ϵ.

Thus, for each trajectory from y0 to T n(y0) satisfying n ∈ N, T n(y0) = z, and d(y0, x0) ⩽
ϵ, Lemma 3.1 implies that we have the trajectory from T−n0

x1
(y0) to T n(y0) with d

(
T−n0
x1

(y0), x0

)
⩽

d
(
T−n0
x1

(y0), x1

)
+ d(x1, x0) ⩽ 2ϵ.

Since d(y0, x0) ⩽ ϵ < ξ, it follows from (A.2) that∣∣Sn0(A)(x1)− Sn0(A)
(
T−n0
x1

(y0)
)∣∣ ⩽ λ−α

1− λ−α
|A|dαϵα.
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Thus,

Sn(A)(y0) = Sn+n0(A)
(
T−n0
x1

(y0)
)
− Sn0(A)

(
T−n0
x1

(y0)
)

⩽ Sn+n0(A)
(
T−n0
x1

(y0)
)
− Sn0(A)(x1) +

λ−α

1− λ−α
|A|dαϵα

⩽ Sn+n0(A)
(
T−n0
x1

(y0)
)
+ ϵ+

λ−α

1− λ−α
|A|dαϵα.

We denote E(ϵ) := ϵ+ λ−α

1−λ−α |A|dαϵα and conclude that

⊕
n∈N

⊕
d(y0,x0)⩽ϵ
Tn(y0)=z

Sn(A)(y0) ⩽ E(ϵ) + ⊕
n∈N

⊕
d(y0,x0)⩽ϵ
Tn(y0)=z

Sn+n0(A)
(
T−n0
x1

(y0)
)

⩽ E(ϵ) + ⊕
m⩾2

⊕
d(y1,x0)⩽2ϵ
Tm(y1)=z

Sm(A)(y1).

As ϵ → 0+ in the above inequalities, we get ϕA(x0, z) ⩽ lim
ϵ→0+

⊕
m⩾2

⊕
d(y0,x0)⩽ϵ
Tn(y0)=z

Sm(A)(y0).

It directly follows from Definition 3.11 that ϕA(x0, z) ⩾ lim
ϵ→0+

⊕
m⩾2

⊕
d(y0,x0)⩽ϵ
Tn(y0)=z

Sm(A)(y0) and

consequently (A.10) is verified.
Next we follow a similar process to prove ϕA(x0, z) ∈ R for all x0 ∈ ΩA and z ∈ X. More

precisely, we have the following claim. Fix x0 ∈ ΩA and z ∈ X.

Claim 1. The inequality

(A.11) ϕA(x0, z) ⩾ Sn(A)(y0)−
λ−α

1− λ−α
|A|dαξα

holds for every y0 ∈ B(x0, ξ) satisfying T n(y0) = z for some n ∈ N.

Now fix a point y0 ∈ B(x0, ξ) with T n(y0) = z for some n ∈ N.
Fix ϵ > 0 and l ∈ N satisfying λ−lξ < ϵ

2
. By Lemma A.1, there exists a trajectory from

x1 to T n0(x1) satisfying n0 > l, d(x1, x0) ⩽ ϵ
2
, T n0(x1) = x0, and |Sn0(A)(x1)| ⩽ ϵ.

By Lemma 3.1, we have the trajectory from T−n0
x1

(y0) to T n(y0) with

d
(
T−n0
x1

(y0), x0

)
⩽ d

(
T−n0
x1

(y0), x1

)
+ d(x1, x0)

⩽ λ−n0d(y0, x0) + d(x1, x0) ⩽ λ−lξ +
ϵ

2
< ϵ.

Since y0 ∈ B(x0, ξ), it follows from (A.2) that

∣∣Sn0(A)(x1)− Sn0(A)
(
T−n0
x1

(y0)
)∣∣ ⩽ λ−α

1− λ−α
|A|dαξα.
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We conclude that

⊕
m∈N

⊕
d(y1,x0)⩽ϵ
Tm(y1)=z

Sm(A)(y1) ⩾ Sn0+n(A)
(
T−n0
x1

(y0)
)

⩾ Sn0(A)(x1)−
λ−α

1− λ−α
|A|dαξα + Sn(A)(y0)

⩾ −ϵ+ Sn(A)(y0)−
λ−α

1− λ−α
|A|dαξα.

As ϵ → 0+ in the above identities, A.11 follows and Claim 1 is verified.
Recall that ϕA(·, ·) : X ×X → R ∪ {−∞} and note that the existence of y0 ∈ B(x0, ξ)

satisfying T n(y0) = z follows from the transitivity of T . We conclude that ϕA(x0, z) ∈ R
for all x0 ∈ ΩA and z ∈ X.

Finally, we verify the continuity of ϕA(x0, ·) for all x0 ∈ ΩA.
Claim 2. For all z1, z2 ∈ X satisfying d(z1, z2) < ξ and x0 ∈ ΩA,

(A.12) |ϕA(x0, z1)− ϕA(x0, z2)| ⩽
λ−α

1− λ−α
|A|dαd(z1, z2)α.

Now fix x0 ∈ ΩA and z1, z2 ∈ X with d(z1, z2) < ξ.
Fix ϵ ∈

(
0, ξ

2

)
and l ∈ N satisfying λ−lξ < ϵ

2
. By Lemma A.1, there exists a trajectory

from x1 to T n1(x1) satisfying n1 > l, d(x1, x0) ⩽ ϵ
2
, T n1(x1) = x0 and |Sn1(A)(x1)| ⩽ ϵ.

For each trajectory from y1 to T n(y1) satisfying n ∈ N, T n(y1) = z1, and d(y1, x0) ⩽ ϵ
2
<

ξ, Lemma 3.1 implies that we have the trajectory from T−n1
x1

(y1) to T n(y1) with

(A.13)
d
(
T−n1
x1

(y1), x0

)
⩽ d

(
T−n1
x1

(y1), x1

)
+ d(x1, x0)

⩽ λ−n1d(y1, x0) + d(x1, x0) ⩽
ϵ

2
+

ϵ

2
= ϵ.

Since d(y1, x0) ⩽ ϵ
2
< ξ, it follows from (A.2) that

(A.14)∣∣Sn1(A)
(
T−n1
x1

(y1)
)∣∣ ⩽ |Sn1(A)(x1)|+

λ−α

1− λ−α
|A|dα(ϵ/2)α ⩽ ϵ+

λ−α

1− λ−α
|A|dα(ϵ/2)α.

Denote y2 := T−n1
x1

(y1) and n2 := n + n1. Note that T n2(y2) = T n(y1) = z1. Since
d(z1, z2) < ξ, Lemma 3.1 implies that we have the trajectory from T−n2

y2
(z2) to z2 with

(A.15)
d
(
T−n2
y2

(z2), x0

)
⩽ d

(
T−n2
y2

(z2), y2
)
+ d(y2, x0)

⩽ λ−n2d(z2, z1) + ϵ < λ−lξ + ϵ < 2ϵ,

where the second inequality follows from Lemma 3.1 and (A.13), and the third inequality
follows from n1 > l. Moreover, it directly follows from (A.2) that

(A.16)
∣∣Sn2(A)

(
T−n2
y2

(z2)
)
− Sn2(A)(y2)

∣∣ ⩽ λ−α

1− λ−α
|A|dαd(z1, z2)α.
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Denote F (ϵ) := ϵ + λ−α

1−λ−α |A|dα(ϵ/2)α. We conclude that for each trajectory from y1 to
T n(y1) satisfying n ∈ N, T n(y1) = z1, and d(y1, x0) ⩽ ϵ

2
,

Sn(A)(y1) = Sn2(A)(y2)− Sn1(A)(y2)

⩽ Sn2(A)
(
T−n2
y2

(z2)
)
+

λ−α

1− λ−α
|A|dαd(z1, z2)α + ϵ+

λ−α

1− λ−α
|A|dα(ϵ/2)α

⩽ ⊕
m∈N

⊕
d(z,x0)⩽2ϵ
Tm(z)=z2

Sm(A)(z) +
λ−α

1− λ−α
|A|dαd(z1, z2)α + F (ϵ),

where the inequality in the second line follows from (A.16) and (A.14), and the inequality
in the third line follows from (A.15). Thus,

⊕
n∈N

⊕
d(y1,x0)⩽ϵ/2
Tn(y1)=z1

Sn(A)(y1) ⩽ ⊕
m∈N

⊕
d(z,x0)⩽2ϵ
Tm(z)=z2

Sm(A)(z) +
λ−α

1− λ−α
|A|dαd(z1, z2)α + F (ϵ).

As ϵ → 0+ in the above identity, we get

ϕA(x0, z1) ⩽ ϕA(x0, z2) +
λ−α

1− λ−α
|A|dαd(z1, z2)α.

Thus, Claim 2 follows and consequently ϕA(x0, ·) ∈ C(X,R).
We conclude that ϕA(x0, ·) is a tropical eigenfunction and (v) is verified. □

Proof of Proposition 3.13. It follows from Proposition 3.12 (i) that u(·) ⩾ ⊕
x∈ΩA

(u(x) ⊗

ϕA(x, ·)). It suffices to find an Aubry point xy for each y in X such that u(xy)⊗ϕA(xy, y) ⩾
u(y). Fix y ∈ X.

Since u is a tropical eigenfunction of LA, u(x) = ⊕
z∈T−1(x)

(u(z) + A(z)) for all x ∈ X.

By Lemma 3.1, T−1(x) is finite for all x ∈ X. Consider u(y) = ⊕
z∈T−1(y)

(u(z) + A(z)).

Then there exists y1 ∈ T−1(y) such that u(y) = u(y1) + A(y1). Then consider u(y1) =
⊕

z∈T−1(y1)
(u(z) + A(z)) and there exists y2 ∈ T−1(y1) such that u(y1) = u(y2) + A(y2).

Repeating this process reductively, we get a sequence {yk}k∈N ⊆ X satisfying T (yk+1) = yk
and u(yk) = u(yk+1) + A(yk+1) for all k ∈ N.

Claim. Every accumulation point of {yk}k∈N as k → +∞ is an Aubry point and these
Aubry points satisfy u(·) + ϕA(·, y) ⩾ u(y).

Suppose that the subsequence {ynk
}k∈N coverges to xy with nk → +∞ as k → +∞.

Without loss of generality, we assume that nk+1 > nk + k for all k ∈ N.
Fix ϵ > 0, the continuity and consequently the uniformly-continuity of u (due to the

compactness of X) implies that there exists η ∈ (0, 2ϵ) such that |u(x) − u(z)| ⩽ ϵ for
all x, z ∈ X with d(x, z) ⩽ η. Thus, when k is big enough, d(ynk

, xy) ⩽ η
2
< ϵ and

d(ynk+1
, xy) ⩽ η

2
< ϵ. Let nk+1 − nk =: mk ∈ N and consequently for all k big enough,

|Smk
(A)(ynk

)| = |u(ynk
)− u(ynk+1

)| ⩽ ϵ



48 ZHIQIANG LI AND YIQING SUN

since d(ynk
, ynk+1

) ⩽ d(ynk
, xy)+d(xy, ynk+1

) ⩽ η. According to Definition 3.10, we conclude
that xy is an Aubry point. Moreover, d(ynk

, xy) ⩽ η
2
< η implie that for all k big enough,

u(y) = u(ynk
)⊗ Snk

(A)(ynk
) ⩽ (u(xy) + ϵ)⊗

(
⊕
n∈N

⊕
d(z,xy)⩽ϵ

d(Tn(z),y)⩽ϵ

Sn(A)(z)
)
.

As ϵ → 0+ in the above inequality, we get u(y) ⩽ u(xy) ⊗ ϕA(xy, y). Now the claim is
verified and it follows that u(·) = ⊕

x∈ΩA

(u(x)⊗ ϕA(x, ·)). □
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