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Abstract. Expanding Thurston maps were introduced by M. Bonk and D. Meyer with motiva-
tion from complex dynamics and Cannon’s conjecture from geometric group theory via Sullivan’s
dictionary. In this paper, we introduce subsystems of expanding Thurston maps motivated via
Sullivan’s dictionary as analogs of some subgroups of Kleinian groups. We use thermodynamic
formalism to prove the Variational Principle and the existence of equilibrium states for strongly
irreducible subsystems and real-valued Hölder continuous potentials. Here, the sphere S2 is
equipped with a natural metric, called a visual metric, introduced by M. Bonk and D. Meyer. As
an application, we establish large deviation asymptotics for expanding Thurston maps.
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1. Introduction

A Thurston map is a (non-homeomorphic) branched covering map on a topological 2-sphere
S2 that is postcritically-finite, meaning that each of its critical points has a finite orbit under
iteration. The most important examples are given by postcritically-finite rational maps on the
Riemann sphere Ĉ. While Thurston maps are purely topological objects, a deep theorem due
to W.P. Thurston characterizes Thurston maps that are, in a suitable sense, described in the
language of topology and combinatorics, equivalent to postcritically-finite rational maps (see
[DH93]). This suggests that for the relevant rational maps, an explicit analytic expression is not
so important but rather a geometric-combinatorial description. This viewpoint is both natural
and fruitful for considering more general dynamical systems that are not necessarily conformal.

In the early 1980s, D.P. Sullivan introduced a “dictionary” that is now known as Sullivan’s
dictionary, which connects two branches of conformal dynamics: iterations of rational maps, and
actions of Kleinian groups. Under Sullivan’s dictionary, the counterpart to Thurston’s theorem in
geometric group theory is Cannon’s Conjecture [Can94]. An equivalent formulation of Cannon’s
conjecture, viewed from a quasisymmetric uniformization perspective ([Bon06, Conjecture 5.2]),
predicts that if the boundary at infinity ∂∞G of a Gromov hyperbolic group G is homeomorphic
to S2, then ∂∞G equipped with a visual metric is quasisymmetrically equivalent to the Riemann
sphere Ĉ equipped with the chordal metric.

Inspired by Sullivan’s dictionary and their interest in Cannon’s conjecture, M. Bonk and
D. Meyer [BM10, BM17], as well as P. Haïssinsky and K.M. Pilgrim [HP09], studied a sub-
class of Thurston maps, called expanding Thurston maps, by imposing some additional condition
of expansion. These maps are characterized by a contraction property for inverse images (see
Subsection 3.2 for the precise definition). In particular, a postcritically-finite rational map on Ĉ
is expanding if and only if its Julia set is equal to Ĉ. For an expanding Thurston map on S2,
we can equip S2 with a natural class of metrics d, called visual metrics (see Subsection 3.2 for
details), that are snowflake equivalent to each other and are constructed in a similar way as the
visual metrics on the boundary ∂∞G of a Gromov hyperbolic group G (see [BM17, Chapter 8] for
details, and see [HP09] for a related construction). In the language above, the following theorem
was obtained in [BM10, BM17, HP09], which can be seen as an analog of Cannon’s conjecture
for expanding Thurston maps.
Theorem (M. Bonk & D. Meyer [BM10, BM17]; P. Haïssinky & K.M. Pilgrim [HP09]). Let
f : S2 → S2 be an expanding Thurston map with no periodic critical points and d be a visual
metric for f . Then f is topologically conjugate to a rational map if and only if (S2, d) is
quasisymmetrically equivalent to Ĉ.

The dynamical systems that we study in this paper are called subsystems of expanding Thurston
maps, inspired by a translation of the notion of subgroups from geometric group theory via
Sullivan’s dictionary. To clarify this concept, we consider an expanding Thurston map f : S2 → S2

and a Jordan curve C ⊆ S2 that contains the postcritical set post f . The condition post f ⊆ C
ensures that the closure of each connected component of S2\f−n(C) is a closed Jordan region. We
call each such set an n-tile. Consider some 1-tiles and denote their union by U . The restriction
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F := f |U is called a subsystem of f with respect to C, and the dynamics of F : U → S2 generates
the tile maximal invariant set Ω ⊆ S2, which is the intersection of unions of n-tiles contained in
F−n(S2) for n ∈ N (see Subsection 5.1 for a detailed discussion).

For expanding Thurston maps, roughly speaking, 1-tiles together with the maps restricted to
those tiles play a role similar to that of generators in the context of Gromov hyperbolic groups.
For example, one can recover S2 and the original map f from all its 1-tiles and the dynamics
on those tiles. If we consider all n-tiles for some n ∈ N, we obtain an iterate fn of f , which
corresponds to a finite-index subgroup of the original group in the group setting. Given such
similarity, it is natural to investigate more general cases, such as dynamics generated by certain
1-tiles, which leads to our study of subsystems. We remark that although the concept of a
subsystem shares certain similarities with the notion of a repeller (see [Pes97, PU10]), the latter
typically requires smooth and uniformly expanding assumptions, neither of which are satisfied by
a subsystem.

According to Sullivan’s dictionary, an expanding Thurston map is associated with a Gromov
hyperbolic group whose boundary at infinity is S2. In this context, a subsystem corresponds to a
Gromov hyperbolic group whose boundary at infinity is a subset of S2. In particular, for Gromov
hyperbolic groups whose boundary at infinity is a Sierpiński carpet, there is an analog of Cannon’s
conjecture—the Kapovich–Kleiner conjecture. It predicts that these groups arise from some
standard situation in hyperbolic geometry. Similar to Cannon’s conjecture, one can reformulate
the Kapovich–Kleiner conjecture in an equivalent way as a question related to quasisymmetric
uniformization. For subsystems, it is easy to find examples where the tile maximal invariant set is
homeomorphic to the standard Sierpiński carpet (see Subsection 5.1 for examples of subsystems).
In this case, an analog of the Kapovich–Kleiner conjecture for subsystems is under investigation
[BLL].

In this paper, we delve into the dynamics of subsystems of expanding Thurston maps from the
perspective of ergodic theory. Ergodic theory has played a crucial role in the study of dynamical
systems. The investigation of invariant measures has been a central part of ergodic theory.
However, a dynamical system may possess a large class of invariant measures, some of which
may be more interesting than others. It is, therefore, crucial to examine the relevant invariant
measures.

The thermodynamic formalism serves as a viable mechanism for generating invariant measures
endowed with desirable properties. More precisely, for a continuous transformation on a com-
pact metric space, we can consider the topological pressure as a weighted version of the topological
entropy, with the weight induced by a real-valued continuous function, called potential. The Vari-
ational Principle identifies the topological pressure with the supremum of its measure-theoretic
counterpart, the measure-theoretic pressure, over all invariant Borel probability measures [Bow75,
Wal82]. Under additional regularity assumptions on the transformation and the potential, one
gets the existence and uniqueness of an invariant Borel probability measure maximizing the
measure-theoretic pressure, called the equilibrium state for the given transformation and the po-
tential. The study of the existence and uniqueness of the equilibrium states and their various
other properties, such as ergodic properties, equidistribution, fractal dimensions, etc., has been
the primary motivation for much research in the area.

The ergodic theory for expanding Thurston maps has been investigated in [Li17] by the first-
named author of the current paper. In [Li18], the first-named author developed the thermody-
namic formalism and investigated the existence, uniqueness, and other properties of equilibrium
states for expanding Thurston maps. In particular, for expanding Thurston maps without peri-
odic critical points, using a general framework devised by Y. Kifer [Kif90], the first-named author
established level-2 large deviation principles for iterated preimages and periodic points in [Li15].
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The current paper is the first in a series of two papers (along with [LS24b]) investigating
the ergodic theory of subsystems of expanding Thurston maps. In this paper, we develop the
thermodynamic formalism for strongly irreducible subsystems of expanding Thurston maps. For
these subsystems, we establish the Variational Principle and the existence of equilibrium states.
Consequently, we derive large deviation asymptotics for (original) expanding Thurston maps.

In the second paper [LS24b] in this series, we establish the uniqueness and ergodic properties
of equilibrium states for strongly primitive subsystems of expanding Thurston maps. Building
on the results regarding existence and uniqueness of equilibrium states, for strongly primitive
subsystems of expanding Thurston maps without periodic critical points, we obtain level-2 large
deviation principles for the distributions of Birkhoff averages and iterated preimages.

Our investigation of subsystems in this series also has applications in the ergodic properties and
large deviation theories of expanding Thurston maps. In [LS24a], for any expanding Thurston
map, even in the presence of periodic critical points, we prove, by using subsystems, the entropy
density of ergodic measures and establish level-2 large deviation principles for the distributions of
Birkhoff averages, periodic points, and iterated preimages, which generalizes the corresponding
results in [Li15]. Additionally, by constructing suitable subsystems, we show that the entropy map
of an expanding Thurston map f is upper semi-continuous if and only if f has no periodic critical
points. This finding provides a negative answer to the question posed in [Li15] and indicates
that the method used there to prove large deviation principles is not applicable to expanding
Thurston maps with periodic critical points. In this context, subsystems serve as practical tools
for studying expanding Thurston maps. We expect more applications of subsystems in the future.

1.1. Main results. Our main results consist of two parts. We first establish the Variational
Principle and the existence of equilibrium states for subsystems of expanding Thurston maps.
Then as an application, we obtain large deviation asymptotics for expanding Thurston maps.
In particular, these results apply to postcritically-finite rational maps without periodic critical
points.

Variational Principle and the existence of equilibrium states. In order to present our results more
precisely, we briefly review some key concepts. We refer the reader to Section 3 for a detailed
discussion.

Let f : S2 → S2 be an expanding Thurston map with a Jordan curve C ⊆ S2 satisfying
post f ⊆ C. Here post f :=

∪
n∈N{fn(c) : c ∈ S2 is a critical point of f}. For each n ∈ N0, the

set of n-tiles is
Xn(f, C) := {Xn : Xn is the closure of a connected component of S2 \ f−n(C)}.

We say that a map F : dom(F ) → S2 is a subsystem of f with respect to C if dom(F ) =
∪
X

for some non-empty subset X ⊆ X1(f, C) and F = f |dom(F ). We denote by Sub(f, C) the set of
subsystems of f with respect to C.

Consider a subsystem F ∈ Sub(f, C). For each n ∈ N0, we define the set of n-tiles of F to be
Xn(F, C) := {Xn ∈ Xn(f, C) : Xn ⊆ F−n(F (dom(F )))},

where we set F 0 := idS2 when n = 0. We call each Xn ∈ Xn(F, C) an n-tile of F . We define the
tile maximal invariant set associated with F with respect to C to be

Ω = Ω(F, C) :=
∩
n∈N

(∪
Xn(F, C)

)
.

We note that Ω ⊆ S2 is compact and is forward invariant under F , i.e., F (Ω) ⊆ Ω (see
Proposition 5.4 (iii)). Hence, we can consider the restriction F |Ω : Ω → Ω and its iterates. In
this context, we denote by M(Ω, F |Ω) the set of F |Ω-invariant Borel probability measures on Ω,
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and by hµ(F |Ω) the measure-theoretic entropy of F |Ω for µ ∈ M(Ω, F |Ω) (see Subsection 3.1 for
precise definitions).

We define the topological pressure of a subsystem F with respect to a potential φ ∈ C(S2) by

P (F,φ) := lim inf
n→+∞

1

n
log(Zn(F,φ)),

where

Zn(F,φ) :=
∑

Xn∈Xn(F,C)

exp

(
sup

{n−1∑
i=0

φ(F i(x)) : x ∈ Xn

})
.

Observe the difference between P (F,φ) and the classical notion of topological pressure P (F |Ω, φ|Ω)
for the map F |Ω : Ω → Ω (see the remark after Definition 6.1 for details).

In the following theorem, under the additional assumption that the Jordan curve C is forward
invariant, we establish the Variational Principle and the existence of the equilibrium state for
a strongly irreducible subsystem (see Definition 5.15) and a Hölder continuous potential with
respect to a visual metric.

Theorem 1.1. Let f : S2 → S2 be an expanding Thurston map and C ⊆ S2 be a Jordan curve
containing post f with the property that f(C) ⊆ C. Let d be a visual metric on S2 for f and ϕ be
a real-valued Hölder continuous function on S2 with respect to the metric d. Consider a strongly
irreducible subsystem F ∈ Sub(f, C) and denote its tile maximal invariant set by Ω. Then

(1.1) P (F, ϕ) = sup

{
hµ(F |Ω) +

∫
Ω
ϕ dµ : µ ∈ M(Ω, F |Ω)

}
.

Moreover, there exists an equilibrium state µF,ϕ for F |Ω and ϕ|Ω attaining the supremum in (1.1).

Remark. When the subsystem F is strongly primitive (see Definition 5.16), we prove the unique-
ness and various ergodic properties of the equilibrium state µF,ϕ, including mixing. We also show
that the preimages are equidistributed with respect to µF,ϕ. As these proofs employ new tech-
niques beyond the scope of this paper, we present these results in the companion paper [LS24b]
to enhance accessibility of the current paper for a broader audience who are, for independent
reasons, potentially interested in the basic notions of subsystems introduced in this paper.

Large deviation asymptotics. Our second result is about the large deviations asymptotics for
expanding Thurston maps. Applying Theorem 1.1, we provide exponential upper bounds for
deviations.

Large deviation theory first arose in probability and usually studies the asymptotic behavior
of the probability P

{
1
n

∑n
k=1Xn ∈ I

}
as n→ +∞ for a sequence {Xn}n∈N of real-valued random

valuables and an interval I ⊆ R. If a law of large numbers holds, such that 1
n

∑n
k=1Xk → X as

n → +∞ and X /∈ I, then the above probabilities tend to zero. In some cases, it is possible to
demonstrate that the convergence is exponentially fast, which brings large deviation theory into
play, with its primary goal being to describe the corresponding exponent.

In order to state the result more precisely, we briefly review some key concepts.
For an expanding Thurston map f : S2 → S2 and a Hölder continuous function ϕ : S2 → R

(with respect to a given visual metric for f on S2), there exists a unique equilibrium state µϕ for
f and ϕ (see Theorem 3.15 (i)). Two real-valued functions φ, ψ ∈ C(S2) are called co-homologous
in C(S2) (with respect to f) if there exists a function u ∈ C(S2) such that φ − ψ = u ◦ f − u.
In the following, we assume that ϕ : S2 → R is Hölder continuous (with respect to a given visual
metric for f on S2) and is not co-homologous to a constant in C(S2).
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We write Iϕ := [αmin, αmax], where

(1.2) αmin := min
µ∈M(S2,f)

∫
ϕ dµ and αmax := max

µ∈M(S2,f)

∫
ϕ dµ.

Here M(S2, f) is the set of f -invariant Borel probability measures on S2, which is convex and
compact with respect to the weak* topology. In particular, we have int(Iϕ) ̸= ∅ and

∫
ϕ dµϕ ∈

(αmin, αmax) (see Proposition 7.1 (i)).
We define a rate function I = If,ϕ : [αmin, αmax] → [0,+∞) for f and ϕ by

(1.3) I(α) = If,ϕ(α) := inf

{
P (f, ϕ)− Pµ(f, ϕ) :

∫
ϕ dµ = α, µ ∈ M(S2, f)

}
,

where P (f, ϕ) is the topological pressure of f with respect to ϕ and Pµ(f, ϕ) is the measure-
theoretic pressure of f for µ and ϕ (see Subsection 3.1 for definitions).

Now we are able to state our second result.

Theorem 1.2 (Large deviations asymptotics). Let f : S2 → S2 be an expanding Thurston map
and d be a visual metric on S2 for f . Let ϕ be a real-valued Hölder continuous function on S2

(with respect to the metric d) that is not co-homologous to a constant in C(S2). Let µϕ be the
unique equilibrium state for the map f and the potential ϕ. Denote γϕ :=

∫
ϕ dµϕ. Then for each

α ∈ (αmin, αmax), there exists an integer N ∈ N and a real number Cα > 0 such that for each
integer n ⩾ N ,

µϕ

({
x ∈ S2 : sgn(α− γϕ)

1

n
Snϕ(x) ⩾ sgn(α− γϕ)α

})
⩽ Cαe

−I(α)n,

where Snϕ(x) :=
∑n−1

i=0 ϕ(f
i(x)), αmin and αmax are defined by (1.2), and I(α) is defined by (1.3).

For the rate function, I(α) = 0 holds if and only if α = γϕ (see Proposition 7.1 (iii)). Hence, I
gives control on exponential rates of the convergence. Moreover, it follows from Proposition 7.1 (ii)
and [DPTUZ21, Theorems 1.1 (5) and 1.2] that the exponents I(α) in Theorem 1.2 are the best
possible.

Applications to rational maps. Recall that a postcritically-finite rational map is expanding if
and only if it has no periodic critical points (see [BM17, Proposition 2.3]). Therefore, when we
restrict our attention to postcritically-finite rational maps, we obtain the following corollaries of
Theorems 1.1, 1.2, and Remark 3.12.

Corollary 1.3. Let f : Ĉ → Ĉ be a postcritically-finite rational map without periodic critical
points on the Riemann sphere Ĉ and C ⊆ Ĉ be a Jordan curve containing post f with the property
that f(C) ⊆ C. Let ϕ be a real-valued Hölder continuous function on Ĉ with respect to the chordal
metric. Consider a strongly irreducible subsystem F ∈ Sub(f, C) and denote its tile maximal
invariant set by Ω. Then

(1.4) P (F, ϕ) = sup

{
hµ(F |Ω) +

∫
Ω
ϕ dµ : µ ∈ M(Ω, F |Ω)

}
.

Moreover, there exists an equilibrium state µF,ϕ for F |Ω and ϕ|Ω attaining the supremum in (1.4).

Corollary 1.4 (Large deviations asymptotics). Let f : Ĉ → Ĉ be a postcritically-finite rational
map without periodic critical points on the Riemann sphere Ĉ. Let ϕ be a real-valued Hölder
continuous function on Ĉ (with respect to the chordal metric) that is not co-homologous to a
constant in C(Ĉ). Let µϕ be the unique equilibrium state for the map f and the potential ϕ.
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Denote γϕ :=
∫
ϕ dµϕ. Then for each α ∈ (αmin, αmax), there exists an integer N ∈ N and a real

number Cα > 0 such that for each integer n ⩾ N ,

µϕ

({
x ∈ S2 : sgn(α− γϕ)

1

n
Snϕ(x) ⩾ sgn(α− γϕ)α

})
⩽ Cαe

−I(α)n,

where Snϕ(x) :=
∑n−1

i=0 ϕ(f
i(x)), αmin and αmax are defined by (1.2), and I(α) is defined by (1.3).

1.2. Strategy and organization of the paper. We now discuss the strategy of the proofs of
our main results and describe the organization of the paper.

To prove Theorem 1.1, we define appropriate variants of the Ruelle operator called the split
Ruelle operator. A similar technique was first used in [BJR02], where the authors employed a
version of the split Ruelle operator technique to reduce the problem to a uniformly expanding
situation. In the context of expanding Thurston maps, the concepts of splitting the Ruelle
operators and split Ruelle operators were first introduced in [LZ18, LZ24]. In this paper, we
generalize these concepts to subsystems.

By definition, a subsystem F may not be a branched covering map on S2. Consequently, the
local degree of F at x ∈ dom(F ) may not make sense. This leads to inadequate combinatorial
structures when studying the dynamics. As a result, the Ruelle operator may not be well-defined
and continuous. To address this, instead of a single number, we use four numbers arranged in
the form of a 2×2 matrix, called the local degree matrix, to describe the local degree (see Subsec-
tion 5.3). Moreover, we show that such a local degree matrix is well-behaved under iteration. We
can then define the split Ruelle operator in our context (see Subsection 6.2). The idea is to “split”
the Ruelle operator into two “pieces” so that the continuity is preserved under iteration in each
piece, and to piece them together to obtain the split Ruelle operator on the product space. Next,
we prove the existence of an eigenfunction of this operator and the existence of an eigenmeasure
of the adjoint operator. With some additional work, we establish the existence of an equilibrium
state and the Variational Principle.

To prove Theorem 1.2, we construct suitable subsystems and apply them within the thermody-
namic formalism to bound deviations using the topological pressures of these subsystems. This
strategy is based on the approximation by subsystems in Takahasi’s work [Tak20] within the
context of continued fractions. However, constructing appropriate subsystems for approximation
is not straightforward in our setting, where the dynamical systems are branched covering maps
on S2. Indeed, we need to utilize the geometric properties of visual metrics and their interplay
with the associated combinatorial structures (see Subsection 7.2).

We now describe the structure of the paper.
After fixing some notation in Section 2, we review some notions from ergodic theory and go

over some key concepts and results on Thurston maps in Section 3. In Section 4, we state the
assumptions regarding some of the objects in this paper, which we will repeatedly refer to later
as the Assumptions in Section 4.

In Section 5, we define subsystems of expanding Thurston maps, introduce relevant concepts,
and prove preliminary results about them.

Section 6 focuses on thermodynamic formalism for subsystems, with the main results being
Theorems 6.29 and 6.30. We introduce the split Ruelle operators in Subsection 6.2, and then, in
the remainder of this section, we use these operators to establish the Variational Principle and
the existence of equilibrium states for strongly irreducible subsystem.

Section 7 aims to prove Theorem 1.2. We first study the properties of the rate function
(Subsection 7.1), and then introduce the pair structures (Subsection 7.2). Subsection 7.3 is
devoted to the proof of key bounds in Proposition 7.15. Finally, in Subsection 7.4, we use the
key bounds to establish Theorem 1.2.
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2. Notation

Let C be the complex plane and Ĉ be the Riemann sphere. Let S2 denote an oriented topo-
logical 2-sphere. We use N to denote the set of integers greater than or equal to 1 and write
N0 := {0} ∪ N. For x ∈ R, we define ⌊x⌋ as the greatest integer ⩽ x, and ⌈x⌉ the smallest
integer ⩾ x. For x ∈ R, we denote the sign function by sgn(x), which takes the value −1, 1, or
0 depending on whether x is negative, positive, or zero. The cardinality of a set A is denoted by
card(A).

Let g : X → Y be a map between two sets X and Y . We denote the restriction of g to a subset
Z of X by g|Z .

Consider a map f : X → X on a set X. The inverse map of f is denoted by f−1. We write fn
for the n-th iterate of f , and f−n := (fn)−1, for each n ∈ N. We set f0 := idX , the identity map
on X. For a real-valued function φ : X → R, we write

(2.1) Snφ(x) = Sf
nφ(x) :=

n−1∑
j=0

φ
(
f j(x)

)
for x ∈ X and n ∈ N0. We omit the superscript f when the map f is clear from the context.
Note that when n = 0, by definition we always have S0φ = 0.

Let (X, d) be a metric space. For each subset Y ⊆ X, we denote the diameter of Y by
diamd(Y ) := sup{d(x, y) : x, y ∈ Y }, the interior of Y by int(Y ), and the characteristic function
of Y by 1Y , which maps each x ∈ Y to 1 ∈ R and vanishes otherwise. For each r > 0 and
each x ∈ X, we denote the open (resp. closed) ball of radius r centered at x by Bd(x, r) (resp.
Bd(x, r)). We often omit the metric d in the subscript when it is clear from the context.

For a compact metric space (X, d), we denote by C(X) (resp. B(X)) the space of continuous
(resp. bounded Borel) functions from X to R, by M(X) the set of finite signed Borel measures,
and P(X) the set of Borel probability measures on X. For µ ∈ M(X), we denote by ∥µ∥ the
total variation norm of µ, and by suppµ the support of µ (the smallest closed set A ⊆ X such
that |µ|(X \A) = 0). Additionally, for u ∈ C(X), we denote

⟨µ, u⟩ :=
∫
udµ,

and define the finite signed Borel measure uµ ∈ M(X) as

(uµ)(A) :=

∫
A
udµ for Borel set A ⊆ X.

For a point x ∈ X, we define δx as the Dirac measure supported on {x}. For a continuous map
g : X → X, we set M(X, g) to be the set of g-invariant Borel probability measures on X. If we do
not specify otherwise, we equip C(X) with the uniform norm ∥·∥C(X) := ∥·∥∞, and equip M(X),
P(X), and M(X, g) with the weak∗ topology. According to the Riesz representation theorem
(see for example, [Fol99, Theorems 7.17 and 7.8]), we identify the dual of C(X) with the space
M(X).

The space of real-valued Hölder continuous functions with an exponent β ∈ (0, 1] on a compact
metric space (X, d) is denoted as C0,β(X, d). For each ϕ ∈ C0,β(X, d),

|ϕ|β := sup

{
|ϕ(x)− ϕ(y)|
d(x, y)β

: x, y ∈ X, x ̸= y

}
,

and the Hölder norm is defined as ∥ϕ∥C0,β := |ϕ|β + ∥ϕ∥C(X).
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3. Preliminaries

3.1. Thermodynamic formalism. We first review some basic concepts from ergodic theory
and dynamical systems. We refer the reader to [KH95, Chapter 20] and [Wal82, Chapter 9] for
more detailed studies of these concepts.

Let (X, d) be a compact metric space and g : X → X a continuous map. Given n ∈ N,

dng (x, y) := max
{
d
(
gk(x), gk(y)

)
: k ∈ {0, 1, . . . , n− 1}

}
, for x, y ∈ X,

defines a metric on X. A set F ⊆ X is (n, ϵ)-separated (with respect to g), for some n ∈ N and
ϵ > 0, if for each pair of distinct points x, y ∈ F , we have dng (x, y) ⩾ ϵ.

For each real-valued continuous function ψ ∈ C(X), the following two limits exist and are
equal (see for example, [KH95, Subsection 20.2]), which we denote by P (g, ψ):

(3.1) P (g, ψ) := lim
ϵ→0+

lim sup
n→+∞

1

n
logNd(g, ψ, ε, n) = lim

ϵ→0+
lim inf
n→+∞

1

n
logNd(g, ψ, ε, n),

where Nd(g, ψ, ε, n) := sup
{∑

x∈E exp
(
Snψ(x)

)
: E ⊆ X is (n, ε)-separated with respect to g

}
.

We call P (g, ψ) the topological pressure of g with respect to the potential ψ. In particular, when
ψ = 0, the quantity htop(g) := P (g, 0) is called the topological entropy of g. Note that P (g, ψ) is
independent of d as long as the topology on X defined by d remains the same (see for example,
[KH95, Subsection 20.2]). Moreover, the topological pressure is well-behaved under iteration.
Indeed, if n ∈ N, then P (gn, Snψ) = nP (g, ψ) (see for example, [Wal82, Theorem 9.8 (i)]).

We denote by B the σ-algebra of all Borel sets on X. A measurable partition ξ of X is a
collection ξ = {Ai : i ∈ J} consisting of countably many (i.e., either finite or countably infinite)
mutually disjoint sets in B, where J is the index set. The measurable partition ξ is finite if the
index set J is a finite set.

Let ξ = {Aj : j ∈ J} and η = {Bk : k ∈ K} be measurable partitions of X, where J and K are
the corresponding index sets. We say that ξ is a refinement of η if for each Aj ∈ ξ, there exists
Bk ∈ η such that Aj ⊆ Bk. The common refinement (or join) ξ ∨ η of ξ and η defined as

ξ ∨ η := {Aj ∩Bk : j ∈ J, k ∈ K}

is also a measurable partition. Put g−1(ξ) :=
{
g−1(Aj) : j ∈ J

}
, and for n ∈ N define

ξng :=
n−1∨
j=0

g−j(ξ) = ξ ∨ g−1(ξ) ∨ · · · ∨ g−(n−1)(ξ).

Let ξ = {Aj : j ∈ J} be a measurable partition of X and µ ∈ M(X, g) be a g-invariant Borel
probability measure on X. For x ∈ X, we denote by ξ(x) the unique element of ξ that contains x.
The information function Iµ maps a measurable partition ξ of X to a µ-a.e. defined real-valued
function on X in the following way:
(3.2) Iµ(ξ)(x) := − log(µ(ξ(x))), for x ∈ X.

The entropy of ξ is Hµ(ξ) := −
∑

j∈J µ(Aj) log (µ(Aj)) ∈ [0,+∞], where 0 log 0 is defined to
be zero. One can show that (see for example, [Wal82, Chapter 4]) if Hµ(ξ) < +∞, then the
following limit exists:

(3.3) hµ(g, ξ) := lim
n→+∞

1

n
Hµ(ξ

n
g ) ∈ [0,+∞).

The quantity hµ(g, ξ) is called the measure-theoretic entropy of g relative to ξ. The measure-
theoretic entropy of g for µ is defined as
(3.4) hµ(g) := sup{hµ(g, ξ) : ξ is a measurable partition of X with Hµ(ξ) < +∞}.
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If µ ∈ M(X, g) and n ∈ N, then (see for example, [KH95, Proposition 4.3.16 (4)])
(3.5) hµ(g

n) = nhµ(g).

If t ∈ [0, 1] and ν ∈ M(X, g) is another measure, then (see for example, [Wal82, Theorem 8.1])
(3.6) htµ+(1−t)ν(g) = thµ(g) + (1− t)hν(g).

For each real-valued continuous function ψ ∈ C(X), the measure-theoretic pressure Pµ(g, ψ) of
g for the measure µ ∈ M(X, g) and the potential ψ is

(3.7) Pµ(g, ψ) := hµ(g) +

∫
ψ dµ.

The topological pressure is related to the measure-theoretic pressure by the so-called Varia-
tional Principle. It states that (see for example, [KH95, Theorem 20.2.4])
(3.8) P (g, ψ) = sup{Pµ(g, ψ) : µ ∈ M(X, g)}
for ψ ∈ C(X). In particular, when ψ is the constant function 0,
(3.9) htop(g) = sup{hµ(g) : µ ∈ M(X, g)}.
A measure µ that attains the supremum in (3.8) is called an equilibrium state for the map g and
the potential ψ. A measure µ that attains the supremum in (3.9) is called a measure of maximal
entropy of g.

3.2. Thurston maps. In this subsection, we go over some key concepts and results on Thurston
maps, and expanding Thurston maps in particular. For a more thorough treatment of the subject,
we refer to [BM17].

Let S2 denote an oriented topological 2-sphere. A continuous map f : S2 → S2 is called a
branched covering map on S2 if for each point x ∈ S2, there exists a positive integer d ∈ N,
open neighborhoods U of x and V of y := f(x), open neighborhoods U ′ and V ′ of 0 in Ĉ, and
orientation-preserving homeomorphisms φ : U → U ′ and η : V → V ′ such that φ(x) = 0, η(y) = 0,
and

(
η ◦ f ◦ φ−1

)
(z) = zd for each z ∈ U ′. The positive integer d above is called the local degree

of f at x and is denoted by degf (x) or deg(f, x).
The degree of f is

deg f =
∑

x∈f−1(y)

degf (x)

for y ∈ S2 and is independent of y. If f : S2 → S2 and g : S2 → S2 are two branched covering
maps on S2, then so is f ◦ g, and
(3.10) deg(f ◦ g, x) = deg(g, x) deg(f, g(x))

for x ∈ S2, and moreover, deg(f ◦ g) = (deg f)(deg g).
A point x ∈ S2 is a critical point of f if degf (x) ⩾ 2. The set of critical points of f is denoted

by crit f . A point y ∈ S2 is a postcritical point of f if y = fn(x) for some x ∈ crit f and n ∈ N.
The set of postcritical points of f is denoted by post f . Note that post f = post fn for all n ∈ N.

Definition 3.1 (Thurston maps). A Thurston map is a branched covering map f : S2 → S2 on
S2 with deg f ⩾ 2 and card(post f) < +∞.

We now recall the notation for cell decompositions of S2 used in [BM17] and [Li17]. A cell of
dimension n in S2, n ∈ {1, 2}, is a subset c ⊆ S2 that is homeomorphic to the closed unit ball
Bn in Rn, where Bn is the open unit ball in Rn. We define the boundary of c, denoted by ∂c, to
be the set of points corresponding to ∂Bn under such a homeomorphism between c and Bn. The
interior of c is defined to be inte(c) = c \ ∂c. For each point x ∈ S2, the set {x} is considered as
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a cell of dimension 0 in S2. For a cell c of dimension 0, we adopt the convention that ∂c = ∅ and
inte(c) = c.

We record the following definition of cell decompositions from [BM17, Definition 3.2].
Definition 3.2 (Cell decompositions). Let D be a collection of cells in S2. We say that D is a
cell decomposition of S2 if the following conditions are satisfied:

(i) the union of all cells in D is equal to S2,
(ii) if c ∈ D, then ∂c is a union of cells in D,
(iii) for c1, c2 ∈ D with c1 ̸= c2, we have inte(c1) ∩ inte(c2) = ∅,
(iv) every point in S2 has a neighborhood that meets only finitely many cells in D.
We record [BM17, Lemma 5.3] here to review some facts about cell decompositions.

Lemma 3.3. Let D be a cell decomposition of S2.
(i) If σ and τ are two distinct cells in D with σ∩ τ ̸= ∅, then one of the following statements

hold: σ ⊆ ∂τ , τ ⊆ ∂σ, or σ ∩ τ = ∂σ ∩ ∂τ and this intersection consists of cells in D of
dimension strictly less than min{dimσ,dim τ}.

(ii) If σ, τ1, . . . , τn are cells in D and inte(σ) ∩ (τ1 ∪ · · · ∪ τn) ̸= ∅, then σ ⊆ τi for some
i ∈ {1, . . . , n}.

Definition 3.4 (Refinements). Let D′ and D be two cell decompositions of S2. We say that D′

is a refinement of D if the following conditions are satisfied:
(i) every cell c ∈ D is the union of all cells c′ ∈ D′ with c′ ⊆ c.
(ii) for every cell c′ ∈ D′ there exists a cell c ∈ D with c′ ⊆ c.

Definition 3.5 (Cellular maps and cellular Markov partitions). Let D′ and D be two cell de-
compositions of S2. We say that a continuous map f : S2 → S2 is cellular for (D′,D) if for every
cell c ∈ D′, the restriction f |c of f to c is a homeomorphism of c onto a cell in D. We say that
(D′,D) is a cellular Markov partition for f if f is cellular for (D′,D) and D′ is a refinement of
D.

Let f : S2 → S2 be a Thurston map, and C ⊆ S2 be a Jordan curve containing post f . Then
the pair f and C induces natural cell decompositions Dn(f, C) of S2, for each n ∈ N0, in the
following way.

By the Jordan curve theorem, the set S2\C has two connected components. We call the closure
of one of them the white 0-tile for (f, C), denoted by X0

w, and the closure of the other one the
black 0-tile for (f, C), denoted be X0

b . The set of 0-tiles is X0(f, C) :=
{
X0

b , X
0
w

}
. The set of

0-vertices is V0(f, C) := post f . We set V
0
(f, C) :=

{
{x} : x ∈ V0(f, C)

}
. The set of 0-edges

E0(f, C) is the set of the closures of the connected components of C \ post f . Then we get a cell
decomposition

D0(f, C) := X0(f, C) ∪E0(f, C) ∪V
0
(f, C)

of S2 consisting of cells of level 0, or 0-cells.
We can recursively define the unique cell decomposition Dn(f, C), n ∈ N, consisting of n-cells

such that f is cellular for (Dn+1(f, C),Dn(f, C)). We refer to [BM17, Lemma 5.12] for more
details. We denote by Xn(f, C) the set of n-cells of dimension 2, called n-tiles; by En(f, C) the
set of n-cells of dimension 1, called n-edges; by V

n
(f, C) the set of n-cells of dimension 0; and by

Vn(f, C) the set {x : {x} ∈ V
n
(f, C)}, called the set of n-vertices. The k-skeleton, for k ∈ {0, 1},

of Dn(f, C) is the union of all n-cells of dimension k in this cell decomposition.
We record [BM17, Proposition 5.16] here in order to summarize properties of the cell decom-

positions Dn(f, C) defined above.
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Proposition 3.6 (M. Bonk & D. Meyer [BM17]). Let k, n ∈ N0, f : S2 → S2 be a Thurston
map, C ⊆ S2 be a Jordan curve with post f ⊆ C, and m := card(post f).

(i) The map fk is cellular for (Dn+k(f, C),Dn(f, C)). In particular, if c is any (n+ k)-cell,
then fk(c) is an n-cell, and fk|c is a homeomorphism of c onto fk(c).

(ii) Let c be an n-cell. Then f−k(c) is equal to the union of all (n+ k)-cell c′ with fk(c′) = c.
(iii) The 1-skeleton of Dn(f, C) is equal to f−n(C). The 0-skeleton of Dn(f, C) is the set

Vn(f, C) = f−n(post f), and we have Vn(f, C) ⊆ Vn+k(f, C).
(iv) card(Xn(f, C)) = 2(deg f)n, card(En(f, C)) = m(deg f)n, and card(Vn(f, C)) ⩽ m(deg f)n.
(v) The n-edges are precisely the closures of the connected components of f−n(C)\f−n(post f).

The n-tiles are precisely the closures of the connected components of S2 \ f−n(C).
(vi) Every n-tile is an m-gon, i.e., the number of n-edges and the number of n-vertices con-

tained in its boundary are equal to m.
(vii) Let F := fk be an iterate of f with k ∈ N. Then Dn(F, C) = Dnk(f, C).

We record [BM17, Lemma 5.17].

Lemma 3.7 (M. Bonk & D. Meyer [BM17]). Let k, n ∈ N0, f : S2 → S2 be a Thurston map,
and C ⊆ S2 be a Jordan curve with post f ⊆ C.

(i) If c ⊆ S2 is a topological cell such that fk|c is a homeomorphism onto its image and fk(c)
is an n-cell, then c is an (n+ k)-cell.

(ii) If X is an n-tile and p ∈ S2 is a point with fk(p) ∈ inte(X), then there exists a unique
(n+ k)-tile X ′ with p ∈ X ′ and fk(X ′) = X.

Remark 3.8. Note that for each n-edge en ∈ En(f, C), n ∈ N0, there exist exactly two n-tiles in
Xn(f, C) containing en.

For n ∈ N0, we define the set of black n-tiles as

Xn
b (f, C) :=

{
X ∈ Xn(f, C) : fn(X) = X0

b

}
,

and the set of white n-tiles as

Xn
w(f, C) :=

{
X ∈ Xn(f, C) : fn(X) = X0

w

}
.

From now on, if the map f and the Jordan curve C are clear from the context, we will sometimes
omit (f, C) in the notation above.

We denote, for each x ∈ S2 and each n ∈ Z, the n-bouquet of x

(3.11) Un(x) :=
∪{

Y n ∈ Xn : there exists Xn ∈ Xn with x ∈ Xn, Xn ∩ Y n ̸= ∅
}

if n ⩾ 0, and set Un(x) := S2 otherwise.
For each n ∈ N0, we define the n-partition On of S2 induced by (f, C) as

(3.12) On := {inte(Xn) : Xn ∈ Xn} ∪ {inte(en) : en ∈ En} ∪V
n
.

We can now give a definition of expanding Thurston maps.

Definition 3.9 (Expansion). A Thurston map f : S2 → S2 is called expanding if there exists a
metric d on S2 that induces the standard topology on S2 and a Jordan curve C ⊆ S2 containing
post f such that

(3.13) lim
n→+∞

max{diamd(X) : X ∈ Xn(f, C)} = 0.
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Remark 3.10. It is clear from Proposition 3.6 (vii) and Definition 3.9 that if f is an expanding
Thurston map, so is fn for each n ∈ N. We observe that being expanding is a topological property
of a Thurston map and independent of the choice of the metric d that generates the standard
topology on S2. By Lemma 6.2 in [BM17], it is also independent of the choice of the Jordan
curve C containing post f . More precisely, if f is an expanding Thurston map, then

lim
n→+∞

max{diam
d̃
(X) : X ∈ Xn(f, C̃)} = 0,

for each metric d̃ that generates the standard topology on S2 and each Jordan curve C̃ ⊆ S2 that
contains post f .

For an expanding Thurston map f , we can fix a particular metric d on S2 called a visual metric
for f . For the existence and properties of such metrics, see [BM17, Chapter 8]. For a visual
metric d for f , there exists a unique constant Λ > 1 called the expansion factor of d (see [BM17,
Chapter 8] for more details). One major advantage of a visual metric d is that in (S2, d) we have
good quantitative control over the sizes of the cells in the cell decompositions discussed above.
We summarize several results of this type ([BM17, Proposition 8.4, Lemmas 8.10, and 8.11]) in
Lemma 3.11.

Lemma 3.11 (M. Bonk & D. Meyer [BM17]). Let f : S2 → S2 be an expanding Thurston map,
and C ⊆ S2 be a Jordan curve containing post f . Let d be a visual metric on S2 for f with
expansion factor Λ > 1. Then there exist constants C ⩾ 1, K ⩾ 1, and n0 ∈ N0 with the
following properties:

(i) d(σ, τ) ⩾ C−1Λ−n whenever σ and τ are disjoint n-cells for some n ∈ N0.
(ii) C−1Λ−n ⩽ diamd(τ) ⩽ CΛ−n for all n-edges and all n-tiles τ and for all n ∈ N0.
(iii) Bd(x,K

−1Λ−n) ⊆ Un(x) ⊆ Bd(x,KΛ−n) for each x ∈ S2 and each n ∈ N0.
(iv) Un+n0(x) ⊆ Bd(x, r) ⊆ Un−n0(x) where n := ⌈− log r/ log Λ⌉ for all r > 0 and x ∈ S2.
(v) For every n-tile Xn ∈ Xn(f, C), n ∈ N0, there exists a point p ∈ Xn such that Bd(p, C

−1Λ−n) ⊆
Xn ⊆ Bd(p, CΛ

−n).
Conversely, if d̃ is a metric on S2 satisfying conditions (i) and (ii) for some constant C ⩾ 1,

then d̃ is a visual metric with expansion factor Λ > 1.

Recall Un(x) is defined in (3.11).

Remark 3.12. If f : Ĉ → Ĉ is a rational expanding Thurston map, then a visual metric is
quasisymmetrically equivalent to the chordal metric on the Riemann sphere Ĉ (see [BM17, The-
orem 18.1 (ii)]). Here the chordal metric σ on Ĉ is given by σ(z, w) := 2|z−w|√

1+|z|2
√

1+|w|2
for all

z, w ∈ C, and σ(∞, z) = σ(z,∞) := 2√
1+|z|2

for all z ∈ C. We also note that quasisymmetric
embeddings of bounded connected metric spaces are Hölder continuous (see [Hei01, Section 11.1
and Corollary 11.5]). Accordingly, the classes of Hölder continuous functions on Ĉ equipped with
the chordal metric and on S2 = Ĉ equipped with any visual metric for f are the same (up to a
change of the Hölder exponent).

A Jordan curve C ⊆ S2 is f -invariant if f(C) ⊆ C. If C is f -invariant with post f ⊆ C, then
the cell decompositions Dn(f, C) have nice compatibility properties. In particular, Dn+k(f, C) is
a refinement of Dn(f, C), whenever n, k ∈ N0. Intuitively, this means that each cell Dn(f, C) is
“subdivided” by the cells in Dn+k(f, C). A cell c ∈ Dn(f, C) is actually subdivided by the cells
in Dn+k(f, C) “in the same way” as the cell fn(c) ∈ D0(f, C) by the cells in Dk(f, C).

For convenience, we record [BM17, Proposition 12.5 (ii)] here.
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Proposition 3.13 (M. Bonk & D. Meyer [BM17]). Let k, n ∈ N0, f : S2 → S2 be a Thurston
map, and C ⊆ S2 be an f -invariant Jordan curve with post f ⊆ C. Then every (n+ k)-tile Xn+k

is contained in a unique k-tile Xk.

We are interested in f -invariant Jordan curves that contain post f , since for such a Jordan curve
C, we get a cellular Markov partition

(
D1(f, C),D0(f, C)

)
for f . According to Example 15.11 in

[BM17], such f -invariant Jordan curves containing post f need not exist. However, M. Bonk
and D. Meyer [BM17, Theorem 15.1] proved that there exists an fn-invariant Jordan curve
C containing post f for each sufficiently large n depending on f . We record it below for the
convenience of the reader.

Lemma 3.14 (M. Bonk & D. Meyer [BM17]). Let f : S2 → S2 be an expanding Thurston map,
and C̃ ⊆ S2 be a Jordan curve with post f ⊆ C̃. Then there exists an integer N(f, C̃) ∈ N such
that for each n ⩾ N(f, C̃) there exists an fn-invariant Jordan curve C isotopic to C̃ rel. post f .

We summarize the existence, uniqueness, and some basic properties of equilibrium states for
expanding Thurston maps in the following theorem.

Theorem 3.15 ([Li18]). Let f : S2 → S2 be an expanding Thurston map and d a visual metric
on S2 for f . Let ϕ, γ ∈ C0,β(S2, d) be real-valued Hölder continuous functions with an exponent
β ∈ (0, 1]. Then the following statements are satisfied:

(i) There exists a unique equilibrium state µϕ for the map f and the potential ϕ.
(ii) For each t ∈ R, we have d

dtP (f, ϕ+ tγ) =
∫
γ dµϕ+tγ.

(iii) If C ⊆ S2 is a Jordan curve containing post f with the property that fnC(C) ⊆ C for some
nC ∈ N, then µϕ

(∪+∞
i=0 f

−i(C)
)
= 0.

(iv) Let µγ be the unique equilibrium state for the map f and the potential γ. Then µϕ = µγ
if and only if there exist a constant K ∈ R and a continuous function u ∈ C(S2) such
that ϕ− γ = K + u ◦ f − u.

Theorem 3.15 (i) is part of [Li18, Theorem 1.1]. Theorem 3.15 (ii) follows immediately from
[Li18, Theorem 6.13] and the uniqueness of equilibrium states in Theorem 3.15 (i). Theo-
rem 3.15 (iii) was established in [Li18, Proposition 7.1]. Theorem 3.15 (iv) was established
in [Li18, Theorem 8.2].

4. The Assumptions

We state below the hypotheses under which we will develop our theory in most parts of this
paper. We will selectively use some of the following assumptions in the remaining part of this
paper.

The Assumptions.
(1) f : S2 → S2 is an expanding Thurston map.
(2) C ⊆ S2 is a Jordan curve containing post f with the property that there exists an integer

nC ∈ N such that fnC(C) ⊆ C and fm(C) ̸⊆ C for each m ∈ {1, . . . , nC − 1}.
(3) F ∈ Sub(f, C) is a subsystem of f with respect to C.
(4) d is a visual metric on S2 for f with expansion factor Λ > 1.
(5) β ∈ (0, 1].
(6) ϕ ∈ C0,β(S2, d) is a real-valued Hölder continuous function with an exponent β. Denote

αmin := min
µ∈M(S2,f)

∫
ϕ dµ, αmax := max

µ∈M(S2,f)

∫
ϕ dµ, and Iϕ := [αmin, αmax].
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(7) µϕ is the unique equilibrium state for the map f and the potential ϕ. Denote γϕ :=
∫
ϕdµϕ.

(8) e0 ∈ E0(f, C) is a 0-edge.

Note that the notion of subsystems in (3) will be introduced in Definition 5.1.
Observe that by Lemma 3.14, for each f in (1), there exists at least one Jordan curve C that

satisfies (2). Since for a fixed f , the number nC is uniquely determined by C in (2), in the
remaining part of the paper, we will say that a quantity depends on C even if it also depends on
nC .

Recall that the expansion factor Λ of a visual metric d on S2 for f is uniquely determined by
d and f . We will say that a quantity depends on f and d if it depends on Λ.

In the discussion below, depending on the conditions we will need, we will sometimes say “Let
f , C, d, ϕ satisfy the Assumptions in Section 4.”, and sometimes say “Let f and C satisfy the
Assumptions in Section 4.”, etc.

5. Subsystems

In this section, we set the stage for subsequent discussions. We start with the definition of
subsystems of expanding Thurston maps and the associated cell decompositions.

In Subsection 5.2, we prove a few preliminary results for subsystems, which will be used
frequently later. We categorize these results according to their assumptions.

In Subsection 5.3, we introduce the notion of the local degree for a subsystem. Although a
subsystem may not be a branched covering map or possess structures as good as those found in
Thurston maps, such as the structures of flowers (see [BM17, Section 5.6]), we propose a solution
to these challenges, namely, rather than relying on a single number, we use a 2 × 2 matrix to
represent the local degree, consisting of 4 numbers. Our findings suggest that this approach is
a natural way to capture the behavior of the local degrees under iteration similar to (3.10) (see
Lemma 5.9).

In Subsection 5.4, we introduce tile matrices of subsystems, which are useful tools to describe
the combinatorial information of subsystems.

In Subsection 5.5, we define irreducible (resp. strongly irreducible) subsystems, which have nice
dynamical properties. We will use these concepts frequently in Section 6. These requirements
can be weakened, but for the brevity of the presentation, we will require the subsystem to be
irreducible or strongly irreducible.

In Subsection 5.6, we investigate some distortion estimates that serve as the cornerstones for
the analysis of thermodynamic formalism for subsystems.

5.1. Definition of subsystems. We first introduce the definition of subsystems along with
relevant concepts and notations that will be used frequently throughout this section. Additionally,
we provide examples to illustrate these notions.

Definition 5.1. Let f : S2 → S2 be an expanding Thurston map with a Jordan curve C ⊆ S2

satisfying post f ⊆ C. We say that a map F : dom(F ) → S2 is a subsystem of f with respect to
C if dom(F ) =

∪
X for some non-empty subset X ⊆ X1(f, C) and F = f |dom(F ). We denote by

Sub(f, C) the set of all subsystems of f with respect to C. Define

Sub∗(f, C) := {F ∈ Sub(f, C) : dom(F ) ⊆ F (dom(F ))}.

Consider a subsystem F ∈ Sub(f, C). For each n ∈ N0, we define the set of n-tiles of F to be

(5.1) Xn(F, C) := {Xn ∈ Xn(f, C) : Xn ⊆ F−n(F (dom(F )))},
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where we set F 0 := idS2 when n = 0. We call each Xn ∈ Xn(F, C) an n-tile of F . We define the
tile maximal invariant set associated with F with respect to C to be

(5.2) Ω(F, C) :=
∩
n∈N

(∪
Xn(F, C)

)
,

which is a compact subset of S2. Indeed, Ω(F, C) is forward invariant with respect to F , namely,
F (Ω(F, C)) ⊆ Ω(F, C) (see Proposition 5.4 (iii)). We denote by FΩ the map F |Ω(F,C) : Ω(F, C) →
Ω(F, C).

Let X0
b , X

0
w ∈ X0(f, C) be the black 0-tile and the white 0-tile, respectively. We define the

color set of F as
C(F, C) :=

{
c ∈ {b,w} : X0

c ∈ X0(F, C)
}
.

For each n ∈ N0, we define the set of black n-tiles of F as
Xn
b (F, C) :=

{
X ∈ Xn(F, C) : Fn(X) = X0

b

}
,

and the set of white n-tiles of F as
Xn
w(F, C) :=

{
X ∈ Xn(F, C) : Fn(X) = X0

w

}
.

Moreover, for each n ∈ N0 and each pair of colors c, s ∈ {b,w} we define
Xn
cs(F, C) :=

{
X ∈ Xn

c (F, C) : X ⊆ X0
s

}
.

In other words, for example, a tile X ∈ Xn
bw(F, C) is a black n-tile of F contained in X0

w, i.e., an
n-tile of F that is contained in the white 0-tile X0

w as a set, and is mapped by Fn onto the black
0-tile X0

b .
By abuse of notation, we often omit (F, C) in the notations above when it is clear from the

context.

Remark 5.2. Note that an expanding Thurston map f : S2 → S2 itself is a subsystem of f with
respect to every Jordan curve C ⊆ S2 satisfying post f ⊆ C, and we have Xn(f, C) = Xn(f, C) for
each n ∈ N0 and Ω(f, C) = S2 in this case. Generally, the map F defined in Definition 5.1 is not a
branched covering map and dom(F ) may not be connected. Therefore, the results in [DPTUZ21]
cannot be applied directly to our context.

We discuss the following examples separately.

Example 5.3. Let f , C, F satisfy the Assumptions in Section 4.
(i) The map F satisfies dom(F ) = X1

b ⊆ X0
w for some X1

b ∈ X1
b(f, C). In this case, F is not

surjective, and Ω is an empty set.
(ii) The map F satisfies dom(F ) = X1

c ⊆ X0
c for some c ∈ {b,w} and X1

c ∈ X1
c (f, C). In this

case, F is not surjective, and one can check that Ω is non-empty and card(Ω) = 1.
(iii) The map F satisfies dom(F ) = X1

c ∪ X̃1
c ⊆ X0

c for some c ∈ {b,w} and disjoint X1
c , X̃

1
c ∈

X1
c (f, C). In this case, F is not surjective, and one can check that Ω is non-empty and

uncountable.
(iv) The map F satisfies dom(F ) = X1

b ∪ X̃1
b for some X1

b , X̃
1
b ∈ X1

b(f, C) satisfying X1
b ⊆

inte
(
X0

b

)
and X̃1

b ⊆ inte
(
X0

w

)
. In this case, F is not surjective and Ω = {p, q} for some

p ∈ X1
b and q ∈ X̃1

b . One sees that F (Ω) = {p} ̸= Ω since F (p) = p and F (q) = p.
(v) The map F satisfies dom(F ) = X1

b ∪ X1
w for some X1

b ∈ X1
b(f, C) and X1

w ∈ X1
w(f, C)

satisfying X1
b ⊆ inte

(
X0

w

)
and X1

w ⊆ inte
(
X0

b

)
. In this case, F is surjective and Ω = {p, q}

for some p ∈ X1
b and q ∈ X1

w. One sees that F (Ω) = Ω since F (p) = q and F (q) = p.
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(vi) The map F : dom(F ) → S2 is represented by Figure 5.1. Here S2 is identified with a
pillow that is obtained by gluing two squares together along their boundaries. Moreover,
each square is subdivided into 3 × 3 subsquares, and dom (F ) is obtained from S2 by
removing the interior of the middle subsquare X1

w ∈ X1
w(f, C) and X1

b ∈ X1
b(f, C) of the

respective squares. In this case, Ω is a Sierpiński carpet. It consists of two copies of the
standard square Sierpiński carpet glued together along the boundaries of the squares.

F

dom(F ) S2

Figure 5.1. A Sierpiński carpet subsystem.

(vii) The map F : dom(F ) → S2 is represented by Figure 5.2. Here S2 is identified with a
pillow that is obtained by gluing two equilateral triangles together along their boundaries.
Moreover, each triangle is subdivided into 4 small equilateral triangles, and dom (F ) is
obtained from S2 by removing the interior of the middle small triangle X1

b ∈ X1
b(f, C) and

X1
w ∈ X1

w(f, C) of the respective triangle. In this case, Ω is a Sierpiński gasket. It consists
of two copies of the standard Sierpiński gasket glued together along the boundaries of the
triangles.

F
dom(F ) S2

Figure 5.2. A Sierpiński gasket subsystem.

5.2. Basic properties of subsystems. In this subsection, we collect and prove a few prelimi-
nary results for subsystems.
Proposition 5.4. Let f , C, F satisfy the Assumptions in Section 4. Consider arbitrary n, k ∈ N0.
Then the following statements hold:

(i) If X ∈ Xn+k(F, C) is any (n + k)-tile of F , then F k(X) is an n-tile of F , and F k|X
is a homeomorphism of X onto F k(X). As a consequence, we have

{
F k(X) : X ∈

Xn+k(F, C)
}
⊆ Xn(F, C).
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(ii) For each Xn ∈ Xn(F, C), the set
∪{

Y ∈ Xn+k(F, C) : Y ⊆ F−k(Xn)
}

is equal to the
union of all (n+ k)-tiles (of F ) X ∈ Xn+k(F, C) with F k(X) = Xn.

(iii) The tile maximal invariant set Ω is forward invariant with respect to F , i.e., F (Ω) ⊆ Ω.

Proof. (i) If X ∈ Xn+k(F, C), then X ∈ Xn+k(f, C) and X ⊆ F−(n+k)(F (dom(F ))) (recall (5.1)).
Thus F k(X) ⊆ F k

(
F−(n+k)(F (dom(F )))

)
⊆ F−n(F (dom(F ))). Since F k|X = fk|X , it follows

from Proposition 3.6 (i) that F k(X) is an n-tile of F and F k|X is a homeomorphism of X onto
F k(X).

(ii) It suffices to show that if Xn ∈ Xn(F, C), then{
X ∈ Xn+k(F, C) : F k(X) = Xn

}
=

{
X ∈ Xn+k(F, C) : X ⊆ F−k(Xn)

}
.

If X ∈ Xn+k(F, C) and F k(X) = Xn, then X ⊆ F−k
(
F k(X)

)
⊆ F−k(Xn). For the converse

direction, suppose that X ∈ Xn+k(F, C) and X ⊆ F−k(Xn). Then F k(X) ⊆ F k(F−k(Xn)) ⊆ Xn.
Thus F k(X) = Xn since both Xn and F k(X) are n-tiles by statement (i).

(iii) We write Ωn :=
∪

Xn(F, C) for each n ∈ N0. Then it follows from statement (i) that

F (Ωn+1) ⊆ Ωn for each n ∈ N0. Thus F (Ω) = F
(+∞∩
n=1

Ωn
)

⊆
+∞∩
n=1

F (Ωn) ⊆
+∞∩
n=0

Ωn ⊆ Ω by

(5.2). □

Proposition 5.5. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Then the following statements hold:

(i)
∪

Xn+k(F, C) ⊆
∪
Xn(F, C) ⊆

∪
X1(F, C) = dom(F ) for all n, k ∈ N.

(ii) Xm
c (F, C) = Xm

cb(F, C) ∪ Xm
cw(F, C) for each m ∈ N0 and each c ∈ {b,w}.

(iii) F−1(Ω \ C) ⊆ Ω \ C. Moreover, if C ⊆ int(dom(F )), then F−1(C) ⊆ Ω, and in particular,
F−1(Ω) = Ω.

(iv) If Ω satisfies card
(
Ω ∩ inte

(
X0

c

))
⩾ 2 for each c ∈ C(F, C), then Ω has no isolated points,

i.e., Ω is perfect.

Proof. (i) By (5.1), it is clear that
∪

X1(F, C) = dom(F ) and
∪
Xn(F, C) ⊆ dom(F ) for each

n ∈ N. Hence, it suffices to show that

(5.3)
∪

Xn+1(F, C) ⊆
∪

Xn(F, C)

for each n ∈ N. We prove (5.3) by induction on n ∈ N.
For n = 1, (5.3) holds trivially.
We now assume that (5.3) holds for n = ℓ for some ℓ ∈ N. Let Xℓ+2 ∈ Xℓ+2(F, C) be arbitrary.

It suffices to show that Xℓ+2 ⊆ Xℓ+1 for some Xℓ+1 ∈ Xℓ+1(F, C). Since Xℓ+2 ⊆
∪
X1(F, C)

and f(C) ⊆ C, by Proposition 3.13 and Lemma 3.3 (ii), there exists a unique X1 ∈ X1(F, C)
containing Xℓ+2. Denote Y ℓ+1 := F

(
Xℓ+2

)
. Note that Y ℓ+1 ∈ Xℓ+1(F, C) by Proposition 5.4 (i).

Then by the induction hypothesis, we have Y ℓ+1 ⊆
∪
Xℓ(F, C). Similarly, there exists a unique

Y ℓ ∈ Xℓ(F, C) containing Y ℓ+1. We set Xℓ+1 := (F |X1)−1
(
Y ℓ

)
. It is clear that Xℓ+2 ⊆ Xℓ+1

since Y ℓ+1 ⊆ Y ℓ. By Lemma 3.7 (i), we have Xℓ+1 ∈ Xℓ+1(f, C). Then it follows from (5.1) and

Xℓ+1 ⊆ F−1
(
Y ℓ

)
⊆ F−1

(
F−ℓ(F (dom(F )))

)
= F−(ℓ+1)(F (dom(F )))

that Xℓ+1 ∈ Xℓ+1(F, C). The induction step is now complete.
(ii) Let m ∈ N0 and c ∈ {b,w} be arbitrary. Since f(C) ⊆ C, it follows immediately from

Proposition 3.13 that each m-tile Xm
c ∈ Xm

c (f, C) is contained in exactly one of X0
b and X0

w.
Thus (ii) holds.
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(iii) Let y ∈ Ω \ C be arbitrary. Since f(C) ⊆ C and y /∈ C, it suffices to show that x ∈ Ω
for each x ∈ F−1(y). Let x ∈ F−1(y) be arbitrary. Without loss of generality we may assume
that y ∈ inte

(
X0

b

)
. Then by Lemma 3.7 (ii) there exists a unique 1-tile X1 ∈ X1(F, C) with

x ∈ X1 and F (X1) = X0
b . Since y ∈ Ω ∩ inte

(
X0

b

)
, by (5.2) and Lemma 3.11 (ii), for a

sufficiently large integer n0 ∈ N there exists a sequence of tiles {Y n0+k}k∈N satisfying Y n0+k ∈
Xn0+k(F, C) and y ∈ Y n0+k+1 ⊆ Y n0+k ⊆ inte

(
X0

b

)
. Then it follows from Proposition 5.4 (i) and

Lemma 3.7 (i) that x ∈ Xn0+k+1 := (F |X1)−1
(
Y n0+k

)
∈ Xn0+k+1(F, C) for each k ∈ N. Hence

x ∈
∩

k∈NX
n0+k+1 ⊆ Ω by (5.2) and statement (i).

We now assume that C ⊆ int(dom(F )). We first show that F−1(C) ⊆ Ω.
Let y ∈ C and x ∈ F−1(y) be arbitrary. It suffices to show that x ∈ Ω. Since x ∈ dom(F ) =∪
X1(F, C), there exists a X1 ∈ X1(F, C) such that x ∈ X1. Then we have F (X1) = X0

c for
some c ∈ {b,w}. Since y ∈ C ⊆ X0

c , by Proposition 3.13, there exists Y 1 ∈ X1(f, C) such
that y ∈ Y 1 ⊆ X0

c . We claim that Y 1 ∈ X1(F, C). Indeed, since y ∈ C ⊆ int(dom(F )), we
have Y 1 ∩ int(dom(F )) ̸= ∅. Thus inte(Y 1) ∩ int(dom(F )) ̸= ∅. Then inte(Y 1) ∩ dom(F ) ̸=
∅ and it follows from Lemma 3.3 (ii) and Definition 3.2 (iii) that Y 1 ∈ X1(F, C). Applying
Proposition 5.4 (i) and Lemma 3.7 (i), we have X2 := (F |X1)−1(Y 1) ∈ X2(F, C) and x ∈ X2 ⊆ X1

since F (x) = y ∈ Y 1. Then we have that F 2(X2) = X0
s for some s ∈ {b,w}. Similarly, since

F (y) ∈ F (C) ⊆ C, there exists a 1-tile Z1 ∈ X1(f, C) such that F (y) ∈ Z1 ⊆ X0
s . By the

same argument as before, with y and Y 1 replaced by F (y) and Z1, respectively, we deduce
that Z1 ∈ X1(F, C). Then we have X3 := (F 2|X2)−1(Z1) ∈ X3(F, C) and x ∈ X3 ⊆ X2 since
F 2(x) = F (y) ∈ Z1. Thus by induction, there exists a sequence of tiles {Xn}n∈N such that
Xn ∈ Xn(F, C) and x ∈ Xn+1 ⊆ Xn for each n ∈ N. Hence x ∈

∩
n∈NX

n ⊆ Ω by (5.2).
To verify that F−1(Ω) = Ω, by Proposition 5.4 (iii), it suffices to show that F−1(Ω) ⊆ Ω. Since

F−1(Ω \ C) ⊆ Ω \ C ⊆ Ω and F−1(C) ⊆ Ω, the proof is complete.
(iv) We fix a visual metric d on S2 for f . It suffices to show that for each p ∈ Ω and each r > 0,

the set (Bd(p, r)\{p})∩Ω is non-empty. Since p ∈ Ω, for each n ∈ N0 there exists Xn ∈ Xn(F, C)
which contains p. Thus by Lemma 3.11 (ii), for each sufficiently large integer n there exists
Xn ∈ Xn(F, C) such that p ∈ Xn and Xn ⊆ Bd(p, r). We fix such an integer n ∈ N0 and an n-tile
Xn ∈ Xn(F, C). Then Fn(Xn) = X0

c for some c ∈ C(F, C), and Fn|Xn is a homeomorphism of Xn

onto X0
c . Then it follows from statement (iii) that (Fn|Xn)−1(Ω \ C) ⊆ F−n(Ω \ C) ⊆ Ω \ C ⊆ Ω.

Thus, by the assumption in statement (iv), we have card(Xn ∩ Ω) ⩾ card
(
Ω ∩ inte

(
X0

c

))
⩾ 2,

which completes the proof. □
Proposition 5.6. Let f and C satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Consider F ∈ Sub∗(f, C). Then the following statements hold:

(i)
{
F (X) : X ∈ Xn+1(F, C)

}
= Xn(F, C) for each n ∈ N0. In particular, if F (dom(F )) = S2,

then Xn
c (F, C) ̸= ∅ for each c ∈ {b,w} and each n ∈ N0.

(ii) F (Ω) = Ω ̸= ∅.

Proof. (i) Let n ∈ N0 be arbitrary. We first establish
(5.4)

{
F (X) : X ∈ Xn+1(F, C)

}
= Xn(F, C).

It follows from Proposition 5.4 (i) that
{
F (X) : X ∈ Xn+1(F, C)

}
⊆ Xn(F, C). Thus, it suffices

to show that for each Xn ∈ Xn(F, C), there exists X ∈ Xn+1(F, C) such that F (X) = Xn.
Fix arbitrary Xn ∈ Xn(F, C). Since dom(F ) ⊆ F (dom(F )), we have Xn ⊆ F (dom(F )) by

Proposition 5.5 (i). Then by Proposition 3.13, there exists a unique X0 ∈ X0(f, C) containing
Xn. Thus inte(X0) ∩ F (dom(F )) is non-empty as it contains inte(Xn). Noting that F (dom(F ))
is a union of 0-tiles in X0(f, C), by Lemma 3.3, we conclude that there exists X1 ∈ X1(F, C) such
that F (X1) = X0.
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We denote by X the set (F |X1)−1(Xn). Since F (X) = Xn, it suffices to show that X ∈
Xn+1(F, C). Note that X ∈ Xn+1(f, C) by Proposition 5.4 (i) and Lemma 3.7 (i). Since

X = (F |X1)−1(Xn) ⊆ F−1(Xn) ⊆ F−(n+1)(F (dom(F ))),

it follows from (5.1) that X ∈ Xn+1(F, C), which establishes (5.4).
If F (dom(F )) = S2, then X0(F, C) = X0(f, C). Then it follows from (5.4), Proposition 5.4 (i),

and induction that Xn
c (F, C) ̸= ∅ for each c ∈ {b,w}.

(ii) We write Ωn :=
∪
Xn(F, C) for each n ∈ N0. Then it follows from statement (i) and

induction that Ωn ̸= ∅ and F (Ωn+1) = Ωn for each n ∈ N0. Thus, by Proposition 5.5 (i) and
(5.2) we have Ω =

∩+∞
n=1Ω

n ̸= ∅.
By Proposition 5.4 (iii) we have F (Ω) ⊆ Ω. For the reverse inclusion Ω ⊆ F (Ω), let x ∈ Ω be

arbitrary. For each n ∈ N, since x ∈ Ωn−1 = F (Ωn), we can find yn ∈ Ωn with F (yn) = x. By
compactness of S2 and the nested property of {Ωn}n∈N, the sequence {yn}n∈N has a limit point
y ∈ Ω. The continuity of F then implies x = F (y) ∈ F (Ω). □

5.3. Local degree. In this subsection, we define the degree and local degrees for a subsystem.
We show that local degrees are well-behaved under iteration.

Definition 5.7. Let f , C, F satisfy the Assumptions in Section 4. The degree of F is defined as
deg (F ) := sup

{
card

(
F−1({y})

)
: y ∈ S2

}
.

Fix arbitrary x ∈ S2 and n ∈ N. We define the black degree of Fn at x as
degb(F

n, x) := card(Xn
b (F, C, x)),

where Xn
b (F, C, x) := {X ∈ Xn

b (F, C) : x ∈ X} is the set of black n-tiles of F at x. Similarly, we
define the white degree of Fn at x as

degw(F
n, x) := card(Xn

w(F, C, x)),

where Xn
w(F, C, x) := {X ∈ Xn

w(F, C) : x ∈ X} is the set of white n-tiles of F at x. Moreover, the
local degree of Fn at x is defined as
(5.5) deg(Fn, x) := max{degb(Fn, x), degw(F

n, x)},

and the set of n-tiles of F at x is Xn(F, C, x) := {X ∈ Xn(F, C) : x ∈ X}. Furthermore, for each
pair of colors c, s ∈ {b,w} we define

Xn
cs(F, C, x) := {X ∈ Xn

cs(F, C) : x ∈ X},
degcs(F

n, x) := card(Xn
cs(F, C, x)),

and the local degree matrix of Fn at x is

Deg(Fn, x) :=

[
degbb(F

n, x) degwb(F
n, x)

degbw(F
n, x) degww(F

n, x)

]
.

One sees that deg(F, x) ⩾ 1 if and only if x ∈ dom(F ), and that if deg(F, x) > 1 then x ∈ crit f .

Remark 5.8. If we assume that f(C) ⊆ C, then for each n ∈ N, by Proposition 3.13, each n-tile
Xn ∈ Xn(F, C) is contained in exactly one of X0

b and X0
w so that Xn(F, C) =

∪
c, s∈{b,w}X

n
cs(F, C).

Thus it follows immediately from Definition 5.7 that Xn(F, C, x) =
∪

c, s∈{b,w}X
n
cs(F, C, x) and

∥Deg(Fn, x)∥sum = card(Xn(F, C, x)) for each n ∈ N and each x ∈ S2, where

∥Deg(Fn, x)∥sum :=
∑

c, s∈{b,w}

degcs(F
n, x).
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Moreover, for all n ∈ N, x ∈ S2, and c ∈ {b,w}, by Proposition 5.5 (ii), we have

(5.6) degc(F
n, x) =

∑
s∈{b,w}

degcs(F
n, x).

To describe the local degree for a subsystem, instead of a single number, we use 4 numbers
written in the form of a 2×2matrix. Indeed, we prove that the local degree matrix is well-behaved
under iteration.

Lemma 5.9. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Then for all x ∈ S2 and n, m ∈ N, we have

(5.7) Deg(Fn+m, x) = Deg(Fn, x)Deg(Fm, fn(x)).

Proof. Let x ∈ S2, n, m ∈ N, and c, s ∈ {b,w} be arbitrary. It suffices to show that

degcs(F
n+m, x) =

∑
t∈{b,w}

degts(F
n, x) degct(F

m, fn(x)).

By Propositions 3.13 and 5.5 (i), every Xn+m ∈ Xn+m
cs (F, C, x) is contained in a unique Xn ∈

Xn(F, C). Moreover, Xn is contained in X0
s since Xn+m is contained in X0

s by definition. Thus
Xn is contained in

∪
t∈{b,w}X

n
ts(F, C, x).

Now let t ∈ {b,w} and Xn ∈ Xn
ts(F, C, x) be arbitrary, and define

X := {Xn+m ∈ Xn+m
cs (F, C, x) : Xn+m ⊆ Xn}.

By Proposition 5.4 (i), eachXn+m ∈ X is mapped by Fn homeomorphically to Y m := Fn(Xn+m),
and Y m ∈ Xm

ct (F, C, fn(x)) since Y m ⊆ Fn(Xn) = X0
t and Y m has the same color asXn+m. More-

over, it follows from Lemma 3.7 (i) and Proposition 5.4 (i) that the map Fn|Xn induces a bijection
Xn+m 7→ Fn(Xn+m) between X and Xm

ct (F, C, fn(x)). Thus card(X ) = card(Xm
ct (F, C, fn(x))) =

degct(F
m, fn(x)), which is independent of Xn.

Combining the two arguments above, we get

card(Xn+m
cs (F, C, x)) =

∑
t∈{b,w}

card(Xn
ts(F, C, x)) degct(Fm, fn(x)).

This completes the proof. □

5.4. Tile matrix. In this subsection, we introduce a 2 × 2 matrix called the tile matrix to
describe tiles of a subsystem according to their colors and locations. We show that the tile
matrix is well-behaved under iteration.

Definition 5.10 (Tile matrices). Let f , C, F satisfy the Assumptions in Section 4. We define
the tile matrix of F with respect to C as

(5.8) A = A(F, C) :=
[
Nww Nbw

Nwb Nbb

]
,

where
Ncs = Ncs(A) := card

{
X ∈ X1

c (F, C) : X ⊆ X0
s

}
= card

(
X1
cs(F, C)

)
for each pair of colors c, s ∈ {b,w}. For example, Nbw is the number of black tiles in X1(F, C)
which are contained in the white 0-tile X0

w.

Remark 5.11. Note that the tile matrix A(F, C) of F with respect to C is completely determined
by the set X1(F, C). Thus for each integer n ∈ N0 and each set of n-tiles T ⊆ Xn(f, C), similarly,
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we can define the tile matrix of T and denote it by A(T). For example, when T = Xn(F, C) for
some n ∈ N0, we define

A(Xn(F, C)) :=
[
Nww(X

n(F, C)) Nbw(X
n(F, C))

Nwb(X
n(F, C)) Nbb(X

n(F, C))

]
,

where Ncs(X
n(F, C)) := card

({
X ∈ Xn(F, C) : X ∈ Xn

c (f, C), X ⊆ X0
s

})
= card(Xn

cs(F, C)) for
each pair of colors c, s ∈ {b,w}.

Proposition 5.12. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition
that f(C) ⊆ C. Then for each integer n ∈ N, we have
(5.9) A(Xn(F, C)) =

(
A
(
X1(F, C)

))n
,

i.e., the tile matrix of Xn(F, C) equals the n-th power of the tile matrix of X1(F, C).

Remark 5.13. Note that if the map F (dom(F )) = S2, then A(X0) is a 2 × 2 identity matrix
and (5.9) holds for n = 0.

Proof. For convenience, we write for each n ∈ N0,[
wn bn
w′

n b′n

]
:= A(Xn(F, C)) =

[
Nww(A(X

n(F, C))) Nbw(A(X
n(F, C)))

Nwb(A(X
n(F, C))) Nbb(A(X

n(F, C)))

]
.

Let k, ℓ, m ∈ N0 with m ⩾ ℓ ⩾ k be arbitrary. By Proposition 5.4 (i), the map F k preserves
colors of tiles of F , i.e., if Xm is an m-tile of F , then F k(Xm) is an (m − k)-tile of F with the
same color as Xm. Moreover, if Y ℓ is an ℓ-tile of F , then it follows from Lemma 3.7 (i) and
Proposition 5.4 (i) that the map F k|Y ℓ induces a bijection Xm 7→ F k(Xm) between the m-tiles
of F contained in Y ℓ and the (m− k)-tiles of F contained in the (ℓ− k)-tile Y ℓ−k := F k(Y ℓ).

If we use this for m = k + 1 and ℓ = k, then we see that a white k-tile of F contains w1 white
and b1 black (k + 1)-tiles of F , and similarly each black k-tile of F contains w′

1 white and b′1
black (k + 1)-tiles of F . This leads to the identity[

wk+1 bk+1

w′
k+1 b′k+1

]
=

[
wk bk
w′

k b′k

] [
w1 b1
w′

1 b′1

]
for each k ∈ N0. This implies (5.9). □

The following proposition is not used in this paper but should be of independent interest.

Proposition 5.14. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition
that f(C) ⊆ C. If the tile matrix A of F with respect to C is not degenerate, then for each n ∈ N0

and each Xn ∈ Xn(F, C) we have Xn ∩ Ω ̸= ∅.

We say that the tile matrix A of F with respect to C is degenerate if A has one of the following
forms: [

a b
0 0

]
,

[
0 0
a b

]
where a, b ∈ N0.

Proof. Fix arbitrary integer n ∈ N0 and tile Xn ∈ Xn(F, C). Recall that we set F 0 = idS2 .
By Proposition 5.4 (i), we have Fn(Xn) = X0

c ∈ X0(f, C) for some c ∈ {b,w} and Fn|Xn

is a homeomorphism of Xn onto X0
c . Since the tile matrix A is not degenerate, there exists

a tile Y 1
c ∈ X1(F, C) such that Y 1

c ⊆ X0
c . Hence by Lemma 3.7 (i) and Proposition 5.4 (i),

there exists a tile Xn+1 ∈ Xn+1(F, C) such that Xn+1 ⊆ Xn and Fn(Xn+1) = Y 1
c . Since

Fn+1(Xn+1) ∈ X0(F, C), similarly, there exists a tile Xn+2 ∈ Xn+2(F, C) such that Xn+2 ⊆ Xn+1.
Thus by induction, there exists a sequence of tiles {Xn+k}k∈N0 that satisfies Xn+k ∈ Xn+k(F, C)
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and Xn+k+1 ⊆ Xn+k for each k ∈ N0. By Lemma 3.11 (ii), the set
∩

k∈N0
Xn+k is the intersection

of a nested sequence of closed sets with diameters convergent to zero. Thus, it contains exactly
one point in S2. Since

∩
k∈N0

Xn+k ⊆ Xn ∩ Ω by (5.2) and Proposition 5.5 (i), the proof is
complete. □

5.5. Irreducible and primitive subsystems. In this subsection, we specialize in irreducible
(resp. strongly irreducible) subsystems and primitive (resp. strongly primitive) subsystems, which
have additional properties.

Let f , C, F satisfy the Assumptions in Section 4.

Definition 5.15 (Irreducibility). We say that F is an irreducible (resp. a strongly irreducible)
subsystem (of f with respect to C) if for each pair of colors c, s ∈ {b,w}, there exists an integer
n = n(c, s) ∈ N and Xn ∈ Xn

c (F, C) satisfying Xn ⊆ X0
s (resp. Xn ⊆ inte

(
X0

s

)
). We denote by

nF the constant maxc, s∈{b,w} n(c, s), which depends only F and C.

Obviously, if F is irreducible then C(F, C) = {b,w} and F (dom(F )) = S2.
Note that the subsystem F defined in Example 5.3 (vii) is strongly irreducible if the front side

of the left pillow shown in Figure 5.2 is black.

Definition 5.16 (Primitivity). We say that F is a primitive (resp. strongly primitive) subsystem
(of f with respect to C) if there exists an integer nF ∈ N such that for each pair of colors
c, s ∈ {b,w} and each integer n ⩾ nF , there exists Xn ∈ Xn

c (F, C) satisfying Xn ⊆ X0
s (resp.

Xn ⊆ inte
(
X0

s

)
).

Obviously, if F is primitive (resp. strongly primitive), then F is irreducible (resp. strongly
irreducible).

Note that the subsystem F defined in Example 5.3 (vi) is strongly primitive.

Remark 5.17. By [Li18, Lemma 5.10], an expanding Thurston map f is a strongly primitive
subsystem of itself with respect to every Jordan curve C ⊆ S2 satisfying post f ⊆ C.

Definition 5.18. A matrix all of whose entries are positive (resp. non-negative) is called positive
(resp. non-negative). Let A be a square non-negative matrix. If for any i, j there is n ∈ N such
that (An)ij > 0, then A is called irreducible; otherwise A is called reducible. If some power of A
is positive, A is called primitive.

Remark 5.19. If we assume that f(C) ⊆ C, then it follows immediately from Definitions 5.10
and Proposition 5.12 that F is irreducible (resp. primitive) if and only if the tile matrix of F is
irreducible (resp. primitive).

Proposition 5.20. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition
that f(C) ⊆ C. Then the following statements hold:

(i) If F is irreducible, then
∪

i∈N F
−i(x) is dense in Ω for each x ∈ S2.

(ii) If F is strongly irreducible, then Ω ∩ inte
(
X0

c

)
̸= ∅ for each c ∈ {b,w}.

Proof. (i) Fix an arbitrary point x ∈ S2. It suffices to show that the closure of
∪

i∈N F
−i(x) in

S2 contains Ω. By (5.1), Proposition 5.5 (i), (5.2), and (3.13), it suffices to show that for each
n ∈ N and each Xn ∈ Xn(F, C), Xn ∩

∪
i∈N F

−i(x) ̸= ∅.
Fix arbitrary n ∈ N and Xn ∈ Xn(F, C). Since x ∈ S2 = X0

b ∪X0
w, there exists c ∈ {b,w} such

that x ∈ X0
c . By Proposition 5.4 (i), Xn is mapped by Fn homeomorphically to a 0-tile X0

s for
some s ∈ {b,w}. Since F is irreducible, by Definition 5.15, there exist k ∈ N and Y k ∈ Xk

c (F, C)
such that Y k ⊆ X0

s and F k
(
Y k

)
= X0

c . Then it follows from Lemma 3.7 (i) and Proposition 5.4 (i)
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that Xk+n := (Fn|Xn)−1
(
Y k

)
∈ Xk+n(F, C). Since x ∈ X0

c = F k+n(Xk+n) and Xk+n ⊆ Xn, we
conclude that Xn ∩

∪
i∈N F

−i(x) ̸= ∅.
(ii) Fix arbitrary c ∈ {b,w}. Assume that F ∈ Sub(f, C) is strongly irreducible. Then by

Definition 5.15, there exist n ∈ N and Xn ∈ Xn(F, C) such that Xn ⊆ inte
(
X0

c

)
and Fn(Xn) =

X0
c . Thus, by Lemma 3.7 (i) and Proposition 5.4 (i), there exists X2n ∈ X2n(F, C) such that

X2n ⊆ Xn and Fn(X2n) = Xn. Since Xn ⊆ inte
(
X0

c

)
and F 2n(X2n) = X0

c , similarly, there
exists X3n ∈ X3n(F, C) such that X3n ⊆ X2n and F 2n(X3n) = Xn. Thus by induction, there
exists a sequence of tiles

{
Xkn

}
k∈N such that Xkn ∈ Xkn(F, C) and X(k+1)n ⊆ Xkn ⊆ inte

(
X0

c

)
for each k ∈ N. Hence the set

∩
k∈NX

kn ⊆ inte
(
X0

c

)
is the intersection of a nested sequence of

closed sets so that it is non-empty. Since
∩

k∈NX
kn ⊆ Ω by (5.2) and Proposition 5.5 (i), we

deduce that Ω ∩ inte
(
X0

c

)
̸= ∅. □

Lemma 5.21. Let f , C, F satisfy the Assumptions in Section 4. Suppose that F ∈ Sub(f, C) is
irreducible (resp. strongly irreducible) and let nF ∈ N be the constant in Definition 5.15, which
depends only on F and C. Then for each k ∈ N0, each c ∈ {b,w}, and each k-tile Xk ∈ Xk(F, C),
there exists an integer n ∈ N with n ⩽ nF and Xk+n

c ∈ Xk+n
c (F, C) satisfying Xk+n

c ⊆ Xk (resp.
Xk+n

c ⊆ inte(Xk)).

Proof. Assume that F is irreducible. Fix arbitrary k ∈ N0, c ∈ {b,w}, and Xk ∈ Xk(F, C). By
Proposition 5.4 (i), Xk is mapped by F k homeomorphically to X0 := F k(Xk) ∈ X0(f, C). Since
F is irreducible, by Definition 5.15, there exists n ∈ N with n ⩽ nF such that there exists Xn

c ∈
Xn
c (F, C) satisfying Xn

c ⊆ X0. Then it follows from Lemma 3.7 (i) and Proposition 5.4 (i) that
Xk+n

c := (F k|Xk)−1(Xn
c ) is an (k+n)-tile satisfyingXk+n

c ⊆ Xk. Since F k+n(Xk+n
c ) = Fn(Xn

c ) =

X0
c and Xk+n

c ⊆ F−k(Xn
c ) ⊆ F−(k+n)(F (dom(F ))), we conclude that Xk+n

c ∈ Xk+n
c (F, C) and

the proof is complete in this case.
For strongly irreducible F , by the same argument as above we can prove the corresponding

results. □
Lemma 5.22. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that F ∈
Sub(f, C) is primitive (resp. strongly primitive). Let nF ∈ N be the constant from Definition 5.16,
which depends only on F and C. Then for each n ∈ N with n ⩾ nF , each m ∈ N0, each
c ∈ {b,w}, and each m-tile Xm ∈ Xm(F, C), there exists an (n +m)-tile Xn+m

c ∈ Xn+m
c (F, C)

such that Xn+m
c ⊆ Xm (resp. Xn+m

c ⊆ inte(Xm)).
Proof. Assume that F is primitive. Let integer n ⩾ nF , m ∈ N0, c ∈ {b,w}, and Xm ∈ Xm(F, C)
be arbitrary. By Proposition 5.4 (i), Xm is mapped by Fm|Xm homeomorphically to X0 :=
Fm(Xm). Since F is primitive, there exists Xn

c ∈ Xn
c (F, C) satisfying Xn

c ⊆ X0. Then it follows
from Lemma 3.7 (i) and Proposition 5.4 (i) that Xn+m

c := (Fm|Xm)−1(Xn
c ) is an (n + m)-tile

satisfying Xn+m
c ⊆ Xm. Since Fn+m(Xn+m

c ) = Fn(Xn
c ) = X0

c and Xn+m
c ⊆ F−m(Xn

c ) ⊆
F−(n+m)(F (dom(F ))), we conclude that Xn+m

c ∈ Xn+m
c (F, C).

For strongly primitive F , by the same argument as above we can prove the corresponding
results. □
5.6. Distortion lemmas. For the convenience of the reader, we first record the following lemma
from [Li18, Lemma 3.13], which generalizes [BM17, Lemma 15.25].
Lemma 5.23 (M. Bonk & D. Meyer [BM17], Z. Li [Li18]). Let f , C, d, Λ satisfy the Assumptions
in Section 4. Then there exists a constant C0 > 1, depending only on f , C, and d, with the
following property:

If n, k ∈ N0, Xn+k ∈ Xn+k(f, C), and x, y ∈ Xn+k, then
(5.10) C−1

0 d(x, y) ⩽ d(fn(x), fn(y))/Λn ⩽ C0d(x, y).
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The next distortion lemma for expanding Thurston maps follows immediately from [Li18,
Lemma 5.1].

Lemma 5.24. Let f , C, d, Λ, ϕ, β satisfy the Assumptions in Section 4. Then there exists a
constant C1 ⩾ 0 depending only on f , C, d, ϕ, and β such that for all n ∈ N0, Xn ∈ Xn(f, C),
and x, y ∈ Xn,
(5.11) |Snϕ(x)− Snϕ(y)| ⩽ C1d(f

n(x), fn(y))β ⩽ C1(diamd(S
2))β.

Quantitatively, we choose
(5.12) C1 := C0|ϕ|β

/(
1− Λ−β

)
,

where C0 > 1 is the constant depending only on f , C, and d from Lemma 5.23.

We establish the following distortion lemma for subsystems of expanding Thurston maps.

Lemma 5.25. Let f , C, F , d, Λ, ϕ, β satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C. Then the following statements hold:

(i) For each n ∈ N0, each c ∈ C(F, C), and each pair of points x, y ∈ X0
c , we have

(5.13)
∑

Xn∈Xn
c (F,C) exp

(
SF
n ϕ

(
(Fn|Xn)−1(x)

))∑
Xn∈Xn

c (F,C) exp
(
SF
n ϕ

(
(Fn|Xn)−1(x)

)) ⩽ exp
(
C1d(x, y)

β
)
⩽ exp

(
C1(diamd(S

2))β
)
,

where C1 ⩾ 0 is the constant defined in (5.12) in Lemma 5.24 and depends only on f , C,
d, ϕ, and β.

(ii) If F is irreducible, then there exists a constant C̃ ⩾ 1 depending only on F , C, d, ϕ, and
β such that for each n ∈ N0, each pair of colors c, s ∈ C(F, C), each x ∈ X0

c , and each
y ∈ X0

s , we have

(5.14)
∑

Xn
c ∈Xn

c (F,C) exp
(
SF
n ϕ

(
(Fn|Xn

c
)−1(x)

))∑
Xn

s ∈Xn
s (F,C) exp

(
SF
n ϕ

(
(Fn|Xn

s
)−1(y)

)) ⩽ C̃.

Quantitatively, we choose
(5.15) C̃ := (deg f)nF exp

(
2nF ∥ϕ∥∞ + C1(diamd(S

2))β
)
,

where nF ∈ N is the constant in Definition 5.15 and depends only on F and C, and C1 ⩾ 0
is the constant defined in (5.12) in Lemma 5.24 and depends only on f , C, d, ϕ, and β.

Proof. (i) We fix arbitrary n ∈ N0, c ∈ C(F, C), and x, y ∈ X0
c . For each Xn ∈ Xn

c (F, C), it
follows from Proposition 5.4 (i) that Fn|Xn is a homeomorphism from Xn onto X0

c . Then by
Lemma 5.24, we have

exp
(
SF
n ϕ

(
(Fn|Xn)−1(x)

)
− SF

n ϕ
(
(Fn|Xn)−1(y)

))
⩽ exp

(
C1d(x, y)

β
)
.

Thus
exp

(
SF
n ϕ

(
(Fn|Xn)−1(x)

))
⩽ exp

(
C1d(x, y)

β
)
exp

(
SF
n ϕ

(
(Fn|Xn)−1(y)

))
.

By summing the last inequality over all Xn ∈ Xn
c (F, C), we can conclude that (5.13) holds.

(ii) We assume that F is irreducible and let nF ∈ N be the constant from Definition 5.15,
which depends only on F and C.

For convenience, we write Inc (z) :=
∑

Xn∈Xn
c (F,C) exp

(
SF
n ϕ

(
(Fn|Xn)−1(z)

))
for n ∈ N0, c ∈

C(F, C), and z ∈ X0
c . Since F is irreducible, by Definition 5.15 and Proposition 5.6 (i), we have

C(F, C) = {b,w} and Xn
c (F, C) ̸= ∅ for each n ∈ N0 and each c ∈ {b,w}. Thus Inc (z) > 0 for each

n ∈ N0, each c ∈ {b,w}, and each z ∈ X0
c .

In the rest of the proof we fix arbitrary c, s ∈ {b,w}, x ∈ X0
c , and y ∈ X0

s .
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We first consider an arbitrary integer n ∈ {0, 1, 2, . . . , nF }. Since card(Xn
c (F, C)) ⩽ card(Xn

c (f, C)) =
(deg f)n and Xn

s (F, C) ̸= ∅, we have

(5.16) Inc (x)

Ins (y)
⩽ card(Xn

c (F, C)) exp(n∥ϕ∥∞)

card(Xn
s (F, C)) exp(−n∥ϕ∥∞)

⩽ (deg f)nF exp(2nF ∥ϕ∥∞)

Thus (5.14) holds.
We now consider an arbitrary integer n > nF . Since F is irreducible, by Definition 5.15, there

exists nsc ∈ N with nsc ⩽ nF such that there exists Y nsc
s ∈ Xnsc

s (F, C) satisfying Y nsc
s ⊆ X0

c .
Then for each X ∈ Xn−nsc

c (F, C), it follows from Lemma 3.7 (i) and Proposition 5.4 (i) that
Y := (Fn−nsc |X)−1

(
Y nsc
s

)
∈ Xn

s (F, C). This defines an injective map from Xn−nsc
c (F, C) to Xn

s (F, C)
that maps each X ∈ Xn−nsc

c (F, C) to Y = (Fn−nsc |X)−1
(
Y nsc
s

)
∈ Xn

s (F, C). Moreover, applying
Lemma 5.24, we have

SF
n ϕ

(
(Fn|Y )−1(y)

)
⩾ SF

n−nsc
ϕ
(
(Fn|Y )−1(y)

)
− nsc∥ϕ∥∞

⩾ SF
n−nsc

ϕ
(
(Fn−nsc |X)−1(x)

)
− C1(diamd(S

2))β − nF ∥ϕ∥∞
since (Fn|Y )−1(y) ∈ Y ⊆ X ∈ Xn−nsc(f, C) and nsc ⩽ nF . Hence,
(5.17) In−nsc

c (x) ⩽ Ins (y) exp
(
nF ∥ϕ∥∞ + C1(diamd(S

2))β
)
.

In order to establish (5.14), it suffices to show that
Inc (x) ⩽ (deg f)nF exp(nF ∥ϕ∥∞)In−nsc

c (x).

For each X ∈ Xn−nsc
c (F, C), we set E(X) := {Xn ∈ Xn

c (F, C) : Fnsc(Xn) = X}. It follows imme-
diately from Proposition 5.4 (i) that Xn

c (F, C) =
∪

X∈Xn−nsc
c (F,C)E(X). By Proposition 3.6 (ii),

for each X ∈ Xn−nsc
c (F, C), we have card(E(X)) ⩽ (deg f)nsc ⩽ (deg f)nF . Moreover, for each

Xn ∈ E(X),

SF
n ϕ

((
Fn|Xn

)−1
(x)

)
= SF

nsc
ϕ
(
(Fn|Xn)−1(x)

)
+ SF

n−nsc
ϕ
(
(Fn−nsc |X)−1(x)

)
⩽ nF ∥ϕ∥∞ + SF

n−nsc
ϕ
(
(Fn−nsc |X)−1(x)

)
.

Therefore, we get

Inc (x) =
∑

X∈Xn−nsc
c (F,C)

∑
Xn∈E(X)

exp
(
SF
n ϕ

(
(Fn|Xn)−1(z)

))
⩽

∑
X∈Xn−nsc

c (F,C)

(deg f)nF exp(nF ∥ϕ∥∞) exp
(
SF
n−nsc

ϕ
(
(Fn−nsc |X)−1(x)

))
= (deg f)nF exp(nF ∥ϕ∥∞)In−nsc

c (x).

Combining this with (5.17), we establish (5.14) by choosing C̃ as in (5.15), which depends only
on F , C, d, ϕ, and β. □

6. Thermodynamic formalism for subsystems

This section focuses on thermodynamic formalism for subsystems, with the main results being
Theorems 6.29 and 6.30. These theorems establish the Variational Principle and demonstrate the
existence of equilibrium states for subsystems of expanding Thurston maps.

In Subsection 6.1, we define the topological pressure of a subsystem with respect to a potential
via the tile structures determined by the subsystem.

In Subsection 6.2 we define appropriate variants of the Ruelle operator called split Ruelle op-
erators (Definition 6.9). One cannot use the Ruelle operator introduced in [Li18] for a subsystem
in the proofs of Theorems 6.29 and 6.30 directly. One fundamental problem is that the direct
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adaptation of the Ruelle operator Lϕ : C(S
2) → C(S2) may not be well-defined for subsystems.

More precisely, it is possible that Lϕ(u) /∈ C(S2) for some u ∈ C(S2) due to the subtle combina-
torial structures of subsystems. Our strategy here is to “split” the Ruelle operator into two pieces
so that in each piece, the continuity is preserved under iteration. We note that the concept of
splitting the Ruelle operators was first introduced in [LZ18]. We extend this definition to split
Ruelle operators for subsystems.

We next develop the thermodynamic formalism to establish the existence of equilibrium states
for subsystems. We follow [Li18] in several places, but we have made some notable changes to
address the challenges posed by the subsystems. We first introduce the split sphere S̃ as the
disjoint union of X0

b and X0
w. Then the product of function spaces and the product of measure

spaces can be identified naturally with the space of functions and the space of measures on S̃,
respectively (Remark 6.13). Since the split Ruelle operator LF,ϕ acts on the product of function
spaces, its adjoint operator L∗

F,ϕ acts on the product of measure spaces. We have to deal with
functions and measures on the split sphere S̃ while the measures we want (for example, the
equilibrium states) should be on S2. Therefore, we make extra efforts to convert the measures
on S̃ provided by thermodynamic formalism into measures on S2. Moreover, by the local degree
defined in Subsection 5.3, we establish Theorem 6.16 and Proposition 6.26 so that we show that
an eigenmeasure for L∗

F,ϕ is a Gibbs measure on S2 under our identifications (Proposition 6.28).
Then we construct an f -invariant Gibbs measure µF,ϕ with desired properties in Theorem 6.24.
Finally, in Theorem 6.30, we prove that such µF,ϕ is an equilibrium state.

6.1. Pressures for subsystems. In this subsection, we define the topological pressure for sub-
systems.

Definition 6.1. Let f , C, F satisfy the Assumptions in Section 4. For a real-valued function
φ : S2 → R, we denote

Zn(F,φ) :=
∑

Xn∈Xn(F,C)

exp
(
sup

{
SF
n φ(x) : x ∈ Xn

})
for each n ∈ N. We define the topological pressure of the subsystem F with respect to the potential
φ by

(6.1) P (F,φ) := lim inf
n→+∞

1

n
log(Zn(F,φ)).

In particular, when φ is the constant function 0, the quantity htop(F ) := P (F, 0) is called the
topological entropy of the subsystem F .

Remark. We note that the definition (6.1) used here differs from the classical definition (3.1) in the
context of Subsection 3.1, which applies to F |Ω and φ|Ω. We study the relationship between these
two topological pressures in Proposition 6.34, and ultimately demonstrate that, for a strongly
irreducible subsystem and a Hölder continuous potential, they coincide (see Theorem 6.29).

Lemma 6.2. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Consider a real-valued function φ : S2 → R. Then for all k, ℓ ∈ N, we have

(6.2) Zk+ℓ(F,φ) ⩽ Zk(F,φ)Zℓ(F,φ).
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Proof. For each k, ℓ ∈ N,
Zk+ℓ(F,φ) =

∑
Xk+ℓ∈Xk+ℓ(F,C)

exp
(
sup

{
SF
k+ℓφ(x) : x ∈ Xk+ℓ

})
⩽

∑
Xk+ℓ∈Xk+ℓ(F,C)

exp
(
sup

{
SF
k φ(x) : x ∈ Xk+ℓ

})
exp

(
sup

{
SF
ℓ φ(F

k(x)) : x ∈ Xk+ℓ
})

⩽
∑

Xℓ∈Xℓ(F,C)

exp
(
sup

{
SF
ℓ φ(y) : y ∈ Xℓ

}) ∑
Xk+ℓ∈Xk+ℓ(F,C)
Fk(Xk+ℓ)=Xℓ

exp
(
sup

{
SF
k φ(x) : x ∈ Xk+ℓ

})

⩽
∑

Xℓ∈Xℓ(F,C)

exp
(
sup

{
SF
ℓ φ(y) : y ∈ Xℓ

}) ∑
Xk∈Xk(F,C)

exp
(
sup

{
SF
k φ(y) : y ∈ Xk

})
= Zk(F,φ)Zℓ(F,φ).

Here, the first inequality uses the fact that SF
k+ℓφ(x) = SF

k φ(x)+S
F
ℓ φ

(
F k(x)

)
, the second inequal-

ity follows from Proposition 5.4 (i), and the last inequality also follows from Proposition 5.4 (i),
which shows that for each ℓ-tile Xℓ ∈ Xℓ(F, C) the map from

{
X ∈ Xk+ℓ(F, C) : F k(X) = Xℓ

}
to

Xk(F, C) induced by Proposition 3.13 is injective. □
We record the following well-known lemma and refer the reader to [MU03, Lemma 2.11] for a

proof.

Lemma 6.3. If a sequence {an}n∈N of real number is subadditive (i.e., ai+j ⩽ ai + aj for all
i, j ∈ N), then limn→+∞ an/n exists in R ∪ {−∞} and is equal to inf{an/n : n ∈ N}.

Lemma 6.4. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Consider φ ∈ C(S2). Then

P (F,φ) = lim
n→+∞

1

n
log(Zn(F,φ)) ∈ [−∥φ∥∞,+∞).

Proof. By Proposition 5.6 (ii), Ω(F, C) ̸= ∅. Then for each n ∈ N we have
∪
Xn(F, C) ̸= ∅ and

Zn(F,φ) > 0. Thus by Lemmas 6.2 and 6.3, the sequence
{

1
n log(Zn(F,φ))

}
n∈N is subadditive

and
P (F,φ) = lim

n→+∞

1

n
log(Zn(F,φ)) = inf

n∈N

{
1

n
log(Zn(F,φ))

}
∈ R ∪ {−∞}.

It suffices now to prove that 1
n log(Zn(F,φ)) is bounded from below by −∥φ∥∞. Let x0 ∈ Ω be

arbitrary. Then for each n ∈ N, we have x0 ∈
∪
Xn(F, C) and

Zn(F,φ) =
∑

Xn∈Xn(F,C)

exp
(
sup

{
SF
n φ(x) : x ∈ Xn

})
⩾ exp

(
SF
n φ(x0)

)
⩾ e−n∥φ∥∞ .

Therefore, we get 1
n log(Zn(F,φ)) ⩾ −∥φ∥∞ for each n ∈ N and P (F,φ) ⩾ −∥φ∥∞. □

The topological entropy of F can in fact be computed explicitly via tile matrices (defined in
Subsection 5.4).

Proposition 6.5. Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Let A be the tile matrix of F with respect to C. Then we have
(6.3) htop(F ) = log(ρ(A)),

where ρ(A) is the spectral radius of A.

Remark. The spectral radius ρ(A) can easily be computed from any matrix norm. If for an (m×
m)-matrixB = (bij) we set ∥B∥sum :=

∑m
i,j=1 |bij | for example, then ρ(A) = limn→+∞(∥An∥sum)1/n.
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Proof. By (6.1) and Proposition 5.5 (ii), we have

htop(F ) = lim inf
n→+∞

1

n
log(card(Xn(F, C))) = lim inf

n→+∞

1

n
log

∑
c, s∈{b,w}

card(Xn
cs(F, C)).

Then it follows from Remark 5.11 and Proposition 5.12 that

htop(F ) = lim inf
n→+∞

1

n
log∥An∥sum.

Since ρ(A) = limn→+∞(∥An∥sum)1/n, we deduce that htop(F ) = log(ρ(A)). □

6.2. Split Ruelle operators for subsystems. In this subsection, we define appropriate vari-
ants of the Ruelle operator for subsystems (see Definition 6.9) on the suitable function spaces in
our context.

Let f : S2 → S2 be an expanding Thurston map with a Jordan curve C ⊆ S2 satisfying
post f ⊆ C. Let X0

b , X
0
w ∈ X0(f, C) be the black 0-tile and the white 0-tile, respectively.

Definition 6.6 (Partial split Ruelle operators). Let f , C, F satisfy the Assumptions in Section 4.
Consider φ ∈ C(S2). We define a map L(n)

F,φ,c,s : B
(
X0

s

)
→ B

(
X0

c

)
, for c, s ∈ {b,w}, and n ∈ N0,

by

L(n)
F,φ,c,s(u)(y) :=

∑
x∈F−n(y)

degcs(F
n, x)u(x) exp

(
SF
n φ(x)

)
=

∑
Xn∈Xn

cs(F,C)

u
(
(Fn|Xn)−1(y)

)
exp

(
SF
n φ

(
(Fn|Xn)−1(y)

))(6.4)

for each real-valued bounded Borel function u ∈ B
(
X0

s

)
and each point y ∈ X0

c .

Note that by default, a summation over an empty set is equal to 0. We will always use this
convention in this paper.

If X0
c ⊆ F (dom(F )) for some c ∈ {b,w}, then

L(0)
F,φ,c,s(u) =

{
u if s = c

0 if s ̸= c

for each s ∈ {b,w}, which means that L(0)
F,φ,c,c is the identity map on B

(
X0

c

)
for each c ∈ {b,w}

satisfying X0
c ⊆ F (dom(F )).

Remark 6.7. If we assume in addition that f(C) ⊆ C, then by Propositions 3.13 and 5.4 (i), for
all n ∈ N and y ∈ inte

(
X0

c

)
, the summation (with respect to tiles) on the right-hand side of (6.4)

becomes a summation with respect to preimages, i.e.,

L(n)
F,φ,c,s(u)(y) =

∑
x∈F−k(y)∩inte(X0

s )

u(x) exp
(
SF
n φ(x)

)
.

Lemma 6.8. Let f , C, F satisfy the Assumptions in Section 4. Consider φ ∈ C(S2). We
assume in addition that f(C) ⊆ C and F ∈ Sub∗(f, C). Then for all n, k ∈ N0, c, s ∈ {b,w}, and
u ∈ C

(
X0

s

)
, we have

L(n)
F,φ,c,s(u) ∈ C

(
X0

c

)
and(6.5)

L(n+k)
F,φ,c,s(u) =

∑
t∈{b,w}

L(n)
F,φ,c,t

(
L(k)
F,φ,t,s(u)

)
.(6.6)
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Proof. The case of Lemma 6.8 where either n = 0 or k = 0 follows immediately from Definition 6.6.
Thus, we may assume without loss of generality that n, k ∈ N.

The continuity of L(n)
F,φ,c,s(u) follows trivially from (6.4) and Proposition 5.4 (i). Note that the

number of terms in the summation in (6.4) is fixed as y in X0
c varies, and each term is continuous

with respect to y when y ∈ X0
c by Proposition 5.4 (i).

We next establish (6.6) by proving that the two sides of (6.6) are equal at each point y ∈ X0
c .

Indeed, by continuity, we only need to prove this for y ∈ inte
(
X0

c

)
. Since f(C) ⊆ C, each

preimage x ∈ F−k(y) belongs to the set S2 \ C = inte
(
X0

b

)
∪ inte

(
X0

w

)
when y ∈ inte

(
X0

c

)
. Then

by Remark 6.7, we get the first two equalities and the second equality of the following:∑
t∈{b,w}

L(n)
F,φ,c,t

(
L(k)
F,φ,t,s(u)

)
(y) =

∑
t∈{b,w}

∑
x∈F−n(y)∩inte(X0

t )

eS
F
n φ(x)

∑
z∈F−k(x)∩inte(X0

s )

u(z)eS
F
k φ(z)

=
∑

x∈F−n(y)

∑
z∈F−k(x)∩inte(X0

s )

u(z)eS
F
n φ(x)+SF

k φ(z)

=
∑

z∈F−(n+k)(y)∩inte(X0
s )

u(z)eS
F
n+kφ(z)

= L(n+k)
F,φ,c,s(u)(y),

where the second-to-last equality holds since x = F k(z) and the last equality follows from Re-
mark 6.7. □

Definition 6.9 (Split Ruelle operators). Let f , C, F satisfy the Assumptions in Section 4.
Consider φ ∈ C(S2). The split Ruelle operator for the subsystem F and the potential φ

LF,φ : C
(
X0

b

)
× C

(
X0

w

)
→ C

(
X0

b

)
× C

(
X0

w

)
on the product space C

(
X0

b

)
× C

(
X0

w

)
is defined by

(6.7) LF,φ(ub, uw) :=
(
L(1)
F,φ,b,b(ub) + L(1)

F,φ,b,w(uw),L
(1)
F,φ,w,b(ub) + L(1)

F,φ,w,w(uw)
)

for each ub ∈ C
(
X0

b

)
and each uw ∈ C

(
X0

w

)
.

Note that by (6.5) in Lemma 6.8, the operator LF,φ is well-defined, and it follows immediately
from Definition 6.6 that L0

F,φ is the identity map on C
(
X0

b

)
×C

(
X0

w

)
if F (dom(F )) = S2. One sees

that LF,φ : C
(
X0

b

)
× C

(
X0

w

)
→ C

(
X0

b

)
× C

(
X0

w

)
has a natural extension to the space B

(
X0

b

)
×

B
(
X0

w

)
given by (6.7) for ub ∈ B

(
X0

b

)
and uw ∈ B

(
X0

w

)
. Moreover, it follows immediately

from (6.4) and (6.7) that LF,φ is a positive, continuous operator on C
(
X0

b

)
× C

(
X0

w

)
(resp.

B
(
X0

b

)
×B

(
X0

w

)
).

For each color c ∈ {b,w}, we define the projection πc : B
(
X0

b

)
×B

(
X0

w

)
→ B

(
X0

c

)
by

(6.8) πc(ub, uw) := uc, for (ub, uw) ∈ B
(
X0

b

)
×B

(
X0

w

)
.

We show that the split Ruelle operator LF,φ is well-behaved under iteration.

Lemma 6.10. Let f , C, F satisfy the Assumptions in Section 4. Consider φ ∈ C(S2). We
assume in addition that f(C) ⊆ C and F (dom(F )) = S2. Then for all n ∈ N0, ub ∈ C

(
X0

b

)
, and

uw ∈ C
(
X0

w

)
,

(6.9) Ln
F,φ(ub, uw) =

(
L(n)
F,φ,b,b(ub) + L(n)

F,φ,b,w(uw), L(n)
F,φ,w,b(ub) + L(n)

F,φ,w,w(uw)
)
.
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Proof. We prove (6.9) by induction. The case where n = 0 and the case where n = 1 both hold
by definition. Assume now (6.9) holds for n = k for some k ∈ N. Then by Definition 6.9 and
(6.6) in Lemma 6.8, for each c ∈ {b,w}, we have

πc
(
Lk+1
F,φ (ub, uw)

)
= πc

(
LF,φ

(
L(k)
F,φ,b,b(ub) + L(k)

F,φ,b,w(uw), L
(k)
F,φ,w,b(ub) + L(k)

F,φ,w,w(uw)
))

=
∑

s∈{b,w}

L(1)
F,φ,c,s

(
L(k)
F,φ,s,b(ub) + L(k)

F,φ,s,w(uw)
)

=
∑

t∈{b,w}

∑
s∈{b,w}

L(1)
F,φ,c,s

(
L(k)
F,φ,s,t(ut)

)
=

∑
t∈{b,w}

L(k+1)
F,φ,c,t(ut),

for ub ∈ C
(
X0

b

)
and uw ∈ C

(
X0

w

)
. This completes the inductive step, establishing (6.9). □

Remark. Similarly, one can show that (6.9) in Lemma 6.10 holds for (ub, uw) ∈ B
(
X0

b

)
×B

(
X0

w

)
.

6.3. Split spheres. In this subsection, we introduce the notion of the split sphere (see Defini-
tion 6.11), and set up some identifications and conventions (see Remarks 6.13 and 6.14), which
will be used frequently in this paper.

Let f : S2 → S2 be an expanding Thurston map with a Jordan curve C ⊆ S2 satisfying
post f ⊆ C. Let X0

b , X
0
w ∈ X0(f, C) be the black 0-tile and the white 0-tile, respectively.

Definition 6.11. We define the split sphere S̃ to be the disjoint union of X0
b and X0

w, i.e.,

S̃ := X0
b ⊔X0

w =
{
(x, c) : c ∈ {b,w}, x ∈ X0

c

}
.

For each c ∈ {b,w}, let

(6.10) ic : X
0
c → S̃

be the natural injection (defined by ic(x) := (x, c)). Recall that the topology on S̃ is defined
as the finest topology on S̃ for which both the natural injections ib and iw are continuous. In
particular, S̃ is compact and metrizable. Obviously, a subset U of S̃ is open in S̃ if and only if
its preimage i−1

c (U) is open in X0
c for each c ∈ {b,w}.

Let X and Y be normed vector spaces over R. Recall that a bounded linear map T from X to Y
is said to be an isomorphism if T is bijective and T−1 is bounded (in other words, ∥T (x)∥ ⩾ C∥x∥
for some C > 0), and T is called an isometry if ∥T (x)∥ = ∥x∥ for all x ∈ X.

The following is a standard result in functional analysis (see for example, [Fol99, p. 160]).

Proposition 6.12 (Dual of the product space is isometric to the product of the dual spaces). Let
X and Y be normed vector spaces and define T : X∗×Y ∗ → (X×Y )∗ by T (u, v)(x, y) = u(x)+v(y).
Then T is an isomorphism which is an isometry with respect to the norm ∥(x, y)∥ = max{∥x∥, ∥y∥}
on X × Y , the corresponding operator norm on (X × Y )∗, and the norm ∥(u, v)∥ = ∥u∥+ ∥v∥ on
X∗ × Y ∗.

By Proposition 6.12 and the Riesz representation theorem (see [Fol99, Theorems 7.17 and 7.8]),
we can identify

(
C
(
X0

b

)
× C

(
X0

w

))∗ with the product of spaces of finite signed Borel measures
M

(
X0

b

)
×M

(
X0

w

)
, where we use the norm ∥(ub, uw)∥ = max{∥ub∥, ∥uw∥} on C

(
X0

b

)
× C

(
X0

w

)
,

the corresponding operator norm on
(
C
(
X0

b

)
×C

(
X0

w

))∗, and the norm ∥(µb, µw)∥ = ∥µb∥+∥µw∥
on M

(
X0

b

)
×M

(
X0

w

)
.
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From now on, we write
(µb, µw)(Ab, Aw) := µb(Ab) + µw(Aw),(6.11)

⟨(µb, µw), (ub, uw)⟩ := ⟨µb, ub⟩+ ⟨µw, uw⟩ =
∫
X0

b

ub dµb +

∫
X0

w

uw dµw,(6.12)

whenever (µb, µw) ∈ M
(
X0

b

)
×M

(
X0

w

)
, (ub, uw) ∈ B

(
X0

b

)
× B

(
X0

w

)
, and Ab and Aw are Borel

subset of X0
b and X0

w, respectively. In particular, for each Borel set A ⊆ S2, we define

(6.13) (µb, µw)(A) := (µb, µw)
(
A ∩X0

b , A ∩X0
w

)
= µb

(
A ∩X0

b

)
+ µw

(
A ∩X0

w

)
.

Remark 6.13. In the natural way, the product space C
(
X0

b

)
×C

(
X0

w

)
(resp. B

(
X0

b

)
×B

(
X0

w

)
)

can be identified with C(S̃) (resp. B(S̃)). Similarly, the product space M
(
X0

b

)
×M

(
X0

w

)
can be

identified with M(S̃). Under such identifications, we write∫
(ub, uw) d(µb, µw) := ⟨(µb, µw), (ub, uw)⟩ and (ub, uw)(µb, µw) := (ubµb, uwµw)

whenever (µb, µw) ∈ M
(
X0

b

)
×M

(
X0

w

)
and (ub, uw) ∈ B

(
X0

b

)
×B

(
X0

w

)
.

Moreover, we have the following natural identification of P(S̃):

P(S̃) =
{
(µb, µw) ∈ M

(
X0

b

)
×M

(
X0

w

)
: µb and µw are positive measures, µb

(
X0

b

)
+µw

(
X0

w

)
= 1

}
.

Here we follow the terminology in [Fol99, Section 3.1] that a positive measure is a signed measure
that takes values in [0,+∞].

Remark 6.14. It is easy to see that (6.13) defines a finite signed Borel measure µ := (µb, µw)
on S2. Here we use the notation µ (resp. (µb, µw)) when we view the measure as a measure on
S2 (resp. S̃), and we will always use these conventions in this paper. In this sense, for u ∈ B(S2)
we have

(6.14) ⟨µ, u⟩ =
∫
udµ =

∫
(ub, uw) d(µb, µw) =

∫
X0

b

udµb +

∫
X0

w

udµw,

where ub := u|X0
b
and uw := u|X0

w
. Moreover, if both µb and µw are positive measures and

µb
(
X0

b

)
+µw

(
X0

w

)
= 1, then µ = (µb, µw) defined by (6.13) is a Borel probability measure on S2.

In view of the identifications in Remark 6.13, this means that if (µb, µw) ∈ P(S̃), then µ ∈ P(S2).

For each color c ∈ {b,w}, we define the projection πc : M
(
X0

b

)
×M

(
X0

w

)
→ M

(
X0

c

)
by

(6.15) πc(µb, µw) := µc, for (µb, µw) ∈ M
(
X0

b

)
×M

(
X0

w

)
.

6.4. Adjoint operators of split Ruelle operators. In this subsection, we investigate the
adjoint operators of split Ruelle operators for subsystems. We collect and prove a few properties
of the adjoint operators in Proposition 6.15, which will be used later.

Let f , C, F satisfy the Assumptions in Section 4. We assume in addition that F (dom(F )) = S2.
Consider φ ∈ C(S2). Note that the split Ruelle operator LF,φ (see Definition 6.9) is a positive,
continuous operator on C

(
X0

b

)
× C

(
X0

w

)
. Thus, the adjoint operator

L∗
F,φ :

(
C
(
X0

b

)
× C

(
X0

w

))∗ → (
C
(
X0

b

)
× C

(
X0

w

))∗
of LF,φ acts on the dual space

(
C
(
X0

b

)
× C

(
X0

w

))∗ of the Banach space C
(
X0

b

)
× C

(
X0

w

)
. As

discussed in Subsection 6.3, we identify
(
C
(
X0

b

)
× C

(
X0

w

))∗ with the product of spaces of finite
signed Borel measures M

(
X0

b

)
×M

(
X0

w

)
, where we use the norm ∥(ub, uw)∥ = max{∥ub∥, ∥uw∥}

on C
(
X0

b

)
× C

(
X0

w

)
, the corresponding operator norm on

(
C
(
X0

b

)
× C

(
X0

w

))∗, and the norm
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∥(µb, µw)∥ = ∥µb∥ + ∥µw∥ on M
(
X0

b

)
×M

(
X0

w

)
. Then by Remark 6.13, we can also view LF,φ

(resp. L∗
F,φ) as an operator on C(S̃) (resp. M(S̃)).

In the following proposition, we summarize properties of the adjoint operator L∗
F,φ.

Proposition 6.15. Let f , C, F satisfy the Assumptions in Section 4. Consider φ ∈ C(S2).
We assume in addition that f(C) ⊆ C and F (dom(F )) = S2. Consider arbitrary n ∈ N and
(µb, µw) ∈ M

(
X0

b

)
×M

(
X0

w

)
. Then the following statements hold:

(i)
⟨
L∗
F,φ(µb, µw), (ub, uw)

⟩
=

⟨
(µb, µw),LF,φ(ub, uw)

⟩
for (ub, uw) ∈ B

(
X0

b

)
×B

(
X0

w

)
.

(ii) For each Borel set A ⊆
∪
Xn(F, C) on which Fn is injective, we have that Fn(A) is a

Borel set, and(
L∗
F,φ

)n
(µb, µw)(A) =

∑
c∈{b,w}

∫
Fn(A)∩X0

c

(
degc(F

n, · ) exp
(
SF
n φ

))
◦ (Fn|A)−1 dµc.(6.16)

Here
(
L∗
F,φ

)n
(µb, µw)(A) is defined in (6.13).

(iii) For each color c ∈ {b,w} and each Borel set Ac ⊆ dom(F ) ∩X0
c on which F is injective,

we have that F (Ac) is a Borel set, and

πc
(
L∗
F,φ(µb, µw)

)
(Ac) =

∑
s∈{b,w}

∫
F (Ac)∩X0

s

(degsc(F, · ) exp(φ)) ◦ (F |Ac)
−1 dµs.(6.17)

(iv)
(
L∗
F,φ

)n
(µb, µw)

(∪
X̃n−1(F, C)

)
=

(
L∗
F,φ

)n
(µb, µw)

(∪
X̃n(F, C)

)
, where

X̃k(F, C) :=
∪

c∈{b,w}

{
ic
(
Xk

)
: Xk ∈ Xk(F, C), Xk ⊆ X0

c

}
for each k ∈ N0. Here ic is defined by (6.10).

Recall that a collectionP of subsets of a setX is a π-system if it is closed under the intersection,
i.e., if A, B ∈ P then A ∩ B ∈ P. A collection L of subsets of X is a λ-system if the following
conditions are satisfied: (1) X ∈ L. (2) If B, C ∈ L and B ⊆ C, then C \B ∈ L. (3) If An ∈ L,
n ∈ N, with An ⊆ An+1, then

∪
n∈NAn ∈ L.

Proof. We follow the identifications discussed in Remark 6.13. Recall from Definition 6.11 that
S̃ = X0

b ⊔X0
w is the disjoint union of X0

b and X0
w. Then LF,φ is a continuous operator on C(S̃).

(i) It suffices to show that for each µ ∈ M(S̃) and each Borel set A ⊆ S̃,
(6.18)

⟨
L∗
F,φ(µ),1A

⟩
=

⟨
µ,LF,φ(1A)

⟩
.

Let L be the collection of Borel sets A ⊆ S̃ for which (6.18) holds. Denote the collection of
open subsets of S̃ by G. Then G is a π-system.

We observe from (6.7) that if {un}n∈N is a non-decreasing sequence of real-valued continuous
functions on S̃, then so is

{
LF,φ(un)

}
n∈N.

By the definition of L∗
F,φ, we have

(6.19)
⟨
L∗
F,φ(µ), u

⟩
=

⟨
µ,LF,φ(u)

⟩
for u ∈ C(S̃). Fix an open set U ⊆ S̃, then there exists a non-decreasing sequence {gn}n∈N of
real-valued continuous functions on S̃ supported in U such that gn converges to 1U pointwise as
n→ +∞. Then

{
LF,φ(gn)

}
n∈N is also a non-decreasing sequence of continuous functions, whose

pointwise limit is LF,φ(1U ). By the Lebesgue Monotone Convergence Theorem and (6.19), we
can conclude that (6.18) holds for A = U . Thus G ⊆ L.
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We now prove that L is a λ-system. Indeed, since (6.19) holds for u = 1
S̃
, we get S̃ ∈

L. For each pair B, C ∈ L with B ⊆ C, it follows from (6.7) that 1C − 1B = 1C\B and
LF,φ(1C) − LF,φ(1B) = LF,φ(1C − 1B) = LF,φ(1C\B). Thus C \ B ∈ L. Finally, given An ∈ L,
n ∈ N, with An ⊆ An+1, and denote A :=

∪
n∈NAn. Then {1An}n∈N and

{
LF,φ(1An)

}
n∈N are

non-decreasing sequences of real-valued Borel functions on S̃ that converge pointwise to 1A and
LF,φ(1A), respectively, as n→ +∞. Then by the the Lebesgue Monotone Convergence Theorem,
we get A ∈ L. Hence L is a λ-system.

Recall that Dynkin’s π-λ theorem (see for example, [Bil08, Theorem 3.2]) states that if P is
a π-system and L is a λ-system that contains P, then the σ-algebra σ(P) generated by P is
a subset of L. Thus by Dynkin’s π-λ theorem, the Borel σ-algebra σ(G) is a subset of L, i.e.,
equality (6.18) holds for each Borel set A ⊆ S̃. This finishes the proof of statement (i).

(ii) We fix an arbitrary Borel set A ⊆
∪
Xn(F, C) on which Fn is injective. Denote Ab := A∩X0

b

and Aw := A ∩X0
w.

For each Xn ∈ Xn(F, C), it follows from Proposition 5.4 (i) that Fn|Xn is a homeomorphism
from Xn onto Fn(Xn), which maps Borel sets to Borel sets. Thus Fn(A) is a Borel set since

Fn(A) = Fn
( ∪
Xn∈Xn(F,C)

A ∩Xn
)
=

∪
Xn∈Xn(F,C)

Fn (A ∩Xn) =
∪

Xn∈Xn(F,C)

Fn|Xn(A).

We now prove (6.16). By (6.13), statement (i), and (6.12), we get(
L∗
F,φ

)n
(µb, µw)(A) = ⟨(µb, µw),Ln

F,φ(1Ab
,1Aw)⟩ =

∑
c∈{b,w}

⟨
µc, πc

(
Ln
F,φ(1Ac ,1Aw)

)⟩
.

Then it suffices to show that for each c ∈ {b,w} and each x ∈ X0
c ,

πc
(
Ln
F,φ(1Ab

,1Aw)
)
(x) = 1Fn(A)(x) ·

(
degc(F

n, · ) exp
(
SF
n φ

))
◦ (Fn|A)−1(x).

Indeed, by (6.9), (6.8), and (6.4),

πc
(
Ln
F,φ(1Ab

,1Aw)
)
(x) = L(n)

F,φ,c,b(1Ab
)(x) + L(n)

F,φ,c,w(1Aw)(x)

=
∑

s∈{b,w}

∑
Xn∈Xn

cs(F,C)

(
1As · exp

(
SF
n φ

))
◦ (Fn|Xn)−1(x)

=
∑

s∈{b,w}

∑
Xn∈Xn

cs(F,C)

(
1A · exp

(
SF
n φ

))
◦ (Fn|Xn)−1(x)

=
∑

Xn∈Xn
c (F,C)

(
1A · exp

(
SF
n φ

))
◦ (Fn|Xn)−1(x)

=
∑

y∈F−n(x)

degc(F
n, y)1A(y) exp

(
SF
n φ(y)

)
= 1Fn(A)(x)

(
degc(F

n, · ) exp
(
SF
n φ

))
◦ (Fn|A)−1(x),

where the third equality follows from the fact that for each s ∈ {b,w} and each Xn ∈ Xn
cs(F, C),

the point z = (Fn|Xn)−1(x) ∈ A if and only if z ∈ As since z ∈ Xn ⊆ X0
s , and the last equality

holds since F is injective on A. Thus, we finish the proof of statement (ii).
(iii) We arbitrarily fix a color c ∈ {b,w} and a Borel set Ac ⊆ dom(F ) ∩ X0

c on which F is
injective. Then it follows immediately from statement (ii) that F (Ac) is a Borel set.
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We now prove (6.17). Without loss of generality, we can assume that c = b. Then, by (6.15),
statement (i), and (6.12), we get

πb
(
L∗
F,φ(µb, µw)

)
(Ab) = L∗

F,φ(µb, µw)(Ab, ∅) = ⟨(µb, µw),LF,φ(1Ab
, 0)⟩

=
⟨
µb, πb

(
LF,φ(1Ab

, 0)
)⟩

+
⟨
µw, πw

(
LF,φ(1Ab

, 0)
)⟩
.

It suffices to show that for each s ∈ {b,w} and each x ∈ X0
s ,

πs
(
LF,φ(1Ab

, 0)
)
(x) = 1F (Ab)(x) · (degsb(F, · ) exp(φ)) ◦ (F |Ab

)−1(x).

Indeed, by (6.7), (6.8), and (6.4),

πs
(
LF,φ(1Ab

, 0)
)
(x) = L(1)

F,φ,s,b(1Ab
)(x)

=
∑

X1∈X1
sb(F,C)

(
1Ab

· exp(φ)
)
◦ (F |X1)−1(x)

=
∑

y∈F−1(x)

degsb(F, y)1Ab
(y) exp(φ(y))

= 1F (Ab)(x)(degsb(F, · ) exp(φ)) ◦ (F |Ab
)−1(x),

where the last equality holds since F is injective on Ab. Thus we finish the proof of statement (iii).

(iv) For convenience we set Ω̃k :=
∪
X̃n(F, C) ⊆ S̃ and Ωk

c := i−1
c

(∪
X̃k(F, C)

)
⊆ X0

c for each
k ∈ N0 and each c ∈ {b,w}. Note that Ω̃k = Ωk

b ⊔ Ωk
w and Ωk

c =
∪{

Xk ∈ Xk(F, C) : Xk ⊆ X0
c

}
for each k ∈ N0 and each c ∈ {b,w}. In particular, we have Ω̃0 = S̃ since F (dom(F )) = S2. By
statement (i) and (6.12), we have(

L∗
F,φ

)n
(µb, µw)

(
Ω̃n−1

)
=

(
L∗
F,φ

)n
(µb, µw)

(
Ωn−1
b ,Ωn−1

w

)
=

⟨
(µb, µw),Ln

F,φ

(
1Ωn−1

b
,1Ωn−1

w

)⟩
=

⟨
µb, πb

(
Ln
F,φ

(
1Ωn−1

b
,1Ωn−1

w

))⟩
+

⟨
µw, πw

(
Ln
F,φ

(
1Ωn−1

b
,1Ωn−1

w

))⟩
,(

L∗
F,φ

)n
(µb, µw)

(
Ω̃n

)
=

(
L∗
F,φ

)n
(µb, µw)

(
Ωn
b ,Ω

n
w

)
=

⟨
(µb, µw),Ln

F,φ

(
1Ωn

b
,1Ωn

w

)⟩
=

⟨
µb, πb

(
Ln
F,φ

(
1Ωn

b
,1Ωn

w

))⟩
+
⟨
µw, πw

(
Ln
F,φ

(
1Ωn

b
,1Ωn

w

))⟩
.

It suffices to show that for each c ∈ {b,w},

πc
(
Ln
F,φ

(
1Ωn−1

b
,1Ωn−1

w

))
= πc

(
Ln
F,φ

(
1Ωn

b
,1Ωn

w

))
.

Indeed, by (6.8) in Definition 6.9, (6.9) in Lemma 6.10, and (6.4) in Definition 6.6,

πc
(
Ln
F,φ

(
1Ωn−1

b
,1Ωn−1

w

))
= L(n)

F,φ,c,b

(
1Ωn−1

b

)
+ L(n)

F,φ,c,w

(
1Ωn−1

w

)
=

∑
s∈{b,w}

∑
Xn∈Xn

cs(F,C)

(
1Ωn−1

s
· exp

(
SF
n φ

))
◦ (F |Xn)−1

=
∑

s∈{b,w}

∑
Xn∈Xn

cs(F,C)

(
1Ωn

s
· exp

(
SF
n φ

))
◦ (F |Xn)−1

= πc
(
Ln
F,φ

(
1Ωn

b
,1Ωn

w

))
,

where the third equality holds since Xn ⊆ Ωn
s ⊆ Ωn−1

s for each s ∈ {b,w} and eachXn ∈ Xn
cs(F, C)

by Proposition 5.5 (i) and the fact Ω̃0 = S̃. □
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6.5. Eigenmeasures. By applying the Schauder–Tikhonov Fixed Point Theorem, we establish
in Theorem 6.16 the existence of an eigenmeasure of the adjoint L∗

F,ϕ of the split Ruelle operator
LF,ϕ. We also show in Theorem 6.16 (ii) that if F is strongly irreducible (see Definition 5.15),
then the set of vertices is of measure zero with respect to such an eigenmeasure.

We follow the conventions discussed in Remarks 6.13 and 6.14 in this subsection.

Theorem 6.16. Let f , C, F , d, ϕ satisfy the Assumptions in Section 4. We assume in addition
that f(C) ⊆ C and F (dom(F )) = S2. Then there exists a Borel probability measure mF,ϕ =

(mb,mw) ∈ P(S̃) such that
(6.20) L∗

F,ϕ(mb,mw) = κ(mb,mw),

where κ =
⟨
L∗
F,ϕ(mb,mw),1S̃

⟩
. Moreover, any mF,ϕ = (mb,mw) ∈ P(S̃) that satisfies (6.20) for

some κ > 0 has the following properties:
(i) mF,ϕ(Ω(F, C)) = 1.
(ii) If F is strongly irreducible, then mF,ϕ

(∪+∞
j=0 f

−j(post f)
)
= 0.

Note that we use the notation (mb,mw) (resp. mF,ϕ) to emphasize that we treat the eigenmea-
sure as a Borel probability measure on S̃ (resp. S2).

The proof of Theorem 6.16 will be given at the end of this subsection.
Under the same assumption as in Theorem 6.16 (ii), we will show mF,ϕ

(∪+∞
j=0 f

−j(C)
)
= 0 in

Proposition 6.26 by using property (ii).
By some elementary calculations, we have the following results for a 2× 2 matrix.

Lemma 6.17. Let A be a 2× 2 matrix. We denote by ∥A∥sum the sum of all the absolute values
of entries in A. If Ax = λx for some λ ∈ R and 0 ̸= x ∈ R2, then ∥An∥sum ⩾ |λ|n for each
n ∈ N.

Proof. It suffices to consider the case when n = 1. Without loss of generality, we can assume that
for x = (x, y) we have |x| ⩾ |y| and x ̸= 0. Then the inequality follows immediately by looking
at the first component of Ax: |λx| = |a11x+ a12y| ⩽ |x|∥A∥sum. □

Proof of Theorem 6.16. We first show the existence. Define τ : P(S̃) → P(S̃) by

τ(µb, µw) :=
L∗
F,ϕ(µb, µw)

⟨L∗
F,ϕ(µb, µw),1S̃⟩

.

Then τ is a continuous transformation on the non-empty, convex, compact (in the weak∗ topology,
by Alaoglu’s theorem) space P(S̃) of Borel probability measures on S̃. By the Schauder–Tikhonov
Fixed Point Theorem (see for example, [DS88, Theorem V.10.5]), there exists a measure mF,ϕ =

(mb,mw) ∈ P(S̃) such that τ(mb,mw) = (mb,mw). Thus L∗
F,ϕ(mb,mw) = κ(mb,mw) with

κ :=
⟨
L∗
F,ϕ(mb,mw),1S̃

⟩
. Note that κ > 0 since F (dom(F )) = S2.

We now show that any mF,ϕ = (mb,mw) ∈ P(S̃) that satisfies (6.20) for some κ > 0 has
properties (i) and (ii).

We first verify property (i). For each n ∈ N0, we set

X̃n(F, C) :=
∪

c∈{b,w}

{
ic(X

n) : Xn ∈ Xn(F, C), Xn ⊆ X0
c

}
,

where ic is defined by (6.10). Noting that F (dom(F )) = S2, we have
∪

X̃0(F, C) = S̃. Since
L∗
F,ϕ(mb,mw) = κ(mb,mw), it follows from Proposition 6.15 (iv) and induction on n that for
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each n ∈ N,

(mb,mw)
(∪

X̃n(F, C)
)
= (mb,mw)

(∪
X̃0(F, C)

)
= (mb,mw)(S̃) = 1.

Then by Remark 6.14 and (6.13), for each n ∈ N,

1 ⩾ mF,ϕ

(∪
Xn(F, C)

)
= (mb,mw)

(∪
Xn(F, C)

)
⩾ (mb,mw)

(∪
X̃n(F, C)

)
= 1.

Thus, by Proposition 5.5 (i) and (5.2), we have

mF,ϕ(Ω) = lim
n→+∞

mF,ϕ

(∪
Xn(F, C)

)
= 1,

which proves property (i).
Next, we verify property (ii). Assume that F is strongly irreducible.
We will prove that mF,ϕ

(∪+∞
j=0 f

−j(post f)
)
= 0. Since

∪+∞
j=0 f

−j(post f) is a countable set,
by property (i), the conclusion follows if we can prove that mF,ϕ({y}) = 0 for each y ∈ Ω ∩∪+∞

j=0 f
−j(post f).

We claim that it suffices to show that mF,ϕ({x}) = 0 for each periodic x ∈ Ω ∩ post f . To
see this, let y ∈ Ω ∩

∪+∞
j=0 f

−j(post f) be arbitrary. We follow the convention that if p /∈ X0
c

for some color c ∈ {b,w}, then mc({p}) = 0. For each c ∈ {b,w}, since πc
(
L∗
F,ϕ(mb,mw)

)
=

πc(κ(mb,mw)) = κmc, by Proposition 6.15 (iii), we have

κmc({y}) =
∑

s∈{b,w}

∫
F ({y})∩X0

s

(degsc(F, · ) exp(ϕ)) ◦
(
F |{y}

)−1
dms

=
∑

s∈{b,w}

degsc(F, y) exp(ϕ(y))ms({F (y)}).

By using the notion of local degree matrix (see Definition 5.7), we can write the equation above
as

(6.21)
[
mb({y})
mw({y})

]
=

exp(ϕ(y))

κ
Deg(F , y)

[
mb({F (y)})
mw({F (y)})

]
.

Since Fn(y) ∈ Ω ⊆ dom(F ) for each n ∈ N by Proposition 5.5 (i), we can iterate (6.21) under F .
Then it follows from Lemma 5.9 and induction that

(6.22)
[
mb({y})
mw({y})

]
=

exp(Snϕ(y))

κn
Deg(Fn, y)

[
mb({Fn(y)})
mw({Fn(y)})

]
for each n ∈ N. Hence, since y ∈

∪+∞
j=0 f

−j(post f) and mF,ϕ({y}) = 0 if and only if mb({y}) =
mw({y}) = 0, by (6.22), it suffices to show that mF,ϕ({x}) = 0 for each periodic x ∈ Ω ∩ post f .

It remains to show that mF,ϕ({x}) = 0 for each periodic x ∈ Ω ∩ post f . We argue by
contradiction and assume that there exists x ∈ Ω ∩ post f such that F ℓ(x) = x for some ℓ ∈ N
and mF,ϕ({x}) ̸= 0. Since mF,ϕ({x}) = mb({x}) + mw({x}), we may assume without loss of
generality that mb({x}) > 0.

Since x ∈ Ω ∩ post f and F ℓ(x) = x, it follows immediately from (6.22) that

(6.23)
[
mb({x})
mw({x})

]
=

exp(Sℓϕ(x))

κℓ
Deg

(
F ℓ, x

) [mb({x})
mw({x})

]
.

Similarly, by using Proposition 6.15 (iii) repeatedly, for each k ∈ N and each y ∈ F−kℓ(x), we
have

(6.24)
[
mb({y})
mw({y})

]
=

exp(Skℓϕ(y))

κkℓ
Deg

(
F kℓ, y

) [mb({x})
mw({x})

]
.
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Xkℓ

Xkℓ+n

x

y

∪
Xkℓ(F, C, x)

Figure 6.1.
∪
Xkℓ(F, C, x), with card(post f) = 3.

Recall from Definition 5.7 and Remark 5.8 that for each k ∈ N, Xkℓ(F, C, x) is the collection
of (kℓ)-tiles of F that intersect {x}, and contains exactly

∥∥Deg
(
F kℓ, x

)∥∥
sum

distinct (kℓ)-tiles of
F . Since F is strongly irreducible, it follows from Lemma 5.21 that for each k ∈ N and each
Xkℓ ∈ Xkℓ(F, C, x), there exists an integer n ∈ N with n ⩽ nF and a black (kℓ+ n)-tile Xkℓ+n

b ∈
Xkℓ+n
b (F, C) satisfying Xkℓ+n

b ⊆ inte
(
Xkℓ

)
. Here nF ∈ N is the constant in Definition 5.15, which

depends only on F and C. Then by Proposition 5.4 (i), there exists a unique y ∈ Xkℓ+n
b ⊆

inte
(
Xkℓ

)
such that

F kℓ+n(y) = x

(see Figure 6.1). For each k ∈ N, we denote by Tk the set consisting of one such y from each
Xkℓ ∈ Xkℓ(F, C, x), and we have

(6.25) card(Tk) =
∥∥Deg

(
F kℓ, x

)∥∥
sum

.

Then {Tk}k∈N is a sequence of subsets of
∪+∞

j=0 f
−j(post f). Since f is expanding, we can choose an

increasing sequence {ki}i∈N of integers recursively in such a way that
∪
Xki+1ℓ(F, C, x)∩

∪i
j=1 Tkj =

∅ for each i ∈ N. Then {Tki}i∈N is a sequence of mutually disjoint sets. Thus, by (6.24) and
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Lemma 5.24,

mF,ϕ

(+∞∪
j=0

f−j(post f)

)

⩾
+∞∑
i=1

∑
y∈Tki

mF,ϕ({y})

=
+∞∑
i=1

∑
y∈Tki

[
1 1

] [mb({y})
mw({y})

]

=

+∞∑
i=1

∑
y∈Tki

exp(Skiℓ+nϕ(y))

κkiℓ+n

[
1 1

]
Deg

(
F kiℓ+n, y

) [mb({x})
mw({x})

]

=
+∞∑
i=1

∑
y∈Tki

eSkiℓ+nϕ(y)

eSkiℓ
ϕ(x)

eSkiℓ
ϕ(x)

κkiℓ+n

[
1 1

]
Deg

(
F kiℓ+n, y

) [mb({x})
mw({x})

]

=

+∞∑
i=1

∑
y∈Tki

eSnϕ(fkiℓ(y))

eSkiℓ
ϕ(x)−Skiℓ

ϕ(y)

(
eSℓϕ(x)

κℓ

)ki

κ−n
[
1 1

]
Deg

(
F kiℓ+n, y

) [mb({x})
mw({x})

]

⩾
+∞∑
i=1

∑
y∈Tki

e−nF ∥ϕ∥∞

exp(C1(diamd(S
2))β)

(
eSℓϕ(x)

κℓ

)ki

min{1, κ−nF }
[
1 1

]
Deg

(
F kiℓ+n, y

) [mb({x})
mw({x})

]
,

(6.26)

where C1 ⩾ 0 is the constant defined in (5.12) in Lemma 5.24 and depends only on f , C, d, ϕ,
and β.

To reach a contradiction, it suffices to show that mF,ϕ

(∪+∞
j=0 f

−j(post f)
)
= +∞ since mF,ϕ is

a Borel probability measure. For each i ∈ N and each y ∈ Tki , we have[
1 1

]
Deg

(
F kiℓ+n, y

) [mb({x})
mw({x})

]
⩾

[
1 1

]
Deg

(
F kiℓ+n, y

) [1
0

]
mb({x})

= degb(F
kiℓ+n, y)mb({x}) ⩾ mb({x}),

(6.27)

where the equality follows from (5.6) in Remark 5.8, and the last inequality holds since y ∈ Xkiℓ+n
b

for some Xkiℓ+n
b ∈ Xkiℓ+n

b (F, C). Thus, it follows from (6.26), (6.27), and (6.25) that

mF,ϕ

(+∞∪
j=0

f−j(post f)

)
⩾ C

+∞∑
i=1

∑
y∈Tki

(
exp(Sℓϕ(x))

κℓ

)ki

= C
+∞∑
i=1

card(Tki)

(
exp(Sℓϕ(x))

κℓ

)ki

= C

+∞∑
i=1

∥∥Deg
(
F kiℓ, x

)∥∥
sum

(
exp(Sℓϕ(x))

κℓ

)ki

,

(6.28)

where C := mb({x})min{1, κ−nF } exp
(
−nF ℓ∥ϕ∥∞ − C1(diamd(S

2))β
)
> 0. It suffices to show

that

(6.29)
∥∥Deg

(
F kiℓ, x

)∥∥
sum

⩾
(
κℓ
/
exp(Sℓϕ(x))

)ki
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for each i ∈ N. We denote by M the matrix Deg
(
F ℓ, x

)
and λ the number κℓ

/
exp(Sℓϕ(x)). For

each i ∈ N, by Lemma 5.9, we have Deg
(
F kiℓ, x

)
= Mki . Then (6.29) follows from (6.23) and

Lemma 6.17. Combining (6.29) and (6.28), we get

mF,ϕ

(+∞∪
j=0

f−j(post f)

)
⩾ C

+∞∑
i=1

1 = +∞.

This contradicts the fact that mF,ϕ is a finite Borel measure. The proof of property (ii) is
complete. □

6.6. Eigenfunctions. In this subsection, we establish some useful estimates for split Ruelle
operators and construct their eigenfunctions.

We follow the conventions discussed in Remarks 6.13 and 6.14 in this subsection.

Proposition 6.18. Let f , C, F , d, ϕ, β satisfy the Assumptions in Section 4. We assume
in addition that f(C) ⊆ C and F ∈ Sub(f, C) is irreducible. Let (mb,mw) ∈ P(S̃) be a Borel
probability measure defined in Theorem 6.16 which satisfies L∗

F,ϕ(mb,mw) = κ(mb,mw) where
κ =

⟨
L∗
F,ϕ(mb,mw),1S̃

⟩
. Then for each x̃ ∈ S̃, we have that 1

n log
(
Ln
F,ϕ

(
1
S̃

)
(x̃)

)
converges to

log κ as n tends to +∞.

Proof. Note that by Lemmas 5.25 (ii) and 6.10, for all n ∈ N0 and x̃, ỹ ∈ S̃, we have

(6.30) C̃−1 ⩽
Ln
F,ϕ

(
1
S̃

)
(x̃)

Ln
F,ϕ

(
1
S̃

)
(ỹ)

⩽ C̃,

where C̃ ⩾ 1 is the constant depending only on F , C, d, ϕ, and β from Lemma 5.25 (ii). Since⟨
(mb,mw),Ln

F,ϕ

(
1
S̃

)⟩
=

⟨(
L∗
F,ϕ

)n
(mb,mw),1S̃

⟩
=

⟨
κn(mb,mw),1S̃

⟩
= κn, it follows from (6.9)

and (6.30) that

log κ = lim
n→+∞

1

n
log

∫
Ln
F,ϕ

(
1
S̃

)
(ỹ) d(mb,mw)(ỹ)

= lim
n→+∞

1

n
log

∫
Ln
F,ϕ

(
1
S̃

)
(x̃) d(mb,mw)(ỹ)

= lim
n→+∞

1

n
log

(
Ln
F,ϕ

(
1
S̃

)
(x̃)

)
for each arbitrarily chosen x̃ ∈ S̃. □

Corollary 6.19. Let f , C, F , d, ϕ, β satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C and F ∈ Sub(f, C) is irreducible. Then the following limit exists for each
x̃ ∈ S̃ and is independent of x̃, which we denote by DF,ϕ:

DF,ϕ := lim
n→+∞

1

n
log

(
Ln
F,ϕ

(
1
S̃

)
(x̃)

)
Proof. By Theorem 6.16, there exists a measure (mb,mw) ∈ P(S̃) such as the one in Proposi-
tion 6.18. The limit then clearly depends only on F , C, d, ϕ, and β, and in particular, does not
depend on the choice of (mb,mw). □

We characterize DF,ϕ in terms of iterated preimages.

Proposition 6.20. Let f , C, F , d, ϕ, β satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C and F ∈ Sub(f, C) is irreducible. Then for each sequence {xn}n∈N of
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points in S2 and each sequence {cn}n∈N of colors in {b,w} that satisfies xn ∈ X0
cn for each n ∈ N,

we have

(6.31) DF,ϕ = lim
n→+∞

1

n
log

∑
y∈F−n(xn)

degcn(F
n, y) exp

(
SF
n ϕ(y)

)
.

Furthermore, if F is strongly irreducible, then for each x0 ∈ Ω \ C, we have

DF,ϕ = lim
n→+∞

1

n
log

∑
y∈(F |Ω)−n(x0)

exp
(
SF
n ϕ(y)

)
.

Note that if F ∈ Sub(f, C) is strongly irreducible, then it follows from Propositions 5.6 (ii) and
5.20 (ii) that F (Ω) = Ω and Ω \ C ̸= ∅.

Proof. We first prove (6.31). Consider arbitrary {xn}n∈N and {cn}n∈N that satisfy the assump-
tions. Denote x̃n := (xn, cn) ∈ S̃ for each n ∈ N. Fix arbitrary point x̃ ∈ S2. By Lemmas 5.25 (ii)
and 6.10, for each n ∈ N, we have

C̃−1 ⩽
Ln
F,ϕ

(
1
S̃

)
(x̃n)

Ln
F,ϕ

(
1
S̃

)
(x̃)

⩽ C̃,

where C̃ ⩾ 1 is the constant depending only on F , C, d, ϕ, and β from Lemma 5.25 (ii). Then
it follows immediately from Corollary 6.19, (6.4) in Definition 6.6, and (5.6) in Remark 5.8 that
(6.31) holds.

Now we assume that F is strongly irreducible. Fix arbitrary x0 ∈ Ω \ C. Without loss of
generality we may assume that x0 ∈ inte

(
X0

b

)
. By Corollary 6.19 and (6.9), it suffices to show

that
(F |Ω)−n(x0) =

{
(Fn|Xn)−1(x0) : X

n ∈ Xn
b (F, C)

}
for each n ∈ N. Let n ∈ N be arbitrary in the following two paragraphs.

For each y ∈ (F |Ω)−n(x0), we have y ∈ Ω ⊆
∪
Xn(F, C) and (F |Ω)n(y) = Fn(y) = x0 ∈

inte
(
X0

b

)
. Thus by Lemma 3.7 (ii) and Proposition 5.4 (i), there exists a unique n-tile Xn ∈

Xn
b (F, C) with y ∈ inte(Xn) and Fn(Xn) = X0

b . Thus we deduce that y = (Fn|Xn)−1(x0) for
some Xn ∈ Xn

b (F, C).
To deduce the reverse inclusion, it suffices to show that (Fn|Xn)−1(x0) ∈ Ω for each Xn ∈

Xn
b (F, C). Let Xn ∈ Xn

b (F, C) be arbitrary and denote y := (Fn|Xn)−1(x0). Then it follows from
Proposition 5.5 (iii) and induction that y ∈ Ω since x0 ∈ Ω ∩ inte

(
X0

b

)
and y ∈ F−n(x0).

The proof is complete. □

Let f , C, F , d, ϕ, β satisfy the Assumptions in Section 4. We assume in addition that
F ∈ Sub(f, C) is irreducible. We define the function

(6.32) ϕ := ϕ−DF,ϕ ∈ C0,β(S2, d).

Then
(6.33) LF,ϕ = e−DF,ϕLF,ϕ.

If (mb,mw) is an eigenmeasure as in Theorem 6.16, then by Proposition 6.18 we have

(6.34) L∗
F,ϕ(mb,mw) = eDF,ϕ(mb,mw) and L∗

F,ϕ
(mb,mw) = (mb,mw).

Remark. We will show in Theorem 6.24 that DF,ϕ = P (F, ϕ).

We summarize in the following lemma the properties of LF,ϕ that we will need.
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Lemma 6.21. Let f , C, F , d, Λ, ϕ, β satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C and F ∈ Sub(f, C) is irreducible. Then there exists a constant C̃1 ⩾ 0
depending only on F , C, d, ϕ, and β such that for each n ∈ N, each c ∈ {b,w}, and each pair of
points x, y ∈ X0

c , the following inequalities holds:
Ln
F,ϕ

(
1
S̃

)
(x̃)

/
Ln
F,ϕ

(
1
S̃

)
(ỹ) ⩽ exp

(
C1d(x, y)

β
)
⩽ C̃,(6.35)

C̃−1 ⩽ Ln
F,ϕ

(
1
S̃

)
(x̃) ⩽ C̃,(6.36) ∣∣Ln

F,ϕ

(
1
S̃

)
(x̃)− Ln

F,ϕ

(
1
S̃

)
(ỹ)

∣∣ ⩽ C̃
(
exp

(
C1d(x, y)

β
)
− 1

)
⩽ C̃1d(x, y)

β,(6.37)

where x̃ := ic(x) = (x, c) ∈ S̃, ỹ := ic(y) = (y, c) ∈ S̃ (recall Remark 6.13), C1 ⩾ 0 is the constant
in Lemma 5.24 depending only on f , C, d, ϕ, and β, and C̃ ⩾ 1 is the constant in Lemma 5.25 (ii)
depending only on F , C, d, ϕ, and β.

Proof. Inequality (6.35) follows immediately from Lemmas 5.25, 6.10, and (6.33).
Fix arbitrary n ∈ N, c ∈ {b,w}, and x, y ∈ X0

c .
By Lemma 5.25 (ii), (6.33), and (6.9), we have

0 < inf
z̃∈S̃

Ln
F,ϕ

(
1
S̃

)
(z̃) ⩽ Ln

F,ϕ

(
1
S̃

)
(x̃) ⩽ sup

z̃∈S̃
Ln
F,ϕ

(
1
S̃

)
(z̃) < +∞

and sup
z̃∈S̃ Ln

F,ϕ

(
1
S̃

)
(z̃) ⩽ C̃ inf

z̃∈S̃ Ln
F,ϕ

(
1
S̃

)
(z̃), where C̃ is the constant defined in (5.15) in

Lemma 5.25 (ii) and depends only on F , C, d, ϕ, β. By Theorem 6.16, Proposition 6.18,
and Corollary 6.19, we can choose a Borel probability measure (µb, µw) ∈ P(S̃) such that
L∗
F,ϕ

(µb, µw) = (µb, µw). Then we have⟨
(µb, µw),Ln

F,ϕ

(
1
S̃

)⟩
=

⟨(
L∗
F,ϕ

)n
(µb, µw),1S̃

⟩
=

⟨
(µb, µw),1S̃

⟩
= 1.

Thus 1 ⩽ sup
z̃∈S̃ Ln

F,ϕ

(
1
S̃

)
(z̃) ⩽ C̃ inf

z̃∈S̃ Ln
F,ϕ

(
1
S̃

)
(z̃) ⩽ C̃ and (6.36) holds.

Applying (6.35) and (6.36), we get∣∣Ln
F,ϕ

(
1
S̃

)
(x̃)− Ln

F,ϕ

(
1
S̃

)
(ỹ)

∣∣ = Ln
F,ϕ

(
1
S̃

)
(ỹ)

∣∣∣∣Ln
F,ϕ

(
1
S̃

)
(x̃)

Ln
F,ϕ

(
1
S̃

)
(ỹ)

− 1

∣∣∣∣
⩽ C̃

(
eC1d(x,y)β − 1

)
⩽ C̃1d(x, y)

β

for some constant C̃1 depending only on C1, C̃, and diamd(S
2). Therefore, we establish (6.37) as

the constant C̃1 > 0 depends only on F , C, d, ϕ, and β. □
By Lemma 5.25, we can construct eigenfunctions of LF,ϕ.

Proposition 6.22. Let f , C, F , d, Λ, ϕ, β satisfy the Assumptions in Section 4. We assume in ad-
dition that f(C) ⊆ C and F ∈ Sub(f, C) is irreducible. Then the sequence

{
1
n

∑n−1
j=0 L

j

F,ϕ

(
1
S̃

)}
n∈N

has a subsequential limit (with respect to the uniform norm). Moreover, if ũF,ϕ ∈ C(S̃) is such a
subsequential limit, then

LF,ϕ(ũF,ϕ) = ũF,ϕ and(6.38)

C̃−1 ⩽ ũF,ϕ(x̃) ⩽ C̃ for each x̃ ∈ S̃,(6.39)

where C̃ ⩾ 1 is the constant from Lemma 5.25 (ii) depending only on f , C, d, ϕ, and β.
Furthermore, if we let (mb,mw) ∈ P(S̃) be an eigenmeasure as in Theorem 6.16, then

(6.40)
∫
S̃
ũF,ϕ d(mb,mw) = 1
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and (µb, µw) := ũF,ϕ(mb,mw) ∈ P(S̃) is well-defined as a Borel probability measure on S̃.

We will show in Theorem 6.24 that a subsequential limit ũF,ϕ as defined above is unique and
the sequence

{
1
n

∑n−1
j=0 L

j

F,ϕ

(
1
S̃

)}
n∈N converges uniformly to ũF,ϕ ∈ C(S̃).

Proof. Define ũn := 1
n

∑n−1
j=0 L

j

F,ϕ

(
1
S̃

)
for each n ∈ N. Then {ũn}n∈N is a uniformly bounded

sequence of equicontinuous functions on S̃ by (6.36) and (6.37) in Lemma 6.21. By the Arzelà–
Ascoli Theorem, there exists a continuous function ũF,ϕ ∈ C(S̃) and an increasing sequence
{ni}i∈N in N such that ũni → ũF,ϕ uniformly on S̃ as i→ +∞.

To prove (6.38), we note that by the definition of ũn and (6.36) in Lemma 6.21, we have that
for each i ∈ N, ∥∥LF,ϕ(ũni)− ũni

∥∥
∞ =

1

ni

∥∥Lni

F,ϕ

(
1
S̃

)
− 1

S̃

∥∥
∞ ⩽ 1

ni
(C̃ + 1),

where C̃ ⩾ 1 is the constant from Lemma 5.25 (ii) depending only on f , C, d, ϕ, and β. By
letting i→ +∞, we can conclude that

∥∥LF,ϕ(ũF,ϕ)− ũF,ϕ
∥∥
∞ = 0. Thus (6.38) holds.

By (6.36), we have that C̃−1 ⩽ ũn(x̃) ⩽ C̃ for each n ∈ N and each x̃ ∈ S̃. Thus (6.39) follows.
By (6.34) and definition of ũn, we have

∫
ũn d(mb,mw) =

∫
1
S̃
d(mb,mw) = 1 for each n ∈ N.

Then by the Lebesgue Dominated Theorem, we can conclude that∫
ũF,ϕ d(mb,mw) = lim

i→+∞

∫
ũni d(mb,mw) = 1,

establishing (6.40). Therefore, ũF,ϕ(mb,mw) is a Borel probability measure on S̃. □
6.7. Invariant Gibbs measures. The goal of this subsection is to establish Theorem 6.24,
namely, the existence of invariant Gibbs measures for subsystems of expanding Thurston maps.
We also investigate the properties of the eigenmeasures (of the adjoint split Ruelle operators)
from Theorem 6.16, with the main results being Propositions 6.25, 6.26, and 6.28.

In this subsection, we follow the conventions discussed in Remarks 6.13 and 6.14. In particular,
we use the notationmF,ϕ (resp. (mb,mw)) for emphasis when we view the eigenmeasure as a Borel
probability measure on S2 (resp. S̃), and we follow the same conventions for µF,ϕ (resp. (µb, µw)),
where µF,ϕ = (µb, µw) := ũF,ϕ(mb,mw) comes from Proposition 6.22.

Definition 6.23 (Gibbs measures for subsystems). Let f , C, F , d, ϕ satisfy the Assumptions
in Section 4. A Borel probability measure µ ∈ P(S2) is called a Gibbs measure with respect to
F , C, and ϕ if there exist constants Pµ ∈ R and Cµ ⩾ 1 such that for each n ∈ N0, each n-tile
Xn ∈ Xn(F, C), and each x ∈ Xn, we have

(6.41) 1

Cµ
⩽ µ(Xn)

exp(SF
n ϕ(x)− nPµ)

⩽ Cµ.

One observes that for each Gibbs measure µ with respect to F , C, and ϕ, the constant Pµ is
unique.

Theorem 6.24. Let f , C, F , d, Λ, ϕ, β satisfy the Assumptions in Section 4. We assume
in addition that f(C) ⊆ C and F ∈ Sub(f, C) is strongly irreducible. Then the sequence{

1
n

∑n−1
j=0 L

j

F,ϕ

(
1
S̃

)}
n∈N converges uniformly to a function ũF,ϕ = (ub, uw) ∈ C0,β

(
X0

b , d
)
×

C0,β
(
X0

w, d
)

that satisfies
LF,ϕ(ũF,ϕ) = ũF,ϕ and(6.42)

C̃−1 ⩽ ũF,ϕ(x̃) ⩽ C̃ for x̃ ∈ S̃,(6.43)
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where C̃ ⩾ 1 is the constant from Lemma 5.25 (ii) depending only on f , C, d, ϕ, and β. Moreover,
if we let mF,ϕ = (mb,mw) be an eigenmeasure as in Theorem 6.16, then

(6.44)
∫
S̃
ũF,ϕ d(mb,mw) = 1,

and µF,ϕ = (µb, µw) := ũF,ϕ(mb,mw) is an f -invariant Gibbs measure with respect to F , C, and
ϕ, with µF,ϕ(Ω(F, C)) = 1 and

(6.45) PµF,ϕ
= PmF,ϕ

= P (F, ϕ) = DF,ϕ = lim
n→+∞

1

n
log

(
Ln
F,ϕ

(
1
S̃

)
(ỹ)

)
,

for each ỹ ∈ S̃. In particular, µF,ϕ(U) ̸= 0 for each open set U ⊆ S2 with U ∩ Ω(F, C) ̸= ∅.
See (6.1) for the definition of P (F, ϕ). The proof of Theorem 6.24 will be presented at the end

of this subsection.
We will show in Theorem 6.30 that a measure µF,ϕ as defined above is, in fact, an equilibrium

state for the map FΩ = F |Ω and the potential ϕ|Ω. We will also show in Theorem 6.29 that
P (F, ϕ) = P (FΩ, ϕ).
Proposition 6.25. Let f , C, F , d, ϕ satisfy the Assumptions in Section 4. We assume in addition
that f(C) ⊆ C and F ∈ Sub(f, C) is irreducible. Let mF,ϕ = (mb,mw) be an eigenmeasure as
in Theorem 6.16 and ũF,ϕ ∈ C(S̃) be an eigenfunction of LF,ϕ from Proposition 6.22. Let
µF,ϕ = (µb, µw) := ũF,ϕ(mb,mw). Then µF,ϕ is an f -invariant Borel probability measure on S2.

Proof. By Proposition 6.22 and Remark 6.14, we get µF,ϕ ∈ P(S2). It suffices to prove that
⟨µF,ϕ, g ◦ f⟩ = ⟨µF,ϕ, g⟩ for each g ∈ C(S2). Indeed, it follows from (6.4) and (6.7) that for each
h̃ ∈ C(S̃),

LF,ϕ(h̃(g̃ ◦ f)) = g̃ LF,ϕ(h̃),

where g̃ is a continuous function on S̃ defined by g̃(x̃) := g(x) for each x̃ = (x, c) ∈ S̃, and
g̃ ◦ f ∈ C(S̃) is defined similarly. Then by (6.34) and (6.38), we deduce that for each g ∈ C(S2),

⟨µF,ϕ, g ◦ f⟩ =
⟨
(µb, µw), g̃ ◦ f

⟩
=

⟨
(mb,mw), ũF,ϕ(g̃ ◦ f)

⟩
=

⟨
L∗
F,ϕ

(mb,mw), ũF,ϕ(g̃ ◦ f)
⟩

=
⟨
(mb,mw),LF,ϕ(ũF,ϕ(g̃ ◦ f))

⟩
=

⟨
(mb,mw), g̃ LF,ϕ(ũF,ϕ)

⟩
= ⟨(mb,mw), g̃ ũF,ϕ⟩
= ⟨ũF,ϕ(mb,mw), g̃⟩
= ⟨µF,ϕ, g⟩. □

Proposition 6.26. Let f , C, F , d, ϕ satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C and F ∈ Sub(f, C) is strongly irreducible. Let mF,ϕ = (mb,mw) be an
eigenmeasure as in Theorem 6.16 and ũF,ϕ be an eigenfunction of LF,ϕ from Proposition 6.22.
Denote µF,ϕ = (µb, µw) := ũF,ϕ(mb,mw). Then mF,ϕ

(∪+∞
j=0 f

−j(C)
)
= µF,ϕ

(∪+∞
j=0 f

−j(C)
)
= 0.

Proof. By Proposition 6.25, the measure µF,ϕ ∈ P(S2) is f -invariant. Note that C ⊆ f−j(C) for
each j ∈ N. Thus we have µF,ϕ(f−j(C)\C) = 0 for each j ∈ N. Since F is strongly irreducible, by
Definition 5.15, for each c ∈ {b,w}, there exists an integer nc ∈ N and Xc ∈ Xnc

c (F, C) such that
Xc ∩ C = ∅. Then ∂Xc ⊆ f−nc(C) \ C for each c ∈ {b,w}. So µF,ϕ(∂Xc) = 0 for each c ∈ {b,w}.
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Since µF,ϕ = (µb, µw) = ũF,ϕ(mb,mw), where ũF,ϕ ∈ C(S̃) is bounded away from 0 by (6.39) in
Proposition 6.22, we have mF,ϕ(∂Xc) = (mb,mw)(∂Xc) = 0 for each c ∈ {b,w}.

We next show that mF,ϕ(C) = µF,ϕ(C) = 0. For each c ∈ {b,w}, it follows from Proposi-
tion 5.4 (i) that Fnc |∂Xc is a homeomorphism from ∂Xc to C. Then for each c ∈ {b,w}, by
Proposition 6.15 (ii), we have

0 = mF,ϕ(∂Xc) =
∑

s∈{b,w}

∫
C

(
degs(F

nc , · ) exp
(
SF
nc
ϕ
))

◦ (Fnc |∂Xc)
−1 dms

⩾
∫
C

(
degc(F

nc , · ) exp
(
SF
nc
ϕ
))

◦ (Fnc |∂Xc)
−1 dmc

⩾
∫
C

(
exp

(
SF
nc
ϕ
))

◦ (Fnc |∂Xc)
−1 dmc

⩾ exp(−nc∥ϕ∥∞)mc(C)
⩾ 0,

where the second inequality holds since degc(F
nc , y) ⩾ 1 for each y ∈ ∂Xc ⊆ Xc ∈ Xnc

c (F, C).
Thus mF,ϕ(C) = (mb,mw)(C) = mb(C) +mw(C) = 0. This implies µF,ϕ(C) = 0.

Finally, since µF,ϕ(f−j(C) \ C) = 0 for each j ∈ N, we have that µF,ϕ
(∪+∞

j=0 f
−j(C)

)
= 0. This

implies mF,ϕ

(∪+∞
j=0 f

−j(C)
)
= 0 and finishes the proof. □

Definition 6.27 (Jacobian). Let f , C, F satisfy the Assumptions in Section 4. Consider a Borel
probability measure µ ∈ P(S2) on S2. A Borel function J : dom(F ) → [0,+∞) is a Jacobian
(function) for F with respect to µ if for every Borel A ⊆ dom(F ) on which F is injective, the
following equation holds:

(6.46) µ(F (A)) =

∫
A
J dµ.

Proposition 6.28. Let f , C, F , d, Λ, ϕ, β satisfy the Assumptions in Section 4. We assume
in addition that f(C) ⊆ C and F ∈ Sub(f, C) is strongly irreducible. Consider an arbitrary
µ = (µb, µw) ∈ P(S̃). If L∗

F,ϕ(µb, µw) = κ(µb, µw) for some constant κ > 0, then the following
statements hold:

(i) The function J : dom(F ) → [0,+∞) given by J := κ exp(−ϕ) is a Jacobian for F with
respect to µ.

(ii) The measure µ is a Gibbs measure with respect to F , C, and ϕ with Pµ = P (F, ϕ) = log κ.
Here P (F, ϕ) is defined in (6.1) from Subsection 6.1. In particular,

∑
Xn∈Xn(F,C) µ(X

n) ⩽
2.

(iii) The map FΩ := F |Ω(F,C) with respect to µ is forward quasi-invariant (i.e., for each Borel
set A ⊆ Ω(F, C), if µ(A) = 0, then µ(FΩ(A)) = 0) and non-singular (i.e., for each Borel
set A ⊆ Ω(F, C), if µ(A) = 0, then µ(F−1

Ω (A)) = 0).

Proof. Assume that L∗
F,ϕ(µb, µw) = κ(µb, µw) for some constant κ > 0.

(i) By Proposition 6.15 (ii), for each Borel A ⊆ dom(F ) on which F is injective, we have that
F (A) is Borel, and

µ(A) = κ−1L∗
F,ϕ(µb, µw)(A) = κ−1

∑
c∈{b,w}

∫
F (A)∩X0

c

(degc(F , · ) exp(ϕ)) ◦ (F |A)−1 dµc.

Since F is strongly irreducible, it follows from Proposition 6.26 that µ(C) = 0. Thus µb(C) =
µw(C) = 0. Note that degc(F , y) = 1 for each c ∈ {b,w}, each x ∈ inte

(
X0

c

)
, and each y ∈ F−1(x).
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Thus by (6.14) we have

µ(A) = κ−1
∑

c∈{b,w}

∫
F (A)∩X0

c

exp(ϕ) ◦ (F |A)−1 dµc

= κ−1

∫
F (A)

exp(ϕ) ◦ (F |A)−1 dµ =

∫
F (A)

1

J ◦ (F |A)−1
dµ,

(6.47)

where the function J is given in (i).
Since F is injective on each 1-tile X1 ∈ X1(F, C), and both X1 and F (X1) are closed subsets

of S2 by Proposition 5.4 (i), in order to verify (6.46), it suffices to assume that A ⊆ X for some
1-tile X ∈ X1(F, C). Denote the restriction of µ on X by µX , i.e., µX assigns µ(B) to each Borel
subset B of X.

Let µ̃ be a function defined on the set of Borel subsets of X in such a way that µ̃(B) = µ(F (B))
for each Borel B ⊆ X. It is clear that µ̃ is a Borel measure on X. In this notation, we can write
(6.47) as

(6.48) µX(A) =

∫
A

1

J |X
dµ̃,

for each Borel A ⊆ X.
By (6.48), we know that µX is absolutely continuous with respect to µ̃. On the other hand,

since J is positive and uniformly bounded away from +∞ on X, we can conclude that µ̃ is
absolutely continuous with respect to µX . Therefore, by the Radon–Nikodym theorem, for each
Borel A ⊆ X, we get µ(F (A)) = µ̃(A) =

∫
AJ |X dµX =

∫
AJ dµ. Thus we finish the proof of

statement (i).
(ii) We observe that

(6.49) µ(Fm(B)) =

∫
B

κm

exp(Smϕ)
dµ

for all n ∈ N, m ∈ {0, 1, . . . , n}, and Borel set B ⊆ dom(F ) on which Fn is defined and injective.
Recall from Definition 5.1 that Fn is defined at x ∈ dom(F ) if and only if F i(x) ∈ dom(F ) for
each i ∈ {0, 1, . . . , n− 1}. Indeed, by statement (i), for a given Borel set A ⊆ dom(F ) on which
F is injective, we have ∫

F (A)
g dµ =

∫
A

κ(g ◦ F )
exp(ϕ)

dµ

for each simple function g on dom(F ), thus also for each integrable function g.
Fix arbitrary n ∈ N and Borel set B ⊆ dom(F ) on which Fn is defined and injective. We

establish (6.49) for each m ∈ {0, . . . , n} by induction. For m = 0, (6.49) holds trivially. Assume
that (6.49) is established for some m ∈ {0, . . . , n − 1}, then since Fm is injective on F (B), we
get

µ
(
Fm+1(B)

)
=

∫
F (B)

κm

exp(Smϕ)
dµ =

∫
B

κm+1

exp(Sm+1ϕ)
dµ.

The induction is now complete. In particular, by Proposition 5.4 (i),

(6.50) µ(Fn(Xn)) =

∫
Xn

κn

exp(Snϕ)
dµ

for all n ∈ N and Xn ∈ Xn(F, C).
By (6.50) and Lemma 5.24, for all n ∈ N0, Xn ∈ Xn(F, C), and x ∈ Xn, we have

(6.51) e−Cµ(Fn(Xn)) ⩽ κnµ(Xn)/ exp(Snϕ(x)) ⩽ eCµ(Fn(Xn)),
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where C := C1(diamd(S
2))β ⩾ 0 and C1 is the constant defined in (5.12) in Lemma 5.24 and

depends only on f , C, d, ϕ, and β. Note that Fn(Xn) ∈ X0(F, C) is either the black 0-tile X0
b or

the white 0-tile X0
w. We claim that for each c ∈ {b,w},

(6.52) µ
(
X0

c

)
⩾

(
1 + eCκn(s,c) exp(n(s, c)∥ϕ∥∞)

)−1
,

where s ∈ {b,w} \ {c} and n(s, c) ∈ N is given by Definition 5.15. Indeed, since F is irreducible,
by Definition 5.15, for s ∈ {b,w} \ {c} and n(s, c) ∈ N, there exists Xn(s,c)

s ∈ X
n(s,c)
sc (F, C) such

that Xn(s,c)
s ⊆ X0

c and Fn(s,c)
(
X

n(s,c)
s

)
= X0

s . Then it follows from (6.51) that

e−Cµ
(
X0

s

)
⩽ κn(s,c) exp(n(s, c)∥ϕ∥∞)µ

(
X

n(s,c)
s

)
⩽ κn(s,c) exp(n(s, c)∥ϕ∥∞)µ

(
X0

c

)
.

This implies (6.52) since µ
(
X0

c

)
+ µ

(
X0

s

)
⩾ µ(S2) = 1. Hence (6.41) holds, and µ is a Gibbs

measure with respect to F , C, and ϕ with Pµ = log κ.
Finally, we show that Pµ = P (F, ϕ). By Theorem 6.16 (i), we have that for each n ∈ N,

(6.53)
∑

Xn∈Xn(F,C)

µ(Xn) ⩾ µ(Ω(F, C)) = 1.

Since µ is a Gibbs measure with respect to F , C, and ϕ with Pµ = log κ, it follows from (6.41)
that for each n ∈ N0,∑

Xn∈Xn(F,C)

µ(Xn) ⩽ Cµe
−nPµ

∑
Xn∈Xn(F,C)

exp(sup{Snϕ(x) : x ∈ Xn})

for some constant Cµ ⩾ 1. Combining this with (6.53), we obtain the inequality Pµ ⩽ P (F, ϕ). For
the other direction, since F is strongly irreducible, by Theorem 6.16 (ii), we get µ

(∪+∞
j=0 f

−j(post f)
)
=

0. Then it follows from Remark 3.8 and Proposition 6.26 that∑
Xn∈Xn(F,C)

µ(Xn) ⩽ µ
(∪

Xn(F, C)
)
+ µ

(+∞∪
j=0

F−j(C)
)

⩽ 1.

By (6.41), we have that for each n ∈ N0,∑
Xn∈Xn(F,C)

µ(Xn) ⩾ C−1
µ e−nPµ

∑
Xn∈Xn(F,C)

exp(sup{Snϕ(x) : x ∈ Xn}).

This implies that Pµ ⩾ P (F, ϕ). Thus we get Pµ = P (F, ϕ) and finish the proof of statement (ii).
(iii) Denote Ω := Ω(F, C). Fix a Borel set A ⊆ Ω with µ(A) = 0. For each 1-tile X1 ∈ X1(f, C),

the map FΩ is injective both on A∩X1 and F−1
Ω (A)∩X1 by Proposition 5.4 (i). Then it follows

from the definition of the Jacobian (recall (6.27)) and statement (i) that µ(FΩ(A∩X1)) = 0 and
µ(F−1

Ω (A) ∩X1) = 0. Thus µ(FΩ(A)) = 0 and µ(F−1
Ω (A)) = 0. This implies that FΩ is forward

quasi-invariant and non-singular with respect to µ. □
Now we can prove the existence of an f -invariant Gibbs measure with respect to F , C, and ϕ.

Proof of Theorem 6.24. Let mF,ϕ = (mb,mw) be an eigenmeasure as in Theorem 6.16.
Define, for each n ∈ N, ũn := 1

n

∑n−1
j=0 L

j

F,ϕ

(
1
S̃

)
. Then {ũn}n∈N is a uniformly bounded

sequence of equicontinuous functions on S̃ by (6.36) and (6.37) in Lemma 6.21. By the Arzelà–
Ascoli Theorem, every subsequence {ũnk

}k∈N, which is a uniformly bounded sequence of equicon-
tinuous functions on S̃, has a further subsequential limit with respect to the uniform norm. By
Proposition 6.22, the sequence {ũn}n∈N has a subsequential limit ũF,ϕ ∈ C(S̃) satisfying (6.42),
(6.43), and (6.44). In order to prove this theorem, it suffices to show that {ũn}n∈N has a unique
subsequential limit with respect to the uniform norm, and finally justify (6.45).
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Suppose that ṽF,ϕ is another subsequential limit of {ũn}n∈N with respect to the uniform norm.
Then ṽF,ϕ is also a continuous function on S̃ satisfying (6.42), (6.43), and (6.44) by Proposi-
tion 6.22. To prove the uniqueness, it suffices to show that ũF,ϕ = ṽF,ϕ on S̃ = X0

b ⊔ X0
w. The

proof proceeds in two steps. We first show that ũF,ϕ = ṽF,ϕ on a subset Ω̃ (defined in (6.55)
below) of S̃, which satisfies (mb,mw)

(
Ω̃
)
= 1. Then we extend this identity ũF,ϕ = ṽF,ϕ to S̃.

For each n ∈ N0, we set

(6.54) X̃n(F, C) :=
∪

c∈{b,w}

{
ic(X

n) : Xn ∈ Xn(F, C), Xn ⊆ X0
c

}
,

where ic is defined by (6.10). Let Ω̃ be the subset of S̃ defined by

(6.55) Ω̃ :=
∩
n∈N

∪
X̃n(F, C).

We claim that (mb,mw)
(
Ω̃
)
= 1. Indeed, since (mb,mw) is an eigenmeasure of L∗

F,ϕ, it follows
from Proposition 6.15 (iv) and induction on n that for each n ∈ N,

1 ⩾ (mb,mw)
(∪

X̃n(F, C)
)
= (mb,mw)

(∪
X̃0(F, C)

)
= (mb,mw)(S̃) = 1,

where we use the fact that
∪
X̃0(F, C) = S̃ since F is irreducible so that F (dom(F )) = S2. Note

that by Proposition 5.5 (i) and (6.54),
{∪

X̃n(F, C)
}
n∈N is a decreasing sequence of sets. Thus,

by (6.55), we get
(mb,mw)

(
Ω̃
)
= lim

n→+∞
(mb,mw)

(∪
X̃n(F, C)

)
= 1.

Now we show that ṽF,ϕ(x̃) = ũF,ϕ(x̃) for each x̃ ∈ Ω̃. Let

t := sup
{
s ∈ R : ũF,ϕ(x̃)− sṽF,ϕ(x̃) > 0 for all x̃ ∈ S̃

}
.

It follows from (6.43) that t ∈ (0,+∞). Then there is a point ỹ ∈ S̃ such that ũF,ϕ(ỹ)−tṽF,ϕ(ỹ) =
0. Without loss of generality, we may assume that ỹ = (y, b) for some point y ∈ X0

b . By (6.4),
(6.7), and the equality

LF,ϕ(ũF,ϕ − tṽF,ϕ) = ũF,ϕ − tṽF,ϕ,

which comes from (6.42), we get that ũF,ϕ(z̃)− tṽF,ϕ(z̃) = 0 for each z̃ ∈ F̃−1(ỹ), where we define
F̃−n(ỹ) to be the set

(6.56)
{
(z, c) : z =

(
Fn|Xn

bc

)−1
(y), Xn

bc ∈ Xn
bc(F, C), c ∈ {b,w}

}
.

for each n ∈ N. Inductively, we can conclude that ũF,ϕ(z̃)− tṽF,ϕ(z̃) = 0 for all z̃ ∈
∪

i∈N F̃
−i(ỹ).

Noting that F is irreducible and mimicking the proof of Proposition 5.20 (i), we can show that
the closure of

∪
i∈N F̃

−i(ỹ) in S̃ contains Ω̃. Indeed, by (6.54), (6.55), and (3.13), it suffices to
show that for each n ∈ N and each X̃n ∈ X̃n(F, C), X̃n ∩

∪
i∈N F̃

−i(ỹ) ̸= ∅. Fix arbitrary n ∈ N
and X̃n ∈ X̃n(F, C). By (6.54), there exist c ∈ {b,w} and Xn ∈ Xn(F, C) such that Xn ⊆ X0

c and
X̃n = ic(X

n). By Proposition 5.4 (i), Xn is mapped by Fn homeomorphically to a 0-tile X0
s for

some s ∈ {b,w}. Since F is irreducible, by Definition 5.15, there exist k ∈ N and Y k ∈ Xk(F, C)
such that Y k ⊆ X0

s and F k
(
Y k

)
= X0

b . Then it follows from Lemma 3.7 (i) and Proposition 5.4 (i)
that Xk+n := (Fn|Xn)−1

(
Y k

)
∈ Xk+n

bc (F, C). Denote z := (F k+n|Xk+n)−1(y) ∈ Xk+n. Then by
(6.56) we have (z, c) ∈

∪
i∈N F̃

−i(ỹ). Since z ∈ Xk+n ⊆ Xn ⊆ X0
c , we have (z, c) ∈ X̃n ∩∪

i∈N F̃
−i(ỹ) ̸= ∅. Thus the closure of

∪
i∈N F̃

−i(ỹ) in S̃ contains Ω̃. Hence ũF,ϕ = tṽF,ϕ on Ω̃.
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Since both ũF,ϕ and ṽF,ϕ satisfy (6.44) and (mb,mw)(Ω̃) = 1, we get t = 1. Thus ṽF,ϕ(x̃) = ũF,ϕ(x̃)

for each x̃ ∈ Ω̃.
Following similar arguments to those in Proposition 5.20 (ii), we can show that Ω̃ ∩ X̃n ̸= ∅

for each n ∈ N and each X̃n ∈ X̃n(F, C). The key idea is that for any tile X̃n ∈ X̃n(F, C), we
can construct a nested sequence of tiles by leveraging the irreducibility of F and the injection
ic as defined in (6.10). This nested sequence has a non-empty intersection, which implies that
Ω̃∩X̃n ̸= ∅. More precisely, given X̃n = ic(X

n) for some c ∈ {b,w}, the irreducibility of F allows
us to find tiles that map onto X0

c , enabling us to construct a nested sequence {Xn+km}k∈N0 whose
images under ic yield a point in Ω̃ ∩ X̃n.

We next show that ũF,ϕ = ṽF,ϕ on S̃. Recall for each c ∈ {b,w}, ũF,ϕ and ṽF,ϕ are continuous
on X0

c and X0
c is compact. Fix an arbitrary number ε > 0, then we can choose δ > 0 such that for

each c ∈ {b,w} and each pair of points x, y ∈ X0
c with d(x, y) < δ, we have |ũF,ϕ(x̃)− ũF,ϕ(ỹ)| < ε

and |ṽF,ϕ(x̃) − ṽF,ϕ(ỹ)| < ε, where x̃ := (x, c) and ỹ := (y, c). By Lemma 3.11 (ii), there exists
n ∈ N such that for each Xn ∈ Xn(F, C), diamd(X

n) < δ. We fix such an integer n in the rest
of this paragraph. We also fix an arbitrary point ỹ

X̃n ∈ Ω̃ ∩ X̃n for each X̃n ∈ X̃n(F, C). Since
there is a natural bijection Xn 7→ X̃n between Xn(F, C) and X̃n(F, C), we can define ỹXn := ỹ

X̃n

for each Xn ∈ Xn(F, C). Hence by (6.4), (6.9), Proposition 6.28 (ii), and Definition 6.23, for each
c ∈ {b,w} and each x̃ = (x, c) ∈ ic

(
X0

c

)
,

|ũF,ϕ(x̃)− ṽF,ϕ(x̃)| =
∣∣Ln

F,ϕ
(ũF,ϕ − ṽF,ϕ)(x̃)

∣∣
⩽

∑
Xn∈Xn

c (F,C)

|ũF,ϕ(x̃Xn)− ṽF,ϕ(x̃Xn)| exp
(
Snϕ(xXn)− nPmF,ϕ

)
⩽ CmF,ϕ

∑
Xn∈Xn

c (F,C)

(∣∣ũF,ϕ(x̃Xn)− ũF,ϕ(ỹXn)
∣∣+ ∣∣ũF,ϕ(ỹXn)− ṽF,ϕ(ỹXn)

∣∣
+
∣∣ṽF,ϕ(ỹXn)− ṽF,ϕ(x̃Xn)

∣∣)mF,ϕ(X
n)

⩽ CmF,ϕ

∑
Xn∈Xn

c (F,C)

2εmF,ϕ(X
n)

⩽ 4εCmF,ϕ
,

where we write xXn := (Fn|Xn)−1(x) and x̃Xn := (xXn , s) with s ∈ {b,w} uniquely determined
by the relation Xn ⊆ X0

s . Since ε > 0, c ∈ {b,w}, and x̃ ∈ ic
(
X0

c

)
are arbitrary, we conclude

that ũF,ϕ = ṽF,ϕ on S̃.
We have proved that ũn converges to ũF,ϕ uniformly as n→ +∞.
It now follows immediately from (6.36), (6.37), and the uniform convergence of ũn that ũF,ϕ ∈

C0,β
(
X0

b , d
)
× C0,β

(
X0

w, d
)
.

By Proposition 6.25, µF,ϕ is f -invariant. Since mF,ϕ is a Gibbs measure (with respect to F , C
and ϕ) supported on Ω with PmF,ϕ

= P (F, ϕ) = DF,ϕ by Proposition 6.28 (ii) and (6.34), then
by (6.43) and Proposition 6.16 (i), µF,ϕ is also a Gibbs measure (with respect to F , C and ϕ)
supported on Ω with PµF,ϕ

= PmF,ϕ
= P (F, ϕ) = DF,ϕ = limn→+∞

1
n log

(
Ln
F,ϕ

(
1
S̃

)
(ỹ)

)
for each

ỹ ∈ S̃, establishing (6.45).
Finally, let U ⊆ S2 be an open set with U ∩ Ω ̸= ∅. Then by (5.2) and (3.13), there exists

Xk ∈ Xk(F, C) with Xk ⊆ U for some k ∈ N. Since µF,ϕ is a Gibbs measure, we get µF,ϕ(Xk) > 0.
Thus µF,ϕ(U) ⩾ µF,ϕ(X

k) > 0. □
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Remark. By an argument similar to that in the proof of the uniqueness of the subsequential limit
of

{
1
n

∑n−1
j=0 L

j

F,ϕ

(
1
S̃

)}
n∈N

, one can show that ũF,ϕ is the unique eigenfunction, up to a scalar
multiple, of LF,ϕ corresponding to the eigenvalue 1.

6.8. Variational Principle and existence of the equilibrium states for subsystems. In
this subsection, we prove the main results Theorems 6.29 and 6.30 of this subsection.

In the following theorem we establish the Variational Principle for strongly irreducible subsys-
tems with respect to Hölder continuous potentials. Recall that F (Ω) ⊆ Ω by Proposition 5.4 (iii)
and FΩ = F |Ω : Ω → Ω.

Theorem 6.29. Let f , C, F , d, ϕ, β satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C and F ∈ Sub(f, C) is strongly irreducible. Then we have

(6.57) DF,ϕ = P (F, ϕ) = P (FΩ, ϕ|Ω) = sup
{
hµ(FΩ) +

∫
Ω
ϕ dµ : µ ∈ M(Ω, FΩ)

}
,

where DF,ϕ is defined in Corollary 6.19, P (F, ϕ) is defined in (6.1), and P (FΩ, ϕ|Ω) is defined in
(3.1).

The following theorem gives the existence of the equilibrium states for strongly irreducible
subsystems and Hölder continuous potentials.

Theorem 6.30. Let f , C, F , d, ϕ, β satisfy the Assumptions in Section 4. We assume in addition
that f(C) ⊆ C and F ∈ Sub(f, C) is strongly irreducible. Then there exists an equilibrium state for
FΩ and ϕ|Ω. Moreover, any measure µF,ϕ ∈ M(S2, f) defined in Theorem 6.24 is an equilibrium
state for FΩ and ϕ|Ω, and the map FΩ with respect to such µF,ϕ is forward quasi-invariant (i.e.,
for each Borel set A ⊆ Ω, if µF,ϕ(A) = 0, then µF,ϕ(FΩ(A)) = 0) and non-singular (i.e., for each
Borel set A ⊆ Ω, if µF,ϕ(A) = 0, then µF,ϕ(F

−1
Ω (A)) = 0).

The proofs of Theorems 6.29 and 6.30 will be given at the end of this subsection. Note that
Theorem 1.1 follows immediately from Theorems 6.29 and 6.30.

We use the following convention in this subsection.

Remark 6.31. Let X be a non-empty Borel subset of S2. Given a Borel probability measure
µ ∈ P(X), by abuse of notation, we can view µ as a Borel probability measure on S2 by setting
µ(A) := µ(A∩X) for all Borel subsets A ⊆ S2. Conversely, for each measure ν ∈ P(S2) supported
on X, we can view ν as a Borel probability measure on X.

Proposition 6.32. Let f , C, F , d, ϕ satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C. Then for each FΩ-invariant Gibbs measure µ ∈ M(Ω, FΩ) ⊆ P(S2) with
respect to F , C, and ϕ, we have

(6.58) Pµ ⩽ hµ(FΩ) +

∫
Ω
ϕ dµ ⩽ P (FΩ, ϕ|Ω),

where P (FΩ, ϕ|Ω) is the topological pressure of the map FΩ = F |Ω : Ω → Ω with respect to the
potential ϕ|Ω (see (3.1)).

Recall that F (Ω) ⊆ Ω by Proposition 5.4 (iii).

Proof. Note that the second inequality in (6.58) follows from the Variational Principle (3.8) in
Subsection 3.1.

We now use the measurable partitions On, n ∈ N, of S2 that were defined in (3.12). Since
f(C) ⊆ C, it is clear that Ok is a refinement of Oℓ for k ⩾ ℓ ⩾ 1. Observe that by Proposition 3.6 (i)
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and induction, we can conclude that for each n ∈ N,

(6.59)
n−1∨
j=0

f−j(O1) = On.

For n ∈ N, we define Ôn := {U ∩Ω : U ∈ On}, which is a measurable partition of Ω. Noting that
F−1
Ω (A) = Ω ∩ f−1(A) for each subset A ⊆ Ω, it follows from (6.59) that for each n ∈ N,

(6.60)
n−1∨
j=0

F−j
Ω (Ô1) = Ôn.

Let µ ∈ M(Ω, FΩ) ⊆ P(S2) be an FΩ-invariant Gibbs measure with respect to F , C, and ϕ.
Then by the Shannon–McMillan–Breiman Theorem (see for example, [PU10, Theorem 2.5.4]),
we have hµ(FΩ, Ô1) =

∫
FI dµ, where

FI := lim
n→+∞

1

n
Iµ

(n−1∨
j=0

F−j
Ω (Ô1)

)
µ-a.e. and in L1(µ),

hµ
(
FΩ, Ô1

)
is defined in (3.3), and the information function Iµ is defined in (3.2).

Note that for all n ∈ N, Û ∈ Ôn, and Xn ∈ Xn(F, C), either Û ∩Xn = ∅ or Û ⊆ Xn.
For n ∈ N0 and x ∈ Ω, we denote by Xn(x) ∈ Xn(F, C) any one of the n-tiles of F containing x.

Recall that Ôn(x) denotes the unique set in the measurable partition Ôn that contains x. Since
Ôn(x) ⊆ Xn(x), we have that

Iµ
(
Ôn

)
(x) = − log

(
µ
(
Ôn(x)

))
⩾ − log

(
µ
(
Xn(x)

))
.

Then by (6.60) and (6.41) we deduce that∫
FI dµ =

∫
lim

n→+∞

1

n
Iµ

(n−1∨
j=0

F−j
Ω (Ô1)

)
(x) dµ(x)

=

∫
lim

n→+∞

1

n
Iµ
(
Ôn

)
(x) dµ(x)

⩾ lim sup
n→+∞

∫
1

n
Iµ
(
Ôn

)
(x) dµ(x)

⩾ lim sup
n→+∞

∫
− 1

n
log

(
µ
(
Xn(x)

))
dµ(x)

⩾ lim sup
n→+∞

∫
nPµ − SF

n ϕ(x)− logCµ

n
dµ(x)

= Pµ − lim inf
n→+∞

1

n

∫
SF
n ϕ(x) dµ(x)

= Pµ −
∫
ϕ dµ,

where the last equality follows from (2.1) and the identity
∫
ψ◦FΩ dµ =

∫
ψ dµ for each ψ ∈ C(Ω),

which is equivalent to the fact that µ is FΩ-invariant. Since Ô1 is a finite measurable partition,
the condition than Hµ(Ô1) < +∞ in (3.4) is fulfilled. By (3.4), we get that

hµ(FΩ) ⩾ hµ(FΩ, Ô1) ⩾ Pµ −
∫
ϕ dµ.

Therefore, Pµ ⩽ hµ(FΩ) +
∫
ϕ dµ. □
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Proposition 6.33. Let f , C, F satisfy the Assumptions in Section 4.

(i) If µ ∈ P(S2) is f -invariant and is supported on Ω(F, C), then µ is FΩ-invariant, i.e.,
µ(A) = µ

(
F−1
Ω (A)

)
for each Borel subset A of Ω.

(ii) If measure µ ∈ P(Ω) is FΩ-invariant, then µ ∈ P(S2) is f -invariant. Moreover,
M(Ω, FΩ) ⊆ M(S2, f).

Recall that F (Ω) ⊆ Ω by Proposition 5.4 (iii). We use the convention in Remark 6.31.

Proof. (i) Assume that µ ∈ P(S2) is f -invariant and is supported on Ω(F, C). Let A ⊆ Ω be an
arbitrary Borel subset. Noting that (F |Ω)−1(A) = Ω ∩ f−1(A), we have

µ
(
F−1
Ω (A)

)
= µ

(
Ω ∩ f−1(A)

)
= µ

(
f−1(A)

)
= µ(A).

Thus µ is FΩ-invariant.
(ii) Assume that µ ∈ P(Ω) is FΩ-invariant. Let A ⊆ S2 be an arbitrary Borel subset. Noting

that (F |Ω)−1(A ∩ Ω) = Ω ∩ f−1(A), we have

µ
(
f−1(A)

)
= µ

(
Ω ∩ f−1(A)

)
= µ

(
F−1
Ω (A ∩ Ω)

)
= µ(A ∩ Ω) = µ(A).

Thus µ is f -invariant. □

Proposition 6.34. Let f , C, F , d, Λ satisfy the Assumptions in Section 4. We assume in
addition that f(C) ⊆ C and F ∈ Sub∗(f, C). Consider φ ∈ C(S2). Then

(6.61) P (F,φ) ⩾ P (FΩ, φ|Ω),

where P (FΩ, φ|Ω) is the topological pressure of the map FΩ : Ω → Ω with respect to the potential
φ|Ω (see (3.1)).

Recall that F (Ω) ⊆ Ω by Proposition 5.4 (iii) and FΩ := F |Ω.

Proof. By (3.1), it suffices to show that

(6.62) P (F,φ) ⩾ lim
ε→0+

lim sup
n→+∞

1

n
log(Nd(FΩ, φ|Ω, ε, n)),

where

Nd(FΩ, φ|Ω, ε, m) := sup
{∑
x∈E

exp
(
SF
mφ(x)

)
: E ⊆ Ω is (m, ε)-separated with respect to FΩ

}
.

For fixed ε > 0 and n ∈ N, by Lemma 3.11 (ii), we have

(6.63) diamd(X
n+i) ⩽ CΛ−(n+i) for all i ∈ N0 and Xn+i ∈ Xn+i(F, C),

where C ⩾ 1 is the constant from Lemma 3.11. Let k = k(ε) be the smallest non-negative integer
satisfying CΛ−(k+1) < ε. Let E ⊆ Ω be an arbitrary (n, ε)-separated set (with respect to FΩ). For
each x ∈ E, let Xn+k(x) be an element of Xn+k(F, C) containing x. Next, we prove that the map
x 7→ Xn+k(x) is injective by contradiction. Suppose this map is not injective, i.e., there exist two
distinct points x, y ∈ E such that Xn+k(x) = Xn+k(y). Then by (6.63) and Proposition 5.4 (i),
we have

d(F i(x), F i(y)) ⩽ diamd

(
F i

(
Xn+k

))
⩽ CΛ−(n+k−i) ⩽ CΛ−(k+1) < ε
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for each i ∈ {0, 1 . . . , n − 1}. This contradicts the fact that E ⊆ Ω is (n, ε)-separated. Hence
the map x 7→ Xn+k(x) is injective. Thus,∑

x∈E
exp

(
SF
n φ(x)

)
⩽

∑
Xn+k∈Xn+k(F,C)

exp
(
sup

{
SF
n φ(x) : x ∈ Xn+k

})
⩽

∑
Xn+k∈Xn+k(F,C)

exp
(
k∥φ∥∞ + sup

{
SF
n+kφ(x) : x ∈ Xn+k

})
= ek∥φ∥∞Zn+k(F,φ).

Noting that the above inequality holds for every (n, ε)-separated set E ⊆ Ω since k = k(ε) is
independent of E, we can take the supremum of the left-hand side of the above inequality over
all (n, ε)-separated set in Ω. Then it follows from Lemma 6.4 that

lim sup
n→+∞

1

n
log(Nd(FΩ, φ|Ω, ε, n)) ⩽ lim

n→+∞

(
k∥φ∥∞
n

+
n+ k

n

log(Zn+k(F,φ))

n+ k

)
= P (F,φ).

Note that Nd(FΩ, φ|Ω, ε, n) increases as ε decreases. By letting ε decrease to 0, we establish
(6.62) and finish the proof. □

Proof of Theorem 6.29. Let P (FΩ, ϕ|Ω) be the topological pressure of the map FΩ : Ω → Ω with
respect to the potential ϕ|Ω. Then it follows from the Variational Principle (see (3.8)) that
P (FΩ, ϕ|Ω) = sup

{
hµ(FΩ) +

∫
Ωϕ dµ : µ ∈ M(Ω, FΩ)

}
. By Proposition 6.34, we have P (F, ϕ) ⩾

P (FΩ, ϕ|Ω). Thus, it suffices to show that DF,ϕ = P (F, ϕ) ⩽ P (FΩ, ϕ|Ω).
Let µF,ϕ ∈ P(S2) be an f -invariant Gibbs measure with respect to F , C, and ϕ with µF,ϕ(Ω) = 1

and PµF,ϕ
= P (F, ϕ) = DF,ϕ from Theorem 6.24. By Proposition 6.33, µF,ϕ is FΩ-invariant.

Thus, by abuse of notation, we have µF,ϕ ∈ M(Ω, FΩ). Then it follows from Proposition 6.32
that P (F, ϕ) = PµF,ϕ

⩽ P (FΩ, ϕ|Ω). The proof is complete. □

Proof of Theorem 6.30. Consider an f -invariant Gibbs measure µF,ϕ ∈ M(S2, f) with respect to
F , C, and ϕ with µF,ϕ(Ω) = 1 and PµF,ϕ

= P (F, ϕ) from Theorem 6.24. Then by Proposition 6.29
and the Variational Principle (see (3.8)), we have PµF,ϕ

= P (FΩ, ϕ|Ω). By Theorem 6.33, µF,ϕ is
FΩ-invariant. Thus by abuse of notation we have µF,ϕ ∈ M(Ω, FΩ). Then it follows from Propo-
sition 6.32 that PµF,ϕ

= hµF,ϕ
(FΩ) +

∫
Ωϕ dµF,ϕ = P (FΩ, ϕ|Ω). Therefore, µF,ϕ is an equilibrium

state for FΩ and ϕ|Ω. The fact that FΩ is forward quasi-invariant and non-singular with respect
to µF,ϕ follows from (6.43) in Theorem 6.24 and Proposition 6.28 (iii). □

Proof of Theorem 1.1. The statement follows immediately from Theorems 6.29 and 6.30. □

7. Large deviation asymptotics for expanding Thurston maps

In this section, we establish the large deviation asymptotics (Theorem 1.2) for expanding
Thurston maps. In Subsection 7.1, we investigate the rate function, presenting Proposition 7.1
as our main result, which outlines several properties of this function. In Subsection 7.2, we
discuss pair structures related to tile structures induced by expanding Thurston maps. These are
essential for constructing suitable subsystems discussed in Subsection 7.3. Subsection 7.3 focuses
on proving key bounds outlined in Proposition 7.15. This proof relies on the distortion estimates
and thermodynamic formalism for subsystems we established in Sections 5 and 6. Finally, in
Subsection 7.4, we apply the key bounds from Proposition 7.15 to establish Theorem 1.2.
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7.1. The rate function. In this subsection, we are going to prove the following results about
the rate function I as defined in (1.3). The proof will be given at the end of this subsection.
Proposition 7.1. Let f : S2 → S2 be an expanding Thurston map and d be a visual metric
on S2 for f . Let ϕ ∈ C0,β(S2, d) be a real-valued Hölder continuous function with an exponent
β ∈ (0, 1] and not co-homologous to a constant in C(S2). Let µϕ be the unique equilibrium
state for the map f and the potential ϕ. Denote γϕ :=

∫
ϕ dµϕ, αmin := min

µ∈M(S2,f)

∫
ϕ dµ, and

αmax := max
µ∈M(S2,f)

∫
ϕ dµ. Then the following statements hold:

(i) γϕ ∈ (αmin, αmax). In particular, the closed interval Iϕ := [αmin, αmax] cannot degenerate
into a singleton set consisting of γϕ.

(ii) For α ∈ (αmin, αmax),
I(α) = P (f, ϕ)− P (f, (p′)−1(α)ϕ) + ((p′)−1(α)− 1)α,

where the function p : R → R is defined by p(t) := P (f, tϕ).
(iii) The rate function I : [αmin, αmax] → [0,+∞) is twice differentiable and strictly convex on

(αmin, αmax). Moreover, I(α) = 0 if and only if α = γϕ. Furthermore, lim
α→αmin

+
I ′(α) =

−∞ and lim
α→αmax

−
I ′(α) = +∞.

The graph of the rate function I is shown in Figure 7.1.

αmin γϕ αmax
α

I(α)

Figure 7.1. The graph of the rate function I.

Let f : S2 → S2 be an expanding Thurston map and d be a visual metric on S2 for f . If ϕ is a
Hölder continuous function on S2 with respect to the metric d, then there is a unique equilibrium
state for f and ϕ (recall Theorem 3.15 (i)); we denote it by µϕ.

Two continuous functions φ and ψ are called co-homologous in C(S2) (with respect to f) if
there exists a continuous function u ∈ C(S2) such that φ− ψ = u ◦ f − u.

For a continuous function φ ∈ C(S2), we define

Iφ :=

{∫
φdµ : µ ∈ M(S2, f)

}
.

Note that Iφ is a connected closed subset of R. For each α ∈ Iφ, we define

(7.1) Hφ(α) := sup

{
hµ(f) : µ ∈ M(S2, f) with

∫
ϕ dµ = α

}
.

The following lemma is an analog of [SS22, Lemma 3.3]. The proof is essentially the same, and
we include it for the convenience of the reader.
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Lemma 7.2. Let f , d, ϕ, γϕ, αmin, αmax satisfy the Assumptions in Section 4. We assume in
addition that ϕ is not co-homologous to a constant in C(S2). Then γϕ ∈ int(Iϕ) = (αmin, αmax)
and for each α ∈ (αmin, αmax), there exists a unique number ξ = ξ(α) ∈ R such that Hϕ(α) =
hµξϕ

(f) and

(7.2) dP (f, tϕ)

dt

∣∣∣∣
t=ξ

=

∫
ϕ dµξϕ = α.

Here µξϕ is the equilibrium state for f and ξϕ. Moreover, the supremum in (7.1) is uniquely
attained by µξϕ.

Proof. We write p(t) := P (f, tϕ) for t ∈ R for convenience. Then it follows from Theorem 3.15 (ii)
that p′(t) =

∫
ϕ dµtϕ for t ∈ R. It is a standard fact that the function p : R → R is twice

differentiable (the proof is verbatim the same as that of [PU10, Theorem 5.7.4]). Moreover, since
ϕ is not co-homologous to a constant, the function p is strictly convex (see [PU10, Theorem 2.11.3]
or [DPTUZ21, Theorem 1.1]).

Now we consider the set

D := {p′(t) : t ∈ R} =

{∫
ϕdµtϕ : t ∈ R

}
⊆ Iϕ.

Here D is an open interval since the function p is twice differentiable and strictly convex. Then
we have γϕ ∈ int(Iϕ) = (αmin, αmax) since γϕ = p′(1) ∈ D.

By the definition of pressure, for all t ∈ R and µ ∈ M(S2, f), p(t) ⩾ hµ(f) + t
∫
ϕ dµ. In

particular, the graph of the strictly convex function p lies above a line with slope
∫
ϕ dµ (possibly

touching it tangentially) so that
∫
ϕ dµ ∈ D. Since µ ∈ M(S2, f) is arbitrary, we have Iϕ ⊆ D.

Then it follows that D = int(Iϕ). Note that the function p′ : R → R is differentiable and strictly
increasing. Thus, for each α ∈ int(Iϕ) = p′(R), there exists a unique number ξ = ξ(α) ∈ R
with α = p′(ξ) =

∫
ϕ dµξϕ. Since µξϕ is the unique equilibrium state for f and ξϕ (recall

Theorem 3.15 (i)), we have, for any µ ∈ M(S2, f) with µ ̸= µξϕ, hµξϕ
(f) + ξ

∫
ϕ dµξϕ > hµ(f) +

ξ
∫
ϕ dµ. In particular, if

∫
ϕ dµ = α then hµξϕ

(f) > hµ(f). This means that the supremum
in (7.1) is uniquely attained by hµξϕ

. Therefore, µξϕ is the unique measure with the desired
properties. □

Corollary 7.3. Let f , d, ϕ, γϕ, αmin, αmax satisfy the Assumptions in Section 4. We assume
in addition that ϕ is not co-homologous to a constant in C(S2). Let ξ : (αmin, αmax) → R be the
function defined via Lemma 7.2. Then this function ξ : (αmin, αmax) → R is differentiable and
strictly increasing. Moreover, we have ξ(γϕ) = 1 and lim

α→αmin
+
ξ(α) = −∞, lim

α→αmax
−
ξ(α) = +∞.

Proof. We write p(t) := P (f, tϕ) for t ∈ R. Then the function p : R → R is twice differentiable
and strictly convex. Note that it follows from Lemma 7.2 that ξ(α) = (p′)−1(α) for each α ∈
(αmin, αmax). Therefore, the function ξ : (αmin, αmax) → R is differentiable and strictly increasing,
and lim

α→αmin
+
ξ(α) = −∞, lim

α→αmax
−
ξ(α) = +∞.

For α = γϕ, by (7.1), we have

Hϕ(γϕ) = sup

{
hµ(f) +

∫
ϕ dµ : µ ∈ M(S2, f),

∫
ϕ dµ = γϕ

}
− γϕ

⩽ P (f, ϕ)− γϕ = hµϕ
(f) ⩽ Hϕ(γϕ) = hµξ(γϕ)ϕ

(f).

Thus hµϕ
(f) = hµξ(γϕ)ϕ

(f) = Hϕ(γϕ). Therefore, it follows from Lemma 7.2 that ξ(γϕ) = 1. □

Now we can prove Proposition 7.1.
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Proof of Proposition 7.1. (i) Statement (i) follows immediately from Lemma 7.2.
(ii) Fix arbitrary α ∈ (αmin, αmax). By Lemma 7.2 and (7.1), we have

Hϕ(α) = hµξ(α)ϕ
(f) = P (f, ξ(α)ϕ)− ξ(α)α.

Thus we get
I(α) = P (f, ϕ)− α−Hϕ(α) = P (f, ϕ)− P (f, ξ(α)ϕ) + (ξ(α)− 1)α

by the definition of the rate function I (see (1.3)). By Lemma 7.2, we have ξ(α) = (p′)−1(α).
Hence, statement (ii) holds.

(iii) Let α ∈ (αmin, αmax). We write p(t) := P (f, tϕ) for t ∈ R. Then the function p : R → R is
twice differentiable and strictly convex. By statement (ii), we can write I(α) as
(7.3) I(α) = p(1)− α+ ξ(α)α− p(ξ(α)).

Then it follows from Corollary 7.3 that the rate function I is differentiable on (αmin, αmax).
Differentiating the rate function I(α) with respect to α and noting that p′(ξ(α)) = α (Lemma 7.2),

we obtain I ′(α) = −1 + ξ′(α)α + ξ(α) − p′(ξ(α))ξ′(α) = ξ(α) − 1. Thus by Corollary 7.3, I is
twice differentiable and strictly convex since I ′′(α) = ξ′(α) > 0, and it follows from Corollary 7.3
that lim

α→αmin
+
I ′(α) = −∞ and lim

α→αmax
−
I ′(α) = +∞. Moreover, since ξ(γϕ) = 1 and I ′(γϕ) = 0,

by the strict convexity of I and (7.3), I(α) = 0 if and only if α = γϕ. □

7.2. Pair structures. In this subsection, we discuss pair structures associated with the tile
structures induced by an expanding Thurston map, which will be used to build appropriate
subsystems in Subsection 7.3.

Definition 7.4 (Pair structures). Let f , C, e0 satisfy the Assumptions in Section 4. For each
n ∈ N, we can pair a white n-tile Xn

w ∈ Xn
w and a black n-tile Xn

b ∈ Xn
b whose intersection

Xn
w∩Xn

b contains an n-edge contained in f−n(e0). We call Xn
w∪Xn

b an n-pair (with respect to f ,
C, and e0), and define the set of n-pairs (with respect to f , C, and e0), denoted by Pn(f, C, e0),
to be
(7.4) Pn(f, C, e0) :=

{
Xn

w ∪Xn
b : Xn

w ∈ Xn
w, X

n
b ∈ Xn

b , X
n
w ∩Xn

b ∩ f−n
(
e0
)
∈ En(f, C)

}
.

Figure 7.2 illustrates the structure of n-pairs. There are a total of (deg f)n such pairs, and
each n-tile is in precisely one such pair (see Lemma 7.6).

Dn(f, C) D0(f, C)

fn

e0

Figure 7.2. The graph of n-pairs.

Remark 7.5. For each integer n ∈ N, one sees that fn(Pn) = S2 for each n-pair Pn ∈
Pn(f, C, e0). This basic property is crucial for our constructions and proofs in this section (for
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example, see Proposition 7.15). Indeed, this is the main reason why we define and use the pair
structures.

From now on, if the map f , the Jordan curve C and the 0-edge e0 are clear from the context,
we will sometimes omit (f, C, e0) in the notation above.
Lemma 7.6. Let f , C, e0 satisfy the Assumptions in Section 4. Then for each n ∈ N and any
two distinct n-pairs Pn, P̃n ∈ Pn, their interiors are disjoint.

Proof. We argue by contradiction and assume that there exist two distinct n-pairs Pn, P̃n ∈ Pn

for some n ∈ N such that their interiors intersect. Then it follows from Lemma 3.3 (ii) that
their intersection contains an n-tile Xn ∈ Xn. Since Pn ̸= P̃n, Remark 3.8 implies that Xn

contains two distinct n-edges en, ẽn ∈ En(f, C) satisfying fn(en) = fn(ẽn) = e0, which contradicts
Proposition 3.6 (i). □
Corollary 7.7. Let f , C, e0 satisfy the Assumptions in Section 4. Then for each n ∈ N, we have∪

Pn = S2 and card(Pn) = (deg f)n.
Proof. For each n-tile Xn ∈ Xn, by Proposition 3.6 (i) and the definition of Pn, there exists an
n-pair Pn ∈ Pn such that Xn ⊆ Pn. Thus S2 =

∪
Xn ⊆

∪
Pn and we get

∪
Pn = S2. By

Lemma 7.6 and Proposition 3.6 (iv), we have card(Pn) = card(Xn)/2 = (deg f)n. □
Lemma 7.8. Let f , C, e0 satisfy the Assumptions in Section 4. Then Pk(fn, C, e0) = Pkn(f, C, e0)
for each n, k ∈ N.
Proof. It follows immediately from Proposition 3.6 (vii) that Pk(fn, C, e0) = Pkn(f, C, e0) for
n, k ∈ N. □

We formulate the next lemma to prove Lemma 7.12. Recall Un(x) is the n-bouquet of x (see
(3.11)).
Lemma 7.9. Let f , C, d, e0 satisfy the Assumptions in Section 4. We assume in addition that
f(C) ⊆ C. Then there exists an integer M ∈ N depending only on f , C, d, and e0 such that for
each color c ∈ {b,w}, there exists an M -pair PM

c ∈ PM such that for each integer n ⩾ M and
each x ∈ PM

c , we have Un(x) ⊆ inte
(
X0

c

)
.

Proof. We first show that there exists an integer m ∈ N satisfying the requirements, then let the
integer M be the smallest one among all such integers so that M depends only on f , C, d, and
e0.

For two fixed point xb ∈ inte
(
X0

b

)
and xw ∈ inte

(
X0

w

)
, we can find a sufficiently small number

r > 0 such that Bd(xc, r) ⊆ inte
(
X0

c

)
for each c ∈ {b,w}. By Lemma 3.11 (iii) and (iv), there

exists an integer m ∈ N such that 2KΛ−m ⩽ r and Um(xc) ⊆ Bd(xc, r) for each c ∈ {b,w}, where
K is the constant from Lemma 3.11. By Corollary 7.7, for each color c ∈ {b,w} there exists
an m-pair Pm

c ∈ Pm containing xc. Then for each y ∈ Pm
c ⊆ Um(xc) and each z ∈ Um(y), by

Lemma 3.11 (iii), we have
d(z, xc) ⩽ d(z, y) + d(y, xc) < KΛ−m +KΛ−m = 2KΛ−m ⩽ r.

Since f(C) ⊆ C, this implies that for each integer n ⩾ m and each y ∈ Pm
c , we have Un(y) ⊆

Um(y) ⊆ Bd(xc, r) ⊆ inte
(
X0

c

)
. □

7.3. Key bounds. The main goal in this subsection is to establish Proposition 7.15, namely,
an exponential upper bound for the measure of the set Pn(α) with respect to the equilibrium
state µϕ, where Pn(α) is defined in Definition 7.10. Roughly speaking, we use pairs defined in
Subsection 7.2 to cover the set in (1.2) and establish an upper bound for the measure of those
tiles by the Gibbs property of µϕ.
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Definition 7.10. Let f , C, d, ϕ, e0, γϕ, αmin, αmax satisfy the Assumptions in Section 4. We
assume in addition that ϕ is not co-homologous to a constant in C(S2). For each α ∈ (αmin, αmax)\
{γϕ} and each n ∈ N, we define

(7.5) Pn(α) :=

{{
Pn ∈ Pn(f, C, e0) : maxx∈Pn n−1Snϕ(x) ⩾ α

}
if γϕ < α < αmax;{

Pn ∈ Pn(f, C, e0) : minx∈Pn n−1Snϕ(x) ⩽ α
}

if αmin < α < γϕ,

and Pn(α) :=
∪
Pn(α).

We remark that the sets Pn(α) and Pn(α) defined above depend on the choice of e0.
Remark 7.11. For each α ∈ (αmin, αmax) \ {γϕ} and each integer n ∈ N, it is easy to see that
Pn(α) is non-empty and is a union of some n-tiles in Xn(f, C). Thus by Definition 5.1 and
Proposition 3.6 (vii), the map fn|Pn(α) : P

n(α) → S2 is a subsystem of fn with respect to C.
Recall that Ω(fn|Pn(α), C) is the tile maximal invariant set associated with fn|Pn(α) with respect
to C (see Definition 5.1). Denote Ω := Ω

(
fn|Pn(α), C

)
. Then by Proposition 5.4 (iii), we have

fn(Ω) ⊆ Ω.
The next lemma shows that the subsystem fn|Pn(α) (with respect to fn and C) is strongly

primitive (see Definition 5.16) for each α ∈ (αmin, αmax) \ {γϕ} and each sufficiently large integer
n ∈ N.
Lemma 7.12. Let f , C, d, ϕ, e0, γϕ, αmin, αmax satisfy the Assumptions in Section 4. We
assume in addition that f(C) ⊆ C and ϕ is not co-homologous to a constant in C(S2). Then for
each α ∈ (αmin, αmax) \ {γϕ}, there exists an integer N ∈ N depending only on f , C, d, ϕ, e0, and
α such that for each integer n ⩾ N and each color c ∈ {b,w}, there exists an n-pair Pn

c ∈ Pn(α)
such that Pn

c ⊆ inte
(
X0

c

)
. In particular, the subsystem fn|Pn(α) (with respect to fn and C) is

strongly primitive.
Proof. Let α ∈ (αmin, αmax) \ {γϕ} be arbitrary. Without loss of generality, we may assume that
γϕ < α < αmax.

We first prove the following claim, which follows from the definition of αmax and the compact-
ness of M(S2, f) (equipped with the weak∗ topology).

Claim 1. For each integer m ∈ N, there exists y ∈ S2 such that 1
mSmϕ(y) ⩾ αmax.

To establish Claim 1, we argue by contradiction and assume that there exists an integer m ∈ N
such that 1

mSmϕ(y) < αmax for all y ∈ S2. Since ϕ is continuous and S2 is compact, there exists
a number δ > 0 such that 1

mSmϕ(y) < αmax − δ for all y ∈ S2. Then for each µ ∈ M(S2, f) we
have ∫

1

m
Smϕ dµ ⩽

∫
(αmax − δ) dµ = αmax − δ.

Note that M(S2, f) is compact in the weak* topology and the continuous map µ 7→
∫
ϕdµ

maps M(S2, f) onto the closed interval [αmin, αmax]. Hence there exists an f -invariant measure
ν ∈ M(S2, f) such that

∫
ϕ dν = αmax. Since∫

1

m
Smϕ dν =

1

m

∫ m−1∑
j=0

ϕ ◦ f j dν =
1

m

m−1∑
j=0

∫
ϕ df j∗ν =

1

m
·m

∫
ϕ dν =

∫
ϕ dν,

we get αmax =
∫
ϕ dν =

∫
1
mSmϕ dν ⩽ αmax − δ, which is a contradiction, and so Claim 1 follows.

By Lemma 7.9, there exists an integer M ∈ N depending only on f , C, d, and e0 such that for
each color c ∈ {b,w}, there exists an M -pair PM

c ∈ PM such that for each integer n ⩾ M and
each x ∈ PM

c , we have Un(x) ⊆ inte
(
X0

c

)
.

We fix such an integer M and the corresponding M -pairs PM
b and PM

w in the following.
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Set

(7.6) N :=

⌊
M · αmax − infx∈S2 ϕ(x)

αmax − α

⌋
+ 1.

Note that the integer N depends only on f , C, d, ϕ, e0, and α. Moreover, we have N ⩾ M + 1
since infx∈S2 ϕ(x) ⩽ αmin < α.

Claim 2. For each integer n ⩾ N and each color c ∈ {b,w}, there exists an n-pair Pn
c ∈ Pn(α)

such that Pn
c ⊆ inte

(
X0

c

)
.

To establish Claim 2, let integer n ⩾ N and color c ∈ {b,w} be arbitrary. Since N ⩾ M + 1,
we have n −M ∈ N. By Claim 1 there exists y ∈ S2 such that 1

n−M Sn−Mϕ(y) ⩾ αmax. Then
there exists xc ∈ PM

c such that fM (xc) = y since fM (PM
c ) = S2. Thus we have

1

n
Snϕ(xc) =

1

n
SMϕ(xc) +

1

n
Sn−Mϕ(y)

⩾ M

n
inf
z∈S2

ϕ(z) +
n−M

n
αmax

= αmax −
M

n

(
αmax − inf

z∈S2
ϕ(z)

)
⩾ αmax −

M

N

(
αmax − inf

z∈S2
ϕ(z)

)
⩾ αmax − (αmax − α)

= α,

where the last inequality follows from the definition of N (see (7.6)) and the fact that ⌊t⌋+1 ⩾ t
for all t ∈ R. By Corollary 7.7, there exists an n-pair Pn

c ∈ Pn containing xc. Thus we have
xc ∈ Pn

c ∈ Pn(α) since 1
nSnϕ(xc) ⩾ α. Noting that xc ∈ PM

c and n ⩾ M , by Lemma 7.9, we
get Un(xc) ⊆ inte

(
X0

c

)
. Then it follows from the definition of Un(xc) and Pn

c that xc ∈ Pn
c ⊆

Un(xc) ⊆ inte
(
X0

c

)
, and so Claim 2 follows.

By Claim 2, it follows immediately from Definition 5.16 and Definition 7.4 that the subsystem
fn|Pn(α) (with respect to fn and C) is strongly primitive for each integer n ⩾ N . □

We record this result below for the convenience of the reader.

Proposition 7.13 (Z. Li [Li18]). Let f , C, d, ϕ, µϕ satisfy the Assumptions in Section 4. Then
µϕ is a Gibbs measure with respect to f , C, and ϕ, with the constant Pµϕ

= P (f, ϕ), i.e., there
exists a constant Cµϕ

⩾ 1 such that for each n ∈ N0, each n-tile Xn ∈ Xn(f, C), and each x ∈ Xn,
we have

(7.7) 1

Cµϕ

⩽ µϕ(X
n)

exp(Snϕ(x)− nP (f, ϕ))
⩽ Cµϕ

.

The following lemma is an immediate consequence of Lemma 5.24 and Proposition 7.13.

Lemma 7.14. Let f , C, d, ϕ, β, µϕ, e0 satisfy the Assumptions in Section 4. Denote D(ϕ) :=

C1(diamd(S
2))β and C := 2Cµϕ

eD(ϕ), where Cµϕ
⩾ 1 is from Proposition 7.13 and C1 ⩾ 0 is

given by (5.12) in Lemma 5.24. Then the following statements hold:

(i) For each integer n ∈ N and each n-pair Pn ∈ Pn, we have

µϕ(P
n) ⩽ Ce−P (f,ϕ)n inf

x∈Pn
eSnϕ(x).
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(ii) We assume in addition that ϕ is not co-homologous to a constant in C(S2). Then for
each n ∈ N and each α ∈ (γϕ, αmax), we have

inf
x∈Pn(α)

Snϕ(x) ⩾ nα− 2D(ϕ).

Similarly, for each n ∈ N and each α ∈ (αmin, γϕ), we have supx∈Pn(α) Snϕ(x) ⩽ nα +

2D(ϕ).

Proof. For each n ∈ N and each n-pair Pn = Xn
b ∪Xn

w ∈ Pn, denote en := Xn
b ∩Xn

w and fix an
arbitrary point xe ∈ en.

(i) It follows from Lemma 5.24 that

(7.8) inf
x∈Pn

Snϕ(x) = min
{

inf
x∈Xn

b

Snϕ(x), inf
x∈Xn

w

Snϕ(x)
}
⩾ Snϕ(xe)−D(ϕ).

Then by Proposition 7.13, we deduce that
µϕ(P

n) ⩽ µϕ(X
n
b ) + µϕ(X

n
w) ⩽ 2Cµϕ

e−P (f,ϕ)neSnϕ(xe) ⩽ Ce−P (f,ϕ)n inf
x∈Pn

eSnϕ(x).

(ii) Consider α ∈ (γϕ, αmax). For each Pn = Xn
b ∪Xn

w ∈ Pn(α), there exists x0 ∈ Pn such that
Snϕ(x0) ⩾ nα (recall (7.5)). Since xe ∈ Xn

b ∩Xn
w, by Lemma 5.24, Snϕ(xe) ⩾ Snϕ(x0) −D(ϕ).

Thus by (7.8), we obtain
inf

x∈Pn(α)
Snϕ(x) = min

Pn∈Pn(α)

{
inf

x∈Pn
Snϕ(x)

}
⩾ nα− 2D(ϕ).

For α ∈ (αmin, γϕ), the proof is similar. □
Now we are ready to prove the main results of this section.

Proposition 7.15 (Key bounds). Let f : S2 → S2 be an expanding Thurston map and C ⊆ S2

be a Jordan curve containing post f with the property that f(C) ⊆ C. Let d be a visual metric
on S2 for f . Let ϕ ∈ C0,β(S2, d) be a real-valued Hölder continuous function with an exponent
β ∈ (0, 1] and not co-homologous to a constant in C(S2). Let µϕ be the unique equilibrium
state for the map f and the potential ϕ. Denote D(ϕ) := C1(diamd(S

2))β and C := 2Cµϕ
eD(ϕ),

where Cµϕ
⩾ 1 and C1 ⩾ 0 are the constants from Proposition 7.13 and (5.12) in Lemma 5.24,

respectively. Fix a 0-edge e0 ∈ E0(f, C) and denote γϕ :=
∫
ϕ dµϕ, αmin := min

µ∈M(S2,f)

∫
ϕ dµ, and

αmax := max
µ∈M(S2,f)

∫
ϕ dµ. Then the following statements hold:

(i) For each α ∈ (γϕ, αmax), there exists an integer N ∈ N depending only on f , C, d, ϕ, e0,
and α such that for each integer n ⩾ N , there exists a measure µ ∈ M(S2, f) such that

µϕ(P
n(α)) ⩽ Cen(Pµ(f,ϕ)−P (f,ϕ)) and

∫
ϕ dµ ∈

[
α− 2D(ϕ)

n
, αmax

]
.

(ii) For each α ∈ (αmin, γϕ), there exists an integer N ∈ N depending only on f , C, d, ϕ, e0,
and α such that for each integer n ⩾ N , there exists a measure µ ∈ M(S2, f) such that

µϕ(P
n(α)) ⩽ Cen(Pµ(f,ϕ)−P (f,ϕ)) and

∫
ϕ dµ ∈

[
αmin, α+

2D(ϕ)

n

]
.

Proof. We first consider the case where α ∈ (γϕ, αmax). Let α ∈ (γϕ, αmax) be arbitrary.
By Lemma 7.12, there exists an integer N ∈ N depending only on f , C, d, ϕ, e0, and α such

that for each integer n ⩾ N , the subsystem fn|Pn(α) (with respect to fn and C) is strongly
primitive. Let integer n ⩾ N be arbitrary. Denote Ω := Ω(fn|Pn(α), C). Then it follows from
Propositions 5.6 (ii) and 5.20 (ii) that fn(Ω) = Ω and Ω \ C ̸= ∅.
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Let y0 ∈ Ω \ C be arbitrary. By Proposition 6.20 and Theorem 6.29, we have

sup
ν∈M(Ω,fn|Ω)

{
hν(f

n|Ω) +
∫
Snϕ dν

}
= lim

m→+∞

1

m
log

∑
x∈(fn|Ω)−m(y0)

e
∑m−1

k=0 Snϕ(fnk(x)).(7.9)

Here M(Ω, fn|Ω) denotes the set of fn|Ω-invariant Borel probability measures on Ω endowed with
the weak∗ topology, and hν(fn|Ω) denotes the measure-theoretic entropy of fn|Ω for ν. For the
summand inside the logarithm in (7.9), we have

(7.10)
∑

x∈(fn|Ω)−m(y0)

e
∑m−1

k=0 Snϕ(fnk(x)) =
m−1∏
i=0

∑
yi+1∈(fn|Ω)−1(yi)

eSnϕ(yi+1).

Claim. For each point y ∈ Ω \ C, we have card((fn|Ω)−1(y)) = card(Pn(α)), and each n-pair
Pn ∈ Pn(α) contains exactly one preimage x ∈ (fn|Ω)−1(y), which satisfies x ∈ Ω \ C.

To establish this Claim, we consider an arbitrary point y ∈ Ω \ C. Without loss of generality
we may assume that y ∈ inte

(
X0

b

)
. Then by Proposition 3.6, we have card(f−n(y)) = (deg f)n =

card(Xn
b ), and each black n-tile Xn

b ∈ Xn
b contains exactly one preimage x ∈ f−n(y), which

satisfies x ∈ inte(Xn
b ). Thus each n-pair Pn ∈ Pn(α) contains exactly one preimage x ∈ f−n(y)∩

Pn(α), which satisfies x ∈ inte(Pn), and we have

card(f−n(y) ∩ Pn(α)) = card(Pn(α)).

Let preimage x ∈ f−n(y) ∩ Pn(α) be arbitrary. Noting that f−n(y) ∩ Pn(α) = (fn|Pn(α))
−1(y)

and y ∈ Ω \ C, by Proposition 5.5 (iii), we have x ∈ Ω \ C. Since (fn|Ω)−1(y) = f−n(y) ∩ Ω =
f−n(y) ∩ Pn(α), the claim follows.

By the claim, we know that all the preimages yi in the summation in (7.10) belong to Ω \ C.
Moreover, for each point y ∈ Ω \ C, every n-pair Pn ∈ Pn(α) contains exactly one preimage
x ∈ (fn|Ω)−1(y), and every preimage x ∈ (fn|Ω)−1(y) is contained in a unique n-pair Pn ∈ Pn(α).
Thus, we get the first two inequalities of the following:

∑
x∈(fn|Ω)−m(y0)

e
∑m−1

k=0 Snϕ(fnk(x)) =

m−1∏
i=0

∑
yi+1∈(fn|Ω)−1(yi)

eSnϕ(yi+1)

⩾
(

inf
y∈Ω\C

∑
x∈(fn|Ω)−1(y)

eSnϕ(x)
)m

⩾
( ∑
Pn∈Pn(α)

inf
x∈Pn

eSnϕ(x)
)m

⩾
(
C−1enP (f,ϕ)

∑
Pn∈Pn(α)

µϕ(P
n)
)m

=
(
C−1enP (f,ϕ)µϕ(P

n(α))
)m
.

The last inequality follows from Lemma 7.14 (i) and the last equality follows from Lemma 7.6
and Theorem 3.15 (iii). Taking logarithms of both sides, dividing by m, and plugging the result
into the previous inequality, we get

lim
m→+∞

1

m
log

( ∑
x∈(fn|Ω)−m(y0)

exp
(m−1∑
k=0

Snϕ
(
fnk(x)

)))
⩾ log

(
µϕ(P

n(α))
)
+ nP (f, ϕ)− logC.
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Plugging this inequality into (7.9) yields

(7.11) sup
ν∈M(Ω,fn|Ω)

{
hν(f

n|Ω) +
∫
Snϕ dν

}
⩾ log

(
µϕ(P

n(α))
)
+ nP (f, ϕ)− logC.

By Theorem 6.30 and Proposition 6.33 (ii), there exists an equilibrium state µ̂ ∈ M(Ω, fn|Ω) ⊆
M(S2, fn) that attains the supremum in (7.11). Denote µ := 1

n

∑n−1
i=0 f

i
∗µ̂. Then µ ∈ M(S2, f)

and we have ∫
ϕ dµ =

1

n

∫ n−1∑
i=0

ϕ df i∗µ̂ =
1

n

∫ n−1∑
i=0

ϕ ◦ f i dµ̂ =
1

n

∫
Snϕ dµ̂.

By Lemma 7.14 (ii), we have infx∈Pn(α) Snϕ(x) ⩾ nα−2D(ϕ). Noting that supp µ̂ ⊆ Ω ⊆ Pn(α),
we have ∫

ϕ dµ =
1

n

∫
Snϕdµ̂ ⩾ α− 2D(ϕ)n−1.

Thus the measure µ satisfies
∫
ϕ dµ ∈

[
α− 2D(ϕ)n−1, αmax

]
.

By (3.5) and (3.6), we have

(7.12) nhµ(f) = hµ(f
n) =

1

n

n−1∑
i=0

hf i
∗µ̂
(fn).

We now show that hf i
∗µ̂
(fn) = hµ̂(f

n) for each i ∈ {0, 1 . . . , n− 1}. Indeed, the measure f∗µ̂ is
fn-invariant and the triple (S2, fn, f∗µ̂) is a factor of (S2, fn, µ̂) by the map f . It follows that
hf∗µ̂(f

n) ⩽ hµ̂(f
n) (see for example, [KH95, Proposition 4.3.16]). Iterating this and noting that

fn∗ µ̂ = (fn)∗µ̂ = µ̂ by fn-invariance of µ̂, we obtain
hµ̂(f

n) = hfn
∗ µ̂(f

n) ⩽ hfn−1
∗ µ̂(f

n) ⩽ · · · ⩽ hf∗µ̂(f
n) ⩽ hµ̂(f

n).

Hence hf i
∗µ̂
(fn) = hµ̂(f

n) for each i ∈ {0, 1 . . . , n− 1}. Combining this with (7.12), we obtain
nhµ(f) = hµ̂(f

n) = hµ̂(f
n|Ω).

Thus

n

(
hµ(f) +

∫
ϕ dµ

)
= hµ̂(f

n|Ω) +
∫
Snϕ dµ̂ ⩾ log

(
µϕ(P

n(α))
)
+ nP (f, ϕ)− logC,

i.e., log(µϕ(P
n(α))) ⩽ n(Pµ(f, ϕ) − P (f, ϕ)) + logC. This completes the proof of Proposi-

tion 7.15 (i).
For α ∈ (αmin, γϕ), the proof is similar. □

7.4. Proof of the large deviation asymptotics. In this subsection, we establish large de-
viation asymptotics for expanding Thurston maps. More precisely, we first prove the results
under the assumption that there exists an f -invariant Jordan curve C with post f ⊆ C. Then by
Lemma 3.14, we remove this assumption and prove Theorem 1.2.

Proposition 7.16. Let f : S2 → S2 be an expanding Thurston map and C ⊆ S2 be a Jordan
curve containing post f with the property that f(C) ⊆ C. Let d be a visual metric on S2 for f . Let
ϕ ∈ C0,β(S2, d) be a real-valued Hölder continuous function with an exponent β ∈ (0, 1] and not
co-homologous to a constant in C(S2). Let µϕ be the unique equilibrium state for the map f and
the potential ϕ. Denote γϕ :=

∫
ϕ dµϕ, αmin := min

µ∈M(S2,f)

∫
ϕ dµ, and αmax := max

µ∈M(S2,f)

∫
ϕ dµ.

Then for each α ∈ (αmin, αmax), there exists an integer N ∈ N depending only on f , C, d, ϕ, and
α such that for each integer n ⩾ N ,

µϕ

({
x ∈ S2 : sgn(α− γϕ)

1

n
Snϕ(x) ⩾ sgn(α− γϕ)α

})
⩽ Cαe

−I(α)n,
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where Cα > 0 is a constant depending only on f , C, d, ϕ, β, and α. Quantitatively, we choose
Cα := 2Cµϕ

exp
(
(1 + 2|I ′(α)|)C1(diamd(S

2))β
)
,

where Cµϕ
⩾ 1 is the constant from Proposition 7.13 and C1 ⩾ 0 is the constant defined in (5.12)

in Lemma 5.24.

Proof. We denote D(ϕ) := C1(diamd(S
2))β and C = 2Cµϕ

eD(ϕ) in this proof.
We first consider the case where α ∈ (γϕ, αmax). Let α ∈ (γϕ, αmax) be arbitrary.
For each 0-edge e0 ∈ E0(f, C), by Proposition 7.15, there exists an integer Ne0 ∈ N depending

only on f , C, d, ϕ, α, and e0 such that for each integer n ⩾ Ne0 , there exists a measure µ ∈
M(S2, f) satisfying

µϕ(P
n(α)) ⩽ Ce(Pµ(f,ϕ)−P (f,ϕ))n and

∫
ϕ dµ ∈

[
α− 2D(ϕ)n−1, αmax

]
.

Since E0(f, C) is a finite set, there exists an 0-edge ẽ0 ∈ E0(f, C) such that
Nẽ0 = min

{
Ne0 : e0 ∈ E0(f, C)

}
.

We fix such 0-edge ẽ0 and let
N := max{Nẽ0 , ⌈2D(ϕ)/(α− γϕ)⌉},

where ⌈x⌉ denotes the smallest integer no less than x. Note that this integer N satisfies γϕ +
2D(ϕ)
N ⩽ α and depends only on f , C, d, ϕ, and α.
For each integer n ⩾ N , by the definition and properties of the rate function I (see (1.3) and

Proposition 7.1), we have that
µϕ

(
{x ∈ S2 : n−1Snϕ(x) ⩾ α}

)
⩽ µϕ(P

n(α))

⩽ Ce(Pµ(f,ϕ)−P (f,ϕ))n

⩽ C exp
(
sup{Pν(f, ϕ)− P (f, ϕ) : ν ∈ An}n

)
= C exp

(
− inf{I(η) : η ∈ [α− 2D(ϕ)n−1, αmax]}n

)
= C exp

(
−I

(
α− 2D(ϕ)n−1

)
n
)

⩽ Ce2D(ϕ)I′(α)e−I(α)n,

where An := {ν ∈ M(S2, f) :
∫
ϕ dν ∈ [α − 2D(ϕ)n−1, αmax]}. The last inequality is shown as

follows. By Taylor’s formula, there exists θ ∈
[
− 2D(ϕ)n−1, 0

]
such that

I
(
α− 2D(ϕ)n−1

)
= I(α)− 2D(ϕ)n−1I ′(α+ θ).

Since I is convex and C1, I ′ is increasing on (γϕ, αmax) and I ′(α+ θ) ⩽ I ′(α). Hence,

I
(
α− 2D(ϕ)n−1

)
⩾ I(α)− 2D(ϕ)n−1I ′(α).

By choosing Cα := 2Cµϕ
exp

(
(1 + 2I ′(α))D(ϕ)

)
, we deduce that

µϕ
(
{x ∈ S2 : n−1Snϕ(x) ⩾ α}

)
⩽ Cαe

−I(α)n.

For α ∈ (αmin, γϕ), the proof is similar. In this case, we choose Cα = 2Cµϕ
exp

(
(1−2I ′(α))D(ϕ)

)
.

For α = γϕ, the conclusion holds trivially since Cγϕ ⩾ 1 and I(γϕ) = 0. This completes the
proof. □

Now we can prove the Theorem 1.2. The key point of the proof is to iterate the map and apply
Proposition 7.16.
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Proof of Theorem 1.2. We first consider the case where α ∈ (γϕ, αmax).
By Lemma 3.14 we can find a sufficiently high iterate F := fK of f such that there exists

an F -invariant Jordan curve C ⊆ S2 with postF = post f ⊆ C. Then F is also an expanding
Thurston map (recall Remark 3.10). We fix such an integer K, a map F , and a Jordan curve C.

Let ϕ ∈ C0,β(S2, d) for some β ∈ (0, 1]. Denote Φ := Sf
Kϕ. Then Φ ∈ C0,β(S2, d) since f is

Lipschitz continuous with respect to d (see [Li18, Lemma 3.12]). Let µF,Φ and IF,Φ denote the
unique equilibrium state and the rate function, respectively, for the map F and the potential
Φ. Recall from Subsection 3.1 that P (F,Φ) = KP (f, ϕ). Then it follows from Pµϕ

(F,Φ) =
KPµϕ

(f, ϕ) and the uniqueness of the equilibrium state that µF,ϕ = µϕ. Since ϕ is not co-
homologous to a constant in C(S2) (with respect to f), Theorem 3.15 (iv) implies that µϕ ̸= µ0,
where µ0 denotes the measure of maximal entropy of f . Note that µ0 is also the measure of
maximal entropy of F . Hence, it follows from Theorem 3.15 (iv) that Φ is not co-homologous to
a constant in C(S2) (with respect to F ).

We next show that IF,Φ(Kα̃) = KI(α̃) for each α̃ ∈ (αmin, αmax). By Proposition 7.1 (ii) and
Lemma 7.2, we have

I(α̃) = P (f, ϕ)− P (f, ξ(α̃)ϕ) + (ξ(α̃)− 1)α̃

and
IF,Φ(Kα̃) = P (F,Φ)− P (F, ξF (Kα̃)Φ) + (ξF (Kα̃)− 1)Kα̃,

where ξ(α̃) and ξF (Kα̃) are defined by

α̃ =
dP (f, tϕ)

dt

∣∣∣∣
t=ξ(α̃)

and Kα̃ =
dP (F, tΦ)

dt

∣∣∣∣
t=ξF (Kα̃)

,

respectively. Since P (F, tΦ) = KP (f, tϕ) for each t ∈ R, we get

α̃ =
1

K

dP (F, tΦ)

dt

∣∣∣∣
t=ξF (Kα̃)

=
dP (f, tϕ)

dt

∣∣∣∣
t=ξF (Kα̃)

.

Thus ξF (Kα̃) = ξ(α̃) by the uniqueness of ξ(α̃) (see Lemma 7.2). Then it follows immediately
from the expressions of I(α̃) and IF,Φ(Kα̃) that IF,Φ(Kα̃) = KI(α̃) and I ′F,Φ(Kα̃) = I ′(α̃).

Applying Proposition 7.16, we obtain the large deviation asymptotics for the map F and the
potential Φ. Thus for each α̃ ∈ [γϕ, αmax) there exists an integerM ∈ N such that for each integer
m ⩾M ,

(7.13) µϕ
({
x ∈ S2 : m−1SF

mΦ(x) ⩾ Kα̃
})

⩽ CKα̃e
−IF,Φ(Kα̃)m = CKα̃e

−KI(α̃)m,

where CKα̃ = 2Cµϕ
exp

(
D(Φ)(1 + 2I ′F,Φ(Kα̃))

)
= 2Cµϕ

exp
(
D(Φ)(1 + 2I ′(α̃))

)
. Here Cµϕ

is the
constant from Proposition 7.13 and the constant D(Φ) dependents only on F , C, d, Φ, and β.
We will derive the large deviation asymptotics for f and ϕ from (7.13). Indeed, for each integer
m ⩾M and each k ∈ {0, 1 . . . , K − 1}, we have{

x ∈ S2 : Sf
mK+kϕ(x) ⩾ (mK + k)α

}
⊆

{
x ∈ S2 : Sf

mKϕ(x) ⩾ (mK + k)α− k∥ϕ∥∞
}

⊆
{
x ∈ S2 : Sf

mKϕ(x) ⩾ mKα− 2K∥ϕ∥∞
}

=
{
x ∈ S2 : m−1SF

mΦ(x) ⩾ K
(
α− 2m−1∥ϕ∥∞

)}
.

(7.14)

Put
(7.15) N := Kmax{M, ⌈2∥ϕ∥∞/(α− γϕ)⌉}.

Note that the integer N satisfies α− 2∥ϕ∥∞
N/K ⩾ γϕ.
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Recall that α ∈ (γϕ, αmax). For each integer n ⩾ N , we can write n = mK+k for some integers
k ∈ {0, . . . , K − 1} and m ⩾ M satisfying α − 2∥ϕ∥∞

m ⩾ γϕ. Then by (7.14) and (7.13), we get
the first two inequalities of the following:

µϕ
({
x ∈ S2 : n−1Sf

nϕ(x) ⩾ α
})

= µϕ
({
x ∈ S2 : Sf

mK+kϕ(x) ⩾ (mK + k)α
})

⩽ µϕ
({
x ∈ S2 : m−1SF

mΦ(x) ⩾ K
(
α− 2m−1∥ϕ∥∞

)})
⩽ 2Cµϕ

exp
(
D(Φ)(1 + 2I ′(α− 2m−1∥ϕ∥∞))

)
e−mKI

(
α−2m−1∥ϕ∥∞

)
⩽ Cαe

−nI(α),

(7.16)

where Cα := 2Cµϕ
exp

(
D(Φ)(1+ 2I ′(α)) + 2K∥ϕ∥∞I ′(α) +KI(α)

)
. The last inequality in (7.16)

is shown as follows. By Taylor’s formula, there exists θ ∈
[
−2∥ϕ∥∞

m , 0
]
such that

I
(
α− 2m−1∥ϕ∥∞

)
= I(α)− 2m−1∥ϕ∥∞I ′(α+ θ).

Since I is convex and C1, I ′ is increasing on (γϕ, αmax) and I ′(α+ θ) ⩽ I ′(α). Hence,
I
(
α− 2m−1∥ϕ∥∞

)
⩾ I(α)− 2m−1∥ϕ∥∞I ′(α).

Then

e−mKI
(
α−2m−1∥ϕ∥∞

)
⩽ e−mKI(α)+2K∥ϕ∥∞I′(α) = e2K∥ϕ∥∞I′(α)+kI(α)e−nI(α) ⩽ e2K∥ϕ∥∞I′(α)+KI(α)e−nI(α).

Since I ′
(
α− 2m−1∥ϕ∥∞

)
⩽ I ′(α), we obtain the last inequality in (7.16). Therefore, we conclude

that for each α ∈ (γϕ, αmax), there exist an integer N ∈ N (given by (7.15)) and a constant
Cα > 0 such that for each integer n ⩾ N ,

µϕ
({
x ∈ S2 : n−1Sf

nϕ(x) ⩾ α
})

⩽ Cαe
−I(α)n.

For α ∈ (αmin, γϕ), the proof is similar.
For α = γϕ, the conclusion holds trivially since I(γϕ) = 0. This completes the proof. □
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