THERMODYNAMIC FORMALISM FOR SUBSYSTEMS OF
EXPANDING THURSTON MAPS II

ZHIQIANG LI AND XTANGHUI SHI

ABSTRACT. Expanding Thurston maps were introduced by M. Bonk and D. Meyer with motiva-
tion from complex dynamics and Cannon’s conjecture from geometric group theory via Sullivan’s
dictionary. In this paper, we study subsystems of expanding Thurston maps motivated via Sul-
livan’s dictionary as analogs of some subgroups of Kleinian groups. We prove the uniqueness
and various ergodic properties of the equilibrium states for strongly primitive subsystems and
real-valued Holder continuous potentials, and establish the equidistribution of preimages of sub-
systems with respect to the equilibrium states. Here, the sphere S? is equipped with a natural
metric, called a visual metric, introduced by M. Bonk and D. Meyer. As a result, for strongly
primitive subsystems of expanding Thurston maps without periodic critical points, we obtain a
level-2 large deviation principle for Birkhoff averages and iterated preimages.
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1. INTRODUCTION

A Thurston map is a (non-homeomorphic) branched covering map on a topological 2-sphere
S? such that each of its critical points has a finite orbit (postcritically-finite). The most impor-
tant examples are given by postcritically-finite rational maps on the Riemann sphere C. While
Thurston maps are purely topological objects, a deep theorem due to W. P. Thurston charac-
terizes Thurston maps that are, in a suitable sense, described in the language of topology and
combinatorics, equivalent to postcritically-finite rational maps (see [DH93|). This suggests that
for the relevant rational maps, an explicit analytic expression is not so important, but rather a
geometric-combinatorial description. This viewpoint is natural and fruitful for considering more
general dynamics that are not necessarily conformal.

In the early 1980s, D. P. Sullivan introduced a “dictionary” that is now known as Sullivan’s
dictionary, which connects two branches of conformal dynamics, iterations of rational maps and
actions of Kleinian groups. Under Sullivan’s dictionary, the counterpart to Thurston’s theorem in
geometric group theory is Cannon’s Conjecture |Can94]. An equivalent formulation of Cannon’s
Conjecture, viewed from a quasisymmetric uniformization perspective ([Bon06, Conjecture 5.2]),
predicts that if the boundary at infinity doG of a Gromov hyperbolic group G is homeomorphic
to S2, then 05G equipped with a visual metric is quasisymmetrically equivalent to C.

Inspired by Sullivan’s dictionary and their interest in Cannon’s Conjecture, M. Bonk and
D. Meyer [BM10, BM17], as well as P. Haissinsky and K. M. Pilgrim [HP09], studied a subclass
of Thurston maps, called expanding Thurston maps, by imposing some additional condition of
expansion. These maps are characterized by a contraction property for inverse images (see Sub—
section E for the precise definition). In partlcular a postcritically-finite rational map on C is
expanding if and only if its Julia set is equal to C. For an expanding Thurston map on S?, we
can equip S? with a natural class of metrics d, called visual metrics, that are quasisymmetrically
equivalent to each other and are constructed in a similar way as the visual metrics on the bound-
ary 0noG of a Gromov hyperbolic group G (see [BM17, Chapter 8] for details, and see [HP09| for
a related construction). In the language above, the following theorem was obtained in [BM10,
BM17, [HP09], which can be seen as an analog of Cannon’s conjecture for expanding Thurston
maps.

Theorem (M. Bonk & D. Meyer [BM10, BM17]; P. Haissinky & K. M. Pilgrim [HP09]). Let
f: 8% = 52 be an expanding Thurston map with no periodic critical points and d be a visual metric
for f. Then f is topologically conjugate to a rational map if and only (S2,d) is quasisymmetrically
equivalent to C.

The dynamical systems that we study in this paper are called subsystems of expanding Thurston
maps (see Subsections for a precise definition), inspired by a translation of the notion of
subgroups from geometric group theory via Sullivan’s dictionary. To reveal the connections be-
tween subsystems and subgroups, we first quickly review some backgrounds in Gromov hyperbolic
groups and recall the notion of tile graphs for expanding Thurston maps (see [BM17, Chapters 4
and 10] for details).

Let G be a Gromov hyperbolic group and S a finite generating set of G. Then the Cayley graph
G(G,S) of G is Gromov hyperbolic with respect to the word-metric. The boundary at infinity
of G is defined as 0xcG = 05G(G, S), which is well-defined since a change of the generating set
induces a quasi-isometry of the Cayley graphs.

Let f: S? = S? be an expanding Thurston map and C C S? a Jordan curve with post f C S2.
An associated tile graph G(f,C) is defined as follows. Its vertices are given by the tiles in the
cell decompositions D"(f,C) on all levels n € Nyg. We consider X! := 52 as a tile of level —1
and add it as a vertex. One joins two vertices by an edge if the corresponding tiles intersect and
have levels differing by at most 1 (see [BM17, Chapter 10] for details). Then the graph G(f,C)
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is Gromov hyperbolic and its boundary at infinity 0ecG = 0-cG(f,C) is well-defined and can be
naturally identified with S2. Moreover, under this identification, a metric on 0,,G = S? is visual
in the sense of Gromov hyperbolic spaces if and only if it is visual in the sense of expanding
Thurston maps.

From the point of view of tile graphs and Cayley graphs, roughly speaking, for expanding
Thurston maps, 1-tiles together with the maps restricted to those tiles play the role of generators
for Gromov hyperbolic groups. For example, one can construct the original expanding Thurston
map f from all its 1-tiles and the maps restricted to those tiles. If we start with all n-tiles for
some n € N, then we get an iteration f™ of f, which corresponds to a finite index subgroup of
the original group in the group setting. Inspired by this similarity, it is natural to investigate
more general cases, for example, a map generated by some 1-tiles, which leads to our study of
subsystems. Moreover, the notion of tile graphs can be easily generalized to subsystems, and the
similar identifications hold with S? generalized to the tile maximal invariant sets associated with
subsystems.

Under Sullivan’s dictionary, an expanding Thurston map corresponds to a Gromov hyperbolic
group whose boundary at infinity is S2. In this sense, a subsystem corresponds to a Gromov
hyperbolic group whose boundary at infinity is a subset of S2. In particular, for Gromov hyper-
bolic groups whose boundary at infinity is a Sierpinski carpet, there is an analog of Cannon’s
conjecture—the Kapovich—Kleiner conjecture. It predicts that these groups arise from some stan-
dard situation in hyperbolic geometry. Similar to Cannon’s conjecture, one can reformulate the
Kapovich—Kleiner conjecture in an equivalent way as a question related to quasisymmetric uni-
formization. For subsystems, it is easy to find examples where the tile maximal invariant set
is homeomorphic to the standard Sierpiriski carpet (see Subsection for examples of subsys-
tems). In this case, an analog of the Kapovich—Kleiner conjecture for subsystems is established
in [BLL24].

In this paper, we study the dynamics of subsystems of expanding Thurston maps from the point
of view of ergodic theory. Ergodic theory has been an essential tool in the study of dynamical
systems. The investigation of the existence and uniqueness of invariant measures and their
properties has been a central part of ergodic theory. However, a dynamical system may possess
a large class of invariant measures, some of which may be more interesting than others. It is,
therefore, crucial to examine the relevant invariant measures.

The thermodynamic formalism serves as a viable mechanism for generating invariant measures
endowed with desirable properties. More precisely, for a continuous transformation on a com-
pact metric space, we can consider the topological pressure as a weighted version of the topological
entropy, with the weight induced by a real-valued continuous function, called potential. The Vari-
ational Principle identifies the topological pressure with the supremum of its measure-theoretic
counterpart, the measure-theoretic pressure, over all invariant Borel probability measures [Bow75,
Wal82|. Under additional regularity assumptions on the transformation and the potential, one
gets the existence and uniqueness of an invariant Borel probability measure maximizing the
measure-theoretic pressure, called the equilibrium state for the given transformation and the po-
tential. The study of the existence and uniqueness of the equilibrium states and their various
other properties, such as ergodic properties, equidistribution, fractal dimensions, etc., has been
the primary motivation for much research in the area.

The ergodic theory for expanding Thurston maps has been investigated in [Lil7] by the first-
named author of the current paper. In [Lil8], the first-named author of the current paper works
out the thermodynamic formalism and investigates the existence, uniqueness, and other properties
of equilibrium states for expanding Thurston maps. In particular, for each expanding Thurston
map without periodic critical points, by using a general framework devised by Y. Kifer [Kif90], the
first-named author of the current paper establishes level-2 large deviation principles for iterated
preimages and periodic points in [Lil5].
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The current paper is the second in a series of two papers (together with [LSZ24]) investigating
the ergodic theory of subsystems of expanding Thurston maps. In the previous paper [LSZ24],
we investigated the thermodynamic formalism and demonstrated the existence of equilibrium
states for subsystems and real-valued Holder continuous potentials. In the present paper, we
study the uniqueness and ergodic properties of equilibrium states for subsystems and real-valued
Holder continuous potentials. Based on the existence and uniqueness of equilibrium states, for
subsystems of expanding Thurston maps without periodic critical points, we establish level-2
large deviation principles for iterated preimages.

1.1. Main results. In order to state our results more precisely, we quickly review some key
concepts. We refer the reader to Section [3| for more details.

Let f: S2 — S? be an expanding Thurston map with a Jordan curve C C S? satisfying
post f C C. We say that a map F: dom(F) — S? is a subsystem of f with respect to C if
dom(F) = |JX for some non-empty subset X C X!(f,C) and F = fldom(r)- We denote by
Sub(f,C) the set of all subsystems of f with respect to C.

Consider a subsystem F' € Sub(f,C). For each n € Ny, we define the set of n-tiles of F' to be

X"(F,C) == {X" € X"(f,C) : X" C F~"(F(dom(F)))},

where we set FV := idg> when n = 0. We call each X™ € X"(F,C) an n-tile of F. We define the
tile mazimal tnvariant set associated with F' with respect to C to be

a(r.c) = N (Jx"r0),

neN

which is a compact subset of S2.

One of the key properties of Q(F,C) is F(U(F,C)) C Q(F,C) (see Proposition [3.15|[(ii)). There-
fore, we can restrict I to Q(F,C) and consider the map Flgpcy: Q(F,C) — Q(F,C) and its
iterations.

In the following theorem, we investigate the uniqueness and various ergodic properties of the
equilibrium states for strongly primitive subsystems (see Definition in Subsection and
Holder continuous potentials, and establish the equidistribution of preimages of subsystems with
respect to the equilibrium states.

Theorem 1.1. Let f: X — X be either an expanding Thurston map on a topological 2-sphere
X = S? equipped with a visual metric or c&postcritically-ﬁnite rational map with no periodic
critical points on the Riemann sphere X = C equipped with the chordal metric. Let ¢: X — R
be Hélder continuous. Let C C X be a Jordan curve containing post f with the property that
f(C) CC. Consider a strongly primitive subsystem F € Sub(f,C). Denote Q = Q(F,C).

Then there exists a unique equilibrium state pp g4 for Flo and ¢|o. Moreover, pip g is non-
atomic and the measure-preserving transformation F|q of the probability space (2, pir,¢) is forward
quasi-invariant, exact, and in particular, mixing and ergodic.

In addition, the preimages points of F' are equidistributed with respect to pupg, i.e., for each
sequence {zn }nen of points in X and each sequence {c, }nen of colors in {b,w} satisfying x, € X
for each n € N, we have

n—1

1 1 ”

7.0 Y. deg, (F"y)exp(Sy ()~ D dpiqy) ~= mrg  asn — +o0,
" yEFin(Z’n) =0

where SEo(y) = 32170 ¢(Fi(y)) and Zn(9) = 3 yep-n(a,) d€8e, (F",y) exp(SE6(y)).

Here XP, X9 € X%(f,C) are the black 0-tile and the white O-tile (see Subsection , re-
spectively, deg,(F",z) and deg, (F",z) are the black degree and white degree of F™ at x (see
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Definition in Subsection |3.3)), respectively, and the symbol w* indicates convergence in the
weak* topology.

Theorem [I.1] follows immediately from Remark Theorems Corollaries and
Theorem [7.1]

Remark. The existence of equilibrium states in Theorem has been established in |[LSZ24,
Theorem 1.1].

Based on Theorem for strongly primitive subsystems of expanding Thurston maps with-
out periodic critical points, we obtain a level-2 large deviation principle (see Subsection for
definitions) for Birkhoff averages and iterated preimages.

Theorem 1.2. Let f: X — X be either an expanding Thurston map with no periodic critical
points on a topological 2-sphere X = S? equipped with a visual metric or aApostcritically—ﬁmte
rational map with no periodic critical points on the Riemann sphere X = C equipped with the
chordal metric. Let ¢: X — R be Holder continuous. Let C C X be a Jordan curve containing
post f with the property that f(C) C C. Consider a strongly primitive subsystem F € Sub(f,C).
Denote Q2 == Q(F,C). Let P(2) denote the space of Borel probability measures on Q equipped with
the weak*-topology. Let jip 4 be the unique equilibrium state for Flo and ¢|q.
For eachn € N, let V,,: Q — P() be the continuous function defined by

n—1
1
(1.1) Vi(z) = ;ZfSFi(w)’
=0

and denote SE¢(z) == Z?:_()l (F'(z)) for each x € Q. For each n € N, we consider the following
Borel probability measures on P(£2).

Birkhoff averages. %, = (V,,)«(trg) (i-e., ¥y, is the push-forward of prgs by Vp: Q —
P(8)).

Iterated preimages. Given a sequence {x;}jcn of points in Q\ C, put

eXP(Sfﬁb(y))
U () = Pl
(wn) 2 S e (Fla) e XP(SEO(y))

yE(Fla) ™" (zn)
Then each of the sequences {3y fnen and {Qn(7y) }nen converges to 6, , in the weak™ topology,
and satisfies a large deviation principle with the rate function I,: P(£2) — [0, +00] given by

I(p) = P(F,¢) —hy(Flo) — [¢dp if p € M(Q, Fla);
A R if 1€ PQ)\ M(, Flg).

Furthermore, for each convexr open subset G of P(£2) containing some invariant measure, we have
infg I = infg Iy, and

(1.2)

(1.3)

(1.4) lim llogzn(g) = lim lloan(a:n)(g) = —igf]¢,

n—4+oo n n—4+oo n
and (L.4)) remains true with G replaced by its closure g.

We will prove Theorem [I.2] in Subsection As an immediate consequence of Theorem [1.2
we get the following corollary. See Subsection for the proof.

Corollary 1.3. Let f: X — X be either an expanding Thurston map with no periodic critical
points on a topological 2-sphere X = S? equipped with a visual metric or aApostcritically-ﬁnite
rational map with no periodic critical points on the Riemann sphere X = C equipped with the
chordal metric. Let ¢: X — R be Holder continuous. Let C C X be a Jordan curve containing
post f with the property that f(C) C C. Consider a strongly primitive subsystem F € Sub(f,C).
Denote Q == Q(F,C). Let pup g be the unique equilibrium state for Flq and ¢|q.
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Consider a sequence {xy, tnen of points in Q\C. Then for each p € M(Q, F|q) and each convex
local basis G, of P(S2) at p, we have

hu(Fla) + /(bd,u, = gienéu{ngrfw % log prg({r € Q:Vy(x) € Q})} + P(F,¢)

(1.5)
= inf{ lim llog Z exp(Squﬁ(y))}.

geGy (n—=t+oon
ye(Fla)~"(zn),Va(y)eg
Here Vi, and SE¢ are as defined in Theorem .

1.2. Strategy and organization of the paper. We now discuss the strategy of the proofs of
our main results and describe the organization of the paper.

We divide the proof of Theorem into three parts: uniqueness, ergodic properties, and
equidistribution results. Note that in Theorem the existence of equilibrium states and the
property that the measure-preserving transformation F|q of the probability space (£, pupq) is
forward quasi-invariant have been established in [LSZ24] (see Theorem [3.36).

To prove the uniqueness of equilibrium states, we investigate the (Gateaux) differentiability
of the topological pressure function and apply some techniques from functional analysis. More
precisely, a general fact from functional analysis (record in Theorem states that for an
arbitrary convex continuous function @): V' — R on a separable Banach space V', there exists a
unique continuous linear functional L: V — R tangent to ) at « € V if and only if the functional
t — Q(x +ty) is differentiable at 0 for all y in a subset U of V' that is dense in the weak topology
on V. One then observes that for each continuous map g: X — X on a compact metric space X,
the topological pressure function P(g,-): C(X) — R is continuous and convex (see for example,
[PU10, Theorems 3.6.1 and 3.6.2]), and if p is an equilibrium state for g and ¢ € C(X), then
the continuous linear functional u — [udpy, for u € C(X), is tangent to P(g,-) at ¢ (see for
example, [PU10, Theorem 3.6.6]). Thus, in order to verify the uniqueness of the equilibrium
state associated with a subsystem F' and a real-valued Holder continuous potential ¢, it suffices
to prove the function t — P(F,¢ + tvy) is differentiable at 0, for all 7 in a dense subspace of
C(S?). This is established in Theorem

To prove Theorem [5.15] we introduce normalized split Ruelle operators induced by split Ruelle
operators, and establish some uniform bounds in Proposition [5.9 and Lemma [5.10] which are
then used to show uniform convergence results in Theorem [5.11] and Lemma [5.14] Unlike the
case of expanding Thurston maps or uniformly expanding maps, for subsystems, one cannot
define a normalized Ruelle operator just by normalizing potentials. More specifically, since the
combinatorial structure of tiles of a subsystem is inadequate (for example, the number of white
1-tiles may not equal the number of black 1-tiles), the eigenfunctions of the split Ruelle operator
may not be continuous on the sphere. However, that the eigenfunctions are always continuous in
the interior of O-tiles, i.e., discontinuities can only occur at the boundary of 0-tiles. To overcome
such difficulties, we introduce the notion of the split sphere, which is defined as the disjoint union
of two O-tiles (see Definition , instead of the original topological 2-sphere. Then we can
define the normalized split Ruelle operators on the space of continuous functions on the split
sphere.

We next prove that the measure-preserving transformation F|q of the probability space (€2, f1r,4)
is exact (Theorem , where we use the Jacobian function and the Gibbs property of the equi-
librium state pp g established in [LSZ24, Proposition 6.29]. It follows in particular that the
equilibrium state pp 4 is non-atomic (Corollary and the transformation F'|q is mixing and
ergodic (Corollary .

Finally, we prove the equidistribution results for preimages (Theorem by applying the
uniform convergence results (Theorem and Lemma established in the proof of the
uniqueness.
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To prove Theorem [1.2] we use a variant of Y. Kifer’s result [Kif90| formulated by H. Comman
and J. Rivera-Letelier [CRL11], recorded in Theorem In order to apply Theorem we
just need to verify three conditions: (1) The existence and uniqueness of the equilibrium state.
(2) The upper semi-continuity of the measure-theoretic entropy. (3) Some characterization of
the topological pressure (see Propositions and . The first condition has been established
in Theorem The second condition is known for expanding Thurston maps without periodic
critical points (see [LS24, Theorem 1.1]) and is satisfied in our setting by Lemma The last
condition can be verified by using a characterization of topological pressure established in [LSZ24)

(see (3.34)) in Theorem [3.35).

We now give a brief description of the structure of this paper.

In Section 2] we fix some notation that will be used throughout the paper. In Section[3], we first
review some notions from ergodic theory and dynamical systems and go over some key concepts
and results on Thurston maps. Then we review some concepts and results on subsystems of
expanding Thurston maps. In Section [ we state the assumptions on some of the objects in this
paper, which we will repeatedly refer to later as the Assumptions in Section [{} In Section
we prove the uniqueness of the equilibrium states for subsystems. We introduce normalized
split Ruelle operators and prove the uniform convergence for functions under iterations of the
normalized split Ruelle operators. In Section [0 we prove some ergodic properties of the unique
equilibrium state for subsystem. In Section [7] we establish equidistribution results for preimages
for subsystems of expanding Thurston maps. In Section [§ we prove level-2 large deviation
principles for iterated preimages for subsystems of expanding Thurston maps without periodic
critical points.

2. NOTATION

Let C be the complex plane and C be the Riemann sphere. Let S? denote an oriented topo-
logical 2-sphere. We use N to denote the set of integers greater than or equal to 1 and write
Np := {0} UN. The symbol log denotes the logarithm to the base e. For x € R, we define |z| as
the greatest integer < x, and [x] the smallest integer > x. We denote by sgn(z) the sign function
for each x € R. The cardinality of a set A is denoted by card(A).

Let g: X — Y be a map between two sets X and Y. We denote the restriction of g to a subset
Z of X by g|z.

Consider a map f: X — X on a set X. The inverse map of f is denoted by f~!. We write f"
for the n-th iterate of f, and f~" := (f")~!, for each n € N. We set f* := idy, the identity map
on X. For a real-valued function ¢: X — R, we write

n—1

(2.1) Snp(@) = She(x) =Y o(f(x))

Jj=0

for each x € X and each n € Ng. We omit the superscript f when the map f is clear from the
context. Note that when n = 0, by definition we always have Sy = 0.

Let (X,d) be a metric space. For each subset Y C X, we denote the diameter of Y by
diamg(Y') := sup{d(z,y) : =, y € Y}, the interior of Y by int(Y"), and the characteristic function
of Y by 1y, which maps each x € Y to 1 € R and vanishes otherwise. For each r > 0 and
each z € X, we denote the open (resp. closed) ball of radius r centered at = by Bg(z,r) (resp.
By(z,7)). We often omit the metric d in the subscript when it is clear from the context.

For a compact metrizable topological space X, we denote by C(X) (resp. B(X)) the space of
continuous (resp. bounded Borel) functions from X to R, by M (X)) the set of finite signed Borel
measures, and P(X) the set of Borel probability measures on X. By the Riesz representation
theorem (see for example, [Foll3, Theorems 7.17 and 7.8]), we identify the dual of C(X) with
the space M(X). For u € M(X), we use ||| to denote the total variation norm of x, supp p the
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support of p (the smallest closed set A C X such that |u|(X \ A) =0), and

(0= [ud

for each uw € C'(X). For a point z € X, we define ¢, as the Dirac measure supported on {z}. For a
continuous map g: X — X, we set M(X, g) to be the set of g-invariant Borel probability measures
on X. If we do not specify otherwise, we equip C(X) with the uniform norm ||-|lc(x) = [|*[lc0;
and equip M(X), P(X), and M(X, g) with the weak* topology.

The space of real-valued Holder continuous functions with an exponent 3 € (0, 1] on a metric
space (X, d) is denoted as C%P(X, d). For each ¢ € C%?(X,d),

|¢ B, (X,d) = SUP{W rx,y € X, x#y}v

and the Hélder norm is defined as [|¢||co.s(x.q) = |13, (x,a) + [|9llc(x)-

3. PRELIMINARIES

3.1. Thermodynamic formalism. We first review some basic concepts from ergodic theory
and dynamical systems. We refer the reader to [PU10, Chapter 3], [Wal82, Chapter 9], or [KH95,
Chapter 20] for more detailed studies of these concepts.

Let (X, d) be a compact metric space and g: X — X a continuous map. Given n € N,
dg(z,y) = max{d(gk(:c),gk(y)) ke{0,1,...,n—1}}, forz,yeX,

defines a metric on X. A set F' C X is (n,€)-separated (with respect to g), for some n € N and
€ > 0, if for each pair of distinct points x, y € F', we have dj(z,y) > €. Given € > 0 and n € N,
let F,(€) be a maximal (in the sense of inclusion) (n, €)-separated set in X.

For each real-valued continuous function ¢ € C'(X), the following limits exist and are equal,
and we denote these limits by P(g, ) (see for example, [PU10, Theorem 3.3.2]):

(31) Plg.¥) = lim limsup % log > exp(Su(x)) = lim lim inf % log Y exp(Sp(x)),
TEFy(€) xEF, (€)

where Sy (z) = Z?;& (g7 (x)) is defined in . We call P(g,v) the topological pressure of g
with respect to the potential 1p. Note that P(g,) is independent of d as long as the topology
on X defined by d remains the same (see for example, [PU10, Section 3.2]). The quantity
htop(g) == P(g,0) is called the topological entropy of g.

We denote by M(X, g) the set of all g-invariant Borel probability measures on X.

Let u € M(X,g). Then we say that g is ergodic for pu (or p is ergodic for g) if for each set
A € B with g7'(A) = A we have u(A) =0 or u(A) = 1. The map g is called mizing for p if
(3.2) lim (g™ (A) 1 B) = u(A)u(B)

n—+oo

for all A, B € B. It is easy to see that if ¢ is mixing for u, then g is also ergodic.
For each real-valued continuous function ¢ € C(X), the measure-theoretic pressure P,(g,v) of
g for the measure p € M(X,g) and the potential ¢ is

(3.3) Pu(g,%) = hulg) + / Py,

where h,(g) is the measure-theoretic entropy of g for p.
The topological pressure is related to the measure-theoretic pressure by the so-called Varia-
tional Principle. It states that (see for example, [PU10, Theorem 3.4.1])

(3.4) P(g,v) = sup{Pu(g, %) : p € M(X,9)}
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for each ¢ € C(X). In particular, when 1 is the constant function 0,

(3.5) htop(9) = supfhu(g) : p € M(X, g)}-

A measure p that attains the supremum in is called an equilibrium state for the map g and
the potential ¥. A measure p that attains the supremum in is called a measure of maximal
entropy of g. N

Let X be another compact metric space. If u is a measure on X and the map 7: X — X is
continuous, then the push-forward m.u of p by 7 is the measure given by m.u(A) = ,u(ﬂ_l(A))
for all Borel sets A C X.

3.2. Thurston maps. In this subsection, we go over some key concepts and results on Thurston
maps, and expanding Thurston maps in particular. For a more thorough treatment of the subject,
we refer to [BM17].

Let S? denote an oriented topological 2-sphere. A continuous map f: S? — S? is called a
branched covering map on S? if for each point x € S2, there exists a positive integer d € N,
open neighborhoods U of z and V of y := f(x), open neighborhoods U’ and V' of 0 in @, and
orientation-preserving homeomorphisms ¢: U — U’ and n: V' — V' such that ¢(x) = 0,n(y) = 0,
and (77 ofo (pfl)(z) = 24 for each z € U’. The positive integer d above is called the local degree
of f at x and is denoted by deg () or deg(f,=).

The degree of f is deg f = erf—l(y) degs(z) fory € S? and is independent of y. If f: S? — S?
and g: S? — S? are two branched covering maps on S2, then so is f o g, and deg(f 0 g,2) =
deg(g, z) deg(f, g(z)) for each x € S2, and moreover, deg(f o g) = (deg f)(degg).

A point = € S? is a critical point of f if degy(w) > 2. The set of critical points of f is denoted
by crit f. A point y € S? is a postcritical point of f if y = f™(x) for some z € crit f and n € N,
The set of postcritical points of f is denoted by post f. Note that post f = post f™ for all n € N.

Definition 3.1 (Thurston maps). A Thurston map is a branched covering map f: 5% — S? on
S? with deg f > 2 and card(post f) < +oo.

We now recall the notation for cell decompositions of S? used in [BM17] and [Lil7]. A cell of
dimension n in S?, n € {1, 2}, is a subset ¢ C S? that is homeomorphic to the closed unit ball
B" in R™, where B" is the open unit ball in R”. We define the boundary of c, denoted by Oc, to
be the set of points corresponding to dB™ under such a homeomorphism between ¢ and B". The
interior of c is defined to be inte(c) = ¢\ dc. For each point = € S2, the set {x} is considered as
a cell of dimension 0 in S2. For a cell ¢ of dimension 0, we adopt the convention that dc = () and
inte(c) = c.

We record the following definition of cell decompositions from [BM17, Definition 3.2].

Definition 3.2 (Cell decompositions). Let D be a collection of cells in S2. We say that D is a
cell decomposition of S? if the following conditions are satisfied:
(i) the union of all cells in D is equal to S2,

(ii) if ¢ € D, then Oc is a union of cells in D,

(iii) for ¢y, c2 € D with ¢; # ¢, we have inte(c1) Ninte(cy) = 0,

(iv) every point in S? has a neighborhood that meets only finitely many cells in D.
Definition 3.3 (Refinements). Let D’ and D be two cell decompositions of S2. We say that D’
is a refinement of D if the following conditions are satisfied:

(i) every cell ¢ € D is the union of all cells ¢ € D’ with ¢ C c.

(ii) for every cell ¢ € D’ there exists a cell ¢ € D with ¢/ C c.
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Definition 3.4 (Cellular maps and cellular Markov partitions). Let D’ and D be two cell de-
compositions of S2. We say that a continuous map f: S? — S? is cellular for (D', D) if for every
cell ¢ € D', the restriction f|. of f to ¢ is a homeomorphism of ¢ onto a cell in D. We say that
(D', D) is a cellular Markov partition for f if f is cellular for (D’,D) and D’ is a refinement of
D.

Let f: S? — S? be a Thurston map, and C C S? be a Jordan curve containing post f. Then
the pair f and C induces natural cell decompositions D"(f,C) of S2, for each n € Ny, in the
following way:

By the Jordan curve theorem, the set 52\ C has two connected components. We call the closure
of one of them the white 0-tile for (f,C), denoted by X, and the closure of the other one the
black 0-tile for (f,C), denoted be Xp. The set of 0-tiles is X°(f,C) = {XIE), Xg)}. The set of

0-vertices is VO(f,C) = post f. We set Vo(f,C) = {{z} : @ € VO(f,C)}. The set of 0-edges
E’(f,C) is the set of the closures of the connected components of C \ post f. Then we get a cell
decomposition

D(f,C) = X"(f,C) UE’(f,C) UV'(},C)

of S? consisting of cells of level 0, or 0-cells.

We can recursively define the unique cell decomposition D"(f,C), n € N, consisting of n-cells
such that f is cellular for (D"*1(f,C),D"(f,C)). We refer to [BM17, Lemma 5.12] for more
details. We denote by X"(f,C) the set of n-cells of dimension 2, called n-tiles; by E"(f,C)
the set of n-cells of dimension 1, called n-edges; by Vn( f,C) the set of n-cells of dimension 0;
and by V™(f,C) the set {z : {x} € V"(f,C)}, called the set of n-vertices. The k-skeleton, for
k€ {0, 1, 2}, of D"(f,C) is the union of all n-cells of dimension k in this cell decomposition.

We record [BM17, Lemma 5.17].

Lemma 3.5 (M. Bonk & D. Meyer [BM17]). Let k, n € Ng, f: S — S? be a Thurston map,
and C C S?% be a Jordan curve with post f C C.

(i) If ¢ € S?% is a topological cell such that f¥|. is a homeomorphism onto its image and f*(c)
is an n-cell, then c is an (n + k)-cell.
(ii) If X is an n-tile and p € S% is a point with f*(p) € inte(X), then there exists a unique
(n + k)-tile X" with p € X' and f*(X') = X.
For n € Ny, we define the set of black n-tiles as
Xy (f,€) ={X e X"(f,0): ["(X) = X}},
and the set of white n-tiles as
X3, (£,0) = {X e X"(f.0): ["(X) = Xy}
From now on, if the map f and the Jordan curve C are clear from the context, we will sometimes

omit (f,C) in the notation above.

Definition 3.6 (Expansion). A Thurston map f: S? — 52 is called expanding if there exists a
metric d on S? that induces the standard topology on S? and a Jordan curve C C S? containing
post f such that

(3.6) lim max{diamy(X): X € X"(f,C)} = 0.

n—-+o0o

Remark 3.7. It is clear that if f is an expanding Thurston map, so is f™ for each n € N. We
observe that being expanding is a topological property of a Thurston map and independent of
the choice of the metric d that generates the standard topology on S?. By Lemma 6.2 in [BM17],



THERMODYNAMIC FORMALISM FOR SUBSYSTEMS OF EXPANDING THURSTON MAPS II 11

it is also independent of the choice of the Jordan curve C containing post f. More precisely, if f
is an expanding Thurston map, then

lim max{diam#(X) : X € X"(f, C)} =0,
n——+00
for each metric d that generates the standard topology on S? and each Jordan curve C C 52 that
contains post f.

For an expanding Thurston map f, we can fix a particular metric d on S? called a wvisual
metric for f. For the existence and properties of such metrics, see [BM17, Chapter 8]. For a
visual metric d for f, there exists a unique constant A > 1 called the expansion factor of d (see
[BM17, Chapter 8] for more details). One major advantage of a visual metric d is that in (52, d)
we have good quantitative control over the sizes of the cells in the cell decompositions discussed
above.

Remark 3.8. If f: C — C is a rational expanding Thurston map, then a visual metric is
quasisymmetrically equivalent to the chordal metric on the Riemann sphere C (see [BM17, The-

orem 18.1 (ii)]). Here the chordal metric o on C is given by o(z,w) = JORE/ATeE for all
z,w € C, and o(00,2) = 0(z,00) = ——=2— for all z € C. We also note that quasisymmetric

14|22

embeddings of bounded connected metric spaces are Holder continuous (see [Hei0l], Section 11.1
and Corollary 11.5]). Accordingly, the classes of Holder continuous functions on C equipped with

the chordal metric and on S? = C equipped with any visual metric for f are the same (up to a
change of the Holder exponent).

A Jordan curve C C S? is f-invariant if f(C) C C. If C is f-invariant with post f C C, then
the cell decompositions D"(f,C) have nice compatibility properties. In particular, D"**(f,C) is
a refinement of D"(f,C), whenever n, k € Ny. Intuitively, this means that each cell D"(f,C) is
“subdivided” by the cells in D"**(f,C). A cell ¢ € D*(f,C) is actually subdivided by the cells
in D"*(f,C) “in the same way” as the cell f*(c) € D°(f,C) by the cells in D*(f,C).

For convenience we record Proposition 12.5 (ii) of [BM17] here, which is easy to check but
useful.

Proposition 3.9 (M. Bonk & D. Meyer [BM17]). Let k, n € No, f: S — S? be a Thurston
map, and C C S? be an f-invariant Jordan curve with post f C C. Then every (n + k)-tile X"+F
is contained in a unique k-tile X*.

M. Bonk and D. Meyer [BM17, Theorem 15.1] proved that there exists an f"-invariant Jordan
curve C containing post f for each sufficiently large n depending on f.

Lemma 3.10 (M. Bonk & D. Meyer [BM17]). Let f: S? — S? be an expanding Thurston map,
and C C S? be a Jordan curve with post f C C. Then there exists an integer N(f,C) € N such
that for each n = N(f,C) there exists an f"-invariant Jordan curve C isotopic to C rel. post f.

We record the following lemma from |Li18| Lemma 3.13], which generalizes [BM17, Lemma 15.25].

Lemma 3.11 (M. Bonk & D. Meyer [BM17]; Z. Li [Lil8]). Let f: S* — S? be an expanding
Thurston map, and C C S? be a Jordan curve that satisfies post f C C and f¢(C) C C for some
ne € N. Let d be a visual metric on S? for f with expansion factor A > 1. Then there exists a
constant Cy > 1, depending only on f, C, ng, and d, with the following property:

Ifn, k € Ng, X"k ¢ XnHr(f,C), and x, y € X"*F then

(3.7) Cy ld(z,y) < d(f"(2), ["(y)/A" < Cod(z,y).

The next distortion lemma follows immediately from |Lil8 Lemma 5.1].
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Lemma 3.12. Let f: S? — 52 be an expanding Thurston map, and C C S? be a Jordan curve
that satisfies post f C C and f™¢(C) C C for some n¢ € N. Let d be a visual metric on S? for
f with expansion factor A > 1. Let ¢ € C%P(S?,d) be a real-valued Hélder continuous function
with an exponent § € (0,1]. Then there exists a constant Cy1 > 0 depending only on f, C, d, ¢,
and B such that for all n € No, X" € X"(f,C), and z, y € X",

(3.8) |Sud(x) = Snd(y)| < Crd(f" (), ["(y))” < C1(diamg(5?))”.
Quantitatively, we choose
(3.9) Cy = Cololg, (s2.0y/ (1 — A7),

where Cy > 1 is the constant depending only on f, C, and d from Lemma[3.11]

3.3. Subsystems of expanding Thurston maps. In this subsection, we review some concepts
and results on subsystems of expanding Thurston maps. We refer the reader to [LSZ24] Section 5]
for details.

We first introduce the definition of subsystems along with relevant concepts and notations that
will be used frequently throughout this paper. Additionally, we will provide examples to illustrate
these ideas.

Definition 3.13. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S?
satisfying post f C C. We say that a map F: dom(F) — S? is a subsystem of f with respect to
C if dom(F) = |J X for some non-empty subset X C X!(f,C) and F = fldom(r)- We denote by
Sub(f,C) the set of all subsystems of f with respect to C. Define
Sub,(f,C) == {F € Sub(f,C) : dom(F) C F(dom(F))}.
Consider a subsystem F' € Sub(f,C). For each n € Ny, we define the set of n-tiles of F' to be
(3.10) XY(F,C) ={X" e X"(f,C): X" C F"(F(dom(F)))},

where we set FV := idg> when n = 0. We call each X" € X"(F,C) an n-tile of F. We define the
tile maximal invariant set associated with F' with respect to C to be

(3.11) QF,C) = (U x"(F,C))
neN
which is a compact subset of S2. Indeed, Q(F,C) is forward invariant with respect to F, namely,
F(Q(F,C)) C Q(F,C) (see Proposition . We denote by Fo the map Flopey: Q(F,C) —
Q(F,C).
Let Xl?, X2 € XOf,C) be the black 0-tile and the white O-tile, respectively. We define the
color set of F' as
¢(F,C) = {ce {bw}: X} € X"(F,C)}.
For each n € Ny, we define the set of black n-tiles of F as
X} (F,C)={X e X*(F,C): F"(X) = X} },
and the set of white n-tiles of I’ as
X0(F,C)={X e X"(F,C): F"(X) = XJ}.
Moreover, for each n € Ny and each pair of ¢, ¢ € {b,w} we define
XL,(F,.C)={X eX}(F,.C): X CXJ}.

In other words, for example, a tile X € X} (F,C) is a black n-tile of F' contained in X0 ie. an
n-tile of I that is contained in the white 0-tile X0 as a set, and is mapped by F™ onto the black
0-tile X

By abuse of notation, we often omit (F,C) in the notations above when it is clear from the
context.
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We discuss three examples below and refer the reader to [LSZ24, Subsection 5.1] for more
examples.

Example 3.14. Let f: S — 52 be an expanding Thurston map with a Jordan curve C C S?
satisfying post f C C. Consider F' € Sub(f,C).

(i)

(i)

(i)

The map F satisfies dom(F) = X} U X, for some X} € X}(f,C) and X} € XL (f,C)
satisfying X} C inte(XS)) and X} C inte(Xl?). In this case, F' is surjective and 2 = {p, ¢}
for some p € X} and ¢ € X,. One sees that F/(Q2) = Q since F(p) = ¢ and F(q) = p.
The map F: dom(F) — S? is represented by Figure Here S? is identified with a
pillow that is obtained by gluing two squares together along their boundaries. Moreover,
each square is subdivided into 3 x 3 subsquares, and dom (F) is obtained from S? by
removing the interior of the middle subsquare X} € X! (f,C) and X} € X}(f,C) of the
respective squares. In this case, ) is a Sierpiriski carpet. It consists of two copies of the
standard square Sierpinski carpet glued together along the boundaries of the squares.

82

\

FIGURE 3.1. A Sierpinski carpet subsystem.

The map F: dom(F) — S? is represented by Figure Here S? is identified with a
pillow that is obtained by gluing two equilateral triangles together along their boundaries.
Moreover, each triangle is subdivided into 4 small equilateral triangles, and dom (F') is
obtained from S? by removing the interior of the middle small triangle X} € X}(f,C) and
XL e X1 (f,C) of the respective triangle. In this case, 2 is a Sierpinski gasket. It consists
of two copies of the standard Sierpinski gasket glued together along the boundaries of the
triangles.

F

FIGURE 3.2. A Sierpiniski gasket subsystem.

We summarize some preliminary results for subsystems in the following proposition.
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Proposition 3.15 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S? — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Consider F € Sub(f,C). Consider
arbitrary n, k € No. Then the following statements hold:

(1) If X € X"**(F,C) is any (n + k)-tile of F, then F¥(X) is an n-tile of F, and F*|x
is a homeomorphism of X onto F¥(X). As a consequence we have {FF(X) : X €
X"tR(F,C)} C X™(F,C).

(ii) The tile mazimal invariant set 2 is forward invariant with respect to F', i.e., F/(2) C Q.

(iii) If f(C) C C, then | X"*(F,C) C UX™(F,C) C UX (F,C) = dom(F) for all n, k € N.

(iv) If f(C) CC and F € Sub.(f,C), then F(2) = Q # 0.

Proposition and [(ii)] are from [LSZ24) Proposition 5.4 (i) and (ii)]. Proposition
is from [LSZ24l Proposition 5.5 (i)]. Proposition is from [LSZ24l Proposition 5.6 (ii)].

We record the following notions of degrees and local degrees for subsystems from [LSZ24,

Subsection 5.3].

Definition 3.16 (Degrees). Let f: S? — 52 be an expanding Thurston map with a Jordan curve
C C S? satisfying post f C C. Consider F' € Sub(f,C). The degree of F' is defined as

deg (F) == sup{card(F~'({y})) : y € S*}.
Fix arbitrary = € S? and n € N. We define the black degree of F™ at z as
degb(an .’E) = Ca’rd(%g(Fv C7 .’13)),

where X}'(F,C,x) == {X € X}(F,C) : x € X} is the set of black n-tiles of F' at x. Similarly, we
define the white degree of F™ at x as

deg,,(F", x) := card(X}, (F,C,x)),
where X7 (F,C,x) .= {X € X](F,C) : x € X} is the set of white n-tiles of F' at x. Moreover, the
local degree of F™ at x is defined as
(3.12) deg(F", x) = max{deg,(F", x),deg,,(F", x)},
and the set of n-tiles of F at x is X"(F,C,z) = {X € X"(F,C) : x € X}. Furthermore, for each
pair of ¢, ¢ € {b,w} we define

(B Cox) ={X eX,/(F,C):xe€ X},

cc’ cc’
deg . (F",x) = card(X.(F,C,x)),
and the local degree matrix of F™ at x is

n o degbb(anx) degwb(Fn’J:)
D™ 2) = | dogyy (F7, ) dego (F™, )]

We record the following two definitions from [LSZ24, Subsection 5.5].

Definition 3.17 (Irreducibility). Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying post f C C. Consider F' € Sub(f,C). We say F is an irreducible (resp.
a strongly irreducible) subsystem (of f with respect to C) if for each pair of ¢, ¢ € {b, w}, there
exists an integer n.s € N and X"’ € Xc* (F,C) satisfying X"e’ C X3 (resp. X"’ C inte(X7)).
We denote by np the constant max, e b w) ee’s Which depends only F' and C.

Obviously, if F is irreducible then €(F,C) = {b,w} and F(dom(F)) = S%.
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Definition 3.18 (Primitivity). Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying post f C C. Consider F € Sub(f,C). We say that F is a primitive (resp.
strongly primitive) subsystem (of f with respect to C) if there exists an integer np € N such that
for each pair of ¢, ¢ € {b,w} and each integer n > np, there exists X" € X2 (F,C) satisfying
X" C XY (resp. X" C inte(X0)).

We record |[LSZ24, Lemmas 5.21 and 5.22] below.

Lemma 3.19 (Z. Li, X. Shi, Y. Zhang |[LSZ24]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C. Let F € Sub(f,C) be irreducible (resp. strongly
irreducible). Let np € N be the constant from Definition which depends only on F and C.
Then for each k € Ny, each ¢ € {b,w}, and each k-tile X* ¢ X*(F,C), there exists an integer
n € N with n < np and XEt" € XE+(F,C) satisfying XET™ C X* (resp. XEt" C inte(X*)).

Lemma 3.20 (Z. Li, X. Shi, Y. Zhang |[LSZ24]). Let f: S*> — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Let F € Sub(f,C) be primitive (resp.
strongly primitive). Let np € N be the constant from Definition which depends only on
F and C. Then for each n € N with n > np, each m € Ny, each ¢ € {b,w}, and each m-tile
X™ e X™(F,C), there exists an (n + m)-tile X»™ € X"t™(F,C) such that X»t™ C X™ (resp.
XM Cinte(X™)).

The following distortion lemma serves as cornerstones in the development of thermodynamic
formalism for subsystems of expanding Thurston maps (see [LSZ24, Lemma 5.25]).

Lemma 3.21 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S? — S? be an expanding Thurston map,
and C C S? be a Jordan curve that satisfies post f C C and f(C) C C. Consider F' € Sub(f,C).
Let d be a visual metric on S® for f with expansion factor A > 1. Let ¢ € C%P(S?,d) be a real-

valued Hélder continuous function with an exponent B € (0,1]. Then the following statements
hold:

(i) For each n € Ny, each ¢ € €(F,C), and each pair of x, y € X2, we have

Do Xnexn(FC) exp(Sy ¢ ((F™xn) " (2)))

anexg(F,C) eXP(55¢((F”|X")*1($)))
where C7 > 0 is the constant defined in (3.9)) in Lemma and depends only on f, C,
d, ¢, and 5.

(ii) If F is irreducible, then there exists a constant C>1 depending only on F, C, d, ¢, and
B such that for each n € Ny, each pair of ¢, ¢ € €(F,C), each v € X2, and each y € Xg,,
we have

(3.13) < exp(Crd(z,y)?) < exp(C1(diamg(S?))?),

ZXgexg(F,c) eXP(SrI;¢((Fn’X2)_1($))) ~
F n -1 <0
> xnexn (me) XP(SES((F|x1) " (1))
Quantitatively, we choose
(3.15) C = (deg f)"* exp (2np||¢| + Cl(diamd(S2))B),

where ng € N is the constant in Definition|3.17 and depends only on F and C, and C7 > 0
is the constant defined in (3.9) in Lemma|3.12 and depends only on f, C, d, ¢, and f3.

(3.14)

3.4. Ergodic theory of subsystems. In this subsection, we review some concepts and results
on ergodic theory of subsystems of expanding Thurston maps. We refer the reader to [LSZ24,
Section 6] for details and proofs.

We first recall the topological pressure for subsystems.
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Definition 3.22 (Topological pressure). Let f: 5?2 — S? be an expanding Thurston map with
a Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C). For a real-valued function
©: S? = R, we denote

Zn(F,p) = Z exp(sup{Sf?cp(m) cxe X"}
Xnexn(FC)

for each n € N. We define the topological pressure of F' with respect to the potential ¢ by

1
1 P(F, ) = liminf — log(Z,(F, ¢)).
(3.16) (F,p) = liminf —log(Z,(F, ¢))
We denote
(3.17) ?=p—P(F).

We introduce the notion of the split sphere (see Definition [3.23)), and set up some identifications
and conventions (see Remarks and [3.26)), which will be used frequently in this paper.

Definition 3.23. Let f: S? — S? be an expanding Thurston map with a Jordan curve C C 5?2
satisfying post f C C. We define the split sphere S to be the disjoint union of Xg and X0 ie.,

§::X,9qu = {(:E,C):CE {b,w}, = GXS}'
For each ¢ € {b,w}, let
(3.18) ie: X0 — 8

be the natural injection (defined by ic(z) = (z,c)). Recall that the topology on S is defined
as the finest topology on S for which both the natural injections 4, and i, are continuous. In
particular, S is compact and metrizable.

Let X and Y be normed vector spaces. Recall that a bounded linear map T from X to Y is
said to be an isomorphism if T is bijective and T~! is bounded (in other words, | T(x)| > C|z||
for some C' > 0), and T is called an isometry if | T(x)| = ||z|| for all z € X.

Proposition 3.24 (Dual of the product space is isometric to the product of the dual spaces).
Let X and Y be normed vector spaces and define T: X* x Y* — (X x Y)* by T(u,v)(z,y) =
u(z)+v(y). Then T is an isomorphism which is an isometry with respect to the norm ||(z,y)|| =
max{||z|, ||y||} on X XY, the corresponding operator norm on (X xY)*, and the norm ||(u,v)]|| :
llul| + ||v]] on X* x Y*.

See [LSZ24] Proposition 6.12] for a proof of Proposition [3.24]

By Proposition and the Riesz representation theorem (see [Foll3, Theorems 7.17 and 7.8]),
we can identify (C (Xl?) x C (XS)))* with the product of spaces of finite signed Borel measures
M(XP) x M(XJ), where we use the norm |[|(up, ww)|| == max{||us|, [|uw||} on C(X}) x C(X2),
the corresponding operator norm on (C'(X?) x C'(X9))", and the norm ||(up, puw) || = ||| + || oo
on M(X)) x M(X]).

Notational Remark. From now on, we write
(,UJM Nw)(Aba Aw) = Mb(Ab) + ,Uw(Aw)7

(Gt ) (2 00)) = (i 125) + s ) = /X

up dpp + / Uy Aoy
0 Xff,

b
whenever (up, ) € M(XP) x M(XY), (up,uw) € B(X})) x B(XY), and A, and A, are Borel
subset of X I? and XU, respectively. In particular, for each Borel set A C S?, we define

(3.19) (1t f120) (A) = (s o) (AN XY, AN XR) = pip (AN XY) + prn (AN XG).
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Remark 3.25. In the natural way, the product space C(Xg) X C’(XS,) (resp. B(Xl?) X B(XS,))
can be identified with C(S) (resp. B(S)). Similarly, the product space M (XP) x M(XY) can be
identified with M(S). Under such identifications, we write

/(ub,uw) d(pe, pw) = (b6, i), (up, w))  and (b i) (s fhaw) = (U by U paw)

whenever (p, ftw) € M(XP) x M(X0) and (up, uw) € B(X}) x B(XD).

Moreover, we have the following natural identification of P(S5):
P(S) = { (o, ) € M(XP)xM(XD) & pp and py, are positive measures, up(Xp) 4w (X5) = 1}.

Here we follow the terminology in [Foll3, Section 3.1] that a positive measure is a signed measure
that takes values in [0, +-00].

Remark 3.26. It is easy to see that (3.19)) defines a finite signed Borel measure p == (pup, fw)
on S%. Here we use the notation u (resp. (up, pw)) When we view the measure as a measure

on S? (resp. g), and we will always use these conventions in this paper. In this sense, for each
u € B(S?) we have

(3.20) o) = [udn = [t ) dnpn) = [ wdpot [ wam,

where up = u| X9 and u,, = ul x9- Moreover, if both y; and i, are positive measures and
hp (Xg) + (XPU) =1, then p = (up, ftw) defined by (3.19) is a Borel probability measure on S2.
In view of the identifications in Remark this means that if (up, 1) € P(S), then pu € P(S?).

We next introduce the split Ruelle operator and its adjoint operator, which are the main tools
in [LSZ24] and this paper to develop the thermodynamic formalism for subsystems of expanding
Thurston maps. We summarize relevant definitions and facts about the split Ruelle operator
and its adjoint operator, and refer the reader to |[LSZ24, Subsections 6.2 and 6.4] for a detailed
discussion.

Definition 3.27 (Partial split Ruelle operators). Let f: S? — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C) and ¢ € C(S?).

We define a map E%"gocc/: B(X%) = B(X?), for ¢, ¢ € {b,w}, and n € Ny, by

L0 ) = Y dege (F", 2)u(x) exp(SF())
xeF~(y)

= > w(@"x) W) exp(SEe((F"|xn) " (w))

Xnexn ,(FC)

(3.21)

for each real-valued bounded Borel function u € B(X 0,) and each point y € X0,

C

The following lemma proved in [LSZ24, Lemma 6.8] shows that the partial split Ruelle operators
are well-defined and well-behaved under iterations.

Lemma 3.28 (Z. Li, X. Shi, Y. Zhang |LSZ24]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider F € Sub,(f,C) and
o € C(S%). Then for alln, k € Ny, ¢, ¢ € {b,w}, and u € C’(XS,), we have

(3.22) £ o) € O(x0) and
n—+k n k
(3.23) Ligew(w) = D0 LY oL, o).

c’e{bw}
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Definition 3.29 (Split Ruelle operators). Let f: S? — S? be an expanding Thurston map with
a Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C) and ¢ € C(S?). The split
Ruelle operator for the subsystem F' and the potential ¢

Lre: (X)) x C(X5) = C(X3) x C(XY)
on the product space C(X I?) X C’(XS,) is defined by

(3.24) L (up, ) = (L5, o (u) + L8y (), £5) () + L5 ()
for each w, € C(X})) and each u,, € C(XJ).

The following lemma proved in [LSZ24, Lemma 6.10] shows that the split Ruelle operator is
well-behaved under iterations.

Lemma 3.30 (Z. Li, X. Shi, Y. Zhang |[LSZ24]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider F € Sub(f,C) and
¢ € C(S?). We assume in addition that F(dom(F)) = S%. Then for all n € Ny, u, € C(X}),
and u,, € C(XY),

(3.25) B (up ) = (L8, () + L8, (e, L8 o) + L8 ().

Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying post f C
C. Consider F € Sub(f,C) and ¢ € C(S?). We assume in addition that F(dom(F)) = S2. Note
that the split Ruelle operator g, (see Definition is a positive, continuous operator on
C'(Xl?) X C’(XPU). Thus, the adjoint operator

et (C(XF) x C(X))" = (C(X)) x C(Xy))”
of Lr, acts on the dual space (C’(Xl?) X C(Xg))* of the Banach space C(Xl?) X C(Xg). Recall
that we identify (C’ (Xz?) X C(XS,))* with the product of spaces of finite signed Borel measures
M(XP) x M(X0), where we use the norm ||(up, uw)|| = max{||us||, [|uwl|} on C(X) x C(XY),

the corresponding operator norm on (C(XJ) x C'(X9))", and the norm || (15, ptw) || = || 1o]| + || |
on M(XI?) X M(XS,). Then by Remark we can also view g, (resp. ]L*F,go) as an operator

on C(S) (resp. M(S)).

We record [LSZ24, Proposition 6.15 (iv)] in the following. Roughly speaking, the following
proposition says that measures will be concentrated on the limit set under iteration of the adjoint
operator L}F’vw'

Proposition 3.31 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider F € Sub(f,C)
and ¢ € C(S?). We assume in addition that F(dom(F)) = S?. Consider arbitrary n € N and
(11, ) € M(X))) x M(XD). Then we have

(L) (1o, 1) (U E,C)) = (L) (s ) (U E (B, ) )
where Xk(F,C) = Uce{b’w}{éc(Xk) 1 XF e xF(F,C), X¥ C X2} for each k € Ny (here i, is
defined in ([3.18))).
We record the following three results (Lemma [3.32] Theorems and [3.35) on the split
Ruelle operators and their adjoint operators in our context.

Lemma 3.32 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S? — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Let F € Sub(f,C) be irreducible.
Let d be a visual metric on S? for f with expansion factor A > 1. Let ¢ € C%P(S2%,d) be a
real-valued Hélder continuous function with an exponent € (0,1]. Then there exists a constant
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Cy >0 depending only on F, C, d, ¢, and B such that for each n € N, each ¢ € {b,w}, and each
pair of x, y € X2, the following inequalities holds:

(3.26) Ly5(15) @) /Ly (1) @) < exp(Cld(x,y)B) <C,
(3.27) CTh <Ly (ﬂg)(z) <C,
(328 [Lh5(15) @ - Ly )@» <e p(Crd(.y)’) — 1) < Cud(a,y)”,

where T =i (z) = (z,¢) € S, T = ic(y) = (y,¢) € S (recall Remarkz-) Ci = 0 is the constant
in Lemma depending only on f, C, d, ¢, and 8, and C > 1 is the constant in Lemma EE
depending only on F,C, d, ¢, and 5.

Recall from (3.17) that ¢ = ¢ — P(F, $). Lemma was proved in [LSZ24, Lemma 6.22].

Definition 3.33 (Gibbs measures for subsystems). Let f: S? — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C. Consider F' € Sub(f,C). Let d be a
visual metric on S? for f and ¢ be a real-valued Holder continuous function on S? with respect
to the metric d. A Borel probability measure pu € P(S?) is called a Gibbs measure with respect
to I, C, and ¢ if there exist constants P, € R and C}, > 1 such that for each n € Ny, each n-tile
X" e X"(F,C), and each x € X", we have

1 p(X")

2 — < < Oy
(3:29) C, = exp(SE¢(z) —nP,) Cu

One observes that for each Gibbs measure p with respect to F', C, and ¢, the constant P, is
unique.

Theorem 3.34 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S? — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C and f(C) C C. Consider F € Sub(f,C).
We assume in addition that F(dom(F)) = S?. Let d be a visual metric on S? for f and ¢ be a
real-valued Hélder continuous function on S? with respect to the metric d. Then there exists a
Borel probability measure mp,g = (my, my) € P(S) such that

(3.30) L s (my, may) = K(my, may),

where k = <L}¢(mb, My ), ]l§>. Moreover, if F' is strongly irreducible, then any mpg = (mp, my) €
P(S) that satisfies (3.30) for some k> 0 has the following properties:

() mrg (U5 £77(C)) = 0.
(ii) For each Borel set A C dom(F) on which F is injective, mpg(F(A)) = [,rexp(—¢) dpu.

(ili) The measure mpy is a Gibbs measure with respect to F', C, and ¢ with P, = P(F,¢$) =
log k. Here P(F, ) is defined in (3.16)).

We follow the conventions discussed in Remarks and In particular, we use the
notation (mg, my,) (resp. mpg) to emphasize that we treat the eigenmeasure as a Borel probability

measure on S (resp. S?). The existence of eigenmeasure in Theorem was established in
[LSZ24, Theorem 6.16]. Theorem is part of [LSZ24] Proposition 6.27]. Theorem
and follow immediately from [LSZ24, Proposition 6.29].

The next theorem was established in [LSZ24, Theorem 6.25].

Theorem 3.35 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S? — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying post f C C and f(C) € C. Let F € Sub(f,C)
be strongly irreducible. Let d be a wisual metric on S? for f with expansion factor A > 1.
Let ¢ € C%P(S2,d) be a real-valued Hélder continuous function with an exponent B € (0,1].
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Then the sequence {% Z?:_& L{VE(]lg) }neN converges uniformly to a function gy = (up, Uw) €

Ccop (Xg, d) x C08 (XPU, d), which satisfies
(331) ILF@(&F?(;,) == ﬂF@ and
(3.32) c'«< Upg(T) < C, for each T € S,

where C > 1 is the constant from Lemma depending only on f, C, d, ¢, and 3. Moreover,
if we let mp g = (my, my) be an eigenmeasure from Theorem then

(3.33) /~ i d(mp, ) = 1,
S

and pipg = (W pow) = Up,p(Mp, My) is an f-invariant Gibbs measure with respect to F, C, and

¢, with ppe(QF,C)) =1 and

1
(3.34) Pupy = Pnp, = P(F,¢) = lim —log(L}4(15) (7)),

n—+oo N
for each § € S. In particular, pre(U) # 0 for each open set U C S% with U NQ(F,C) # 0.

We record the following Variational Principle and the existence of equilibrium states for sub-
systems established in [LSZ24, Theorems 6.30 and 6.31]. Recall that F(€2) C Q by Proposi-

tion BT3|(i]

Theorem 3.36 (Z. Li, X. Shi, Y. Zhang [LSZ24]). Let f: S* — S? be an expanding Thurston map
with a Jordan curve C C S? satisfying post f C C and f(C) C C. Let F € Sub(f,C) be strongly
irreducible. Let d be a visual metric on S% for f and ¢ be a real-valued Hélder continuous function
on S? with respect to the metric d. Then we have

335 PIR.0)= P(Fla,dl) = sup{hu(Fla) + [ 6du: p€ M, Fla)},

and there exists an equilibrium state for Flq and ¢|q, where P(F,¢) is defined by (3.16)) and

P(F|q, ¢|a) is defined by (3.1).

Moreover, any measure pp g € M(S?, f) defined in Theorem is an equilibrium state for
Flq and ¢|q, and the map F|q with respect to such g is forward quasi-invariant (i.e., for each
Borel set A CQ, if ppy(A) =0, then pre((Fla)(A)) = 0) and non-singular (i.e., for each Borel
set A CQ, if ,U,F’¢(A) =0, then MF7¢((F|Q)_1(A)) = 0)

4. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our theory in most parts of this
paper. We will selectively use some of those assumptions in the later sections.

The Assumptions.

(1) f: S? — S? is an expanding Thurston map.

(2) C C S?is a Jordan curve containing post f with the property that there exists an integer
ne € N such that f"¢(C) C C and f™(C) € C for each m € {1, ..., n¢ — 1}.

3) F € Sub(f,C) is a subsystem of f with respect to C.
4) d is a visual metric on S? for f with expansion factor A > 1.
5) B € (0,1].

)

6) ¢ € C%P(S2,d) is a real-valued Holder continuous function with an exponent 3.

(
(
(
(
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Observe that by Lemma , for each f in there exists at least one Jordan curve C that
satisfies [(2)} Since for a fixed f, the number n¢ is uniquely determined by C in in the
remaining part of the paper, we will say that a quantity depends on C even if it also depends on
ne.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely determined by
d and f. We will say that a quantity depends on f and d if it depends on A.

Note that even though the value of L is not uniquely determined by the metric d, in the
remainder of this paper, for each visual metric d on S? for f, we will fix a choice of linear local
connectivity constant L. We will say that a quantity depends on the visual metric d without
mentioning the dependence on L, even though if we had not fixed a choice of L, it would have
depended on L as well.

In the discussion below, depending on the conditions we will need, we will sometimes say “Let
f, C, d, ¢ satisfy the Assumptions.”, and sometimes say “Let f and C satisfy the Assumptions.”,
etc.

5. UNIQUENESS OF THE EQUILIBRIUM STATES FOR SUBSYSTEMS

This section is devoted to the uniqueness of the equilibrium states for subsystems, with the
main result being Theorem [5.1] We first define normalized split Ruelle operators and obtain some
basic properties in Subsection [5.1] Then in Subsection [5.2| we introduce the notion of abstract
modulus of continuity and prove the uniform convergence for functions under iterations of the
normalized split Ruelle operators. Finally, in Subsection we establish Theorem [5.1

Theorem 5.1. Let f, C, F, d, ¢ satisfy the Assumptions in Section[f] We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Denote Q := Q(F,C) and Fq := F|q. Then
there exists a unique equilibrium state up g for Fo and ¢|o. Moreover, the map Fo with respect to
L s forward quasi-invariant (i.e., for each Borel set A C ), if upy(A) =0, then upo(Fo(A)) =
0) and non-singular (i.e., for each Borel set A C Q, if ppy(A) =0, then ppy(Fg'(A)) =0).

We adopt the following convention.

Remark 5.2. Let X be a non-empty Borel subset of S?. Given a Borel probability measure
u € P(X), by abuse of notation, we can view p as a Borel probability measure on S? by setting
p(A) = u(ANX) for all Borel subsets A C S2. Conversely, for each measure v € P(S?) supported
on X, we can view v as a Borel probability measure on X.

To prove the uniqueness of the equilibrium state of a continuous map g on a compact metric
space X, one of the techniques is to prove the (Gateaux) differentiability of the topological
pressure function P(g,-): C(X) — R. We summarize the general ideas below, but refer the
reader to [PU10, Section 3.6] for a detailed treatment.

For a continuous map ¢g: X — X on a compact metric space X, the topological pressure
function P(g,-): C(X) — R is Lipschitz continuous [PU10, Theorem 3.6.1] and convex [PU10,
Theorem 3.6.2]. For an arbitrary convex continuous function @: V' — R on a real topological
vector space V', we call a continuous linear functional L: V — R tangent to Q at x € V if

(5.1) Q(z) + L(y) < Q(z +y), for each y € V.

We denote the set of all continuous linear functionals tangent to () at x € V' by V; Q- Itis know
(see for example, |[PU10, Proposition 3.6.6]) that if 4 € M(X,g) is an equilibrium state for g
and ¢ € C(X), then the continuous linear functional u — [udu for u € C(X) is tangent to
the topological pressure function P(g,-) at ¢. Indeed, let ¢,y € C(X) and u € M(X,g) be
an equilibrium state for g and ¢. Then P(g,o + ) > h,(g9) + [¢ + vdup by the Variational
Principle in Subsection 3.1} and P(g, ¢) = hu(g) + [@du. It follows that P(g,¢)+ [ydu <
P(g, 0 +7).
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Thus to prove the uniqueness of the equilibrium state for a continuous map g: X — X and a
continuous potential ¢, it suffices to show that card(C(X):;’P(g’_)) = 1. Then we can apply the

following fact from functional analysis (see [PU10, Theorem 3.6.5] for a proof):

Theorem 5.3 (F. Przytycki & M. Urbanski [PU10|). Let V' be a separable Banach space and
Q:V — R be a convex continuous function. Then for each x € V, the following statements are
equivalent:

(i) card( ;,Q) =1.
(ii) The function t — Q(x + ty) is differentiable at 0 for each y € V.

(iii) There exists a subset U C V that is dense in the weak topology on' V' such that the function
t — Q(x + ty) is differentiable at O for each y € U.

Now the problem of the uniqueness of equilibrium states transforms to the problem of (Gateaux)
differentiability of the topological pressure function. To investigate the latter, we need a closer
study of the fine properties of split Ruelle operators.

5.1. Normalized split Ruelle operator. In this subsection, we define normalized split Ruelle
operators and establish some basic properties which will be frequently used later.

Let f: S? — S? be an expanding Thurston map with a Jordan curve C C S? satisfying
post f € C and f(C) C C. Let d be a visual metric for f on S?, and ¢ € C%?(S52,d) a real-valued
Holder continuous function with an exponent 8 € (0,1]. Let X, X9 € X°(f,C) be the black 0-tile
and the white O-tile, respectively. Recall from Definition and Remark that S = X 19 p¢
is the disjoint union of Xl? and XU, and the product spaces C(Xl?) X C(Xg), B(Xl?) X B(ng),

and M (X}) x M(XY) are identified with C(S), B(S), and M(S), respectively.

Let F' € Sub(f,C) be strongly irreducible and up 4 = (up, uw) € C(S) be the function given
by Theorem Note that up () > 0 for each z € S = XU X9 by in Theorem @
Recall from that ¢ = ¢ — P(F, ¢).

Definition 5.4 (Partial normalized split Ruelle operator). Let f, C, F, d, ¢ satisfy the Assump-
tions in Section[dl We assume in addition that f(C) C C and F € Sub(f,C) is strongly irreducible.

>(n)

For each n € Ny and each pair of ¢, ¢ € {b,w}, we define a map £F¢cc,: B(Xg,) — B(X?) by

L e (0)(@)
= Y deg.(F™, y)v(y) exp(S) ¢(y) — nP(F, ¢) +log ue(y) — loguc(x))
(5.2) yer ()

— Z v(y) exp(55¢(y) —nP(F,¢) + logus(y) — log uc(ﬂv))

y=(F"|xn) " (2)
Xnexn, (FC)

for each v € B(XY) and each point z € X{.
Remark. By (3.21) in Definition we can write the right hand side of (5.2)) as

LY, o ()(x)

_— Do (e 0)((F™xn) "M (@) exp(Sy ¢((F"|xn) " (x)) = nP(F,9))

() Xnexn, (FC)
1

I

(5.3)

_ (n) )
e ﬁF,E,c,c/ (ugv)(x).



THERMODYNAMIC FORMALISM FOR SUBSYSTEMS OF EXPANDING THURSTON MAPS II 23

Thus, it follows immediately from Lemma that for all n, k € Ny, ¢, ¢ € {b,w}, and v €
c(xd),

(5.4) ZE;%QC, (v) € C(XY) and
(5‘5) ‘CFT};F,’CCC Z £F¢,c c” sz% e ( ))
c’e{bw}

Definition 5.5 (Normalized split Ruelle operators). Let f, C, F, d, ¢ satisfy the Assumptions
in Section 4 We assume in addition that f(C) C C and F' € Sub(f,C) is strongly irreducible.
Let upgy = (up, uw) € C(S) be the continuous function given by Theorem @ The normalized
split Ruelle operator I’[:F7¢: C(XP) x C(X0) = C(X) x C(XY) for the subsystem F and the
potential ¢ is defined by

~ 1 (1 (1
(5.6) L (v, vu) = (L5, (u) + Ly o (), Lo oy (up) + L) o (100)
for each v, € C(X}) and each v,, € C(X), or equivalently, IEF7¢: C(S) = C(S) is defined by
-~ 1 o
(5.7) Lrpg(v) == =——Lpg(ure0)
UF,¢
for each v € C(S).

Note that by and , the normalized split Ruelle operator IEF,¢ is well-defined, and
the equivalence of the two definitions and follows from and Definition By
(-2), HNA%@ is the identity map on C’(g) Moreover, one sees that HNJF,(Z;: C’(Xg) X C(XS,) —
C(XZ?) X C(Xg) has a natural extension to the space B(Xl?) X B(Xg) given by for each
vy € B(Xl?) and each v, € B(XPU).

We show that the normalized split Ruelle operator L F,¢ is well-behaved under iterations.

Lemma 5.6. Let f, C, F', d, ¢ satisfy the Assumptions in Section[], We assume in addition that
f(C) CC and F € Sub(f,C) is strongly irreducible. Then for alln € Ny and v = (vp, vy) € C(5),
we have

T (o I on o~
(58) F7¢(U) = mLF7$(uF’¢U) and
(5.9) Lt o (05 vi) = (L5 5y (05) + L)y o (vu)s L5 o (08) + L5 (va).

Proof. 1t follows immediately from (5.7) and Definition that (5.8) holds for all n € N.
Since F is surjective, i.e., F(dom(F)) = S?%, we know that LOF7¢ is the identity map on C(S) b

Definition Thus (5.8) also holds for n = 0.
The case where n = 0 and the case where n = 1 both hold by definition. Assume now (/5.9)

holds for n = k for some k € N. Then by Definition and (5.5), for each ¢ € {b,w} we have
g g k k Sk k
e (L5 (00 00) = Te(Lro (L0 (00) + L (00)s £ip00) + £l ()

= Z ‘CFchc NF?;ﬁc/b(vb)+‘C%2bc w(vw))
' e{b,w}

= 2 X LrperCrpeolen)

c’e{bw} c/e{bw}
- )
c’e{bw}
for vy € C’(X,?) and v, € C’(Xg). This completes the inductive step, establishing (5.9)). O
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Remark. Similarly, one can show that (5.8) and (5.9 holds for v = (vp, vw) € B(X}) x B(XY).

Recall (mp, my,) € P(S) from Theorem |3.34, By Theorem [3.34||(iii) ]L*Fa(mb, M) = (Mp, Myy).
Then we can show that (up, fw) = Urg(Mp, My) € P(S) defined in Theorem satisfies

(5.10) L s (s o) = (pios p)
where IE}#) is the adjoint operator of IEF,¢ on the space M(Xl?) X M(Xg). Indeed, by , for
every v € C(95),
(Lines (1s 1), BY = (g (mp, ), Lo (8)) = ((m, may), L 3 (6) )
= (L5 (mb, ma), Upg0) = (M, may), Up D) = (116 paw) D).
Recall that we equip the spaces C' (§ ) and C(X) x C(XY) with the uniform norm given by
g = 1000l = masc{onlloogy. Iowlloceg)
for U = (vp,v) € C(X}) x C(X]).

Lemma 5.7. Let f, C, F, d, ¢ satisfy the Assumptions in Section[), We assume in addition
that f(C) € C and F € Sub(f,C) is strongly irreducible. Then the operator norm of Lp 4 is

Proof. By Definition (3.31) in Theorem and (.2) in Definition we have

~ 1 .
Lrg(lg) = =Lpg(ure) = 15,

Up,p

i.e., for each = = (x,¢c) € S,

1= > > exp(dex:) — P(F,¢) +logu(zx1) — loguc(w)),

ce{bw} X1 exic, (F,C)

where we write zx1 = (F|x1)"(z) for X! € X! ,(F,C). Then for each Z = (z,c) € S and each
0= (v, v0) € C(XJ) x C(XY), we have

Les@@|=| 3 3 welwx)exp(d(ex:) - P(F,6) +logua(wy) — log uc<x>)'
ce{bw} X1ex! (FC)
ileg| ¥ X ewélen) - PRO) +oguelon) - ogula)
ce{bw} X1 exic, (F,C)
= |\5||c(§)-
Thus, [[Lrgllqeg < 1. Since Lrg(1g) = 15, we get [[Lrg| g = 1. 0

5.2. Uniform convergence. In this subsection, we prove the uniform convergence for functions
under iterations of the normalized split Ruelle operators.

Let (X,d) be a metric space. A function 7n: [0,+00) — [0,+00) is an abstract modulus of
continuity if it is continuous at 0, non-decreasing, and 1(0) = 0. Given any constant 7 € [0, +00]
and any abstract modulus of continuity 7, we define the subclass C7 (X, d) of C(X) as

C;(X, d) = {u € C(X) : |Julloo < 7 and for z, y € S2 lu(z) — u(y)| < n(d(:v,y))}.
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Assume now that (X,d) is compact. Then by the Arzela-Ascoli Theorem, each Cy(X,d) is
precompact in C(X) equipped with the uniform norm. It is easy to see that each C7(X,d) is
compact. On the other hand, for v € C(X), we can define an abstract modulus of continuity by

(5.11) n(t) = sup{fo(z) —v(y)| -z, y € X, d(z,y) <t}
for t € [0, +00), so that v € C} (X, d), where ¢ = [[v]| .
The following lemma is easy to check (see also |Lil7, Lemma 5.24]).

Lemma 5.8. Let (X,d) be a metric space. For all constants T > 0, 71, 72 > 0 and abstract
moduli of continuity 11, 12, we have

{’U1U2 1V € C;]} (X d) Vg € CT2 X, d } - 077'-11:7-§+7'2771 (X, d),

{1/v:ve O (X, d), v(x) = 7 for each x € X} C C’T_g (X, d).
Proposition 5.9. Let f, C, F, d, A satisfy the Assumptions in Section[f] We assume in addition
that f(C) C C and F € Sub(f,C) is strongly irreducible. Then for each B € (0,1}, each 7 > 0,
and each K > 0, there exist constants T > 0 and C 0 with the following property:

For each abstract modulus of continuity n, there exists an abstract modulus of continuity 1 such
that for each ¢ € C%P(S?,d) with [9llco.s(s2,q) < K, we have

(5.12) {Lp5(@) 7 e Cp (X3, d) x CF (X3, d), n € No} € CF(X},d) x CF(X, d),
(5.13) {Lhs(@) : 5 € Cp (XP,d) x Cp (X0, d), n € No} C CZ(X,d) x CL(XD,d),

where 7)(t) = a(tﬂ + n(Cot)) is an abstract modulus of continuity, and Co > 1 is the constant
depending only on f, C, and d from Lemma|3.11).

Proof. We write 5T(§ d) == C7(X},d) x C (XO d) for each 7 > 0 and each abstract modulus

of continuity 7 in this proof. For each v € CT(S d), write v = (vp, vw)
Fix arbitrary g € (0, 1] 72> 0,and K > 0. By Lemma and ( in Lemmam7 for all

n € No, v = (v, vy) € CT(S d), and ¢ € C%P(S?% d) with ||¢]|co. B(52,d) S K, we have

”L Hc (8) ’UHC HL §)HC(§) S 6”5HC(§)’
where C > 1 is the constant defined in in Lemma and depends only on F', C, d,

¢, and 5. By (3.15]), quantitatively,
C = (deg f)"F exp(2n || + C1(diamg(5%))%).

where np € N is the constant depending only on F' and C in Definition [3.18|since F' is primitive,
and C7 > 0 is the constant defined in (3.9) in Lemma depends only on F, C, d, ¢, and 5.
Quantitatively,

C1 = Coldls, (s2,a/ (1 — A7),
where Cy > 1 is the constant depending only on f, C, and d in Lemma Let C] == CoK/(1—
A=P) and
C' = (deg )" exp(2np K + C}(diam,(S?))?).
Then we have C; < C} and C < C' for each ¢ € C%P(52,d) with ||¢||co. p(52,d) < K. Note that

both C] and c’ only depend on F, C, d, K, and 8. Thus we can choose T := =C'r.
For each ¢ € {b,w} and each pair of z, y € XU, we have

e (L5 (00, 0)) (%) = e (L5 (09, 00)) (9) \

= |0 @)+ L5 wa)(@) = L5 (w)(y) = L7 (0u) ()
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SR INCENCEET R )
ce{bw

= 2| X (vc'eXP(55¢))((F”IXn>‘1<x>)(vcfeXp(55¢))((F"Ixn)‘1(y))'

cdefbw} Xnex  (F,C)

< ¥ Y UC,((Fn|Xn)—1(x))(655¢(<Fn|xn)1(z>>_655¢((F"|Xn>1(y>>)‘
def{bw} Xnex? (FC)

s 3 655¢((F"|X")l(y))(vc,((Fn|Xn)_1(:B))—'Uc’((Fn|X")_1(y))>"

def{bw} Xnex? (FC)

The second term above is
< On(CoA™d(x,y)) < Cn(Cod(w,y)) < C'n(Cod(x, 1)),

due to (3.27) in Lemma and the fact that d((F"|x»)"(2), (F"|x») " (y)) < CoA™"d(z,y)
by Lemma where the constant Cy comes from.
To estimate the first term, we use the following general inequality for s,t € R,

| exp(s) — exp(t)| < (exp(s) + exp(t))(exp(|s —t]) = 1).
Then it follows from Lemma Lemma [3.30, and (3.27) in Lemma that the first term is

< > > ||UC/||OO(QS%«F’%X")*@)) +esga<(pn\xn)—1(y)))
cde{bw} Xneng,(}qc)

. (6|55$<(F"|Xn>*1(z»fsm(mxn)*l(y))| _ 1)

N

Z 7-(@‘55((“\xn)’l(w)) + 6355((F"|Xn)’1(y))) (exp(Crd(z,y)") —1)
Xnexn(FC)
< QTé(exp(C’ld(x,y)B) -1) < 21’ (exp(Cid(x,y)ﬁ) -1)
< 27Cd(z,y)?,

for some constant Cy > 0 that only depends on C1, C', and diamg(S2). Here the justification of
the third inequality above is similar to that of (3.28]) in Lemma Recall that both C{ and

C' only depend on F, C, d, K, and f3, so does C.
Hence for each ¢ € {b,w} and each pair of x, y € X2, we have

Te (]]-"gg(vba Uw)) ($) — Te (L;"a(vba 'Uw)) (y)‘ < éln(cod(% y)) + 2T51d(.’17, y)IB

By choosing C = max{é’, 27'51}, which only depends on F, C, d, K, and [, we complete the
proof of (5.12)).

We now prove ((5.13]).
We fix an arbitrary ¢ € C%#(S?, d) with [¢llco.s(s2,q) < K. Recall that upy = (up, uw) €

C (Xg) x C (XS,) is a continuous function on S given by Theorem @ Thus, by (3.32) in
Theorem [3.35 we have

HaF,quC(g) < T
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where 7 = C’ = (deg f)™* exp(2npK + Cf(diamy(S?))?). For each ¢ € {b,w} and each pair of
z, y € XU, it follows from Theorem and (3.28) in Lemma that

n—1

uew) — )] = | tim L ;(m;gn@ (5:6) ~ L5 (1)0.))
< 152 19060 - 0000

C’(exp(C’ld(x y)?) —1)
C”(exp(Cl (z,9) ) — 1).

Thus, gy = (up, Uw) € 6’%(5 ,d), where n; is an abstract modulus of continuity defined by

<
<

m(t) = C' (exp(Cltﬁ) —1), forte[0,+00).
Note that it follows from Lemma [£.8 that

{UUF¢ U= ’Ub,Uw) € éT(g’ d)a OfS CO,ﬁ(SQad% |¢|ﬁ S2.d) < K} - C:;]}‘f’Tln(S’ d)

Then by (5.8) in Lemma [5.6} . -, and Lemma [5.8} . we get that there exists a constant 7 > 0
and an abstract modulus of continuity 7 such that for each ¢ € C%(S%, d) with |¢|5 (52.4) < K,

{LE4(@) : T = (v, 00) € C5(S,d), n € No} C CL(S, d).

On the other hand, by Lemma HI’[:}@(G)HOG) < WHC(S“) < 7 for each U = (vp,vy) €
@;(g, d), each n € Ny, and each ¢ € C%#(S?,d). Therefore, we have proved (5.13)). O

Lemma 5.10. Let f, C, F, d, A satisfy the Assumptions in Section[f] We assume in addition that
f(C) C C and F € Sub(f,C) is strongly primitive. Let n be an abstract modulus of continuity.
Then for each p € (0,1], each K € [0+ o0), and each 61 € (0,+00), there exist constants
d2 € (0,400) and N € N with the following property:

For each v = (vp, vy) € C’+°°(X£,d) x Cre° (X9,d), each ¢ € COP(S?,d), and each choice of
(my, my) € P(S) from Theorem|3.34 szquCo s(s2,0) < K, HUHC(§) > 01, and [Vup s d(mp, my) =
0, then

Hfdﬁqﬁ@uc@ < Pl — 02

Remark. Note that at this point, we have yet to prove that (mp,my) from Theorem is

unique. We will prove it in Proposition Recall that up gy = (up, uw) € C (§) is defined in
Theorem that depends only on F', C, and ¢.

Proof. Fix arbitrary constants 8 € (0,1], K € [0,+00), and §; € (0,400). Fix ¢ > 0 suf-
ficiently small such that n(e) < 01/2. Then e depends only on 1 and d;. Fix an arbitrary
choice of (my,my,) € P(S) from Theorem an arbitrary ¢ € C%%(S% d), and an arbi-
trary 0 = (vp,v0) € G (X}, d) x CF*°(X),d) with 9llcoss2,ay < K, ||5HC(§) > 01, and
fqu¢ d(mp, my) = 0.

Let Q be the subset of S defined by

=N YUx"r.o),

neN

where X"(F,C) = Uce{byw}{z'c(X") : X" e X"(F,C), X" C X?} and i, is defined by (3.18).
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We first show that (mb,mw)(ﬁ) = 1. Indeed, since (my,m,,) is an eigenmeasure of L}, o it
follows from Proposition and induction on n that for each n € N,

12 (mama) (JEE,0)) = (mama) (JEUR.0)) = (m, mus)(9) = 1,

where we use the fact that |J X0 (F C) = S since F is irreducible so that F(dom(F)) = S2. Note
that by [LSZ24, Proposition 5.5 (i)], {U X"(F, C)}neN is a decreasing sequence of sets. Thus,
(mb,mw)(ﬁ) = lim (mb,mw)<U .’%"(F,C)) =1.

n—-+oo

Since (my, my) € P(S) is supported on Q and Jvup s d(my, my,) = 0, there exist points
7_, U4 € Q such that (y-) < 0 and v(y;+) = 0. By Definition we have y_ = (y_, ) for
some ¢ € {b,w} and y_ € X3, and g4 = (y4,c”) for some ¢’ € {b,w} and y+ € XJ,.

We fix an arbitrary point € S. Then there exist ¢ € {b, w} and = € X; 0 satisfying 7 = (=, c).

Since y— = (y—,c) € Q it follows from the definition of () that there exists a sequence of tiles
{X"}en satisfying X™ € X"(F,C) and y— € X" C X" C X for each n € N. By [BM17,
Proposition 8.4 (ii)], there exists an integer n. € N depending only on F', C, d, n, and §; such that
diamg(Y™¢) < € for each n-tile Y™ € X"<(f,C). Thus we have y_ € X" C By(y_,e) N XJ. By
Proposition we have X0 := F"<(X") € {X), XJ}. Since F € Sub(f,C) is primitive, by
Definition there exist np € N and Y"F € X" (F,C) satisfying YF C XY and F"F(Y"F) =
X?. Then it follows from [BM17, Lemma 5.17 (i)] and Proposition that Y7etnr =
(F|xn )L (Y"F) € Xnetnr(FC). Note that Y7etnr C X7e C X9 and Fretnr(ynetnr) —
Fre(yne) = X0, Thus Ynetne € X057 (F,C). Set y == (F"+ " |y inp) "1 (2). Then we have
y € Ynetnr C X" C By(y—,e) N XY. Thus

v (y) < voly-) + n(e) = BG-) +nle) < n(e) < 61/2 < [Tl g, — 01/2.

Denote N := n + np, which depends only on F, C, d, n, and d;. Write x yn = (FN|XN)_1(3:)
for ¢ € {b,w} and XV € X(F,C). By Definition (5.2)), and Lemma we have
SN ey AN (N
LYy @)(@) = Lo (00)(@) + Ly (00) (@)
= vo(y) exp(SN b (y) +logue (y) — log uc(x))

+ ) > va(xx ) exp(Sh (e xn) +logua(zxn) — log uc(z))
ce{bw} XNexN(FC)\{YN}

< (I9llgg) — 61/2) exp (S P(y) + logue (y) —loguc(x))
e S exp(SEB(axn) + logusaxn) — loguc(e))

ce{bw} XNexN(FC)\{YN}

<log S Y en(SEd@yy) +logus(ayy) — logue(z))

ce{bw} XNexN(F,C)
— 27161 exp (SN (y) + log ug (y) — log uc(x))
= [[0ll gz, — 2701 exp(SNd(y) + log ue (y) — log uc(x)).

Similarly, there exists z = (FN|ZN)_1(:1:) for some ZV € XN, (F,C) such that z € ZVN C
Bi(y+,€) N XY, and

LEg(@)(@) 2 ~ |0l o) + 2761 exp(SN(2) + log uer (2) — log ue()).
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Recall that tpg = (up, uw) € C(Xp) x C(X0) is a continuous function on S given by Theo-
rem [3.35] Then by (3.32) in Theorem we have

Cclg upg(w) < 5’, for each w € §,

where C > 1 is the constant defined in (3.15) in Lemma and depends only on F, C, d,
¢, and . Hence we get

ILEs@lo) < Illeg — 2700~ inf exp(SFé(w))

<l

(5.14) Ly _
lo@) — 28102 exp(~N[d]]oc)-

Now we bound [|¢]|cc = ||¢ — P(F,®)|lo- By the definition of Holder norm in Section [2 and
the hypothesis, [¢][occ < [[¢llco8(s2,4y < K. Recall the definition of topological pressure as given

in (3.1) and the Variational Principle (3.4) in Subsection Then by (3.35)) in Theorem [3.36]
(33

.3)), and the fact that ||¢]|s < K, we get
—K < P(F,¢) < P(f,9) < hiop(f) + K.
Then |P(F, ¢)| < K + hiop(f) = K + log(deg f) (see [BM17, Corollary 17.2]). Hence

19lle < ll@llc + [P(F,6)] < 2K +log(deg f).

By (3.15)) in Lemma and (3.9) in Lemma quantitatively, we have

~ ¢ .

C = (deg 77" exp 2l + Co 2L iy (57 ).

where Cy > 1 is the constant depending only on f, C, and d from Lemma Set
~ CoK

C/ — (deg f)nF eXp<2nFK + w(diamd(sg))ﬁ).

Then we have C < C” for each ¢ € C%#(S52,d) with [9llco.s(s2,ay < K, and the constant C’ only
depends on F', C, d, K, and f3.
Therefore, by (5.14)), L%@@)HC@) < WHC(S“) — dg, where

5y =215, (5") _Qexp(—2NK — Nlog(deg f)),
which depends only on F', C, d, n, 8, K, and 0. O

Remark. In Lemma one cannot reduce the assumption “F' € Sub(f,C) is strongly primitive”
to “F € Sub(f,C) is strongly irreducible”. To see this, let F' be as in Example which

is strongly irreducible but not strongly primitive. In this case, Q@ = {p, ¢} for some points
p € inte(X}) and ¢ € inte(X))) that satisfy F(p) = ¢ and F(q) = p. Set ¢ = 0 on S, v, =1
on X, and v, = —1 on X{). Then upg = 1z and (my, m.,) = (0p/2,0¢4/2) € P(S) is an
eigenmeasure of Ly, , such that Jvup s d(my, my) = 0. However, Lp4(0) = —v, which implies

that HETI;@@)H(,*@) = ||5HC(§) for each n € N, contradicting the conclusion in Lemma [5.10

We now establish a generalization of |[LZ23|, Theorem 5.17].

Theorem 5.11. Let f, C, F, d, A satisfy the Assumptions in Section[f} We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let 7 € (0,+00) be a constant and
n: [0,400) — [0, +00) an abstract modulus of continuity. Let H be a bounded subset of C%P(S?, d)
for some 8 € (0,1]. Then for each v € Cy (Xg,d) x Cp (Xg,d), each ¢ € H, and each choice of
(my, myw) € P(S) from Theorem we have

]L;?a(i) — ﬁp’¢ /Ed(mb,mw)

)

=0.

(5.15) lim ‘
c(S)

n—-+o00
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If, in addition, [Vup s d(mp, my) =0, then

(5.16) lim ||L% (v

nepeo Hc(é) =0.

Moreover, the convergence in both (5.15) and (5.16) is uniform in v € CF (Xg,d) x Cy (Xg,d),
¢ € H, and the choice of (mp, Muy).
Proof. We write 6;(5, d) = C} (X, d) x cy (X2, d) in this proof.

Fix a constant K € [0, +00) such that ||¢|co.s(s24) < K for each ¢ € H. Let M, be the set
of possible choices of (my, my,) € P(S) from Theorem ie.,

(5.17) Mpg = {(v,v0) € P(S) : 7.6V, V) = K(vp, 1) for some ¢ € R}.

We recall that (up, 1) € P(S) defined in Theorem by (b, fw) = Up,¢(mp, M) depends
on the choice of (mp, my,).
Define for each n € Ny,

= sup{\\ig(ﬁ@)uo(g) Lpe H v eC)(5,d), /a;am d(1mp, M) = 0, (my, Map) € MF,¢}.

By Lemma HEF@HC(E) =1, so Hi%@(ﬁ)ucﬁ) is non-increasing in n for fixed ¢ € H and

DS CT(S d) Note that ap < 7 < 400. Thus {ay}nen, is a non-increasing sequence of non-
negatlve real numbers.

Suppose now that lim,,_, 1 a, = a > 0. By Proposition there exists an abstract modulus
of continuity 7 such that

{LE4(@) :neNo, ¢ € H, 5 € C(S,d)} € CT(Xy,d) x CZ(X5,d).

Note that for each ¢ € H, each n € Ny, and each v € C’T(S d) with [Vup g d(mp, my) = 0, it
follows from - that

[ @rs dtm ) = [ L@ A ) = [T ) =0,

Then by applying Lemma with 77, 8, K, and §; = a/2, we find constants ngp € N and d, > 0
such that

L% (Lo () le@) < k@l — 0
for each n € Ny, each ¢ € H, each (mp, my) € Mp g4, and each v € 5;(5, d) with [Dup,4 d(my, my) =
0 and HETZ%@)HC( ly la
such that am, < @ + d2/2. Then for each ¢ € H, each (mp, my) € Mgy, and each v € C7(S,d)
with [Vup s d(mpy, my) = 0 and “£?¢(6)

) > a/2. Since lim,,_,~ a, = a, we can fix integer m > 1 sufficiently large

HC(§) > a/2. we have

L5 @l o) < ILR@ o) = 02 < am — 82 <a— /2.

HC(§) HC(§)

On the other hand, since Hﬂ% ¢('17) H c@) is non-increasing in n, we have that for each ¢ € H, each

(mp, M) € Mp, and each v € 5’;(5, d) with [Vup 4 d(mpy, my) = 0 and Hﬂﬁqﬁ(ﬁ)HC(ﬁ) < a/2,

the following holds:

g

HIL < a/2.

HC(S) ”)Hc@
Thus any+m < max{a —82/2, a/2} < a, contradicting the fact that {a,}nen, is a non-increasing
sequence and the assumption that lim,— 4. a, = a. This proves the uniform convergence in

(5.16).
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Next, we prove the uniform convergence in (5.15). By Lemma and (5.8) in Lemma for
each v € C7(95,d), each ¢ € H, and each (mp, M) € Mp g, we have

L@ ~ e [T, ma)|

(5)

< lurgll o 7UF¢Ln75 / (M, M) o

= urellog ( ) / d(pp, pw)
() UF,¢ c(S)
~ ~ v (v
~lrolos ko (5 - 13 ﬁdmb,uw))

F. F¢
By (3.31)) in Theorem we have
(5.19) 0" < Jlirsl g < Cs

(5.18)

c(9)

where C' > 1 is the constant defined in (3.15) in Lemma and depends only on F', C, d,
¢, and 5. By (3.15)) and (3.9), quantitatively,

C = (deg 77 exp 2l + Co 2L iy (57)° ).

where Cy > 1 is the constant depending only on f, C, and d from Lemma and ng € N is the
constant depending only on F' and C from Definition [3.18] since F' is primitive. Set

C = (deg f)"F exp <2nFK + fﬁ(diamd(sg))ﬁ>.

Then we have C < C’ for each ¢ € C%3(S2, d) with [9llco.s(s2,ay < K, and the constant C’ only
depends on F, C, d, K, and 3. Denote

v v ~
b= 1 A(ptp, 1) € C(S).
o= 15 [ 5 dlu.m) € C(5)

Then H@H(J(g) < 2”5/77F»¢HC(§) < 2rC". Due to the first inequality in (3.32) and the fact that

Upgy € Cos (Xl?,d) x C08 (Xg,d) by Theorem we can apply Lemma and conclude
that there exists an abstract modulus of continuity 7 associated with ¥/ugg4 such that 7 is
independent of the choices of v € C7(S,d), ¢ € H, and (mp, my) € Mpy. Thus w € C’;(X, d),

where 7 := 2rC". Note that Jwigyd(mp, my) = [wd(up, 1) = 0. Finally, we can apply the
uniform convergence in (5.16|) with v = w to conclude the uniform convergence in (5.15)) by ([5.18))
(I

and (5.19).

The following proposition is an immediate consequence of Theorem [5.11

Proposition 5.12. Let f, C, F, d, ¢ satisfy the Assumptions in Section|Z|.N We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let (up, py) € P(S) be a Borel probability

measure defined in Theorem |3.35. Then for each Borel probability measure (vp,vy) € P(S), we
have

(E*F@)H(va Vi) > (Lps ty) @S M — F00.

Proof. Recall that for each v € C (§), there exists some abstract modulus of continuity 7 such
that 0 € C7(S?,d), where 7 = ||U||C(§). Recall from Theorem that (e, ftw) = Upe(Mp, May).
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Then by Lemma and in Theorem
lim <(£}7¢)n(ub,uw),5>

n—-+o0o

= lim (<(Vbayw)’£%,¢(5* <(:U’baMw )> Jr< vayw LF¢(<(Mban)a5>ﬂ§)>)

n—-+oo

=0+ <(I/b, Vw)7 <(Hb7:uw)’5>ﬂ§>
= <(Mbauw)7f6>a

for each 7 € C(S). This completes the proof. O

5.3. Uniqueness. In this subsection, we finish the proof of Theorem
Theorem implies in particular the uniqueness of (mjy,my) € P(S) from Theorem

Proposition 5.13. Let f, C, F, d, ¢ satisfy the Assumptions in Section [§ We assume in
addition that f( ) CC and F € Sub(f, C) is strongly primitive. Then the measure mpgy =

(mp, M) € P(S S) from Theorem is unique, i.e., (Mmp,My) is the unique Borel probability
measure on S that satisfies LF¢(mb,mw) = /i(mb,mw) for some constant k € R. Moreover,
the measure hRg = (ub,pw) = Up,p(mpy, M) from Theorem |3.35 E is the unique Borel probability
measure on S that satisfies LF¢(Mb7 tw) = (L fw) -

Note that by Theorem [3.36) u LFe is an equilibrium state for Fnp and ¢|q.

Proof. Let (my, my), (my, m),) € P(S) be two measures, both of which arise from Theorem
Note that for each v = (vp, vy) € C (§ ), there exists some abstract modulus of continuity 7 such
that v = (vy, v) € CF (X, d) x Cy (X0, d), where 7 := ||ﬁ||C(§). Then by in Theorem
and in Theorem we see that [T d(mpy, my) = [Td(m}, ml,) for each & € C(S). Thus
(mp, M) = (mj, mi,)-

Recall from that IE*F@(Nban) = (4bs ftw)- Suppose (v, ) € P(S) is another measure
with i}@(l/b,l/w) = (W, V). It suffices to show that (vp, 14) = (s, pw)- Note that by in
Theorem there exists a constant C' > 0 such that @p () > C for each z. Then by in
Deﬁnition for each ¥ € C(S), we have

(Lot 7) = (00,10, L)) = (0 00), 5 L)

(beyw) ~ o~ (Vban) ~
= I TTE— L - ]]_4 .
< ﬁF’¢ ’ F7¢(UF,¢U) uF¢ F¢ f'IIF#) , U

This implies ﬁFv‘z’L*F,E(M) = ﬁ:}}@(yb,uw) = (Vp, Uy), 1€, L;ﬁ((%vw)) = ) Depote

UF,¢ UF,¢p UF,¢

A= <%,l§> > 0. Then by (3.17) we have H“}ﬁ(%) = P(F‘z’)%- Noting that
(;%’7:;) is also a Borel probability measure on S , by the uniqueness of (mp, m,,) we have ()\Vziyw

(mbamw)- Hence (Vbayw) = AﬁF,(]ﬁ(mbamw) = )‘(/Lbnuw)' Since (I/b,ljw), (F‘baﬂw) € P(S)v ‘i’e get
A =1 and (vp, ) = (s, ). Thus (pp, fey) is the unique Borel probability measure on S that
satisfies L. s (1, pw) = (1, pw)- O

We follow the conventions discussed in Remarks [3.25 and [3.26]

Lemma 5.14. Let f, C, F, d satisfy the Assumptions in Section[f] We assume in addition that
f(C) C C and F € Sub(f,C) is strongly primitive. Let 7 > 0 be a constant and n an abstract
modulus of continuity. Let H be a bounded subset of C%P(S2%,d) for some 3 € (0,1]. Fiz arbitrary
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sequence {Ty }nen of points in S? and sequence {c, }nen of colors in {b,w} that satisfies x, € X0
for each n € N. Then for each v € C;(Sz, d) and each ¢ € H, we have

Loy (SFu(axe)) exp(SE(exn))

(5.20) lim e (5O - / d
‘ oo 3 exp(Sf¢(:an)) a 521) HEg)
Xrexn (FC)

where we denote xxn = (F"|xn)"!(zy) for each X™ € X2 (F,C), and ppgy € P(5?) is defined in
Theorem E Moreover, the convergence is uniform in v € C’T(S2 d) and ¢ € H.

Proof. By Lemma and Definition [3.27, for each n € N, each v € C7(5?,d), and each ¢ € H,

LS (Sulax) ep(SEdlaxn) %g S wolf(axe)) exp(SEo(ax-))

Xnexn (FC) _ Xnexn (FC)
> exp(SFo(zxn)) (L (15)) (20, cn)
XneXxn (FC)

JER D) [
(Lhe (1) (@ cn)

where, by abuse of notation, for each u € C(5?) we denote by u the continuous function on S
given by u(z) := u(z) for each z = (z,¢) € S. Note that by Lemma and Definition for
each j € Ny,

P

LY y(vo f1) =L, , (15).

Hence,
ini::<LF¢(m)) (xnvcn) % Z;: (]Ln ](UL ( )))(xnucn)
L (Ug) @me)  — ([Ly(lg)) (@nca)

F Y (L (L5 (15) )
R ) e

By Proposition {L?,a(ﬂg): n e NO} C C’;(Xl?, d) x CT (XO ) for some constant 7 > 0 and
some abstract modulus of continuity 7, which are independent of the choice of ¢ € H. Thus by

Lemma [5.8]
(5.21) {vL}5(1g): n € No, v e Cf( S%,d)} C O (X, d) x CTH (X)), d),

for some constant 7 > 0 and some abstract modulus of continuity 71, which are independent of
the choice of ¢ € H.
By Theorem and Proposition [5.13] we have

(5.22) HL ( 5)— uF¢HC(S — 0,

as k — 400, uniformly in ¢ € H. Moreovelr7 by (5.21] -7 the independence of 7 and n; on ¢ € H
in (5.21)), Theorem and Proposition we have

]Lk (UILJ —(15 )) uF¢/vL —(15) d(my, ma)

as k — +oo, uniformly in j € Ny, ¢ € H, and v € C’;(S2,d).

(5.23) ‘ — 0,

c(S)
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Fix a constant K > 0 such that for each ¢ € H, [|¢[|co.s(g2,4) < K. By (3.31) in Theorem@
we have

(5.24) c! < ‘|77F,¢Hc(§) < 57

where C' > 1 is the constant defined in (3.15) in Lemma and depends only on F', C, d,
¢, and 5. By (3.15)) and (3.9), quantitatively,

C = (deg 77 exp 2l + Co 2L i (57)° ).

where Cy > 1 is the constant depending only on f, C, and d from Lemma and ng € N is the
constant depending only on F' and C from Definition [3.18|since F' is primitive. Define

~ K
C = (deg f)"F exp <2nFK + 1?0A_6(diamd(52))ﬁ>-

Then we have C' < C' for each ¢ € C%#(S2,d) with [¢llco.s(s2,49) < K, and the constant C’ only
depends on F', C, d, K, and (3.
Thus by (5.21)), we get that for j € Ny, v € C,;(S2,d), and ¢ € H,

(5.25) g /vw 319 dlmma)| < firglleqs) [T145(15)| 5 < €

c(S)

By (5.12) in Proposition and (5.21]), we get some constant 75 > 0 such that for each j, k € Ny,
each v € C,T)(SQ,d), and each ¢ € H,

(5.26) ks (717.5(19) HC@ <7

Hence we can conclude from ((5.25)), (5.26]), and (5.23)) that

n—1
. 1 n—j

i 2t 00) e fstmem] o

7=0 (%)

uniformly in v € C7 (S 2 d) and ¢ € H. Thus by (5.22)) and (5.24)), we have
n— n—1 .
n 1 ~ ~
njz L (vL] _(1 §)> n%uﬂ(z,/v%(b(ug) d(mp, may)

lim - — — =0,

nteo Ly 5(15) UFg

uniformly in v € C;(SQ, d) and ¢ € H. Combining the above with (5.21)), (5.22)), (5.24), and the
calculation at the beginning of the proof, we can conclude, therefore, that the left-hand side of

(5.20)) is equal to
nllgil-loonz/ mbamw ZHETMHZ/UUFqs mb,mw)

- /5d(ﬂbvuw) = /UdHF,¢7

where pif s € P(S?) is defined in Theorem and the convergence is uniform in v € Cy (S%,d)
and ¢ € H. ]
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Theorem 5.15. Let f, C, F, d, ¢ satisfy the Assumptions in Section[f} We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let ¢, v € C%P(S2,d) be real-valued
Hélder continuous function with an exponent 8 € (0,1]. Then for each t € R, we have

&P(F@*FW) = /’YdMF,¢+m

where pp pity € P(S?) is defined in Theorem .

Proof. We will use the well-known fact from real analysis that if a sequence {gy, }nen of real-valued
differentiable functions defined on a finite interval in R converges pointwise to some function g
and the sequence of the corresponding derivatives {ddit” converges uniformly to some function
dg —

neN
h, then g is differentiable and

By (3.34) in Theorem and in Lemma |3.30) u for each ¢ € {b,w}, each z € X/, and

each ¢ € C’O’B(S2 d), we have

1 1 .
(21)  PR$) = lim —log(Lk,(15)(z,c) = lim —log > exp(Syv(rxn)),
XneXxn(F,C)
where xxn = (F"|xn)~!(z) for each X" € X7(F,C).
Fix ¢ € {b,w}, z € X2, and ¢ € (0,+00). For each n € N and each ¢ € R, define

1
P,(t) = - log Z exp(55(¢ + t’}/)(CCXn)),
Xnexn(FC)
where zxn = (F"|xn)~!(z) for each X™ € X7(F,C). Observe that there exists a bounded subset
H of C%8 (82 d) such that ¢ + ty € H for each t € (—¢,¢). Then by Lemma
52 (Shylax)) exp(Sy (¢ +ty)(xxn))
dp, XnexXn(FC)

5 0= S exp(SE(¢+ty)(zxn))
Xnexn(F,C)

converges to [y dpp gty as n — +oo, uniformly in ¢t € (—£, £).
On the other hand, by (5.27)), for each ¢t € (—¢,¢), we have

lim P(t) = P(F, ¢+ ty).

n—+o0o
Hence P(F, ¢ + t) is differentiable with respect to t on (—¢, ), and
d . dP,
P Ee+ty) = lim —-=(t) = /v dpr g ty-
Since ¢ € (0,400) is arbitrary, the proof is complete. O

We record the following well-known fact for the convenience of the reader.

Lemma 5.16. Let (X,d) be a compact metric space. Then for each 3 € (0,1], C%?(X,d) is a
dense subset of C'(X) with respect to the uniform norm.

Proof. The lemma follows from the fact that the set of Lipschitz functions is dense in C'(X) with
respect to the uniform norm (see for example, [Hei01, Theorem 6.8]). O

Now we prove the uniqueness of the equilibrium states for subsystems.

Proof of Theorem[5.1. The existence is from Theorem [3.36]

We now prove the uniqueness.

Denote Q = Q(F,C) and Fo = F|g. Recall that for each ¢ € C(S?), P(Fq,p|q) is the
topological pressure of Fq: Q — Q with respect to the potential ¢|q.
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Since ¢ € C%P(S2,d) for some € (0,1], it follows from in Theorem and Theo-
rem [5.15] that the function
t = P(Fq, (¢ +ty)la)
is differentiable at 0 for each v € C%P(S2,d). Write

W= {¢]q € C*P(Q,d) : ¥ € C*P(S?,d)}.

By Lemma W is a dense subset of C'(€2) with respect to the uniform norm. In particular, W
is a dense subset of C'(£2) in the weak topology. We note that the topological pressure function
P(Fq,-): C(©) — R is convex and continuous (see for example, [PU10, Theorem 3.6.1 and
Theorem 3.6.2]). Thus by Theorem with V =C(Q), 2 = ¢, U =W, and Q = P(Fq,-), we
get card(C(Q);P(FQ’,)) =1

On the other hand, if u € M(Q, Fq) is an equilibrium state for F and ¢|q, then by and
(3-4).

hu(Fo) + [ odu = P(Fo,olo)
and for each v € C(Q),

hu(Fa) + [(6+2)d < P(Fa, (64 7)la).

Thus [vydu < P(Fo,(¢+7)|a)— P(Fa, ¢|a). Then by (5.1]), the continuous functional y — [~ du
on C(Q) is in C()5 P(Fo,)- Since ppg defined in Theorem is an equilibrium state for Fq
and ¢|q, and card(C(Q);P(Fm)) = 1, we get that each equilibrium state u for Fg and ¢|q must
satisfy [ydu = [ydupe for v € C(Q), Le., p = pupe.

Finally, it follows from Theorem that the map Fy is forward quasi-invariant and non-
singular with respect to pir 4. U

Remark. Let f, C, F, d, ¢ satisfy the Assumptions in Section [4 We assume in addition that
f(C) € C and F € Sub(f,C) is strongly primitive. Since the entropy map p — h,(Fq) for
Fo: Q — Qs affine (see for example, [Wal82, Theorem 8.1)), i.e., if u, v € M(Q, Fp) and p €
[0, 1], then Ay (1—py (Fa) = phu(Fa)+(1—p)h,(Fq), so is the pressure map p +— P, (Fa, ¢|q) for
Fq and ¢|q. Thus, the uniqueness of the equilibrium state j1p 4 and the Variational Principle (i3.4)
imply that pup e is an extreme point of the convex set M(2, Fyp). It follows from the fact (see for
example, [PU10, Theorem 2.2.8]) that the extreme points of M(£, F) are exactly the ergodic
measures in M(Q, Fo) that ppg is ergodic. However, we are going to prove a much stronger
ergodic property of j1p 4 in Section @

Theorem [5.1] implies in particular that there exists a unique equilibrium state pg for each
expanding Thurston map f: S? — S? together with a real-valued Holder continuous potential ¢.

Corollary 5.17. Let f, d, ¢ satisfy the Assumptions in Section[f] Then there exists a unique
equilibrium state pg for the map f and the potential ¢.

Proof. By Lemma [3.10] we can find a sufficiently high iterate F' := f™ of f for some n € N that
has an F-invariant Jordan curve C C S? with post F' = post f C C. Then F is also an expanding
Thurston map by Remark In particular, by |Lil8, Lemma 5.10] and Definition Fisa
strongly primitive subsystem of F' with respect to C and Q(F,C) = S2.

Denote @ = Sf:¢. By Theorem there exists a unique equilibrium state upe € M(S?, F)
for the map F' and the potential ®. Note that j1p e is F-invariant. Set

n—1

1 .
po= Zofqu,é € M(S?%, f).
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Then we get nh,(f) = hyup s (F) (see for example, [LS24, Lemma 5.2]) and

n—1 n—1
1 , 1 ; 1
Jodn=r [ S odtiura = [ 60 s duns = [0dura,
"o i "
Noting that P(F,®) = nP(f, ) (recall (3.1])), we obtain

)+ [oiu =1 (o () + [@aura) = LP(R®) = P(7,0).

Thus p is an equilibrium state for the map f and the potential ¢.

Now we prove the uniqueness. Suppose v is an equilibrium state for the map f and the potential
¢. By similar arguments as above one sees that v is an equilibrium state for the map F' and the
potential ®. Then it follows from the uniqueness part of Theorem that v = ure. O

6. ERGODIC PROPERTIES

In this section, we show in Theorem that if f, C, I, d, and ¢ satisfied the Assumptions
in Section 4l f(C) C C, and F € Sub(f,C) is strongly primitive, then the measure-preserving
transformation F'|o of the probability space (€2, urg) is exact (see Definition , and as an
immediate consequence, mixing (see Corollary . Another consequence of Theorem is that
LFe is non-atomic (see Corollary .

For each Borel measure p on a compact metric space (X, d), we denote by fi the completion of
i, i.e., 0 is the unique measure defined on the smallest o-algebra B containing all Borel sets and
all subsets of p-null sets, satisfying 7i(E) = pu(E) for each Borel set £ C X.

Definition 6.1. Let T: X — X be a measure-preserving transformation of a probability space
(X,p). Then T is called ezact if for every measurable set E with u(E) > 0 and measurable
images T(E), T*(E), ..., the following holds:

lim pu(T™(E)) =1.

n—+oo

Remark 6.2. Note that in Definition we do not require p to be a Borel measure. In the
case when F' € Sub(f,C) is a subsystem of some expanding Thurston map f with respect to
some Jordan curve C C S? containing post f and p is a Borel measure on  := Q(F,C), the set
(Fla)™(FE) is a Borel set for each n € N and each Borel subset E C Q. Indeed, a Borel set E C
can be covered by n-tiles in the cell decompositions of S? induced by f and C. For each n-tile
X € X"(f,C), the restriction f™|x of f™ to X is a homeomorphism from the closed set X onto
f™(X) by [BM17, Proposition 5.16 (i)]. Thus the set f"(E) is Borel. Recall from Subsection
that Flg = flg and F(Q) C Q. It is then clear that the set (F|q)"(E) is also Borel.

We now prove that the measure-preserving transformation Fq := F|q of the probability space
(Q, prg) is exact. We follow the conventions discussed in Remarks and

Theorem 6.3. Let f, C, F, d, ¢ satisfy the Assumptions in Section[f] We assume in addition
that f(C) C C and F' € Sub(f,C) is strongly primitive. Denote Fo = F|p,. Let ppg4 be the
unique equilibrium state for Fq and ¢|o, and fiFg its completion. Then the measure-preserving
transformation Fq of the probability space (Q, purg) (resp. (Q,irg)) is exact.

Proof. Recall from Theorems and that prg = (1o, fw) = Up,e(Mp, My), where mpy =
(mp, my) is an eigenmeasure of L}, " from Theorem and ug g4 is an eigenfunction of L 4 from

Theorem Then by (3.32)) in Theorem [3.35] it suffices to prove that
. n _
Jm mp (2 F(4)) =0

for each Borel set A C Q with mp4(A) > 0. We follow the conventions discussed in Remark
so that mp4 € P(Q) C P(S?).
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Let A C Q be an arbitrary Borel subset of €2 with mp4(A) > 0. Fix an arbitrary € > 0. By the
regularity of mp, there exists a compact set K C A and an open set U C S? with K CACU
and mp (U \ K) < e. Since the diameters of tiles approach 0 uniformly as their levels becomes
larger, there exists N € N such that for each integer n > N, every n-tile that meets K is contained
in the open neighborhood U of K. For each n € N, we define

T" ={X" € X"(F,C): X"NK #0} and T":=[]JT"

Then for each integer n > N, we have K CT" C U and mp (1" \ A) < mpg(U \ K) < e. Thus,
it follows from Theorem that > ynepn mEg(X™\ K) < e. This implies

2 xnern Mug(X"\ K) < €

Dixnern MEG(X")  mpg(K)
Hence for each integer n > N, there exists an n-tile Y™ € T" such that

mee(Y"\ K) 3
mps(Y™) " mpg(K)
By Proposition (1)} the map F™ is injective on Y. Then it follows from Theorem
Lemma and (6.1)) that
mpg(F"(Y") \ F™(K)) _ mpg(F"(Y"\ K)) _ Jymx eXP(=Snd) dmry
mpg(F"(Y™) 7 mpg(Fn(Y™)) Jyn exp(—=Sno) dmpg

mps(Y™\ K) < Ce

mpe(Y") mpg(K)’
where C = exp(C(diamy(S?))?) and C; > 0 is the constant defined in (3.9) in Lemma
which depends only on f, C, d, ¢, and 3. Let np € N be the constant from Definition [3.18 which
depends only on f and C. Note that it follows from Proposition that F*(Y") = X0 for
some ¢ € {b,w}. Since F is strongly primitive, by Lemma there exist X" € X7 (F,C) and
XF € XIE(F,C) such that X;'7 U X" C X0 = F*(Y™). We claim that
(6.2) Q=F""r(y"nQ).

Indeed, since F(€2) C § (recall Proposition [3.15|[(ii)), it suffices to show that Q C F™™# (Y™ N
Q). For each x € Q, by (3.11)), there exists a sequence of tiles {Xk}keN such that {z} = cn Xk

and X* € X*(F,C) for each k € N. By Proposition we may assume without loss of generality
that X* C XIE) for each K € N. Since F is strongly primitive, by Lemma there exists
X e X" (F,C) such that X" C Y™ and F+nF (X]")= XP. Then it follows from

Proposition 3.15((i)|and Lemma/3.5((i)|that Y* e = (Frtnr \Xn+nF)_1 (XF) € xktninr(F,C)
b
for each k € N. Set y = (F”+”F]Xn+nF)_1(x). Note that y € YE+tn+nr C Y™ for each k € N.

Thus by (3.11]) and Proposition we conclude that y € Y N and (6.2) holds.

(6.1)

<C

By (6:2), we get
Q\ Fy T F(K) = FPe (Y™ n Q) \ F"PF(K) C F*P(F"(Y" N Q) \ F*(K))
C FPE((FP(Y") N Q) \ FU(K)) = F™F (F™(Y") \ F*(K)) N 9).
Hence, by Theorem and for each integer n > N,
mpg(Q\ F " (K)) < mpg(F"F ((FM(Y™) \ F*(K)) NQ))
/ exp(npP(F,¢) — Spp0)dmpg
YM\F(K)

< exp(npP(F, ¢) +npl|¢)loo)Cc/mp o (K).

N
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Since € > 0 was arbitrary, we get lim, o Mmp e (Q \ FSJF”F (K)) = (. This implies
. n S n _1
lim o (FS(A)) > lim_mpg(F3(K)) = 1

n—-+0o
Hence the measure-preserving transformation Fq of the probability space (€2, up4) is exact.

Next, we observe that since Fy is pp4-measurable, and is a non-singular measure-preserving
transformation of the probability space (€2, r4) by Theorem it follows that Fq is also fip -
measurable, and is a measure-preserving transformation of the probability space (£, i ).

To prove that the measure-preserving transformation Q of the probability space (Q,fiF ) is
exact, we consider a fip4-measurable set B C Q with firg(B) > 0. Since firg € P(Q) is the
completion of the Borel probability measure pp 4 € P(£2), we can choose Borel subsets A and C
of Q such that A C B C C C Q and [ir(B) = firg(A) = lire(C) = pre(A) = pre(C). For
each n € N, we have F}(A) C F}(B) C F5(C), and both F§(A) and F5(C) are Borel sets by
Remark Since F is forward quasi-invariant with respect to g by Theorem it follows
that ppe(FG(A)) = pre(FG(C)). Thus

prs(Fq(A)) = 1Eg(FQ(A)) = kg (Fa(B)) = 1rg (Fo(O) = pre(Fa (C)).
Therefore, limy, 400 TF6(FG(B)) = limy st o0 prrg(F5(A)) = 1. O

The following corollary strengthens [LSZ24, Theorem 6.16 (ii)] for strongly primitive subsys-
tems.

Corollary 6.4. Let f, C, F, d, ¢ satisfy the Assumptions in Section[f) We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let iy 4 be the unique equilibrium state
for Fo and ¢|q, and mpy be as in Proposition . Then both prg and mpg as well as their
corresponding completions are non-atomic.

Recall that a measure p on a topological space X is called non-atomic if u({z}) = 0 for each
r e X.

Proof. Recall from Theorems and that prg = (1, fw) = Ur,e(Mp, My), where mp g =
(mp, my) is an eigenmeasure of L% ; and up is an eigenfunction of Lpg. Then by (3.32) in

Theorem it suffices to prove that p1p 4 is non-atomic.
Suppose that there exists a point x € 2 with pp4({x}) > 0, then for each y € Q, we have

pre({y}) < max{prs({r}),1 = pro({z})}-

Since the transformation Fo of (2, ur4) is exact by Theorem it follows that ppe({z}) =1
and Fo(z) = z. By Lemma [3.20] there exist n € N and X" € X"(F,C) such that z ¢ X". This
implies pp(X™) = 0, which contradicts with the fact that g4 is a Gibbs measure for F', C, and
¢ (see Theorem and Definition .

The fact that the completions are non-atomic now follows immediately. (I

Remark 6.5. Let f, C, F, d, ¢ satisfy the Assumptions in Section [4f We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let p1p4 be the unique equilibrium state
for Fo and ¢|q from Theorem and fig4 its completion. Then by Theorem 2.7 in [Roh49),
the complete separable metric space (£2,d) equipped the complete non-atomic measure figg is
a Lebesgue space in the sense of V. Rokhlin. We omit V. Rokhlin’s definition of a Lebesgue
space here and refer the reader to [Roh49, Section 2|, since the only results we will use about
Lebesgue spaces are V. Rokhlin’s definition of exactness of a measure-preserving transformation
on a Lebesgue space and its implication to the mixing properties. More precisely, in [Roh64],
V. Rokhlin gave a definition of exactness for a measure-preserving transformation on a Lebesgue
space equipped with a complete non-atomic measure, and showed [Roh64, Section 2.2] that in
such a context, it is equivalent to our definition of exactness in Definition Moreover, he
proved [Roh64, Section 2.6] that if a measure-preserving transformation on a Lebesgue space
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equipped with a complete non-atomic measure is exact, then it is mizing (he actually proved that
it is mizing of all degrees, which we will not discuss here).

It is well-known and easy to see that if g is mixing (recall (3.2])), then it is ergodic (see for
example, [Wal82, Theorem 1.17]).

Corollary 6.6. Let f, C, F, d, ¢ satisfy the Assumptions in Section[f) We assume in addition
that f(C) C C and F € Sub(f,C) is strongly primitive. Let jip 4 be the unique equilibrium state
for Fq and ¢|q, and figg its completion. Then the measure-preserving transformation Fq of the
probability space (2, iy g) (resp. (2, TiEg)) is mizing and ergodic.

Proof. By Remark the measure-preserving transformation Fo of (§2,7ir,) is mixing and
thus ergodic. Since any pr ¢-measurable sets A, B C S? are also Ji F4-measurable, the measure-
preserving transformation Fo of (2, upe) is also mixing and ergodic. O

Definition 6.7. Let T: X — X be a continuous map on a topological space X. Wesay T: X —
X is topologically transitive if for any non-empty open subsets U, V' of X, there exists n € Ny
such that T"(U)NV # (0. We say T: X — X is topologically mizing if for any non-empty open
subsets U, V of X, there exists N € Ny such that 7"(U) NV # () for any integer n > N.

The following proposition is not used in this paper but should be of independent interest.

Proposition 6.8. Let f, C, F satisfy the Assumptions in Section[]]. We assume in addition that
f(C) CC. Then the following statements hold:

(i) If F is irreducible, then F|q: Q — Q is topological transitive and has a dense forward
orbit.

(ii) If F is primitive, then Flq: Q — Q is topological mixing.

Proof. Assume that F' is irreducible. Note that F'(2) = © by Proposition

We first show that F|g:  — € is topological transitive. Consider arbitrary non-empty open
subsets U N and V N Q of , where U and V are open subsets of S2. Since U N Q # () and U
is open, by , Definition and Remark there exist N € N and XV ¢ XV(F,C) such
that XV C U.

Fix arbitrary y € V N . Then by , there exists a sequence {Yk} kN of tiles such that
{y} = Nien Y" and Y* € X¥(F,C) for each k € N. By Proposition we may assume without
loss of generality that Y* C X for each k € N. Since F is irreducible, by Lemma there exist
no € N and Xév+"0 € XV (F,C) such that XZVJF"O C XN, Then it follows from Lemma

and Proposition [3.15 m that XFk+N+no — (FN+nO|XN+n0)_1(Yk) € Xk+N+no(F C) for each
b
k € N. Set x == (FN+"0|XN+nO)_1(y). Note that for each & € N we have x € XktN+no ¢ XN
b

since y € Y*. Thus by and Proposition we conclude that 2 € XV N€. This implies
y = FNtmo(z) e FN+mo (XN Q) € FNTo(UNQ). Since y € VN1, it follows immediately from
Definition that F|g: Q — Q is topologically transitive.

We now prove that there exists z € Q such that {F"(z)}nen is dense in Q. By (3.11)), Def-
inition [3.6] and Remark [3.7] it suffices to show that there exists z € Q such that for each
Y € U, ey X"(F,C), there exists k € N satisfying F*(z) € Y.

Since for each n € N the set X"(F,C) is finite, we can write the countable set | J,, oy X™(F,C) as
{Y,, }nen. By Proposition for each n € N there exists ¢, € {b, w} such that ¥;, C X2 . Since F
is irreducible, by Lemma, there exist n; € Nand X' € X7} (F,C) such that X' C Zy == Y1.

Then it follows from Lemma and Proposition [3.15 that Z; = (F"1| ng)_l (Yl) €
XM (F,C) for some k; € N. Note that k; > n; and Z; C X2, Similarly, by Lemma
there exist ng € N and X712 € X{2(F,C) such that X'? C Z; and ng > k;. In particular, we
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have F™(X!?) C F™(Z;) = Y1. It follows from Lemma and Proposition that
Ty = (F"2|Xn2)_1(Yg) € X*2(F,C) for some ko € N. Note that ky > ny and Z C X722, Then
e

we can inductively construct a strictly increasing sequence {n;};cn of integers and a sequence
{Xe] } ey of tiles such that X¢} € X/ (F.C), X/ C X/, and " (X)) C Y; for each j € N,
Since limj_, 4o n; = 400, it follows from D.eﬁmtlon I@ and Remark that the set ﬂjeN X?jj
is a singleton set. We write {x} = ;e X¢?. Then by [3.11)) and Proposition (iii), we have
z € Q. This finishes the proof since F™ (z) € F™ (Xc'}') C Y; for each j € N.

Let F' be primitive and ng be the constant from Definition which depends only on
F and C. Note that F(Q) = Q by Proposition Consider arbitrary non-empty open
subsets U NQ and V N Q of , where U and V are open subsets of S2. Since U N Q # () and U
is open, by (3.11]), Definition and Remark there exist N € N and XV € XV (F,C) such
that X~ C U. We claim that Q@ C FN*tmr (XN N Q).

Indeed, for each y € Q, by (3.11]), there exists a sequence {Yk } keN of tiles such that {y} =
Nien Y* and Y* € X*(F,C) for each k € N. By Proposition Wwe may assume Without loss
of generality that Y* C Xy Y for each k € N. Since F is prlmltlve by Lemma there exists
XN+”F € }INJF”F (F C) such that XN+"F c XN, Then it follows from Lemma E . (i)] and

Proposition 3.15([(i)| that X HNFr = (FN¥Rr| yo )™ (Yk) € Xk+N+nr(F C) for each k € N.
b
Set z = (FNJF"F\ N+nF) 1(y). Note that for each k € N we have x € X*N+mr € XN gince

y € Y*. Thus by (3.11)) and Proposition mm, we conclude that € X~ N Q. This implies
QC FPNtrr( XN N0 Q) since y €  is arbitrary and y = FN+7F (7).

Hence, for each integer n > N + np, we have (Flo)"(UNQ) = F*(UNQ) D F*(XVNNQ) D
FrN—mr(Q) = Q D VNQ # (. This implies that Flg: Q — Q is topologically mixing by
Definition O

7. EQUIDISTRIBUTION

In this section, we establish equidistribution results for preimages for subsystems of expanding
Thurston maps.

Theorem 7.1. Let f, C, F, d, and ¢ satisfied the Assumptions in Section [f We assume in
addition that f(C) C C and F' € Sub(f,C) is strongly primitive. Let ji,4 be the unique equilibrium
state for Flo and ¢lo, and let mpg be as in Proposition [5.18, Fix arbitrary sequence {x,}nen
of points in S?* and sequence {cp}nen of colors in {b,w} that satisfies x,, € X2 for each n € N.
For each n € N, we define the Borel probability measures

= s Y deg, (F",y)exp(Sh 6(y))d,

yeEF " (zy)

Uy = L Z deg, (F ,y)exp SFQS Z(;Fz

YEF " (zn)

where Zn(¢) = 3", p—n(z,) deg, (F",y) exp(ST¢(y)). Then we have

*

(7.1) Un — Mpgy 81— +00,
(7.2) Un AN HEg ST — +00.

_ We follow the conventions discussed in Remarks [3.25 and B:26 in this subsection. Recall that
S is the split sphere defined in Definition
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Proof. Fix an arbitrary u € C(S?). We denote by u the continuous function on S given by
(%) == u(z) for each z = (z,¢) € S.

We prove by showing that limy,_, oo (Vn, u) = (Mmp g, u). Indeed, by Lemma Defini-
tion and , we have

_ L o (@) (zn, cn) LT}@(Q)(QIJR, Cn)
L%’¢(ﬂ§) (@, cn) L%,g(]lg) (xnacn)‘

Note that by (5.15)) in Theorem

ILi5(15) = Tl — 0 and |

(Vns u)

— 0

Ly 5(@) T [ Td(ms,m,)
' c(9)

as n — +00, where upy € C(S) is an eigenfunction of L from Theorem and (myp, my,) €

P(S) is an eigenmeasure of L% 4 from Theorem Then it follows from (3.32)) in Theorem

that
L7 —(w)(zn, cn)

3 F7¢ e
lim :/ud mp, M :/udmp .
notoo L7 5 (1g) (@n, n) (1) ?
Hence, (7.1]) holds.
Finally, (7.2)) follows directly from Lemma O

8. LARGE DEVIATION PRINCIPLES FOR SUBSYSTEMS

In this section, we establish level-2 large deviation principles for iterated preimages for subsys-
tems of expanding Thurston maps without periodic critical points.

8.1. Level-2 large deviation principles. We first review some basic concepts and results from
large deviation theory. We refer the reader to [DZ09, Ell12, RAS15| for more details.

Let {&,}nen be a sequence of Borel probability measures on a topological space X. We say
that {&, }nen satisfies a large deviation principle if there exists a lower semi-continuous function
I: X — [0,400] such that

1
‘ ol S c
(8.1) %gﬁg - log £,(G) uéfl for all open G C X,
and
1
(8.2) limsup — log &,(K) < —inf I for all closed £ C X,
n—+oo N K
where log0 = —oco and inf ) = +oo by convention. Such a function I is then unique when X is

metrizable; it is called the rate function.

Definition 8.1. Let T: X — X be a continuous map on a compact metric space X. The entropy
map of T is the map p +— h,(T) which is defined on M(X,T) and has values in [0, 4-00]. Here
M(X,T) is equipped with the weak* topology. We say that the entropy map of T" is upper semi-
continuous if limsup,, ,, o hy, (T') < hy(T) holds for every sequence { i, }nen of Borel probability
measures on X which converges to p € M(X,T) in the weak* topology.

We recall the following theorem due to Y. Kifer [Kif90, Theorem 4.3], reformulated by H. Com-
man and J. Rivera-Letelier [CRL11, Theorem C].

Theorem 8.2 (Y. Kifer [Kif90]; H. Comman & J. Rivera-Letelier [CRL11]). Let X be a compact
metrizable topological space, and let g: X — X be a continuous map. Fix ¢ € C(X), and let H
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be a dense vector subspace of C(X) with respect to the uniform norm. Let I,: P(X) — [0, +o0]
be the function defined by

L(y) = P(g,0) = hu(g) — [edp if p€ M(X,g);
AT oo if 1 P(X)\ M(X,g).

We assume the following conditions are satisfied:

(i) The measure-theoretic entropy h,(g) of g, as a function of u defined on M(X, g) (equipped
with the weak™ topology), is finite and upper semi-continuous.
(ii) For each v € H, there exists a unique equilibrium state for the map g and the potential
o+
Then every sequence {&, }nen of Borel probability measures on P(X) that satisfies the property
that for each i) € H,

(8.3) lim log /P(X)exp (n /1/1 du) dén(p) = P(g,¢ +¢) — P(g, )

n——+oo N

satisfies a large deviation principle with rate function I,, and it converges in the weak™ topology
to the Dirac measure supported on the unique equilibrium state for the map g and the potential
. Furthermore, for each convex open subset G of P(X) containing some invariant measure, we
have

lim 1 logé,(G) = lim 1 log&,(G) = _irglpr = —inf I,.
g

n—+oco N n—+oo n
Recall that P(g, ) is the topological pressure of the map g with respect to the potential .

8.2. Characterizations of pressures. Let f, C, F, d, ¢ satisfy the Assumptions in Section [4
Suppose that f(C) C C and F € Sub(f,C) is strongly irreducible. In this subsection, we charac-
terize the pressure function P(F,¢) in terms of Birkhoff averages (Proposition and iterated

preimages (Proposition [8.4]).
Proposition 8.3. Let f, C, F, d, ¢, B satisfy the Assumptions in Section [f We assume in

addition that f(C) C C and F € Sub(f,C) is strongly irreducible. Denote Q2 := Q(F,C). Then for
each ¥ € C%P(S%,d), we have

(8.4) P(F,¢+ 1) — P(F,¢) = lim llog /exp(Sf;w) dprg,

n——+oo N

where P(F,¢) and P(F,¢ + ) are defined in (3.16]).

Proof. Recall from Theorems and that pre = (b, tw) = Upe(Mp, My), where mpy =
(mp, my,) is an eigenmeasure of L} 4 from Theorem and Up 4 is an eigenfunction of Ly 4 from

Theorem Recall from Definition [3.23) and Remark [3.25| that S = XY 1 XY is the disjoint
union of X and XJ. Note that by Theorem [3.34)|(iii), we have L o (mp, my) = eP(F:9) (my, my,).
Since infgupy > 0 and supgupy < +00, it is enough to prove the limit with up g replaced by

mF’(z)
For each n € N we have

/SQGXP(SE”‘?) dmpg = é(esﬁw‘xg,esfw‘Xg) d(my, mw)
_ /g (55 o, €55 ) d(e™PFD (L, )7 (mp, )

F

_ F
=P [ L g 5y Al ).
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Using ]L’Ié’(ﬁ (esgw\x,esfw\xg) = L%7¢+¢]l§, the assertion of the proposition is then a direct
consequence of (3.34)) in Theorem m O

The following proposition characterizes topological pressures in terms of iterated preimages.

Proposition 8.4. Let f, C, F, d, ¢, B satisfy the Assumptions in Section [f We assume in
addition that f(C) C C and F € Sub(f,C) is strongly irreducible. Denote Q2 := Q(F,C). Then for
each yo € Q\ C, we have

. 1 F
(8.5) P(F,¢) = P(Flo,¢lo) = lim —log > exp(S;¢(x)),
z€(Fla)~"™(yo)
where P(F, @) is defined in (3.16]) and P(F|q, ¢|q) is defined in (3.1)).
Proposition follows immediately from |LSZ24, Proposition 6.21 and Theorem 6.30]. Note
that Q\ C # 0 by [LSZ24l Proposition 5.20 (ii)].

8.3. Proof of large deviation principles. In this subsection, we establish Theorem by
applying Theorem

By the following two lemmas, we can show that conditions and in Theorem are
satisfied in our context.

Lemma 8.5. Let T: X — X be a continuous map on a compact metric space X. Suppose that
the entropy map of T is upper semi-continuous. Let Y be a compact subset of X with T(Y) C Y.
Then the entropy map of Ty is upper semi-continuous.

Proof. Since M(Y,T|y) € M(X,T) and h,(T|y) = h,(T) for each p € M(Y,T|y), the statement

follows. O
Lemma 8.6. Let (X,d) be a metric space and Y be a subset of X. Then for each € (0,1], we
have

CO8(v,d) = {¢]y : v € C¥P(X,d)}.

Proof. For each v € C%P(X,d), it follows immediately from the definition of Hélder continuity
that ¥|y € C%P(Y,d). The converse direction also holds since every function in C%#(Y,d) can
extend to a function in C%#(X,d) (see for example, [Hei01, Theorem 6.2 and p. 44]). O

Now we are ready to prove the level-2 large deviation principles.

Proof of Theorem[1.3 First note that by Remark if f: X — X is a postcritically-finite
rational map with no periodic critical points on the Riemann sphere X = C, then the classes of
Hélder continuous functions on C equipped with the chordal metric and on S? = C equipped with
any visual metric for f are the same. Thus we only need to prove for the case where f: S? — S? is
an expanding Thurston map with no periodic critical points on a topological 2-sphere S? equipped
with a visual metric d for f.

Let ¢ € C%P(S2,d) for some 3 € (0,1].

We apply Theorem with X = Q, g = Fla, ¢ = ¢|a, and H = C%P(Q,d). Note that
P(F,¢) = P(F|q,¢|a) by Proposition and C%P(Q,d) is dense in C(Q) with respect to the
uniform norm by Lemma[5.16] By [LSZ24, Lemma 6.4] and in Theorem the measure-
theoretic entropy h,(F|q) is finite for each p € M(Q, F|g). Since f has no periodic critical
points, it follows from [LS24, Theorem 1.1] that the entropy of f is upper semi-continuous. Then
by Lemma the entropy map of F|q = f|q is upper semi-continuous. Thus, condition |(i)| in
Theorem satisﬁed. Condition in Theorem [8.2(follows from Theorem and Lemma 8.6

It now suffices to verify for each of the sequences {¥,},en and {Q,(zy) }nen of Borel
probability measures on P(2).

Fix an arbitrary ¢ € C%8(Q, d). By Lemma there exists 1% € C%8(S2,d) such that 1;]9 = 1.
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For the sequence {¥, },en, by (8.4) in Proposition and - ) in Theorem we have

1
nllg{—loo - 10g/(mexp <n /1/1 du) d¥,(n) = nll)r_ir_loo - log /Qexp(S ) dprg

= P(Flq, ¢la +v) — P(Fla, dla).
Similarly, for the sequence {2, (xy)}nen, by (8.5) in Proposition we have

timL1og /P » exp (n [ du) A () (1)
_ hm lOg Z Z eXP(S (b( )) ))GZ?:_II T/J(Fl(y))

n—+0o 7 c(Flyon( ¥ €(Fla)—"( eXp(quﬁ(y/
1 I F /
— lim = SE(p+9)(y) _ Sy (')
Jm <log Z e log Z e
ye(Fla) =" (zn) y'€(Fla)~"(zn)
= P(Flq, ¢la +¢¥) — P(Fla, ¢la).
Therefore, all the assertions of Theorem [I.2] follow from Theorem [8:2] O

We finally prove Corollary which gives a characterization of measure-theoretic pressure.

Proof of Corollary[1.3. Fix p € M(R, F|q) and a convex local basis G, at u. We show that ((L.5]
in Corollary |1.3 holds. By (|1.3) and the upper semi-continuity of h,(F'|q) (|[LS24, Theorem 1.1]
and Lemma [8.5)), we get
—1I = inf sup(—Iy) = inf (—inf I,).
o) = jinf sup(~1,) geG#( nf 1)
Then it follows from ([1.3)) and (1.4) in Theorem that

—P(F,¢)+ hu(Fla) + /¢> dp = —Is(p) = ginf (- inf Iy)

= jut { i Stog (o € 0 Vio) € 01

= inf{ lim l1og > m’(sw},

G n 00 Zn
GRG0 T (Fla) (o) Vi ()€G (9)

where we write Zn(¢) = 3., c(Flo)-n(zn) exp(SF¢(y)). Note that by Propositions ﬂ we have
P(F,¢) = limp— 400 = log Z,(¢). Thus (L5) holds. O
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