QUASISYMMETRIC UNIFORMIZATION OF
CELLULAR BRANCHED COVERS
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ABSTRACT. In this paper, we introduce a class of branched cov-
ering maps on topological n-spheres 8™ called expanding cellular
Markov branched covers which might be viewed as analogs of ex-
panding Thurston maps. Similarly as expanding Thurston maps,
expanding cellular Markov branched covers admit visual metrics.
In this paper, we study the quasisymmetric uniformization prob-
lem corresponding to visual metrics of expanding cellular Markov
branched covers. More precisely, for a cellular Markov branched
cover f: S™ — S™ and a visual metric ¢ of f, we prove that o is
quasisymmetrically equivalent to the chordal metric if and only if
f is uniformly quasiregular, and the local multiplicity of the family
{f™}men is bounded uniformly.
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1. INTRODUCTION

Backgrounds and contents. In [BM17], Bonk and Meyer develop a
theory of visual metrics for expanding Thurston maps. In particular,
they show that for an expanding Thurston map f: S — §2 on a topo-
logical sphere S§? and a visual metric ¢ for f, the visual-sphere (S?, o)
is quasisymmetrically equivalent to C if and only if f is topologically
conjugate to a rational map ([BM17, Theorem 18.1]). Recall that the
visual metrics for expanding Thurston maps form a class of metrics on
S? having a close relation to the notion of visual metrics on the bound-
ary of a Gromov hyperbolic space. Recall also that a homeomorphism
h: (X,dy) — (Y,dy) between metric spaces is a quasisymmetry if there
is a homeomorphism 7: [0, +00) — [0, +00) satisfying

do(h(z), h(y)) di(z,y)
do(h(@), h(z)) S <dl<x,z>)

for all distinct z, y, 2 € X. Two metrics dy, dy on a topological space
X are quasisymmetrically equivalent if the identity map id: (X, d;) —
(X, dy) is a quasisymmetry.

The Bonk—Meyer theorem is an instance of a more general problem:
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THE QUASISYMMETRIC UNIFORMIZATION PROBLEM. Suppose that
X is a metric space homeomorphic to some “standard” metric space'Y .
Under what condition is X quasisymmetrically equivalent to'Y ?

In this paper, we extend the discussion in [BM17] to higher dimen-
sional spheres. More precisely, we introduce a topological dynamics on
topological n-spheres analogous to Thurston maps for which we obtain
both metric and conformal versions of the aforementioned Bonk—Meyer
theorem.

First, we introduce expanding cellular Markov branched covers as
higher dimensional analogs of expanding Thurston map. We give a
conceptual definition and postpone the precise definition to Section [3]

Definition. A sense-preserving, discrete and open continuous map
f: 8" — 8" on a topological n-sphere 8™ is called a cellular Markov
branched cover if there exists a pair (D, Dy) of cell decompositions of
S™ such that, D, is a refinement of Dy and the induced map f,: D; —
Dy, ¢ — f(c), maps each cell in D; homeomorphically to a cell in Dj.

The pair (Dy, Dy) is called a Markov partition of f. A cellular Markov
branched cover admits a consecutive sequence of cellular Markov par-
titions. Precisely, we prove the following in Section

Proposition. If f is a cellular Markov branched cover, then there ex-
ists a sequence of cell decompositions {Dpy}men, such that (Dyy1, Diy)
is a cellular Markov partition of f for each m € Ng.

We call the sequence {Dy,}men, an essential sequence. The map f
is expanding if there exists an essential sequence {D,, }men, such that
Nnen UHQ € Dyy: v € Q} = {x} holds for each z € S™.

Similarly as expanding Thurston maps, expanding cellular Markov
branched covers induce a family of visual metrics on §™; see Section
for a more detailed discussion.

The main theorem in this paper reads as follows; in the statement,
the spherical metric o on the standard n-sphere S” is defined as usual.

Theorem 1.1. Let f: S — S™ be an expanding cellular Markov branched
cover and let o be a visual metric of f. Then the following conditions
are equivalent:
(i) id: (S, 0) — (S™, 0) is quasisymmetric.
(i) f: (S",0) = (S™,0) is uniformly local UBQS.
(i) f is uniformly quasiregular, and
sUp{ Noe(f™,2) :m €N, z € §"} < 4o00.

In Theorem [I.1, we actually discuss the quasisymmetric uniformiza-
tion of visual metrics from two perspectives. Statement (ii) concerns
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the metrical behavior of the map, and statement (iii) concerns the
quasiregular property of the map. Therefore, later in this paper, we
shall divide Theorem into two parts, and have discussions in Sec-
tions [0] and [7], respectively.

On the metric side of the dynamics, we have the branched qua-
sisymmetries introduced by Guo and Williams in [GW16] as a metric
generalization of quasiregular mappings. A map f: X — Y between
metric spaces is a branched quasisymmetry (BQS) if there is a home-
omorphism 7: [0,400) — [0,400) having the property that, for all
intersecting continua F and E’ in X,

diam(f(E')) < n(diam E) diam(f(E).

diam E
The name for these mappings stems from the observation that they
also give a non-injective generalization of quasisymmetric maps. In-
deed, for bounded turning spaces X and Y, a homeomorphism X — Y
is quasisymmetric if and only if it is a branched quasisymmetry; see
[GW16l, Section 6.7] or [LP19, Section 3] for discussion and terminol-
ogy. Uniformly local UBQS maps are BQS maps with a uniformity

condition, which will be introduced later.
On the conformal side, we have quasiregular maps. A continuous
map f: M — N between oriented Riemannian n-manifolds M and N
is quasiregular if f is in the Sobolev space T/Vll’”(M , N), and there exists

ocC

K > 1 such that the distortion inequality
IDfI" < KJ; ae. in M

holds. Here ||Df|| and J; are the operator norm and the Jacobian
determinant of the differential D f, respectively. A quasiregular map
f: M — M is uniformly quasiregular if f* is quasiregular with a com-
mon constant K > 1 in the distortion inequality for all £ € N.

Regarding the general theory of quasiregular maps in higher dimen-
sional Euclidean spaces and Riemannian manifolds, we refer to mono-
graphs of Iwaniec and Martin [IM01], Reshetnyak [Re89], Rickman
[Ri93], and Vuorinen [Vu88]. The dynamics of uniformly quasiregular
mappings may be seen as a version of complex dynamics in higher di-
mensional Riemannian manifolds and UQR dynamics of S as a higher
dimensional version of rational dynamics in S2. We refer to a survey
of Martin [Mal3] for a detailed discussion on these connections.

Branched quasirymmetries and quasiregular maps have a close re-
lation. In fact, a map M — N between oriented closed Riemannian
manifolds is a branched quasisymmetry if and only if it is quasiregular;
see [LP19, Appendix A].
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As in the case of uniformly quasiregular maps, we consider branched
quasisymmetries with uniformity. It is a natural thought to call a map
f: X — X on a metric space X a uniform branched quasisymmetry
(UBQS) if the iterates f¥: X — X are branched quasisymmetries with
respect to the same homeomorphism 7: [0,+00) — [0,+00). This
condition is, however, too strong and we consider mappings satisfying a
uniform local version of this condition. We say that a mapping f: X —
X is uniformly local UBQS map if there exists a a homeomorphism
n: [0,400) — [0,+00), and a finite cover U of X by connected open

sets for which f*|7: U — X is an 7-BQS for all ¥ € N and each

connected component U of f~*(U) for U € U.

Whereas the dynamics of uniformly quasiregular mappings may be
seen as a version of complex dynamics in higher dimensional Riemann-
ian manifolds, the dynamics of UBQS mappings may be viewed as
the analog of uniformly quasiregular mappings in the quasiconformal
geometry of metric spaces.

At the end of this paper, we discuss cubical maps on S™ similar to
the “pillow” example [BMI7]; see Section§] for the definition of cubical
maps. Also, this class of cubical maps is a special instance of the
coarse expanding conformal (CXC) dynamics of Haisinsky and Pilgrim
[HP09]. The class of cubical maps gives intuitive examples of cellular
Markov branched covers with bounded local multiplicity.

Corollary 1.2. Let f: (S*, Dy, L) — (S", Dy, Lo) be an expanding
cubical map and let o be a visual metric for f. Then id: (S™, 0) —
(S™, o) is a quasisymmetry if and only if f is uniformly quasiregular.

Organization of the article. The article is organized as follows.

Sections [2 and [3] are dedicated to preliminaries on cellular Markov
maps and related notions. In Section [4, we introduce expanding cellu-
lar Markov maps and visual metrics for such maps. Section [5|is pre-
liminary on branched quasisymmetries and quasiregular maps, where
we also introduce branched quasisymmetries with uniformity. In Sec-
tion [6] we consider the quasisymmetric uniformization of visual metrics
in terms of branched quasisymmetries, and prove the metric part of
Theorem [I.I} In Section [7}, we furthermore study the quasisymmet-
ric uniformization of visual metrics in terms of uniformly quasiregular
maps, and prove the quasiregular part of Theorem [I.1} In the last sec-
tion, Section [§ we discuss cubical structures and cubical maps, as an
example.
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Notation. Let N := {1, 2, 3, ...} be the set of positive integers, and
Np := {0} UN. As usual, we denote by log, the logarithm to the base
a > 0, and, in particular, by log the logarithm function to the base e.

Given a topological space X, the closure, interior, and boundary of
a set A C X (regarded as a subset of the topological space X) are
denoted by A, int(A), and DA, respectively. For a metric space (X, d),
the distance between a and b is denoted by |a — b| when the metric
is clear from the context. The diameter of a subset A is diamg(A) =
sup{d(a,b) : a,b € A}. The distance between subsets A and B is
distq(A, B) = inf{d(a,b) : a € A, b€ B}.

We denote by B™ == {(z1, ..., z,) € R" : 23 + .- + 22 < 1} the
(open) unit ball in R", and by B"(a,r) the open ball in R" at a € R”
with radius r > 0. Denote by

S* = {(z1, ..., Tpp1) ER"™ 2+ 422 =1}

the n-dimensional unit sphere in R"*!, and by S™ a topological n-
sphere, i.e., a topological space homeomorphic to S™.

The spherical (chordal) metric o on S™ is defined as usual. A metric
o on 8" is called a spherical metric on 8™ if there exists a isometry

p: (8",0) = (S",0).

Acknowledgement. 7. Li and H. Zheng were partially supported
by NSFC Nos. 12101017, 12090010, 12090015, 12471083, and BJNSF
No. 1214021. P. Pankka was partially supported by the Academy of
Finland project #332671.

2. PRELIMINARIES ON CELL DECOMPOSITIONS

In this section, we introduce cell decompositions. Our definitions
of cells and cell decompositions follow [BM17, Chapter 5], where the
reader can find a more detailed discussion. In this section, the topo-
logical space X will always be locally compact and Hausdorff.

2.1. Topological cells. Recall that, for each n € N, a subset ¢ of
X homeomorphic to [0,1]" (or B", equivalently) is called an (compact
topological) n-cell, and dim(c) = n is called the dimension of ¢. We
denote O,c the set of points corresponding to [0, 1]" ~ (0, 1) under a
homeomorphism between ¢ and [0,1]". The set d,c¢ is independent of
the choice of the homeomorphism, and thus is well-defined. We call d,c¢
the (cell) boundary and int,(c) = ¢\ O,c the (cell) interior of c. Note
that boundary and interior will generally not agree with the boundary
and interior of ¢ regarded as a subset of the topological space X. In
particular, a O-cell is a subset consisting of a single point in X. For
a 0-cell ¢, we set 0,¢ := () and int,(c) := ¢. Note that the definitions
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of cell boundaries and interiors differ between 0-cells and n-cells where
n > 0.

We recall some basic properties of cells. First, a simple observation
is that a cell in X is a closed subset.

Lemma 2.1. Each cell ¢ C X is closed. Moreover, ¢ = int,(c).

Proof. Let ¢ C X be a cell. Since ¢ is a compact subset of the Hausdorff
space X, it is a closed subset. When dim(c) = 0, it is clear that
¢ = int,(c). Suppose now that dim(c) = d > 0 and let ¢: ¢ — B
be a homeomorphism. For each x € 0,¢, consider a sequence {y }ren
of points in B? converging to ¢(z), then {p~(yx)}ren is a sequence

of points in int.(c) converging to z, and x € int,(c). Therefore, ¢ C
int,(c), and thus ¢ = int.(c) since ¢ is closed. O

In this paper, we generally focus on cells in topological spheres. For
n-cells in the n-spheres, the cell interior and cell boundary agree with
their topological counterparts. More precisely, we have the following.

Lemma 2.2. Let X be an n-cell in 8". Then into(X) and 0,X agree
with the interior and boundary of X regarded as a subset of topological
space 8™, respectively.

Proof. Tt is clear that X # 8™, and that S™ ~\. X is a non-empty open
set. Let ¢: 8™ — S™ be a homeomorphism, and 7: S* \ {p(p)} — R"
be a stereographic projection, where p is an arbitrary point in S \ X.

Consider B := m(¢(X)). Then B is an n-cell in R™. Let h: B — B
be a homeomorphism. By Brouwer’s invariance of domain theorem,
int,(B) = h(B") is an open subset of R", thus, int,(B) C int(B).
Also, it follows from Brouwer’s invariance of domain theorem that
h~'(int(B)) is an open subset of R" that is contained in B", and
thus A7'(int(B)) C B". Therefore, int,(B) = int(B), and 9,B =
B~ int(B) = B \ int,(B) = 0B.

Since 7o ¢: 8" N\ {p} — R" is a homeomorphism, it is clear that
int,(X) and 0,X are the interior and boundary of X regarded as a
subset of topological space 8", respectively. O

Recall that, since an n-cell is a topological cone over its boundary,
we have the following extension property.

Lemma 2.3. Let X and Y be n-cells and let ¢: 0,.X — 0,Y be a
homeomorphism. Then there exists a homeomorphism ¢: X — Y that
extends ¢, i.e., Plo,x = .
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2.2. Cell decompositions. Our definition for a cell decomposition of
a locally compact Hausdorff space reads as follows.

Definition 2.4 (Cell decompositions). A collection D of cells in a
locally compact Hausdorff space X is a cell decomposition of X if the
following conditions are satisfied:

(i) The union of all cells in D is equal to X.

(il) We have int,(0) Ninto(7) = @ for all o, 7 € D with o # 7.
(iii) For each 7 € D, the boundary d,7 is a union of cells in D.
)

(iv) Every point in X has a neighborhood that meets only finitely
many cells in D.

For a cell decomposition D and k € Ny, we denote Dl .= {c € D :
dim(c) = k} and D® = {J,_, D We call the subset |JD® of X the
k-skeleton of D.

We record some elementary properties of cell decompositions, and
we refer the reader to [BM17, Section 5.1] for details.

Lemma 2.5 ([BM17, Lemma 5.2]). Let D be a cell decomposition of
X. Then the following statements are true:
(i) For each k € Ny, the k-skeleton of D is equal to | J{ints(c) : ¢ €
D, dim(c) < k}.
(ii) X = U{ints(c) : ¢ € D}.
(iii) For each 7 € D, we have 7 = |J{into(c) : c € D, ¢ C 7}.

Lemma 2.6 ([BMI17, Lemma 5.3]). Let D be a cell decomposition of
X.

(i) If o and T are two distinct cells in D with o N1 # (), then one
of the following three statements holds: o C 0.7, T C 0,0, or
o NT = 0,0 N 0,7 and the intersection consists of cells in D of
dimension strictly less than min{dim(c), dim(7)}.

(ii) If o, 11, ..., T are cells in D, and int,(c) N U?Zl T; # 0, then
o Cr; for somei € {1, ..., k}.

Let D be a cell decomposition of X. For each ¢ € D, we denote
D|.={deD:d Cc},

and call it the restriction of D on c. It is clear that D|. is a cell de-
composition of c. We have the following observation that D|. contains
cells of arbitrary dimensions not more than dim(c).
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Lemma 2.7. Let D be a cell decomposition of X. Then, for each
c € D and each k € Ny with k < dim(c), there exists o € D|. for which
dim(o) = k.

We postpone the proof of the lemma to Subsection [2.3]

2.3. Cell decompositions on topological spheres. Recall that a
topological n-sphere is a topological space homeomorphic to the unit
n-sphere S" = {(:El,xg, e Tpyr) ERML gt 4 b2 = 1}.

Since 8™ is an n-manifold, the dimension of each cell in a cell de-
composition of ™ is not more than n. More precisely, we have the
following properties.

Lemma 2.8. Let D be a cell decomposition of S™. Then the following
statements hold:

(i) D is a finite set.
(ii) 8" = J{c € D : dim(c) = n}.

(iii) Each cell in D is contained in an n-cell in D.

Proof. (i) For each x, by Definition (iv), we may choose a neigh-
borhood U, in 8" that meets only finitely many cells in D. Since S is
compact, suppose that §" = U,, U---UU,, for some z, ..., x,, € S".

For each ¢ € D, there eixsts i € {1, ..., m} such that U,, Nc # 0. Tt
follows that D = (J;",{c € D: cNU; # 0} is a finite set.

(ii) Since D is a finite set by (i), and the interior int(c) of each ¢ € D
with dim(c) < n (regarded as a subset of the topological space S™) is
empty, we have that

int(J{c € D : dim(c) < n}) = 0.

As a consequence, the union (J{c € D : dim(c) = n} is dense in S™.
Since each ¢ € D is a closed subset of §", also | J{c € D : dim(c) = n}
is closed. Thus §" = |J{c € D : dim(c) = n}.

(iii) Let ¢ € D be arbitrary. By (ii), there exists X € D with
dim(X) = n and int,(c) N X # (). Then by Lemma (ii), we have
that ¢ C X. O

Now we are ready to prove Lemma [2.7]

Proof of Lemma|2.7. For each ¢ € D with dim(c) = 0, the claim is
clear. It suffices to show that for each ¢ € D with dim(c) > 0, there
exists o € D|. with dim(c) = dim(c) — 1, then the claim follows by
induction.

Let ¢ € D with dim(c) = d > 0 be arbitrary. It is clear that 9(D|.) =
{¢ € D: C 0,c}is a cell decomposition of d,¢ and that I(D|.) C
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D|.. Since doc is a topological (d — 1)-sphere, by Lemma 2.8 9,c is
the union of (d — 1)-cells in d(D|.). Thus, there exists ¢ € D|. with
dim(o) =d — 1. O

Let D be a cell decomposition of §”. We have by Lemma that
DI is non-empty for each 0 < k < n. Since DM, D=1 and DI play
important roles in this paper, we introduce the following terminologies.
For a O-cell {v} € D, the unique point v € S™ is a vertez. We call the
n-cells of D rooms and (n — 1)-cells faces.

The n-cells of D form a cover of S™, but they are not open. Therefore,
to construct an open cover of 8™ from D, we introduce the notion of a
flower, which is an open neighborhood at a vertex.

Definition 2.9. The flower Fl(p) C 8™ of a vertex p of a cell decom-
position D of 8™ is
Fl(p) == U{into(c) : c € D, p € c}.

We denote by F(D) := {Fl(p) : p is a vertex of D} the collection of all
flowers of D.

Remark. For flowers of a cell decomposition D of 8™, we have the
following basic properties:

(i) For each p, the flower Fl(p) is path-connected, since {p}Uint,(c)
is path-connected for each ¢ € D with p € c.

(ii) The collection F(D) forms a cover of S™. The reason is, for
each x € 8", it follows from Lemmas [2.5] and that there
exists ¢ € D with z € int,(c) and there exists a vertex p with
peEc.

The following lemma shows that each flower is open, and thus the
collection F (D) is a cover of 8™ by connected open subsets.

Lemma 2.10. Let D be a cell decomposition of S™ and let p € D be a
vertex. Then the following statements hold:

(i) Fl(p) contains no other vertex, and we have

Flip) =S8"~U{ceD:p ¢ c}.
In particular, F1(p) is an open subset of S™.
(ii) Fl(p) = U{X € D" : p € X} and OFI(p) is the union of all

¢ € D with the following property: p ¢ ¢, and ¢ C X for some
X e D with p € X.

Proof. (i) Let « € Fl(p) be arbitrary. Then, there exists a unique o € D
with p € 0 and z € int.(0). If x € 7 for some 7 € D with p ¢ 7, then
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into(0) N7 # (. By Lemma , we have o C 7, which contradicts
p ¢ 7. Thus, we have Fl(p) CS" N |J{c €D :p ¢ c}.

For the other direction, let z € 8" \ |J{c € D : p ¢ ¢} be arbitrary,
and suppose that = € into(o) for some o € D (see Lemma [2.5). Then
p € o, and thus = € Fl(p). Hence we have Fl(p) D S"~|J{ceD:p ¢
c}. The proof of (i) is complete.

(ii) By Lemma 2.8 each cell in D is contained in an n-cell. Then,
since n-cells are closed, we have

Fi(p) € | J{x e D" pe X}.

Since X = int,(X) C Fl(p) for each X € D" Wlth p € X, we have
that (J{X € D" : p € X} C Fl(p), and thus Fl(p) U{X e D!
peX}.

Now we cosider 0 Fl(p). Denote by F' the union of all ¢ € D with
p ¢ c, and ¢ C X for some X € D" with p € X. By (i) we know Fl(p)
is an open set, thus

dFl(p) = Fl(p) ~ Fl(p U{XGD pEX}ﬂU{cED:pgéc}.

First consider arbitrary X € D" and ¢ € D satisfying p € X, p ¢ ¢
and ¢cN X # (). By Lemmal[2.6] ¢N X is a union of cells in D. For each
cell 0 C ¢N X, it is clear that p ¢ 0 and 0 C X. Hence cN X C F,
and it follows that OFl(p) C F. On the other hand, consider ¢ € D
with p ¢ ¢ and ¢ C X for some X € D with p € X, then we have
¢ C OFI(p) since ¢ = ¢N X. It follows that F' C 9 Fl(p). The proof of
(ii) is complete. O

As a corollary of Lemma we observe that flowers in F (D) sep-
arate disjoint cells in D in the following sense.

Corollary 2.11. Let D be a cell decomposition of S™, and let o, T € D
be disjoint. Then, for each flower U € F(D), either U No = 0, or
unrt=40.

Proof. Suppose on the contrary that cNFl(p) # () and TNF1(p) # O for a
vertex p. If p ¢ o, then by Lemma[2.10| (i), we have that 0 C S"\Fl(p),
which yields a contradiction. Hence p € o, and p € 7 by the same
argument. This contradicts o N7 = 0. O

We finish this subsection by introducing the term joining opposite
sides and recording a relevant property of flowers, which generalizes a
joining condition of Bonk and Meyer for cell decompositions on S?; see
[BM17, Section 5.7].
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Definition 2.12 (Joining opposite sides). Let D be a cell decomposi-
tion of 8™. A subset A C 8™ joins opposite sides of D if

ﬂ{cED:Aﬂc%@}ZQ.

Lemma 2.13. Let D be a cell decomposition of 8™. Then, a subset
A C 8" joins opposite sides of D if and only if A is not contained in
any flower in F(D).

Proof. First, suppose that A C Fl(p) for some vertex p. Let o0 € D
with 0 N A # () be arbitrary, then o N Fl(p) # 0. If p ¢ o, then by
Lemma [2.10] (i), we have that ¢ C 8™ \ Fl(p), which yields a contra-
diction. Since o is arbitrary, we have p € (Y{oc € D: ANno # 0} # 0.
For the other direction, suppose now that (J{o € D : ANo # 0} # 0.
By Lemmal2.6, (\{o € D : ANo # 0} is a union of cells in D. It follows
from Lemma 2.7 that each cell in D contains at least one vertex. Let
p € (o€ D:ANno # 0} be a vertex. Consider arbitrary x € A
and assume that z € int,(c) for some ¢ € D. Since cN A # (), we have
that p € ¢, and thus = € Fl(p). Since x € A is arbitrary, we have that
A C Fl(p). O

3. CELLULAR MARKOV MAPS

In this section, we introduce cellular Markov maps on topological n-
sphere and study some general properties of these maps. The definition
of such maps is inspired by the work of Bonk and Meyer in [BM17].

3.1. Cellular maps between cellular spaces. We first introduce
cellular maps. Note that these terms have various meanings in different
contexts, and here we follow the definitions in [BM17, Chapter 5.

Definition 3.1 (Cellular maps). Let D" and D be cell decompositions
of X’ and X, respectively, and f: X’ — X be a continuous map. We
say that f is cellular for (D', D) if, for each ¢ € D', the restriction
fle: 0 — f(c) is a homeomorphism and f(c) is a cell in D.

For a cell decomposition D of X, a homeomorphism ¢: X' — X
between locally compact Hausdorff spaces induces a cell decomposition

(3.1) ¢*(D) = {¢"(c): c€ D}
of X'. We call ¢*(D) the pull back of D under ¢. It is clear that
D= (¢71)"(¢"D).

Given a homeomorphism X’ — X and a cell decomposition D of X,

the cellularity of the homeomorphism is encoded into the pull back of
D. More precisely, we have the following lemma.
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Lemma 3.2. Let D' and D be cell decompositions on X' and X, re-
spectively. Then a homeomorphism ¢: X' — X is cellular for (D', D) if
and only if D' = ¢*(D).

Proof. 1t is clear that if D' = ¢*(D), then ¢ is cellular for (D', D).

Suppose now that ¢ is cellular for (D', D). Then, for each ¢’ € D',
o= ¢(c')isacell in D, and ¢’ = ¢ '(0) € ¢*(D). On the other hand,
let 0 € D be arbitrary, and denote ¢’ := ¢~ (o). It is clear that o’ is
a cell in X', and int.(0’) = ¢~!(int,(c)). By Lemma (ii), we have
that

into (") C J{into(c) : ¢ € D', into(0’) Ninto(c') # 0}.

Consider arbitrary ¢ € D’ with int,(¢”)Nint.(¢’) # 0. Denote ¢ = ¢(¢),
then ¢ is a cell in D with int,(c) Ninto(c) # 0. It follows that ¢ = o.
Then ¢/ = isacellin D'. Thus D' = {¢ (o) : 0 € D} = ¢*(D). O

Since the restriction of a cellular map on a cell is a homeomor-
phism, we have the following local property as an immediate corollary
of Lemma [3.2]

Corollary 3.3. Let f: X' — X be a cellular map for (D',D). Then
D'\ = (fle)* (Dlsry) for each ¢ € D'

3.2. Markov property. The topological dynamics is based on the
following notion of refinement of a cell decomposition.

Definition 3.4 (Refinements). A cell decomposition D; of X is a re-
finement of a cell decomposition Dy of X if:

(i) For each o € Dy, there exists 7 € Dy satisfying o C 7.
(ii) Each cell T € Dy is the union of cells o € D; satisfying o C 7.

In this case, we also say that D is a refinement of D,.

Let Dy be a refinement of Dy. For each 7 € D, we denote
Di|, ={o€Dy:0C 1}

It is clear that D;|, forms a cell decomposition of 7, and that D;|, is a
refinement of Dy|,.
We are now ready to define the Markov property of cellular maps.

Definition 3.5 (Cellular Markov partitions, cellular Markov maps).
If f: X — X is cellular for (D/,D) and D’ is a refinement of D, then
(D', D) is a cellular Markov partition for f. We call f: X — X a cellular
Markov map if there exists a cellular Markov partition for f.

Definition 3.6 (Essential cell decomposition). For a cellular Markov
map f: X — X, a cell decomposition D of X is an essential (cell)
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decomposition of f if there exists a cell decomposition D" of X such
that (D', D) is a cellular Markov partition

Although an essential cell decomposition in Definition is not
unique, the cell decomposition D’ is uniquely determined by the given
essential cell decomposition D. For this observation, we record some
basic properties of cellular Markov maps for further use.

Lemma 3.7. Let f: X — X be a cellular Markov map and (Dy, Dy) be
a cellular Markov partition for f. Then the following statements hold:

(i) For each T € Dy, we have

f(into( U{lnt 10 €Dy, flo) =7}

(ii) For each T € Dy, and each o € Dy with T = f(o), we have that
int, (o) is a connected component of f~*(into(7)).

(i) Dy = U,ep, {€: ¢ is a connected component of f~*(into(7))}.

Proof. (i) Let 7 € Dy be arbitrary. For each x € f~!(int,(7)), suppose
that = € into(o) for some o € D; (see Lemma [2.5), then f(z) €
into(7) N into(f (o)), and thus f(o) = 7. Therefore f~!(int,(7)) C
U{ints(o) : ¢ € Dy, f(o) = 7}. On the other hand, it is clear that
U{into(0) : 0 € Dy, f(o) =7} C f~Y(into(7)), thus

! (into(7)) = {into(0) : 0 € Dy, f(o) = T}.

(ii) Let 7 € Dy be arbitrary. We show that if o, ¢’ € D; satisty o #
o, 7= f(o) = f(o'), then int,(c) N ¢’ = . Assume on the contrary
that int, (o) N o’ # 0, then, by Lemmal[2.6] (i), we have that o C o’. If
oNint,(0’) # 0, then ¢’ C o, which contradicts o # ¢’. Hence o C 0,07,
which contradicts dim(o) = dim(o’). Therefore int,(c) N o’ = 0.

Fix arbitrary o € D; with 7 = f(o). Since o Nint,(c’) = @ for each
o' € Dy with 7 = f(¢') and ¢’ # o, it follows from (i) that int,(c) =
o N f~H(into(7)). Since o is a closed subset of X (see Lemma [2.1)),
into(c) = o N f~1(int,(7)) is a closed subset of f~*(int,(7)).

Then {int.(c) : ¢ € Dy, f(o) = 7} is a collection of closed subset
of f~1(int,(7)) that are pairwise disjoint. Hence for each ¢ € D; with
f(c) =7, int,(c) is a connected component of f~!(int,(7)).

(iii) For each ¢ € Dy, we have that ¢ = int,(0) by Lemma , and
that int, (o) is a connected component of f~!(int.(f(c))) by (ii).

On the other hand, for each 7 € Dy and each connected component
c of f~!(into(7)), by (i) and (ii) we have that ¢ = int,(c) for some
o€ D;. Thuse =0 € D;. O
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Corollary 3.8. Let f: X — X be a cellular Markov map, and D be
an essential cell decomposition of f. Then there exists a unique cell
decomposition D' of X such that (D', D) is a cellular Markov partition

of f.
We call the cell decomposition D’ the pull back of D under f.

Definition 3.9. The pull back f*(D) of an essential cell decomposition
D of a cellular Markov map f: X — X is the unique cell decomposition
of X for which (D', D) is a cellular Markov partition of f.

Remark. Note that, if a cellular Markov map f: X — X is a home-
omorphism, then the definitions in (3.1]) and Definition for a pull
back f*(D) agree.

We are now ready to show that a cellular Markov map X — X sat-
isfies the essential sequence condition in the definition in the Introduc-
tion. First, we give a formal definition of an essential sequence, which
is equivalent to the definition in the Introduction. Then, we establish
the existence.

Definition 3.10. A sequence {D,, }men of cell decompositions of X is
an essential sequence for a cellular Markov map f: X — X if, for each
m € N, (D, Dy—1) is a cellular Markov partition of f. We also say
that {D,, }men is an essential sequence in X if {D,, }men is an essential
sequence for a cellular Markov map X — X.

Proposition 3.11. Let f: X — X be a cellular Markov map and D
an essential decomposition for f. Then there exists a unique essential
sequence { Dy, }men for [ satisfying Dy = D.

The key is to show that the pull back of an essential decomposition
of a cellular Markov map f is also an essential decomposition with
respect f.

Lemma 3.12. Let f: X — X be a cellular Markov map, and (D, Do)
be a cellular Markov partition for f, then

Dy = |J (1) (Dilfo))
oceD’!
is a cell decomposition of X and (D, D) is a cellular Markov partition
for f. Hence Dj is an essential decomposition of f, and Dy = f*(Dy).

Proof of Proposition[3.11] assuming Lemma[3.13 We inductively define,
for each m € N, a cell decomposition D,,, = f*(D,,_1). By Lemmam,
each (Dy,, D,,—1) is a cellular Markov partition. O
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To prove Lemma we recall a cell-wise minimality property for
refinements from [BM17].

Lemma 3.13 ([BM17, Lemma 5.7]). Let D be a cell decomposition of
a locally compact Hausdorff space X and let D' be a refinement of D.
Then, for each o € D', there exists a minimal cell T € D with o C T,
i.e., if 0 C T for some T € D, then T C 7. Moreover, T is the unique
cell in D with int,(0) C inte(7).

Proof of Lemma([3.19 Tt is clear that Dy is a collection of cells. We
verify conditions (i) through (iv) in Definition [2.4] one by one.

(i) The union of cells in Dy is X. It follows from Definition that
each cell in D; is a union of cells in Dy. Therefore, X = | Ds.

(ii) Let o, T € Dy with o # 7 be arbitrary. By Definition [3.9) (o)
and f(7) are cells in Dy. If f(o) # f(7), then into(f(0)) Ninte(f(7)) =
0, and thus int, (o) Ninte(7) = 0.

In what follows, assume that f(o) = f(7), and denote ¢; == f(0) =
f(7). Suppose that ¢y is the unique cell in Dy with int,(c;) C into(co)
and ¢; C ¢ (see Lemma [B.13). Suppose that o € (fls,)*(D1ls(on))
and 7 € (f|)"(Dilgn)) for o1, 1 € Dy, then 0 C oy and 7 C 71.
Hence int,(co) N f(o1) N f(71) # 0. By Lemma (1), f(o1) N f(m)
is a union of cells in Dy, then it follows from Lemma (i) that
co C f(o1) N f(m1). By Corollary B.3| Dils, = (flo,)*(Dol (o). Thus,
there is o] € Dy|,, satisfying f(o]) = ¢y. By the same argument, let
71 € Dy, satisfies f(0]) = ¢o. Then we have that o C o}, 7 C 74,
int,(0) C into(0}), and int.(7) C inte(71). If 0] = 7 = ¢} for some
¢y € Dy, then since f|s: ¢ — co is a homeomorphism, we have o =
(fle;)"'(c1) = 7, which contradicts 7 # o. Therefore, we have that
oy # 71, into(0]) Ninto(7]) = 0, and thus int. (o) Nint.(7) = 0.

(ili) Let 0 € D, be arbitrary. Set o € (f|.)"(D1|s()) for some
7 € Di. Since O.f(o) is a union of cells in Di|sy, we have that
0.0 = (fl) (0 (0) = UL(f1n)"(0") : o € Dy, o C 0uf(0)} is o
union of cells in Ds,.

(iv) We first show that, for each 7 € Dy, the set D;|, is a finite
collection of cells in D;. Fix an arbitrary 7 € Dy. For each x € 7, let
U, be a neighborhood of x that meets only finitely many cells in D;.
Since 7 is a compact subset of X, consider a subset {z1, ..., zx} C 7
that satisfies 7 C U,, U- - -UU,, . If Dy|, is infinite, then there exists U,,
that meets infinitely many cells in Dy, which leads to a contradiction.
Hence Ds|, is finite.

As a consequence, (f|,)*(Dilf()) is finite for each 0 € D;. Fix
arbitrary x € X, and consider a neighborhood U of x that meets only
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finitely many cells in D;. For each ¢ € Dy with ¢ N U # (), there exists
o € Dy with ¢ € (f|o)*(D1](s))- Since

U (o) (Dilse)

o€D1,cNU#D

is a finite collection of cells in Dy, we have that U meets only finitely
many cells in Ds.

Now, we have verified that D, is a cell decomposition of X. It is clear
from the construction of Dy that Dy is a refinement of D; and that f
is cellular for (D, D;). Hence (D, Dy) is a cellular Markov partition
for f. Now the proof is complete. O

3.3. Cellular Markov branched covers. Recall that, in the quasireg-
ular literature, a discrete, open, and sense-preserving map f: 8" — S”
is called a (generalized) branched cover; see e.g. Heinonen and Rickman
[HRO2] for a detailed discussion on these assumptions in the theory of
branched covers.

Having this definition of branched covers, we may define that a cel-
lular Markov branched cover f: X — X is a branched cover that is also
a cellular Markov map. By Proposition [3.11] this definition is equiv-
alent to the definition given in the introduction. Note that, a cellular
Markov branched cover on 8™ is a closed map, also it is surjective since
S™ is connected.

Let f: 8™ — 8™ be a cellular Markov branched cover and {D,, }men,
an essential sequence of f. For m € Ny, we call a vertex, a face,
and a room in D,, a level-m wvertex, a level-m face, and a level-m room,
respectively. We call an element in F(D,,) a level-m flower, and denote
the level-m flower of p by Fl,,(p). It is clear that for all m, k € Ny,
each level-m vertex is a level-(m + k) vertex.

The following proposition gives the basic forward and backward in-
variance properties of flowers under cellular Markov branched covers.

Proposition 3.14. Let f: 8" — S" be a cellular Markov branched
cover and {D,, }men, an essential sequence of f. Then the following
statements are true for all m,k € Ny:

(i) If p is a level-(m + k) vertex, then f*(Fl,, x(p)) = Fl,(f*(»)).

(ii) If q is a level-m vertex, then the connected components of f~*(Fl,,(q))
are the level-(m + k) flowers Fl,,,x(p), p € f~*(q).

We separate a technical lemma for the proof of Proposition [3.14]
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Lemma 3.15. Let f: 8" — 8™ be a cellular Markov branched cover

and {Dy}men, an essential sequence of f. Let m, k € Ny be arbi-

trary. Let also p be a level-(m + k) vertex, and Y € Dm] satisfies

Y N f*FLuir(p)) # 0 . Then the following are true:
(1) into(Y) N f*(Flnsr(p)) # 0.
(ii) There exists Y € D}Zlk with p € Y such that Y = f* (57)

Proof. (i) By Lemma (i), the subset Fl,,,(p) is open. Since f* is
an open map, also f*(Fl,,.x(p)) is open. Then, since Y = int,(Y), the
claim follows.

(ii) By (i), suppose that Y € D" satisfies p € Y and f* (37) N

m-+k o
into(Y) # 0. Since dim(Y) = dim(f*(Y)) = n, it follows from
Lemmathat Y = f* (}7) O

We also recall an elementary topological fact; see e.g. [BM17, Lemma 5.4].

Lemma 3.16. Let A C X be a closed set of a locally compact Hausdorff
space X, and U C X ~ A be a non-empty connected open set with
oU C A. Then U is a connected component of X . A.

Proof of Proposition[3.14. (i) Let m,k € Ny and let p € D,, be a ver-
tex. We denote ¢ == f*(p). Let X € D,, be a cell containing q. Let also
Y € D be a level-m room containing X. Then Y N f*(Flysr(p)) # 0
since ¢ € Y. It follows from Lemma,3.15|(ii) that there exists Y € DLZ]JF,C
satisfies p € Y and Y = f* (}7)

Since f* is cellular for (D, 4%, D), we have by Corollary that
Dyirly = (FH15)*(Duly). Denote X i= (f45) 7 (X) € Dyrsly then
into(X) = fk(into()?)) C f*(Fl,r(p)). Since X € D, with ¢ € X
is arbitrary, we have Fl,,(q) C f*(Fl,,4x(p)). On the other hand, it is
clear that f*(Fl,.x(p)) C Fl,(q), then the proof of (i) is complete.

(i) Tt is clear that f=%(q) is a collection of level-(m + k) vertices.

We first fix an arbitrary p € f7*(q), and consider Fl,,,x(p). By
Lemma [2.10] (i), the subset Fl,,44(p) is open. Since int,(c) U{p} is con-
nected for each ¢ € D,, with p € ¢, we get that Fl,,,,«(p) is connected.
By Lemma3.16} It suffices to show that 9 Fl,, 1 (p) € 8"~ f~*(Fl,.(q)).
Suppose on the contrary that f=*(Fl,.(q)) N OFlL. x(p) # 0. By
Lemma (ii), there exists ¢ € D,,4x with the property that ¢ N
F*Fl.(q) # 0, p ¢ c, and ¢ C X for some X € D, with p € X.

Then f*(c) C f*(X), and ¢ ¢ f*(c). By Lemma (i), we have
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f¥(c) € 8™ \ Fl,,(q), which contradicts ¢ N f~*(Fl,,(q)) # 0. There-
fore, O Fl,, 4 x(p) C 8"~ f*(Fl,.(q)), and thus Fl,, 4 (p) is a connected
component of f~*(Fl,,(q)).

Conversely, we denote by U the collection of all connected compo-
nents of f~%(Fl,,(¢)). Then each element of U is an open subset of S™.
Suppose that U € U, and denote

F=UU(S"N[*(Fla(9)) =8"~ |J W
Veu~{U}

Clearly F'is a closed subset of S™.

Since f* is open, the subset f*(U) is an open subset of Fl,,(q). It is
easy to veryfy that f* is closed, and thus f*(U) = f*(F) N Fl,(q) is
a closed subset of Fl,,,(¢). Then by the connectivity of Fl,,(q) we have
fH(U) = Fl,(q). Let p € U satisfies f*(p) = ¢. Since Fl,,,x(p) is a
connected component of f~*(Fl,,(g)), we have that U = Fl,,,x(p). O

As an immediate corollary of Proposition [3.14] we have the following
containment property for connected sets under the Markov branched
COVers.

Corollary 3.17. Let f: 8™ — 8™ be a cellular Markov branched covers
and {Dy, }men, be an essential sequence of f. Then for all m,k € Ny,
a connected set A C S" is contained in a level-(m + k) flower if and
only if f*(A) is contained in a level-m flower.

Proof. Let A C 8™ be a connected subset.

If A is contained in Fl,,,«(p) for some level-(m-+k) vertex p, then, by
Propositionm (i), we have that f*(A) is contained in f*(Fl,,,1(p)) =
FL,(f*(p)).

Conversely, if f*(A) is contained in Fl,,(q) for some level-m vertex g,
then A is contained in some connected component of f=*(Fl,,(q)). By
Proposition [3.14] (ii), we have that A is contained in some level-(m + k)
flower. O

As a second corollary, we obtain that flowers are normal domains for
cellular Markov branched covers. Recall that a domain U C 8™ is a
normal domain of f if f(OU) = of(U).

Corollary 3.18. Let f: 8™ — 8™ be a cellular Markov branched covers
and {Dy, }men, be an essential sequence of f. Let m,k € Ny, and let p
be a level-(m+k) vertez. Then we have f*(9 Fly.r(p)) = 0FL, (f*(p)).

Proof. First suppose that ¢ € D, and X € DLZ]Jrk satisfy ¢ C X
and p € X \ c. Then, since the restriction f*|x: X — f*(X) is a
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homeomorphism, we have f*(c) C f¥(X), and f*(p) € f5(X) ~ f*(c).

Then, by Lemma (i), we have f*(0Fl,4x(p)) C OFL,(f*(p)).
For the other direction, suppose now that ¢ € D,,, X € D satisfy

c C X and f*(p) € X \ c. By Lemma m (ii), we may assume

that X € DLZL,C satisfies p € X and fk()?) = X. Consider ¢ =

(f*l5)"(c), then € € Dy,4x| 5 satisfies p ¢ ¢ and f*(¢) = c. Tt follows
from Lemma (i) that OFL, (f*(p)) C f*(0 Flnik(p)). O

We also obtain an invariance property of nested flowers at a vertex.

Lemma 3.19. Let f: 8" — 8™ be a cellular Markov branched cover,
and { Dy, }men, be an essential sequence of f. Then, for all m, mg, | €
Ny with mg < m, and each level-m vertex p, we have that Fl,,;(p) C

Fl,.(p), and that
Flusi(p) = Flu(p) 0 77 (Elng+a (70 (p))).

Proof. Fix arbitrary m, mg, | € Ny with my < m, and a level-m vertex
p. It is clear that p is also a level-(m + [) vertex. Denote k := m — mq
and ¢ := f*(p) for simplicity.

For each ¢ € D,,,; with p € ¢, by Lemma there exists o € D,,
for which int,(c) C int,(0), and thus p € o. Since Fl,,(p) = [J{int.(c) :
¢ € Dy, p € ¢}, we have Fl,,,11(p) C Fl,,,(p).

It is clear that Fl,i(p) € Fly(p) N f 7 (Flng4i(g)). On the other
hand, suppose that = € Fl,,(p) satisfies f*(z) € Fl,,,4:1(q). Consider
Y € D%H with ¢ € Y and f*(z) € Y. Consider also Y’ € D,[Zl)
with Y C Y’. By Lemma (ii), there is X' € DI with peX
such that f*(X’) = Y’. Since Dy, ulx = (f*|x/)*(Dmgrily), we have
that X == (f*|x/)"1(Y) € DLZ]JFZ satisfies p € X, and z € X. Thus
x € Flypu(p). It follows that Fl,, . (p) 2 Fl,(p) N f‘k(FlmOH(q)),
since x is arbitrary. O

We finish this section with a combinatorial distance property for dif-
ferent essential sequences {D,, }men and {Cp, }men of the same cellular
Markov branched cover on §™. This property yields the independence
of the gauge of the visual metrics, discussed in the next section, on the
choice of the essential sequence.

Proposition 3.20. Let f: 8™ — S™ be a cellular Markov branched
cover, and let {Dy}men, and {Cpm}men, be essential sequences of f.
Then there exists M € N having the following property: for each m €
Ny and each X € C,,, there exists a cover U of X by flowers in F(Dy,)
for which card(U) < M.
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Proof. For each X € Cy, we fix a finite cover Ax of X by connected
subsets of X such that each element of Ax is contained in some flower
in F(Dy). For example, one may consider

Ax ={ox' (1) : T € {[0,1/h], [1/h,2/h], ... [(h—1)/h,1]}"},
where ¢x: X — [0,1]%, d := dim(X), is a homeomorphism and h € N
is sufficiently large. Denote M = max{card(Ax) : X € Cp}.

Fix arbitrary m € Ny, and X € C,,. Denote Y := f™(X) € Cy. Since
f™x: X — Y is a homeomorphism, Ay = {(f™|x)"'(A) : A € Ay}
is a finite cover of X by connected subset of X with card(Ax) =
card(Ay). Since each element of Ay is contained in a flower in F(Dy),
it follows from Corollary [3.17] that each element in Ay is contained in a

flower in F(D,,,). Hence X can be covered by not more than M flowers
in F(D,,). O

3.4. Local multiplicity. At the end of this section, we consider the
(local) multiplicity of a cellular Markov map in terms of its combina-
torial data. First, we fix some notations.

For a map f: X — %) and a subset A C X, we denote

(3.2) N(f, A) =sup{card(f'(y) NA) :y € f(A)}.
The local multiplicity of f at a point x € X is defined as
(3.3)  Nie(f,z) =inf{N(f,U) : U C X is a neighborhood of z}.

The notion is also named local index, local degree, etc., in different
contexts.
Given a cell decomposition D of §™, we denote

(3.4) N(D,z) = card({X € D" : z € X}).

For a cellular Markov map f: 8™ — 8™ and a cellular Markov partition
(Dy,Dy), we have a two-sided bound for local multiplicity.

Lemma 3.21. Let f: 8" — S™ be a cellular Markov map, and (D, Do)
be a cellular Markov partition. Then for each x € S™,

Nloc(f7 .ﬁIZ’) < N(Dbx) < N(D07 f($)) ’ NlOC(f7 'T)

Proof. Fix arbitrary x € S™. Denote V; = {X € D[ln} tx € X} and
V = UVi. Denote also Vy == {Y € D([)n] : f(z) € Y}. It is clear that
{f(X): X eVi} C .

First, we show that z € int(V). Indeed, since V' == [J{X € DE”] :
x ¢ X} is a closed subset of §" with = ¢ V”, the complement 8"\ V" is

an open neighborhood of x contained in V. Then, since f|x is injective
for each X € Vi, we have that N(f,V) < card(V,) = N(Dy,z), and
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thus Ne(f,2) < N(f,V) < N(Dy,z). The first inequality is now
verified.

Now we verify the second inequality. For each Y € V, set U(Y) =
{X eV, : f(X)=Y}. Then, it is clear that

card(Vy) = Z card(U(Y)) < card(Vy) - Yez%{card(Ll(Y))}.
YeVo
Suppose that Yy € Vg satisfies card(U(Yy)) > card(Vy)/ card(Vy).

Let U be an arbitrary open neighborhood of z. Then W = N{f(UN
into(X)) : X € U(Yy)} is a non-empty open subset of Yy, and thus
W C into(Yy). Set y € W, then for each X € U(Y)), there exists a
preimage of y in int,(X). Thus card(f~'(y) NU) > cardU(Yy)) >
card(V;)/ card(Vy). Then the second inequality follows. O

Remark. In particular, we have that N(Dy,z) < card(Dy) - Nioc(f, 7).

In addition, we show that the upper bound sup,.s» N(D, z) is at-
tained only if x is a vertex.

Lemma 3.22. Let D be a cell decomposition of S™. Then for each
x € 8", there exists a vertex p with N(D,p) > N(D, x).

Proof. Let © € 8™ be arbitrary. Suppose that = € int.(c) for some
¢ € D and p be a vertex with p € ¢. For each X € D" if € X, then
since int,(c) N X # 0, it follows from Lemma 2.6/ that ¢ C X, and thus
p € X. Then the claim follows. U

Lemmas and yield the following corollary.

Corollary 3.23. Let f: 8" — S" be a cellular Markov map and
{Dn}men, be an essential sequence of f. Then the following are equiv-
alent:
(i) sup{Noc(f™ x):meN, z € 8"} < +00.
(ii) sup{N(Dy,,z) :meN, z € 8"} < +o0.
(iii) sup{N(D,,,p) : m € N, p is a vertex of D,,,} < +o00.

4. VISUAL METRIC

4.1. Expansion. Now we introduce expanding cellular Markov branched
covers. Here the term expanding does not agree with distance expand-
ing in the usual sense. More precisely, it refers to the expansion prop-
erty in the sense of essential sequences.

Definition 4.1 (Expansion). An essential sequence {D,,}men, of a
cellular Markov map on 8" is ezpanding if for each open cover U of S”,
there exists mg € Ny with the property that for each m > my, and each



CELLULAR BRANCHED COVERS 23

X €D,,, it holds X C U for some U € U. Moreover, a cellular Markov
map f: 8" — S" is expanding if there exists an expanding essential
sequence of f.

For a metric n-sphere (S, d), we denote
meshy (D) := max{diamy(c) : ¢ € D}

for a cell decomposition D of (8™, d). If d is clear from the context, we
may write mesh(D) := meshy(D). When S” is equipped with a metric
compatible with its topology, the expansion of essential sequences can
be characterized in terms of metric.

Proposition 4.2 (Expansion in the metric sense). Let f: 8™ — S™ be
a cellular Markov map and {D,,} be an essential sequence. Let d be a
metric on 8" compatible with the given topology of 8™. Then {Dp }men,
is expanding if and only if meshy(D,,) — 0 as m — +o0.

Proof. First assume that {D,,}men, is expanding. For each € > 0,
consider the open cover U, = {By(x,€) : x € S}, then diamy(X) <
2¢ for each X € D,, whenever m € N is sufficiently large. Hence
meshy(D,,) — 0 as m — +o0.

For the other direction, if {D,,}men, satisfies meshy(D,,) — 0 as
m — 400, then for each open cover U of 8", when m is sufficiently
large, the diameter of each elements in D,, is less than the Lebesgue
number of Y. It follows that {D,, }men, is expanding. O

The following proposition shows that for a cellular Markov branched
cover, the definition of expansion does not rely on the choice of the
essential sequence.

Proposition 4.3. Let f: 8" — S™ be a cellular Markov branched
cover. Let {Dy,}men, and {Cp}men, be essential sequences of f. Then
{Dp}men, is expanding if and only if {Cp, }men, s expanding.

A characterization of expanding cellular Markov branched covers fol-
lows from Proposition

Corollary 4.4. Let f: 8" — 8™ be a cellular Markov branched cover.
Then the following statements are equivalent:

(i) The map f is expanding.
(ii) There exists an expanding essential sequence of f.

(iii) Each essential sequence of f is expanding.

Before proving Proposition 4.3, we recall an elementary property of
connected spaces. More precisely, given a finite open (or closed) cover,
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each pair of points can be joined by a chain consisting of elements in
the cover.

Lemma 4.5. Let X be a connected space and U be a finite cover of
X. IfU is open (or closed), then for each pair x,y € X, there exists
a finite collection Uy, ..., U, € U with the following property: x € Uy,
y € Up, and U;N U1 £ 0 for eachi € {1, ..., n—1}.

Proof. Let x, y € X be arbitrary. Denote
Q:={V €U : there exist V1, ..., V; € U such that z € V],
V=V,and V;NVyq #0foreachie {1,...,1—1}}.

It suffices to show that € = U when U is open (or closed).

Suppose that U is open (or closed), then JQ and (JU ~ Q) are
both open (or closed). It is clear that ©Q # (. It is also clear that if
VeUuUNQ then VNJQ=0. Thus, JU\Q) =X UQ I Q#U,
then (JQ and X\|JQ = JU Q) are both non-empty, open (or close)
subsets, which contradicts the assumption that X is connected. 0

Proof of Proposition[{.3 Assume that mesh(D,,) — 0 as m — +o0.
Fix arbitrary m € Ny and X € C,,. By Proposition [3.20 the con-
nected subset X can be covered by M elements in F(D,,). Then,
Lemmal[d.5|and Lemmal[2.10] (ii) imply that diam(X) < 2M -mesh(D,,,).
Since X is arbitrary, we have mesh(C,,) < 2M - mesh(D,,). Therefore,
we have that mesh(C,,) — 0 as m — +o0.
Similarly, if mesh(C,,) — 0, then mesh(D,,) — 0 as m — 4+oc0. O

Given cell decompositions C and D, we denote by J(C, D) the mini-
mal number of elements in C! required to form a connected set joining
opposite sides of D. More precisely, we set

J(C,D) = min{card(A) : A C ¢ and |JA is a connected

(4.1) . L
set that joins opposite sides of D}.

Clearly J(C,D) < +oo0, since C" forms a finite cover of S™.

Lemma 4.6. Let f: 8" — 8™ be an expanding cellular Markov map,
and {Dp }men, be an expanding essential sequence. Then J(D,,, Do) —
+00 as m — +o0.

Proof. To be concise, we denote J,, .= J(D,,, Dy) for each m € Ny.
Let d be a metric on 8" compatible with the topology. Denote by
do the Lebesgue number of F(Dy). Let N € N be arbitrary. Since
{Dy} men, is expanding, there exists mg € Ny such that meshy(D,,) <
do/N for each m > my. Fix an arbitrary m > my, and suppose that
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In < N. Let Xy, ..., X, belevel-m rooms such that A = Ul@l X, is
connected and joins opposite sides of Dy. Then, by Lemma [4.5]

diamgy(A) < J,, meshy(D,,) < N - §y/N = &y

and A is contained in a level-0 flower. However, by Lemma we
know that A cannot be contained in a level-0 flower, which leads to
a contradiction. Therefore J,, > N for each m > mg. Since N is
arbitrary, we have that J,,, = 400 as m — 4o00. O

4.2. The joining level m;p and visual metrics. In this section,
we introduce a natural class of metrics that we call visual metrics. We
refer the reader to [BM17, Chapter 8] for a similar discussion.

Fix a cellular Markov map f: 8" — S", an expanding essential
sequence {Dy, }men,, and two points z, y € 8™, If X and Y are level-
m rooms containing x and vy, respectively, then X and Y must be
disjoint whenever m is sufficiently large. We define my p,(z,y) to be
the maximal level of two intersecting rooms that contain x and y, and
this yields an approximation for the “combinatorial distance” between
x and y with respect to {Dy, }men,. Later, the number m¢p,(x,y) will
be used for the definition of visual metrics. Note that myp, is similar
to the Gromov products on Gromov hyperbolic spaces.

Definition 4.7. Let f: 8" — &" be a cellular Markov map, and
{D;}1en, be an essential sequence of f. We define myp,: 8" x 8™ —
(4.2)

my.p,(2,y) =sup({0} U {l € N : there exist X, Y € Dl[n] with

reX,yeY, and X NY #0}),

When f and Dy are clear from the context, we may write m(x,y) =
myp, (T, y).
Remark. Since the sequence {D,;}en, is determined by Dy and f, it

suffices to indicate Dy in the notation myp,.

We give some elementary properties of the function myp,. First, we
have a characterization of expanding essential sequences.

Lemma 4.8. Let f: 8" — 8" be a cellular Markov map and {Dp, }men,
be an essential sequence of f. Then the following are equivalent:
(i) The sequence { Dy, }men, s expanding.

(ii) For all x, y € 8™ with x # y, we have myp,(z,y) < +00.
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Proof. 1t is clear that (i) implies (ii). Consider now the converse im-
plication. It suffices to show that if {D,, }.men, is not expanding, there
exist x, y € S with z # y and myp,(x,y) = +00.

Equip 8" with a metric d compatible with the given topology. It
is clear that the sequence {mesh(D,,)}nen, of positive real numbers is
decreasing. Suppose that {D,, }men, is not expanding. Then we have
0 = inf{mesh(D,,) : m € Ny} > 0.

For each m € Ny, pick X,,, € D,, such that diam(X,,) > J§. Suppose
that Yy € Dy contains infinitely many elements in card({m € N : X, C
Yo}) = 4oo. Enumerate {m € N : X,, C Yo} = {4, 43, ...}, where
i) < i) < --- is a strictly increasing sequence of positive integers.
Denote X7, := X0 for each m € N.

We define inductively a sequence {Y; € D;}, ey, and a subsequence
{X7 1} en of {Xon bmen,, for which {X771 :m € N} C Y,_4, in the fol-
lowing way. Let j € N be arbitrary. With Y;_; € D;_; and {X7 '},.en
well defined, choose Y; € Djly,_, that satisfies card({m € N : X! C
Yj}) = +oo. Enumerate {m € N : X]-1 C Y} = {i], %, ...}, where
i < i) < .-+ is a strictly increasing sequence of positive integers, and
denote X/ = ijj for each m € N,

It is clear thathj CY;_4, and diam(Y;) > ¢ for each j € Ny.

For each j € Ny, choose u;, v; € Y; with d(u;,v;) > §. Since (S",d)
is a compact metric space, consider a subsequence {u;, }ren of {u;}jen,
such that lim;_, 4 u;, = v € S". For each ky € N, if k > ko, then we
have u;, €Y}, , and thus u € Tko =Yj, - 1t follows that u € ¢y, ¥j-
Similarly, consider a subsequence {ji, }ien of {jk }ren, putting i, == jg,,
and suppose that lim;_, . v;, = v € §". Then we have v € ﬂjENo Y; by
similar arguments. Then m p,(u,v) = +o00. Also, since d(u;,, v;,) > 0,
we have d(u,v) > 0 > 0, and thus u # v. O

Lemma 4.9. Let f: 8" — 8" be a cellular Markov map and {D, }men,
be an essential sequence of f. Then the following statements hold:

(i) For all z,y € 8", we have myp,(f(x), f(y)) = msp,(x,y) — 1.

(i) If z,y € into(Z) for some Z € Dl[n], then mysp,(f"(z), f"(y)) =
myp,(x,y) — 1 for each r € N with r < 1.

Proof. To be concise, we denote m(z,y) == myp,(x,y) forall z, y € S™.

(i) Fix arbitrary =,y € S8". It is clear that the claim holds if
m(z,y) = 0. Assume now that m(z,y) € NU {+oc0}. If m € N
and X, Y are non-disjoint level-m rooms with x € X and y € Y, then
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f(X) and f(Y) are non-disjoint level-(m — 1) rooms containing f(x)
and f(y), respectively. Therefore m(f(x), f(y)) = m(x,y) — 1.

(ii) Fix arbitrary z, y € S™ and Z € Dl["] such that =,y € int,(2).
Let r € N, r < [ be arbitrary. Then it follows from (i) that m(f"(x), f"(y)) >
m(z,y) —r.

Put 7' = f"(Z) € Dl[i]r. Then f"(z), f"(y) € into(Z’). It is clear
that m(f"(x), f"(y)) = | — r. Suppose that m € No, m > [ — r, and
X', Y are non-disjoint level-m rooms with f"(z) € X" and f"(y) € Y.
Let X", Y be level-(I — r) rooms with X’ C X” and Y" C Y”. Then
we have X" Ninto(Z') # 0, and Y” Nint,(Z') # 0. Since dim(Z’) =
dim(X’) = dim(Y’), it follows from Lemma that 7/ = X" =Y,
Hence X', Y' € D)z, and X = (f"|z) "1 (X') and Y = (f"|z) " (Y”)
are non-disjoint level-(m + r) rooms containing = and y, respectively.
Therefore m(f"(z), f"(y)) < m(z,y)—r and the proof is complete. [

Lemma 4.10. Let f: 8™ — 8™ be a cellular Markov map and {D,, }men,
be an essential sequence of f. Then for all k € N, and x, y € S,

k- mfk,Do('r’y) < mf,Do(x7y) <k- (mf’%Do(Iay) + 1)~
Proof. Fix arbitrary k£ € N and z, y € ™.

It is clear that k-mm p,(z,y) < myp,(x,y). For the second inequal-
ity, suppose that m € Ny and X, Y € DLZ] satisfy x € X, y € Y, and
XNY #0. Let m = ks+r, where s, r € Ny, and r € {0, 1, ..., k—1}.
Then there exists X', Y’ € D,[:s] such that X C X’ and Y C Y’. There-
fore mpr p,(x,y) = s, and k- (m py(z,y) +1) = ks+k > ks+r =m.
Therefore myp, (z,y) < k- (mprpy(2,y) + 1). O

For expanding cellular Markov branched covers, we have the follow-
ing.

Lemma 4.11. Let f: 8™ — 8™ be an expanding cellular Markov branched
cover. Let {Dy, }men, and {Cp}men, be essential sequences of f. Then
the following are true:

(1) There exists a number ky € N, depending on {Dy, }men,, such
that
min{mfﬂ?o (ZL’, Z)v mf,Do(z7 y)} < My,p, (IL‘, y) + ko
for all x,y,z € S™.
(ii) There ezists ky € N, depending on {Cp, }tmen, and {Du}men,
such that
mf,Do(:an> - kl < mf,Co(x7y) < mf,Do(-’an) + kl
forall x, y € S™.
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Proof. (i) Denote m(x,y) = myp,(z,y) forall z, y € S". By Lemmal4.6]
fix k € N such that J(Dy, Do) > 10. Suppose that there are z,y,z € S™
such that
min{m(z, z), m(z,y)} > m(x,y) + k.

To be concise, we denote m = m(z,y) € No. Let X’ and Y’ be level-
(m + 1) rooms containing = and y, respectively. By the definition of
m(z,y), we have X'NY” = (). Since m(z, z) > m-+k, we can choose non-
disjoint level-(m + k + 1) rooms X, Z; with x € X, z € Z;. Likewise,
choose non-disjoint level-(m + k + 1) rooms Y, Zy with y € Y, z € Z,.

Let A:= XUY UZ;UZ,. Clearly A is connected. Since A intersects
disjoint level-(m + 1) rooms X’ and Y”, it follows from Corollary
that A cannot be contained in any level-(m + 1) flower. Then by
Corollary [3.17, we have that f™1(A) cannot be contained in any level-
0 flower. It follows from Lemma that f™*1(A) joins opposite sides
of Dy. Since

FUHA) = X U Y) U (20 U T (Z),

we have J(Dy, Dy) < 4, which contradicts the assumption that J(Dy, Dy) >
10. Therefore

min{m(z, 2), m(z9)} < m(z,y) +
for all z,y,z € 8". Put ko := k, then the proof of (i) is complete.

(ii) Fix arbitrary x, y € 8™ Suppose that m € Ny and X,Y €
CLZ] satisfy x € X, y € Y, and X NY # (). By Proposition m,
pick covers F (X ) and F (Y) of X and Y, respectively, by elements in
F(Dy) with card(]-"(X))< M and card(}"(Y)) < M. Here M € N
is a constant independent of m, X, Y. Then there exists a chain
Xi, ..., Xum € DT[%L] satisfying x € X1, y € Xypr, and X;NX; 41 # 0 for
eachi € {1, ...,4M — 1}. Pick x; € X, for each i € {2, ..., 4M — 1},
and put x; = x, x4y = y. Then msp,(z;, z;41) = m for each ¢ €
{1,...,4M —1}.

Now we show that m < myp,(z1,2;) + (1 — 2)ko for each i €
{2, ..., 4M} by induction. Here kg is the constant in (i). It is clear
that m < myp,(z1,22). Fix arbitrary i € {3, ..., 4M}, and make the
induction hypothesis that m < myp,(x1,z;—1) + (i — 3)ko. Then, by
(i) we have
m—(i—3)ko < min{my,p,(x1, Ti—1), My, (i1, i)} < myp,(T1, 2:)+ko,
and thus m < myp, (1, 2;) + (1 — 2)ko.

Therefore

fﬁ < mf7po<5(31, £L‘4M) —+ (4M — Z)ko = mﬁpo(ﬂf, y) + (4M — 2)]{30
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It follows that myc,(z,y) < myp,(z,y) + (AM — 2)ky. By the same
argument, there exists M’ € N, independent of x and y, such that

Mo (. 5) < my gy (2,y) + (40 — 2k,
Put ky == max{(4M —2)ko, (4M' —2)ko}, then the proof is complete.
O

Now we give the definition of visual metrics for expanding cellular
Markov maps.

Definition 4.12 (Visual metrics). Let f: 8" — S™ be a cellular
Markov map. A metric o on 8" is a visual metric for f if there exist
essential sequence {D,,}men,, and constants C' > 1 and A > 1 such
that

(4.3) CTIATP ) ) < CAT™Po (oY)

for all x,y € §", where myp,(z,y) is defined by (4.2). We call the
constant A an expansion factor for p, and the metric space (S", 0) the
visual sphere.

Remark. Tt follows from Lemma that {D,}men, is expanding if
there exist C' > 1 and A > 1 such that (4.3) holds. Therefore, visual
metrics are defined only for expanding cellular Markov maps.

Lemma 4.13. Let f: 8" — 8" be a cellular Markov map and o be a
visual metric for f. Then the following statements are true:

(i) o induces the given topology on S™.
(i) f: (8™ 0) — (8™, 0) is a Lipschitz map.

Proof. Let {Dy, }men, be an essential sequence and C' > 1, A > 1 be
constants such that

C— LA™ (2:9) < Q(ﬂ?,y) < O \=4D0 (@)

for all x,y € S™. To be concise, we denote m(z,y) = mysp,(z,y) for
all v, y € S™.

(i) Let d be a metric on 8™ compatible with the topology. We show
that id: (8™, 0) — (8™, d) is a homeomorphism. Let z be a point, and
{z;}ien be a sequence of points in S™.

Assume first that o(x;,x) — 0 as ¢ — +oo, which is equivalent to
m; = m(x;,x) — +00. Then for each i € N there exist non-disjoint

X, Y € D%, with z; € X;, x € Y;. Clearly {D,,}men, is expanding,
then we have d(z;, z) < 2mesh(D,,,) — 0 as i — +oc.

Conversely, suppose that d(z;,x) — 0 as i — 400. Fix an arbitrary
m € N. Then there is a level-m flower U,, € F(D,,) containing z.

Since U, is open, there exists i,, € N, such that x; € U,, for each i € N
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with ¢ > 4,,. Then for each ¢« € N with ¢ > 4,,, we can find non-disjoint
X, Y e DLZ], with z; € X;, = € Y;, which implies m(x;,z) > m.
Therefore m; — 400, and hence o(z;,z) — 0 as i — +00.

(ii) By Lemma[1.9] we have

o(f(x), fly)) < CATUETW) <A@ < AC? (2, y),
for all z, y € 8™. Hence f is AC?-Lipschitz with respect to o. O

Moreover, for expanding cellular Markov branched covers, we estab-
lish the existence of visual metrics.

Theorem 4.14 (Existence of visual metric). Let f: 8" — S be an
expanding cellular Markov branched cover. Then there exists a visual
metric for f.

For the proof of Theorem 4.14] recall (see e.g. [HeOll Section 14.1])
that a function ¢: X x X — [0,400) is a quasimetric if it has the
following properties:

(i) q(z,y) = q(y,x) for all z, y € X.
(ii) ¢(x,y) = 0 if and only if z = y.
(iii) For a constant K > 1, the inequality
(4.4) q(z,y) < K(q(z, 2) + q(2,9))
holds for all x,y,z € X.

Recall also that a sufficient “snowflaking” of a quasimetric is compa-
rable to some metric.

Lemma 4.15 ([HeOll, Proposition 14.5]). Let ¢ be a quasimetric on
a set X. Then there is ¢¢ > 0 depending only on K in such
that q.(z,y) = (q(z,y)) is bi-Lipschitz equivalent to a metric for each
0 < €< e,

Now we are ready to prove Theorem [£.14]

Proof of Theorem[{.1]]. Let {Dp,}men, be an essential sequence of f.
To be concise, we denote m(x,y) = myp,(z,y) for all z, y € S™.
Fix A > 1, and set q(z,y) := A"™(®%). By Lemma m (i), we have

q(z,y) < X*(q(z, 2) + q(z,9))

for all z, y, z € 8™. It can be checked that ¢(z,y) is a quasimetric on
S™. Then, by Lemma[£.15] there exist constants ¢ > 0 and C' > 1, and
a metric o on 8™ satisfying

C M q(z, ) < oz, y) < Clq(z,y))
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for all z, y € S™. Put A .= X\ > 1, then
CTIAT™@Y) < o(z,y) < CA™™@Y)
for all z, y € 8™, and thus p is a visual metric. 0

In what follows, we give some elementary properties of visual metrics.

First, we show that, for cellular Markov branched covers, the defini-
tion of visual metrics is independent of the choice of essential sequence,
and that the expansion factor of a visual metric is unique.

Lemma 4.16. Let f: 8™ — S" be an expanding cellular Markov branched
cover. Let o be a visual metric for f, and A > 1 be an expansion factor
of 0. Then, for each essential sequence {Cp}men, for f, there exists

C > 1 such that
6—1A—mf,co(ﬂ»‘7y) < Q(:E, y> < 6A—mf,c0(l’7y)
forall z, y € S™.

Proof. Let {D,, }men, be an essential sequence for f, and C' > 1 be a
constant satisfying

C_lA_mf,D0($7y) < Q(xa y) < CA_mfyDo(xvy)

for all z, y € 8. Let also {C,, }men, be an essential sequence.
For all z, y € 8", by Lemma [4.11] (ii), we have that

mﬁco(ajvy) — k1 < mf,Do(xay) < mf,Co(xay) + k1,
and it follows that
(CAkl)_lA_mf,Co(xvy) < Q(Jﬁ, y) < (C’Akl)A_mf,Co(xvy)_
Put C = CA* | then the proof is complete. O

Corollary 4.17. Let f: 8" — 8™ be an expanding cellular Markov
branched cover. Let o be a visual metric for f. Then the expansion
factor of o is unique.

Proof. Suppose that A > 1 and A > 1 are expansion factors of p.
Let {D,,}men, be an essential sequence for f, and denote m(z,y) =
myp,(x,y) for all z, y € 8". By Lemma [£.16] there are constants
C>1, C > 1 such that

CTIATEY) L o(a,y)
CTIAT™Y) < g, y)

for all z, y € S™. Thus, we have that
(CC) < (A/0) " < oC

z,y)
)

A
(

<C
< CA—™@w)
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for all z, y € S" with x # y. Now we show A=A Suppose on the
contrary that A/A # 1, and choose m € N with m - ’log(A/A)‘ >

log(C'a). Pick Z € DI, and , y € Z with & # y. Then m(z,y) = m,
and ’10g (K/A) 7m(m’y)’ > log(Cé), which is a contradiction. 0

A cellular Markov branched cover f and its iterations have the same
visual metrics.

Lemma 4.18. Let f: 8" — 8" be an expanding cellular Markov branched
cover and o be a metric on S". Let k € N be arbitrary. Then, o is a
visual metric of f if and only o is a visual metric of f*.

Proof. Let {D,,}men, be an essential sequence. To be concise, we
denote m(z,y) = myp,(r,y) and my(z,y) = msp,(z,y) for all
x,y €S™

Suppose first that o is a visual metric of f, and let A > 1 be the
expansion factor of o. By Lemma [4.16| there exists a constant C' > 1
such that

CIA™EY) o(z,y) < O A—™@y)
for all x, y € §™. Then by Lemma [4.10],
(CA)HAR) ™) o, y) < C(AF) D),

and thus  is a visual metric for f*.
For the other direction, suppose now that o is a visual metric of f*,

and let Ay > 1 be the expansion factor of p. By Lemmal[4.16] let C}, > 1
be a constant such that

Ck—lA;mk(%y) < olz,y) < CkA];mk(w,y)
for all z, y € 8". Then by Lemma [.10]
G (M) < o) < G (Y)Y
and thus p is a visual metric for f. O

Recall that two metrics d and d on a topological space X are snowflake
equivalent if there exist constants L > 1 and a > 0 such that

L7 d(z,y)* < d(z,y) < Ld(z,y)

for all x, y € X. Clearly, snowflake equivalence implies quasisymmetric
equivalence.

The following lemma shows that the family of visual metrics agrees
with the snowflake equivalence class of metrics that includes at least
one visual metric.
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Lemma 4.19. Let f: 8™ — 8™ be an expanding cellular Markov branched
cover, and o be a visual metric of f. Let o be a metric on S™, then o
is a visual metric if and only if o and o are snowflake equivalent.

Proof. Let A > 1 be the expansion factor of o. Let {D,,}men, be an
essential sequence of f, and C' > 1 be a constant for which

O~ A—m5D0 (2:Y) < Q(l", y> < C'\~"4.70(2:9)

holds for all z, y € S™.
In what follows, we denote m(z,y) == msp,(x,y) for all z, y € S™.
First, suppose that ¢ is a visual metric, and let A > 1 be the ex-
pansion factor of p. By Lemma there exists a constant C' > 1
satisfying

CIA"™@Y) < o(z,y) < CA—™(y)
for all z, y € S™. Then it follows that

(CC™) oz, y)™ < Blx,y) < (CC™)o(z,y)°

for all z, y € 8", where a = log K/ log A > 0.
Conversely, suppose that ¢ and ¢ are snowflake equivalent. Let L > 1
and a > 0 satisfy

L™ (2, y)* < 0(z,y) < Lo(z,y)”
for all z, y € S™. Then it follows that
(LC*) A7) < glar,y) < LO®(A®) )
for all x, y € 8. Hence ¢ is a visual metric with expansion factor
A O

Lemma 4.20. Let f: 8™ — 8™ be an expanding cellular Markov branched
cover. FEquip 8™ with a visual metric o for f, and let A > 1 be the ex-
pansion factor for o. Then for each essential sequence {Dy, }men,, the
following statements hold:

(i) There exists C" > 1 such that for each m € Ny and each X €
D,[Z] we have

(1/CHA™™ < diam(X) < C'A™™.

(ii) There exists C" > 0 such that for each m € Ny and all X, Y €
DI with X NY = () we have

dist(X,Y) = C"A™™,
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Proof. Let {D,, }men, be an essential sequence. To be concise, we de-
note m(x,y) = myp,(z,y) for all z, y € S*. By Lemma there
exists C' > 1 such that for all z, y € 8™ we have

C 1A m(z,y) < Q(-T y) CA_m(x7y).

(i) Let k € Ny and X € D be arbitrary. For all x, y € X, we have
m(x,y) > k, and then o(z, y) < CA*. Tt follows that diam(X) <
CAF. Con51der now x,y € into(X). By Lemma (i), we have

m(f*(z), f*(y)) = m(z,y) — k. Then
olz,y) = CTIATEY) = oAU @)L )k
> C A o(f* (ﬂf),f’“(y))-

Since f*|x: X — f¥(X) is a bijection, and f*(int,(X)) = int.(f*(X)),
we have that

diam(X) > diam(int, (X)) > bC2A~F

where b := min{diam(int.(Xy)) : Xy € D([)n]} > 0.
Put " := max{C, C?b'}, then the proof is complete.

(ii)) Let m € Ny and X, Y € Dl satisfy X NY = 0. Let x € X,
y €Y be arbitrary. Choose k € N for which J(Dy, Dy) > 2. Then, for
each pair X, Y € D[n] , With z € X,y €Y, wehave XNY = (. Hence
m(z,y) < m+k, and Q(x,y) > C 'A% Sincez € X andy €Y
are arbitrary, we have dist(X,Y) > C71A=¥A=™. Put C" .= C~'AF,
then the proof is complete. O

Recall that a metric space (X, d) is doubling if there exists a number
N € N such that every ball in X of radius r > 0 can be covered by N
balls of radius r/2.

Lemma 4.21. Let f: 8™ — 8™ be an expanding cellular Markov branched
cover and let o be a visual metric for f. Then (8™, 0) is doubling if

sup{Nioc(f™",2) :m e N, 2z € §"} < +00.

Proof. Let {D,, }men, be an essential sequence. To be concise, denote
m(z,y) = msp,(z,y) for all x, y € S™.

Let A > 1 be the expansion factor of p. By Corollary [3.23] there is
My € N such that card({X S Dgf] cx € X}) < M, for each m € N
and each z € §™.

Let C’ > 1 and C” > 0 be the constants given by Lemmal[4.20] (i) and
(i), respectively. Set Cp = max{2, 2diam(S8")}, C' := max{Cy, A/Cy},
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k= max{l, [logA 40%-‘, [logA %-‘}

For each r € (0 2diam(S™)], let m(r) € Ny be the number for which
r € (CoA=™ =1 CoA=™M)] | then
(i) CTA™0) L < CATO),
(ii) diam(X) < r/4 for each X € DLZ](r) L
(iii) If m(r) — k > 0, then dist(X,Y) > r holds for all disjoint
X, Y € D}jj](r)_k.

and

Fix arbitrary x € 8™, r € (0, 2diam(8")], and denote m = m(r).
Let C = {X € DLZLLk X NB(z,r)#0}. Then C is a cover of B(z,r)
by sets of diameters no more than r/4. It suffices to find an upper
bound for card(C) independent of z and r.

If m < k, then it is clear that card(C) S card(Da). Suppose that
m > k in what follows. Pick X € D ', with x € X. For each

Z € C there exists Y € Dr[n}_k such that Z C Y, then it follows from
dist(X,Y) < r that X ﬂ Y # 0.

Consider the set U(X) = {Y € D } : X NY #0}. Then we have

CC U {ZGD”] :ZCY).
Yeu(x)

For each Y € D,,_j, we have card(D,,4x|y) < card(Dg), and thus
card(C) < card(Dy) - card(U(X)). Since for each Y € U(X), the
intersection X NY is a collection of cells in D,, x| x, there exists a level-
(m — k) vertex in X NY. It follows that U(X) C [J,{Y € D;:] gD E
Y'}, where p is taken over all vertices in D,,,_| x. Smce card(D,,—k|x) <
card(Dy), we have card(U(X)) < My card(Dy).

Thus card(C) < My card(Dy) card(Dag). This upper bound does not
depend on the choice of z and r. Therefore (S, p) is doubling. O

5. BRANCHED QUASISYMMETRIES AND QUASIREGULAR MAPS

In this section we give a brief introduction to branched quasisym-
metric maps and quasireqular maps, along with a characterization of
quasiregular maps between Riemannian manifolds. We also introduce
branched quasisymmetric maps with uniformity. For more details, we
refer the reader to [LP19] and [GWI16]. This section serves as a pre-
liminary for the study of the quasisymmetric uniformization problem
in Sections [6] and [7.
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5.1. Branched quasisymmetric maps. Guo and Williams intro-
duced branched quasisymmetric maps in [GW16]. In what follows,
we shall adopt the formulation in [LP19).

Recall that a subset £ C X is a continuum in the topological space
X, if F is compact, connected, and contains at least two points.

Definition 5.1 (Branched quasisymmetric maps). A continuous map
f: X — Y between metric spaces X and Y is a branched n-quasisymmetric
map (abbr: n-B@S) for a homeomorphism 7: [0, +00) — [0, +00) if the
distortion inequality

diam £’

dian(/(5) < n o) diam(7(5)

holds for all continua £ and £’ in X with £’ N E # (). If there exists
71 for which f is an n-BQS map, we simply say that f is a BQS map.

Note that the definition above is slightly different from |[GW16, Def-
inition 6.45], where f is assumed, in addition, to be discrete, open, and
of bounded local multiplicity.

We record some elementary properties of branched quasisymme-
tries. First, the composition of two branched quasisymmetric maps
is branched quasisymmetric, quantitatively.

Lemma 5.2 ([LP19, Lemma 3.1)). If f: X — Y and g: Y — Z
are branched quasisymmetric maps for homeomorphisms 1y and ng,
respectively, then the composition h = g o f is a branched ng o ;-
quasisymmetric map.

A quasisymmetric map is a branched quasisymmetric map, quanti-
tatively.

Lemma 5.3 ([LP19, Lemma 3.2]). If f: X — Y is an n-quasisymmetric
map forn: [0,4+00) — [0,+00), then f is a branched 1 -quasisymmetric
map for n': t— 2n(2t).

Definition 5.4 (Local branched quasisymmetric maps). A continuous
map f: X — Y between metric spaces is a local n-branched quasisym-
metric map for a homeomorphism 7: [0, +00) — [0, +00) if there exists
r > 0 such that f|p(r) is an n-BQS map for each x € X. In this case,
we call r the locality scale of f. We simply say f is a local BQS map
if there exists n for which f is local n-BQS.

A discrete and open local branched quasisymmetry on a bounded
turning space self-improves to a branched quasisymmetry. Recall that
a metric space (X, d) has bounded turning if there is a constant A > 1
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such that, for all points x, y € X, there exists a continuum £ C X
with z, y € E and diam,(E) < Ad(z,y).

Lemma 5.5 ([LP19, Theorem 13.12]). Let f: X — Y be a discrete
and open local branched quasisymmetry between compact metric space
X and Y, where X has bounded turning. Then f is a branched qua-
stsymmetry.

5.2. Quasiregular maps. Recall that a continuous map f: M —
N between oriented Riemannian n-manifolds is quasiregular if f €
WL™(M, N) and satisfies the distortion inequality

loc

(5.1) IDfI" < KJ; ae. in M

for some constant K > 1, where ||Df|| is the operator norm of D f and
J¢ is the Jacobian determinant. The infimal K satisfying is the
outer dilatation of f, denoted by Ko(f).

For a quasiregular map f, it is also true that there exists K’ > 1
such that

(5.2) Jr < K'(I(Df))" ae. in M,

where [(Df) = infjy=1 [[Df(x)]|. The infimal K’ satisfying is
the inner dilatation of f, denoted by K;(f). We have inequalities
Ko(f) < Ki(f)" ' and K;(f) < Ko(f)"!. The (maximal) dilatation
of fis K(f) = max{Ko(f),K;(f)}. A quasiregular map f is K-
quasiregular if K(f) < K.

We record a geometric characterization for quasiregular maps on a
domain G C R"™. For the characterization, we first introduce moduli of
curve families; see e.g. [Vu88|, [Ri93] for detailed discussions.

Given a topological space X, a continuous map vy: I — X, where
I C R is an interval, is called a curve in X. For subsets E, F, G C
X, we denote by A(E, F; G) the family of non-constant closed curves
joining F, F'in G, i.e., curves 7: [a,b] — X on closed interval [a, b] with
v(a) € E, y(b) € F, and 7((a,b)) C G. In particular, when G = X, we
write A(E, F) == A(E,F;G). For curves v: I — X and 7/: I' — X,
we call 7/ a subcurve of v if I' C I and v = ~|. We shall later refer
to the following fact regarding subcurves.

Lemma 5.6. Let G be an open subset of a topological space X, and
D be a subset of G. Let v:[0,1] — X be a curve in A(D,X \ G).
Then v = 7|j0,q, where a = inf{y"(X \ G)}, is a subcurve of y in
A(D,0G;G).

For a curve v in R", the length of 7 is defined in the usual way and
denoted by length(v). We call a curve 7 rectifiable if length(vy) < +o0.
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Let I be a family of curves in R". A Borel function p: R" — [0, +0o0]
is called admissible for I if fv pds > 1 for each rectifiable curve v € T'.

For each p € [1,+00), the p-modulus of T' is defined as
Mod,(I") = inf/ prdm,
p n

where p ranges over admissible Borel functions for I'. Here and in
what follows m is the n-dimensional Lebesgue measure on R® With
the dimension n understood, the n-modulus Mod, (I') of I" is usually
abbreviated to modulus and denoted by Mod(I").

We record some elementary properties for modulus.

Lemma 5.7 ([Vu88, Lemma 5.2 (ii)]). Let I'y, 'y be families of curves
in R". If 'y C Ty, then Mod(I';) < Mod(T'y).

Lemma 5.8 ([Vu88, Lemma 5.3]). Let I', I be families of curves in
R™. If for each v € T there exists v € I such that v is a subcurve of
7, then Mod(T") < Mod(T").

Lemma 5.9 ([Vu88, Lemma 5.5]). Let G C R™ be a Borel set and
denote I'.(G) == {v : v is a curve in G with length(y) > r} for each
r > 0. Then Mod(I',(G)) < m(G)r—".

Lemma 5.10 ([Vu88, Lemma 7.38]). Let E, FF C R"™ be disjoint con-
tinua with diam(E) > 0, diam(F) > 0. Then
min{diam(F), diam(F)}
dist(E, F) ’

where ¢, > 0 1s a constant depending only on n.

Mod(A(E, F)) = ¢, log(l +

Moreover, Lemma [5.10] can be strengthened to a two-sided bound
of Mod(A(E, F)). In fact, the upper bound of Mod(A(E, F')) is valid
even if F, F' are disconnected.

Lemma 5.11. Let G C R"™ be a domain and E, ' C G be non-empty
disjoint compact sets satisfying dist(E, F') < dist(E,R" \ G). Then

diam(E) \"
Mod(A(E,F;G)) < a1+ ————% ]
od(A(E, F3G)) < @ ( +dlst(E,F))
where «,, denotes the n-dimensional Lebesque measure of the unit ball
B™.

Proof. Denote d := diam(FE), r = dist(F, F'), and consider the open

set
D = U B"(x,r).

zeFE
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It is clear that £ C D C G \ F, and that m(D) < a,(d +1r)".

For each v € A(E, F'; G), by Lemma [5.6] there is a subcurve 7' of v

such that v € A(F,0D; D). Since
A(E,0D; D) C {y' : 4 is a curve in D with length(y') >},
it follows from Lemmas [5.8 and 5.9 that
Mod(A(E, F;G)) < an(d+7r)"-r ",
and the proof is complete. U
Remark. In particular, if we set G = R™ in Lemma [5.11], then
min{diam(E), diam(F)}\"

dist(E, F) '

Recall the notation N(f, A) in (3.2). Then we have the following
characterization of quasiregular maps in terms of moduli of curve fam-
ilies.

Theorem 5.12 ([Ri93, Theorem I1.6.7]). Let f: G — R™ be a non-

constant map on a domain G C R"™ and let 1 < K < 400. Then f is
a quasireqular map with Ko(f) < K if and only if the following hold:

Mod(A(E, F)) < o, (1 +

(1) f is sense-preserving, discrete, and open.

(ii) For each Borel set A C G with N(f, A) < 400 and each curve
family T in A, we have

Mod(I') < K - N(f, A) - Mod(/fT).

We also have the following property about moduli of curve families
in a normal domain of a quasiregular map. Recall that for a map
f: G — R" on a domain G, a normal domain U is a domain for which

UCGand f(OU) = 0f(U).

Lemma 5.13 ([Ri93, Corollary 11.9.2]). Let f: G — R"™ be a non-
constant quasiregular map on a domain G C R™, and D be a normal
domain for f. Let I be a family of curves in f(D) and T' == {v :
v is a curve in D such that f o~ €T}, then

Ki(f) =

Mod(T) < Mod(T),

~ N(f,D)
In [GW16], Guo and Williams study the quasiregularity of maps be-

tween metric measure spaces and show that weakly metrically quasireg-

ular maps are BQS maps. In [LP19], Lindquist and the second-named

author give a characterization of quasiregular maps between closed Rie-

mannian manifolds in terms of BQS maps; see [LP19, Theorem 1.1].
We record a quantitative version of [LP19, Theorem 1.1].
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Theorem 5.14 ([LP19l Theorem A.1]). Let M and N be closed ori-
ented Riemannian n-manifolds and f: M — N be a K-quasireqular
map. Then there exists n: [0,+00) — [0,4+00) depending only on K,
such that f is a local n-BQS map.

Note that Theorem is quantitative in the sense that the distor-
tion function 1 depends only on K, but the locality scale may depend
alsoon f, M, and N.

Theorem 5.15 (|[LP19, Theorem A.10]). Let M and N be oriented
Riemannian n-manifolds and f: M — N a discrete, open, and sense-
preserving local n-BQS map. Then f is K-quasireqular for some K > 1
depending only on n.

5.3. Branched quasisymmetric maps with uniformity. To study
the relation between uniformly quasiregular maps and BQS maps, we
consider branched quasisymmetric maps with uniformity. First, we
introduce local uniform branched quasisymmetric maps.

Definition 5.16. A continuous map f: X — X on a metric space
X is a local uniform n-branched quasisymmetric map (abbr: local n-
UBQS) for a homeomorphism 7: [0, +00) — [0, +o0) if f¥: X — X,
f¥ = fo fF1 is a local n-BQS map for each k¥ € N. We simply say
that f is a local UBQS map if there exists a homeomorphism 7 for
which f is a local n-UBQS map.

Note that in Definition we have no restriction on the locality
scale. Therefore, we furthermore introduce uniformly local UBQS maps
with respect to open covers. For a continuous map f: X — X on a
locally connected compact metric space X, and a cover U of X by
connected open sets, we denote

(fHU = {(7 . U is a connected component of f~*(U) for some U € uj.

Definition 5.17 (Uniformly local UBQS maps). A continuous map
f: X — X on a locally connected compact metric space X is a uni-
formly local n-UBQS map for a homeomorphism 7: [0, +00) — [0, +00)
if there exists a finite cover ¢ of X Dby connected open sets, such that
f¥|z 1s an n-BQS for all k € N and U € (f*)*U. We simply say that f
is a uniformly local UBQS map if there exists a homeomorphism 7 for
which f is uniformly local n-UBQS map.

Recall that a K-quasiregular map f: M — M on an oriented Rie-
mannian n-manifold M is uniform if f¥: M — M is K-quasiregular
for each £ € N. We have the following characterization of uniformly
quasiregular maps.
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Theorem 5.18. Let M be a closed and oriented Riemannian n-manifold
and f: M — M a non-constant continuous map. Then f is uniformly

quasireqular if and only if f is a discrete, open, and sense-preserving
local UBQS map.

Proof. Assume that f: M — M is a discrete, open, and sense-preserving
local n-UBQS map, that is, f* is a discrete, open, and sense-preserving
local 7-BQS map for each & € N. By Theorem there exists K > 1
depending only on 7 such that for each & € N, the map f* is K-
quasiregular. Hence f is uniformly quasiregular.

Consider the converse implication. Assume that f is uniformly K-
quasiregular for some K > 1. By Theorem , there exists n: [0, +00) —
[0, +00) depending only on K such that for each k € N, the map f* is
a discrete, open, and sense-preserving local n-BQS map. Therefore f
is a local n-UBQS map. U

6. QUASISYMMETRIC UNIFORMIZATION: BRANCHED
QUASISYMMETRIES

In this section, we discuss the quasisymmetric uniformization of vi-
sual metrics in terms of BQS maps, and prove the metric part of The-
orem Precisely, we establish the following theorem.

Theorem 6.1. Let f: S — S™ be an expanding cellular Markov branched
cover. Let o be the spherical metric on S™ and let o be a visual metric
for f. Then id: (S*,0) — (S", 0) is a quasisymmetry if and only if
f: (8", 0) = (S",0) is a uniformly local UBQS map.

6.1. Cellular neighborhoods. Before we get down to the quasisym-
metric uniformization problem, we introduce a class of neighborhoods
constructed from cell decompositions, which plays an important role in
this section and Section [7

Let {Dp}men, be an essential sequence of a cellular Markov map

f: 8" — 8" For each pair m, k € Ny and each X € DT[Z], we denote

UL (X)) ={y edl, . XnY #0},

(6.1) . ‘ m-+k
Up o (X) = int(JU, (X)),
and
2 — [n] . 1
G2 Unn0) =Y €D Y OUUL(X) £ 0},

U (X)) = int (U, (X))
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Furthermore, for all m, k, | € Ny, and each X € D%L], we write
(6.3)

Winia(X) =1{Z e DI, Z ¢ U, 0 (X) and Z C UUL (X))},
Wm’k’l<X) = U Wm,k,l(X>.

Then we have the following properties.

Lemma 6.2. Let f: 8" — 8" be a cellular Markov map and { D, }men,

be an essential sequence. Then, for all m, k € Ny and each X € D[n]
the following statements are true:

(i) Uy, (X)) = Uy, 1 (X), and YU, 1 (X) = U7, (X).
(i) DU} . (X) € 8" ~ U, (X) = U(DEL, ~ 2, (X)),
(i) X C Up, 1 (X) C UL LX) C U2 (X)),
(iv) Ul (X ) and U}, . (X) are path-connected.
(v) 8U1 (X)) = U{c € Dyuyy : into(c) NOUL 1 (X) # 0}
(vi) dlst(Z X) > dist(X, 90U} (X)) for each Z € DI, UL L (X).

Here 8™ is equipped with a spherical metric.

Proof. Let m,k € Ny and X € DI be arbitrary.

(i) For each Y € U,, ,(X), we have Y = int,(Y) C U, ,(X), thus
UL (X) € T, (). Then UU,  (X) = T () since UL, (X) i
closed. It follows from the same argument that (JU2, ,(X) = m

(ii) Clearly OU,, (X)) € 8"\U,, 1(X). We show that S"\U,), ,(X) =
U(DI, N UL (X)),

It follows from U}n’k(X) = int(UUﬁL’k(X)) that 8™ U,ln’k(X) C
S\ UU,, . (X). By Lemma (ii) we have S" = UDEZ]JFIC, and
thus " ~ JU,, .(X) € U(D m+k\ 1 #(X)). Then since |J(D m+k\
Uy, (X)) is closed, we have

S"\U}nk(X)QS"\UUI H(X)CU(D m+k\u1 H(X)).

On the other hand, consider arbitrary Z € D U, (X)), Sup-
pose on the contrary that Z N U, ,(X) # 0. Then since Uy, 1 (X) is
open, and Z = int.(Z), we have that int,(Z) N U} . (X) # 0, and thus
into(Z) NY # () for some Y € U, ,(X). Since diH’l(Z) = n, it follows
from Lemma [2.2| that int,(Z) is open. Together with Y = int,(Y"), we
have that int.(Z) Ninto(Y) # @, which implies Z = Y. This yields a
contradiction. It follows that U(D[n R N Un (X)) C SN UL LX),
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(iif) First we show that X C U, ,(X). Assume on the contrary that

X N UL p(X) # 0, then, by (ii), there exists Z € DT[ZL,C N Uy, (X)) for
which X N Z # (), which yields a contradiction.

Then we show that U, ,(X) C U? . (X). Let z € U} (X) =
UU,, . (X) be arbitrary, and suppose that z € Y for some Y € U, , (X).
Suppose also that z € int.(c) for some ¢ € D,,1 with ¢ C Y. Con-
sider a O-cell {p} € Dﬂrk satisfying p € ¢, then « € Fl,,, 1 x(p). For each
Z e Diﬂrk with p € Z, it is clear that ZNY # ), and thus Z € U7, . (X).
Then it follows from Lemma 2.10|that Fl,,,4(p) € UU;, ,(X), and thus
Flok(p) € int(JUp, (X)) = Uy, 1 (X). Since x is arbitrary, the claim
follows.

(iv) Let = € U,, ,(X) be arbitrary, and let Y € U} (X) satisfies
x €Y. Consider y € Y N X. It is clear that there exists a curve
v:[0,1] = Y with v(0) = z, v(1) = y, and v((0,1)) C int.(Y). By
(iii), we have that y € U, ,(X). Alsov((0,1)) € U}, ,(X) since int,(Y)
is an open subset of (JU,, ,(X). Therefore, 4([0,1]) C U, ,(X). Since
x is arbitrary, and X is a path-connected subset of Uﬁl’k(X ), it follows
that U, ,(X) is path-connected.

It follows from similar arguments that U7, , (X) is path-connected.

(v) It is clear that aUg%k(X) ClHc e Dy :into(c) N 8Ué7k(X) -

0}.
Consider now the other direction. Let ¢ € D, satisfies into(c) N
AU, 1 (X) # 0. Since we have by (ii) that

QUL 1(X) = UL ((X) N UL 1 (X) = U (X)) (DI Ul (X)),

there exists Y € U, ,(X) and Y’ € D}ZL,C UL (X)) such that int,(c)N
Y NY’ # (). Then it follows from Lemma (ii) that c C Y NY’ C
oUl (X).

(vi) Consider Z € DI, with Z N X = (. It follows from (ii) that
Z C 8"\ U, (X)), and thus dist(X, Z) > dist(X, 8" \ Uy, (X)) =

dist(X, 0U, . (X)). O

Corollary 6.3. Let f: 8" — 8", n > 2, be a cellular Markov branched
cover and {Dy, }men, be an essential sequence. Then for all m, k € Ny,

and each X € DL, the set Up (X)) N X is path-connected.

Proof. Let m, k € Ny and X € DI be arbitrary. Set A := 8"~ X and
B =U,, (X). It follows from the Jordan-Brouwer separation theorem
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that A is path-connected. Also, by Lemma (iv) we have that B is
path-connected. It is clear that AUB = 8", and ANB = U},  (X)\X.
Consider the following Mayer—Vietoris sequence

> Hyi(S™) = Hy(ANB) > Hy(A) @ Hy(B) — H,(S") —

of reduced homology groups. Since H,(S") =0, and ﬁO(A) = ﬁO(B) =
0, we have that Hy(A N B) = 0, hence AN B is connected. O

For more on homology groups and Mayer—Vietoris sequences, see e.g.
[Sp66].

Note that, the above are elementary topological properties that are
valid even if we do not assume f to be a branched cover. For expanding
cellular Markov branched covers, we have the following.

Lemma 6.4. Let f: 8™ — 8" be an expanding cellular Markov branched
cover and {Dy, }men, be an essential sequence. Then there em'sts lyeN
such that for all m, k, I € Ng with | > ly and each X € DL , we have
Upest(X) € Uy, (X)),

Proof. Since f is expanding, there exists [y € N such that no cell in D,
with [ > [y joins opposite sides of Dy. Fix arbitrary m, k, [ € Ny with
[ >y and X € Dl

Suppose on the contrary that U U, (X) ok (X ) €U ) and consider
€ Up (X)) N Uy (X)), By Lemma (i) and ( ), suppose Z €
U py(X) and Y € D}ZL,C N Uy, (X)) satisfies ZNY # (). Suppose
also X’ € Dinlrk satisfies X’ € X and Z N X # (. It follows from
Corollary 2.11] that Z cannot be contained in a level-(m + k) flower.
Then, by Corollary \3._17‘, the cell fm+*(Z) e Dl[n] cannot be contained
in a level-0 flower. However, by the choice of [y, each level-I room is

contained in some level-0 flower (see Lemma [2.13)), which leads to a
contradiction. d

As a consequence, when [ € N is sufficiently large, the structure of a
subset in the form W, x;(X) is clear.

Lemma 6.5. Let f: 8™ — 8" be an expanding cellular Markov branched
cover and {Dp, }men, be an essential sequence. Then, there existsly € N
such that for all m, k, 1 € Ng with | > ly and X € Dm], we have
Wit (X) = Uy, 1 (X) N Uy, (X))

Proof. Let Iy € N be the constant in Lemmal6.4l Fix arbitrary m, k, [ €
Np and X € D;n], where [ > (.
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First, we prove that U, ,(X) N\ Uy, (X)) € Wi pi(X). Tt follows
from Lemma[6.2] (i) and (ii) that

ng,k(X> N Usq,kH(X) = Uui U D[n+k+z U k+l<X))'
Also, it is clear that

Uu%,k(X) = U U{Z = Dxﬂm ZCY}.

veu,, ,(X)

Consider arbitrary Y € U, ,(X), Z € D[n]+k+l and W € DMMH ~

Uy o (X) with Z C Y, ZNW # (). Suppose that Y’ € D}ZL,C satisfies
W Y If Z ¢ Uy, (X), then we have ZNW C Z C Wy, p1(X).
Suppose now that Z € U, ,,,(X). It follows from Lemma hat
ZOW C U, ,(X), and thus Y'NU,, ,(X) # 0. Then by Lemma 6.2 (ii)
we have Y/ € U, (X), and thus ZNW C W C Wy, ;i(X). In con-
clusion, we have that U}, (X) N Uy, . (X) € Wya(X). On the
other hand, it is easy to see from the definition that W, ;,(X) C
Up, (X)) N U, (X)), and thus the proof is complete. O

Also, we have that the boundary of the subset U, ,(X) is contained
in Wi, x1(X), whenever [ € N is sufficiently large.

Lemma 6.6. Let f: 8™ — S™ be an expanding cellular Markov branched
cover and {Dpy, }men, be an essential sequence. Then there exists lg € N

such that for each m, k, 1 € Ny with | > ly, and each X € D[n],
have OU,, 1 (X) € Wi a(X). In particular, if we equip S™ with a met-
ric compatible with its topology, then

dist (X, OU,, (X)) = dist(X, W, (X)) > 0.
Proof. Let ly € N be the constant in Lemma|6.5, Fix arbitrary m, k, [ €
No and X € D, where [ > ly. Then, it follows from Lemma [6.5] that
8U111,k(X) = Uﬁz,k(*)() ~ Ugm,k(X) - Uﬁz,k(*)() ~ Ué,w(X) = Wk (X).
Clearly X N W, 11(X) = 0, then dist(X, Wi, (X)) > 0, and the proof

is complete. U

6.2. BQS properties with respect to visual metrics. First, we
show that a cellular Markov branched cover is a uniformly local UBQS
map with respect to each visual metric.

Lemma 6.7. Let f: 8™ — 8" be an expanding cellular Markov branched

cover, and {D, }men, be an essential sequence of f. Let var be a visual
metric for f on S™. Then, for each m € N and each U € F(D,,), the
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map [y is an n-BQS map (with respect to o) for some n independent
of m and U.

Proof. To be concise, denote m(x,y) = msp,(x,y) for all z, y € S™.
Let A > 1 be the expansion factor for g, and let C' > 1 be the constant
for which

CIA™@Y) o(z,y) < O A—™@y)
holds for all z, y € §". By Lemma [£.20] (i), there exists a constant
C’ > 1 for which

C''A™™ < diam(X) < C'A™™

holds for all m € N and X € Dm}.
Denote for each m € N and each xz € 8™

Un(z) = J{Y € Dy : there exists X € D,, with = € X, XNY # 0}.

It is clear that U,,(x) is a connected set with U,,(z) C B(z,4C"A™™).

Fix ky € N such that 8C'A~ is strictly less than the Lebesgue
number of the open cover F(Dy). Then, for each m € N and x € S,
since f"™"(Upiko () € Uk (f™(x)), and Uy, (f™(x)) is contained in a
level-0 flower, it follows from Corollary [3.17] that U4k, (z) is contained
in a level-m flower.

Fix arbitrary m € N, level-m vertex p, and a continuum A C Fl,,(p).
Put

[ := max{l' € N : there exists a level-I' flower that contains A}.

It is clear that m <1 < +o0.

Now we give an estimation of diam(A) and diam(f™(A)). First,
it is clear that diam(A4) < 2C"A~'. We then show that diam(A) >
C~TA~(+ko+1) - Suppose on the contrary diam(A) < C~'A~UFko+l),
Fix x € A, then for each y € A, we have

CflAfm(z,y) < Q(aj,y) < CflAf(lJrkoJrl),

and thus m(z,y) > 4+ ko + 1. Then we have A C Uy, g,+1(x), and thus
A is contained in a level-(I + 1) flower, which contradicts the choice of
[. Therefore, we have

CIA- Rt < diam(A) < 2C7A7

Clearly f™(A) is also a continuum. It follows from Corollary
that f™(A) is contained in a level-(I — m) flower, and that f™(A)
cannot be contained in a level-(I" — m) flower for any I’ > . By the
same argument as above, we have

C—IA—(H—ko—i-l)—I—m < dlam(fm(A)) < QC/A_l+m.
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Then it follows that
(2C"C AP TIA™ L diam(f™(A))/ diam(A) < 2C"CARTIA™,

Let £ and E’ be two continua contained in Fl,,(p), then we have

diam(f™(FE)) ok diam(FE)
L (20T C AR L
diam(f™(E")) (ce ) diam(E")
Define n: [0, +00) — [0, +00), t + (2C"CA*FT1)2t then the proof is
complete. 0

By Lemma [3.14, we have F(D,,) = (f*)*(F(Dy)). Hence the follow-
ing corollary is a straightforward consequence of Lemma

Corollary 6.8. An expanding cellular Markov branched covering map
f: 8" —= 8" is a uniformly local UBQS map with respect to each visual
metric 0.

Corollary 6.9. Let f: S" — S™ be an expanding cellular Markov
branched cover, {Dy,}men, be an essential sequence, and o be a visual
metric of f. Let o be the spherical metric on S™. Ifid: (S", 0) — (S", o)
is a quasisymmetry, then for each m € N and each U € F(D,,), the
restriction f™|y is an n-BQS map (with respect to o) for some n inde-
pendent of m and U. In particular, f is uniformly local UBQS (with
respect to o ).

Proof. Suppose that id : (S",0) — (S", 0) is a quasisymmetry. By
Lemma for each m € Ny and each U € F(D,,), the map f™|y
is an 7’-BQS map (with respect to ¢) for some 71’ independent of m
and U. Then it follows from Lemmas and that ™|y is an n-
BQS map (with respect to o) for some 1 independent of m € Ny and
U e F(Dp). O

6.3. BQS with uniformity implies quasisymmetric equivalence.
In this subsection, we consider the converse of Corollary [6.9 We show
that if an expanding cellular Markov branched cover on S™ is uniformly
local UBQS with respect to the spherical metric o, then its visual
metrics are quasisymmetric equivalent to o.

In the following lemmas, we show some metric properties with re-
spect to the spherical metric o, for essential sequences of cellular Markov
branched covers on S™ with a uniformly local UBQS condition. These
metric properties allow us to establish the quasisymmetric equivalence
between the spherical metric and visual metrics. See [BM17, Chap-
ter 18] for a similar discussion on Thurston maps.
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Lemma 6.10. Let f: S™ — S™ be an expanding cellular Markov branched
cover, and {Dy, }men, be an essential sequence. Let o be the spherical
metric on S". If for each m € N and each U € F(D,,), the restriction
f™u is an n-BQS map (with respect to o) for some n independent of
m and U, then the following statements hold:

(i) There exists Cy; > 1 such that for each m € Ny and all Z, 7' €

DI with 20 2" # 0, we have

diam(Z2)
diam(Z")
(ii) There exists Cy > 0 such that for all m, k € Ny and all Z €

DI W e D[ank with Z N W # (), we have

diam(Z) > Cy diam(W).

(iii) For each k € N, there exists C3(k) > 0 such that for each
m € Ny and all Z € D), W € DI, with ZOW # 0, we have

diam(W) > C5(k) diam(Z2).

Ct < < Oy

Proof. (i) Fix m; € N such that mesh(D,,) < &y/2 for all m > my,
where 0y is the Lebesgue number of the open cover F(Dy). Such my
exists because f is expanding.

The set {diam(Z’)/diam(Z) : Z', Z € D,[gn], k < mq} is a finite
set of positive real numbers, and we set @ > 1 to be its maximum.
Then, when m < my, we have ™' < diam(Z)/diam(Z’) < a for all
Z, 7' € DI with Z N Z' # 0.

Suppose now that m > m;. Denote g = f" ™. Fix arbitrary
Z, 7' € DL with ZN Z' # (. Tt is clear that Z U Z’ and g(Z U Z') are
connected sets. Since g(Z U Z") = g(Z)U g(Z’) is a union of two level-
my rooms, we have diam(g(Z U Z’)) < 2 - mesh,(D,,,) < dp, and thus
9(Z) U g(Z') is contained in a level-0 flower. Then, by Corollary [3.17,
there exists U € F(D,,—m,) such that ZUZ’' C U. Since g|y is n-BQS,
we have

diam(g(Z)),/ diam(g(Z')) < n(diam(Z); diam(Z")),
and thus

diam(Z)/ diam(Z') > n~'(diam(g(2))/ diam(g(Z"))).
The set {n~!(diam(Y)/diam(X)) : Y, X € DLZ]I} is a finite set of
positive numbers. Set b < 1 to be one of its lower bounds. Then we

have diam(Z)/diam(Z") > b, and, by the same argument, we have
diam(Z")/ diam(Z) > b.
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Let C = max{a, b~'}, then we have
C;t < diam(Z)/diam(Z") < Cy,

and the proof of (i) is complete.

(ii) Consider m, k € No, and Z € D), W € D™, with Z NW # 0.

Suppose that 2’ € DI satisfies W C Z. By (i) we have
diam(Z) > C7 ' diam(Z') > Cy " diam(W).

It suffices to put Cy := C;*.

(iii) Fix an arbitrary k£ € N. Let m; € N be the same as in the proof
of (i).

Set a; = min{diam(Y)/diam(X) : Y € Dl[i}k, X e D[ "mlg mi}.
Then we have diam(W)/ diam(Z) > aj for all Z € D) and W € DI,

whenever m < m;.

Suppose now that m > m; and denote g = f™™ for simplicity.
Consider Z € Dfy) and W € DI, with Z N W # . Then ZU W is
contained in a level-(m — my) flower, and thus by the same arguments
in the proof of (i), we have

diam(W)/diam(Z) > n~*(diam(g(W))/ diam(g(Z))) = b,

where by = min{n~!(diam(P)/diam(2)) : P € DT[Z}IM, Z e D[n}}

Set C3(k) = max{ag, by}, then we have diam(W) > Cs(k) diam(Z),
and the proof of (iii) is complete. O

Lemma 6.11. Let f: S” — S™ be an expanding cellular Markov branched
cover, and {Dy, }men, be an essential sequence. Let o be the spherical
metric on S™. If for each m € N and each U € F(D,,), the restriction
f™ v is an n-BQS map (with respect to o) for some n independent of
m and U, then the following statements hold:
(i) There exists Cy > 0 such that for each m € N and all Z, W €
DI with ZNW = 0, we have

dist(Z, W) > C,diam(Z).
(ii) There exists C5 > 1 such that for allz, y € S, m = msp,(z,y),

and each Z &€ D,[Z] containing x, we have

o(r,y) _ c..

G5 dlam(Z) h

Proof. (i) Fix m € N, and Z, W € DI satisfying ZNW = (). We
denote U(Z) == U}, o(Z) and U(Z) := U}, o(Z) for simplicity.
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Same as the proof of Lemma [6.10] (i), we may fix sufficiently large
ms € N for which mesh,(D,,,) < do/3, where J; is the Lebesgue number
of the open cover F(Dy).

Put

a = min{dist(X, Y)/dlam(X): X, Y € DI\, XNY =0, m < my}.

Then dist(Z, W) > adiam Z if m < ms.
Suppose now that m > msy. Denote g = f™ 2. It is clear that

UU(Z) and g(| JU(Z)) are connected sets. Since
J(Ju2) =\ Ju(2): 2 eu(z)}

is a union of level-my rooms, and diam(g((JU(Z))) < 3mesh,(D,,,) <
do, we have that g(lJU(Z)) is contained in a level-0 flower. Then, by
Corollary JU(Z) is contained in a level-(m — my) flower.

Suppose that U(Z) C|JU(Z) C Fl,_m,(p) for some level-(m — my)
vertex p. Fix an arbitrary z € Z. Let y € 0U(Z) satisfies o(x,y) =
dist(z,0U(Z)). Consider B = {z € S" : o(x,2) < o(x,y)}, then B
is a continuum with B C JU(Z) C Fly—m,(p). By Lemma (ii),
the set B joins two distinct level-m rooms. Thus, by Corollary [2.11]
the connected set B cannot be contained in a level-m flower. It follows
from Corollary that ¢g(B) cannot be contained in any level-my
flower. Then diam(g(B)) > 0,,,, where d,,, is the Lebesgue number of
the open cover F(D,y,,).

Since glr1,, ., () 18 7-BQS, and B, Z are continua in Fl,, _m,(p), we
have

o(z,y) S diam(B) < 1 _1(diam(g(B))> > 1 _1( Oma )

diam(2) = 2diam(2) = 2" \diam(g(2)) ) = 2" \Gam(g(2))

Put b = min{(1/2)n7(6;n,/ diam(X)) : X € D,[ZL} Then it follows
from Lemma [6.2] (vi) that
dist(Z, W) > dist(Z,0U(Z)) = inf{dist(z,0U(Z)) : x € Z} > bdiam(Z).

Therefore Cy := min{a, b} is the desired constant. The proof of (iv) is
now complete.

(ii) Let z, y € S™ be arbitrary. Denote m = mp,(z,y) and suppose
7 € D satisfies z € 7.

Suppose that Z', Z” € D,, satisfy x € Z', y € Z" and Z' N Z" #
(. Let W, W' € D,,;; satisfty x € W, y € W’'. The definition of
myp,(x,y) implies WNW’' = (.

By Lemma [6.10] (i), we have

o(z,y) < diam(Z")+diam(Z") < (14+C4) diam(Z") < C1(14+Cy) diam(Z).
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Then, by (i) and by Lemma [6.10] (iii), we have that
o(z,y) = dist(W,W') > C,diam(W) > C,C5(1) diam(Z).
Let C5 = max{C(1 + C}), C4C5(1)}, then we have
Cit < o(x,y)/diam(2) < Cs.
The proof is complete. O

Theorem 6.12. Let f: S" — S" be an expanding cellular Markov
branched cover, {Dy, }men, be an essential sequence, and o be a visual
metric for f. Let o be the spherical metric on S™. If for each m € N and
each U € F(D,,), the restriction f™|y is an n-BQS map (with respect
to o) for some n independent of m and U, then id: (S™,0) — (S", o)
1S @ quasisymmetry.

Remark. Note that, quasi-visual approzimation introduced in [BM22]
is a powerful tool for so-called quasisymmetric uniformization prob-
lems. For Theorem one may verify that {D,,}men, 1S a quasi-
visual approximation of both (S™, o) and (S", ¢), then it follows that
id: (S",0) — (S",0) is a quasisymmetry. For the definition and a
detailed discussion on quasi-visual approximation, see e.g. [BM22, Sec-
tion 2]. However, for the convenience of the reader, we include a
straightforward proof of Theorem as follows.

Proof of Theorem[6.13, Denote m(x,y) = msp,(z,y) forall x, y € S"™.
Let A > 1 be the expansion factor of p, and C' > 0 be the constant
for which

(6.4) CIAT™@Y) L o(x,y) < CA—™@Y)

holds for all z, y € S™.

Fix arbitrary =, y, z € S". Denote m; = m(z,y) and my =
m(xz,z). Let X; € D,[Q]l, X, € D% be n-cells containing x. Then,
by Lemma [6.11] (ii), we have that

o(z,y)/o(r, z) < C2 diam, (X;)/ diam,(X>),
where the constant C5 > 1 comes from Lemma (ii). Consider the

following cases according to my and m..

Case 1. Suppose m; < mo, and denote k := my — m;. Fix an

arbitrary contant A > max{1, Cy, 1/C5(1)}. By Lemma m (iii),
diam, (X1)/ diam,(Xz) < N = (AR,
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where o == logA\/log A > 0. Then it follows from (6.4) that A=* <
C?o(x,y)/0(v,z), and thus

diam, (X)) _ (CQAM) N

diamy(X32) = o(x, z)

Case 2. Suppose my > mo, and denote k = m; — mo. Fix mg € N
such that mesh(D,,,) < dy/2 for each m > my, where J; is the Lebesgue
number of F(Dy). Put

— g g . [n] n
a; = meﬁ&}g{gmo{dlama(X)/ diam,(Y): X €D}, Y € DT[n]}
for each | € N. If my < my, then diam, (X;)/ diam,(X3) < ay.

Assume now that mg > my, then there exists a flower U € F (D, —m,)
with X; UX, C U. Since the restriction of f™2=™0|; is n-BQS, we have

diam, (X7) o 1 1

. N : g )
diam,(X>) n—l(—ji:ggf;) n(1/ax)

where Y] = fm27™0(X;) and Y, = f"27™0(X,).
Since mesh(D;) — 0 as | — 400, we have a¢; — 0 and m — 0
as | — +oo. Let h: R — (0,400) be a continuous function with the

following properties:
(1) h is strictly decreasing.
(2) h(t) = 0 as t — +o0; h(t) — 400 as t — —oc.
(3) h(l) > max{a;, —7—} for each I € N.

n=t(1/ar)

Then we have that diam,(X;)/diam,(X3) < h(k). Moreover, since
AF < C%o(z,y)/o(x, z), we have that

Define 6;: [0, +00) — [0,+00), i € {1, 2}, by 0 (t) = C2(C2At)win
and 0y(t) == C2h(—log, C?*t). Then both 6; : [0, +00) — [0,+00), i €
{1, 2}, are strictly increasing continuous functions with 6;(¢t) — 400
as t — +o0.

Define #: [0, +00) — [0, 4+00) by 8 := max{6;,6,}. Then8: [0, 4+00) —
[0, +00) is a strictly increasing continuous function with 6(0) = 0, and
0(t) — 400 as t — +oo, which implies that 6 is a homeomorphism. It
follows from the discussion above that

o(e3) o o)

o(x,2) = \o(z,2)
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Therefore id: (S, 0) — (S",0) is a quasisymmetry, so is the inverse
id: (S*,0) — (S™, 0). O

We finish the section with a proof of Theorem [6.1]

Proof of Theorem[6.1. Let f: S® — S™ be an expanding cellular Markov
branched cover, {D,,} men, be an essential sequence, and g be a visual
metric for f. Let o be the spherical metric on S™.

First, if id : (S",0) — (S", o) is a quasisymmetry, then by Corol-
lary f:(S",0) = (S",0) is a uniformly local UBQS map.

For the converse, suppose now that f: (S*,0) — (S",0) is a uni-
formly local UBQS map. Let U be a finite cover of S™ by connected
open sets, and 7n: [0, +00) — [0, +00) be a homeomorphism, such that
f*|5 is an n-BQS for all k € N and Ue (f*)*¥U. Since f is expanding,
let mp € N be a constant such that mesh,(D,,,) is strictly less than the
Lebesgue number of U. Since (S™, o) has bounded turning, it follows
from Lemmathat fis a BQS map (with respect to o). Assume that
[ is &-BQS. It is clear that f™|p,, () is a £™-BQS map for each m < my
and each level-m vertex p. Consider now the case where m > my. Let
p be an arbitrary level-m vertex. By the choice of mg, we have that
fmmo(Fl,(p)) is contained in some U € U, and thus Fl,,(p) is con-
tained in some U € (f*)™ " (U). Consequently f™ ™| () is n-BQS,
and f™[p1,, () is (€™ on)-BQS. Let 0 := max{¢, &2, ..., {™, £™ on},
then 6: [0,4+00) — [0, 4+00) is surjective, strictly increasing, and sat-
isfies 0(0) = 0. Clearly f™|p, () is 8-BQS for each m € N and each
level-m vertex p. By Theorem[6.12] id: (S™,0) — (S", 0) is a quasisym-
metry. U

7. QUASISYMMETRIC UNIFORMIZATION: UNIFORMLY
QUASIREGULAR MAPS

In this section, we discuss the quasisymmetric uniformization prob-
lem of visual metrics in terms of uniformly quasiregular maps, and
prove the quasiregular part of Theorem Precisely, we prove the
following theorem.

Theorem 7.1. Let f: S* — S™ be an expanding cellular Markov branched
cover, and let o be a visual metric for f. Thenid: (S",0) — (S", o) is
a quasisymmetry if and only if f is uniformly quasireqular, and

sUp{ Nioe(f™,2) :m € N, z € S"} < 400.
7.1. Quasisymmetric equivalence implies UQR. Given an ex-

panding cellular Markov branched cover f: S" — S™ and a visual met-
ric o of f, we show that if p is quasisymmetrically equivalent to the
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spherical metric, then f is uniformly quasiregular, and of uniformly
bounded local multiplicity.
First, as a consequence of Corollary[6.8] f is uniformly quasiregular.

Corollary 7.2. Let f: 8" — 8" be an expanding cellular Markov
branched cover, and o be a visual metric for f on S™. Let ¢: (8" 0) —

(S™, o) be a quasisymmetric homeomorphism, then the map f =po
f o™t is uniformly quasiregular.

Proof. By Corollary , we know that f: (8™, 0) — (8™, ¢) is uniformly
local UBQS. Let n: [0,4+00) — [0, +00) be a homeomorphism, and U
be an opencover of 8" by connected open subset of 8" such that f*|y
is -BQS for all k € N and U € (f*)*U.

Since ¢ is quasisymmetric, also ¢! is quasisymmetric. By Lemma ,
the maps ¢ and ¢! are BQS. Suppose that ¢ is a &-BQS map, and
o tis a &-BQS map for homeomorphisms &, & respectively. Put
o = {pU) : U € U}, then p.U is a finite open cover of S™ by
connected open sets. Put also 7 = &1 0no&y, then for all £ € N and
Ue (f*)*(.Ud), the restricted map fk]U is 7-BQS. Then f is uniformly
local UBQS with respect to o.

It is clear that f is discrete and open, and sense-preserving. By
Theorem , we obtain that f is uniformly quasiregular. U

Moreover, if id: (S™, ) — (S™, 0) is a quasisymmetry, then there is a
uniform upper bound for the local multiplicities of the family {f™}.en.

Theorem 7.3. Let f: S* — S™ be an expanding cellular Markov branched
cover, and o be a visual metric for f. Let o be the spherical metric on
S™. Ifid: (S",0) — (S™, 0) is a quasisymmetry, then

sup{Nioc(f",2) :m €N, z € §"} < +o0.

Proof. Suppose that id: (S",0) — (S", ) is a quasisymmetry. By
Corollary [7.2], we may assume that f is uniformly K-quasiregular for
K > 1. Also by Corollary [6.9|there exists a homeomorphism 7: [0, +00) —
[0,400) such that f™|y is a 7-BQS map (with respect to o) for all
m € Ny and U € F(D,,).

Let {D,,}men, be an essential sequence of f. By Corollary [3.23] It
suffices to prove sup{N(D,,,p) : m € N, p is a vertex of D,,} < +o0.

Fix my € Ny such that for each m € Ny with m > mg and each Fl,, €
F(D,,), the closure FL,, is contained in a hemisphere. By Lemma ,
fix [y € N such that J(D;, Dy) > 4 for each | € Ny with [ > [y. Then for

each m € Ny and each level-m vertex p, we have Fl,,1,,(p) C Fl,,(p).
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For each m € Ny with m > myg, and each level-m vertex p, fix
a stereographic projection ¢p,,: S \ {a,} — R™ with the following
properties:
(1) Gmp(p) =0, and @ (Fln(p)) € B"(0,2).
(i) @m.plgr, gy 18 L-bilipschitz for some L € [1, 2].
We may assume L = 2, without loss of generality.
Let ¢ be an arbitrary level-mg vertex. Denote G = ¢y 4(Flin, (q)),

F = ¢mp.q(Flingi2,(q)), and E = ¢y .q(Fling131,(q)). Clearly ECFC
G C B"™(0,2), and we pick a, b > 0 such that

B"(0,2a) C E C F CB"(0,b/2).
Consider M, := Mod(A(E,0F)). Then, by Lemmas [5.6 and
M, > Mod(A(0B"(0,a),0B™(0,b); B*(0,b) \ B"(0,a)) > 0.

Put My := inf{M, : q is a level-m vertex.}. Since M is the infimum
of a finite collection of positive numbers, we have M, > 0.

Now fix arbitrary m € Ny with m > mg + [y, and level-m vertex p.
Consider the domain G := ¢, ,(Fl,,(p)) in R”, and put

D = gbm,p(Flm—i—lo(p))’ F = ¢m,p(F1m+2lo(p))’ E = ¢m7P(Flm+3lo (p))
Denote ¢q :== f™ ™ (p), and put

D' = (bmo-l-lo,q(Flmo (CI)) F = (bmo Q(F1m0+210( )) - <Z§mO (I< mo+3lo (Q))

Since ¢, and ¢y, , are L-bilipschitz, the map f G = R™ f =
Pmo,q © [0 0 ¢ is K L'"-quasiregular.

It is clear that f(D) = D'. By Corollary[3.18 D is a normal domain
for f. Consider I'" := A(E’,0F"; D), and ' := A(E,0F; D). We shall
prove

I'={y:vyisacurvein D and foy e I"}.
Indeed, let v: [0,1] — D be a curve with f ov € I, and denote
a = ¢!, 07 Then F(4(0)) € F, and f(y(1)) € OF', implying
fr7m(a(0)) € Flngraiy(q) and 7™ (a(1)) € 0Flngya(g). 1t fol-
lows from Lemma that «(0) € Flm+310 Flnss, (p) and a(1) € Flypo (p)-
Moreover, it follows from Proposition |3.14] (i) and Corollary that
).

a(1) € OFL, o, (p). Hence v € A(E, aF D
Then, by Lemma [5.13

N(f,D) < KL™Mod(T")/Mod(I") < KL Mgy Mod(T).
The second inequality above follows from Lemmas [5.6] and [5.8]
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By_ the choice of_ lo, we have E C F C F C D, which implies
dist(E, 0F) < dist(E,R™ ~\ D). Then it follows from Lemma that
an KL (1 diam(E) )n
My dist(E,0F))

It suffices to give an estimation of diam(E)/dist(E,0F). Let = €
Flyisi,(p), y € OFl, 40, (p) be arbitrary. Suppose that x € X, y € ¢ for
X e D}ZLSIO with p € X, and ¢ € Dy, 19, with p ¢ c¢. Suppose y € Y for
some Y € DL’;LSZO. By the choice of Iy, we have X NY = (). Then it fol-

lows from Lemma (i) that o(z,y) > disty(X,Y) > Cy diam, (X).
Moreover, it follows from Lemma (i) that diamg, (Flyyg,(p)) <
(14 C4)diam,(X), thus

o(z,y) = Cy(1 4 Cy) " diam, (Fl, 3, (p)).
Since z, y are arbitrary,
diStg (F1m+3lo (p), 0 F1m+2[0 (p)) > 04(1 + 01)_1 diama (F1m+3l0 (p)) .

Since ¢, is L-bilipschitz on Fl,,(p), we have diam(E)/ dist(E,dF) <
L*C (1 + C). Therefore,

N(f,D) <

N(f,D) < anf LT (1 L ra+a) CI))n.

M Cy

Clearly N(f™ ™, Fl,4,(p)) = N(f, D), and it follows from Lemma/3.21
that

N(Dm—mmp) Card<D0) : NlOC(fmim(J?p)
card(Dy) - N(f, D)

KL*™ L?(1 "
< Card(Do)%To (1 + %) .

Since m = mq + ly and level-m vertex p are arbitrary, it follows that

NN

SUp{N(Dp—mq,p) : m €N, m —mygy > ly, pis a vertex of D,,} < +o0.

Since each level-(m — my) vertex p’ is also a level-m vertex, it follows
that

SUp{N (Do, P) : m € N, m—myg = ly, p' is a vertex of Dy, } < +00,
which is equivalent to
sup{N(D,,,p’) :m € N, m > ly, p' is a vertex of D,,} < +o0.
It follows immediately that
sup{N (D, p) : m € N, p is a vertex of D,,} < +0o0,
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and then the proof is complete. O

7.2. UQR implies quasisymmetric equivalence. Now we show
that if an expanding cellular Markov branched cover f: S" — S" is
uniformly quasiregular with uniformly bounded local multiplicity, then
the visual metrics of f are quasisymmetrically equivalent to the spher-
ical metric.

Given an expanding cellular Markov branched cover f: §™ — S§™ and
arbitrary k € N, recall that visual metrics of f and f* coincide (see
Lemma , and that f* is uniformly quasiregular if f is uniformly
quasiregular. Hence it suffices to prove the claim for f*. Since f is
expanding, no cell in Dy, joins opposite sides of Dy if k € N is sufficiently
large. Therefore, we may first assume that no cell in D; joins opposite
sides of Dy. To make our proof concise, we give the following technical
definition.

Definition 7.4. An essential sequence {D,, }men, of a cellular Markov
branched cover f: 8" — 8" is combinatorially bounded if the following
conditions are satisfied:

(i) sup{N(Dp,,z) :meN, z € S"} < +oo.
(ii) No cell in D; joins opposite sides of Dy.

Remark. Condition (i) can be understood as follows:
(a) The existence of an essential sequence with condition (i) is
equivalent to the statement
sup{Nioc(f",2) :m €N, z € S"} < +o0.

(b) For dimension n = 2, consider expanding Thurston maps. If an
expanding Thurston map f: S? — S? is a rational map, then
f has no periodic critical point, and thus admits an essential
sequence with condition (i).

In what follows, we assume f: 8" — 8" to be an expanding cellular
Markov branched cover, and {D,,}men, be a combinatorially bounded
essential sequence. We show some elementary properties of f and
{D }men,, then we obtain two lemmas about metric properties of cells,

similarly as Lemmas and
First, the following topological fact is clear.
Lemma 7.5. Let m, k € No, Y € Dpy, and Y1, Ys € UL (V) ~
(Donsly)™ be arbitrary. Then, there are Xy, ..., X; in Uy, 1 (Y) N
(Donsicly) with the following properties:
(i) X1 =Y, and X; =Ys.
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(i) For each i € {1, ...,1— 1}, we have X; N X;11 # 0 and X; N
Xin €Y.

Proof. Denote D = U}, ,(Y), then it follows from Corollary [6.3| that
D\ Y is connected.

For each X e U, (V) ~ (Dymsi|y), it is clear that int,(X)ND # ()
and int,(X) NY = (), then we have int,(X) N (D \Y) # 0.

Put Q= {XND\NY): X €U} (V)N (Dyily)™}. Tt is clear
that € is a finite cover of D \\'Y by non-empty closed subsets of D\Y.
Lemma implies that there exist Dy, ..., D; € Q with the following
properties:

i) Di=Y1iN(D\Y),D,=Y>n(D\Y).
(il) D; N Diyq # 0 for each i € {1, ..., 1 —1}.

For each i € {2,...,1 — 1}, suppose that D; = X; N (D \Y) for
X; € Uy, 1(Y)N(Dpsk|y)™". Then we obtain X1, ..., X; as desired. [

The following lemma is a consequence of condition (i) in Defini-

tion [.4].

Lemma 7.6. For each k € Ny, there exist constants Ni(k), Na(k) € N
such that

card(Uy, (X)) < Ni(k) and card(Uy, (X)) < Na(k)
hold for each m € Ny and each X € D,

Proof. By condition (i) of Definition set
N = sup card({X eD .z ¢ X}) < +00.

meENy, teS™

Fix arbitrary m, k € Ny and X € DI Suppose that Y € DEZ]HC,
X NY # 0, then there exists X’ € (Dpyxlx)™ with X' NY # 0.
Then X' NY contains a level-(m + k) vertex since X’ NY is a union

of cells in Dypy. It follows U, (X) = U {V € DIy, : p € Y},
where p ranges over all level-(m + k) vertices contained in X. Since
Dm+k|X = (fm|X)*(Dk|fm(X)), it is clear that C&I‘d((Dm+k|X>[0]) <
card(Dg). Then we have card(U), (X)) < N - card(Dy). It suffices
to define Ny(1) := N - card(D;) for each [ € Ny.

Consider now Uy, ,(X). It is clear that Uy, ,(X) = [H{U),,40(Y) :
Y € Uy, (X)}. Then card(Uy, (X)) < Ni(0) - Ni(k). Tt suffices to
define Ny(k) := N1(0) - Ny(k). O

The following Lemmas [7.7] through are consequences of condi-
tion (ii) in Definition [7.4]
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Lemma 7.7. The following statements hold:
(i) For eachm € Ny and each ¢ € Dy, with dim(c) > 1, there exists
0 € D1 with dim(o) < dim(c) and int,(0) C int,(c).
(ii) For each m € Ny and each ¢ € D,,, there exists a level-(m +
dim(c)) vertex p with p € int(c).

Proof. (i) Since Dpy1le = (f™|e)*(Di]fm(e)), it suffices to proof the
claim for each ¢ € Dy with dim(c) > 1.

Let ¢ € Dy with dim(c) = d > 1 be arbitrary. For each z € int,(c),
consider 7 € D; with = € int,(7) and o € Dy with int.(7) C int.(o
(see Lemma [3.13)), then o = c¢. It follows that int.(c) = [J{into(7) :
T € Dy, into(7) Cinto(c)}.

Suppose on the contrary that dim(r) = d for each 7 € D; with
int,(7) C into(c), then each int,(7) is an open subset of int,(c). Since
int,(c) is connected and the cell interiors of cells in D; are pairwise
disjoint, we have card({7 € D; : into(7) C int,(c)}) = 1. It follows that
int,(c) = into(7) and thus ¢ = 7 for some 7 € Dy, which contradicts
the assumption that no cell in D, joins opposite sides of Dy. Therefore,
there exists o € D; with dim(o) < dim(c) and int. (o) C inte(c).

(ii) For each m, k € Ny, and each ¢ € D,,, we have D, x|. =
(f™c)*(Dg|gm(e). Thus, it suffices to prove the claim for m = 0 and
each ¢ € Dy.

We give a proof by induction on dim(c). Let ¢ € Dy be arbitrary.
If dim(c) = 0, then ¢ = int.(c) consists of a single level-0 vertex p.
Suppose now dim(c) =d > 1.

We make the induction hypothesis that, for each ¢ € Dy with
dim(o) < d, there exists a level-dim(o) vertex p with p € int,(0). By
(i), there exists ¢ € Dy with dim(o) < dim(c) and int.(c) C ints(c).
Denote b := dim(c). By the fact that Dy 4|, = f*(Ds|s0)), and by
the induction hypothesis, there exists a level-(1 + b) vertex p with
p € into(0) C inte(c). Since b < d, we have 1+ b < d and it follows
that p is a level-d vertex. By induction, the proof is complete. U

Corollary 7.8. For all m € Ny and ¢ € D,,, there is a level-(m + n)
vertez p with p € int(c).
Proof. The claim follows immediately from Lemma (ii), because

dim(c) < n implies that each vertex of level-(m + dim(c)) is also a
vertex of level-(m + n). O

Lemma 7.9. Let X € D([)"] and py, pa be level-n vertices with py, ps €
X. Then there exists I(X,p1,p2) € N such that for each | € N with
I = (X, p1,p2), there exists a path-connected subset A C X with the
following properties:
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(i) A is a union of cells in (Dy|x)™, and A joins p1, ps.
(il) For each ¢ € Do|x, if p1 & ¢ and py & ¢, then ANc= .

Proof. Pick Y1, Ys € (Dpp1|x)™ with p; € Vi, py € V5.

It is clear that int,(Y7) and int,(Y3) are subsets of int,(X). Fix
a curve v: [0,1] — into(X) with v(0) € into(Y1) and (1) € into(Y2).
Sicne 7 and 0, X are disjoint continua, dist(~y, 9, X ) > 0. Equip 8™ with
a metric compatible with the given topology. Since f is expanding, we
may pick (X, p1,p2) € Nsuch that (X, py, ps) = n+1 and mesh(D;) <
dist(7y, 0,X) for each | > (X, p1, p2).

Now we consider arbitrary [ > (X, p1, ps).

Denote

A=YUY, U J{Z € (D[x)!": Zn~y # 0}

We show that A satisfies the properties in the claim. Since 7, Yi, Y,
and every Z € Dl[n] with Z N~y # 0 are path-connected, also A is
connected. It is clear that A is union of elements in Dlm.

Let ¢ € Dy|x satisfies p; ¢ ¢, po ¢ c¢. Clearly ¢ # X, and thus
¢ C 3,X. Then, since mesh(D;) < dist(v,d,X), we have Z N ¢ = () for
each Z € Dl["] with v N Z # (). Tt suffices to show Y1 Ne=Y,Ne= 0.

Suppose Y1 N ¢ # () on the contrary. Let X; € (Dn\X)["] satisfies
Y; € X;. Since ¢ N X; is either an empty set, or a union of cells in
D,|x,, there exists ¢; € D,, such that ¢; C X; Ne, and Y1 Ny # 0.
Then the cell f*(Y1) € Dy meets both f*({p1}) and f"(c1), which are
disjoint cells in Dy|gn(x,). This contradicts the assumption that no cell
in D; joins opposite sides in Dy.

Therefore, we have Y; N¢ = (), and we also have Y, N c = () by the
same argument. U

Lemma 7.10. There exists ly € N such that for each pair m, | € Ny
with 1 > 1y, each X € D, and each pair of level-(m—+n) vertices py, pa
with py, po € X, there exists a path-connected subset A C X with the
following properties:

(i) A is a union of elements in (Dpyi|x)™ and A joins py, ps.
(ii) For each ¢ € Dy|x, if p1 ¢ ¢ and py & ¢, then ANc=1.

Proof. Denote
lo =sup{l(Y,q1,q2) : Y € D([)"}, and q1, g2 € Y are level-n vertices},

where (Y, ¢1, ¢2) is the constant in Lemma . Since [y is the supre-
mum of a finite collection of positive numbers, we have [y < +00.
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Fix arbitrary numbers m, [ € Ny with [ > [y. Fixalsoacell X € Dm],

and level-(m + n) vertices py, po with py, po € X. Then Y = f"(X) €
D[[)n], and ¢; = f™(p1), g2 = f"(p2) are level-n vertices in Y.

It follows from Lemma that there exists a path-connected subset
A(Y,q1,q2) CY with the following properties:

(i) A(Y,q1,q2) is a union of elements in Dl[n], and A(Y, q1,q2) joins
41, q2-
(ii) For each ¢ € Dy|x, if g1 ¢ c and ¢z ¢ ¢, then A(Y, q1,q2)Nc = 0.

Since Dylx = (f™|x)*(Doly) and Dyrilx = (f™]x)*(Dily), it can
be checked that A = (f™|x) Y(A(Y,q,q)) is the subset with the
properties desired. O

Lemma 7.11. There exists ly € N with the following property: for all
m, k, 1 € Ng with | > ly and each X € Dm], there exists a connected
component W ((X) of Wi k1(X) such that OU, (X)) € W (X).

Proof. By Lemmas and [7.10] pick lp € N such that the following
statements hold for all m, k, | € Ny with [ > [,:

(1) For each X € Dy, we have QU (X)) C Wi pi(X).

(2) For each Y € D,[Z]M and each pair py, py of level-(m + k + n)
vertices contained in Y, there exists a path-connected subset
A C Y joining pi, po, such that A is a union of elements in
(Drnsrrtly)™, and AN e = 0 for each ¢ € D,y 1]y with py ¢ c,

e & c.

Fix arbitrary m, k, [ € Ny with [ > [y and X € D%ﬂ. Let x4y, z9 €
OU,, ,(X) be arbitrary. We show that there is a chain consisting of
elements in W, ;;(X) that joins z; and x.

Suppose z1 € Y7, 9 € Y, for some Y7, Y, € Z/lrlmk(X) (D )M
By Lemma , consider X1, ..., X;in U, (X))~ (Drns]x)™ with the
following properties:

() X, =Y, X; = Y.

(ii) For each i € {1, ..., 1 — 1}, we have X; N X;,; # 0 and X; N
X € X.

Suppose that z; € int,(oq) for some o7 € D,k It follows from
Lemma (v) that oy C 9U,, ,(X), hence oy N X = . Likewise,
let oy € D, satisfies x9 € into(02) and oo N X = (. Since for each
i€ {l, ..., 1—1}, the intersection X;N X, is a union of cells in D,,
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(see Lemma , we may fix ¢; € D, such that ¢; C X; N X;,; and
C; Sz X.

By Corollary fix level-(m + k + n) vertices pg, p1, -- -, Di—1, i
such that py € into(01), p1 € into(02), and p; € int,(c;) for each i €
{1,...,1—1}. Since ¢; € X for each ¢ € {1, ..., — 1}, we have
Po, p1y - i E X,

Put B, = U{Z € Wpu(X) : Zno # 0}, i € {1,2}. By
Lemma , we have o0; C B;, and B; is connected for i € {1, 2}.
Clearly Bl g WquJ(X).

For each i € {1, ..., [}, the intersection X N X; is a union of cells in
Dintk|x, that does not meet {p;_1, p;}. Then, by the choice of I > I,
there exists a path-connected subset A; C X; joining p; 1, p;, such that
A; is a union of elements in DT[ZL,CH, and that A4; N X = (. Clearly
A; T W (X).

Put £ := BiUA;U---UA;UBs, then E is a path-connected subset
of Wi ka(X) that joins 1, zo. Since 1, x5 € U, (X) are arbitrary,
OU,, ,(X) is contained in a connected component of Wi, ;i(X). O

The following lemmas regarding metric properties of n-cells in a com-
binatorially bounded essential sequence are analogous to Lemmas

and [6.111

Lemma 7.12. Let f: S™ — S™ be an expanding cellular Markov branched
cover, and {Dy, }men, be a combinatorially bounded essential sequence.
Let o be the spherical metric on S™. Suppose that f is a uniformly
K -quasiregular map. Then, for each k € Ny, there exists A(k) > 0
such that for all m € Ny and all Y € DYy}, Z € DI, with Y 0 Z =0,

we have

dist, (Y, Z) > Ay (k) diam, (V).

Proof. Since f is expanding, we fix sufficiently large mg € N such that
U2 (X)) = UUp, 1 (X) is contained in a hemisphere for all m, k € Ny
with m > mg and each X € Dﬁ,ﬂ.

By Lemma [7.11], we fix sufficiently large Iy € N such that the fol-
lowing statement hold: for all m, k, ! € Ny with | > [y, and each
X € DI there is a connected component Wi (X)) of Wi i (X) with
OU, L (X) € W (X).

Fix arbitrary m, £ € Ny with m > mg, and Y € D,[Q], Z € D%rk
with YN Z = . Then it follows from Lemma [6.2| (vi) and oU,, ,(Y) C
wr ., (Y) that

m,k,lo
dist, (Y, Z) = dist, (Y, 0U,, ,(Y)) = dist,(Y, W, ., (Y)).
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Since Uy, ,(Y) and U7, o(f™ ™ (Y)) are contained in hemispheres,
we fix stereographic projections ¢1: S" N\ {p1} — R™ and ¢y: S" \
{p2} — R™ such that ¢1, ¢ map U ((Y) and U2 (f"™(Y)), re-
spectively, into B"(0,2), and that ¢, ¢, are L-bilipschitz on UZ ((Y')
and U2, (f"™(Y)), respectively, for some L € [1,2]. Without loss
of generality, we may assume L = 2 in what follows.

Consider the map

Fr o (U20(Y)) = ¢ (U2, o(f" ™ (Y))),

T g0 f1TM0 0 g ().

Then, fis K L*"-quasiregular, since f is uniformly K-quasiregular, and
¢1, ¢o are L-bilipschitz.
Denote U = ¢1(Y), V = ¢ (U'rln,k:(Y))J W= ¢1( ;L7k7l0(Y>) and
D = ¢5(UL, o(f™™(Y))). We shall give an estimation of Mod(A(U, W; V)
and Mod (f(A(U, W;V))).
Let ¥ € A(U,W;V) be arbitrary. It is clear that v = ¢;*(7) is
a curve in U, ,(Y) that joins Y and W}, (Y). Then, there exists

m,k,lo
7', 7" € DI .., such that 2/ C Y, 2" NY = 0 with ~ joining 7’
and Z". By Corollary 2.11], the connected set v cannot be contained
in any level-(m + k + ly) flower, and it follows from Lemma that
fm~mo(~) cannot be contained in a level-(mg + k + [y) flower. Hence
diam, (f™™0 (7)) = &), where 8, is the Lebesgue number of the open

cover F(Dporkti,)- It is clear that
F7 () € Upg o (fm7m0(Y) € Upg o (f™ ™ (V).
Then, since ¢ is L-bilipschitz on U7, o(f™ ™ (Y')), we have

length(¢(f™ ™ (7)) = diam(¢2(f™ (7)) = L™ b

Therefore, we have

FIA(U,W;V)) C {7y:visacurve in D, length(y) > L™'4;}.
Then, by Lemmas [5.7 and [5.9, we have

Mod (F(AU,W:V))) < m(D) - (L7'6:) ™ < da, - (L75) ™

Here m(-) stands for the n-dimensional Lebesgue measure, and «, :
m(B"(0,1)). Note that m(D) < 4ay, since D C ¢o (U2, o(f""™(Y)))
B"(0,2).

Since ¢1 (U}, o(Y')) is a domain (see Lemma (iv)) and f is a K L*"-
quasiregular map on ¢1(U2 ,(Y)), it follows from Theorem and

N
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Lemma [T.6] that
Mod(A(U, W; V) < N(f,V) - Ko(f) - Mod(F(A(U, W;V)))
< Ni(k) - KL* - day, - (L7167,

where NV ( f ,V) is defined in and N (k) is the constant given by
Lemma [Z.6]

For each v € A(U, W), either v € A(U,W;V), or we can find (by
Lemma a subcurve v of v such that v € A(U,0V; V), and thus
v € A(U,W;V) since 9V C W. Then it follows from Lemma [5.§] that

Mod(A(U, W)) < Mod(A(U, W;V)).

Clearly W ., (Y)) is connected and closed, which implies that W =
o1 (W, 14 (Y)) is a continuum. Since U, V, W are bounded subsets
of R" with U C V and 0V C W, we have diam(U) < diam(dV) <
diam(W). Then, by Lemma [5.10 we have

Cn 10g<1 + %) < Mod(A(U,W)) < Mod(A(U,W; V),

where ¢, is a positive real number depending on n. Then it follows
that

diam(U) . S
) oxp (A Ny () K L6 — 1.
G, 1) S CPUanen MR ELTS)
Since ¢ is L-bilipschitz on U2, ,(Y), we have
dist, (Y, Z) S dist, (Y, Wy 10, (Y)) S L2

diam, (Y) = diam, (Y)) ~ exp(4ane, !Ny (k) K LG, ™) — 17
Put

ay, == min{dist, (X, X)/ diam,(X) : X € DI, X" e D", XX’ =0, m < my},

m+k>
and

A1 (k) = min{ay, L™ (exp(4av,c;, ' Ni(k)KL"0, ") — 1)71},
then the proof is complete. O

Lemma 7.13. Let f: S™ — S™ be an expanding cellular Markov branched
cover, and {Dy, }men, be a combinatorially bounded essential sequence.
Equip S™ with the spherical metric o. Suppose that f is a uniformly
K -quasiregular map. Then the following statements are true:
(i) There exists Ay > 1 such that for each m € Ng and all' Y, Z €
DI with Y N Z # 0, we have
1 diam(Y)

— < 1 <A
Ay~ diam(Z) 2
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(ii) For each k € Ny, there exists As(k) > 0, such that for each
meNy and all Y € DY), Z € DLZ]HC withY N Z # 0, we have
diam(Z) > As(k) diam(Y).
(iii) There exists Ay > 0, such that for all m,k € Ny and all Y €
D,[g], Z € DT[ZLk with Y N Z # 0, we have
diam(Y') > A, diam(Z2).
(iv) There exists A5 > 1 such that for allx, y € S*, m = myp,(z,y),
and each Y € DI containing x, we have

1 _ oy
— < o~ S A
As; ~ diam(Y) i

Proof. Since f is expanding, we may fix kg € N such that for each
X € Dy there exists X' € Dy with X' C X \ 9,X.
(i) By Lemma [7.12] we may fix a constant 0 < ¢ < 1, such that
dist(X,Y) > cdiam(X)

for each m € N and all X € D), Y € DI, with X nY = 0.

Suppose that m € Ny, and that Y, Z € D,[ﬁ], Y NZ # (. Suppose
that Y # Z, then YNZ C 0,Z. By the choice of kg, there is Z’ € DLZ]HCO
satisfying Z/ C Z \ 0,Z. Consider x € Y N Z and y € Z'. Then, we
have

diam(Z) > o(z,y) = dist(Y, Z") > cdiam(Y').
By similar arguments, we have diam(Y") > cdiam(Z). Put A, := ¢,
then the proof of (i) is complete.

(ii) Fix arbitrary k£ € N. By Lemma

for each m € Nand all X € Dy, Y € DI, with X NY = 0.

Consider m € No, and Y € D), Z e DI, with Y N Z # 0.
First suppose that Z € Y, then YNZ C 9,Z. Let Z' € DLZLH,CO

satisfies Z' C Z N\ 0,Z. Consider x € Y N Z and y € Z’', then we have
diam(Z) > o(z,y) = dist(Y, Z') > ¢ diam(Y'),
where ¢ == Ay (ko + k).
Suppose now that Z C Y. Then, there exists a collection {Zy, Zs, ..., Z;}
of cells in D[mnlrk with the following properties:
(1) Zo=2,2,¢Y,and Z, CY forie {2, ... t—1}.
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(2) ZiNZi1 #Dforeach i€ {1, ..., t—1}.
(3) t < card(Dpskly) < card(Dy).
Then, by repeatedly applying (i), we have

diam(Z) > cx Ay card(Ds) diam(Y").

Put As(k) = ey “P% then the proof of (i) is complete.

(iii) Consider m, k € Ny, and Y € D,[Z], Z e DEZ]M with Y N Z # ().
Let Y/ € DI satisfies Z C Y'. Then Y NY’ # (. By (i) we have
diam(Y) > A;'diam(Y’) > A;'diam(Z). Put A, = A;', then the
proof of (iii) is complete.

(iv) follows from (i) through (iii) and Lemma [7.12] by the same

argument in the proof of Lemma [6.11] (ii). Now the proof is complete.
U

Now we show that if an expanding cellular Markov branched cover
with a combinatorially bounded essential sequence is a uniformly quasireg-
ular map, then its visual spheres are quasi-spheres.

Proposition 7.14. Let f: S" — S" be an expanding cellular Markov
branched cover and {Dy, }men, be a combinatorially bounded essential
sequence. Let o be the spherical metric, and o be a visual metric for
f. If [ is uniformly quasiregular, then the map id: (S", 0) — (S™, o) is
quasisymmetric.

Proof. To be concise, we denote m(z,y) == msp,(x,y) for all z, y € S™.
Let A > 1 be the expansion factor for g, and let C' > 1 be the constant
for which

O IA™@Y) o(z,y) < O A—(@y)
holds for all z, y € S™.

It is clear that (S™, ) is connected and doubling, and that (S™, )
is connected. By Lemma [4.21] (S", o) is doubling. Then, by [He(l]
Theorem 10.19], It suffices to prove that id: (S™, 0) — (S™, o) weakly
quasisymmetric, that is, there exists a constant H > 1 such that for
all x, y, z € S™ the following implication holds:

o(z,2) < o(z,y) = o(x,2) < Ho(z,y).

Suppose that x, y, z € S" satisfy o(z, 2) < o(z,y). Put k :==m(x,y)
and [ == m(x, z). Then

C'A < o(z,2) < olw,y) < CA™F.
Fix [, € Ny such that A > C?, then k < 1 + l.
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Pick X € Dl[n], X' € Dl[i}lo, and X" € D,[Cn] that all contain x. Then
we have that

o(x,z) < Asdiam(X) by Lemma (iv)

A
<3 (El’)diam(X’) by Lemma [7.13] (ii)
3\t0

A
< ——diam(X"”) by Lemma (iii)
AyAs(lo)
A2
<oy by Lemma[TT3 (v
AyAs(lo)

Now the proof is complete. 0
Theorem [7.1] follows immediately.

Proof of Theorem[7.1]. Ifid: (S", o) — (S™, 0) is a quasisymmetry, then
it follows from Corollary and Theorem that f is uniformly
quasiregular and

(7.1) sup{ Nioc(f™,2) :m €N, x € S"} < +o0.

For the converse, assume that f is uniformly quasiregular and
holds, and let {D,,}men, be an essential sequence of f. Since f is
expanding, there is & € N such that no cell in D, joins opposite
sides of Dy. Consider f*. It is clear that f* is an expanding cel-
lular Markov branched cover with a combinatorially bounded essen-
tial sequence {Dp,, bmen,, and that f* is uniformly quasiregular. By
Lemma m, o0 is a visual metric of f¥. Then it follows from Proposi-
tion that id: (S, o) — (S™, 0) is a quasisymmetry. O

7.3. A subdivision condition for bounded local multiplicity.
For dimension n = 2, an expanding Thurston map with no periodic
critical point can be considered an example of cellular Markov maps
having essential sequences satisfying condition (i) in Deﬁnition For
dimension n > 3, we give a condition, in terms of cell decompositions
D, and Dy, to construct examples. We call this condition transversal
subdivision.

Definition 7.15 (Transversal subdivision). A cell decomposition Dy
is a transversal subdivision of a cell decomposition Dy of S™ if D; is a
refinement of Dy with the following property: for each X € D[[)n], and
each ¢ € Dy|x, if 0 € Dy, and dim(o) = dim(c), then o is contained
in a unique X; € (Dy]x)M.
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Remark. The condition can be understood intuitively as follows: the
intersection of two cells in (D;|x)™ can only “transversally” intersect
a cell in Dyl x.

In what follows, we consider a cellular Markov branched cover f: §" —
S" and an essential sequence {D,, }men, such that D; is a transversal
subdivision of Dy. We shall prove that

sup{N (D, z) :m € Nz € §"} < +00.

First, we fix some notations. For each x € §™ and each m € Ny, we

denote
D(D,,, z) = min{dim(c) : ¢ € D,,,, x € c}.

Note that, by Lemma [2.5| we have D(D,,,z) = dim(c(x)), where ¢(x)
is the unique cell in D, for which z € int,(c(z)). In particular,
D(D,,,x) = 0 if and only if z is a level-m vertex.

Given x € 8", the sequence { N (D,,, x) }men,, where N(D,,, x) is de-

fined by ({3.4)), is non-decreasing, and { D(D,,,, ) } men, 18 non-increasing.
Precisely, we have the following.

Lemma 7.16. Let {D,,}men, be an essential sequence such that Dy is
a transversal subdivision of Dy. Then the following statements hold for
each x € 8™ and each m € Ny:

(i) D(Dpi1,2) < D(Dpp, ), and N(Dyyi1,2) = N(D,y, x).
(i) If = is a level-m wvertex, then N(Dy,y1,z) = N(D,y,, x).
(iii) If N(Dpi1,x) > N(Dp, ), then D(Dyyi1, ) < D(Dpy, ).

Proof. Let m € Ny and z € 8™ be arbitrary.

(i) Since D,,1 is a refinement of D,,, for each ¢ € D,, with x € ¢,
there exists ¢ € Dy, 41 with x € ¢ and ¢ C ¢. Clearly dim(¢) < dim(c).
Hence D(Dyy1,2) < D(D,y, ).

Since D,, 1 is a refinement of D,,, we have

(72) {XeDi,veX} = J{X € Dnulx)": 2z X},
X

where X ranges over all level-m rooms containing z. It is clear that
card({X’ € Dm] re X', X' C X}) > 1 for each X € D,[Z] containing
x. Hence N(D,,11,X) = N(D, x).

(ii) Suppose that x is a level-m vertex. Then, for each level-m room
X containing x, since Dp,i1|lx = (f"|x)*(D1|pm(x)), it follows from
Deﬁnitionthat card({X’ € (Dpi1|x) : 2 € X’}) = 1. Hence
N(Dyns1,2) = N(Dy, x) by (7.2).
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(iii) Assume that z € int,(c), ¢ € Dy, and N(D,,41,2) > N(Dyy, ).
By (ii) we have that z is not a level-m vertex, and thus dim(c) >
0. Since N(D,41,2) > N(Dp,,x), by there exists a X € D
with card({ X’ € Dfﬂrl cx € X', X' C X}) > 1. Suppose that
r € X, N Xy, where X1, X5 € (Dpyilx)™, and that 2 € int.(c)
for some ¢ € D,,;;. It can be checked that ¢ C c¢nN X; N Xs.
Since Dpoy1|x = (f™|x)*(D1]ym(x)), it follows from Definition that
dim(¢’) < dim(c). Hence D(Dy11,2) < D(Dpy, ). O

Proposition 7.17. Let {D,,}men, be an essential sequence such that
D1 is a transversal subdivision of Dy. Then there exists My € N,
depending only on Dy, Dy and the dimension n, for which N(D,,,x) <
My for each x € 8™ and each m € Ny.

Proof. Fix an arbitrary = € §". Denote N,, := N(D,,,z) and D,, =
D(D,,,x) for each m € Ny. Put d; = card(Dgn]). It is clear that
Ny < N; < dy. For each m € Ny, since

(X eDy, veX} = J{X € @nulx)" ze X}
X

where X ranges over all level-m rooms containing x, we have N,, 1 <
dy Nyp,.
Fix arbitrary m € N and suppose N,,, > Ny. Clearly there exists a
sequence {i;};en in Ny satisfying the following conditions:
(i) 4; < ij4q for each j € N.

(i) No = N;, < -+ < N;, = N, and for each ¢t € {1, ..., s}, we
have N; = N;, for each j € {i;, ..., i1 — 1}

By Lemma [7.16, we have n > D;, > --- > D; = D,, > 0. If N,,, >
d?, then since Ny < di, and Ni; < diN;;—1 = diN;;_, for each j, we
have s > n + 1, which leads to a contradiction.

Therefore, N,, < d}** for each m € N. Put M, := di"", then the
proof is complete. ]

Hence the following result is clear.

Proposition 7.18. For a cellular Markov branched cover f: 8" —
S", if there exists an essential sequence {Dp}men, such that Dy is a
transversal subdivision of Dy, then

sup{Nioc(f",2) :m €N, z € §"} < +o0.
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8. CUBICAL MAPS

In this section, we introduce a class of cellular Markov maps called
cubical maps. Then, we show that cubical maps are discrete and open,
and have combinatorially bounded essential sequences. Cubical maps
give intuitive examples of maps discussed in previous sections.

8.1. Cubical structures and cubical decompositions. First, we
introduce the concept of cubical structures. We call, for each n € N, the
cell decomposition C,, = {{0}, {1}, [0, 1]} a standard cubical structure
on [0,1]™; in addition, let Cy := {{0}}. Given an n-cell @, a collection
C(Q) of subsets of @ is called a cubical structure on @ if there exists a
homeomorphism ¢: @ — [0, 1]" such that C(Q) = ¢*(C,,). In this case,
we call C'(Q) the cubical structure on ) induced by ¢. To distinguish ¢,
we denote C'(Q) by Cy(Q). The (n —1)-cubes in C(Q) are called faces
of C(Q). Each face ¢ € C(Q) has a unique opposite face ¢°° € C(Q)
satisfying ¢°° N ¢ = ().

Definition 8.1 (Cubical decomposition). A cell decomposition D of
locally compact Hausdorff space X is called a cubical decomposition if
D|, is a cubical structure on 7 for each cell 7 € D. A k-cell in a cubical
decomposition is called a k-cube.

Given a cubical decomposition D, we say ¢ € DM is one-sided
if there exists a unique n-cube containing ¢q. The boundary of D is
defined as

OD = |J{D|, : 7 € D"V is one-sided }.

Here is an example of cubical decomposition of [0, 1]" that we call
“k-decomposition”.

Definition 8.2 (k-decomposition). Fix an arbitrary & € N, and let

A = {{ho},{P1},. .., {h&}, [ho, Pl ..., [Pe_1, Pi]}",

where h; = 1i/k for i € {0, ..., k}. We call the cubical decomposition
Ay, of [0,1]" a k-decomposition of [0, 1]™.

We can also define k-decompositions of general n-cells. For an n-cell
@, we call a cell decomposition of the form ¢*(Ay) a k-decomposition,
where ¢: @ — [0,1]™ is a homeomorphism.

We give another example of cubical decomposition of [0, 1]", which
will be referred to as “bubble decomposition” later in this section.

Definition 8.3 (Bubble decomposition). Recall C,, = {{0}, {1}, [0, 1]}"
and denote sq = [0,1]" "t x {0} € C,. Let S be a non-empty collection
of faces in C,,. Fix a homeomorphism ¢g: so — 0,[0, 1]" \ int.(so) such
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that ¢¢|a,s, = id. For each s € S, choose a homeomorphism 74: s — s¢
such that Cy|s = 75(Chls, ), Denote ¢5 == ¢go7s and & := {¢; : s € S}.
Let s € S be arbitrary. Let Ty: [0,1]" — [0,1]" be an Euclidean
isometry for which Ty(s) = so, and hy: [0,1]""' — R be a continuous
function with the following properties:
(i) 0 < hy(z) <1, and h;1(0) = d,[0, 1] 1.
(ii) hs(z1,...,2p—1) < min{z;, 1 — z;} for each z; € (0,1), i €
{1,2,...,n—1}.

Then

Qs = {T, (2, z,) : 2" € [0,1]"", x, < h(z)}
is an n-cell. We construct a cubical structure for ()5 as follows. Con-
sider the graph

[, = {T, (2 he(z") : 2" € ]0,1]" 1}

Then the map o,: 'y — s, T, (', h(z')) — T, 1(2,0) is a homeo-
morphism with o]y, s = id, and 1) := 7500, is a homeomorphism satis-
fying vg|a,s = Tsla,s = @s|a,s- By gluing ¢ and 1), we obtain a homeo-
morphism p,: 9,Qs — 0,]0, 1]™ defined by ps|s = ¢s and ps|r, = 1. By
Lemma , we may extend ps to a homeomorphism pg: Qs — [0, 1]",
and we obtain a cubical structure Cj, (Q5).

Set Q4 = [0,1]" N\ U eq @s> then Q4 is an n-cell, and 9,Q is the
union of all » ¢ S and I';, s € S. Then

B(S,9) = {Qs} Ul Cs(Q.)

seS

is a cubical decomposition. We call B(S, ®) a bubble decomposition of
[0,1]", and Qs a bubble on the face s € S.

Remarks. One may understand Definition [8.3| as follows:

(1) A bubble decomposition is actually a cell complex constructed
by gluing cubes along faces; see e.g. FIGURE [8.1}

(2) Condition (ii) can be understood as: the bubble Q) is contained
in the “pyramid” with base s and tip (3,...,3).

Likewise, we can define bubble decompositions for general n-cells.
Let @ be an n-cell and C,(Q) be a standard cubical structure (in-
duced by ¢) on ). Let S be a non-empty collection of faces in C,,(Q).
We denote so := [0,1]""! x {0}, and fix a homeomorphism ¢q: so —
0o[0, 1] N into(sg) such that ¢glg,s, = id. For each s € S, choose a
homeomorphism 7,: s — s which is cellular for C,(Q)|s = 7.(Ch|s,)-
Let ¢s = ¢ o 7, and denote & = {¢s : s € S}. Denote also
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II2

IR

F1GURE 8.1. A bubble decomposition containing a sin-
gle bubble.

0.8 = {p(s) 1 s € S}, pu® = {ps 0907 p5) : 95 € P} We call
Bg(S,®) = ¢*(B(p«S, ¢.®)) a bubble decomposition of Q.

Note that, given a face s € S, the restriction Bg(S, ®)|s is deter-
mined by ¢s. Indeed, by the construction in Definition we have
that

B(¢*S7 ¢*q))|so(5) = (¢s © @71|¢(8))*<D)>
where D is the restriction of C,, on U{T‘ cor.y + 50}. Then, we

have .
Bo(S, )]s = (¢ls)" (B(9«S, @) | o(s))

= (¢‘s)*<¢s © (pil’ga(s))*(’p) = (b:(D)
Now, we introduce a class of decompositions called “generators”,
which play a key role in the definition of cubical maps.

Definition 8.4 (Generator). Fix k € N. Let Ay be a k-decomposition
of [0,1]" and § C Agl*l] ~\ 0Aj a subset of (n — 1)-cubes. Let sy :=
[0,1]"71 x {0} and ¢g: sg — 9]0, 1]™ \ int,(sg) be a homeomorphism.
For each s € S, choose a homeomorphism 7,: s — so for which Ag|, =
7X(Chlsy), and let ¢g = o050 7,. Denote ® = {¢s : s € S}, and
S, ={seS:se A}, P ={¢s € ®:5€S,} for each ¢ € AL"}.
Set
Gg(S,®) = U By(Sy, ).

[n]
quk

Here we set By(S,, ®,) = Agl, if S; = 0. It can be checked that G(S, @)
is a cubical decomposition of [0,1]". We call G(S, ®) the k-generator
determined by S and ®.

We give several technical lemmas regarding generators. These lem-
mas are prepared for Section [8.3] The reader may skip this part for
now

Recall that we denote C,, := {{0}, {1}, [0, 1]}".

Lemma 8.5. Let G == G(S,®) be a k-generator, and ¢ € C,, be a cube
of dimension dim(c) =d < n. Let Q € G, dim(Q) = n be arbitrary.
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IR

FIGURE 8.2. A 2-generator.

Suppose that Q) € B,(S,, ®,) for some q € ALn]‘ If QQ is a bubble on
some face s € S;, then Q@ Nec = sNe. If Q is not a bubble, then
QNc=gqgne.

Proof. First, suppose that () is a bubble on a face s € §,. Then by the
construction of B,(S,, ®,), we have @ \ s C int,(q), and thus @ \ s
does not intersect 9,[0,1]". So @ Nc=sNec.

Consider the other situation where () is not a bubble. It is clear that
each r € Ai|, with dim(r) < n — 2 is contained in (). Also if a face
s of ¢ is contained in 0,[0,1]", then s ¢ S, and thus s C Q. Since
gNec C a,]0,1]", we have gNe C Q Ne, and thus ¢Ne = Q Ne. Now
the proof is complete. O

Lemma 8.6. Let G = G(S,®) be a k-generator, and ¢ € C,, be of
dimension dim(c) > 0. Then for distinct Q1, Qo € G", we have that
max{dim(o) : 0 € G, 0 C cN Q1 NQ2} < dim(c). In particular, if
{p} € C’T[LO], then there exists a unique () € G containing p.

Proof. First, consider {p} € . Set p= (21, ..., x), 2 € {0, 1} for
eachi € {1,...,n}. Foreach 1 <i<nifi=0,let J; = [0, 4], else if
rp=1,let J;=1[1 — %, 1]. Then J; X -+ X J, is the unique n-cube in
Ay that contains p. By Lemma [B.5] p is not contained in any bubble.
By the construction of generators, each n-cube in Ay contains a unique
n-cube in G that is not a bubble, thus p is contained in a unique n-cube
in G.

Assume now that ¢ € C,, d = dim(c¢) > 0. We may assume ¢ =
[0,1]¢ x {0}, Consider distinct Q;, Qo € G with QN Qy # 0. We
have the following cases:

Case 1: Suppose that Q € {Q1, @2} is a bubble on a face s € AL”_H.
Set

s = [i/k, (i + 1) /K] x -+ x {in/k} x -+ % [in/k, (in + 1) /K],

where i;, j # t are integers in {0, ..., k — 1}, and ¢, € {0, ..., k}.
By the construction of generators, s is not contained in 9,0, 1]", hence
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iy # 0. If t > d, then sﬂc-@ So we have ¢t < d. In this case,
QNc=sNc= [Zkl,““} ox il ) x [k ’dﬂ} {0}, which
is a cube in G of dlmensmn strlctly less than d.

Case 2: Suppose that @Q;, ¢ € {1, 2} are not any bubble. Let Q; C ¢;
for some ¢; € AZL]. Set

:[J{_i) jfi)Jrl] o x [J’(L_) j£)+1]
3 k) k' k? k Y
then we have j§21 =-... :j}(f) =0, and

(@) () (@) ()
Qne=qne= [ AN Al g

Clearly int,(¢; N ¢) and int,(gs N ¢) do not intersect. Thus, if o € G,
o C Q1 NQyNe¢, then dim(o) < d. d

Lemma 8.7. Let p be a vertex in C,, and c € C,, be an arbitrary cell.
If p & ¢, then there exists a face s € 07[{1—1]7 for which ¢ C s, and p ¢ s.

Proof. We may assume that p = (0,0, ...,0), p ¢ c. Suppose that
c =11 x - x I, where I; € {{0},{1},[0,1]} for each 1 < j < n.
Since p ¢ ¢, there exists ig € {1, ..., n} for which [;, = {1}. Set
s = Jy X - x J,, where J;;, = {1}, and J; = [0, 1] for each i # i.
Then s is a face of C,, as desired. O

Lemma 8.8. Let G be a k-generator and q € G be an n-cube in G.
Then N{ce Cn:qnc#0} #0.

Proof. First, we prove that (({c € o gne # 0} # 0 Suppose that
q C @ for some @ € Agﬂ. Then,

m{ceCL”_l]:Qﬂc%(Z)} Qﬂ{cEC’L"_I]:qﬂc%@}.

Suppose that

Q= [hl/ (h1 + )/k] - X [hn/k,(hn—i—l)/k],
where hy, ..., h, € {0, ..., k —1}. Since ¢ N 3,[0,1]" # 0, we have
QNd,[0,1]™ £ 0. Thus, we may assume that hj,, hj,, -+, hj, € {0, k—

1}, where 1 < j; < -+ < ji < n, and that h; ¢ {0,k — 1} for each
Jj¢ g, - aik

Let ¢ be an (n—1)-cube in C,,. Suppose that ¢ = I} x - - - x I,, where
I, ..., I, € {{0},{1},[0,1]}. We may assume that I; € {{0},{1}}
for some j € {1, ..., n}, and that I, = [0,1] for each ¢t # j. Then,
cN @ # 0 if and only if the following statements are true:

(1) je{jp, - at
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Thus, we have ﬂ{c ecr 1. QNc# Q)} =Ji x --- x J,, for which

the following statements are true:
(1) J; =10,1] for each t & {j1, ..., Ji}
(2) For each t € {j1, ..., i1}, Jy = {0} if b, =0, and J, = {1} if
ht == k —1.

Since ({e € G- Qe # 0} # 0, we have that (e € ¢ -
gne# 0} #0.
Since ﬂ{c ech . gnec# (Z)} # () is a union of cells in C),, there

exists a vertex p € ({c € ol gne £ 0}. Consider arbitrary
c € C, with cNq # (), and assume that p ¢ c¢. Then, by Lemma [8.7]
there exists s € C" ! such that ¢ C s, p ¢ s. Thus sNq # 0, and
p € s, which yields a contradiction. Therefore, we have p € ﬂ{c eCy:

gnec#0} #0. O

8.2. Cubical spheres with colorings. Given a topological sphere S”
and a cubical decomposition D of §™, we call the pair (S", D) a cubical
sphere. Now we introduce a class of cubical decompositions of topo-
logical spheres and furthermore introduce cubical maps on topological
spheres. See [BM17] for a similar discussion.

Fix n € N. Recall that S" .= {(21,22,...,Tpt1) € R™™ i 2 4. +
22, =1} and B" == {(21,29,...,2,) ER" 1 2% + -+ + 22 < 1}. Let
Sto={(x1,...,xn41) €S" t wppq = 0}, S” = {(z1,...,2041) € S":
Tpi1 < 0}, and Sf := S} NS™. It is clear that S}, S” are homeomorphic
to B", and that S, the boundary of St (and S™), is homeomorphic to
St

Let B™ be an n-cell. Given a homeomorphism p: B" — [0, 1]", we
obtain a cubical structure C,(B™). We denote

K,(B") = {p '(s):s€ Cﬁ”_l)}.

Then K,(B") is a cubical decomposition of the topological (n — 1)-
sphere 0, B".

Consider two cubical structures C,,, (S} ) and C,_(S" ), where g, : S} —
[0,1]" and o_: S™ — [0,1]" are homeomorphisms that coincide on
S§. Then we obtain a cubical decomposition K of Sj by defining
K =K, (S%) = K, (S"). Let Dy(S") = {S7} U{S"} U K, then
Dy(S™) is a cubical decomposition of S™.

Let 8™ be a topological n-sphere and ¢: 8" — S" be a homeo-
morphism. Then ¢*(Dy(S")) is a cubical decomposition of 8™ con-
taining two n-cubes 87 = ¢ '(S7) and 8" = ¢~ '(S"). A cubical
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decomposition Dy(S™) of S™ is called a standard two-cube decomposi-
tion of 8™ if there exists a homeomorphism : 8" — S" for which
Dy(S") = v (Dy(S")).

Let Dy be a standard two-cube decomposition of §". Denote by
X® X the n-cubes in Dy. Suppose that Dy|x» = Cy(X?) and Do|xw =
Cy(X"™) where ¢: X* — [0,1]" and ¢: X¥ — [0,1]" are homeomor-
phisms that coincide on X°N X™. Let G°, G¥ be k-generators for some
k > 2, and denote

Dy = Di(S") = ¢* (") U (G").
We call D; a refinement of Dy compatible with G°, G*.

FiGURE 8.3. Dy and D; compatible with generators in
the configuration of Figure

Note that, for a standard two-cube decomposition, “joining opposite
sides” actually means joining a pair of opposite faces.

Lemma 8.9. A connected set A C 8™ cannot be contained in a single
0-flower if and only if AN q # (0 and AN g°° # () for some q € D([)”_l],

Proof. First, suppose that A joins faces ¢ and ¢°*. If A C Fly(p)
for some level-0 vertex p, then both ¢ and ¢°® meet Fly(p). Thus by
Lemma [2.10] (i), p € ¢ and p € ¢°P, which leads to contradiction. So A
cannot be contained in a single level-0 flower.

Conversely, suppose that A cannot be contained in a single level-0
flower, that is, AN S™ \ Fly(p) # 0 for each level-0 vertex p. Let X
be a level-0 room, and suppose that Dy|y = Cy(X), where ¢: X —
[0,1]™ is a homeomorphism. By the construction of Dy, we have that

D([)n_” = (Do|x)" . Then it follows from Lemmas and [8.7| that

AN J{g™ q€ (Dolx)" Y, peq} #0
for each level-0 vertex p. Consider a set S = {1, 2, ..., n} x {0, 1},

[n—

and the bijection 7: Dy U,s given by
(¢ 1([0,1]7 x {6} x [0,1]"7%) = (4,9).



CELLULAR BRANCHED COVERS 7

It can be checked that for each ¢ € D([)n_l], if 7(q) = (i,6), then
m(¢®) = (i,1 —0). Let T = n({q € D([)n_l] cANng # 0}) =
{(i1,01), ..., (ik,08)}, where 1 < iy < iy < -+ < 4 < n and 0; €
{0,1}, j € {1, ..., k}. Now we show that card(T") > n. Assume
on the contrary that k& < n, then 77 = {(1,61), ..., (n,0,)} with
0i, = 1 — oy, for each j € {1, ..., k} satisfies 7" NT = ). Consider a
vertex p == ¢~ '(z1, ..., x,) where z;;, = J;, for each j € {1, ..., k},
then 77 = {m(¢°?) : q € D([)n_l], p € q¢}. Since TNT" = (), we have that
ANU{¢® : g € (Do|x)""Y, p € ¢} = 0. This yields a contradiction,
so A meets at least (n + 1) many level-0 faces. It is clear that among
such (n + 1) many faces that meet A, there exists a face ¢ such that
q°P also meets A. O

Then, the Lemma below is a direct consequence of Lemmas and

Lemma 8.10. Let Dy(S™) be a standard two-cube decomposition. A
set A C 8™ joins opposite sides of Dy if and only if AN q # 0 and
ANg® # O for some q € D([)n_l].

For a cubical sphere (S™, D), we say a map L: DIl — {bw} is a
black-white coloring of (8™, D). Given a cubical sphere (8™, D) and a
coloring L, we call the triple (8", D, L) a colored cubical sphere. If two
distinct n-cubes @, @)’ in D are colored differently whenever Q N Q'
contains a cube of dimension (n — 1), then we say that L satisfies the
chessboard property. 1t is clear that each k-decomposition of [0, 1]™ has
a coloring satisfying the chessboard property. By the construction of
generators, we obtain the following facts.

Lemma 8.11. Let G = G(S,®) be a k-generator, the following state-
ments hold:

(i) There ezists a black-white coloring L on G satisfying the chess-
board property.

(i) If two colorings Ly and L_ satisfy the checkerboard property,
then either Ly = L_, or L(q) # L_(q) for each ¢ € GI".
Proof. Suppose that G = Uq el B,(S,,®,). Let L be a black-white

coloring on A, with chessboard property. For each ¢ € AL"], let L(qs) #
L(q) for each bubble ¢; on the face s € S,, and let L(q ~ USGSq qs) =

z(q) Since bubbles appear in pairs, we can check that L satisfies the
chessboard property. Since a black-white coloring on G satisfying (i) is
determined by the color of an arbitrary cube, statement (ii) holds. O

We say the coloring L constructed in the proof is induced by L.



78 ZHIQIANG LI, PEKKA PANKKA, AND HANYUN ZHENG

IR

FIGURE 8.4. A generator with chessboard coloring.

Lemma 8.12. Let 8™ be a topological n-sphere, and Dy be a standard
two-cube decomposition of S™. Let G°, G¥ be two k-generators for some
k > 2, and D, be a refinement of Dy compatible with G®, G*. Then there

exists a coloring L: DE”] — {b,w} satisfying the chessboard property

Proof. Let L be a coloring on G° satisfying the chessboard property.
Suppose that L’ is induced by a coloring L on Ay. Let L' be the
coloring on A;, where L'(a) # L(a) for each a € AL"], and LY be the
coloring on G" such that L" satisfies the chessboard property and is
induced by L.

We define L: D" — {b,w} by L(¢~(q)) = L*(q) for each ¢ € (G*)"
and L(v"(q)) = L“(q) for each ¢ € (G¥)". Then L satisfies the
chessboard property as desired. 0

FiGURE 8.5. Dy and D; with chessboard coloring

8.3. Cubical maps with Markov partitions. Now we introduce
cubical maps between cubical spheres.

Definition 8.13 (Cubical maps). Let (8", Dy, Ly) and (8™, Dy, Ly)
be colored cubical spheres, where Dy = Dy(S") is a standard two-
cube decomposition, D; is a refinement of Dy compatible with genera-
tors G°, G¥, and Ly, L; are colorings with the chessboard property on
Do, Dy, repectively. A map f: (8™, Dy, L) — (8™, Do, Lo) is a cubical
map if the following conditions are satisfied:

(i) f is continuous, and sense-preserving,.
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(ii) f is cellular for (Dy, Dy).
(iii) f preserves color, that is, for each ¢ € D][L"}, Ly(q) = Lo(f(q))-

Remark. Note that a cubical map is a cellular Markov map.

We show some elementary properties of cubical maps.

Lemma 8.14. A cubical map f: (8", Dy, L) — (8™, Dy, Lo) is discrete
and open.

Proof. Tt is clear that the inverse image f~!(p) of a point p € 8" is
finite. So f is discrete.

Let U C 8™ be an open set and z € U be arbitrary. We have the
following two cases.

Case 1: Suppose first that z € int,(Q) for some n-cube @ € Dj.
Since dim(Q) = n, by Lemma [2.2] we have that int,(Q) = int(Q).
Then we have f(x) € f(U Nint(Q)). Since flg: @ — f(Q) is a home-
omorphism, f(U Nint(Q)) is an open subset of int(f(Q)), and hence
an open subset of §™. Thus f(x) € int(f(U)). We conclude that f(U)
is open.

Case 2: Suppose now that z ¢ int,(Q) for each n-cube Q@ € Dj.
By Lemma , x € 0,Q) for some ) € Dg”]. Then x € s for some

s € DQ"*” with s C 0,Q’. The construction of D; implies that s is
contained in a black n-cube and a white n-cube. Let {Q1, ..., Qk}
be the set of all n-cubes containing x. Then there exist at least one
black cube and one white cube in {Q1, ..., Qr}. Suppose that f(z) ¢
int(f(U)). Then there exists a sequence {y} }ren of points in 8™\ f(U),
such that y; # y; whenever i # j, and that y; — f(x) as k — +o0. Let
{yk }ren be a subsequence of {y;} contained in a single n-cube in Dy.
Denote the black and white n-cubes in Dy by X and X", respectively.
Without loss of generality, assume that y, € X° k € N. Choose a
black n-cube Q € {Q1, ..., Qx}, and let {x,},en be a sequence of
points in @ such that f(z;) = v;, ¢ € N. Since flg: @ — X’ is a
homeomorphism, we get that z; — x as k — +o0o. Then, when k is
large enough, we have z;, € U N Q, and thus yx € f(U). This is a
contradiction. So x € int(f(U)). Thus f(U) is open. O

Given a cubical map f: (8", Dy, L) — (8™, Dy, Ly), we obtain an
essential sequence {D,, }.men, generated by Dy. It is clear that D,, is a
cubical decomposition for each m € N.

Lemma 8.15. Let f: (8", Dy, L) — (8", Dy, Ly) be a cubical map.
Then, for each m € Ny, (f*)™(Dy) is a cubical decomposition of S™.
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Proof. To be concise, we denote D,,, := (f*)™(Dy) for each m € Ny.

We prove the lemma by induction. Clearly, D,, is a cubical decom-
position for m € {0, 1}.

Given an arbitrary m € N, m > 1. Make the incution hypothesis
that D; is a cubical decomposition for each I € {0, ..., m — 1}. Let
o € Dy, be arbitrary. Then D,,_1|f() is a cubical structure on f(o).
Then, by Corollary 3.3} Dyle = (flo)*(Dm-1lf(s)) is a cubical structure
on o. Therefore, D,, is a cubical decomposition.

By induction, D,, is a cubical decomposition for all m € Nj. O

We finish this section by showing that cubical maps have combina-
torially bounded essential sequences. A cubical map f: (8", Dy, L1) —
(8™, Dy, L) is a cellular Markov branched cover by Lemma [8.14] It fol-
lows from Lemma 8.8 that no cell in D; joins opposite sides of Dy. By
Proposition [7.18] it suffices to show that D; is a transversal subdivision
of Dy; see Definition [7.15]

Proposition 8.16. Let f: (S", Dy, L) — (8™, Do, Loy) be a cubical
map. Then Dy is a transversal subdivision of Dy.

Proof. Let QQ € D([)"] and ¢ € Dy|g be arbitrary. Suppose that Dy|q =
»*(9), Dolg = ¢*(Ch,), where G is a k-generator and ¢ is a homeomor-
phism. Suppose on the contrary that there is o € D;|. with dim(o) =
dim(c), such that 0 C Q1 N Q2, where Qq, Q2 € (D1|Q)[n] are distinct.

Then ¢(0) C ¢(c) NP(Q1) NP(Q2), and dim(¢(o)) = dim(¢(c)), which
yields a contradiction by Lemma [8.6] O

Corollary 8.17. For an expanding cubical map f: (S*, D1, L) —
(S™, Dy, Ly), the sequence {Dy}men, given by D, = (f*)"(Dy) is a
combinatorially bounded essential sequence.
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