PRIME ORBIT THEOREMS FOR EXPANDING THURSTON MAPS:

LATTES MAPS AND SPLIT RUELLE OPERATORS
ZHIQIANG LI AND TIANYI ZHENG

ABSTRACT. We obtain an analog of the prime number theorem for a class of branched
covering maps on the 2-sphere S2 called expanding Thurston maps, which are topo-
logical models of some non-uniformly expanding rational maps without any smooth-
ness or holomorphicity assumption. More precisely, we show that the number of prim-
itive periodic orbits, ordered by a weight on each point induced by a non-constant
(eventually) positive real-valued Hélder continuous function on S? satisfying the
a-strong non-integrability condition, is asymptotically the same as the well-known
logarithmic integral, with an exponential error bound. In particular, our results ap-
ply to postcritically-finite rational maps for which the Julia set is the whole Riemann
sphere. Moreover, a stronger result is obtained for Lattes maps.
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1. INTRODUCTION

Complex dynamics is a vibrant field of dynamical systems, focusing on the study
of iterations of polynomials and rational maps on the Riemann sphere C. It is closely
connected, via Sullivan’s dictionary [Su85, [Su83], to geometric group theory, mainly
concerning the study of Kleinian groups.

In complex dynamics, the lack of uniform expansion of a rational map arises from
critical points in the Julia set. Rational maps for which each critical point is preperi-
odic (i.e., eventually periodic) are called postcritically-finite rational maps or rational
Thurston maps. One natural class of non-uniformly expanding rational maps are called
topological Collet—Eckmann maps, whose basic dynamical properties have been studied
extensively (see for example, [PRLS03|, [PRLO7, [PRL11, RLS14]). In this paper, we
focus on a subclass of topological Collet—Eckmann maps for which each critical point
is preperiodic and the Julia set is the whole Riemann sphere. Actually, the most gen-
eral version of our results is established for topological models of these maps, called
expanding Thurston maps. Thurston maps were studied by W. P. Thurston in his
celebrated characterization theorem of postcritically-finite rational maps among such
topological models [DH93|. Thurston maps and Thurson’s theorem, sometimes known
as a fundamental theorem of complex dynamics, are indispensable tools in the modern
theory of complex dynamics. Expanding Thurston maps were studied extensively by
M. Bonk, D. Meyer [BM10, BM17] and P. Haissinsky, K. M. Pilgrim [HP09).

The investigations of the growth rate of the number of periodic orbits (e.g. closed
geodesics) have been a recurring theme in dynamics and geometry.

Inspired by the seminal works of F. Naud [Na05] and H. Oh, D. Winter [OW17] on
the growth rate of periodic orbits, known as Prime Orbit Theorems, for hyperbolic
(uniformly expanding) polynomials and rational maps, we establish in this paper the
first Prime Orbit Theorems (to the best of our knowledge) with exponential error
bounds in a non-uniformly expanding setting in complex dynamics. On the other
side of Sullivan’s dictionary, see related works [MMO14] [OW16, [OP19]. For an earlier
work on dynamical zeta functions for a class of sub-hyperbolic quadratic polynomials,
see V. Baladi, Y. Jiang, and H. H. Rugh [BJR02]. See also the related work of
S. Waddington [Wad97] on strictly preperiodic points of hyperbolic rational maps
and the recent work of M. Pollicott and M. Urbanski [PoU21] on periodic pairs and
preimage points of many hyperbolic and parabolic systems.



PRIME ORBIT THEOREMS FOR EXPANDING THURSTON MAPS 3

Given a map f: X — X on a metric space (X,d) and a function ¢: S? — R, we
define the weighted length I ,(7) of a primitive periodic orbit

= {z, f(x), -, [ (2)} € B(f)

(1.1) Uo(T) = ¢(2) + o(f(2)) + -+ o(f" 7 (2).
We denote by
(1.2) 7ro(T) = card{T € P(f) : l(7) < T}, T>0,

the number of primitive periodic orbits with weighted lengths up to 7. Here B(f)
denotes the set of all primitive periodic orbits of f (see Section [2)).

Note that the Prime Orbit Theorems in [Na05, [OW17] are established for the geo-
metric potential ¢ = log|f’|. For hyperbolic rational maps, the Lipschitz continuity
of the geometric potential plays a crucial role in [Na05, [OW17]. In our non-uniform
expanding setting, critical points destroy the continuity of log|f’|. So we are left with
two options to develop our theory, namely, considering

(a) Holder continuous ¢ or
(b) the geometric potential log|f’|.

Despite the lack of Holder continuity of log| f’| in our setting, its value is closely related
to the size of pull-backs of sets under backward iterations of the map f. This fact
enables an investigation of the Prime Orbit Theorem in case (b), which will be studied
in an upcoming series of separate works starting with [LRL].

The current paper is the second of a series of three papers (together with [LZ24al
[.Z23c]) focusing on case (a), in which the incompatibility of Hélder continuity of ¢
and non-uniform expansion of f calls for a close investigation of metric geometries
associated to f.

Lattes maps are rational Thurston maps with parabolic orbifolds (see Definition [8.4]).
They form a well-known class of rational maps. We first formulate our theorem for
Lattes maps.

Theorem A (Prime Orbit Theorem for Lattés maps). Let f: C — C be a Lattes

map on the Riemann sphere C. Let Q: C — R be eventually positive and continuously
differentiable. Then there ezists a unique positive number so > 0 with P(f, —so¢) =0
and there exists Ny € N depending only on f such that the following statements are
equivalent:

(i) ¢ is not cohomologous to a constant in the space C(@) of real-valued continuous
functions on C.
(ii) For each n € N with n > Ny, we have

Tre(T) ~ Li(e*") as T — +oo0,
where F = f" and ® == 31" p o f'.
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(ili) For each n € N with n > Ny, there exists a constant 6 € (0, sq) such that
Trao(T) = Li(e SOT) + (’)( s0=9)T ) as T — 400,

where F = f" and ® =", Ypo fi

Here P(f,-) denotes the topological pressure, and Li(y f2
Eulerian logarithmic integral function.

Tog du, y > 0, s the

See Definitions B.1] and for the definitions of co-homology and eventually posi-
tive functions, respectively.

The implication (i) = (iii) relies crucially on some local properties of the metric
geometry of Latteés maps, and is not expected to hold (by the authors) in general. To
establish the exponential error bound similar to that in (iii) for a class of more general
rational Thurston maps, we impose a condition on the potential called a-strong non-
integrability condition (Definition [T1]), which turns out to be generic. The genericity
of this condition will be the main theme of the third and last paper [LZ23c] of the
current series. An analog of this condition in the context of Anosov flows was first
proposed by D. Dolgopyat in his seminal work [Do9§].

The following theorem is an immediate consequence of a more general result in
Theorem [Cl

Theorem B (Prime Orbit Theorems for rational expanding Thurston maps). Let
f: C—Coea posteritically-finite rational map wzthout pemodzc critical points. Let
o be the chordal metric on the Riemann sphere (C and ¢: C — R be an eventually
positive real-valued Holder continuous function. Then there exists a unique positive
number so > 0 with topological pressure P(f, —so¢) = 0 and there exists Ny € N
depending only on f such that fm’ each n € N with n = Ny, the following statement
holds for F := ™ and ® =", Y$o fi:

(i) mpe(T) ~ Li(e®T) as T — o0 if and only if ¢ is not cohomologous to a
constant in C’(((A:)

(ii) Assume that ¢ satisfies the strong non-integrability condition (with respect to
f and a visual metric). Then there exists 6 € (0, sq) such that

mro(T) = Li(e®") + O(e®7T) as T — +o0.

Remark 1.1. In the case where ¢ is cohomologous to a constant in C'(S?), similar re-
sults as the ones in Theorem Bl (i) and Theorem [C] (i) below also hold. See Theorems B
and C of the first paper [LZ24a] of this series.

Our strategy to overcome the obstacles presented by the incompatibility of the non-
uniform expansion of our rational maps and the Holder continuity of the weight ¢ (e.g.
(a) the set of a-Hélder continuous functions is not invariant under the Ruelle operator
Ly, for each a € (0,1]; (b) the weakening of the regularity of the temporal distance
compared to that of the potential) is to investigate the metric geometry of various
natural metrics associated to the dynamics such as visual metrics, the canonical orb-
ifold metric, and the chordal metric. Such considerations lead us beyond conformal, or
even smooth, dynamical settings and into the realm of topological dynamical systems.
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More precisely, we will work in the abstract setting of branched covering maps on the
topological 2-sphere S? (see Subsection B.2) without any smoothness assumptions. A
Thurston map is a postcritically-finite branched covering map on S%. Thurston maps
can be considered as topological models of the corresponding rational maps.

Via Sullivan’s dictionary, the counterpart of Thurston’s theorem [DH93] in the geo-
metric group theory is Cannon’s Conjecture [Ca94]. This conjecture predicts that a
Gromov hyperbolic group G whose boundary at infinity 0,,G is a topological 2-sphere
admits a geometric action on the hyperbolic 3-space. Gromov hyperbolic groups can
be considered as metric-topological systems generalizing the conformal systems in the
context of the geometric group theory, namely, convex-cocompact Kleinian groups. In-
spired by Sullivan’s dictionary and their interest in Cannon’s Conjecture, M. Bonk and
D. Meyer, along with others, studied a subclass of Thurston maps by imposing some
additional condition of expansion. Roughly speaking, we say that a Thurston map is
expanding if for any two points z, y € S?, their preimages under iterations of the map
get closer and closer. For each expanding Thurston map, we can equip the 2-sphere
S? with a natural class of metrics called wvisual metrics. As the name suggests, these
metrics are constructed in a similar fashion as the visual metrics on the boundary 0,,G
of a Gromov hyperbolic group G. See Subsection [3.2] for a more detailed discussion
on these notions. Various ergodic properties, including thermodynamic formalism, on
which the current paper crucially relies, have been studied by the first-named author
in [Lil7] (see also [Lilbdl [Lil6l [Lil8]). Generalization of results in [Lil7] to the more
general branched covering maps studied by P. Haissinsky, K. M. Pilgrim [HP09] has
drawn significant interest recently [HRL19, [DPTUZ19, [LZheH23]. We believe that
our ideas introduced in this paper can be used to establish Prime Orbit Theorems in
their setting.

M. Bonk, D. Meyer [BM10, BM17] and P. Haissinsky, K. M. Pilgrim [HP09] proved
that an expanding Thurston map is conjugate to a rational map if and only if the
sphere (S2%,d) equipped with a visual metric d is quasisymmetrically equivalent to
the Riemann sphere C equipped with the chordal metric. The quasisymmetry cannot
be promoted to Lipschitz equivalence due to the non-uniform expansion of Thurston
maps. There exist expanding Thurston maps not conjugate to rational Thurston maps
(e.g. ones with periodic critical points). Our theorems below apply to all expanding
Thurston maps, which form the most general setting in this series of papers.

Theorem C (Prime Orbit Theorems for expanding Thurston maps). Let f: S? —
S? be an expanding Thurston map, and d be a visual metric on S* for f. Let ¢ €
C%(S2,d) be an eventually positive real-valued Holder continuous function with an
exponent a € (0, 1]. Denote by sg the unique positive number with topological pressure
P(f,—so¢) = 0. Then there exists Ny € N depending only on f such that for each

n € N with n > Ny, the following statements hold for F' .= f" and ® = Z?:_Ol o fi:

(i) Tra(T) ~ Li(e®T) as T — 400 if and only if ¢ is not cohomologous to a
constant in the space C(S?) of real-valued continuous functions on S?.
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(ii) Assume that ¢ satisfies the a-strong non-integrability condition. Then there
exists a constant § € (0, sg) such that

mro(T) = Li(e SOT) + (9( s0=9)T ) as T — +00.
Here Li(+) is the Eulerian logarithmic integral function defined in Theorem [Al

Note that lim,_, 1o Li(y)/(y/logy) = 1, thus we also get Tpa(T) ~ e /(soT) as
T — +o0.

We remark that our proofs can be modified to derive equidistribution of holonomies
similar to the corresponding result in [OW17], but we choose to omit them in order
to emphasize our new ideas and to limit the length of this paper.

In view of Remark [3.10, Theorem [B]is an immediate consequence of Theorem

Remark 1.2. The integer N; can be chosen as the minimum of N(f,C) from Lemmal[3.11]
over all Jordan curves C with post f C C C S?, in which case Ny = 1 if there exists a
Jordan curve C C S? satisfying f(C) C C, post f C C, and no 1-tile in X*(f,C) joins
opposite sides of C (see Definition [3.12]). The same number Ny is used in other results
in this paper. We also remark that many properties of expanding Thurston maps f
can be established for f after being verified first for f” for all n > Ny. However, some
of the finer properties established for iterates of f still remain open for the map f
itself; see for example, [Mel3], Mel2].

Note that due to the lack of algebraic structure of expanding Thurston maps, even
the fact that there are only countably many periodic points is not apparent from the
definition (see [Lil6]). Without any algebraic, differential, or conformal structures,
the main tools we rely on are from the interplay between the metric properties of
various natural metrics and the combinatorial information on the iterated preimages
of certain Jordan curves C on S? (see Subsection [3.2)).

By well-known arguments of M. Pollicott and R. Sharp inspired from number theory
[PS98], the counting result in Theorem [C] follows from some quantitative information
on the holomorphic extension of certain dynamical zeta function (r _¢ defined as
formal infinite products over periodic orbits. We briefly recall dynamical zeta functions
and define the dynamical Dirichlet series in our context below. See Subsection [3.4] for
a more detailed discussion.

Let f: S? — S? be an expanding Thurston map and ¢ € C(S? C) be a complex-
valued continuous function on S2. We denote by the formal infinite product

s enfE2 T o) e

n=1 {Ef”

the dynamical zeta function for the map f and the potential ). Here we write
Spth(x) = Z;:Ol Y(f/(x)) as defined in (24). We remark that (; , is the Ruelle
zeta function for the suspension flow over f with roof function v if v is positive.
We define the dynamical Dirichlet series associated to f and 1 as the formal infinite
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product

gfv d&degf _eXp (Z Z € —sSnv(@ degfn( )) s e C.

n=1 " a=fn(z)

Here deg;. is the local degree of " at x € S2.

Note that if f: S? — S? is an expanding Thurston map, then so is f for each
n € N.

Recall that a function is holomorphic on a set A C C if it is holomorphic on an open
set containing A.

Theorem D (Holomorphic extensions of dynamical Dirichlet series and zeta functions
for expanding Thurston maps). Let f: S* — S? be an expanding Thurston map, and
d be a visual metric on S* for f. Fiz a € (0,1]. Let ¢ € C**(5%,d) be an even-
tually positive real-valued Hélder continuous function that is mot cohomologous to a
constant in C(S?). Denote by so the unique positive number with topological pressure
P(f,—sop) = 0. Then there exists Ny € N depending only on f such that for each
n € N with n > Ny, the following statements hold for F == f" and ® := Y ", Ypo fi:

(i) Both the dynamical zeta function Cr _o(s) and the dynamical Dirichlet series
DF, 0, degp (5) converge on {s € C: R(s) > so} and extend to non-vanishing
holomorphic functions on {s € C : R(s) = so} except for the simple pole at
S = 95p.

(ii) Assume in addition that ¢ satisfies the a-strong non-integrability condition.
Then there exists a constant ey € (0, o) such that both Cp,_o(s) and Dp, _¢, deg, (5)
converge on {s € C : R(s) > so} and extend to non-vanishing holomorphic
functions on {s € C : R(s) = sop — €y} except for the simple pole at s = sy.
Moreover, for each ¢ > 0, there exist constants C. > 0, a. € (0,¢), and
be > 2sy + 1 such that

(1.3) exp (—Ce[S(s)[77) < [Cr,-a(5)] < exp (CS(s) ),
(1.4) exp (—Ce|S(5)*") < |Dr, -0, deg,. (5)| < exp (Ce[S(5) )
for all s € C with |R(s) — so| < ac and |I(s)| = b..

In order to get information about (r ¢, we need to investigate the zeta function
Cou,,—gom, Of @ symbolic model o4, : X3 — XF of F.

Theorem E (Holomorphic extensions of the symbolic zeta functions). Let f: S? — S?
be an expanding Thurston map with a Jordan curve C C S? satisfying f(C) C C,
post f C C, and no 1-tile in X(f,C) joins opposite sides of C. Let d be a visual
metric on S? for f. Fiz o € (0,1]. Let ¢ € C%*(S? d) be an eventually positive real-
valued Holder continuous function that is not cohomologous to a constant in C(S?).
Denote by sg the unique positive number with P(f, —so¢) = 0. Let (ZA ,O’AA) be the
one-sided subshift of finite type associated to f and C defined in Proposition[3.21], and
let my: X% — 5% be the factor map as defined in (319).

Then the dynamical zeta function (s,  _gor,(8) converges on the open half-plane
{s € C: R(s) > 5o}, and the following statements hold:
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(i) The function (s, —gor,(8) extends to a non-vanishing holomorphic function on
the closed half-plane {s € C : R(s) = so} except for the simple pole at s = sq.

(ii) Assume in addition that ¢ satisfies the a-strong non-integrability condition.
Then there exists a constant €y € (0,50) such that (s,  _gon,(s) extends to a
non-vanishing holomorphic function on the closed half-plane {s € C : R(s) >
So — €o} except for the simple pole at s = sog. Moreover, for each € > 0, there

exist constants C. > 0, a,. € (0, sp), and b > 250 + 1 such that
(1.5) exp(—=Ce[S(5)[**) < [Gon,, goma (5)] < exp(CelS(5)[**)
for all s € C with |R(s) — so| < @ and |3(s)| = b.

We adapt D. Dolgopyat’s cancellation argument developed in his landmark work
[Do98| (building in part of work of Chernov |[Ch98]) and arguments of M. Pollicott and
R. Sharp [PS9§]| to establish a symbolic version of Theorem [Dl as stated in Theorem [El
The difficulties in adapting D. Dolgopyat’s machinery in our metric-topological setting
are purely technical, but overcoming these difficulties in any context is the heart of the
matter (see for example, [Na05, [OW17] as well as works on the decay of correlation
and counting in [Liv04, [AGY06, (OW16, [(OW17, BDL1S|, etc.) We use the Hélder
norm in the cancellation argument instead of the C'-norm used in [Na05, [(OW17].
Another major technical difficulty comes from the fact that S? is connected and the
usual Ruelle operator does not apply to characteristic functions on proper subsets of
5?2, which is essential in Ruelle’s estimate (see (6.2) in Proposition [6.1]). Our approach
is to adjust the definition of the Ruelle operator and to introduce what we call the
split Ruelle operator (see Section[H]). Such an approach should be useful in establishing
Prime Orbit Theorems in other contexts.

We will now give a brief description of the structure of this paper.

After fixing some notation in Section [2, we give a review of basic definitions and
results in Section [Bl In Section M| we state the assumptions on some of the objects
in this paper, which we are going to repeatedly refer to later as the Assumptions. In
Section [ we define the split Ruelle operator L_,4 and study its properties including
spectral gap. Section [@ contains arguments to bound the dynamical zeta function
Coa,.—¢or, With the bounds of the operator norm of L 5. We provide a proof of
Theorem [Dlin Subsection to deduce the holomorphic extension of D, g deg, from
that of (,, , @or,, and ultimately to deduce the holomorphic extension of (r ¢ from
that of D p _¢ deg,. In Section [, we adapt the arguments of D. Dolgopyat [Do98] in
our metric-topological setting aiming to prove Theorem at the end of this section,
consequently establishing Theorems D] [El and [Cl Section [§ focuses on Lattés maps
(recalled in Definition B4]). We include the proof of Theorem [Al at the end of this
section.
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2. NOTATION

Let C be the complex plane and C be the Riemann sphere. For each complex number
z € C, we denote by R(z) the real part of z, and by (z) the imaginary part of z. We
denote by D the open unit disk D := {z € C : |z| < 1} on the complex plane C. For
each a € R, we denote by H, the open (right) half-plane H, = {z € C : R(2) > a}
on C, and by H, the closed (right) half-plane H, := {z € C : R(z) > a}. We follow
the convention that N := {1, 2,3, ...}, Ny := {0} UN, and N := N U {+oc}, with
the order relations <, <, >, > defined in the obvious way. For z € R, we define
|| as the greatest integer < x, and [x] the smallest integer > x. As usual, the
symbol log denotes the logarithm to the base e, and log, the logarithm to the base ¢
for ¢ > 0. The symbol i stands for the imaginary unit in the complex plane C. For
each z € C\ {0}, we denote by Arg(z) the principle argument of z, i.e., the unique
real number in (—m, 7] with the property that |z|e!A™() = 2. The cardinality of a set
A is denoted by card A.

Consider real-valued functions u, v, and w on (0,+00). We write u(T) ~ v(T) as
T — oo if im0 gT)) = 1, and write u(T) = v(T) + O(w(T)) as T — +oo if
hmsupT_,Jroo‘M‘ < +o00.

Let g: X — Y be a map between two sets X and Y. We denote the restriction of
g to a subset Z of X by g|z. Consider a map f: X — X on a set X. We write f"
for the n-th iterate of f, and f~" = (f")_l, for n € N. We set fY := idx, where the
identity map idx: X — X sends each x € X to x itself. For each n € N, we denote
by

(2.1) Poy={zeX:f'(x)=z, ff(2)#z, ke{l,2,....,n—1}}

the set of periodic points of f with periodic n, and by
(2.2) Bn, f)={{f(z):i€{0,1,....,n—1}}:x € Py}
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the set of primitive periodic orbits of f with period n. The set of all primitive periodic
orbits of f is denoted by

(2.3) B = [JB0 ).

n=1

Given a complex-valued function ¢: X — C, we write

,_.

n—

(2.4) Sup() = Sie(x) = ) _o(f(z))

J

I
o

for x € X and n € Ny. The superscript f is often omitted when the map f is clear
from the context. Note that when n = 0, by definition, we always have Syp = 0.

Let (X, d) be a metric space. For subsets A, B C X, we set d(A, B) = inf{d(z,y) :
x€ A ye B}, andd(A,x) =d(z, A) .= d(A,{z}) for z € X. For each subset Y C X,
we denote the diameter of Y by diamy(Y") := sup{d(z,y) : =, y € Y}, the interior of
Y by int Y, and the characteristic function of ¥ by 1y, which maps each z € Y to
1 € R and vanishes otherwise. We use the convention that 1 = 1x when the space X
is clear from the context. For each r > 0 and each x € X, we denote the open (resp.
closed) ball of radius 7 centered at = by By(z,r) (vesp. Bq(z,7)).

We set C'(X) (resp. B(X)) to be the space of continuous (resp. bounded Borel)
functions from X to R, M(X) the set of finite signed Borel measures, and P(X) the set
of Borel probability measures on X. We denote by C(X, C) (resp. B(X,C)) the space
of continuous (resp. bounded Borel) functions from X to C. We adopt the convention
that unless specifically referring to C, we only consider real-valued functions. If we do
not specify otherwise, we equip C'(X) and C(X,C) with the uniform norm |[-[|co(x)-
For a continuous map g: X — X, M(X, g) is the set of g-invariant Borel probability
measures on X.

The space of real-valued (resp. complex-valued) Hélder continuous functions with
an exponent o € (0,1] on a compact metric space (X,d) is denoted by C%*(X,d)
(resp. C%*((X,d),C)). For each v € C%*((X,d),C), we denote

(2.5) V0, (xa) = sup{le(x) = &()|/d(z, y)" -2, y € X, w # y},
and for b € R\ {0}, the normalized Hélder norm of 1 is defined as

b
(2.6) 1l Eo e gy = 107 1l ey + 1%l cogy »

while the standard Holder norm of 1 is denoted by

(2.7) Y]l coe(x,a) = H¢||CoaXd

For a Lipschitz map g¢: (X,d) — (X,d) on a metric space (X,d), we denote the
Lipschitz constant by

(2.8) LIP4(g) = sup{d(g(z), g(y))/d(x,y) : x, y € X with z # y}.
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3. PRELIMINARIES

3.1. Thermodynamic formalism. We first review some basic concepts from dy-
namical systems. We refer the reader to [LZ24a, Subsection 3.1] for more details and
references.

Let (X,d) be a compact metric space and g: X — X a continuous map. For each
real-valued continuous function ¢ € C(X), the measure-theoretic pressure P,(g, ¢) of
g for a g-invariant Borel probability measure p and the potential ¢ is

(3.1) Pulg.0) = o) + [od

Here h,(g) denotes the usual measure-theoretic entropy of g for p.

By the Variational Principle (see for example, [PrUl0, Theorem 3.4.1]), we have
that for each ¢ € C(X), the topological pressure P(g,$) of g with respect to the
potential ¢ satisfies

(3.2) P(g,¢) = sup{P.(g,¢) : p € M(X,g)}.

In particular, when ¢ is the constant function 0, the topological entropy hiop(g) of g
satisfies

(3.3) hiop(9) = sup{hy(g) - p € M(X, g)}-

A measure p that attains the supremum in (3.2)) is called an equilibrium state for the
map g and the potential ¢. A measure p that attains the supremum in (3.3)) is called
a measure of maximal entropy of g.

Definition 3.1. Let g: X — X be a continuous map on a metric space (X, d). Let
K C C(X,C) be a subspace of the space C(X,C) of complex-valued continuous func-
tions on X. Two functions ¢, ) € C(X, C) are said to be cohomologous (in K) if there
exists u € I such that ¢ — ¢ =wuog—u.

One of the main tools in the study of the existence, uniqueness, and other properties
of equilibrium states is the Ruelle operator. We will postpone the discussion of the
Ruelle operators of expanding Thurston maps to Subsection

3.2. Thurston maps. In this subsection, we go over some key concepts and results
on Thurston maps, and expanding Thurston maps in particular. For a more thorough
treatment of the subject, we refer to [BM17].

Let S? denote an oriented topological 2-sphere. A continuous map f: S? — 52 is
called a branched covering map on S? if for each point x € S?, there exists a positive
integer d € N, open neighborhoods U of z and V of y = f(x), open neighborhoods
U’ and V' of 0 in (E, and orientation-preserving homeomorphisms ¢: U — U’ and
n: V — V' such that p(x) =0, n(y) = 0, and

(no fop™)(2) =2*

for each z € U’. The positive integer d above is called the local degree of f at x and
is denoted by deg(z).
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The degree of f is
(3.4) deg f = Z deg ()

z€f~1(y)
for y € S? and is independent of y. If f: S? — S? and ¢: S? — S? are two branched
covering maps on S?, then so is f o g, and

(3.5) deg;.,(7) = deg,(v) deg;(g(7)), for each r € S?,
and moreover,

(3.6) deg(f o g) = (deg f)(degg).

A point x € S? is a critical point of f if deg(x) > 2. The set of critical points of f
is denoted by crit f. A point y € S? is a postcritical point of f if y = f™(x) for some
x € crit f and n € N. The set of postcritical points of f is denoted by post f. Note
that post f = post f™ for all n € N.

Definition 3.2 (Thurston maps). A Thurston map is a branched covering map
f: 5% — S? on S? with deg f > 2 and card(post f) < +oc.

We now recall the notation for cell decompositions of S? used in [BM17] and [Lil7].
A cell of dimension n in S n € {1, 2}, is a subset ¢ C S? that is homeomorphic to
the closed unit ball B in R". We define the boundary of ¢, denoted by Oc, to be the
set of points corresponding to OB™ under such a homeomorphism between ¢ and Bn.
The interior of ¢ is defined to be inte(c) = ¢\ dc. For each point x € S?, the set {x}
is considered as a cell of dimension 0 in S2. For a cell ¢ of dimension 0, we adopt the
convention that dc = () and inte(c) = c.

We record the following three definitions from [BM17].

Definition 3.3 (Cell decompositions). Let D be a collection of cells in S%. We say
that D is a cell decomposition of S? if the following conditions are satisfied:
(i) the union of all cells in D is equal to S?,

(ii) if ¢ € D, then Oc is a union of cells in D,

(iii) for ¢1, ¢ € D with ¢; # ¢2, we have inte(cy) Ninte(cy) = 0,

(iv) every point in S? has a neighborhood that meets only finitely many cells in D.
Definition 3.4 (Refinements). Let D’ and D be two cell decompositions of S?. We
say that D’ is a refinement of D if the following conditions are satisfied:

(i) every cell ¢ € D is the union of all cells ¢ € D’ with ¢ C ¢,

(ii) for every cell ¢ € D' there exits a cell ¢ € D with ¢ C c.

Definition 3.5 (Cellular maps and cellular Markov partitions). Let D" and D be two
cell decompositions of S%. We say that a continuous map f: S? — S? is cellular for
(D', D) if for every cell ¢ € D', the restriction f|. of f to ¢ is a homeomorphism of

c onto a cell in D. We say that (D', D) is a cellular Markov partition for f if f is
cellular for (D', D) and D’ is a refinement of D.
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Let f: S? — S? be a Thurston map, and C C S? be a Jordan curve containing
post f. Then the pair f and C induces natural cell decompositions D™(f,C) of S?, for
n € Ny, in the following way:

By the Jordan curve theorem, the set S?\ C has two connected components. We
call the closure of one of them the white 0-tile for (f,C), denoted by X2, and the

[y

closure of the other the black 0-tile for (f,C), denoted by X{. The set of 0-tiles is
XO(f,C) = {XY, X0 }. The set of 0-vertices is VO(f,C) := post f. We set Vo(f, C) =
Hz} : z € VO(f,C)}. The set of 0-edges E°(f,C) is the set of the closures of the
connected components of C \ post f. Then we get a cell decomposition

D°(f,C) = X°(f,C) UE’(f,C) UV"(f,C)

of S? consisting of cells of level 0, or 0-cells.

We can recursively define unique cell decompositions D"(f,C), n € N, consist-
ing of n-cells such that f is cellular for (D""!(f,C),D"(f,C)). We refer to [BMIT,
Lemma 5.12] for more details. We denote by X"(f,C) the set of n-cells of dimension 2,
called n-tiles; by E(f,C) the set of n-cells of dimension 1, called n-edges; by V' (f,C)
the set of n-cells of dimension 0; and by V*(f,C) the set {xz : {z} € V'(f, C)}, called
the set of n-vertices. The k-skeleton, for k € {0, 1, 2}, of D™(f,C) is the union of all
n-cells of dimension k in this cell decomposition.

We record Proposition 5.16 of [BM17] here in order to summarize properties of the
cell decompositions D"(f,C) defined above.

Proposition 3.6 (M. Bonk & D. Meyer [BMI17]). Let k, n € Ny, let f: S* — S? be a
Thurston map, C C S? be a Jordan curve with post f C C, and m = card(post f).

(i) The map f* is cellular for (D™*(f,C),D"(f,C)). In particular, if ¢ is any
(n + k)-cell, then f*(c) is an n-cell, and f*|. is a homeomorphism of ¢ onto

f* (o).
(ii) Let ¢ be an n-cell. Then f=*(c) is equal to the union of all (n+ k)-cells ¢ with
75 = c.

(iii) The 1-skeleton of D™(f,C) is equal to f~™(C). The 0-skeleton of D™(f,C) is
the set V*(f,C) = f~"(post f), and we have V*(f,C) C V" *(f,C).

(iv) card(X"(f,C)) = 2(deg f)", card(E"(f,C)) = m(deg f)", and card(V"(f,C)) <
m(deg f)™.

(v) The n-edges are precisely the closures of the connected components of f~™(C)\
f~™(post f). The n-tiles are precisely the closures of the connected components

of S*\ f7(C).
(vi) Every n-tile is an m-gon, i.e., the number of n-edges and the number of n-
vertices contained in its boundary are equal to m.

(vii) Let F = f* be an iterate of f with k € N. Then D"(F,C) = D"*(f,C).

We also note that for each n-edge e € E"(f,C), n € Ny, there exist exactly two
n-tiles X, X' € X"(f,C) such that X N X' =e.
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For n € Ny, we define the set of black n-tiles as
Xp(f,€) = {X e X"(£,0) : f*(X) = X'},
and the set of white n-tiles as
Xo(f,C) = {X € X"(£,C): f"(X) = Xy }-
It follows immediately from Proposition that
(3.7) card(X(f,C)) = card(X(f,C)) = (deg f)"

for each n € N.

From now on, if the map f and the Jordan curve C are clear from the context, we
will sometimes omit (f,C) in the notation above.

We denote, for each z € S% and n € Z,

(3.8)  U™x) = | J{Y" € X" : there exists X" € X" with z € X", X" N Y™ # }

if n >0, and set U"(z) := S? otherwise.
We can now recall a definition of expanding Thurston maps.

Definition 3.7 (Expansion). A Thurston map f: S? — S? is called expanding if there
exists a metric d on S? that induces the standard topology on S? and a Jordan curve
C C S? containing post f such that

nl_lgloo max{diam,(X) : X € X"(f,C)} =0.

P. Haissinsky and K. M. Pilgrim developed a notion of expansion in a more gen-
eral context for finite branched coverings between topological spaces (see [HP09, Sec-
tions 2.1 and 2.2]). This applies to Thurston maps, and their notion of expansion is
equivalent to our notion defined above in the context of Thurston maps (see [BM17,
Proposition 6.4]). Our notion of expansion is not equivalent to classical notions such
as forward-expansive maps or distance-expanding maps. One topological obstruction
comes from the presence of critical points for (non-homeomorphic) branched covering
maps on S2.

For an expanding Thurston map f, we can fix a particular metric d on S? called
a visual metric for f. For the existence and properties of such metrics, see [BM17,
Chapter 8|. For a visual metric d for f, there exists a unique constant A > 1 called the
expansion factor of d (see [BM17, Chapter 8] for more details). One major advantage
of a visual metric d is that in (S%, d), we have good quantitative control over the sizes
of the cells in the cell decompositions discussed above. We summarize several results
of this type ([BMI17, Proposition 8.4, Lemmas 8.10, 8.11]) in the lemma below.

Lemma 3.8 (M. Bonk & D. Meyer [BMI7]). Let f: S* — S? be an expanding
Thurston map, and C C S? be a Jordan curve containing post f. Let d be a visual
metric on S? for f with expansion factor A > 1. Then there exist constants C > 1,
K > 1, and nyg € Ny with the following properties:

(i) d(o,7) = C7A™" whenever o and T are disjoint n-cells for n € Ny.
(i) C7'A™ < diamy(1) < CA™ for all n-edges and all n-tiles T for n € Ny.
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(iii) Bg(z, K~'A™™) C U™(x) C By(z, KA™) for x € % and n € N,.
(iv) U™™mo(x) C By(x,r) C U™ (x) where n = [—logr/logA] for r > 0 and
r e S?
(v) For every n-tile X™ € X"(f,C), n € Ny, there exists a point p € X™ such that
By(p,C~'A™") € X™ C By(p, CA™™).
Conuversely, ifc?z's a metric on S? satisfying conditions (i) and (ii) for some constant
C >1, then d is a visual metric with expansion factor A > 1.

Recall that U"(z) is defined in (3.8).

In addition, we will need the fact that a visual metric d induces the standard topol-
ogy on S? ([BM17, Proposition 8.3]) and the fact that the metric space (52, d) is lin-
early locally connected ([BM17, Proposition 18.5]). A metric space (X,d) is linearly
locally connected if there exists a constant L > 1 such that the following conditions
are satisfied:

(1) For all z € X, r >0, and x, y € By(z,7) with = # y, there exists a continuum
E C X withz,y € E and E C By(z,rL).
(2) For all z € X, r > 0, and =,y € X \ By(z,r) with x # y, there exists a
continuum £ C X with z, y € E and £ C X \ By(z,r/L).
We call such a constant L > 1 a linear local connectivity constant of d.

In fact, visual metrics play a crucial role in connecting the dynamical arguments
with geometric properties for rational expanding Thurston maps, especially Lattes
maps.

We first recall the following notions of equivalence between metric spaces.

Definition 3.9. Consider two metric spaces (Xi,d;) and (Xs,ds). Let g: X5 — Xy
be a homeomorphism. Then

(i) g is bi-Lipschitz if there exists a constant C' > 1 such that for all u, v € Xj,
C_ldl(u7 U) < dg(g(U),g(’U)) < Cdl(uvv)'

(i) g is a snowflake homeomorphism if there exist constants o > 0 and C' > 1 such
that for all u, v € X;,

Cdy(u,v)* < da(g(u), g(v)) < Cdy(u, v)™

(iii) g is a quasisymmetric homeomorphism or a quasisymmetry if there exists a
homeomorphism 7: [0, +00) — [0, +00) such that for all u, v, w € Xy,

da(g(u), g(v)) _ (dl(uw))
Sy .
da(g(u), g(w)) dy(u, w)

Moreover, the metric spaces (Xi,d;) and (Xs,ds) are bi-Lipschitz, snowflake, or qua-
sisymmetrically equivalent if there exists a homeomorphism from (X7, d;) to (X, ds)
with the corresponding property.

When X; = X, = X, then we say the metrics dy and dy are bi-Lipschitz, snowflake,
or quasisymmetrically equivalent if the identity map from (X, d;) to (X, ds) has the
corresponding property.
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Remark 3.10. If f: C — C is a rational expanding Thurston map (or equivalently, a
postcritically-finite rational map without periodic critical points (see [BM17, Proposi-
tion 2.3])), then each visual metric is quasisymmetrically equivalent to the chordal met-

ric on the Riemann sphere C (see [BM17, Lemma 18.10]). Here the chordal metric o on
C is given by o(z,w) = ——22=%__ for z, w € C, and o(c0, 2) = (2, 00) = —2—

NAEEN e VR
for z € C. We also note that quasisymmetric embeddings of bounded connected metric
spaces are Holder continuous (see [HeOlIl, Section 11.1 and Corollary 11.5]). Accord-

ingly, the class of Hoélder continuous functions on C equipped with the chordal metric
and that on S? = C equipped with any visual metric for f are the same (up to a
change of the Holder exponent).

A Jordan curve C C S? is f-invariant if f(C) C C. We are interested in f-invariant
Jordan curves that contain post f, since for such a Jordan curve C, we get a cellular
Markov partition (D'(f,C), D% f,C)) for f. According to Example 15.11 in [BM17],
such f-invariant Jordan curves containing post f need not exist. However, M. Bonk
and D. Meyer [BM17, Theorem 15.1] proved that there exists an f"-invariant Jordan
curve C containing post f for each sufficiently large n depending on f. A slightly
stronger version of this result was proved in [Lil6, Lemma 3.11], and we record it
below.

Lemma 3.11 (M. Bonk & D. Meyer [BM17], Z. Li [Lil6]). Let f: S* — S? be an
expanding Thurston map, and C C S2 be a Jordan curve with post f C C. Then
there exists an integer N(f, 5) € N such that for each n > N(f, 5) there exists an
fr-invariant Jordan curve C isotopic to C rel. post f such that no n-tile in X"(f,C)
joins opposite sides of C.

The phrase “joining opposite sides” has a specific meaning in our context.

Definition 3.12 (Joining opposite sides). Fix a Thurston map f with card(post f) > 3
and an f-invariant Jordan curve C containing post f. A set K C S? joins opposite
sides of C if K meets two disjoint 0-edges when card(post f) > 4, or K meets all three
0-edges when card(post f) = 3.

Note that card(post f) > 3 for each expanding Thurston map f [BM17, Lemma 6.1].
The following lemma proved in [Lil8, Lemma 3.13] generalizes [BM17, Lemma 15.25].

Lemma 3.13 (M. Bonk & D. Meyer [BM17], Z. Li [Lil8]). Let f: S* — S? be an
exzpanding Thurston map, and C C S? be a Jordan curve that satisfies post f C C and
fre(C) C C for some ne € N. Let d be a visual metric on S* for f with expansion
factor A > 1. Then there exists a constant Cy > 1, depending only on f, d, C, and
ne, with the following property:

Ifk,n € Ny, X"k € X"*(f.C), and z, y € X", then

(3.9) Co Hd(z,y) < ATd(f"(2), f"(y)) < Cod(z,y).

We summarize the existence, uniqueness, and some basic properties of equilibrium
states for expanding Thurston maps in the following theorem.
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Theorem 3.14 (Z. Li [Li18)]). Let f: S* — S? be an expanding Thurston map and d
be a visual metric on S? for f. Let ¢, v € C%*(S? d) be real-valued Holder continuous
functions with an exponent a € (0,1]. Then the following statements hold:

(i) There exists a unique equilibrium state g for the map f and the potential ¢.
(i) For each ty € R, we have SP(f, ¢+ t9)|i=to = [ dttgrton-

(iii) IfC C S? is a Jordan curve contammg post f with the property that f"¢(C) C C
for some ne € N, then pu, (iS5 £74(C)) = 0.

Theorem [B.14] (i) is part of [Lil8, Theorem 1.1]. Theorem [B.14] (ii) follows imme-
diately from [Lil8, Theorem 6.13] and the uniqueness of equilibrium states in Theo-
rem [3.14] (i). Theorem [B.14] (iii) was established in [Lil8, Proposition 7.1].

The following distortion lemma serves as the cornerstone in the development of ther-

modynamic formalism for expanding Thurston maps in [Lil8] (see [Lil8, Lemmas 5.1
and 5.2]).

Lemma 3.15 (Z. Li [LiI8]). Let f: S?* — S% be an expanding Thurston map and
C C S? be a Jordan curve containing post f with the property that f*<(C) C C for
some ne € N. Let d be a visual metric on S* for f with expansion factor A > 1 and
a linear local connectivity constant L > 1. Fiz ¢ € C%*(S? d) with o € (0,1]. Then
there exist constants C1, = C1(f,C,d,¢,a) and Cy = Co(f,C,d, ¢, ) > 1 depending
only on f, C, d, ¢, and o such that

(3.10) 1Sn0(z) — Spd(y)| < Crd(f™ (), ["(y))",
D vrefn(z degpn (') exp(Snd(2 )
Zw’ef*”(w) deg n (w') exp( ngb(w’))
forn,m € Ng withn < m, X™ € X"(f,C), v,y € X™, and z, w € S?. We can

choose

(3.12)  Ci =g, 2.0y Co(l =A*)"" and  Cy = exp(4C; L(diamg(5%))")

(3.11)

xp (4C1 Ld(z,w)*) < Oy,

where Cy > 1 is the constant depending only on f, C, and d from [Lil8, Lemma 3.13].

Recall that the main tool used in [Lil§] to develop the thermodynamic formalism for
expanding Thurston maps is the Ruelle operator. We will need a complex version of the
Ruelle operator in this paper discussed in [Lil7]. We summarize relevant definitions
and facts about the Ruelle operator below and refer the reader to [Lil7, Section 3.3]
for a detailed discussion.

Let f: S? — 52 be an expanding Thurston map and ¢ € C(S?,C) be a complex-
valued continuous function. The Ruelle operator L, (associated to f and ¢) acting on
C(S5?%,C) is defined as follows

(3.13) Z deg;(y)u(y) exp(o(y)),
yef~1(z)

for each u € C(S% C). Note that L, is a well-defined and continuous operator on
C(S%,C). The Ruelle operator Ls: C(S? C) — C(5% C) has an extension to the
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space of complex-valued bounded Borel functions B(S?, C) (equipped with the uniform
norm) given by (B.13) for each u € B(S?,C).

We observe that if ¢ € C/(S?) is real-valued, then £4(C(S?)) C C(S?) and L,(B(S?)) C
B(S?). The adjoint operator L}: C*(S*) — C*(5?) of L4 acts on the dual space
C*(S?%) of the Banach space C(S?). We identify C*(S?) with the space M(S?) of
finite signed Borel measures on S? by the Riesz representation theorem.

When ¢ € C(5?) is real-valued, we denote

(3.14) ¢ =06~ P(f, 0)
We record the following three technical results on the Ruelle operators in our con-
text.

Lemma 3.16 (Z. Li [LiI8]). Let f: S?* — S% be an expanding Thurston map and
C C S?% be a Jordan curve containing post f with the property that f*<(C) C C for
some ne € N. Let d be a visual metric on S* for f with ezpansion factor A > 1. Let
¢ € C%(S?,d) be a real-valued Holder continuous function with an exponent o € (0, 1].
Then there exists a constant C3 = C3(f,C,d, ¢, ) depending only on f, C, d, ¢, and
a such that for each x, y € S? and each n € Ny the following equations hold

(3.15) L2(1)(2)/L2(1)(y) < exp (4C1Ld(x,9)") < s,
(3.16) Oyt < LE(1)(2) < G,
(3.17) |£5(1)(2) — LL(1)(y)| < Colexp(4CiLd(z,y)*) —1) < Cad(z,y)*,

where C1,Cy are the constants in Lemma 313 depending only on f, C, d, ¢, and «.

Lemma was proved in [Lil8 Lemma 5.15]. The next theorem is part of [Lil§],
Theorem 5.16].

Theorem 3.17 (Z. Li [Lil8]). Let f: S* — S? be an expanding Thurston map and
C C S? be a Jordan curve containing post f with the property that f*<(C) C C for
some ne € N. Let d be a visual metric on S* for f with expansion factor A > 1.
Let ¢ € C%*(S?,d) be a real-valued Hélder continuous function with an exponent
o € (0,1]. Then the sequence {* Z;‘:—& Eé(l)}neN converges uniformly to a function
ug € C%*(S%,d), which satisfies Lz(uy) = ug and Cyt < ugy(x) < Oy for each v € S?,
where Cy > 1 is the constant from Lemma[3.13.

Let f: S? — S? be an expanding Thurston map and d be a visual metric on S? for
f with expansion factor A > 1. Let ¢ € C%(S?, d) be a real-valued Holder continuous
function with an exponent «a € (0, 1]. Then we denote

(3.18) 6= ¢ — P(f,0) +logus —log(u o f),
where u, is the continuous function given by Theorem B.17

Lemma 3.18. Let f: S? — S? be an expanding Thurston map and d be a visual metric
on S?% for f with expansion factor A > 1. Let ¢ € C%*(S?,d) be a real-valued Holder
continuous function with an exponent a € (0,1]. We define a map 7: R — C**(S? d)
by setting 7(t) = wsg. Then T is continuous with respect to the uniform norm ||-||co(sz2)

on C%*(S? d).
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Proof. Fix an arbitrary bounded open interval / C R. For each n € N, define 7},: I —
C(S?,d) by T,(t) = 5%(132) for t € I. Since t¢ = t¢ — P(f,t¢), by B.13) and the
continuity of the topological pressure (see for example, [PrUIL0, Theorem 3.6.1]), we
know that 7}, is a continuous function with respect to the uniform norm || - [[¢o(s2) on
C(S?,d). Applying [Li18, Theorem 6.8 and Corollary 6.10], we get that T;,(t) converges
to 7|7(¢) in the uniform norm on C(S?% d) uniformly in ¢ € I as n — +oo. Hence,
7(t) is continuous on I. Recall uyy € C%*(S? d) (see Theorem B.I7). Therefore, 7(¢)
is continuous in ¢ € R with respect to the uniform norm on C%*(S52 d). O

A measure 1 € P(S?) is an eigenmeasure of L} if L} (1) = cp for some ¢ € R. See
[Li18, Corollary 6.10] for the uniqueness of such a measure.

The potentials that satisfy the following property are of particular interest in the
considerations of Prime Orbit Theorems and the analytic study of dynamical zeta
functions.

Definition 3.19 (Eventually positive functions). Let g: X — X be a map on a set
X, and ¢: X — C be a complex-valued function on X. Then ¢ is eventually positive
if there exists N € N such that S,¢(z) > 0 for each x € X and each n € N with
n > N.

Theorem B.14] (ii) leads to the following corollary that we frequently use, often
implicitly, throughout this paper. See [LZ24a, Corollary 3.29] for a proof.

Corollary 3.20. Let f: S? — S? be an expanding Thurston map, and d be a visual
metric on S* for f. Let ¢ € C%*(S?, d) be an eventually positive real-valued Hélder
continuous function with an exponent o € (0,1]. Then the function t — P(f, —t¢),
t € R, is strictly decreasing and there exists a unique number sq € R such that
P(f,—sop) = 0. Moreover, sq > 0.

3.3. Subshifts of finite type. We give a brief review of the dynamics of one-sided
subshifts of finite type in this subsection. We refer the reader to [Ki9§| for a beautiful
introduction to symbolic dynamics. For a discussion on results on subshifts of finite
type in our context, see [PP90, [Ba00].

Let S be a finite nonempty set, and A: S x S — {0, 1} be a matrix whose entries
are either 0 or 1. We denote the set of admissible sequences defined by A by

Y= {{zitien, : 2 € S, Ay, 2i41) = 1 for each i € Np}.

Given 0 € (0, 1), we equip the set ¥} with a metric dy given by dp({; }ieng, {¥i ien,) =
ON for {z;}ien, # {¥i}ien,, where N is the smallest integer with xy # yy. The
topology on the metric space (EJA?, d@) coincides with that induced from the product
topology, and is therefore compact.

The left-shift operator oa: X} — 3} (defined by A) is given by

oa({zitieny) = {Tit1 bien, for {z;}ien, € ZX.

The pair (EJA?, O’A) is called the one-sided subshift of finite type defined by A. The set
S is called the set of states and the matrix A: S x S — {0, 1} is called the transition
matriz.
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We say that a one-sided subshift of finite type (EJAT,UA) is topologically mizing if
there exists N € N such that A™(x,y) > 0 for each n > N and each pair of z, y € S.

Let X and Y be topological spaces, and f: X — X and ¢g: Y — Y be continuous
maps. We say that the topological dynamical system (X, f) is a factor of the topolog-
ical dynamical system (Y, g) if there is a surjective continuous map 7: Y — X such
that mo g = f on. We call the map n: Y — X a factor map.

The following proposition is established in [LZ24a, Proposition 3.31].

Proposition 3.21. Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S? for
f with expansion factor A > 1. Fiz 0 € (0,1). We set S, .= X(f,C), and define a
transition matriz Ay Sy x Sy — {0, 1} by

L af f(X) 2 X,

0 otherwise

AN(X, X ::{

for X, X' € XY(f,C). Then f is a factor of the one-sided subshift of finite type
(EL, O'AA) defined by the transition matrix A, with a surjective and Hoélder continuous
factor map 7, : ZL — 82 given by

(3.19) T ({Xitien,) =z, where {z} = (] f7(X)).

1€Ng

Here X% is equipped with the metric dg defined in Subsection[33, and S? is equipped
with the visual metric d. '
Moreover, (S} ,04,) is topologically mizing and m, is injective on ;" (S*\U,en, f(C)).

Remark 3.22. We can show that if f has no periodic critical points, then 7 is uni-
formly bounded-to-one (i.e., there exists N € Ny depending only on f such that
card (7! (z)) < N for each x € S§?%); if f has at least one periodic critical point, then
7, is uncountable-to-one on a dense set. We will not use this fact in this paper.

3.4. Dynamical zeta functions and Dirichlet series. Let g: X — X be a map
on a topological space X. Let ¢: X — C be a complex-valued function on X. We
write

(3.20) Z;zp(s) = Z e~s5n¥(@) n € Nand s € C.

Z‘EPLgn

Recall that P; gn defined in (210 is the set of fixed points of ¢", and S, is defined in
(24). We denote by the formal infinite product

+oo Z(")

(3.21) (g —p(s) =exp (Z %(@) = exp <§% Z e_ss”w(””)), s € C,

n=1 n=1 " x€P 4n

the dynamical zeta function for the map g and the potential ¥». More generally, we
can define dynamical Dirichlet series as analogs of Dirichlet series in analytic number
theory.
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Definition 3.23. Let g: X — X be a map on a topological space X. Let ¢p: X — C
and w: X — C be complex-valued functions on X. We denote by the formal infinite
product

(3.22) Dy _pw(s) =exp (Z% Z e~s5n¥(@) 1:[ w(gi(:c))), seC,

= ZEEPl,gn =0
the dynamical Dirichlet series with coefficient w for the map ¢ and the potential ).
The following result is obtained in [LZ24al, Proposition 5.5].

Proposition 3.24. Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S*
for f with expansion factor A > 1. Let ¢ € C%*(S% d) be an eventually positive
real-valued Holder continuous function with an exponent a € (0,1]. Denote by sq the
unique positive number with P(f, —sop) = 0. Let (EL, O’AA) be the one-sided subshift
of finite type associated to f and C defined in Proposition[3.21, and let 7, : ZXA — 52
be the factor map defined in (3.19). Denote by deg;(-) the local degree of f. Then the
following statements hold:

(i) P(oa,, o 0oms) = P(f,p) for each p € C**(S? d) . In particular, for an
arbitrary number t € R, we have P(oa,,—t¢ om,) =0 if and only if t = sy.
(ii) All three infinite products Cf, ¢, Coy,,~domss ANA Dy 4 deg, converge uniformly

and absolutely to respective non-vanishing continuous functions on H, = {s €
C : R(s) = a} that are holomorphic on H, = {s € C : R(s) > a}, for each
a € R satisfies a > sg.

(iii) For all s € C with R(s) > sg, we have

(3.23) Gl = 1 (1—exp(—s2¢<y>))_l,

TEP(f) yEeT
~1
(3.24) Dy, p,deg,(8) = H (1—exp(—sz¢(y))Hdegf(z)) :
TEPR(f) YET ZET
~1
52 o= [ (1-eo(-sToomm)) -
T€PB(04,) yerT

Recall that P(g) denotes the set of all primitive periodic orbits of g (see ([2.3])). We
recall that an infinite product of the form exp > a;, a; € C, converges uniformly (resp.
absolutely) if > a; converges uniformly (resp. absolutely).

4. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our theory in most parts
of this paper. We will repeatedly refer to such assumptions in the later sections. We
emphasize again that not all of these assumptions are assumed in all the statements
in this paper.
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The Assumptions.
(1) f: 5% — S? is an expanding Thurston map.
(2) C C 5% is a Jordan curve containing post f with the property that there exists
ne € N such that f"¢(C) C C and f™(C) € C for each m € {1, 2, ..., n¢ — 1}.

(3) d is a visual metric on S? for f with expansion factor A > 1 and a linear local
connectivity constant L > 1.

(4) o € (0,1].
(5) ¥ € C%((5% d),C) is a complex-valued Hélder continuous function with an
exponent «.

(6) ¢ € C%*(S?,d) is an eventually positive real-valued Holder continuous function
with an exponent «, and sy € R is the unique positive real number satisfying
P(f,—s0¢) = 0.

(7) e is the unique equilibrium state for the map f and the potential ¢.

Note that the uniqueness of sy in (6) is guaranteed by Corollary B:220. For a pair of
fin (1) and ¢ in (6), we will say that a quantity depends on f and ¢ if it depends on
S0-
Observe that by Lemma B.I1] for each f in (1), there exists at least one Jordan
curve C that satisfies (2). Since for a fixed f, the number n¢ is uniquely determined
by C in (2), in the remaining part of the paper, we will say that a quantity depends
on f and C even if it also depends on ne.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely
determined by d and f. We will say that a quantity depends on f and d if it depends
on A.

Note that even though the value of L is not uniquely determined by the metric d, in
the remainder of this paper, for each visual metric d on S? for f, we will fix a choice
of linear local connectivity constant L. We will say that a quantity depends on the
visual metric d without mentioning the dependence on L, even though if we had not
fixed a choice of L, it would have depended on L as well.

In the discussion below, depending on the conditions we will need, we will sometimes
say “Let f, C, d, ¥, « satisfy the Assumptions.”, and sometimes say “Let f and d
satisfy the Assumptions.”, etc.

5. RUELLE OPERATORS AND SPLIT RUELLE OPERATORS

In this section, we define appropriate variations of the Ruelle operator on the suitable
function spaces in our context and establish some important inequalities that will
be used later. More precisely, in Subsection L.l for an expanding Thurston map
f with some forward invariant Jordan curve C C S? and a complex-valued Holder
continuous function 1, we “split” the Ruelle operator L, : C(S% C) — C(S?,C) into
pieces Eq(z;an C(E,C) — C(X?,C), for ¢ € {b, w}, n € Ny, and a union E C 52
of an arbitrary collection of n-tiles in the cell decomposition D"(f,C) of S? induced
by f and C. Such construction is crucial to the proof of Proposition where the
images of characteristic functions supported on n-tiles under Effz p are used to relate
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periodic points and preimage points of f. We then define the split Ruelle operators
LL,, on the product space C'(X{,C) x C (X2, C) by piecing together £$,il,c £(1c1 X0,

¢, ¢ € {b, w}. Subsection 5.2 is devoted to establishing various inequalities, among
them the basic inequalities in Lemma [5.12] that are indispensable in the arguments in
Section [7l In Subsection [5.3, we verify the spectral gap for IL,, that is essential in the
proof of Theorem [6.3]

5.1. Construction.

Lemma 5.1. Let f, C, d, A, « satisfy the Assumptions. Fix a constant T > 0.
Then for alln € N, X" € X"(f,C), =, 2 € X", and v € C**((S%d),C) with
1RV, (52,00 < T, we have

(5.1) |1 — exp(Snth(x) — Sutp(a))] < Caldbly, (52, 0) A" (), f7(21)),

where the constant

(52)  Ci=Cu(f.Cd, 0, T) = —2C0 exp( ol (diamd(s2))°‘) > 1

1— A« 1—A
depends only on f, C, d, a, and T. Here Cy > 1 is the constant from Lemma [3.13
depending only on f, C, and d.

Proof. Fix T > 0, n € N, X" € X*(f,C), x, 2’ € X", and ¢ € C%*((52,d),C) with
R, (52,00 < T- By LemmaulBjEl7 for each ¢ € C%(S?,d),

53) 1S,0(0) — Sa6(a)] € A g ) ooy

Then by (5.3) and the fact that |1 —e¥| < |y|el! and |1 — Y| < |y| for y € R, we
get

‘1 _ Sntb(@)=Snth(a’)

< ‘1 — eSnR() (@)= SnR(W) (')

C %w a, (52 ANY CT 2\
< ST () o) e s

C()T i « OO |g(w)|o¢ (52,d) n n «
oxp (20 (diom(5) ) = SRS @), ()
<Gy W|a (S2,d) d(f"(x), f* ("))
Here the constant Cy = Cy(f,C,d, o, T) is defined in (5.2). O

Fix an expanding Thurston map f: S? — S? with a Jordan curve C C S? satisfying
post f C C. Let d be a visual metric for f on S? and ¢ € C%%((S?,d),C) a complex-
valued Holder continuous function.

Let n € N, ¢ € {b, w}, and z € inte(X?), where X{ (resp. X{) is the black (resp.
white) 0-tile. If E C 5% is a union of n-tiles in X"(f,C), u € C((E,d),C) a complex-
valued continuous function defined on E, and if we define a function v € B(S?,C)

| S RWI@) =S RW) @) ] _ pi8a3()(@)-i8,3() @)
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by

u(y) ifyek,
(54) v(y) { 0 otherwise,

then by Proposition[3.6 (i) and (ii), the Ruelle operator associated to f and ¢ (recalled
in (313)) acting on B(S?%, C) can be written in the following form:

(5.5) Loy @)= Y u((f"x) ™ @) exp(Sutd ((f"x) " (@)

Note that by default, a summation over an empty set is equal to 0. We will always
use this convention in this paper. Inspired by (B.5]), we give the following definition.

Definition 5.2. Let f: S? — S? be an expanding Thurston map, C C S? a Jor-
dan curve containing post f, and ¢ € C(S? C) a complex-valued continuous func-
tion. Let n € Ny, and E C S? be a union of n-tiles in X"(f,C). We define a map

L) C(E,C) — C(XP,C), for each ¢ € {b, w}, by
(5.6) LY @) = Y u((Flxe) W) exp(Sat ((f]x) 1)),

XneXr
X"CE

for each complex-valued continuous function v € C(E,C) defined on E, and each
point y € X?. When E = X for some ¢’ € {b, v}, we often write

(n) . pn)
Ew,(,tl T Ed},c,X?,'
Note that
if X°CF
0 W= HThe=" for ¢ € {b, 0},
v (V) 0 otherwise, { }

whenever the expression on the left-hand side of the equation makes sense.

Lemma 5.3. Let f, C, d, a satisfy the Assumptions. Let ¢ € C(S? C) be a complez-
valued continuous function. Fiz numbers n, m € Ny and a union E C S? of an
arbitrary collection of n-tiles in X"(f,C) (i.e., E = |J{X™ € X"(f,C) : X" C E}).
Then for each ¢ € {b, w} and each u € C(E,C), we have CE[LZE(U) € C(X?,C), and
(5.7) e w = >0 £ (0 pw).

e{b,w}
If, in addition, ¥ € C%*((S%,d),C) and u € C**((E,d),C) are Holder continuous,
then
(5.8) LY o(u) € € ((X2,d),C).

Remark 5.4. In the above context, £j(v) € B(S? C) may not be continuous on
S%if B # S? where v is defined in (5.4) extending u to S?. If E = S?, then it

follows immediately from (5.6) that for each ¢ € {b, w}, EEZLZE(U) = (L3(u)] 4o-
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Hence, by (B.8) and the linear local connectivity of (S?,d), it can be shown that
L3 (C%((8%,d),C)) € C**((5?,d),C). We will not use this fact in this paper.
Proof. Fix arbitrary ¢ € {b, v} and u € C(E,C).

The cases of Lemma 5.3 when either m = 0 or n = 0 follow immediately from
Definition 5.2l Thus, without loss of generality, we can assume m, n € N.

The continuity of El(ﬂ"z p(u) follows trivially from (5.6) and Proposition (1).
By (5.6), Proposition 3.6 (i) and (ii), and the fact that f=™(z) NC # 0, we get
Z ‘Cw c,c/ <£1(:2’,E(u>> (flf)

ce{b,w}

— Z Z Sm¥() Z 5@y (2)

¢e{b,w} yef—m(z)nX, zEf~m(y)NE

— Z Z SmPW)+Ent(=) g ()

yefm(x) z€f T (y)NE
— Z eSntm¥(@y ()
zef~(ntm)(z)NE
n+m
= L5 (u) ().
Identity (5.7)) is now established by the continuity of two sides of the equation above.

Finally, to prove (5.8), we first fix two distinct points z, 2/ € X?. We denote, for
each X™ € X7, yxn = (f"|xn») " Hz) and v'yn == (f"|xn) " (7).
By Lemmas B.13], B.15 and 5.1l we have

L5 o) (@) — L5 p(u) ()] /d(z, 2)°

1 /
< - Snw(an) n) — Snw(yxn) / "
A d(flf,l’/)a X;(n‘e u(yX ) € u(yX )‘
X"CE
1
< - Sn(yxn) ) — -
=X d(flf,l’/)a X;(n‘e “u(yX ) u(yX )|
ché
T D e — S juyl)
X”EX”
XnCE
1
< - SnR(Y)(yxn) d(ysn. Y'on )
S d(x, ) X;@e |U|a,(E,d) (Yxn, Yxn)
ché
Z }1 nw(yX” Snw(ylxn)}esnm(w)(ylxn”u(y;{n”
X”EX”
XnCE
< |u|a7(E7d) capon Z 65”%@)@”)+C4W|a,(52,d) Z esm(zﬁ)(y’;m)‘u(y;m”
XneXn XneXxn

X"CE
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< oA [l . [0 (152 sy + i1l 2. | £ty 1)

where Cy > 1 is the constant depending only on f, C, and d from Lemma [B.13] and
Cy > 11is the constant depending only on f, C, d, o, and v from Lemma[5.Il Therefore,

(58) holds. O

Now that we have “split” the Ruelle operator Ly: C(S?, C) — C(5?,C) into pieces
and studied some basic properties of the pieces, we are ready to define the split Ruelle
operators Ly on the product space C'(X¢,C) x C(X3,C) by piecing together the
pieces.

co(s2)’

Definition 5.5 (Split Ruelle operators). Let f: S* — S? be an expanding Thurston
map with a Jordan curve C C S? satisfying f(C) C C and post f C C. Let d be a
visual metric for f on S?, and ¢» € C%((S5%,d), C) a complex-valued Holder continuous
function with an exponent a € (0,1]. Let X0, X2 € X°(f,C) be the black 0-tile and
the while O-tile, respectively. The split Ruelle operator Ly: C'(X{,C) x C(X3,C) —
C(X?,C) x C(Xg,C) on the product space C(Xy,C) x C (X3, C) is given by

Lot tn) = (L0 6) + L0 (1), L0 (1) + L0, (1))
for uy € C(X¢,C) and uy, € C (X3, C).

Note that by Lemma [5.3] the operator L, is well-defined. Moreover, by (5.8) in
Lemma [5.3] we have
(5.9)

Ly (C%*((X¢,d),C) x C*"*((Xp,d),C)) C C™((Xy,d),C) x C**((Xp,d),C).

Note that it follows immediately from Definition (.2 that L, is a linear operator on
the Banach space CO’O‘((X[?, d) , C) X Covo‘((XO , d), (C) equipped with a norm given by

b b
|t ) = s g . e g -

for each b € R\ {0}. See (20]) for the definition of the normalized Hélder norm

HuHcoya(E )
For each ¢ € {b, w}, we define the projection 7.: C'(X?,C) x C(X?,C) — C(X?,C)
by

(5.10) Te(Up, Uy ) = U, for (up, up) € C(XY,C) x C(X2,C).

Definition 5.6. Let f: S? — S? be an expanding Thurston map with a Jordan curve

C C S? satisfying f(C) C C and post f C C. Let d be a visual metric for f on 52, and

P € C%((S%,d),C) a complex-valued Holder continuous function with an exponent
€ (0,1]. For all n € Ny and b € R\ {0}, we write the operator norm

2 = s e (L ) [

¢ € {b, w}, up € CO((XP,d),C), up € C¥*((X2,d),C)
(5.11) [b] }

b
Coe( XO d) 1 and HU‘UH[C}O,Q(Xr%’d) < 1

with ||up|
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(1]
We write H‘me = ‘HL m .

Lemma 5.7. Let f, C, d, o, 1 satisfy the Assumptions. We assume, in addition, that
f(C) CC. Let X, X2 € X°(f,C) be the black 0-tile and the while 0-tile, respectively.
Then for alln € Ny, uy € C(XJ,C), and u, € C(X3,C),

(5.12) L 1ty the) = (L5100 (18) + L5 () L5 16) + L (1))
Consequently,
(0]
e
b

{||ub||[CL,a(Xg,d), el b 0.}

¢ € {b, w}, uy € CO((XP,d), C), uy € C*((XY,d),C)
(5.13) . .

with [[uel|co(xo)lltwl|coxg) # 0

Proof. We prove (5.12)) by induction. The case where n = 0 and the case where n = 1
both hold by definition. Assume now (5.12]) holds when n = m for some m € N. Then
by (5.7) in Lemma [5.3] for each ¢ € {b, o}, we have

Te (1L$+1(u5, um)) = e (M <‘C1(ZJ b.0(Ue) + ﬁw b m(um) Eq(z;mm o(up) + ﬁw o (U m)))

= > £l (£ ) + L8 (1)

ce{b, o}
1 m 1) m
- Z 'C( 7)&? ('CT(ZJC’[’ ) Z ‘C( X (‘Cfﬁc m( ))
de{b,w} e{b,w}
— £(m+1) £ (m+1)
— e, ( )_l_ P,¢,10 ( )

foru, € C (X 0, (C) and u, € C (Xg, C). This completes the inductive step, establishing
G.12).
Identity (5.I3) follows immediately from Definition 5.6 and (5.12)). O

5.2. Basic inequalities. Let f: S? — S? be an expanding Thurston map, and d be
a visual metric on S? for f with expansion factor A > 1. Let ¢p € C%%((S?,d),C) be
a complex-valued Hélder continuous function with an exponent « € (0,1]. We define

—~—

(5.14) b= R(Y) +iS(¥) = ¥ — P(f, R()) + log uny) — log (unw) © f),
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where ug(y) is the continuous function given by Theorem B.I7 with ¢ := R(¢)). Then
for each u € C(S5?,C) and each z € S?, we have

Lyu)(x)= > degs(y) (1) PUFRW))Hog up(y) (1) -og(um(e) (F (1))
yef~(x)
exp
(5.15) B (u Z degf (y)usc) (y) exp((y))
yef1
exp(—P (fﬂR( )

= Usp) (l’) ‘Clﬁ (u%(w)u) (ZL’)

Given a Jordan curve C C S? with post f C C, then for each n € Ny, each union £ of
n-tiles in X"(f,C), each v € C(E,C), each ¢ € {b, v}, and each z € X?,

R GIOENED DI (C i O (R PORC)

¥,
X"meXT (f,C)
XnCE
exp(—nP(f, R()) S~
5.16 — 5 n
XnCE

€X 7§R
e um({z) (Wﬁsz(u%(w) ) ().

Definition 5.8 (Cones). Let f: S? — S? be an expanding Thurston map, and d be
a visual metric on S? for f with expansion factor A > 1. Fix a constant o € (0, 1].
For each subset £ C S? and each constant B € R with B > 0, we define the B-cone
inside C%*(E,d) as

Kp(E,d) ={ue C"(E,d):forall z, y € E, u(z) > 0 and
[u(z) — u(y)| < Blu(z) + u(y))d(z,y)" }.

It is essential to define the B-cones inside C*“(FE, d) in the form above in order to
establish the following lemma, which will be used in the proof of Proposition [Z.13

Lemma 5.9. Let (X,d) be a metric space and o € (0,1]. Then for each B > 0 and
each u € Kg(X,d), we have u? € Ko5(X,d).

Proof. Fix arbitrary B > 0 and v € Kg(X,d). For any z, y € X,
|u?(2) = u*(y)] = |u(@) + u(y)|lu(z) — uly)|
< Blu(@) + u(y) *d(z, y)*
< 2B(u’(z) + u?(y))d(z, y)".
Therefore, u? € Kop(X,d). O

Lemma 5.10. Let f, d, «, v satisfy the Assumptions. Let ¢ € C%*(S?, d) be a real-
valued Holder continuous function with an exponent . Then the operator norm of £$

acting on C(S?) is given by HE = 1. In addition, L3(1s2) = Lgz.

llcose)
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Moreover, consider a Jordan curve C C S? satisfying post f C C. Assume in ad-
dition that f(C) € C. Then for alln € Ny, ¢, ¢ € {b, w}, up € C(X,C), and
up € C(X2,C), we have
(5.17) |22 (we)
<um>\

= 1 and L(1s2) = Ls2 is established in [Lil7,

Co(x0) < lluelleoexs) and

(5.18) Hcfg’ w) + L)

,t0 CO(XP) < maX{||ub||CO(Xg)? ||um||co(X‘%)}

Proof. The fact that HE
Lemma 5.25].

To prove (5.18)), we first fix arbitrary n € Ny, ¢ € {b, w}, uy € C(X?), and uy, €
C(X?). Denote M = max{||u[,||00(xg), [tin||co(x0y }- Then by Definition B2 (5.14),
and the fact that L5 (1s2) = Lg2, for each y € inte(X?),

|+ £ )

¢>HCO S2)

ey M D lexp(Su (L) ™ W)

Xnexr

— ML (L)) = M.
This establishes (5.18). Finally, (517) follows immediately from (5.I8) and Defini-
tion by setting one of the functions u, and wuy, to be 0. O

Lemma 5.11. Let f, C, d, L, o, A satisfy the Assumptions. Then there exist constants
Cs > 1 and Cg > 0 depending only on f, C, d, and o such that the following statement
holds:

Forall K, M, T, a € Rwith K >0, M >0,T >0, and |a| < T, and all real-valued
Holder continuous function ¢ € C’O‘”(S2 d) with |¢|a,(52,d < K and [|@]|cos2y < M,
we have

(5.19) a6 pos2) < C5(K + M)T + [log(deg f)],
(5.20) }ZLE}% 52y < CoETe T,

(5.21) [tagll co.nqsz.a) < (ATECo(1 — A7) 1L +1)e*7,
(5.22) exp(—C7) < uag(x) < exp(Cr)

for x € S2%, where the constant Cy > 1 depending only on f, d, and C is from
Lemma[313, and the constant

(5.23) Cr=Cq(f,C.d, o, T, K) == ATKCp(1 — A=*) "' L(diamy(S?))" > 0
depends only on f, C, d, o, T, and K.

Proof. Fix K, M, T, a, ¢ that satisfy the conditions in this lemma.

Recall ap = ap — P(f, ap) +loguas —log(uqe o f), where the function ug is defined
as ug in Theorem BI7

By Theorem BI7 and (312) in Lemma 315, we immediately get (5.22).
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By Lemma 3.25 in [LZ24a], (34), and ([B.5), for each = € S?,

P(f,ap) = lim —log Z deg s (y )e® W) < lim —log Z deg . (y) enTM

n—+oo N n—+oo N
yef " (x) yef—(x)

=TM + lim —log Z deg . (y) = T'M + log(deg f).

n—-+oo N
yef"(x)

Similarly, P(f,a¢) = —TM + log(deg f). So |P(f,a¢)| < TM + |log(deg f)|.
Thus, by combining the above with (5.22]) and (5.23]), we get

(5.24) [[a0|| po(sz) < TM + TM + [log(deg f)| +2C7 < CsT(K + M) + [log(deg f)],

where Cg == 2 + 81 e (diamd(SQ)) is a constant depending only on f, C, d, and
a.
Note f is Lipschitz with respect to d (see [Lil8, Lemma 3.12]). Thus, by (5.22) and

the fact that |logt; — logts] < mi‘fl{{;tztlz} for all ¢1,t5 > 0, we get

‘a¢‘a,(52d |adl, ,(S52,d) + [log uag|, ,(52,d) + [log(uag © f)l, ,(S2,d)

(5.25) S TK + ¢ (1 + LIPa(f)) [tag| o, (52,0 -
Here LIP,(f) denotes the Lipschitz constant of f with respect to the visual metric d
(see [2.8)).

By Theorem B.17, (8.17) in Lemma B.16, (3.12) in Lemma B.15, (5.23), and the fact
that [1 — e <t for t > 0, we get

n—1
1 . :
o (#) — epw)] = | tim L 2;(£1—¢<ﬂsa)<x> - £15(1) )
]:
1 (1s2) () = £ (152) ()]
s n s a¢( s )(y)
TKC
< 207 (1 _ B 0
<e (1 exp< 41—A Ld(z,y)* ))
ATK
< 207700Ld(%y)°‘,
A «
for all z, y € S%. So
TKCy
(5.26) |Uagla, (52.0) < 41 — A—aL 207

Thus, by (5.28), (5.20), and (5.23)), we get
}&B}a (s2.4) S TKCse™™™,
where the constants Cy = max{Cg, 1+4Co(1 — A=)71L(1 + LIPd(f))} and Cg =

12Co(1 — A=)~ L(diam4(S?))® depend only on f, C, d, and «. Since C5 > Cg, (5.19)

follows from (5.24)).
Finally, (5.21)) follows from (5.22) and (5.20)). O
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Lemma 5.12 (Basic inequalities). Let f, C, d, a, ¢, sq satisfy the Assumptions. Then
there exists a constant Ay = Ao(f,C d, |¢| (52.d) ) > 2Cy > 2 depending only on
f, C, d, |o| o, (52,4), and o such that Ag increases as |¢|a7(327d) increases, and that for
allc € {b, w}, z, 2’ € X°, n € N, union £ C S? of n-tiles in X"(f,C), B € R with
B >0, and a, b € R with |a| < 2sy and |b| € {0} U [1,4+00), the following statements
hold:

(i) For each uw € Kg(E,d), we have

(n) (n) / ~
oy O A (O] (= ‘a(b‘a’(]f’d))d(x,x')a.
£Z @)+ LY (u)() Ao = A

(i) Denote s := a+ib. Fiz an arbitrary v € C**((E,d),C). Then
(5.28)

LY ()@)-£Y  ()(2)] € CMH max{1, |37 (|)(z) )d(z, ')
;zib,c,E ;E,C,E A 0 Aom 0 ) (;(277C7E ) )

where Cy > 1 is the constant from Lemmal3.13 depending only on f, d, and C.
If, in addition, there exists a non-negative real-valued Holder continuous

function h € C%*(E,d) such that
lv(y) — o) < B(h(y) + h(y))d(y, y)
whenever y, y' € E, then
(5.29)

£ (0)(@) - LY ()

< 4o ( Aén (ﬁf;%”ch(h)( )+ LY E(h)(:)s’)> + max{1, |b|}£%{c7E(|v|)(x)) d(z,z')".

Proof. Fix ¢, n, E, B, a, and b as in the statement of Lemma [5.12]
(i) Note that by Lemma [5.11]

(5.30) sup{|7¢| () TERITIS 250 + 1} < T,

where the constant
(5 31)
=To(f,C.d, [0, 52,4y, @) = (250 + 1)C5|9] . (52 0 P ((250 + 1) C5 |, (g2.0) > O

depends only on f, C, d, |¢], (5%.d) and a. Here C'5 > 1 and Cy > 0 are the constants
from Lemma [5.17] depending only on f,C, d, and a.

Fix u € Kp(E,d) and z, 2/ € X?. For each X" ¢ X", denote yxn = (f"|xn)"1(z)
and Yy = (f"]xn) " (2").
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Then by Definition [5.§],
£ w)a) L2 ()

Xnexn
X"CE

< Z Ou(an) . u(y%n” eSn%(ylxn) + u(yxn)‘esnt%(yxn) . eSn;(z/ﬁ(y'Xn)

Xnexn
X"CE

3 B(u(yxn)esna?myxn)e\Sn%(ygm—s@(m)

Xnexr
X"CE

5 o
Xnexr
X"CE
Combining the above with Lemmas B.15] B.I3] 5.1 (5.30), and (5.31]), we get
£ w)@) ~ £E | (w)@)]

£ (w)(@) + L2 (u)()

)

+u(yln)e® ”“‘b(ylx”)) d(yxn, yn)®

_ SnadWyn)=Snad(yxn) | oSnad(yxn)

o (199520 Coldiama(S)™ d(w, ')
X p 1 _ A_a Aan

B }Z‘E‘ (S2,d)
< «, ) No
\A1<Aan+ 1 - A« )d(l’,l’) )

+ Cilag],, o gl )°

where

(5.32) Ci=Cy(f,C,d, o, Tp) =

200 CO 0 2
T Aa e:x;p(1 —i-a — (diam,(5?)) )

is the constant from Lemma [5.1], and
(533) Al = (]_ — A_O‘)C4(f,C,d,oz,T0).

Both of these constants only depend on f, C, d, |¢|a7(527d) and «.
Define a constant
14 2T5)A
(5.34) Ao = Ao(f.C.d,[9], (2.0 @) = %
depending only on f, C, d, |9, (52 4, and a. By (5.34), (E.31)), and (5.32)), we see that
Ay increases as (9], (g2 q) increases. Now (B27)) follows from the fact that Ay > A;.

(i) Fix z, 2’ € XCO. For each X™ € X", denote yxn = (f"
(f"|x)~Ha").
Note that by ([BI8) and (5.30), we have

(535> }S(MQ,(S?,d) < }a(b}m (52,d) + |b¢‘a, (52,d) < TO + ‘b| ‘¢|a,(S2,d) < 2T0 max{l, |b‘}7

= (142T5)Cy(f,C. d, o, Tp) > 2

xn) " Hz) and vy, =
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since Ty > [¢],, (52,4 by (B.31) and the fact that C5 > 1 from Lemma B.11l
Note that

(5.36)
2 )@ - £ (o))

€Y [olxn)es o) oo Bk
Xmexn
XnCE

< Y () = (i)

Xnexr
X"CE

esngg(ylxn) esn;\qg(yX") _ esngd/)(ylxn)

+ [v(yxn)

)

We bound the two terms in the last summation above separately.

By Lemmas B.15, 5.1], (5.33)), and (5.33),

E |U an ’ Sn5¢ yX") _ eSn;\(Z(y/X'n)
XreX?

X”QE
Z ‘U(yX'rL) )1 . esnga(ylxn)_Sng(yxn) eS”;‘E(yX")
XneXy
X"CE
(537) C4(f7c d O{ TO ‘SQS} S2 d (x,l’,)aﬁt%{gE(IUD(l’)

2Ty max(1, p[}£Z)  (ju])(x)
< A =
1— A«
= Agmax{L, |B}LY | (jv])(@)d(z, )",

x, l’/)a

where the last inequality follows from (5.34)).
By (514)), Lemma B.I3] and (5.17) in Lemma (.10,

> lo(yxe) = vl eS80
Xnexr
X"CE

(538) < Z |/U|OC7 (E7d) d(an’ y&n)a657la¢(y3{7l)
Xnexn
XnCE

d(z, 2)*C¥ =
LT ey D DI
XneXy

< Covl, (E,d) A~ d(z, )"

Thus, (5.28) follows from (£.36), (5.37), and (5.38)).

If, in addition, there exists a non-negative real-valued Holder continuous function
h € C%*(E,d) such that |v(y) —v(y)| < B(h(y)+h(y'))d(y,y)* when y, y' € E, then
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by Lemmas 3.15, B.13], (5.30), (2.33)), and (£.32),
D7 To(yen) = vl eS80

XreX?
X"CFE
Z B(h yX nCL¢ yxn) L;&(yﬁm)—&ﬂ%(yxn)‘ + h(yg{n)esnaa;(ylxn))d(y)(n’yg{n)a
XneXy
X'ngE
}GE}Q 52 4 CO (diamd(52))a d(SL’,LL’,)aCQ n
<Bexp< (s O (e @)+ L2 ()

< A BA—O" (EL%{C’E(h)(x) + E%)’C’E(h)(:c’))d(x, '),

Therefore, (£.29) follows from (5.36), (5.31), the last inequality, and the fact that
Ay > Ay from (B.34). O

5.3. Spectral gap. Let (X, d) be a metric space. A function h: [0, +00) — [0, +00) is
an abstract modulus of continuity if it is continuous at 0, non-decreasing, and h(0) = 0.

Given any constant 7 € [0, +00], and any abstract modulus of continuity g, we define
the subclass C7((X,d),C) of C(X,C) as

Cy((X,d),C)
= {u € C(X,C): ||u||CO(X) < 7and for all z, y € X, |u(z) —u(y)| < g(d(:v,y))}.
We denote C7 (X, d) = C7((X,d),C) N C(X).

Assume now that (X, d) is compact. Then by the Arzela—Ascoli Theorem, each
C7((X,d),C) (resp. C7(X,d)) is precompact in C'(X,C) (resp. C(X)) equipped with
the uniform norm. It is easy to see that each C7 ((X,d), C) (resp. C7 (X, d)) is actually
compact. On the other hand, for u € C'(X,C), we can define an abstract modulus of
continuity by
(5.39) g(t) = sup{lu(z) —u(y)| : z, y € X, d(z,y) <t}
for t € [0, 4+00), so that u € C¢((X,d),C), where ¢ := |ul|

The following lemma is easy to check (see also [Lil7, Lemma 5.24]).

Lemma 5.13. Let (X,d) be a metric space. For each pair of constants 11, o > 0,
each pair of abstract moduli of continuity gy, gg, and each real number ¢ > 0, we have

{urug : uy € CJH((X,d),C), uy € C2(( C)}ccnr ((X,d),C) and

T192+T7201

{1/u:ue C]H((X,d),C), u(z) > ¢ for each x € X} C cfzgl((X,d),C).

The following corollary follows immediately from Lemma 5131 We leave the proof
to the reader.

Corollary 5.14. Let (X, d) be a metric space, and o € (0,1] a constant. Then for
all Holder continuous functions u, v € C**((X,d),C), we have u, v € C**((X,d),C)
with

HUUHCO»G(X,d) < ||“||00,a(X,d) HUHco,a(X,d)v
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and if, in addition, |u(zx)| = ¢ for each x € X, for some constant ¢ > 0, then 1/u €
CY*((X,d),C) with ||1/u||007a(X,d) Scttce? ||u||COvQ(X,d)‘

Lemma 5.15. Let f, C, d, « satisfy the Assumptions. Assume in addition that
f(C) CC. Let p € C*(S?,d) be a real-valued Holder continuous function with an
exponent o, and [1s denote the unique equilibrium state for f and ¢. Fiz arbitrary
¢ € {b, w} and u € C(X"). Then for each n € N,

/udu¢— Z / Wc

ce{b, 0}

Proof. We define a function v € B(S?) by setting v(z) = u(z) if z € inte(X?) and
v(z) = 0 otherwise. We choose a pointwise increasing sequence of continuous non-
negative functions 7, € C(S?), i € N, such that lim;_, o 75(2) = Liye(xoy for all
x € S?. Then {vT; }ien is a bounded sequence of continuous functions on 52, convergent

pointwise to v.
Fix n € N. Since p4(C) = 0 by [Lil7, Proposition 5.39], then by (5.6), Proposi-
tion 3.0 (i) and (ii), and the Dominated Convergence Theorem, we get

Z /Xo ‘z’vcl d’qu

ce{b,w}

S / S (55 (") ™ () i)

ef{b, o} ’X”EXn
XnCXo
- lim 500 ) ("x0) ™ () dpio()
i—+00 inte(X
c e{b m} XnEXn
X"CXO
= Y / L8 () dysg ()
¢/e{b, 10} inte(X)))

= lim Eg(vﬁ) dpg

i—+00 52

= lim [ vr d(ﬁz)n(,ud))

1——+00 52

= lim vT; dptg

i—+00 52

= / vdpg
S2

= / udpg. OJ
X0

Lemma 5.16. Let f, C, d satisfy the Assumptions. Assume in addition that f(C ) C.
Fiz an abstract modulus of continuity g. Then for each o € (0,1], each K € (0, +00),
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and each 6; € (0,400), there exist constants do € (0,400) and N € N with the
following property:

For all ¢ € {b, w}, uy € CF>(XY,d), up € CF>*(XP,d), and ¢ € C**(5*,d), if
H¢Hco,a(s2,d) < K, maX{HubHCO(XS)v HUmHCO(Xg)} > 01, and fxgub dﬂ¢>+fxgum dpe =0
where pg denotes the unique equilibrium state for f and ¢, then

229,00+ 227,

Proof. Fix arbitrary constants a € (0,1], K € (0,4+00), and 6; € (0,400). Choose
e > 0 small enough such that g(e) < %1. Let ng € N be the smallest number such that
fmo(inte(XY)) = S% = f™(inte(X3)).

By Lemma (iv), there exists a number N € N depending only on f, C, d, g, and
61 such that N > 2ng and for each z € 52, we have UN ™™ (2) C By(z,€) (see (3.8)).

Fix arbitrary ¢ € {b, w}, ¢ € C%*(5?% d) with [l co.e(s2,q) < K, and functions
uy € CF (XY, d) and uy € CF (XY, d) with max{||u|co(x), [[twllcocxg) } = 01 and
S ol dpe+ [ xo U dpig = 0. Without loss of generality, we assume that S xoUb dug <0

o 0o(x9) < maX{HubHCO(XS)v HUmHCO(XQ,)} — 0.

and on Uy Aty = 0. So we can choose points y; € X and y» € X2 in such a way that

up(y1) < 0 and up(y2) = 0.
We denote

M = maX{HubHCO(Xg)v HUmHCO(X,%)}-

We fix a point € X?. Since fN (U7 (y)NXY) = S?, there exists y € f~V (z)NXY
such that y € UYN="0(y;) C By(yi,€). Since M > 61, up(y) < up(yr) + gle) < %1 <
M — % Choose X € X¥ such that y € XY C X{. Denote wy~ = (f¥|y~)"(z)
for each XV € X¥. So by Lemma [5.10, we have

L5 () () + L5 () ()

= ub(y)esz\@(y) + Z ub(wa)eSNfg(wa) + Z um(wa)equ?(wXN)

XNexM\{x}V} XNexN
XNcxp XNcXxy
o) ~ ~
< <M — 51) exp(SNng(y)) + M Z exp(SNgb(wXN))
XNeXM\{X}V}

~ ) ~

=M Z exp(SNgb(wXN)) — Elexp(SNqb(y))

XNexN
) ~
= M — - exp(Sno(y))-

2
Similarly, there exists z € f~(z) N X2 such that z € UN"™(yy) C By(ys, €) and

£ () () + £99 () () > 21 + L exp(5(2).

<M - %inf{exp(SNﬁg(w)) tw € 5%

(V) (V)
Hence, we get Hﬁa’c’b(uh) + E&c, (Uno) cox)

o
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By (519) in Lemma B ITlwith 7" := 1, the definition of M above, and (2.7)), we have

e + 250, e

o

ooy < K] sllcoqxgy. Nswllcncgy | =

with &, == & exp(—N(C5 K + [log(deg f)])), where C5 is the constant from Lemma [5.11]
depending only on f, C, d, and «.. Therefore, the constant 5 depends only on f, C, d,
a, g, K, and 9;. O

Theorem 5.17. Let f: S? — S? be an expanding Thurston map with a Jordan curve
C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S? for
f with expansion factor A > 1 and a € (0,1] be a constant. Let H, Hy, and Hy, be
bounded subsets of C**(S?%,d), C% (XS, d), and C*® (XS,, d), respectively (with respect
to Héolder norms). Then for all ¢ € {b, v}, ¢ € H, uy € Hy, and uy, € Hy, we have

(5.40) lim Hﬁgib(ﬂh) + L8 (T)

n—-+00

=0,
co(x?)

where the pair of functions u, € C%* (X[?, d) and Ty, € CO (XS,, d) are given by

Up ‘= Up —/ ubdu¢—/ Uy ditg and Ty = Uy —/ ubdu¢—/ Uy dftg
X0 X0 X0 X9

b o b

with pe denoting the unique equilibrium state for f and ¢.
Moreover, the convergence in (5.40) is uniform in ¢ € H, uy € Hy, and uy € Hy.

Proof. Without loss of generality, we assume that H # (), H, # (), and H,, # (). Define
constants K = sup{ ||l coag2q : ¢ € H} € [0,400) and K, = Sllp{HUcho,a(Xg,d) :
uc € Hc} €0, +00) for ¢ € {b, w}. Define for each n € Ny,

(1|
Note that by Definition 5.2, ag < 2K, 4+ 2K, < +00.

By (5.7) in Lemma 5.3 and (5.18) in Lemma 510} for all n € Ny, ¢ € H, ¢ € {b, 1},
vy € C(XYP), and v, € C(X2), we have

— (n) (= (n)
a, = sup{ Hﬁ&gb(ub) + E&c

o o x0) cce{b,w}, ¢ € H, uy, € Hy, umGHm}.

n+1 n+1
et w227 )

CO(X?,d)
S £ (e 0+ 2D )
¢'e{b, w} PeEA o e CO(XP,d)
(n) (n) L
< maX{HE&C,’b(vb) + E(E’c,’m(vm)‘ oo € ELE m}}.

S0 {ay, }nen, 1S & non-increasing sequence of non-negative real numbers.
Suppose now that lim, . a, = a, > 0. By Lemma 510 (5:28) in Lemma [5.12]

with a == 1 and b := 0, (5.34), (5.31)), and (5.2), we get that Eg;nc)b(ﬂb) + Eé;"c)m(ﬂm) €
CS(K”K“’)(XCO, d), for each ¢ € {b, w} and each pair of u, € Hy and uy, € Hy, with an
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abstract modulus of continuity ¢ given by ¢(t) = 2(Co(Ky + Ky) + 2(Kp + Ky)A)t®
t € [0,400), where the constant A > 1 is given by

A= (120 2 e (2 (dma( ).

and T = (2s9 + 1)C5 K exp(2soCsK). Here the constant Cy > 1 depending only on
f, d, and C comes from Lemma B.I3] and C5 > 1, Cs > 0 are the constants from
Lemma [5.11] depending only on f, C, d, and . So g and A both depend only on f, C,
d, o, H, Hy, and H,. By Lemma [5.15],

> £( )+ £( (ﬂm)> dptg = / Ty djtg + / Uy dptg = 0.
b X X9

O
ce{b, w} Y Xe

By (B7) in Lemma (53, (5I8) in Lemma BI0, and applying Lemma with f, C,
d, g, a, K, and 0; = % > 0, we find constants N € N and d, > 0 such that

HEN—HL )+£N+n( o)

CO(Xo

=[| 3 e (e m £ )

e{b,w} o)
(n) [/— n) (= _— —
< max{ £ (@) —I—ﬁac,m(um)’ LA C m}}
< Ay — 527
for all n € Ny, ¢ € {b, w}, ¢ € H, uy € Hy, and uy, € Hy, satisfying
(n) (= (n) (=
(5.41) max{“ﬁ&cw(ub) + E&C,’m(um) oo(x) ¢ e {b, m}} /2.

Since lim,, ., a, = a., we can fix m > 1 large enough so that a,, < a, + %2. Then
for each ¢ € {b, tv}, each ¢ € H, and each pair u, € Hy, and uy, € H,, satisfying (5.41)
with n = m, we have

Hc 0 ) + £ (@, )‘ 8y < a, — 2716,

< am
CO(X?)
On the other hand, by (5.18) in Lemma[5.10] for all ¢ € H, up, € Hy, and uy, € Hy, with
max{Hﬁgz,)b(ﬂb) + £(~m,) (Um)Hco Xy ¢ € {b, w}} < a./2, the following inequality

E(N+m - E(N+m u < a,/2

S @+ e @) ) < and

holds for each ¢ € {b, ro}. Thus, anim, < max{a* — %2, %} < ay, contradicting the
fact that {a, }nen, is @ non-increasing sequence and the assumption that lim,,_,  a, =
a, > 0. This proves the uniform convergence in (5.40). O

Theorem 5.18. Let f: S? — 52 be an expanding Thurston map with a Jordan curve
C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S* for f with
expansion factor A > 1. Let a € (0,1] be a constant and H be a bounded subset of
C%*(S2%,d) with respect to the Holder norm. Then there exists a constant p; € (0,1)
depending on f, C, d, o, and H such that the following property holds:



PRIME ORBIT THEOREMS FOR EXPANDING THURSTON MAPS 39

For all ¢ € H, n € Ny, ¢ € {b, 0}, u, € C**(X?,d), and u, € C**(X3,d), we
have

(5.42) H > (@)

e{b,w}

CO(X?) < Ok ’g%?)\i}{HUC’HCOP(X?nd)}’

where s € C%*(XY,d) ford € {b, w} are given by Uy = ue— [y o dpto— [yo tn dpte,
b 0
with py denoting the unique equilibrium state for f and ¢. In particular,

(5.43)
(n) n
|32 2ttt g < | [ s [t =00 e {iolcn i}
¢ , 0

Proof. Without loss of generality, we assume that H # (). Define a constant
(5.44) K = sup{||¢||co,a(327d) t¢p € H} €10,+00).
Denote, for each ¢ € {b, w},
HC = {’UC E CO7OC (X?,d) . ||’Uc||CO’O‘(X9,d) < 3}
Inequality (5.43)) follows immediately from (5.42), the triangle inequality, and the
fact that Egz b(]LXg) + Egzm(lng) = Lyo by (5.8) and Lemma E.I0 So it suffices to
establish (5.42]).

We first consider the special case where u, € Hy and uy, € Hy.

By (528) in Lemma with s := 1, (5I7) in Lemma EI0, and (5.44), for all
jEN, ce{b, w}, ¢ € H, uy, € Hy, and uy, € Hy,, we have

G (- Co -
Z E(g’c’c,(uc’) o < Aaj Z ‘ucl|0¢v (X?ud) + AO H£¢ c,c/ D’ CO(XO)
¢ e{b, w} a, (X¢,d) ¢'e{b, w} ¢'e{b, w} ¢
6C; _
(5.45) < A—O‘? + Ay Z ||Uc’||CO(X§,) < Gy,
e{b,w}

where the constant Cy is given by Cg := 6Cy+12A,, the constant Ay = Ag (f, C,d, K, a) >
2 defined in (5.34) from Lemma depends only on f, C, d, H, and «, and the con-
stant Cy > 1 from Lemma depends only on f, C, and d. Thus, Cy > 1 depends
only on f, C, d, and H.

So by (B.1) in Lemma 5.3 (528) in Lemma B.12 with s = 1, (5.45), and (517)) in
Lemma [5.10L we get that for all k£ € N,

‘Ek-l—j ) E( +]( m)

o, (X¢,d)
(k) (4) I
<
= Z ‘Eqﬁcc <£ ( o)+ £ (um)> a, (X?,d)
e{b,w}
(5.46) < Z (Aak oo/, b( o) + £¢ ¢ () a, (X9.d)
e{b,w} ‘

# et

CO(XE’))

£9, (@) +£2, (@)|)]
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< 2% | 4, 3 HE(],b )+ LY (um))

Aok cox)’
oe{b, 0} ¢
By Theorem .17, we can choose Ny € N with the property that
2CCy _ 1 0 [ 0 (- 1
(5.47) Ao < 3 and (1+ AO)H£$,c,b(ub) + E&c’m(um) Cox) < %

for all j € N with j > Ny, c € {b, w}, ¢ € H, uy € Hy, and uy, € Hy,. We set Ny € N
to be the smallest integer with this property. So Ny depends only on f, C, d, «, and
H.

For each m € N, each ¢ € {b, tv}, each ¢ € H, and each pair of functions u, € H,
and u, € Hy,, we denote

. p(2Nom) (2Nom)
(5.48) Ve = E&c’b (Tp) + £¢ N (T )

Then by (5.46) and (5.47), the function vy, € C%*(X?,d) satisfies ||Um,t”c@»a(x9,d) <
3/8. So 2v,, . € H,. We also note that by Lemma [5.15]

Z /vmcdu¢— Z Z /E(zNOm Ue) dpg = Z /ucdu¢—0

ce{b, 0} ce{b,m} ’e{b,w} o e{b, 0}

Next, we prove by induction that for each m € N, each ¢ € H, and each pair of
functions uy, € Hy and uy, € Hy,, we have

(5.49) max{||vm,b||co’a(xg’d), ||“m7m||cova(xg,d)} < 3(1/2)™.
We have already shown that (5.49) holds for m = 1.

Assume that (5.49) holds for m = j for some j € N, then 2/v;, 6 H, and
290w € Hp. By (B1) in Lemma 53] for each ¢ € {b, w}, 270, = E( (2321] b) +

[,((;iv‘))(%vjm) Thus, [|270)1,¢l| oo 0.y < 3/8 < 1/2. So ||u]+1c||00axod < (1/2)i1 <

3(1/2)*
The induction is now complete.

Then by (5.7) in Lemma 5.3, (5I8) in Lemma 510, (5.48), and (5.49), the following
holds for all j € N, m € Ny, ¢ € {b, w}, ¢ € H, up € Hy, and uyp € Hy:

"L(J-F?Nom ( ) yy J+2N0m)(um)

,o CO(XO)
o (j) (2N0m) 2N0m
N H Z £$,c,c’ <£¢> ¢, (o) + E (Um)>’ CO(X?)
oe{b, o}
(2N0m) 2N0m Lo
<maX{H£ o (@) + £ (um)‘ oy €10 m}}

<3(1/2)™,

Hence, for each n € Ny,

(5.50) Hcgﬂ ) + L0 m(am)‘ < 3(1/2)7%) < 6p7,

~
CO(X?)

where the constant p; :== 27%/2No) depends only on f, C, d, a, and H.
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Finally, we consider the general case. For each pair of functions w, € C%® (Xg , d)

and w, € C%(X0,d), we denote M := ma‘X{HwbHCOya(Xg’d)v ||wm’|co,a(xg,d)} and

Wy = Wy — onwb dpy — on wy, dpg for each ¢ € {b, o}. Let up = ﬁwb and Uy, =
b 10

%wm. Then clearly up, € Hy, tuyp € Hy, Up = ﬁ@b, and u, = ﬁ@m. Therefore, by

(B:50), for each n € Ny, each ¢ € H, and each ¢ € {b, w},

et (i) + <20 (57

Now (5.42]) follows. This completes the proof. O

< 6",
coxey S0P

Remark 5.19. For ¢ € C%%(S?,d), the existence of the spectral gap for the split
Ruelle operator Lz on C%* (XP,d) x C%(X2,d) follows immediately from (5.12) in
Lemma 5.7, Theorem [5.I8, and Lemma (ii).

Finally, we establish the following lemma that will be used in Section
Lemma 5.20. Let f, C, d, «, ¢, so satisfy the Assumptions. Assume in addition

f(C) € C. Then for alln € N and s € C satisfying |R(s)| < 2s¢ and |3(s)| = 1, we
have

(5.51) Lz 1P < 44,

and more generally,

| <(Bm+1)A
COa(x0.d) m 0

(5.52) (22 w) +£2 ()

for allm € N, ¢ € {b, w}, uy € C*((XY,d),C), and u, € C**((X3,d),C) satisfy-
mg

<L

(5.53) ||ub||00a (x0.a) S <1 and Ju mHCOa (X9 4)

Here Ay = Ao(f,C.d, [0, (s2.4,@) = 2Co > 2 is the constant from Lemma [5.12
depending only on f, C, d |01, (52 d) and o, and Cy > 1 is the constant depending
only on f, C, and d from Lemma

Proof. Fixn, m € N, ¢ € {b, w}, and s = a+1ib with a, b € R satisfying |a| < 25, and
| = 1. Choose arbitrary u, € C**((X¢,d),C) and uy € C**((X3,d),C) satisfying
— (n) (n :
(553). Denote M = Hﬁg&c up) + L ¢cm(um)H00(X9)' By (B18) in Lemma (.10,
M < 1.
We then observe that for each v € C’O‘l((X dy),C) on a compact metric space
(X, do), we have [v™[, ¢4y < m||v]|CO V]4, (x.dp)- Thus, we get from (5.2§) in
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Lemma 5.12] (5.I7) in Lemma [5.10, (5.53]), and the observation above that

H (52%[,( o+ LY (um))m’ Q

CYe(X0,d)

=M uﬂ(ﬁﬁﬂ w) + £ (o))"

s¢,¢,10 a, (X2,d)
ey —1] p(n) (n)
S LemM b2 () + L2 ()] ww>
—an (0]
< 1—|—m00A Z HUC’HCO»G(X?,,d)_'_mAO Hﬁaqﬁcc ")‘CO(Xg)
et de{b,w}

< 1+ QmC'o + mA0(||ub||CO(Xg) + ||umHCO(Xg))
< (3m + 1)A0,

where Cy > 1 is the constant depending only on f, C, and d from Lemma BI3, and
the last inequality follows from the fact that Ag > 2C) > 2 (see Lemma [5.12). The
inequality (5.52]) is now established, and (B.51]) follows from (5.13]) in Lemma 5.7 and

(5.52). O

6. BOUND THE ZETA FUNCTION WITH THE OPERATOR NORM

In this section, we bound the dynamical zeta function (,, , gor, using some bounds
of the operator norm of L_g,, for an expanding Thurston map f with some forward
invariant Jordan curve C and an eventually positive real-valued Holder continuous
potential ¢.

Subsection focuses on Proposition [6.1, which provides a bound of the dynamical
zeta function (y, |~ gor, for the symbolic system (Ej;A O AA) associated to f in terms of
the operator norms of " ,, n € N and s € C in some vertical strip with [3(s)| large
enough. The idea of the proof originated from D. Ruelle [Ru90]. In Subsection [6.2], we
establish in Theorem[6.3]an exponential decay bound on the operator norm H}IL"S " m of
L» spr MV E N, assuming the bound stated in Theorem 6.2l Theorem 6.2/ will be proved at
the end of Subsectlon [73l Combining the bounds in PI‘OpOSlthIl 0.1l and Theorem [6.3]
we give a proof of Theorem [E] in Subsection [6.3l Finally, in Subsection [6.5] we deduce
Theorem from Theorem [DI following the ideas from [PS9§| using basic complex
analysis.

6.1. Ruelle’s estimate.

Proposition 6.1. Let f, C, d, A, «, ¢, sg satisfy the Assumptions. We assume,
in addition, that f(C) C C and no 1-tile in X (f,C) joins opposite sides of C. Let
(ZXA,O’AA> be the one-sided subshift of finite type associated to f and C defined in
Proposition [3.21, and let wy: X3 — S? be defined in (319). Then for each 6 > 0
there exists a constant Ds > 0 such that for all integers n > 2 and k € N, we have
(6.1)

S0 max [|£%) (1)l xog < Dol S(8)IA™ exp(k(5 + P(f, ~R(s)9)))

XkeXE(£,0) et}
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and

(6.2)

Z8 = Y Y £ () (ax)

ce{b,w} X1eX!(f,C)
Xtcx9

< Dyl (s ‘ZML—w Il (5x €506+ P(,~(s)9)))”

for any choice of a point xx1 € inte(X?!) for each X' € X(f,C), and for all s € C
with [J(s)] = 250+ 1 and |R(s) — so| < so, where Z(EZ)N—WM (s) is defined in (3.20).

Proof. Fix the integer n > 2.

We first choose xx» € X" for each n-tile X™ € X" in the following way. If X" C
f™(X™), then let xxn be the unique point in X™NP; g (see [Lil6, Lemmas 4.1 and 4.2]);
otherwise X™ must be a black n-tile contained in the white 0-tile, or a white n-
tile contained in the black O-tile, in which case we choose an arbitrary point xx» €
inte(X™). Next, for each i € Ny with i < n— 1, and each X € X?, we fix an arbitrary
point zyi € inte(X").

By (5.6) and our construction, we get that for all s € C, ¢ € {b, to}, and X™ € X"
with X" C X0,

eXp(_SSnQS(zX”)) lf Xn g fn(Xn)>
0 otherwise.

(6.3) LY, o en(Lxn)(2xn) = {

It is easy to check that by (6.3]), the function ZCSZ)A o, (8) defined in (3.20) satisfies
the following equality

(6.4) Z8) ()= D Y LU (L) (wxn).

ce{b,w} X"exXn
xncxy?

Thus, by the triangle inequality, we get

Zg::A _¢°7rA Z Z £(3¢cX1 ]le)(fI:X1>

ce{b,w} xlex!?

xtcx?
< Z Z Z ‘C(Zqﬁchn l(lefl)(l'mel)
m=2 cc{b,w}' xm-lgxm-1
mengi)
(6.5) - Z ﬁ(_ZL,C,Xm(ﬂxm)(me)
Xmex'm
XmCXx?

XYY X

m=2ce{b,} xXm-lexm-1
xm-1Cx0

LY o (Lm) (wx0m1)
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- Z EEZZb,t,Xm(]lX77L>(IXm) .

Xmexm
Xmngfl
Note that for all s € C, 2 < m < n, ¢ € {b, w}, and X! € X" ! with X™~! C

Xcoa by (Im)’
£ s (Lxn)(wxn) = 3 exp (55,0 ("

Xnexn
Xxn ng71

(6.6) = > ) exp (=890 ((f"xn) N wxm)))

XmeXm™ XneXn
Xmngfl X”ng

= Z ;C(_Z)(ngxm(]le)(mefl).

Xmexm
chxmfl

Hence, by (6.5)), (6.6]), and (5.8), we get
‘Zé’;’A,_@M(s) - > > L (o))

ce{b,w} Xlex!?
xtex?

<O D DT e () (@xn) = £70, s (Lxem ) (@xcm)|

m=2cc{b,w} xm-lgxm-1 XmeX™m
melcx‘(t) Xmngfl

< Z Z Z Z H‘C(j;)qﬁ,c,Xm(ﬂXm)“Co,a(xp7d)d(sz*1>sz)a-

m=2ce{b,w} xXm-lgxm-1 X"eX™
mengé) Xmng71

xn) Haxm-1)))

Note that by (58], ;C(j:d))’c’xm(]].)(m) € C%((X?,d),C) fors € C,m € N, ¢ € {b, w},
X™ € X™, and that by Lemma B.8 (i), d(zxm-1,zxm) < diamg(X™™ ') < CA—™H,
Here C' > 1 is the constant from Lemma [3.§ depending only on f, C, and d. So by
(57) in Lemma B3] and (5.13) in Lemma 5.7,

TR DD D -C NCISI

ce{b,w} Xlex!?
xtcxy?

S S L0 Lo S R e Lo

'e{b,w
m=2 Xmexm ¢ 6{ ’ }

We now give an upper bound for ) v, oxm MaXee(p, w) Hﬁ(—Té,c',X'ﬂ(ﬂX’”)Hco,a(xgd)-

Fix an arbitrary point y € C \ post f.
Consider arbitrary s € C with |R(s) — so| < so, m € N, X" € Xp', X' € X[,
X™ e X™ xy, vy € X0, T, 7y € X2, and ¢, ¢ € {b, w} with ¢ # ¢. By (E0),

1’
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Lemmas B.I3] and B8 (ii), we have
(m) _
(68) E_T;L(b’c,’X?l(]ngn)(,ﬁUc/) =0

and
£ e (L) )

= Jexp(~5Su0((f"xp) " we))

exp(—R(s) Smd((f™x7) " (ze)))

exp(—R(s)Smd((f™xm) " (y)))

exp(—%(s)5m¢((fm|xgz)_l(y))) exp(R(s)Cy (diamy (XB))Q)

exp (= R(5)Smd ((f™[x) " ())) exp(R(s)CCh),

where C > 0 is the constant from Lemma depending only on f, C, d, ¢, and «.
Hence, by (6.8)) and (6.9), we get

(6.10) Hc&’;@;,c,,xm(nx7n> < exp(—R(5)Smed ((f]xn) " (1)) exp (R(s)CCY) .

By (G.9),
(6.11) L0300 s (L) (w0) = L0 4 o (L) () = 0.
By (£.6) and Lemma [5.1] with 7" := 2s, |¢|a (82,d)
1= £ o oy (L) () £90) o (L) (@)
= |1 = exp(=s(Smd((f"xn) " (2e))) = Sme((S™
< Cyls9|, ,(S2,d) d(ze, v0)"
= Culs| |¢\ (52 Uxer, 1),

where the constant Cy = Cy(f,C,d, ., T) > 1 depends only on f, C, d, a, and ¢ in our
context.

(6.9) = oxp(=R(s)Smd((f™|x7) "' (%))

<
<

CO(X7)

xm) (@)

Thus, by (6.9),
|£053 xep (Lcp) () = L3 0 o (L) )|
<hi-¢ S;c,xm(ﬂxm )ze) /ﬂwc,x,ﬂ(nxm ) }£<S¢C,Xm(nxm)(x')

< 47 Crolsld(we, ) exp(=R(s)Smd ((f"[x7) 7' (%))

where we define the constant

(6.12) Cho = max{2, 4C4 9], (Sz,d)} exp (250CCh)
depending only on f, C, d, a, and ¢.
So we get

(6.13) £ 0 xp (Lxy)

oo (x0,0) < A7 Crols| exp (= R(5) S (F7x) ™ (0)):



46 ZHIQIANG LI AND TIANYI ZHENG

Thus, by (G.I1) and (6.I3), we have
O10) (£ (L)l iy < 47 Cols] exp(— ()56 (7 ) (1)
Hence, by (6.I0) and (6I4), for all m € N, X™ € X™ s € C, and ¢ € {b, w}
satisfying |(s)| = 2so + 1 and |[R(s) — so| < s, we have
(6.15) (1% 0 s (Lxm) e xS CrolS(5)] exp(=R() S (7)™ ()
So by (6.I5]) and the fact that y € C, we get

sze;(m c’g%a}é}uﬁ(j;i)),c’,)(m (]].Xm) HCO’O‘(X?,,CZ)

(6.16) < ColS(s)| > exp(=R(s)Smo((f"|xm) " (1))

X'meX'm
= 2010/ (5) | Ly (152) (9).

We construct a sequence of continuous functions p,,: R — R, m € N, as

(6.17) pn(a) == (L7 (1s2) ()™

By Lemma 3.25 in |[.Z24a], the function a + p,,(a) — e converges to 0 as m
tends to +oo, uniformly in a € [0,2s0]. Recall that a — P(f, —a¢g) is continuous
in a € R (see for example, [PrUI0, Theorem 3.6.1]). Thus, by (6.I0), there exists a
constant C7; > 0 depending only on f, C, d, «, ¢, and ¢ such that for all m € N and
s € C with |(s)| = 259 + 1 and |R(s) — so| < so,

(6.18) Z max Hﬁ—sqbc’Xm(]le

xmexm© 'e{b, 1w}

< 2C10|3(3) [ (pm(R(5))™ < C|J(5)[emCHPU=RE)),

Combining (6.7) with the above inequality, we get for all s € C with [J(s)| > 2s¢+1
and |R(s) — so| < so,

28 8= D> Y L () (ax)

ce{b,w} xlex!?
xXtexy?

< D3| 3 Izl (s ool + PLE ~R()a)) "

where Ds := C*C1;A* > C}; > 0 is a constant depending only on f, C, d, ¢, a;, and 9.
Inequality (6.1 now follows from (G.I8]) and DsA~* > CY;. O

}COG(XO d)

6.2. Operator norm. The following theorem is one of the main estimates we need
to prove in this paper.

Theorem 6.2. Let f: S* — S? be an expanding Thurston map with a Jordan curve
C C S?% satisfying f(C) € C and post f C C. Let d be a visual metric on S* for f
with expansion factor A > 1, and ¢ € C%*(S?,d) be an eventually positive real-valued
Hélder continuous function with an exponent o € (0,1] that satisfies the a-strong
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non-integrability condition. Let so € R be the unique positive real number satisfying
P(f> _80¢) =0.

Then there exist constants 1 € N, ag € (0, s¢], by € [259+1,+00), and p € (0,1) such
that for each ¢ € {b, w}, eachn € N, each s € C with |R(s) —so| < ap and |I(s)| = bo,
and each pair of functions uy € C**((XY,d),C) and uy, € C**((X3,d),C) satisfying

[S(s)]

Coa(x0d) S < 1, we have

ol e xo gy < 1 and o]
(Xgod) =

(6.19) /X O

Here p1_s,4 denotes the unique equilibrium state for the map f and the potential —so¢.

7

2
L0 o) + £75  (un)| djtaus <"

78(1),(,

We will prove the above theorem at the end of Section [l Assuming Theorem [6.2),
we can establish the following theorem.

Theorem 6.3. Let f: S? — S? be an expanding Thurston map with a Jordan curve
C C S?% satisfying f(C) € C and post f C C. Let d be a visual metric on S* for f
with expansion factor A > 1, and ¢ € C%*(S?,d) be an eventually positive real-valued
Hélder continuous function with an exponent o € (0,1] that satisfies the a-strong
non-integrability condition. Let so € R be the unique positive real number satisfying
P(f> _80¢) =0.

Then there exists a constant D' = D'(f,C,d, a, ¢) > 0 such that for each € > 0, there
exist constants 0. € (0, sg), be = 250+ 1, and p. € (0,1) with the following property:

For each n € N and all s € C satisfying |R(s) — so| < 6 and |S(s)| = be, we have

(6.20) 1L [ll,, < DS ()M pE

Proof. Fix an arbitrary number € > 0. Let ¢« € N, ag € (0, sol, by € [250 + 1,+00), and

p € (0,1) be the constants from Theorem depending only on f, C, d, o, and ¢.
We choose 1y € N to be the smallest integer satisfying i <€ 1o =2, and 2 € N.
Denote

(6.21) vi=— logmax{p‘o/@ p}p, A~} >0,
where p; = pl(f,C,d,a,H) € (0,1), with H = {:\t?b ct e Rt — so| < ao} a

bounded subset of C%(S52% d), is the constant from Theorem (.18 depending only on
f, C, d, and « in our context here.

We define
(6.22) pe = e V/B20) € (0,1),
(6.23) be = max{e", (2142)%0, 25, + 1} > .

Here Ay = Ay ( f,C.d, |8, (52.d) a) > 2 is the constant from Lemma depending
only on f, C, d, |9, (s2.a), anda
Moreover, note that by (819), H—agb——songCo 52) < la—sol||@]|cogs2y+|P(f, —ap)—

P(f,=s500)| + 2|/ log u_qp — log u_sye||co(s2)- Smce the function ¢ — P(f,t¢) is contin-
uous (see for example, [PrU10, Theorem 3.6.1]), P(f, —so¢) = 0, and the map ¢ —
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is continuous on C%*(S?, d) equipped with the uniform norm ||-||co(s2) by Lemma 3.18]
we can choose 6, € (0, ag) sufficiently small so that if a € [sg — d¢, S0 + & ] then

(6.24) |P(f,—a¢)| < —logp. and H%_%HCO(SZ logmln{p ’p1—1/2}'

Fix an arbitrary number s = a +1ib € C with a, b € R satisfying |a — so| <
and |b] > b., and fix an arbitrary pair of complex-valued Holder continuous functlons

wp € COa((XE(])’d)’C) and wu, € COa((Xg,d),(C) satisfying Hub”c&a(xg,d) < 1 and

b
HumH[C}O,a(X‘%A) < 1
We denote by m € N the smallest integer satisfying

(6.25) meyy = 2log|b| =

Then m > 2 by (6.23).
We first note that by (5.6), the Cauchy—Schwarz inequality, Lemma (.10, (5.43)
in Theorem Im Theorem [6.2, (5.52) in Lemma (.20, and (6.24), and by denoting

Lo = ‘ﬁ o) () + L WO/ (uw)|, we have for each ¢ € {b, w} and each z € X7,
(meo) (meo) ( ’
$> ﬁ:;,c,c,( ) (a0 22 (0] )
ce{b, 0}
N o . 2
(33 (. o) () )
e{b,w} xex"0
XeXx§,
< (X o, (emw”—w—-sw”cws%)<x>) (2 s (2)w)
/e{b,w} o e{b, 0}
< emLoH:Zz?zb—:;ﬂ/ﬁHCO(sz) <6 M pax + / L du_g )
s ¢'e{b,w} o e%:m} e

< 4240072 b] 4 240/ (20),

Combining the above with (6.25), (6.2)), and the fact that ¢o > 2 and Ay > 2, we get
for each ¢ € {b, to},

Z Efan(;occ ()E o) () + L=~ {reo) m(Um) >
oe{b, o}

< (42A0|b|—2+1 + 2|b|—2/L0)1/2 < 7A0|b|—1/b()'
Thus, by (510), (512), (51), and ([6.26]), we get that for each ¢ € {b, to},

Jme (1222 ) > L (L5t + £ ()

e{b, o}
(meo) (meo) (meo)
(6.27) < Z Lfa@,c,c’ <’£js‘(}’c,’b(ub) + Ljs;ﬁ’c,’m(um)‘)

(6.26)

CO(X?)

Co(X9)

CO(X?)

CO(X?)
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< TAg|b| V.

By (510), (512), (5:28) in Lemma 12, Lemma 520 (G25), (6:25), and [@21), we

have for each ¢ € {b, o},

1 2muio
= [T <Lj;(2) (Ub,um)> a (X?,d)
1
_ L £ (meo) /(ﬁ(,"lm)l (up) + £(ﬂ£0)l (%n))'
B c/e%;m} ORER Tt B a, (X0,d)
Co (meo) (meo) g
B Aamio Ejs?ﬁ ( ) +L7 —s,¢, t’o(um> Co2 (X0 d)
. ) c
(meo) (meo) (meo)
(6.28) b e (e )+ e )]
ce{b, o} e

8AgCo A~ + Ag(7Aolb| /")
TASIb| 72 + TAG[p| 7/
14A2|b| =Y/,

NN N

where Cy > 1 is the constant depending only on f, C, and d from Lemma B.13] and
Ay = 2C) > 2 (see Lemma [5.12]).

Hence, for each n € N, by choosing & € Ny and r € {0, 1, ..., 2mey — 1} with
n = 2muok + 7, we get from (6.27), (6.28), Definition 5.6, and (551 in Lemma

that since |b| > b, and m > 2,

n mi T [b]
Tl < fermzzes ||
muo ||| 0] r
< ol fezme ) ™) ez )
< 4Ao|b| (7Ao|b] M0 + 14.42]p|~H/0) "
(6.29) < 4Ag|b|' 20

2migk+r 1

4A0|b| +%_ 20 2meg

/N

_n
I 4m%

A40|b 0 b

N

__nlogly|
2
4A0|b|1+56 8(m—1):2

440[b| " p2",

NN

where the last inequality follows from (6.22]) and the fact that m is the smallest integer
satisfying (6.25]).
We now turn the upper bound for H}IL H} in ([6.29) into a bound for }H]L”sd)m
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By (613), (5I6), (5:22)) in Lemma [5.11] and Corollary 5.14] we get

e OL g,

HZCE{b,m} E(—ZZb,c’,c(rUC) Hco,a(Xi)Hd)
maX{HUtHCO’a(ng) cce{b, w}}

Hzce{b,m} E%’c/7c (Ut/ufafb) HCO»G(X?,,d) }

maX{HUcho,a(xgd) ce{b, w}}

< ||u—a¢ H 0.2 (52,d) SU-p{

< u-aollcn s, 1125 ] s {max{”“c/U—wllco’a(Xp,d) ce o m}}}
B maX{HUtHCO’&(XP,d) :c € {b, m}}
< Nu-agll co.os2,9) H)MJH 11/ t-ag]l co.(s2,q)
< u-asllcoa(se,a) WL"SM (14 HU—WHCO’Q(S?,d))
S H‘anm 6207 L+ ||u7(z¢||co,a(5’27d)>27

where the suprema are taken over all v, € C%*((X?,d),C), v, € C*((X2,d),C),
and ¢’ € {b, w} with [|vg || co(x0) v |lco(xg) # 0. Here the constant C7 = C7(f,C, d, o, T' K),
with 1" := 259 and K = [, (g2 4) > 0, is deﬁned in (5.23)) in Lemma[5.11] and depends
only on f, C, d, a, and |¢| o, (52,4 10 our context.

Combining the above inequality with (6.29), (6.23), (6.24), and (5.21]) in Lemma[5.11]
we get that if a € (so — d¢, So + 6) and |b] > b, then

H‘L?s(bma < 4A0|b‘1+epznp;n e (1 + ||ufa¢||(10,a(s27d))2 < D/|b‘1+€p?,

where D' := 4A40¢?“7 (8 %%ML + 2)2(6207)2 > 1, which depends only on f, C, d,
a, and ¢. O

6.3. Bound the symbolic zeta function. Using Proposition and Theorem [6.3],
we can get the following bound for the zeta function (,, , gor, (see also (B.21])).

Proposition 6.4. Let f, C, d, A, «, ¢, sqg satisfy the Assumptions. We assume, in
addition, that ¢ satisfies the a-strong non-integrability condition, and that f(C) C C
and no 1-tile in X*(f,C) joins opposite sides of C. Then for each ¢ > 0 there exist
constants 6’6 >0 and a. € (0, sg) such that

+o0o
(6.30) > nZi’;A Lo (8)] S CIS(9) P
n=1

for all s € C with |R(s) — so| < @ and |3(s)| = be, where b, > 250 + 1 is the constant
depending only on f, C, d, o, ¢, and € defined in Theorem [6.3.

Recall 2", (s) defined in (B20).
Proof. Let 0 := 1log(A®) > 0.



Since t — P(f, —t¢) is continuous on R (see for example, [PrUIL0, Theorem 3.6.1]),
we fix @ € (0,0) C (0,s0) such that |P(f, —t¢)| < 3log(A®) for each t € R with
|t — so| < @, where d. € (0, s¢) is the constant defined in Theorem [6.3] depending only
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on f,C,d, a, ¢, and e.

Fix an arbitrary point zx1 € inte(X?') for each X! € X!. By Lemmas (5.3, 5.7, and
(61) in Proposition [6.1], for each integer n > 2 and each s € C with |R(s) — so| < @,

we have

(6.31)

where Ds > 0 is the constant depending only on f, C, d, «, ¢, and ¢ from Proposi-

Z Z 5(22,C,X1 (Lx1)(zx1)

ce{b,w} xlex?
Xtcx?

<2

ce{b,w} Xlexl
X1 X

> L(—2¢1cc'< sd)c’Xl(]le))(xXl)

e{b,w}

<, XX max 6% o () lonecn.g
ce{b,w} XlexX!?
Xcx?

<IN DsIS(5)| A= exp(8 + P(f, —R(s)0)).

tion [6.1].

Hence, by (3.20), Proposition [6.1], (6.31]), Theorem [6.3, and the choices of § and a,

above, we get that for each s € C with |R(s) — so| < G and |S(s)| > b,

+oo 1 )

> |20 )]
OAp> —¢07I'A

n:2n B

o> L™ (L) (@)

ce{b, 0} Xlex?
xtcx?

-I-oo1
<§E(

+ Z(") e (= > Y £ nxl)(xxl))
ce{b,w} XleX?
xtcx?
+o0 1
< 3 (Il it + Do 3 el A )
n=2 m=2
< ‘%(8)‘2-‘1-62 DJZ/)n mA
n=2
+o0
< DD S 7
n=2
DD
= [S(s)

l—pE
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where the constant p. = max{pﬁ, A‘a/g} < 1 depends only on f, C, d, «, ¢, and e.
Here constants D" € (0, sq) and p. € (0,1) are from Theorem [6.3 depending only on
f,C,d, a, ¢, and e.

Therefore, by Proposition A.1 (i) in [LZ24a] and (320), we have

+0o0o
1
1
28 o+

-I-oo1

D7) g (8)] <

X
n=1

28 o 5)] < CUS(s) P

TAp> —poma

for all s € C with |R(s) — so| < a. and |S(s)| > b,, where the constant
Ce = D'Ds(1 = pc) ™" + 2deg f exp(2s0|¢llcos2))
depends only on f, C, d, o, ¢, and e. O

It follows immediately from the above proposition that (,,  gor,(s) has a non-
vanishing holomorphic extension across the vertical line R(s) = s¢ for high frequency.
In order to get a similar theorem for (,,  _gor,(s) as Theorem [D] we just need to
establish its holomorphic extension for low frequency.

Proof of Theorem [H. Statement (i) of Theorem [Elhas been established in [LZ24al, The-
orem EJ.

To verify statement (ii) in Theorem [El we assume, in addition, that ¢ satisfies the
a-strong non-integrability condition.

Fix an arbitrary ¢ > 0. Let C. > 0 and a, € (0, s¢) be the constants from Propo-
sition 6.4, and b, > 2so + 1 be the constant from Theorem 6.3, all of which depend
only on f, C, d, a, ¢, and e. The inequality (L)) follows immediately from (6.30) in
Proposition o

Therefore, by the compactness of [—bﬁ, be}, we can choose ¢ € (0,a.) C (0, sg) small
enough such that (,, o, (s) extends to a non-vanishing holomorphic function on
the closed half-plane {s € C: R(s) > sy — €} except for a simple pole at s = s55. O

6.4. Proof of Theorem [Dl. In this subsection, we give a proof of Theorem [D] assum-
ing Theorem [El

Proof of Theorem[D. Statement (i) is established in [LZ24a, Theorem D].

To verify statement (ii), we continue with the proof of [LZ24a, Theorem D] and
assume in addition that ¢ satisfies the a-strong non-integrability condition. By state-
ment (ii) in Theorem [E] and the proof of Claim in the proof of [LZ24a, Theorem D]
in [LZ24al Section 8], Dy 4 deg, extends to a non-vanishing holomorphic function on
ESO_E() except for the simple pole at s = s9. Here ¢ > 0 is the constant from the proof
of Proposition 8.1 in [LZ24a]. Moreover, for each € > 0, there exists a constant C/ > 0
such that

exp (~CIS(5) ) < D8, (5)] < exp (CII3(3)*)

for all s € C with |R(s) — so| < €, and |J(s)| = b, where b, := b > 0 is the constant

from Theorem [E] depending only on f, C, d, ¢, and e. N
Therefore, statement (ii) in Theorem [D] holds for a. := min{ey, a.} > 0, b, = b > 0,

and some constant C. > C? > 0 depending only on f, C, d, ¢, and e. 0
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6.5. Proof of Theorem We first state the following theorem on the logarithmic
derivative of the zeta function, which will be proved at the end of this subsection.

Theorem 6.5. Let f: S? — S? be an expanding Thurston map, and d be a visual met-
ric on S% for f. Let ¢ € C%*(S?,d) be an eventually positive real-valued Holder contin-
uous function with an exponent o € (0, 1] that satisfies the a-strong non-integrability
condition. Denote by sy the unique positive number with P(f, —sop) = 0.

Then there exists Ny € N depending only on f such that for eachn € N withn > Ny,
the following statement holds for F = f* and ® = 37 ¢ o fi:

There exist constants a € (0,80), b > 2so+ 1, and D > 0 such that

Cr,a(s)
Cr-a(5)
for all s € C with |R(s) — so| < a and |3(s)| = b.

Statement (i) in Theorem [C]is established in [LZ24al Theorem C]. Once Theorem DI
and Theorem [6.3 are established, statement (ii) in Theorem [C] follows from standard
number-theoretic arguments. More precisely, a proof of statement (ii) in Theorem [C]
relying on Proposition 3.24] Theorem [6.5], and statement (ii) in Theorem D] is verbatim
the same as that of [PS98, Theorem 1] presented in [PS98, Section 3]. We omit this
proof here and direct the interested readers to the references cited above.

To prove Theorem [6.5] following the ideas from [PS9§|, we convert the bounds of
the zeta function for an expanding Thurston map from Theorem [Dl to a bound of its
logarithmic derivative.

We first record a standard result from complex analysis (see [EES5, Theorem 4.2])
as in [PS98), Section 2.

Lemma 6.6. Consider z € C, R > 0, and 6 > 0. Let F': A — C be a holomorphic
function on the closed disk A = {s € C:|s—z| < R(140)*}. Assume that F satisfies
the following two conditions:

(6.32) < D|S(s)|2

(i) F(s) has no zeros on the subset
{seC:|s—z| <R(1+0)*R(s)>R(z)—R(1+} CA.
(ii) There exists a constant U > 0 depending only on z, R, 6, and F such that
log|F'(s)| < U + log|F(2)]
for all s € A with |s — z| < R(1+6)*.

Then for each s € A with |s — z| < R, we have
F'(s)| _2+96 (‘ F'(z)| 24+ 1+6)72)(1+9) U)
F(s)| = 6 F(2) Ré? '

We will also need a version of the well-known Phragmén—Lindelof theorem recorded
below. See [Ti39, Section 5.65] for the statement and proof of this theorem.

Theorem 6.7 (The Phragmén-Lindel6f Theorem). Consider real numbers 6, < 0.
Let h(s) be a holomorphic function on the strip {s € C : 6; < R(s) < d2}. Assume
that the following conditions are satisfied:



54 ZHIQIANG LI AND TIANYI ZHENG

(i) For each o > 0, there exist real numbers C, > 0 and T, > 0 such that
\h(0 +it)| < Celt

for all 6, t € R with §; < 6 < 09 and |t| = T,
(ii) There exist real numbers Cy > 0, Ty > 0, and kq, ko € R such that

|h(6, +it)| < Colt|™ and |h(0 +it)| < Cylt|*?
for all t € R with |t| > Ty
Then there exist real numbers D > 0 and T' > 0 such that
|h(6 +it)| < Ot]F

for all 6, t € R with §; < 0 < 0y and [t| = T, where k(9) is the linear function of 6
that takes values ki, ko for 6 = 61, 0o, respectively.

Assuming Theorem [D] we establish Theorem as follows.

Proof of Theorem[63. We choose Ny € N as in Remark[[.2l Note that P (f, —SOSZ-f¢) =
iP(f,—so¢) = 0 for each ¢ € N (see for example, [Wal82, Theorem 9.8]). We observe
that by Lemma [B.11] it suffices to prove the case n = Ny = 1. In this case, F' = f,
® = ¢, and there exists a Jordan curve C C S? satisfying f(C) C C, post f C C, and
no 1-tile in X!(f,C) joins opposite sides of C.

Let C, a. € (0,sp), and b, > 259 + 1 be the constants from Theorem [D] depending
only on f, C, d, a, ¢, and €. We fix ¢ := 1 throughout this proof.

Define R == %, f:=b. + %, and 0 = (%)1/3 — 1. Note that R(1+ )% = %

Fix an arbitrary z € C with R(z) = so + % and |(2)| > 8. The closed disk

A={seC:|s—2|<R(1+6)>} ={se€C:|s—z] <a/2}

is a subset of {s € C : |R(s) — so| < ac, |S(s)| = b.}. Thus, by Theorem [D] inequal-
ity (L.3) holds for all s € A, and the zeta function (y, _4 has no zeros in A.
For each s € A, by (L.3)) in Theorem Dl and the fact that |3(2)| = 8 = b + %

}log‘Cﬁ_(ﬁ(s)} - log‘g“f’ (2 H 2C’ |\s )|+ 2_1a5)3 < 2'CS(2))P = U.

Claim. For each a € R with a > s¢, there exists a real number K(a) > 0 depending
only on f, C, d, ¢, and a such that |(} (a+1it)/(s g¢(a+it)| < K(a) for all t € R.

To establish the claim, we first fix an arbitrary a € R with a > so. By Corollary[3.20]
the topological pressure P(f, —a¢) < 0. It follows from [Lil5, Proposition 6.8] that

there exist numbers N, € N and 7, € (0,1) such that for each integer n € N with
n = Ng,

Z exp(—aS,o(z)) < 7.
Z‘EPlyfn
Since the zeta function (y _4 converges uniformly and absolutely to a non-vanishing

holomorphic function on {s € C: R(s) > “E2} (see Proposition B.24), we get from
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(B.21), Theorem 3.20 (ii) in [LZ24aJ, and (3.6) that

it) R
T (Sno(x exp(—(a+it)5n¢(x))‘

< [llleos2) Z Y exp(—aS,(x))

n=1 Z‘EPLfTL
+00 Na

< ||¢||CO(S2)( Z Tg + ZC&I‘dPLfn)
n=Ng+1 n=1

< K(a),

for all t € R, where K(a) = ||¢||CO(52)(1_1% + N, + 3% (deg f)") is a constant

depending only on f, C, d, ¢, and a. This establishes the claim.
Hence, by Lemma [6.6, the claim with a = s + < and the Choices of U, R, and ¢

above, we get that for all s € A with S(s) = (= and R(s) — (s0+%)| < R=%,
we have
(6.33)
Gs(s)| 240 ac\  2'C(24+ (1+0)72)(1+0)
: < /C( —E> & 3 < OIS 3’
Cro(5) 5 sot )+ e 3(2)] 13/3(s)|
where C3 = 23“5 (IC (s + “e) + 2405(2“1}%;?72)(”6)) is a constant depending only on

f,C, d, o, and ¢. Recall that the only restriction on (z) is that |S(2)| = 8. Thus,
(633) holds for all s € C with }§R s) — (30 + %) < % and [S(s)| = B

By Theorem [D] A(s) := C; 225; + o is holomorphlc on {s € C:|R(s) — so| < ac}.
Applying the Phragmén—Lindel6f theorem (Theorem 6.7) to h(s) on the strip {s €
C: 61 < R(s) < b} with §; == 59 — §5 505 1t follows from (6.33))
that condition (i) of Theorem holds. On the other hand, (6.33) and the claim

above guarantees condition (ii) of Theorem with &y =3 and ko = 0. Hence, by
Theorem [6.7] there exist constants D>0and b > 2s)+1 depending only on f, C,
d, o, and ¢ such that |h(s)| < D|S(s)|/? for all s € C with [R(s) — so| < 2 and
S(s)[ = b.

Therefore, inequality (6.32)) holds for all s € C with [R(s) — so| < 55 = a and

1S(s)| = b, where a € (0,s0), b > 2s9+ 1, and D = D + 1 are constants depending
only on f, C, d, a, and ¢. 0

7. THE DOLGOPYAT CANCELLATION ESTIMATE

We adapt the arguments of D. Dolgopyat [Do98| in our metric-topological setting,
aiming to prove Theorem at the end of this section. In Subsection [Z.I we first give
a formulation of the a-strong non-integrability condition, o € (0, 1], for our setting and
then show its independence on the choice of the Jordan curve C. In Subsection [7.2]
a consequence of the a-strong non-integrability condition that we will use in the re-
maining part of this section is formulated in Proposition We remark that it is
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crucial for the arguments in Subsection [(.3] to have the same exponent o € (0, 1] in
both the lower bound and the upper bound in (7.25]). The definition of the Dolgopyat
operator M, 4 in our context is given in Definition [7.7] after important constants in
the construction are carefully chosen. In Subsection [7.3] we adapt the cancellation
arguments of D. Dolgopyat to establish the /2>-bound in Theorem [6.2

7.1. Strong non-integrability.

Definition 7.1 (Strong non-integrability condition). Let f: S? — S? be an expanding
Thurston map and d be a visual metric on S? for f. Fix a € (0,1]. Let ¢ € C%*(S5?,d)
be a real-valued Holder continuous function with an exponent «.

(1) We say that ¢ satisfies the (C, «)-strong non-integrability condition (with re-
spect to f and d), for a Jordan curve C C S? with post f C C, if there exist
(a) numbers Ny, My € N, e € (0,1), and
(b) Mo-tiles Y, € X(0(f,C), Yo € XMo(f,C)
such that for each ¢ € {b, tv}, each integer M > M, and each M-tile X €
XM(f,C) with X C Y Mo there exist two points z1(X), 22(X) € X with the
following properties:
(i) min{d(x1(X),S?\ X), d(zo(X), S*\ X),d(z1(X),22(X))} > e diamy(X),
and
(ii) for each integer N > Ny, there exist two (N + M)-tiles XC{V1+M°, XiV;MO €
XN+Mo(f,C) such that Yo = fN(X[NY0) = f¥(X[570), and that

[Sno(a(@1(X))) = Snd(a(@1(X))) = Svla(z2(X))) + Snd(e(z(X)))

(1) d (), 22(X))° >

where we write ¢ == (fN}XCIY{H\/IO)_l and ¢ = (fN}Xg2+NIO)_1.

(2) We say that ¢ satisfies the a-strong non-integrability condition (with respect to
f and d) if ¢ satisfies the (C, a)-strong non-integrability condition with respect
to f and d for some Jordan curve C C S? with post f C C.

(3) We say that ¢ satisfies the strong non-integrability condition (with respect to

f and d) if ¢ satisfies the o/-strong non-integrability condition with respect to
f and d for some o’ € (0, a.

For given f, d, and « as in Definition [Z1], if ¢ € C%(S?, d) satisfies the (C,a)-
strong non-integrability condition for some Jordan curve C C S? with post f C C,
then we fix the choices of Ny, My, €, Y., Y Mo 2, (X), 24o(X), Xé’VerO, XﬁfMO as in
Definition [T 1], and say that something depends only on f, d, a, and ¢ even if it also
depends on some of these choices.

We will see in the following lemma that the strong non-integrability condition is
independent of the Jordan curve C.

Lemma 7.2. Let f, d, a satisfies the Assumptions. Let C and C be Jordan curves on
S% with post f C CNC. Let ¢ € C%*(S?,d) be a real-valued Holder continuous function
with an exponent o. Fix arbitrary integers n, n € N. Let F == f" and F = f™ be
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iterates of f. Then ® = Si¢ satzsﬁes the (C, a)-strong non-integrability condition with
respect to ' and d if and only if d = qub satisfies the (C a)-strong non-integrability
condition with respect to F and d.

In particular, if ¢ satisfies the a-strong non-integrability condition with respect to f

and d, then it satisfies the (C,«)-strong non-integrability condition with respect to f
and d.

Proof. Let A > 1 be the expansion factor of the visual metric d for f. Note that
post f = post F' = post F', and that it follows immediately from Lemma that d is

a visual metric for both F and F.

By Lemma 3.8 (ii) and (v), there exist numbers C4 € (0,1) and [ € N such that for
cach i € Ny, each X € Xm(F C), there exists X € X[™/n1+(F C) such that X C X
and diamy(X) > Cyy diamg(X).

By symmetry, it suffices to show the forward implication in the first statement of
Lemma [T.2]

We assume that ® satisfies the (C, a)-strong non-integrability condition with respect
to F' and d. We use the choices of numbers Ny, My, ¢, tiles YbMO € XéwO(F, C), Y Mo ¢
XMo(F C), XchJrMO XN+M° € XN*TMo(F C), points x1(X), 29(X), and functions ¢, ¢
as in Definition [7.1] (Wlth f and ¢ replaced by F' and ®, respectively).

It follows from Lemma [3.8] (ii) and (v) again that we can choose an integer My €N
large enough such that the following statements hold:

(1) [Moii/n] +1> M,

2) There exist Mo-tiles Yy € X0 (F,C) and Yo € XIo(F, C) such that ¥ C
b b 1 w0 b
inte(YhMO) and }A/,TJ,VIO C inte(Y ™).

We define the following constants:

~ 1 2 |¢‘ ,(52,d) CoC?
(72) o= | o om Ty cJ
(7.3) g:=¢eCy € (0,¢).

For each ¢ € {b, v}, each integer M > My, and each M-tile X € Xﬁ(ﬁ,CA) with

X C YMO we denote M = (Mn/nw +1 > My, and choose an M-tile X € XM (F,C)
with

(7.4) XCcX and diamg(X) > Cyy diamg(X).
Define, for each i € {1, 2},
(7.5) 7i(X) = 2:(X).

We need to verify Properties (i) and (ii) in Definition [Tl for the (C, o)-strong non-
integrability condition of d Wlth respect to F and d. N
Fix arbitrary ¢ € {b, w}, M € N, and X € XM (F,C) with M > M, and X C Yo,
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Property (i). By (Z4), (ZH), (73), and Property (i) for the (C,a)-strong non-
integrability condition of ® with respect to F' and d, we get

d(71(X), 75(X))/ diamg(X) > d(z1(X), 22(X))/(Cri diamg(X)) > eChy = E,
and for each 7 € {1, 2},
d(7,(X), 52\ X)/ diamg(X) > d(z:(X), 8%\ X)/(Cpt diamg(X)) > eCyy = &.

Property (ii). Fix an arbitrary integer N > N,. Choose an integer N > N, large
enough so that Nn > Nn.
By Proposition (i) and (vii), for each i € {1, 2}, since F'¥ maps XNJFM0 injec-

tively onto Y0 and Y C inte (YMo), we have
G(Y) & XMmR(,0),

where ¢; = (FV XN+AIO)_1. Define, for each i € {1, 2},

c,%

XNHMo . pNn=NR (g (PH)) @ XNAHMoA(f @) — XN (F ),

-1

and write ¢ = (FN‘AMMO) (an‘)?szo) ' Note that fN"_Nﬁogl_@

By (T4), (T3], Propertles (i) and (ii) for the (C «)-strong non-integrability condi-
tion of ® with respect to F' and d, Lemmas 313 B.§] (ii), (Z.2), and (Z3]), we have

SE@ (@ (X)) - SEBG(31(X)) - SEB( (3:(X))) + SES(@((X)))|

d(71(X), 3(X))°
5L 0@ (1(X))) = SL_6(@( (X)) — 8% 6@ (22(X))) + 8L 6(G(w2(X)))]
B d(z1(X), z2(X))
>\van¢<<1<xl<x>>> Shnd(s2le1(X))) = 8§, 0061 (22(X)) + S, 0(sa(w2(X)))|
g d(w(X), 5(X))°

S sl (X) 8
> 2 (X, 22(X)

e 0lsi(z(X)))
)

A1 (%), 22(X))° ]
oy Bl G d(YF 0 QY @0), (1770 ) (12(X))

ie{1,2} a A i % (diamq (X))
S [l (520 Co diamd((ff'vn‘ﬁﬁ 06) (X))
1—A-@ e(diamg( X))«

ie{1,2}
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_ 2 |¢|a, (52,d) Co o p~o(MntNn—(Nn—Nn))

WV
™

1— A—a 6aC—aA—o¢Mn
2
e 219lo, (52,0 CoC™ 5
(1 — A—>)ee
2 g — 5(1 — C14)
=€

Y

where C' > 1 is the constant from Lemma and Cy > 1 is the constant from
Lemma [3.13] both of which depend only on f, C, and d.

The first statement of Lemma is now established. The second statement is a
special case of the first statement. O

Proposition 7.3. Let f, d, « satisfy the Assumptions. Fix ¢ € C**(S% d). If ¢
satisfies the a-strong non-integrability condition (in the sense of Definition[7.1)), then
¢ is non-locally integrable (in the sense of Definition [8.3).

Proof. We argue by contradiction and assume that ¢ is locally integrable and satisfies
the a-strong non-integrability condition.

Let A > 1 be the expansion factor of d for f. We first fix a Jordan curve C C S?
containing post f. Then we fix Ny, M, YbM‘), and Y, M as in Definition [TJ. We
choose M := M, and consider an arbitrary M-tile X € XM(f,C) with X C Y.
We fix 21(X), 22(X) € X satisfying Properties (i) and (ii) in Definition [71] (1). By
Theorem F in [LZ24al, ¢ = K + o f — [ for some constant K € C and some Hélder
continuous function § € C%*((S?,d),C).

Then by Property (ii) in Definition [Tl (1), for each N > Np,

|B(a1(21(X))) = Blea(21(X))) — Ba (22(X)) + B(a(z2(X)))]
d(1(X), 22 (X))”

=>e>0,

where ¢ = (fN}XmMO)_l and ¢ == (fN‘XN+M0)_1. Combining the above with Prop-
c,1 c,2

erty (i) in Definition 71 and Proposition 3.6l (i), we get
2 |/6|O!, (Sz’d) (maX{dlamd (YN+MO) . YN+M0 € XN+MO(f, C)})a

Ze>0.
£%(diamg (X))
Thus, by Lemma B.3 (i), 2(8], (s2q) % > et > 0, where C' > 1 is the

constant from Lemma B.8 depending only on f, C, and d. This is impossible since
N > N, is arbitrary. O

7.2. Dolgopyat operator. We now fix an expanding Thurston map f: S? — S?, a
visual metric d on S? for f with expansion factor A > 1, a Jordan curve C C S? with
f(C) € C and post f C C, and an eventually positive real-valued Hélder continuous
function ¢ € C%%(S?,d) that satisfies the (C,a)-strong non-integrability condition.
We use the notations from Definition [7.1] below.

We set the following constants that will be repeatedly used in this section. We will
see that all these constants defined from (7.6)) to (7.12)) below depend only on f, C, d,
a, and ¢.
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(7.6) mp = max{ [a " log, (8C1e*7)], [logy (10e7'C*)]} > 1.

(7.7) do = min{ (2C,) 7", £2C%/20} € (0,1)

(7.8) by = max{2so + 1, CoT /(1 — A™), 20| =s00|, g2,/ (1 = A™™)}.
(7.9) A = max{3C,Tp, 4Ao}.

(7.10) €1 == min{mdy/16, (44)7'A"M} € (0,1).

(711) Ny :=max{Np, [ " log, (max{2'°A, 1280AAC?/(gdy), 440, 4Cs})]}

2
. —12 55061 Aee” —2amop—1 —alN
(7.12) n = m1n{2 , (1280AC2) ) 2400402/\ (LIP4(f)) }

Here the constants My, € N, Ny € N, and ¢ € (0,1) depending only on f, d, C,
and ¢ are from Definition [ZI} the constant sy is the unique positive real number
satisfying P(f, —so¢) = 0; the constant C' > 1 depending only on f, d, and C is from
Lemma [B.8 the constant Cy > 1 depending only on f, d, and C is from Lemma [3.13];
the constant C; > 0 depending only on f, d, C, ¢, and « is from Lemma [B.15} the
constant Ay > 2 depending only on f, C, d, |¢|a7(527d), and « is from Lemma [5.12} the
constant Cy = Cy(f,C,d,«,Ty) > 1 depending only on f, C, d, «, and ¢ is defined in
(52) from Lemma [}, and the constant Ty > 0 depending only on f, C, d, ¢, and «
is defined in (5.31]), and according to Lemma [5.TT] satisfies

(7.13) sup{}%‘a’(s2’d) ca € R, |a] < 2s0} < To.
We denote for each b € R with |b| > 1,

(7.14) ¢ = {X e X"O(f,0): X CYM Uy},

where we write

(7.15) m(b) == [a " log, (C|b|/e1)].

Note that by (Z.I0),
m(b) = log,(1/e1) = My,

and if X € &, then diamy(X) < (I%I)l/a by Lemma B.8] (ii).
For each X € €, we now fix choices of tiles X;(X), X2(X) € X™®)+mo(f C) and

X1(X), X5(X) € Xm®)+2mo(f C) in such a way that for each i € {1, 2},
(7.16) 5(X) € X(X) C x(X).

By Property (i) in Definition [[1, (7.6)), and Lemma (ii) and (v), it is easy to
see that the constant my we defined in (Z.0) is large enough so that the following
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inequalities hold:

(7.17) d(X(X),8*\ X) > —C~ A0,
(7.18) diam(X;(X)) < —C'A™",
(7.19) d(X{(X), S\ Xi(X)) = —=C7I AT O7mo,
(7.20) diamg(X](X)) < io CLA-m0)=mo
for i € {1, 2}, and that

(7.21) d(X1(X), X2(X)) = 1%0‘1/\‘”(”).

For each X € €, and each i € {1, 2}, we define a function ; x: S* — R by

d(z, S\ X:(X))*

(7.22) Vix(x) = d(z, X(X))™ + d(z, 5%\ X;(X))>

for z € S2?. Note that
(7.23) Yix(@)=11ifz e X[(X), and ¢x(x)=0Iifx¢ X;(X).

Definition 7.4. We say that a subset J C {1, 2} x {1, 2} x &, has a full projection if
m3(J) = &, where m3: {1, 2} x {1, 2} x &€, — €&, is the projection m3(j,7, X) = X. We
write F for the collection of all subsets of {1, 2} x {1, 2} x &, that have full projections.

For a subset J C {1, 2} x {1, 2} x €, we define a function 8;: S — R as
(7.24)

1—1> i XZG:% Yix (Y (x)) if o € inte( X)) Uinte (X J5T0),
(1,i,X)e]
By(x) =<1~ %Zie{m} XZE:% (% (le (:c)) if x € inte(XéY21+Mo) U 111te(X‘f;7712+1\/10)7
(2,i,X)e]
1 otherwise,

for x € S2.
The only properties of potentials that satisfy a-strong non-integrability used in this
section are summarized in the following proposition.

Proposition 7.5. Let f, C, d, «, ¢ satisfy the Assumptions. We assume, in addition,
that f(C) C C and that ¢ satisfies the a-strong non-integrability condition. Let b € R
with |b| = 1. Using the notation above, the following statement holds:

For each ¢ € {b, w0}, each X € &, each x € X|(X), and each y € X,(X),

5 < [Sn (11 (7)) — Sny@(ma(x)) — SNy d(71(y)) + Sny d(7a(y))|
h d(z,y)"

where we write T = ( ‘XN1+AIO)_1 and Ty = ( ‘XN1~H\/IO)_1.

(7.25) <&,
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Proof. We first observe that the second inequality in (7.25]) follows immediately from
the triangle inequality, Lemma B.15] and (7.7)).

It suffices to prove the first inequality in (Z.25]). Fix arbitrary ¢ € {b, o}, X € &,
x € X|(X), and y € X4(X). By (10), (Z21), Lemmas B.8 (ii), B.15, and (Z.19)),

[SnO(T1(2)) — Sy d(12(7)) — Sy @(71(y)) + Sy d(m2(y))l /d(2, y)*
> [Sn ¢(1(2)) — S @(72(x)) — Sni@(T1(y)) + v d(2(y))| d(X1(X), X5(X))*

d(z1 (X)), ma(X)) (diam, (X))
> (8 20 (diamg (X (X)) 4 20 (diamg(Xs( X))a) 10~ C—ap—om(b)
- (diamg(X))® (diamg (X))
< (6 B 40110—%"0—%—“”(1’)—%0) 10-2gxC—a A—om(®)
g C—a\—am(b) Ca \—am(b)
> et /(20%710%)
> 0o,
where the last two inequalities follow from (7.6) and (7.7). ]

Lemma 7.6. Let f,C, d, A, «, ¢, sg satisfy the Assumptions. We assume, in addition,
that f(C) C C and that ¢ satisfies the a-strong non-integrability condition. We use the
notation in this section.

Fiz b € R with |b| > 2so+1. Then for each X € €, and eachi € {1, 2}, the function
Vi x: S? — R defined in (7.23) is Holder with an exponent o and

(726) ‘wi,X‘m (2. < 208—aCAa(m(b)+2mo).

Moreover, for each subset J C {1, 2} x {1, 2} x &, the function B;: S* — R defined
in (7.24)) satisfies

(7.27) 1>28,(x)>21—-—n>1/2

for x € S?. In addition, 3; € C%*(S% d) with 187, (s2.0) < L, where

(7.28) Lg := 40~ *C A O2m0) (LIP,(f))*Mp

s a constant depending only on f, C, d, a, ¢, and b. Here C' > 1 is the constant from
Lemma[3.8 depending only on f, C, and d.

Proof. We will first establish (Z.26). Consider distinct points x, y € S2.
It 2, y € S%\ Xi(X), then (¢ x(z) — i x(y))/d(z,y)* = 0.
If r € S?\ X;(X) and y € X;(X), then by (Z.19),

Wi x () — i x (y)]/d(z, y)*
— d(y, S\ X:(X)) - d(w,y) - (d(y, X,(X))* + d(y, S*\ %:(X)))
< d(X)(X), 5%\ %(X)) "
< 10% 720 A Fmo)
< 20e~*C A O)+2mo)
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Similarly, if y € S?\ X;(X) and z € X;(X), then |¢; x(z) — ¥ x(y)|/d(x,y)* <
20~ C A« m(b)+2mo)
If x, y € X;(X), then by (7I8)), (Z.16), and (7.19)),
i x (x) = thix (y)l/d(x,y)*
o d(x, 8%\ X;(X))*|d(x, X{(X))* — d(y, X{(X))°]
= d(z,y)(d(e, X(X))* +d(@, S\ Xi(X))*) (d(y, Xi(X))* +d(y, S\ Xi(X)))
N jd(z, S\ Xi(X))* — d(y, 5%\ X:(X))*|d(z, X}(X))"
d(x, y)*(d(z, X(X))* + d(x, 52\ Xi(X))*)(d(y, Xi(X))* + d(y, 5? \ Xi(X))*)
d(x, 82\ Xi(X))d(x, y)* + d(z, y)*d(z, X (X))
- d(z, y)“d(%/( ), 5%\ Xi(X))%
(1072 C A= ®) L 100 A= ®)) (1027 C AT mo )
20e~“C' A MBI F2mo)

<
<

Hence, ¢ x|, (g2.a) < 20~ *CAmO+2mo) - establishing (T26).

In order to estabhsh ([727), we only need to observe that for each j € {1, 2},
and each z € inte (X[f\f;JrMo) U inte (Xg 3-+M°), at most one term in the summations in
(724)) is nonzero. Indeed, we note that for each pair of distinct tiles Xy, Xy € &,
}:il(Xl) N }:ZZ(XQ) = () for all 11, 19 € {1, 2} by (m), and 361(X1) N %g(Xl) =10 by
(C21). Hence, by (Z.23]), at most one term in the summations in (Z.24]) is nonzero,
and ([Z.27) follows from (Z12]).

We now show the continuity of 3;. Note that for each i € {1, 2} and each X € &,
by (TI7), (723)), and the continuity of 1; x, we have
Gix (SN (OXTM)) = i x (VM) = {0}
for c € {b, w} and j € {1, 2}. It follows immediately from (Z.24]) that 5, is continuous.
Finally, for arbitrary z, y € S? with x # y, we will establish ‘6‘77‘;"()' < Lg by

considering the following two cases.
Case 1. z, y € XN1+m0) for some XN1+mb) ¢ XNi+m®) [f

xNitm®) U{Xjfj1+M° ree{b, w}, je {1, 2}},
then §;(z) — Bs(y) =1—-1=0. If
X Nim(®) U{Xcz’vlerMo cce{b, w}, je{1,2}},

then by (7.23),
1Bs(x) = Bow)] _ (1= Eicqp Vi IV (2))) = (1= 1 Xieqy, o Yix. (7 ()
d(x,y)" d(x,y)"
<0 x|y se.q (LIP4(H))™ < Lg,

where we denote X, = f™M (XN1+m(b)).
Case 2. card({z, y} N XMTmO) < 1 for all XMtmlb) ¢ XM+mb)  We assume,
without loss of generality, that S;(x) — B;(y) # 0. Then by (T23) and (TI7),
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> SCIATO(LIP,(f)) ™. Hence,

d(f™ (), le( ) = SCA™®). Thus, d(z,y) >
0 10e=*CA“™®) (LIP4( £))*Mn < Lg. O

1Ba(@)=Bs )]
by (£.27), d(z,)>
Definition 7.7. Let f, C, d, «, ¢ satisfy the Assumptions. We assume, in addition,
that f(C) C C and that ¢ satisfies the a-strong non-integrability condition. Let

a, b € R satisfy |b| > 1. Denote s :== a + ib. For each subset J C {1, 2} x {1, 2} x &,
the Dolgopyat operator My, 4 on C**((X¢,d),C) x C**((X3,d),C) is defined by

(729) MJ78’¢(U[), um) = ]ng-i_MO (ubﬁﬂXg, umﬁJ|X‘%)

//\

for uy € C**((X?,d),C) and u, € C**((X2,d),C).

Here €, is defined in (7I4)), 8, is defined in (7.24), My € N is the constant from
Definition [71], and N; is given in (ZII)). Note that in (Z.29), since 3; € C**(S?% d)
(see Lemma [7.6), we have u.3,|x0 € C**((X?,d),C) for ¢ € {b, w}.

7.3. Cancellation argument.

Lemma 7.8. Let f, C, d satisfy the Assumptions. Let o € C%*(S% d) be a real-valued
Hélder continuous function with an exponent o € (0,1]. Then there exists a constant
C,, = 1 depending only on f, d, and o such that for all integers m, n € Ny, and tiles
X" e X™(f,C), X"t e Xmtn(f C) satisfying X™™ C X", we have

(7.30) 1o (X™) /e (XM < Cfexp(m(||¢l|oosz) + P(f,9))),

where pi, 1s the unique equilibrium state for the map f and the potential v, and P(f, p)
denotes the topological pressure for f and .

Proof. By [Lil8, Theorems 5.16, 1.1, and Corollary 5.18], the unique equilibrium state
Ly is a Gibbs state with respect to f, C, and ¢ as defined in Definition 5.3 in [Lil8§].
More precisely, there exist constants P, € R and C),, > 1 such that for each n € Ny,

: n n n -1 B (X™)
each n-tile X" € X", and each z € X", we have C | < exp(sn:(x)—nPW) <Oy,
We fix arbitrary integers m, n € Ny, and tiles X" € X", X™*t" ¢ X" gatisfying

X™m+n C X" Choose an arbitrary point x € X™*", Then

WX _ o exn(Siple) —nPy)
frp(XmFm) = TR exp (Snmp(x) = (n+m)P,,)

Inequality (Z.30) follows immediately from the fact that P, = P(f,y) (see [Lil8|
Theorem 5.16 and Proposition 5.17]). O

< Gy, exp(m([[@llcosz) + P(f,9))).

Lemma 7.9. For all z1, z0 € C\ {0}, the following inequalities hold:
(7.31) |Arg(z122)] < |Arg(21)] + |Arg(22)],

(7.32) |21 + 20| < |z1| + |22| — (Arg(21/2))? min{|z1|, |22|}/16,
(7.33) ’Arg(zl/zg)‘ < 2071 — 2|/ min{|z], 2]}
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FIGURE 7.1. Proof of ({.32) of Lemma [0l

B A

FIGURE 7.2. Proof of (7.33) of Lemma [.O.

Proof. Inequality ((Z.31]) follows immediately from the definition of Arg (see Section [2).
We then verify (7.32). Without loss of generality, we assume that |z;]| < |22| and

0 = Arg(z—;) > 0. Using the labeling in Figure [Z.1], we let @ = z and Q? = z.
Then

|21 + 22| = |OA| + |AC| < |29| + |BC| = | 22| + |21] cos(0/2)

62 6 62
<lal+1al (1= G + g0 ) <l + (1= 55 )

Inequality (7.33)) follows immediately from the following observation in elementary
Euclidean plane geometry. As seen in Figure [.2] assume A = z; and B = 2z5. Then
|21 — 22| = |AB| > |AC| > 3|OA|LAOC = 1|z ||Arg(z1/22)|- O

Lemma 7.10. Let f, C, d, «, ¢, so satisfy the Assumptions. We assume, in addition,
that f(C) C C and that ¢ satisfies the a-strong non-integrability condition. Fiz b € R
with |b| > 25+ 1. Fiz ¢ € {b, w0} and he € Kap (X0, d). For each m > m(b) — My
and each m-tile X™ € X™(f,C) with X™ C X?, we have

sup{h(z) : x € X"} < 2inf{h(x): z € X™}.
Recall that the cone K (X 9 d) is defined in Definition 5.8
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Proof. Fix arbitrary x, ' € X™. By Definition (5.8, Lemma [3.§ (ii), (7.15), and (Z.10)),
|he(x) = he(2’)| < AJbl(he(2) + he(2'))d(x, 2')
< Ab] (he(x) + he(2)) (diamg (X™))"
< Ab|(he(w) + he(a'))CAMomm®)
< AJb|(er/[D)AY (e () + he(2"))
< (he(@) + he(2)) /4,

where C' > 1 is the constant from Lemma [3.§ depending only on f, C, and d. The
lemma follows immediately. OJ

Lemma 7.11. Let f, C, d, «, ¢, sqo satisfy the Assumptions. We assume, in addition,
that f(C) C C and that ¢ satisfies the a-strong non-integrability condition. Fix b € R,
meN, ce {b, w}, uc € C*((X?,d),C), and he € Kap (X2, d) such that |b| > 259+
Lom 2 Ni+m(b), uc(y)] < he(y), and [uc(y) — u(y')] < Alb|(he(y) + he(y'))d(y, y')*
whenever y, y' € X0. Then for each X™ € X™(f,C) with X™ C X2, at least one of
the following statements holds:

(1) |uc(z)] < 2he(x) for all x € X™.
(2) |ue(z)] 2 he(x) for all x € X™.

Proof. Assume that |u(zg)| < The(zo) for some zg € X™. Then by Lemmas[3.3|(ii), [7.10]
and (T.I5), for each x € X™,

[ue(@)] < Jue(z) — ue(wo)| + 47 he(20)
< A|b](he(x) + he(mo))(diamg(X™)* + 47 he(20)
< (2Ap|CATNMmem®) 4 47 sup{he(y) 1 y € X™}
< (446 AN + 27N he()

< She(e),
where C' > 1 is the constant from Lemma B.8 The last inequality follows from (7.11])
and the fact that ¢, € (0,1) (see (ZI0)). O

Lemma 7.12. Let f, C, d, «, ¢, sy satisfy the Assumptions. We assume, in ad-

dition, that f(C) C C and that ¢ satisfies the a-strong non-integrability condition.

Fix arbitrary s = a + ib with a, b € R satisfying |a — so| < so and |b| = by.

Given arbitrary hy € Kap(X¢,d), ho € Kap (X9, d), up € C**((X?,d),C), and

Uy € Co’a((Xg,d),(C) satisfying the property that for each ¢ € {b, v}, we have

uc(y)| < he(y) and |uc(y) —uc(y’)| < Al (he(y) +he(y))d(y, y')* whenevery, y' € X¢.
Define the functions Q. ;: YM — R for j € {1, 2} and ¢ € {b, o} by

}Zke{l 2} uc(c k) (1i())e" ™ *345(%(90))}

Qejlr) = — Sn, —ad(r; (x Sn, —ad(rr(@))
_§nh<(C,j)(Tj (I)) L i@ 4 Zke{l 2} h<(c k) (Tk( )) 1
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for x € YMo where we write 7, == (le‘XN1+JWO)_1 for k € {1, 2}, and we set ¢(c,j) €
¢,k

{b, w0} in such a way that 7;(Y M) C Xgo(c,j) for j € {1, 2}.
Then for each ¢ € {b, o} and each X € €, with X C Y™ we have

min{[|Qc;llcox,(xy) 6 4 € {1, 2}} < 1.

Proof. Fix arbitrary ¢ € {b, o} and X € €, with X C Y. For typographic reasons,
we denote in this proof
(7.34) Uz = Ug(e,i) (T:(2)), hiw = he(ei) (Ti()), Cix = ¢S =39(7i())

fori e {1, 2} and z € X.
If |u;.| < 2hj. on X, for some j € {1, 2}, then 1Qcjll oz, () < 1 for all i € {1, 2}.
Thus, by Lemma [Z.11] we can assume that

(7.35) |,z = Py /4 for all x € X and k € {1, 2}.
We define a function ©: X — (—x, 7] by setting
(7.36) O(x) = Arg(ul’mel’x) for x € X.
u2,m62,x
We first claim that for all z, y € X, we have
(7.37) ‘Arg(m) ‘ < 1646 A™M < 1/16 and
Uty /U2y
(7.38)

b =S, &(71(2)) + Sy ¢(72(2)) + Sy @(11(y)) — Sy d(72(y))| < 7/16.
Indeed, by (Z3I)) and (7Z33) in Lemma [9] (734), (735), Lemmas B (ii), [I0,
(C14), and ([Z.15),
() < o222
Uty /Uzy Uty U2y
3 20uj0 =ty
inf{|u;.|: 2 € X}

Jje{1,2}

> s € R )"

je{t,2}
sup{hj.: 2 € X} _oNi—am(®
<16A[D > - = O A—aN1—am(b)
P inf{h;,: 2z e X}
< 64Ab| (e /b)) AN
< /16,

where C' > 1 is the constant from Lemma B.8 The last inequality follows from the
fact that Ny > [Llog, (2'°A)] (see (TII))) and the fact that e € (0,1) (see (TI0)).



68 ZHIQIANG LI AND TIANYI ZHENG

We have now verified (7.37). To show (7.38), we note that by Lemma 3.8 (ii), (7.14),
([Z15), and (Z10),
bl =Sm &(71(2)) + Sn(72(2)) + Sny ¢(11(y)) — Sw B (72(y))]
< |D]6g (2, ) < |b|dy  (diamg (X)) < |b|og tCOAT™®) L §5tey < 7/16.
The claim is now verified.

We will choose ig € {1, 2}, by separate discussions in the following two cases, in
such a way that

(7.39) |0(x)| > 161'/? for all x € X;,(X).

Case 1. |©(y)| = 7/4 for some y € X. Then by (.31 in Lemma [7.9], (7.34), (7.36),
(T37), (Z.38), and the fact that n € (0,27'?) (see (Z1Z)), for each z € X,

0001 > [0(3)] - |y (Lcrsi/{1scen) )

(ul,xel,x)/(u2,x62,x)

— ’Arg(w)' o ’Arg<61,y/62,y)' > E . 1 . 1 2 g 2 167]1/2

ul,x/u2,x 61,:(:/62,90

>

=1

We can choose iy = 1 in this case.

Case 2. |©(z)| < /4 for all z € X. Then by (Z.31) in Lemma [7.9, (7.34]), (7.36),

(C37), [Z.38), [b] = by > 1 (see (Z8)), (C.25), (Z.21)), and (TI1T), for each =z € X;(X)
and each y € X5(X),

|©(z) — O(y)]
)
)| -2

> ‘Ar <€1m/€2x (u2,y/u1,y>'
€1 y/e2 y u2,m/u1,x
> [bl|—Sn, d(71(2)) + Sn, d(12(2)) + Sny @(11(y)) — Sn, (72 (y))| — 164, A~
> |bldod(x, y)® — 16 Ay AN
> |b]6o (107 eCTT AT — 1646 AN
> e60(10A)'C 7%, — 16Ae; AN
> edper [ (20AC?),

where the last inequality follows from the observation that 16 AA=M < 20‘3?002 since
N> [L logA(i?’zoggczﬂ (see ([TI1I)).
We now claim that at least one of the following statements holds:
(1) [0(z)| > 224, for all z € X1(X).

(2) [O(y)| = 229, for all y € Xa(X).
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Indeed, assume that statement (1) fails, then there exists o € X;(X) such that
1O(z0)| < 225, Hence, for all y € X5(X),

65061 85061 65061
> — — > _ .
OW)I > 16y) = Olo)| =[O0l > 5555 ~ goace 2 soac?

The claim is now verified.
Thus, we can fix 49 € {1, 2} such that |O(z)] > 229, > 16n'/? (see (TI2)) for all
x € X;,(X) in this case.

By (7.34)), Lemmas B.15], [7.10, B8 (ii), (T.14), and (7.I5)), for arbitrary z, y € X;,(X)
and j € {1, 2},

R eXP(Sm:E?(Tj (z))) < |z | 5w, a0t )55, a0 )
Ny exp (S, —ad(7;(y))) hjy
2€Xp CO}_QQS’ ,(52,d) d(z,y)*/(1 - A_a))
(7.40) < 20xp(Co| =09, (g2 COAT"O /(1= A7)
< 2exp(e|b|” Co} agb’ (S2,d) /(1—=A))
<8

Y

where the last inequality follows from (7.8)), (7.I3]), the condition that |b| > by, and
the fact that €; € (0,1) (see (Z10)).
We fix ko € {1, 2} such that

(7.41) inf{h;.lej.| : x € X;)(X), j € {1, 2}} = inf{hyy z|€ky | : = € Xiy(X)}.

Hence, by (Z.32) in Lemma [7.9, (Z.35), (Z36), (Z.34), (Z.39), (Z.41), (5.14), and
((.40), for each x € X,,(X), we have

|u1,x€1,m + u2,w€2,m|

©2(x)
<o i {(ucsenal} + D [us0esq]
je{1,2}
©*(x)
"o oy Uelenal} £ D hiale]
je{1,2}
< —47] ll'lf{hko ye ad)(TkO(y (Y € %20 } Z h] me “45 (75 (=)
je{1,2}
1 —aQ(T, —ap(Tj(x)
< —577hk0,x6 ~a9(hy (@ ) 4+ Z h;, LN ~ag(ry
je{1,2}
Therefore, we conclude that [|Qcx,llco;, (x)) < 1- O

Proposition 7.13. Let f, C, d, «, ¢, so satisfy the Assumptions. We assume, in
addition, that f(C) C C and that ¢ satisfies the a-strong non-integrability condition.
We use the notation in this section.
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There exist numbers ag € (0,s9) and p € (0,1) such that for all s == a + ib with
a, b € R satisfying |a — so| < ag and |b| = by, there exists a subset E, C F of the set
F of all subsets of {1, 2} x {1, 2} x &, with a full projection such that the following
statements hold:

(i) The cone K ap (X[?, d) X K gy (Xg, d) is invariant under My _ 4 for all J € F,
1.e.,

My, 50 (Kap (Xgs d) X Kap(Xg, d)) S Kap(Xe,d) x Kap(Xq, d).
(ii) For all J € F, hy € Kap(XP,d), and hy € Kap(X2,d), we have

(7.42) S [ sl ) o <o Y [l

ce{b,w} ce{b,w}

(ili) Given arbitrary hy € Kap (X, d), hw € Kap(X2,d), up € C**((X2,d),C),
and u, € C**((X3,d),C) satisfying the property that for each ¢ € {b, w}, we
have uc(y)| < he(y) and |uc(y) —u.(y')| < Alb|(he(y)+he(y'))d(y, y')* whenever
v,y € X°. Then the following statement is true:

There exists J € E; such that

(7.43) . (L%MU (s, um)> (a:)‘ < 1My lho he))(@)  and
(7.44) | (LA, ) ) (2) = e (L2 (g, ) ) )|

< AP (e (Mo, ) (&) + e (D s, o)) (&), ')

for each ¢ € {b, w} and all x, ' € X?.

Proof. For typographical convenience, we write ¢ := N; + Mj in this proof.
We fix an arbitrary number s = a + ib with a, b € R satisfying |a — so| < sp and
6] = bo.

(i) Without loss of generality, it suffices to show that for each J € F,
o (M0 (Kl (X5, d) x Kapy (X, d))) € Kapy (X5, d).

Fix J € F, functions hy € Kapp (XY, d), by € Kap (X9, d), and points z, 2/ € X{
with z # 2/. For each X* € X}, denote yx. == (f*|x.) " (z) and v%. = (f*]x.) " (/).
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Then by Definition [.7] (5.12]) in Lemma [5.7], Definition [5.2], and (5.14)),
|76 (M7, —s,6(hos o) ) () — 6 (Mg 5,6 (a6, o) ) (27)]
> LY (eBilxe)(@) = D0 £ (hbalxe) (@)

ce{b,w} ce{b, w0}

> 2 ‘hc(yXb)ﬁJ(yXL)esL%(yX” — Be(y ) B (g, e

ce{b,w} X €X
xcx?

ST ey )Bolyx) — hely ) 8ol )| e

ce{b, w} X €X}
xex?

+ > > helyx)Bilyx)|e

ce{b,w} X €X]
xcx?

Z Z he(yx.)

ce{b, w0} X‘eXt
xrcxy?

+ Z Z |he(yxe) = he(y’.)

ce{b,w} X €Xy
XLQX?

T Z Z hc(yXL)ﬁJ(yXL)eSb%(yXL)

ce{b,w} X'eXy
xXrcx?

Sb%(ylxb)

Si—ad(yxt) _ Si-ad(y.)

L —ad (Y )—Si—ad(yxt)

Sb%(yXL )6

Br(yx:) — Bs(yx.)|e

/BJ(yXL) S.—ap(y'x.)

1 _ eSL%(ylxb)_SL%(yXL) .

By Lemmas B.15], [7.6, B.13] and 5.11 the right-hand side of the last inequality is

. 2\ @ B
< GXp(TOCO (dlamd(S )) ) < Z Z hc(yXL)LgCSA_Lad(LL’,flfl)aesbfaqﬁ(yXL)

1— A« e
ce{b,w} X'eXj
xcxy

+ Z Z A|b|< eSe ~ad(yxt) + h, (yXL) Si—agp(y'y.) )CaA md(l’ :E) )

ce{b,w} X'eXj
XLCXO

+ CyTod( Z ﬁ b hﬁJ‘Xo)()

ce{b, o}

where Cy > 1 is the constant from Lemma [3.13] depending only on f, C, and d; Lg
is the constant defined in (7.28) in Lemma [T.6) 75 > 0 is the constant defined in

(531)) giving an upper bound for ‘:Zt/qﬁ‘a’ (52.4) by Lemma [B5.17] (see also (5.30)); and
Cy = Cy(f,C,d,a, Ty) > 1 is the constant defined in (5.2]) in Lemma[5.1l Both T and
Cy depend only on f, C, d, ¢, and «. Thus, by ([5.2)), (T.27) and (728)) in Lemma [7.0]
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Definition [.7], (T.I3]), and the calculation above, we get

|76 (Mg 5.6 (o, hw)) () — 6 (M5 ¢ (P, I ) ) (2)]
Alb[ (6 (Mg, 5.6 (hos b)) (@) + 6 (Mg, 5.6 (P, hww) ) (27) )d (2, 27)*

Cy CyTy
— —  (Lsg+ A|bHh)A ™ +
S Az = (e T APD Al

Cy [ 40 |yl .
CA20cmo+1 LIP alNy 1A a(N1+Mpy)
1—7]<A|b‘ e ( a(f))* ' + + —

<L
The last inequality follows from the observations that <42 < 1 (see (7)), that
0e~*C,C?* A~ oMNi—oMot2amot ([ TP, (£))*NM /(Aei (1 — 1)) < 1/3

(by (ZI2)), and that by (ZII) and (Z12), A—*M1+Mo) < o < %1;477
(ii) Fix J € F and two functions hy € K ap (Xb,d), huo € K apy (Xg,d),
We first establish that
2
(e (M. —s 6 (P, P ) ) ()

(7.45) < (L (8 2) ) (@) e (L ((Bs1xp) ™ (Blxg)°) ) @)

for ¢ € {b, v} and z € X?. Indeed, fix arbitrary ¢ € {b, w} and z € X?. For each
Xt e X!, denote yx. == (f*|x.)"(x). Then by Definition [[[7, (5.12) in Lemma (.7
and the Cauchy—Schwarz inequality, we have

(e (M s.0(ho o)) ()

=( > £ (heBilx) (@ >)2

o e{b, 0}

:( S % (hc,ﬁJexp(sL%))@XL))z

e{b,w} XeX!
ngxf,

(Z > (k2 exp(S :w«)( > Y (Bexp(S ;\a?ﬁ))(yXL))

de{b,m} XeX! e{b,w} X+eX:
ngxg XLQXS

= (L (. 43) ) (@) - e (L ((Bul)”. (Bi12)”) ) @)

—_~—

We will focus on the case where the potential is —sy¢ for now, and only consider
the general case at the end of the proof of statement (ii).
Next, we define a set

(7.46) = |J M@

(4,5, X)ed

2
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We claim that for each ¢ € {b, w} and each x € W; N X?, we have

4 w(T, (B51xg)” (B0l0)”) ) @) < 1= 2nexp (o] 500 cngen) )

Indeed, we first fix arbitrary ¢ € {b, o} and z € W; N X?. Let X € €, denote the
unique m(b)-tile in €, with x € fM(X). By (512) in Lemma (5.7, Definition 5.2, and
(C.24), we have

e <EL_§(;¢<(5J‘X3>27 (5J|Xg)2>>(x)
= > £ ((Blxe)?) @)

e{b, 0}

= 3 Y Byx) exp(S—sodlyx.))

¢e{b,w} XteX:

XLQX?,
L 1 -
< > L% (Lxe) (@) = gt x (FV () exp (8,506 (42))
ce{b, o}

] __
<1-— Znexp<—LH_30¢HCO(52))’

where iy, jx € {1, 2} are chosen in such a way that (jx,ix,X) € J (due to the fact
that J € F has a full projection (see Definition[7.4])), and we denote yx. == (f*|x.) " (x)
for X* € X!, and write y, = yXN1+M0 The last inequality follows from (5.I8]) in

Lemma [B.10, (7.23), and (7.46]). The claim is now verified.
Next, we claim that for each ¢ € {b, 1},

(7.48) me(Lis, (B2 12)) € Kap(X0,d).
Indeed, by (5.12) in Lemma 5.7, Lemmas 5.9, and (i), for all z, y € X2,

m(mgm (hg,iﬁ))( )—Wc<]LL (hﬁ,h2)>( ))

< X |t @) - £ () )
e{b, o}
241 =509l (520 )
< AO( Ao + 1= A« ) Z Z E—sg(ﬁcc’ ¢ (Z)

de{b,w} ze{z,y}

< Apld(,y)" > m (L, (b, hi))( )
z&€{z,y}
where Ag = Ay (f, C,d, |¢|a7(527d) ,a) > 2 is the constant from Lemma depending
onlyon f,C, d, |¢\a7 (52.d) and «; and C > 1 is the constant from Lemma [3.8 depending
only on f, C, and d. The last inequality follows from —a%+~ < i (see (ZII)) and

Aa(N1+Mo) 4
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Ao|-s00] |

?;52”‘” < 1bp < 3Aby < $AJD| (see (ZB) and (7.9)). The claim now follows
immediately.

We now combine (Z48)), Lemmas [.T0, [T.8] (Z4G), and |b| = by > 259 + 1 (see (ZJ))

to deduce that for each ¢ € {b, w}, we have
(7.49)

(U 002)) i
P /fMo(X) Wt<mi§¢(hg’h2‘°))du—80¢

/

Xeg,
xcyMo
< oo fM(X su {Wc <I[f~ h2, b2 ) . }
XEZEb K 0¢(f ( )) xefM(P(X) _80¢( b m) ( )
xcyMo
M . ) Y
< g; Hsos (S (X)) .zmeﬁg(x){m <L_§J¢(hbahm>)($)}
ngcz&o
<O Z :U—so¢(fMo (x;JX(X))) inf {Wc (]Li?o/(b (hg’ hi)) (x)}
Xeq, ze fMo (x;JX(X))
xcyMo g
<O / e (I[j,v h2,h2 )d,u,s ,
){62@:1) f]\fo (X;],X(X)> _80¢( h m) 0
xcyMo

< Cho /W ]mXOWC <Li;;¢(h§=h2m)) di—sog

where iy x € {1, 2} can be set in such a way that either (1,i;x, X) € Jor (2,i,x,X) €
J due to the assumption that J € F has a full projection, and the constant C'5 can be
chosen as Cjy = 20573()(;5 eXp(2m0(||—sogz5||CO(Sz) + P(f, —sogb))) > 1, which depends
only on f, C, d, and ¢. Here the constant C), _, > 1 is from Lemma [Z.8 depending
only on f, d, and ¢.

We now observe that by (5.12)) in Lemma [5.7] and Lemma [5.T5]

(7.50) S m(L 08 s = X[ R

ce{b,w} ce{b,w}

S0P

Combining (CH0), (C45), Lemma B0, (727) in Lemma [7.6, (7.47), and (T49), we
get

(7.51)

S0 [ = S0 o ) e

cc{b,w} ce{b, w0}
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. /XOWC(]LL J(B2) ) iy~ / e (M s ) | it

ce{b,w} ce{b,w}

> 3 [ ) - (- (o)’ (o)) s
> Y [ m(m,0802) (1w (B () (Bilx)))) di
ce{b, w} Y WonXe

> Lo S5tene) [

0
cef{b,w} 7 WrnXe

exp(—LH 80¢HCO $2) Z /7Tc lLL hg,h?n))d,u,sod,

ce{b, o}

o (=500l cugssy) 2 /h oo

ce{b, 0}

me(Lis, (2 12) ) i oo

We now consider the general case where the potential is :s?ﬁ Fix ¢ € {b, o} and
an arbitrary point * € X9. For each X* € X!, denote yx. = (f|x.)" (). Then by
Definition [7.7] and (5.12]) in Lemma [5.7],

Ter (M5 (ho, b)) ()
Z Z hc(yXb)ﬂJ(yXL)eXp(SL:\a/qS(yXL))

ce{b,w} X'€X!,
Xcxy?

ST 03T helyx)Biyxe) exp(S,—sop(yx:)) exp(|S,—ag(yx.) — S, —so(yx:)
ce{b,w} X*€X},
xtcx9

)

< 7o (MJ so.0 (T hm))(x)eb(|a—80\||¢||co(32)+\P(f7—a¢)—P(f,—80¢>)|+2||1Ogufa¢>—10gufs0¢>||co(sz))
35S0, Y .

Since the function t — P(f,t¢) is continuous (see for example, [PrUI0, Theo-
rem 3.6.1]) and the map ¢ — wy is continuous on C%*(S5? d) equipped with the
uniform norm || - ||co¢s2y by Lemma B.I8, we can choose ay € (0,5s0) depending only
on f, C, d, o, and ¢ such that if s = a + ib with a, b € R satisfies |a — so| < ag and
|b] > 259+ 1, then

exp((ja = soll[6llcogs) + | P(f, —a6) = P(f, —s08)| + 2| log t_sp — 108 t_sygllcois)))
< (1 —+ (4012)_17] exp(—LH—SO¢]|CO(52)))1/2,

and consequently,
(7.52)

exp(—¢ :;/gb )\ M2
(Mol )@) < (14 S Sl g, o)
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Therefore, if s = a + ib with a, b € R satisfies |a — so| < ag and |b] = by > 250 + 1

(see (T.H)), we get from (7.52) and (7.51) that
Z / |7Tc MJ sqb hba ))|2d:u—so¢

ce{b,w}
nexp (—tl| ~sodllogsz))
<1+ ( ( |7Tc (M0, (P, o)) At s
ce{b w}
2 —_
n° exp(—2t[|—so¢||co 32
<(1- ( LN S |h|2du_so¢
ce{b,w}

We finish the proof of (ii) by choosing

p=1-16""C’n* exp(—2t||—s0¢||co(s2)) € (0, 1),
which depends only on f, C, d, «, and ¢.

(iii) Given arbitrary hy, hy, wp, and uy, satisfying the hypotheses in (iii), we construct
a subset J C {1, 2} x {1, 2} x €, as follows: For each X € &,

) if || Qcy. 1”00 ney S b then include (1,1, X) in J, otherwise
) if Hch 2”00 (X)) < 1, then include (2,1, X)
(3) if Hch 1”00 ey S b then include (1,2, X) in J, otherwise
(4) 3 || Qex 2| oy ) < 1 then include (2,2, X) in J,

where we denote cx € {b, o} with the property that X C Y. Here functions
Qc;: YM - R ¢ € {b, w}and j € {1, 2}, are defined in Lemma [T.12

By Lemma [7.12] at least one of the four cases above occurs for each X € €. Thus,
the set J constructed above has a full projection (see Definition [7.4)).

We finally set & = (J{J}, where the union ranges over all hy, hy, up, and uy
satisfying the hypotheses in (iii).

We now fix such hy, hy, tp, Uy, and the corresponding J constructed above. Then
for each ¢ € {b, w} and each z € X?, we will establish (7.43)) as follows:

(1) If ¢ ¢ Uxee, fM0(X1(X) U X2(X)), then by (23) and ([T2), Bs(y) = 1 for
all y € f~WitMo)(g). Thus, (Z43) holds for x by Definition 7, (5.12) in
Lemma [5.7, and Definition [(5.2]

(2) If x € fMo(X;(X)) for some X € €, and i € {1, 2}, then one of the following

two cases occurs:

(a) (1,4,X) ¢ J and (2,i,X) ¢ J. Then by (L24), 5,;(y) = 1 for all
y € f~MNH+Mo)(g). Thus, (Z43) holds for x by Definition 77, (5.12) in
Lemma 5.7, and Definition

(b) (4,4, X) € J for some j € {1, 2}. Then by the construction of J, we have
(j',i',X) € Jif and only if (5',47") = (j, 7). We denote the inverse branches

T = <fN1}XN1+MO> for k€ {1’ 2}' Write z = (fN1+MO‘XN1+MO)_1(x)'
¢,k &J

in J, otherwise
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Then B;(y) = 1 for each y € f~M+Mo) () \ 7;(X;(X)) = f~MNF+Mo) () \
{z}. In particular, 8, (7, (fV'(2))) = 1, where j, € {1, 2} and j,. # j. By
the construction of J, we get Q. ; (le(z)) <1, e,

5 (™ ) ()

ke{1,2}

1 N _
< _inhc(cvj)(z)esm —a¢(z) + Z <h§(c7k)€SNlia¢) (Tk (le(z)))

ked{1,2}
< (ohene™ ) () + (Bhsteae™ ) (. (1)),
where (¢, k) is defined as in the statement of Lemma Hence, (.43)
holds for = by Definition [[.7, (5.12]) in Lemma [5.7] and Definition

We are going to establish (7.44)) now. By (5.12) in Lemmal[5.7, (5.29) in Lemma[5.12]
Definition 5.2}, and (7.27), for all ¢ € {b, w} and z, ' € X? with = # 2/,

; Ni+Mo _ N14+Mo '
i) 7&(]14_?(1j (ub,um)>(1’) 7Tc<1L_qu (ub,um)>(1’)
1 0 0 ,
< — () , _ W ,
< eon S e e - £ ()
e{b, o}
<4 200 LY (he bILY  (n
<o Y ((Fa X £ 0G) )+ LY (o))
C,E{b m} ZE{Z‘ x’}
(Am +Ao)|b| >y ﬁ(‘ 2(2heBilxo) (2)
def{b,w} ze{z,z'}
24,A
< ( o +2Ao)\b| " m(Myg(he, h))(2)

ze{x,x'}

<Dl Y ol o)),

ze{z, a2’}

220 < 1 (see (ZIT)) and A > 4A, (see (7.9)). O

Proof of Theorem[6.2. We set « == Ny + My, where Ny € Z is defined in (Z.I1]) and
My € N is the constant from Definition [[.Jl We take the constants ag € (0, s9) and
p € (0,1) from Proposition [.13], and by as defined in (Z.8).

Fix arbitrary s := a + ib with a, b € R satisfying |a — so| < ap and [b] > by. Fix
arbitrary u, € C%*((X¢,d),C) and uy, € C**((X3,d), C) satisfying

where the last inequality

(7.53) <1 and <1

|| E]||C004 Xod || m“ooa Xod

We recall the constant A € R defined in (7.9) and the subset & C F constructed in
Proposition [.13]
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We will construct sequences {h }{2% in Kap (X0, d), {hws } 221 in Kap (X9, d),
{up s }i=5 in C%((XP,d),C), {uwx}iZ in C*((X2,d),C), and {J;,}; =5 in & recur-
sively so that the following properties hold for each k € Ny, each ¢ € {b, w}, and all
z, r' € X2

(1) uer = (Hﬁlé(ub,um)>.

(2) [uck(@)] < hep(z) and [ucp(z) — uer(z’)] < AW( k(@) + hep(2))d(z, 2')".
(3) 2o ’e{b, w} fxohfkdﬂ—sw <po 'e{b, w} fxo o k— 1dﬂ —s0-

(4) ™

( (ub"“u“’ k)>( ) < e (My, —s.6(hog: b)) (x) and

e (L (s ) ) (2) = e (L (s ) ) ()]
< A|b| (71}_ (Mjk7_57¢(hb7k, hm,k)) (ZL’) + T (M]k,_57¢(h[,7k, hm,k)) (l’l))d(l', l’,)a.

We first set he 1 == 1/p, heo = HUCH[Cb']O,a(XQ,d) € [0,1], and ucg = u, for each ¢ €
{b, w}. Then clearly, Properties (1), (2), and (3) hold for £ = 0. By Property (2) for
k = 0, we can choose Jy € & according to Proposition [.T3 (iii) such that Property (4)
holds for k£ = 0.

We continue our construction recursively as follows. Assume that we have cho-
sen up; € Co’a((Xg,d>,C), Up; € Co’a((X‘g,d>,C), h[m' € KA\b\ (Xg,d), hmﬂ' €
Kap) (X,%, d), and J; € & for some i € Ny. Then we define, for each ¢ € {b, w0},

Ueit1 = T <]L ¢(sz,umz)) and hc,z'+1 = Wc(MJi,—s,qb(hb,h hm,i))-

Then for each ¢ € {b, w}, by E9) we get uc;1 € CO*((X?,d),C), and by Propo-
sition (i) we have he;11 € Kap, (X?, d). Property (1) for kK =i + 1 follows from
Property (1) for k = i. Property (2) for k =i + 1 follows from Property (4) for k = i.
Property (3) for & = ¢ + 1 follows from Proposition (ii). By Property (2) for
k =i+ 1 and Proposition (iii), we can choose J;11 € & such that Property (4)
for k =7+ 1 holds. This completes the recursive construction and the verification of
Properties (1) through (4) for all k& € Ny.
By (5I2) in Lemma [B.7, Propertles (1), (2), ( ) and Theorem 314 (iii), we have

L

4

L8 () + L2

Todb,c,b —s¢,c,m( du so¢

L% G )

/ U n| dlu—soqﬁ
/ n dft—see
< pn (/ hao d,u_80¢ + / h2m70 d,u_50¢)
X0 X0

n

<P
for all ¢ € {b, v} and n € N. O
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8. LATTES MAPS AND SMOOTH POTENTIALS

8.1. Non-local integrability. We briefly recall the notion of non-local integrability
discussed in |[LZ24al Subsection 7.1].

Let f: 5% — S? be an expanding Thurston map, d be a visual metric on S? for f,
and C C S? be a Jordan curve satisfying f(C) C C and post f C C. We define

(81) 2]770 = {{Xfi}iENo : X,Z' c Xl(f, C) and f(Xf(z—l—l)) 2 X,Z‘, for i c No}

For each X € X!(f,C), since f is injective on X (see Proposition (1)), we denote
the inverse branch of f restricted on X by fy': f(X) = X, ie., fx' = (flx)™"

Let v € C%*((5% d),C) be a complex-valued Holder continuous function with an
exponent a € (0,1]. For each £ = {€ ;}ien, € ¥} ¢, we define the function

“+o0o
(8-2) Ai’é(x, y) = Z((lﬁ © fgj ©-+-0 fg_ol)@) - (w © fgj ©-:-:0 fg_ol)(y))
i=0
for each (z,y) e U X xX.
XeX1(f£,0)
XCf(&o)

The following lemma is verified in |[LZ24al Subsection 7.1].

Lemma 8.1. Let f, C, d, v, « satisfy the Assumptions in Section[f]. We assume, in
addition, that f(C) C C. Let & = {§ i}ien, € X7 . Then for each X € X(f,C) with

X C f(&), we get that Aics(x,y) as a series defined in (83) converges absolutely and
uniformly in x, y € X, and moreover, for each triple of x, y,z € X, the identity

.C .C .C
(83) A£7£(l’,y) :A£7£(Z,y) —Aig(%l’)

holds with }Ai%(:ﬂ,y)‘ < Cid(x,y)®, where C; = C1(f,C,d, v, a) is the constant de-
pending on f, C, d, v, and o from Lemmal3 13

Definition 8.2 (Temporal distance). Let f, C, d, ¥, « satisfy the Assumptions in
Section @l We assume, in addition, that f(C) C C. For § = {{ i}ien, € X and

n={n_i}tien, € ¥ ¢ with f(&) = f(no), we define the temporal distance Q/Jgg as

,C . ,C ,C
@Dg,n(%y) = Ai,g(l’ay) - Ai’n(")ﬁ',y)

for each (z,y) e U X xX.
XexX(£,0)
XCf(&o)
Recall that f" is an expanding Thurston map with post f* = post f for each ex-
panding Thurston map f: S? — S? and each n € N.

Definition 8.3 (Local integrability). Let f: S* — S? be an expanding Thurston
map and d a visual metric on S? for f. A complex-valued Holder continuous function
P e C%((S%,d),C) is locally integrable (with respect to f and d) if for each natural
number n € N, and each Jordan curve C C 52 satisfying f"(C) C C and post f C C,
we have
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for all £ = {& i} ien, € Yin o and n = {n-itien, € Yin o satistying (&) = f"(no),
and all (z,y) e |J X xX.
XeX(fm,0)
XCf™ (&)
The function v is non-locally integrable if it is not locally integrable.

8.2. Characterizations. In this subsection, we show that for Lattes maps, in the
class of continuously differentiable real-valued potentials, the weaker condition of non-
local integrability implies the (stronger) 1-strong non-integrability for some visual
metric d for f. This leads to a characterization in the Prime Orbit Theorem in this
context (Theorem [A]). The proof relies on the geometric properties of various metrics
in this setting and does not generalize to other rational expanding Thurston maps.
However, we are able to show the genericity of the a-strong non-integrability condition
in C%*(S2,d) in the next paper [LZ23d] of this series.

In order to carry out the cancellation argument in Section[7] it is crucial to have both
the lower bound and the upper bound in (Z.25]). As seen in the proof of Proposition [7.5]
the upper bound in (.27]) is guaranteed automatically by the Hélder continuity of the
potential ¢ with the right exponent a. If we could assume in addition that the identity
map on S? is a bi-Lipschitz equivalence (or more generally, snowflake equivalence) from
a visual metric d to the Euclidean metric on S?, and the temporal distance gbg:g, is
nonconstant and continuously differentiable, then we could expect a lower bound with
the same exponent as that in the upper bound in (Z.2H) near the same point.

However, for a rational expanding Thurston map f: C— ((A:, the chordal metric o
(see Remark [B.10] for the definition), which is bi-Lipschitz equivalent to the Euclidean
metric away from the infinity, is never a visual metric for f (see [BM17, Lemma 8.12]).
In fact, (S?, d) is snowflake equivalent to ((@, a) if and only if f is topologically conju-
gate to a Lattes map (see [BM17, Theorem 18.1 (iii)] and Definition 4] below).

Recall that we call two metric spaces (X1, dy) and (X3, dy) are bi-Lipschitz, snowflake,
or quasisymmetrically equivalent if there exists a homeomorphism from (Xi,d;) to
(X2, dy) with the corresponding property (see Definition [3.9]).

We recall a version of the definition of Lattes maps.

Definition 8.4. Let f: C — C be a rational Thurston map on the Riemann sphere
C. If f is expanding and the orbifold O; = (S? ay) associated to f is parabolic, then
it is called a Lattés map.

See [BM17, Chapter 3] and [Mi06] for other equivalent definitions and more prop-
erties of Lattes maps.

The special phenomenon mentioned above is not common in the study of Prime Or-
bit Theorems for smooth dynamical systems, as we are endeavoring out of Riemannian
settings into general self-similar metric spaces. We content ourselves with the smooth
examples of strongly non-integrable potentials for Lattes maps in Proposition be-
low.

RemarkA8.5. For a Lattes map Af . C — ((A:, the universal orbifold covering map
©: C — C of the orbifold O; = (C,af) associated to f is holomorphic (see [BM17,
Theorem A.26, Definition A.27, and Corollary A.29]). Let dy be the Euclidean metric
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on C. Then the canonical orbifold metric wy of f is the pushforward of dy by ©, more
precisely,

we(p, q) = inf{do(z,w) 12 €07 (p), we @_1(61)}

for p, g € C (see Section 2.5 and Appendices A.9 and A.10 in [BM17] for more details

on the canonical orbifold metric). Let o be the chordal metric on C as recalled in
Remark B100 By [BMI17, Proposition 8.5], wy is a visual metric for f. By [BMI17,

Lemma A.34], (C wf) and ((C a) are bi-Lipschitz equivalent, i.e., there exists a bi-

Lipschitz homeomorphism h: C — C from (C wf) to (C O’) Moreover by the dis-
cussion in [BMI17, Appendix A.10], A cannot be the identity map.

Proposition 8.6. Let f: C — C be a Lattes map, and d = wy be the canonical
orbifold metric of f on C (which is, in particular, a visual metric for f, as recalled
in Remark [83). Let ¢: C — R be a continuously differentiable real-valued function

on the Riemann sphere C. Then ¢ € Co’l(@,d), and the following statements are
equivalent:

(i) ¢ is not cohomologous to a constant in C(@, C).

(ii) ¢ is mon-locally integrable with respect to f and d (in the sense of Defini-
tion [8.3).

(i) ¢ satisfies the 1-strong non-integrability condition with respect to f and d (in
the sense of Definition[7.1]).

See Definition B.1] for the notion of cohomologous functions.

Proof. We denote the Euclidean metric on C by dy. Let o be the chordal metric on C
as recalled in Remark 3100 By [BMI17, Proposition 8.5], the canonical orbifold metric
d = wy is a visual metric for f. Let A > 1 be the expansion factor of d for f.

Let Oy = (S?, ay) be the orbifold associated to f (see Subsection 7.2 in [LZ24al).
Since f has no periodic critical points, the ramification function ay(z) < +oo for all

2z € C (see Definition 7.4 in [LZ24a]).
By inequality (A.43) in [BM17, Appendix A.10],

(8.4) sup{o(z1, 22)/d(z1,22) : 21, 22 € C, 2 # 2} < 4o0.

By (84)) and the assumption that ¢ is continuously differentiable, we get ¢ € C%* (@, U) -
COL(C, d).

We establish the equivalence of statements (i) through (iii) as follows.

(i) <= (ii): The equivalence follows immediately from Theorem F in [LZ24a].

(ii) <= (iii). The backward implication follows from Proposition [[3l To show
the forward implication, we assume that ¢ is non-locally integrable. We observe from
Lemma [Tl Theorem F in [LZ24a], and Lemma[Z.2 that by replacing f with an iterate
of f if necessary, we can assume without loss of generality that there exists a Jordan
curve C C 5% such that post f C C, f(C) C C, and that there exist £ = {£_; }ien, € Xre
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and 1 = {n_i}ien, € X0, X' € XH(f,C), and ug, vo € X' with X' C f(&) = f(no),
and

(8.5) cbé’,f(um vo) # 0.

By the continuity of qbgg (see Lemma [B1] and Definition [B.2]), we can assume that
ug, vg € inte(X?'). Without loss of generality, we can assume that co ¢ X!, We use
the usual coordinate z = (z,y) € R? on X!. We fix a constant Cj5 > 1 depending
only on f and C such that

(86) 01_510'(21, Zg) < do(Zl, Zg) < Cl5d(21, ZQ) for all 21, %o € Xl.

Note that af(z) = 1 for all z € C\ post f (see Definition 7.4 in [LZ24a]). Recall the
notion of singular conformal metrics from [BM17, Appendix A.1]. By Proposition A.33

and the discussion proceeding it in [BM17, Appendix A.10], the following statements
hold:

(1) The canonical orbifold metric d is a singular conformal metric with a conformal
factor p that is continuous and positive everywhere except at the points in

supp(ay) C post f.
(2) d(z1,29) = inf fyp do, where the infimum is taken over all o-rectifiable paths ~y
v

in C joining z; and 2.
(3) For each z € C \ supp(ay), there exists a neighborhood U, C C containing z
and a constant C, > 1 such that C;' < p(u) < C, for all u € U,.

Choose connected open sets V and U such that ug, v € V CV C U C U C
inte(X!). By compactness and statement (3) above, there exists a constant Cig > 1
such that

(8.7) Cret < p(2) < Cg for all z € U.

Thus, by (8.8]), (84), and a simple covering argument using statement (2) above,
inequality (8.7]), and the fact that V' C U, there exists a constant C7; > 1 depending
only on f, C, d, ¢, and the choices of U and V such that

(88) C1_71d(21, ZQ) < do(zl, ZQ) < Cl7d(21, 22) fOI' all 21, 22 - V
We denote, for each i € N,
(8.9)

7i= (fla) " oo (fle) T o (fle) ™ and 7 = (fly) T oo (flyy) T o (fla) T
We define a function ®: X' — R by ®(z) := ngg:g(uo, z) for z € X! (see Definition
and Lemma [B.]).

Claim. ® is continuously differentiable on V.

By Definition B2 it suffices to show that the function D(-) = Af;’é(uo, -) is contin-

uously differentiable on V. By Lemma BI] the function D(z) = Y% ((¢ o 7:)(ug) —
(¢ o 7;)(2)) is the uniform limit of a series of continuous functions on V. Since
V C inte(X!), by (89) and Proposition (i), the function ¢ o 7; is differentiable
on V for each i € N.
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We fix an arbitrary integer ¢ € N. For each pair of distinct points z;, 2 € inte(X1),
we choose the maximal integer m € N with the property that there exist two m-tiles
X7, X e X™(f,C) such that z; € X7, 2o € XJ* and X" N X" # (. Then by
Proposition (i) and Lemma B.8 (i) and (ii),

(om)(z1) = ($o7)(z2)] _ &l o @, gy dlama(7: (X7 U X3"))
d(z1, 22) = C—1A—(m+1)

20\~ (m+i) »
< ||¢||CO»1(@,d) C—TA—(niD) <207 ||§Z5||Co,1(@d) Al )

where C' > 1 is the constant from Lemma [3.8 depending only on f, C, and d. Thus,
by B.3),
0
sup{'%(gbon)(z) iz € V}

<sup{|(@om)(21) — (P omi)(22)]/do(21,22) 21, 22 €V, 21 # 22}
< 017SUP{|(¢O7'i)(2’1) - (¢O7'i)(2’2)|/d(21,22) c2, €V, # 2’2}
< 26’176’2 H(bHCOvl(@,d) Al_i-

Hence, %D exists and is continuous on V. Similarly, a%D exists and is continuous
on V. Therefore, D is continuously differentiable on V', establishing the claim.

By the claim, (83]), and the simple observation that gbgzg(uo,uo) = 0, there exist
numbers My € N, ¢ € (0,1), and Cijg > 1, and My-tiles Y[,MO € Xéwo(f, C) and
Y Mo e XMo(f C) such that Cig > Cy7, YUY M0 C V Cinte(X?'), and at least one
of the following two inequalities holds:

(a) inf{|Z2®(z)| : z € K7 (V] UYI0)} > 2C;ge,
(b) inf{| £ ®(2)] : z € A7 (V" UY M) } > 2C)e.

We assume now that inequality (a) holds and remark that the proof in the other
case is similar.

Without loss of generality, we can assume that e € (0, (2C15C)7?).

Then by Lemma 3.8 (v), for each ¢ € {b, w}, each integer M > My, and each M-tile
X € XM(f,C) with X C Y Mo there exists a point uy(X) = (z1(X), yo(X)) € X such
that By(ui(X),C'A™™) C X. We choose z5(X) € R such that |z1(X) — z2(X)| =
(4C13C)~tA=™_ Then by [BS) and Ciz > Ci7, we get

UQ(X) = (ZL’Q(X), yQ(X)) GBdO (ul(X), (20180)_1A_M>
(8.10) C By(ui(X), (2C)"A™™) C By(wi(X),C'A™M) C X.

Z
Z

In particular, the entire horizontal line segment connecting u;(X) and wus(X) is con-
tained in inte(X'). By (810), Lemma B8 (ii), (88)), and C15 > Ci7, we get

(811)  min{d(u(X),C\ X), d(uz(X),C\ X), d(ur(X), uz(X))}
> min{ (2C)'A™Y, C' (4C1sC) A} > e diamg(X).
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On the other hand, by (88), Cis > C7, Definition B.2] inequality (a) above, and the

mean value theorem,
(665 (un(X), ua(X))| _ |6 (1 (X), ua(X))| [ (s (X)) — D(ua(X))]
d(u1(X), uz(X)) Cﬁsdo(ui( ) ()()) Cigl|z1(X) — 22(X)|

We choose

(8.12) No = [logy (2C%c 72 [¢], g4y Co/ (1 = A7) ],
where Cy > 1 is the constant depending only on f, C, and d from Lemma 313

Fix arbitrary N > No. Define X \*" := 7y (YM0) and X570 == 74, (VM) (see
([B9)). Note that ¢; = 7‘N|YM0 and ¢ = TN|YM0

Then by Definition 82, (8I1), Lemmas Il B.I5, B8 (i) and (ii), and Proposi-
tion 3.0 (i),

[Sn ¢ (ur(X))) = Sne(a(ur (X)) = Snd(a(ua(X))) + Snd(sa(ua(X)))|
d(u1 (X), u2(X))

}cbg g (11 (X)), us(X))] [Sn-nO(Tn (U1 (X)) = Sn-nd(7n(u2(X)))]

> 2¢.

Ay (X), ug(X))  msup = diamy(X)
. |Sn-n (7 (ui (X)) — Sp-n (7, (ua2(X)))]
— limsup & diamg(X)
S 9 [Pl Co d(ra (un (X)), 7 (ua(X))) + d(rh (ua (X)), 7 (u2(X)))
= L€ — :
1—A-1 e diamgy(X)
oo 19l Co  diamg(ry (X)) + diam(7y (X))
e 1—A-? e diamgy(X)
S 9 |¢|1,(@,d) Co 20 A~(M+N)

1—A1  eCIAM
> 26 —2C% 7 o g 4 CoA™ (1 — A7)
> €

-1

Y

where the last inequality follows from (8.12).
Therefore, ¢ satisfies the 1-strong non-integrability condition with respect to f and
d. O

Proof of Theorem[4l By PropositionR.8, ¢ € C% (@, d). So the existence and unique-
ness of sqg > 0 follows from Corollary .20

The implication (i) = (iii) follows from Proposition and Theorem The
implication (iii) == (ii) is trivial. The implication (ii) = (i) follows immediately
from [LZ24al Theorem B|. O
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