PRIME ORBIT THEOREMS FOR EXPANDING THURSTON MAPS:
GENERICITY OF STRONG NON-INTEGRABILITY CONDITION

ZHIQIANG LI AND TIANYI ZHENG

ABSTRACT. In the second paper of this series, we obtained an analog of the
prime number theorem for a class of branched covering maps on the 2-sphere 52 called
expanding Thurston maps, which are topological models of some non-uniformly ex-
panding rational maps without any smoothness or holomorphicity assumption. More
precisely, the number of primitive periodic orbits, ordered by a weight on each point
induced by a non-constant (eventually) positive real-valued Holder continuous func-
tion on S? satisfying the a-strong non-integrability condition, is asymptotically the
same as the well-known logarithmic integral, with an exponential error bound. In
this third and last paper of the series, we show that the a-strong non-integrability
condition is generic in the class of a-Holder continuous functions.
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1. INTRODUCTION

Complex dynamics is a vibrant field of dynamical systems, focusing on the study
of iterations of polynomials and rational maps on the Riemann sphere C. It is closely
connected, via Sullivan’s dictionary [Su85l, [Su83|, to geometric group theory, which
mainly concerns the study of Kleinian groups.
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In complex dynamics, the lack of uniform expansion of a rational map arises from
critical points in the Julia set. Rational maps for which each critical point is preperi-
odic (i.e., eventually periodic) are called postcritically-finite rational maps or rational
Thurston maps. One natural class of non-uniformly expanding rational maps are called
topological Collet—FEckmann maps, whose basic dynamical properties have been studied
extensively (see for example, [PRLS03, [PRLO7, PRL11, [RLS14]). In this paper, we
focus on a subclass of topological Collet—Eckmann maps for which each critical point
is preperiodic and the Julia set is the whole Riemann sphere. Actually, the most gen-
eral version of our results is established for topological models of these maps, called
expanding Thurston maps. Thurston maps were studied by W. P. Thurston in his
celebrated characterization theorem of postcritically-finite rational maps among such
topological models [DH93|. Thurston maps and Thurson’s theorem, sometimes known
as a fundamental theorem of complex dynamics, are indispensable tools in the modern
theory of complex dynamics. Expanding Thurston maps were studied extensively by
M. Bonk, D. Meyer [BM10, BM17] and P. Haissinsky, K. M. Pilgrim [HP09).

The investigations of the growth rate of the number of periodic orbits (e.g. closed
geodesics) have been a recurring theme in dynamics and geometry.

Inspired by the seminal works of F. Naud [Na05] and H. Oh, D. Winter [OW17] on
the growth rate of periodic orbits, known as Prime Orbit Theorems, for hyperbolic
(uniformly expanding) polynomials and rational maps, we establish in [LZ24b] the
first Prime Orbit Theorems (to the best of our knowledge) with exponential error
bounds in a non-uniformly expanding setting in complex dynamics. On the other
side of Sullivan’s dictionary, see related works [MMO14) [OW16, [OP19]. For an earlier
work on dynamical zeta functions for a class of sub-hyperbolic quadratic polynomials,
see V. Baladi, Y. Jiang, and H. H. Rugh [BJR02]. See also the related work of
S. Waddington [Wad97] on strictly preperiodic points of hyperbolic rational maps
and the recent work of M. Pollicott and M. Urbanski [PoU21] on periodic pairs and
preimage points of many hyperbolic and parabolic systems.

Given a map f: X — X on a metric space (X,d) and a function ¢: S? — R, we
define the weighted length [ ,(7) of a primitive periodic orbit

T = {x, flz), -, f"_l(ib’)} € B(f)

(1.1) lo(T) = () + &(f(2)) + - + o (" (2).
We denote by
(12) 7Tf7¢(T) = Cal"d{T c m(f) : lf’d)(T) < T}, T >0,

the number of primitive periodic orbits with weighted lengths up to 7. Here B(f)
denotes the set of all primitive periodic orbits of f (see Section [2)).

Note that the Prime Orbit Theorems in [Na05, [OW17] are established for the geo-
metric potential ¢ = log|f’|. For hyperbolic rational maps, the Lipschitz continuity
of the geometric potential plays a crucial role in [Na05, [OW17]. In our non-uniform
expanding setting, critical points destroy the continuity of log|f’|. So we are left with
two options to develop our theory, namely, considering
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(a) Holder continuous ¢ or
(b) the geometric potential log|f’|.

Despite the lack of Holder continuity of log| f’| in our setting, its value is closely related
to the size of pull-backs of sets under backward iterations of the map f. This fact
enables an investigation of the Prime Orbit Theorem in case (b), which will be studied
in an upcoming series of separate works starting with [LRL].

The current paper is the third and last of a series of three papers (together with
[LZ24al [LZ24D]) focusing on case (a), in which the incompatibility of Hélder continuity
of ¢ and non-uniform expansion of f calls for a close investigation of metric geometries
associated to f.

We introduced the a-strong non-integrability condition in [LZ24b] for potentials for
expanding Thurston maps, inspired by the work of D. Dolgopyat [Do00]. Functions
satisfying the a-strong non-integrability condition play critical roles in the following
theorem established in [LZ24b Theorem B].

Theorem (Prime Orbit Theorems for rational expanding Thurston maps). Let f: C —
C be a posteritically-finite rational map wzthout pemodzc critical points. Let o be the
chordal metric on the Riemann sphere C and ¢: C — R be an eventually positive
real-valued Holder continuous function. Then there exists a unique positive number
so > 0 with topological pressure P(f, —so¢) = 0 and there ezxists Ny € N depending
only on f such that for each n € N with n > Ny, the following statement holds for

F=f"and ® =3, Ypo fi:
(i) mpe(T) ~ Li(e®T) as T — o0 if and only if ¢ is not cohomologous to a
constant in C’(((A:)

(ii) Assume that ¢ satisfies the a-strong non-integrability condition (with respect

to f and a visual metric) for some o € (0,1]. Then there exists 6 € (0, s)

such that mre(T) = Li(e") + O(el*=97T) as T — +oo.

Here P(f,-) denotes the topological pressure, and Li(y f2
Eulerian logarithmic integral function.

Tog T du, y > 0, s the

For the definition of eventually positive functions, see Definition [3.14]

M. Bonk, D. Meyer [BM10, BM17] and P. Haissinsky, K. M. Pilgrim [HP09] proved
that an expanding Thurston map is conjugate to a rational map if and only if the
sphere (S52%,d) equipped with a visual metric d is quasisymmetrically equivalent to
the Riemann sphere C equipped with the chordal metric. The quasisymmetry cannot
be promoted to Lipschitz equivalence due to the non-uniform expansion of Thurston
maps. There exist expanding Thurston maps not conjugate to rational Thurston
maps (e.g. ones with periodic critical points). The following theorem from [LZ24b)
Theorem C] applied to all expanding Thurston maps, which form the most general
setting in this series of papers.

Theorem (Prime Orbit Theorems for expanding Thurston maps). Let f: S? — S? be
an expanding Thurston map, and d be a visual metric on S? for f. Let ¢ € C%*(S?% d)
be an eventually positive real-valued Holder continuous function with an exponent o €
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(0,1]. Denote by so the unique positive number with topological pressure P(f, —so¢) =
0. Then there exists Ny € N depending only on f such that for each n € N with
n = Ny, the following statements hold for F' = f" and ® := Z?:_(]l o fi:

(i) mpe(T) ~ Li(esOT) as T — o0 if and only if ¢ is not cohomologous to a
constant in the space C(S?) of real-valued continuous functions on S2.

(ii) Assume that ¢ satisfies the a-strong non-integrability condition. Then there
exists a constant § € (0, so) such that mpe(T) = Li(e*") + O(el*0=9T) as
T — +o0.

Note that lim,_,; Li(y)/(y/logy) = 1, thus we also get mpe(T) ~ e /(s,T) as
T — +o0.

The a-strong non-integrability condition in our settings above was inspired by the
work of D. Dolgopyat [Do00] on exponentially mixing flows. As mentioned in [Do00,
Section 1], the idea of D. Dolgopyat to work with his strong non-integrability condition
in [Do00] goes back to the work of W. Parry and M. Pollicott [PP97] on the stability
of mixing for compact group extensions over symbolic subshifts of finite type. In
[Do00], D. Dolgopyat established that the generic suspension flows over subshifts of
finite type are stably exponential mixing, but remarked ([Do00, Section 1]) that this
approach does not verify the stability of exponential mixing for smooth Axiom A
systems. Notably, the result of W. Parry and M. Pollicott also influenced the work of
M. J. Field, I. Melbourne, and A. Térok [FMT07] on the stability of mixing and rapid
mixing for Axiom A systems.

In this paper, we aim to demonstrate the genericity of the a-strong non-integrability
condition in our settings, thereby establishing the genericity of the prime orbit theo-
rems with exponential error bounds above.

The following theorem is the primary goal of the current paper. See Definition
for the notion of the a-strong non-integrability condition.

Theorem A (Genericity). Let f: S? — S? be an expanding Thurston map, and d
be a visual metric on S* for f. Fiz o € (0,1]. The space C**(S?,d) of real-valued
Hélder continuous functions with an exponent o is equipped with the Holder norm
-l goa(sz.ay- Let S* be the subset of C**(S?,d) consisting of functions satisfying the
a-strong non-integrability condition in the sense of Definition [3. 1.

Then 8% is open in C**(S% d). Moreover, the following statements hold:

(i) 8* is an open dense subset of C**(S?,d) if a € (0,1).
(i) S is an open dense subset of C%1(S?,d) if the expansion factor A of d is not
equal to the combinatorial expansion factor Ao(f) of f.

The Holder norm ||-[| co.a(s2 4 18 recalled in Section 2l The definition of the combi-
natorial expansion factor Ag(f) of f is given in Section Bl See [BM17, Chapter 16] for
a more detailed discussion on Ag(f). In particular, we always have A < Ag(f).

We note that for each a € (0, 1], the subset of ¢ € C%%(S? d) that are eventually

positive is open in C%*(S?, d) with respect to either the uniform norm or the Holder
norm.

We will now give a brief description of the structure of this paper.
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After fixing some notation in Section 2 we give a review of basic definitions and
results in Section Bl A constructive proof of the density of functions satisfying the
a-strong integrability condition (Theorem [£.2]) occupies a significant part of Section [l
Finally, in Section B, we complete the proof of Theorem [Al
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2. NOTATION

Let C be the complex plane and C be the Riemann sphere. The cardinality of a set
A is denoted by card A.
Consider real-valued functions u, v, and w on (0, +00). We write u(7) ~ v(7T) as
(T

T — o0 if limyp, 4o “g)) = 1, and write u(T) = )+ Ow(T)) as T — +oo if
llmsupT_>+oo}M‘ < +00.

Consider a map f: X — X on a set X. For each x € X, we call the set
{z, f(x), f2(z),...} an orbit (starting from z). If an orbit has finite cardinality,
then it is called a primitive periodic orbit. The set of all primitive periodic orbits of f
is denoted by B(f).

Given a complex-valued function ¢: X — C, we write

n—1

(2.1) Sup(r) = Sfp(z) = Z w(f7(x))

for x € X and n € Ny. The superscript f is often omitted when the map f is clear
from the context. Note that when n = 0, by definition, we always have Sy = 0.

Let (X, d) be a metric space. For each subset Y C X | we denote the diameter of Y
by diamy(Y') := sup{d(z,y) : =, y € Y} and the interior of Y by int Y. For each r > 0
and each = € X, we denote the open (resp. closed) ball of radius r centered at x by
By(z,7) (resp. By(z,7)).
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The space of real-valued Hélder continuous functions with an exponent a € (0, 1]
on a compact metric space (X, d) is denoted by C%*(X,d). For each ¢ € C%*(X,d)
we denote

Y

(2.2) ¥la, (x.0) = sup{[v (@) — ()| /d(z, y)* 12, y € X, x # y},
and the Hélder norm of 1) is defined as
(2.3) WHco,a(x,d) = Wa, x.a Tt WHCO(X) :

3. PRELIMINARIES

3.1. Thurston maps. In this subsection, we go over some key concepts and results
on Thurston maps, and expanding Thurston maps in particular. For a more thorough
treatment of the subject, we refer to [BM17].

Let S? denote an oriented topological 2-sphere. A continuous map f: S? — S? is
called a branched covering map on S? if for each point x € S?, there exists a positive
integer d € N, open neighborhoods U of z and V of y = f(x), open neighborhoods
U and V' of 0 in (E, and orientation-preserving homeomorphisms ¢: U — U’ and
n: V — V' such that p(x) =0, n(y) =0, and

(no fop™)(z) =2
for each z € U’. The positive integer d above is called the local degree of f at x and

is denoted by deg(x).
The degree of f is

(3.1) deg f = Z deg ()
zef~(y)

for y € S? and is independent of y. If f: S? — 5% and ¢: S? — S? are two branched
covering maps on S?, then so is f o g, and

(3.2) degy.,(z) = deg,(z) deg(g(x)), for each x € S?,
and moreover,
(3.3) deg(f o g) = (deg f)(deg g).

A point z € S is a critical point of f if deg,(x) > 2. The set of critical points of f
is denoted by crit f. A point y € S? is a postcritical point of f if y = f(z) for some
x € crit f and n € N. The set of postcritical points of f is denoted by post f. Note
that post f = post f™ for all n € N.

Definition 3.1 (Thurston maps). A Thurston map is a branched covering map
f: 5% — S? on S? with deg f > 2 and card(post f) < +oc.

We now recall the notation for cell decompositions of S? used in [BM17] and [Lil7].
A cell of dimension n in S?, n € {1, 2}, is a subset ¢ C S? that is homeomorphic to
the closed unit ball B® in R”. We define the boundary of ¢, denoted by ¢, to be the
set of points corresponding to OB™ under such a homeomorphism between ¢ and B~.
The interior of ¢ is defined to be inte(c) = ¢\ dc. For each point = € 52, the set {z}
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is considered as a cell of dimension 0 in S2. For a cell ¢ of dimension 0, we adopt the
convention that dc = () and inte(c) = c.
We record the following three definitions from [BM17].

Definition 3.2 (Cell decompositions). Let D be a collection of cells in S%. We say
that D is a cell decomposition of S? if the following conditions are satisfied:

(i) the union of all cells in D is equal to S?,
(ii) if ¢ € D, then Oc is a union of cells in D,
(iii) for ¢y, o € D with ¢; # ¢y, we have inte(c;) Ninte(cy) = 0,
)

(iv) every point in S? has a neighborhood that meets only finitely many cells in D.

Definition 3.3 (Refinements). Let D’ and D be two cell decompositions of S?. We
say that D’ is a refinement of D if the following conditions are satisfied:

(i) every cell ¢ € D is the union of all cells ¢ € D’ with ¢ C ¢,
(ii) for every cell ¢ € D' there exists a cell ¢ € D with ¢ C c.

Definition 3.4 (Cellular maps and cellular Markov partitions). Let D" and D be two
cell decompositions of S2. We say that a continuous map f: S — S? is cellular for
(D’, D) if for every cell ¢ € D', the restriction f|. of f to ¢ is a homeomorphism of
c onto a cell in D. We say that (D', D) is a cellular Markov partition for f if f is
cellular for (D', D) and D’ is a refinement of D.

Let f: 8> — S? be a Thurston map, and C C S? be a Jordan curve containing
post f. Then the pair f and C induces natural cell decompositions D"(f,C) of S?, for
n € Ny, in the following way:

By the Jordan curve theorem, the set S? \ C has two connected components. We
call the closure of one of them the white 0-tile for (f,C), denoted by X2, and the
closure of the other the black 0-tile for (f,C), denoted by X?. The set of 0-tiles is
XO(f,C) = { XY, X5 }. The set of 0-vertices is VO(f,C) := post f. We set V'(f,C) =
{{z} : x € VO(f,C)}. The set of 0-edges E°(f,C) is the set of the closures of the
connected components of C \ post f. Then we get a cell decomposition

D°(f,C) = X(f,C) UE’(f,C) UV"(f,C)

of S? consisting of cells of level 0, or 0-cells.

We can recursively define unique cell decompositions D"(f,C), n € N, consist-
ing of n-cells such that f is cellular for (D"*!(f,C),D"(f,C)). We refer to [BMIT,
Lemma 5.12] for more details. We denote by X"(f,C) the set of n-cells of dimension 2,
called n-tiles; by E*(f,C) the set of n-cells of dimension 1, called n-edges; by V' (f,C)
the set of n-cells of dimension 0; and by V*(f,C) the set {xz : {z} € V'(f, C)}, called
the set of n-vertices. The k-skeleton, for k € {0, 1, 2}, of D™(f,C) is the union of all
n-cells of dimension k in this cell decomposition.

We record Proposition 5.16 of [BM17] here in order to summarize properties of the
cell decompositions D"(f,C) defined above.
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Proposition 3.5 (M. Bonk & D. Meyer [BM17]). Let k, n € Ny, let f: S* — S? be a
Thurston map, C C S% be a Jordan curve with post f C C, and m = card(post f).

(i) The map f* is cellular for (D"**(f,C),D"(f,C)). In particular, if ¢ is any
(n + k)-cell, then f¥(c) is an n-cell, and f*|. is a homeomorphism of ¢ onto

*(e).
(ii) Let ¢ be an n-cell. Then f=*(c) is equal to the union of all (n+ k)-cells ¢ with
() = c.

(iii) The 1-skeleton of D™(f,C) is equal to f~™(C). The 0-skeleton of D™(f,C) is
the set V*(f,C) = f~"(post f), and we have V*(f,C) C V"**(f,C).

(iv) card(X"(f,C)) = 2(deg f)", card(E"(f,C)) = m(deg f)", and card(V"(f,C)) <
m(deg f)".

(v) The n-edges are precisely the closures of the connected components of f~"(C)\
f~™(post f). The n-tiles are precisely the closures of the connected components
of S*\ f7(C).

(vi) Every n-tile is an m-gon, i.e., the number of n-edges and the number of n-
vertices contained in its boundary are equal to m.

(vii) Let F == f* be an iterate of f with k € N. Then D"(F,C) = D" (f,C).

We also note that for each n-edge e € E"(f,C), n € Ny, there exist exactly two
distinct n-tiles X, X' € X"(f,C) that contain e.
For n € Ny, we define the set of black n-tiles as

Xp(f,€) = {X e X"(f,C) : f"(X) = Xy},
and the set of white n-tiles as

X (f,C) = {X € X"(£,C) : f"(X) = Xp}.
It follows immediately from Proposition that
(3.4) card(Xg(f,C)) = card(X(f,C)) = (deg f)"

for each n € Nj.

From now on, if the map f and the Jordan curve C are apparent from the context,
we will sometimes omit (f,C) in the notation above.

If we fix the cell decomposition D"(f,C), n € Ny, we can define for each v € V" the
n-flower of v as

(3.5) W"(v) = U{inte(c) cceD" vech
Note that flowers are open (in the standard topology on S?). Let W' (v) be the closure
of W™(v). We define the set of all n-flowers by
(3.6) W™ ={W"(v):ve V"L
Remark 3.6. For n € Ny and v € V", we have
W) =X, UXoU---UX,,,

where m = 2deg . (v), and X1, Xy, ... X,, are all the n-tiles that contain v as a vertex
(see |[BM17, Lemma 5.28]). Moreover, each flower is mapped under f to another
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flower in such a way that is similar to the map z ~ z*¥ on the complex plane. More
precisely, for n € Ny and v € V™1, there exist orientation preserving homeomorphisms
©: W(v) — D and n: W"(f(v)) — D such that D is the unit disk on C, ¢(v) = 0,
n(f(v)) =0, and
(nofop™)(z) =2

for all z € D, where k := deg(v). Let WnH(U) = X,UXoU---UX,, and W' (f(v)) =
X{UXju---UX/,, where Xy, Xo,...X,, are all the (n + 1)-tiles that contain v as a
vertex, listed counterclockwise, and X1, X5,... X! , are all the n-tiles that contain f(v)
as a vertex, listed counterclockwise, and f(X;) = Xj. Then m = m'k, and f(X;) = X

if i =j (mod k), where k = deg(v). (See also Case 3 of the proof of Lemma 5.24 in
[BM17] for more details.) In particular, both W"(v) and W (v) are simply connected.

We denote, for each z € S% and n € Z,
(3.7)  UMx) = J{Y" € X" : there exists X" € X" with z € X", X" N Y™ # (}

if n >0, and set U"(z) := S? otherwise.
We can now give a definition of expanding Thurston maps.

Definition 3.7 (Expansion). A Thurston map f: S? — S? is called ezpanding if there
exists a metric d on S? that induces the standard topology on S? and a Jordan curve
C C S? containing post f such that
lir}ra max{diam,(X) : X € X"(f,C)} =0.

n—-+0oo
Remarks 3.8. It is clear from Proposition (vii) and Definition 3.7 that if f is an
expanding Thurston map, so is f™ for each n € N. We observe that being expanding is
a topological property of a Thurston map and independent of the choice of the metric
d that generates the standard topology on S?. By Lemma 6.2 in [BMI7], it is also
independent of the choice of the Jordan curve C containing post f. More precisely, if
f is an expanding Thurston map, then

nl—l>r—iI-100 max{diamz(X) : X € X"(f,C)} =0,
for each metric d that generates the standard topology on S? and each Jordan curve
C C S? that contains post f.

P. Haissinsky and K. M. Pilgrim developed a notion of expansion in a more gen-
eral context for finite branched coverings between topological spaces (see [HP09, Sec-
tions 2.1 and 2.2]). This applies to Thurston maps and their notion of expansion is
equivalent to our notion defined above in the context of Thurston maps (see [BM17,
Proposition 6.4]). Such concepts of expansion are natural analogs, in the contexts of
finite branched coverings and Thurston maps, to some of the more classical versions,
such as expansive homeomorphisms and forward-expansive continuous maps between
compact metric spaces (see for example, [KH95, Definition 3.2.11]), and distance-
expanding maps between compact metric spaces (see for example, [PrUL0, Chapter 4]).
Our notion of expansion is not equivalent to any such classical notion in the context
of Thurston maps. One topological obstruction comes from the presence of critical
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points for (non-homeomorphic) branched covering maps on S%. In fact, as mentioned
in the introduction, there are subtle connections between our notion of expansion
and some classical notions of weak expansion. More precisely, one can prove that an
expanding Thurston map is asymptotically h-expansive if and only if it has no peri-
odic points. Moreover, such a map is never h-expansive. Asymptotic h-expansiveness
and h-expansiveness are two notions of weak expansion introduced by M. Misiurewicz
[Mi73] and R. Bowen [Bow72|, respectively. See [Lil5] for details.

For an expanding Thurston map f, we can fix a particular metric d on S? called
a visual metric for f. For the existence and properties of such metrics, see [BM17,
Chapter 8|. For a visual metric d for f, there exists a unique constant A > 1 called the
expansion factor of d (see [BM17, Chapter 8] for more details). One major advantage
of a visual metric d is that in (S%, d), we have good quantitative control over the sizes
of the cells in the cell decompositions discussed above. We summarize several results
of this type ([BMI17, Proposition 8.4, Lemmas 8.10, 8.11]) in the lemma below.

Lemma 3.9 (M. Bonk & D. Meyer [BMI7]). Let f: S* — S? be an expanding
Thurston map, and C C S? be a Jordan curve containing post f. Let d be a visual
metric on S? for f with expansion factor A > 1. Then there exist constants C > 1,
K > 1, and nyg € Ny with the following properties:

(i) d(a 7') C—'A™" whenever o and T are disjoint n-cells for n € Ny.

(ii) C < diamy(7) < CA™™ for all n-edges and all n-tiles T for n € Ny.

(iii) Bd(:c KA C U"(z) C By(z, KA™) for x € S? and n € Ny.
)

(iv) U™™mo(x) C By(x,r) C U™ (x) where n = [—logr/logA] for r > 0 and
x €S2

(v) For every n-tile X™ € X"(f,C), n € Ny, there exists a point p € X™ such that
By(p, C'A™") € X™ C Ba(p, CA™™).

Conuversely, ifc?z’s a metric on S? satisfying conditions (i) and (ii) for some constant
C > 1, then d is a visual metric with expansion factor A > 1.

Recall that U"(z) is defined in (3.7).

Note that a visual metric d induces the standard topology on S? ([BM17, Proposi-
tion 8.3]).

In fact, visual metrics play a crucial role in connecting the dynamical arguments
with geometric properties for rational expanding Thurston maps, especially Lattes
maps.

A Jordan curve C C S? is f-invariant if f(C) C C. We are interested in f-invariant
Jordan curves that contain post f, since for such a Jordan curve C, we get a cellular
Markov partition (D*(f,C),D(f,C)) for f. According to Example 15.11 in [BM17],
such f-invariant Jordan curves containing post f need not exist. However, M. Bonk
and D. Meyer [BM17, Theorem 15.1] proved that there exists an f"-invariant Jordan
curve C containing post f for each sufficiently large n depending on f. A slightly
stronger version of this result was proved in [Lil6, Lemma 3.11], and we record it
below.
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Lemma 3.10 (M. Bonk & D. Meyer [BM17], Z. Li [Lil6]). Let f: S* — S? be an
expanding Thurston map, and C C S? be a Jordan curve with post f € C. Then
there exists an integer N(f,C) € N such that for each n = N(f,C) there exists an

fr-invariant Jordan curve C isotopic to C rel. post f such that no n-tile in X"(f,C)
joins opposite sides of C.

The phrase “joining opposite sides” has a specific meaning in our context.

Definition 3.11 (Joining opposite sides). Fix a Thurston map f with card(post f) > 3
and an f-invariant Jordan curve C containing post f. A set K C S? joins opposite
sides of C if K meets two disjoint 0-edges when card(post f) > 4, or K meets all three
0-edges when card(post f) = 3.

Note that card(post f) > 3 for each expanding Thurston map f [BM17, Lemma 6.1].
The following lemma proved in [Lil8, Lemma 3.13] generalizes [BM17, Lemma 15.25].

Lemma 3.12 (M. Bonk & D. Meyer [BM17], Z. Li [Lil8]). Let f: S* — S? be an
exzpanding Thurston map, and C C S? be a Jordan curve that satisfies post f C C and
fre(C) C C for some ne € N. Let d be a visual metric on S* for f with expansion
factor A > 1. Then there exists a constant Cy > 1, depending only on f, d, C, and
ne, with the following property:

Ifk,n € Ny, X"tk € X"*(f.C), and z, y € X", then

(3.8) Co ld(w,y) < AT"d(f"(2), f"(y)) < Cod(z,y).

The following distortion lemma serves as a cornerstone in the development of ther-
modynamic formalism for expanding Thurston maps in [Lil8] (see [Lil8, Lemma 5.1]).

Lemma 3.13 (Z. Li |Lil8]). Let f: S* — S? be an expanding Thurston map and
C C S? be a Jordan curve containing post f with the property that f*<(C) C C for
some ne € N. Let d be a visual metric on S? for f with expansion factor A > 1. Let
¢ € C%(S?.d) be a real-valued Holder continuous function with an exponent o € (0,1].
Then there exists a constant Cy = C1(f,C,d, ¢, ) depending only on f, C, d, ¢, and
a such that

(3.9) |[Snd(2) = Snd(y)| < Crd(f"(x), f"(y))",

forn, m € Ng withn < m, X™ € X"(f,C), and x, y € X™. Quantitatively, we can
choose

(3.10) Cl = ‘¢|a,(32,d) C’0(1 - A_a)_lv
where Cy > 1 is the constant depending only on f, C, and d from Lemma[3.12.

Definition 3.14 (Eventually positive functions). Let g: X — X be a map on a set
X, and ¢: X — C be a complex-valued function on X. Then ¢ is eventually positive
if there exists N € N such that S,p(z) > 0 for each x € X and each n € N with
n > N.
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3.2. Combinatorial expansion factor. We first recall some concepts related to the
expansion of expanding Thurston maps from a combinatorial point of view. Suppose
that f: S? — S? is a Thurston map and C C S? is a Jordan curve with post f C C.
For each n € Ny, we denote by D, (f,C) the minimal number of n-tiles required to
form a connected set joining opposite sides of C; more precisely,

(3.11) D,(f,C) = min{N € N : there exist X1, Xo, ..., Xy € X"(f,C) such that

N
U X is connected and joins opposite sides of C}.
j=1

See [BM17, Section 5.7] for more properties of D, (f,C). M. Bonk and D. Meyer
showed in [BM17, Proposition 16.1] that the limit

exists and is independent of C. We have Ag(f) € (1,+00). The constant Ag(f) is
called the combinatorial expansion factor of f.

The combinatorial expansion factor Ag(f) serves as a sharp upper bound for the
expansion factors of visual metrics of f; more precisely, for an expanding Thurston

map f, the following statements hold ([BM17, Theorem 16.3]):

(i) If A is the expansion factor of a visual metric for f, then A € (1, Ao(f)]-

(ii) Conversely, if A € (1,A¢(f)), then there exists a visual metric for f with
expansion factor A.

3.3. Strong non-integrability condition. We recall the strong non-integrability
condition from [LZ24bl Subsection 7.1].

Definition 3.15 (Strong non-integrability condition). Let f: S? — S? be an ex-
panding Thurston map and d be a visual metric on S? for f. Fix a € (0,1]. Let
¢ € C%(S?. d) be a real-valued Holder continuous function with an exponent .
(1) We say that ¢ satisfies the (C, «)-strong non-integrability condition (with re-
spect to f and d), for a Jordan curve C C S? with post f C C, if there exist
(a) numbers Ny, My € N, ¢ € (0,1), and
(b) My-tiles Y € X (f,C), Y;Mo € XMo(f,C)
such that for each ¢ € {b, o}, each integer M > My, and each M-tile X €
XM(f,C) with X C YMo_ there exist two points z1(X), 72(X) € X with the
following properties:
(i) min{d(x,(X), S?\ X), d(2o(X), S?\ X), d(21(X), 22(X))} > e diamgy(X),
and
(ii) for each integer N > Ny, there exist two (N + M)-tiles Xc{vlJrMO, XingMO €
XN+Mo(f,C) such that Yo = fN(XNTY0) = f¥( X570, and that
(3.13)
[Sn¢(a(z1(X))) — Snd(e(r1(X))) — Sné(a(r2(X))) + Snd(s(z2(X)))]
d(z1(X), z2(X))

Z €,
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N+MO)_1.

. -1
where we write ¢; = } XN+MO) and ¢ = } X!

(2) We say that ¢ satisfies the a-strong non-integrability condition (with respect to
f and d) if ¢ satisfies the (C, «)-strong non-integrability condition with respect
to f and d for some Jordan curve C C S? with post f C C.

e say that ¢ satisfies the strong non-integrability condition (with respect to

3) W that ¢ satisfies the st nt bilit diti ith tt
f and d) if ¢ satisfies the o/-strong non-integrability condition with respect to
f and d for some o/ € (0, a.

We have shown in [LZ24D, Lemma 7.2] that the strong non-integrability condition
is independent of the Jordan curve C. We record it here for the convenience of the
reader.

Lemma 3.16. Let f: S* — S* be an expanding Thurston map and d be a visual
metric on S? for f. Let C and C be Jordan curves on S? with post f CCN C. Let
¢ € C%(S?.d) be a real-valued Holder continuous function with an exponent o € (0,1].

Fixz arbitrary integers n,n € N. Let F = f" and F = f™ be iterates of f. Then
D= Slo satisfies the (C «)-strong non- integrability condition with respect to F' and

d if and only if & = qub satisfies the (C a)-strong non-integrability condition with

respect to F and d.

In particular, if ¢ satisfies the a-strong non-integrability condition with respect to f
and d, then it satisfies the (C,«)-strong non-integrability condition with respect to f
and d.

Denote
(3.14) X7 o= {{X i}tien, : X € X'(f,C) and f(X_(41)) 2 X, for i € No}.
The next notion is crucial in Section Ml

Definition 3.17 (Temporal distance). Let f: S* — S? be an expanding Thurston
map and d be a visual metric on S? for f. Let C be a Jordan curve on S? with
post f C C and f(C) C C. Let ¢ € C**(S?,d) be a real-valued Holder continuous
function with an exponent « € (0, 1].

For § = {€ i}ien, € X5 ¢ and 1) = {n_i}ien, € X o with f(&) = f(m0), we define the

temporal distance @Dgs as

Vi () = AL (e y) — ALS (2, y)

for each (z,y) e U X xX.

Xex!(f,0)
XCf(o)

For the definition and characterizations of a qualitative version of the strong non-
integrability condition, formulated in terms of the temporal distance, see [LZ24al, Def-
inition 7.3 and Theorem F].
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4. A CONSTRUCTIVE PROOF OF DENSITY

The main result of this section is Theorem I first need to establish the following
lemma.

Lemma 4.1. Let f: S*> — S? be an expanding Thurston map with a Jordan curve
C C S? satisfying post f € C and f(C) C C. Then there exist two sequences of 1-
tiles {& i }iemys {§ s tiren, € Ef o such that f(§o) = f(&) and E4 = & # &y for all
1,7 € Ny.

Proof. We first claim that if the white 0-tile X2 € X" does not contain a white 1-tile,
then there exists a black 1-tile X! € X} such that X! = X?.

Indeed, note that for each 1-edge e' € E!, there exists a unique black 1-tile X, € X}
and a unique white 1-tile X, € X}, such that X, N X, = e'. Suppose that X is a
union X9 = U, X; of k distinct black 1-tiles X; € X}, i € {1,2, ..., k}, then
Ule 0X; C 0X2 = C. Since each of C and 9X;, i € {1, 2, ..., k}, is a Jordan curve
and 0X; # 0X; for 1 < j < j' <k, we conclude that k = 1, establishing the claim.

A similar statement holds if we exchange black and white.

Next, we observe that if the white 0-tile X2 is also a white 1-tile or the black 0-tile
X? is also a black 1-tile, then f cannot be expanding.

Hence, it suffices to construct the sequences {€_;}ien, and {£’, }ien, in the following
two cases:

Case 1. Either X0 = X! for some black 1-tile X} € X} or X = X} for some
white 1-tile X! € X! . Without loss of generality, we assume the former holds. Since
deg f > 2, we can choose a black 1-tile Y;! € X| and a white 1-tile Y} € X}, such that
Yy UYE C XP. Then we define £ ; = Y{! for all i € Ny, &', .= X! if ¢/ € Ny is even,
and &, =Y} if i € Ny is odd.

Case 2. There exist black 1-tiles X}, Y;! € X} and white 1-tiles X}, Yo € X}, such
that X U XL C X2 and Y UY,] C X?. Then we define £ ; = V! for all i € Ny,
& =X}, and ¢, = X for all i’ € N.

It is trivial to check that in both cases, { i }ieng, {4y bven, € X7 cs f(&0) = f(£),
and & ; =& # ¢, for all i, i € No. O

Theorem 4.2. Let f: S? — S?% be an expanding Thurston map with a Jordan curve
C C S? satisfying post f C C and f(C) CC. Let d be a visual metric on S* for f with
expansion factor A > 1. Fiz a € (0,1]. Assume that A* < Ao(f). Then there exists
a constant Cy > 0 such that for each € > 0 and each real-valued Hélder continuous
function ¢ € C%*(S? d) with an exponent «, there exist integers Ny, My € N, M-
tiles Yo € XMo(f,C), Y Mo € XMo(f,C), and a real-valued Hélder continuous function
¢ € C%(S?.d) such that for each ¢ € {b, w}, each integer M > My, and each M-tile
X e XM(f,C) with X C YMo_ there ewist two points x1(X), 2o(X) € X with the
following properties:

(i) min{d(z1(X), S\ X), d(z2(X), S\ X), d(z1(X), 22(X))} > & diamg(X).
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(ii) for each integer N' > Ny, there exist two (N’ + My)-tiles XC,NIU’MO, Xi\gJ’MO €
XN FMo(f,.C) such that YMo = fN'(XTM0) = V(X [5H0) | and that
(4.1)
1S @61 (21(X))) = Snd(a(21(X))) = Sl (#2(X))) + Sn (o (2(X)))|
d(a1(X), 2o (X))*

Z €,

! U

. -1 —1
where we write ¢ ‘= (fN XN’+]\/IO) and Gy = (fN XN’+]\/IO) .
c,1 c,2

(i) ¢ = @llcoa(sz,a < Cie-
Proof. Denote
(4.2) Ci :=4C*A* > 1.
Here C' > 1 is the constant from Lemma depending only on f, C, and d.
Since AY < Ag(f) = lim, 100 Dn(f,C)V/" (see BI2)), we can fix N € N large
enough such that the following statements hold:
e 3 <3CiC < AN < Dy(f,C)—1.
e There exist uf, u?, ul, u2 € V¥ such that for all ¢ € {b, w},

(43) W (W)U (u2) Cinte(X?)  and W' (u)) N (u?) = 0.

We denote Dy := Dy(f,C) in the remaining part of this proof.
It suffices to establish the theorem for € > 0 sufficiently small. Fix arbitrary

(4.4) g€ (0,C7°A7*N) C (0,1).
We define the following constants
(4.5) p=AN(Dy—1)"" € (0,1),
(4.6) Cyi=1+CiC(4(1 — p)™t + AV (1 — AoN) ),
(4.7) No = [ og, (2C% ™ (¢l co.as2.0) + C1)Co/ (1 = A7) .

Here Cy > 1 is the constant depending only on f, C, and d from Lemma [3.12]
Choose two sequences of 1-tiles  :== {{ i }ien, € X ¢ and & = {&, birew, € ¥} ¢ as

in Lemma [T such that f(&) = f(&)) and £ ; = & # £, for all 4, i’ € Ny. We denote,

for each j € N,

(4.8)

7= (fle,) oo (fle) o (fle) T and 7= (fle_ ) oo (fle,) o (flg)

Since f is an expanding Thurston map and & is a 1-tile, we have (&) 2 &, for
otherwise &, would have been an n-tile for each n € Ny. Thus, we can fix a constant

(4.9) My > o™ logy (2C; /(1 — A~°N))

large enough such that we can choose Y € X and VM0 € XMo with Y onyMo £ ()
and

(4.10) YUyt Cinte(f(&)) \ o
We fix such Y, € X and Y0 € XMo. See Figure B
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FI1GURE 4.1. Constructions for the proof of Theorem [4.2]

We want to construct, for each n € Ny and each (n + N)-vertex v € V™™V " a non-
negative bump function Y, ,,: S? — [0, +00) that satisfies the following properties:

(a) Ton(v) = CtA™"e and T, , () = 0 if z € S2\ W™V (v).
(b) [ Tonllcoszy = CtA™"e.
(c) For each m € N, each X € X"*™N "and each pair of points z, y € X,

(4.11) 1Ton(z) = Yon(y)] < CsA™"e(Dy — 1)~ m=D,

Fix arbitrary n € Ny and v € V"V,
In order to construct such T, ,,, we first need to construct a collection of sets whose

boundaries serve as level sets of T,,,,. More precisely, we will construct a collection of
closed subsets {U; }icr of W™ (v) indexed by

(4.12) I=[J{0.1,..., Dy —1}"
keN

that satisfy the following properties:
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(1) U; is either {v} or a nonempty union of (n + (k + 1)N)-tiles if the length of
i€liskeN,ie,i€{0,1,..., Dy —1}* Moreover, U; = {v} if and only if
i = (i1, 42, ...,i5) = (0,0, ..,0).
(2) S?\ U; is a finite disjoint union of simply connected open sets for each i € I.
(3) Utirsio,.in) = Uiy sis,....ir,0) for each k € N and each ¢ = (iy,4a,...,1) € 1.
(4) U; CintU; CU; CW™HN(v) for all 4, j € T with i < j.
Here we say i < j, for i = (i1,42,...,4x) € I and j = (j1,J2,...,Jx) € I, if one of the
following statements holds:
ok < k', i = j forall €N with [ <k, and jy # 0 for some I € N with
k<l <K.
e There exists I € N with I’ < min{k, £’} such that iy < jp and ¢ = 7 for all
l e Nwith [ <.
Wesayzéiforg',ie[ifeitherg’<iorg':i.
We denote

I
(4.13) Iy =10, and I, == U{l, ..., Dy — 1}* for each [ € N.
k=1

We construct U; recursively on the length of 7 € I.
We set Uqgy := {v}. Fori = (i1), 41 € {1, ..., Dy —1}, we define a connected closed
set

UGy = U{Xil : there exist X7, Xy, ..., X;, € X"V

i1
such that U X,,, is connected and v € Xl}.
m=1

Note that Ug,y € W™ (v) fori; € {1, 2, ..., Dy —1} since otherwise there would ex-
ist X1, Xy, ..., Xi, € X"*2V such that the union | J” _, f**V(X,,) of N-tiles f**V(X,,) €
X (see Proposition 3.5 (i), m € {1, 2, ..., i1}, is connected and joins opposite sides
of C which is impossible due to the definition of Dy (see (8.11])). Then Properties (1),
(2), and (4) hold for 4, j € {0, 1, ..., Dy — 1}' by our construction.

Assume that we have constructed U; C W™ (v) for each i € [; for some | € N,
that Property (3) holds for each i € I, 1, and that Properties (1), (2), and (4) hold
for all 2, j € I.

Fix arbitrary i = (iy,4,...,4) € {0, 1, ..., Dy—1}and 4., € {1, 2, ..., Dy—1}.
Denote j = (i1, 92, ..,0,4141). Set Ug, jy,...i0) = U;. We define a connected closed
set
c Xn+(l+2)N

I+1

Ul = Ulu U{Xil+1 : there exist Xl, XQ, ey Xz

i41
such that U X, 1s connected and U; N X, # (Z)}.

m=1
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X € XMty
FIGURE 4.2. Level sets 0Uj;,y, i1 € {1, 2, ..., Dy — 1}, of Ty (x), Mo+

WMo-i-QN (Ul (X))

FIGURE 4.3. Level sets OU(4;,), 12 € {1, 2, ..., Dy — 1}, of T (x), Mo+N-
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Claim 1. Uj Q int U(i172'27___7i17171+il) if 'él 7& DN — 1, and Uj g W”+N(U) if 'él = DN —1.

We first establish Claim 1 in the case i, # Dy —1. Denote i’ == (i1, s, ...,%-1, 1+1;).
By Property (1) of {U; }ie1,, U; and Uy are unions of (n+(I+1)N)-tiles. By Property (4)
of {Ui}ier,, Ui C intUy, so OU; N 90Uy = 0. We argue by contradiction and assume
that U; ¢ intUy. Then there exist Xi, Xo, ..., X;,, € X""#2N guch that the
union K = Uifj:ll X, is a connected set that intersects both OU; and 0U; nontrivially.
Then K cannot be a subset of a single (n + (I + 1)N)-flower (of an (n + (I + 1)N)-
vertex). Since each connected component of the preimage of a 0-flower under fm+(+HN
is an (n + (I + 1)N)-flower, we observe that f*+(+DN(K) cannot be a subset of a
single O-flower (of a O-vertex), or equivalently (see [BM17, Lemma 5.33]), f*+(+DN(K)
joins opposite sides of C. Since frHHDN([) = |Jiet fr+(+DN (X Y is connected,
{frrEON(X) cmoe {1, 2, .. i} © XY (see Proposition B3 (i) , and i4q <
Dy — 1, we get a contradiction to the definition of Dy (see (B.11))).

Claim 1 is now proved in the case i; # Dy — 1. The argument for the proof of the
case 1, = Dy — 1 is similar, and we omit it here.

By Claim 1 and Property (4) of {U;}ics,, we have U; C W™ (v).

Then Properties (1) and (2) hold for each i € {0, 1, ..., Dy — 1} Property (3)
holds for each i € {0, 1, ..., Dy — 1} In order to verify Property (4) of {U;}ey,.,, it
suffices to observe that by Claim 1 and our construction, for all j € I; and

11y 02, -y U1, 041, i;_H €{0,1,..., Dy — 1}
with 1 <4 < ip,, and @ == (41, 49,...,%) < j, we have

Ui CintUp CUp CintUp C Up Cint Uy,
where ﬁ = (’él,ig, e ,’él,il+1) and ﬁ = (il,ig, e ,il,’é2+1).

The construction of {U; },c; and the verification of Properties (1) through (4) is now
complete.

We can now construct the bump function Y, ,,: S? — [0, +00) and verify that it
satisfies Properties (a) through (c) of the bump functions.
We define

(4.14) Ty n(v) = CtA™"e and Ty n(x) =0if 2 € S*\ Upy-1).

Property (a) of the bump functions follows from Property (4) of {U; }ier.
We denote, for each k € N,

[Z = {(il,ig,...,ik) Elk:z'k;éO, ’il%DN—lfOr 1 <l<]€}
Define I* := |, op Ii-
For arbitrary k € N and i = (iy, 12, ...,1) € I}, we define a subset A; of W™ (v)
by
(4.15) Ai = Ulisig,ooin-1it) \ Ul iz _1,ix—1,Dn—1)-

In particular A,y = Uy, \ U, —1,04—1) for i, € {1, 2, ..., Dy — 1}. We note that by
Property (4) of {U, }ier,

(4.16) AinA; =0 foralld,je " withi#j.
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Thus, we define, for each k € N and each i = (iy, s, ...,0) € I},

(4.17) Ty n(x) = CtA™"e (1 -y m)

j=1

for each x € A,.
With abuse of notation, for each i € I*, we write Y, ,,(4;) == T, ,(z) for any z € A,.
So far we have defined T, ,, on

(4.18) = {v}U (S*\ Upy-n) U | 4

iel*

Claim 2. The set 4 contains all vertices, i.e., UkeNO VFC .

In order to establish Claim 2, it suffices to show that « € 4l for each z € V*+(m+DNn
Upy-1) \ {v} and each m € N. We fix an arbitrary integer m € N and an arbitrary
vertex ¥ € V"HmHONAT 0\ {v}. We choose a sequence {i; }renin {0, 1, ..., Dy—
2} recursively as follows:

Let iy be the largest integer in {0, 1, ..., Dy — 2} with o ¢ Uy,). Assume that

we have chosen {i;},_, in {0, 1, ..., Dy — 2} for some [ € N with the property that
T & Uiy ig,..ipy and @ € U, 4y,.i, 4,144, then by Properties (3) and (4) of {Ui}icr, we
can choose 7,1 to be the largest integer in {0, 1, ..., Dy — 1} with o & Ug, iy, )

Assume that i1y = Dy —1. Thus, (i1,42,...,%-1,1+%4) € [*and x € Ug, iy, iy 1140 \
U(il,i2,~~~,il,DN—1) = A(i17i27---775l7171+75l)'

So we can assume, without loss of generality, that iy, # Dy—1 for all k € N, i.e., {iy :
k€ N} C{0,1,..., Dy — 2} can be constructed above. Then = € Uy, iy, . ivu_1 14im)-
Since both U, iy, iy 1,14im) a0d U, 4.0y are unions of (n + (m + 1)N)-tiles (see
Property (1) of {U;}icr), we can see that x ¢ U, 4., Dy—1) Sihce otherwise there
would exist X1, Xo, ..., Xpy_1 € X2V guch that the union K = UkD:Nl_l X, is
connected and have nontrivial intersections with Uy, 4,,...4,,) and {z}, and consequently
KNown+m+DN () o£ (). This is impossible since f"+™ UV () as a union of N-tiles
frrm+ON (X)) (see Proposition 3.5 (i), [ € {1, 2, ..., Dy — 1}, cannot join opposite
sides of C due to the definition of Dy in (BI1)). Hence, (i1,d2,...,0m_1,1+ i) € I*
and r € U(i1,i2,...,im71,1+im) \ U(il,iz,...,im,DN—l) = A(il,iz,...,im,1,1+im)- Claim 2 is now
established.

Claim 3. For the function T, ,, defined on 4, inequality (4.I1]) holds for each m € N,
each X € X"tV and each pair of points =, y € X N 4L

Fix arbitrary m € N, X € X" ‘and x, y € X N4. Inequality (ZII) holds for
x, y € X N4 trivially if m = 1 by (£14) and (AIT). So without loss of generality, we
can assume m > 2. We choose a sequence {iy}ren in {0, 1, ..., Dy — 1} recursively
as follows:

Let 41 be the largest integer in {0, 1, ..., Dy — 1} with X ¢ U,). Assume that
we have chosen {ik}2:1 for some [ € N with the property that X 51 Uiy ig,....i), then
by Properties (3) and (4) of {U, }ier, we can choose 4,41 to be the largest integer in
{0, 1, ey DN - 1} with X 7,@ U(il,iz,---7il+1)‘

We establish Claim 3 by considering the following two cases:
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Case 1. iy = Dy — 1 for some integer k € [1,m — 1]. Without loss of generality,
we assume that k is the smallest such integer. Recall that m > 2. If k£ = 1, then
by Property (1) of {U;}ier, X C (S*\int Upy-1)) € (S*\ Upy-1)) U Apy-1), and
consequently Y(x) =0 = Y(y) by (414) and ([@I7). If £ > 2, then (i1, 2, ...,9k_2, 1 +
ik—l), (il, 19+« s k1, Dy — 1) eI, and

X C Uiy ig,mipaitin-) N Uiy ia iy 1.Dx—1) © Al inig a1 4in—) Y Alin o, iy Dy —1)

by our choice of i,_y, the fact that both Ug, iy, i 5,144, 1) a0d Uiy iy,..ip_1,Dy—1) aT€
unions of (n + (k + 1)N)-tiles (by Property (1) of {U,}ier), and (£I5). Hence, by

BID), Yo n(e) = CiA™ (1= 2, k) = Lun(y)-

Case 2. i, < Dy — 2 for all integer k € [1,m — 1]. Then by our choice of i,,_; and
Properties (1) and (4) of {U,}ser,

(4.19) X C Uiy insim 21 tim-—) N Uiy o i 1) © Ul i, i, 14im 1) \ Uj

for each j € I with j < (i1, 42, ..., Im—1).
Note that by ([@I5) and Property (4) of {U; }ier,

(4.20) A; C Uj for all i € I" and j € I with i <.
By (.14) and (£.17),
(4.21) Ton(As) = Ton(A)) forall i, j € I* with i < j.

Thus, by (I9), @20), and (@21,
To,n(2) = To,n(y)] <inf{Yy ,(A):jeL, i€l i<j<(ir,i,... 0m1)}

— lIlf{Tv7n(A1) . @ € I*, Z < ('él, ig, Ce ,’ém_g, 1 —|— im—l)}
< CiA™"e(Dy — 1)~ m=1),

where the last identity follows easily from (£I7) and the definition of I* by separate
explicit calculations depending on %,, 1 = 0 or not.

Claim 3 is now established.

Claim 4. The function T, , is continuous on l.

Fix arbitrary z, y €  and m € N with x # y and y € U™ (z) (see ([3.7)). Then
there exist X;, Xy € X"*™¥ guch that v € X, y € X», and X; N X, # 0. It follows

immediately from Definition[3.2] (iii) that there exists an (n+mN)-vertex z in X; NX5.
Then by Claim 2 and Claim 3,

To,n(2) = To,n(y)] < |To,n(®) = To,n(2)] +[To,n(2) = To,n(y)]
< 2CTA_Om€(DN - 1)—(m—1)'
Hence, Claim 4 follows from Lemma (iv) and the fact that Dy — 1 > 1.

Since we have defined Y,,,, continuously on a dense subset f of S? by Claim 2 and
Claim 4, we can now extend Y,,,, continuously to S?. Property (b) of the bump func-
tions follows immediately from (14 and (AI7). Property (c) of the bump functions
follows from Claim 3.

Recall u}, uZ, ul, u2 € V¥ defined above.
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For each n € Ny, each n-tile X € X" and each i € {1, 2}, we define a point

)T ) i X e X,
(4.22) vilX) = {(f"|x)_1(Ufn) if X € X2

Fix an arbitrary real-valued Holder continuous function ¢ € C%%(S2 d) with an
exponent «.

We are going to construct ¢ € C%%(S?, d) for the given ¢ by defining their difference
T € 0%(S? d) supported on the (disjoint) backward orbits of Y U VMo along
{& i }ien, as the sum of a collection of non-negative bump functions constructed above.

We construct ¢,, € C%*(S?, d) recursively on m € Nj.

Set ¢ = .

Assume that ¢; € C%*(S?,d) has been constructed for some i € Ny, we define a
number dx € {0, 1}, for each X € XMo+(+DN with X C Y, uyYyMo, by

(123 by {1 i (i) & (01(X), 12(00)] < 22d (01 (X), 1a(X))",
0 otherwise.

We define
(4.24) Pit1 = @i+ Z Z Ox Ty (75(X)), Mo+ (i+ 1) N+
JEN xexMo+(i+1)N
xcyMouyg'e

and finally define the non-negative bump function Y: S% — [0,1) by

(425) T := Z Z Z 6XT’L)1(T]‘(X)),M0+mN+j‘

JEN meN xexMot+mN
xcyouyo

Here the function 7; is defined in (A.8)). It follows immediately from Property (b) of the
bump functions that the series in (£24]) and (£.25)) converge uniformly and absolutely.

We set ¢ .= o+ T.

For each ¢ € {b, w}, each integer M > My, and each M-tile X € XM with X C
YCMO, we choose an arbitrary (MO + ]_M;VMO-‘N)—tile X" with X’ C X and define
x;(X) == v;(X’) for each ¢ € {1, 2}.

Now we discuss some properties of the supports of the terms in the series defining
T in (425). See Figure .11

Fix arbitrary integers m, j € N, by Property (a) of the bump functions, (£.22]), and
properties of uf, ul, € V¥ we have

Mo+ (m+1)N+j (’U1 (7_ ))
j
) .(Y’E]MO Y‘é\/fo)’
for each (My + mN)-tile X € XMo+mN with X C VM U Y M. Consequently, by

([@286) and the fact that 7;, (Y UYM0) and 75, (Y, U Y;M0) are disjoint for distinct
J1, J2 € N (see Figure []), we have

(4'26> supp Tvl (15(X)), Mo+mN+j cw
C inte (Tj

(4.27) Supp Tvl(le (X1)), Mo+mN+j; [1Supp Tv1(‘fj2 (X2)), Mo+mN+j2 — 0
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for each pair of integers 71, jo € N and each pair of (My+mN)-tiles X;, X, € XMotm¥
with Xl U X2 g YV[]MO U Yté‘/lo and (jlaXl) 7& (jQ,Xg).
We are now ready to verify Property (iii) in Theorem 4.2l

Property (ii1). By (£27), Property (b) of the bump functions, and (4.9]),
1T cogs2)
< sup{ | Yo, ). Mosmivslloos?) 1§ € N, X € XMV x € yMo gy}

meN
< Z CTA—a(Mo—i-mN)E
meN
< C Aoz /(1 — A-N)
<eg/2.

Fix z, y € S? with z # y.
Note that supp T C (J;cy 75 (Y[,MO UY) and that this union is a disjoint union.

We bound W by considering the following cases:

Case 1. x ¢ supp Y and y ¢ supp Y. Then Y(z) — T(y) = 0.

Case 2. {z, y} N1 (Y UYM) £ 0 and {z, y} € 75(f(&) \ &) for some j € N.
Without loss of generality, we can assume that j is the smallest such integer. Then
by (4I0), Lemma (i), and Property (b) of the bump functions,

() = T(y)l/d(z, y)"
2 _meN Sup{||TU1(T]’(X)):MO+mN+jHCO(S2) P X e XM, X YbMO U Ytr])wo}

/N

C—o A—a(Mo+j)
< CaAa(Mo—i-j) Z CTA_Q(MO+mN+j)€
meN
<eCOA™ /(1= A7)
<eCCi(30C) (1 =371

£
e/2.
The last inequality follows from our choice of N at the beginning of this proof.

Case 3. {x, y} N (Y UYM) £ 0 and {z, y} C 75(f(&) \ &) for some j € N.
Note that such j is unique. Then by ([E25) and our constructions of Y, Mo ¢ X Mo
and § € X ., we get that for each 2 € {z, y},

(4.28) T(z) = Z Z Ox Yoy (m; (X)), Mo+mN+5(2)-

meN XGX}%O +mN
xcyMouy,o

Since f is an expanding Thurston map, we can define an integer
my = max{k € Z : there exist X;, X5 € XMo+kN+J guch that
X EXl, Yy EXQ, and leXQ #@}
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If my; <0, then by ([4.28), (4.20]), Property (b) of the bump functions, Lemma3.9] (i),
and (4.€]), we have

T(z) = T(y)|/d(z,y)*

Z Sup{HTm (7;(X)), M0+mN+J||CO s2) 1 X € XMotml, X € YMO YMO}
\ meN d(l’ y)
(C—lA—(Mo+N+j))_a Z CTA—oz(Mo+mN+j)8

meN

N

<CO(1—A M)
< (Cﬁ — 1)8.

If m; > 1, then y € UMot™N+i(3) and y ¢ UMot(m+DN+i (1) (see ([B1)). Choose
X, X, € XM0+m1N+3 such that x € X, y € Xy, and X; N X, = 0. For each i € {1, 2}
and each m € N with 1 < m < my, we denote the unique (My + mN + j)-tile
containing X; by Y,’. Then by (£28), (£20), Properties (b) and (c) of the bump
functions, Lemma 3.9 (i), (4.5)), and (4.6),

T (x) = Y(y)|/d(z,y)"
Ox| Lo (7 (x)), MotmnN+5(T) = Loy (7(x)), Motmn+5 (Y)]
<22 iz, y)°

meN Xexl\/lo +mN
xcyMouyo

SUPY (| Lo r; (x)), Motmn+jllcose) + X € XMormN -y C yMoyy Mo}
< Z

m=m1 d(l’,y)a
mi—1
+ 12 Z Los ), Mo+ (%) = Ty ), vdgmnv+5 ()
m=1 ie{1,2} d(x7y>a
< Ly CiA~ a(Mo+mN+j) 6+Zm1 14CA a(Mo+mN+j) e(Dy — 1)—(m1—m—1)
X

C—o A—a(Mo+(mi1+1)N+j)
< COAN (1= A M) 4 41— p) e
= (Cﬁ - 1)6.

To summarize, we have shown that

1 1
¢ — ‘P||co,a(sz7d) < (5 + 5 +Cy — 1)5 = Cye,

establishing Property (iii) in Theorem 4.2l

Finally, we are going to verify Properties (i) and (ii) in Theorem

Fix arbitrary ¢ € {b, w}, M € N with M > M,, and X, € XM with X, C Y.
Denote mg = [M5Me], M == My + mgN € [M,M + N), and fix X’ € XM with
71(Xo) = v1(X") € VMTN and 25(Xp) = va(X') € VM'HN,
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Pmperty (z) Fix arbltrary i € {1, 2}. Since w (xz-(Xo)) C inte(X’) C inte(X))

and W (:Bl(XO)) nw N(:EQ(XO)) = () (which follows from (&3])), we get from
Lemma 3.9 (i) and (ii) that

d(24(Xo), S\ Xo) = CTATMHN) > CIATMZ2N 5 022N diamy (X)),
and similarly,
d(z1(Xo), 22(X0)) = CTIATMFN) > C=IA=M=2N > 0=2A=2N diam,y(X,).
Property (i) in Theorem A2l now follows from (4.4)).
Property (ii). We first show
(4.29) }gbg o (21(Xo), 22(X0))| = 2ed(z1(Xo), 22(X0))*.

Indeed, observe that by our construction and (£26), for each integer m > my, the

sets
U U supp Tvl(Tj(X)),Mo—i-mN-i-j - U U inte(7;(X))

JEN XeXMo+mN JEN XeXMo+mN
xcyMouyg xcyMouy

are disjoint from the backward orbits of v; (X’) € VMoFt(mo+DN and g, (X') € VMot(mo+)N
under £ and ¢'. Thus, by ([£24),

|68 6 (21(Xo0), 22(X0)))|
= |oL e (01 (X), va(X))]
f,C

+oo
= ‘ (30?710 + Z Z Z 5XTU1(TJ‘(X))7MO+mN+j>§7£l(vl(X,)’ vo (X))

JEN m=mo+1 xeXMo+mN
xcyMouy,'o

= |(Pmo) L 6 (01 (X), va(X))].
We observe that for each j € N, the sets

U U supp TUI(Tj(X))7MO+mON+j C U U inte(Tj(X))

JEN XexMoerON\{X/} jEN Xexl\lo+mON\{X/}
xcyMouyg' xcyMouyp

are disjoint from the backward orbits of v1(X’) and v9(X’) under £ and &’ (by (£.26]) and
our choices of ¢ and &’ from Lemma 1)), See Figure[Il Thus, for each X € XMotmoN
with X C VM U Y o and X # X', we have

(4.30) (Conr; 000, Mot monv+5)E g (1 (X7), v5( X)) = 0.
By our construction in (£.23) and ([d.24)), if
| (Pmo-1)L 6 (01(X7),02(X7))| = 2ed(v1(X7), 02( X)),
then dx, = 0, and consequently, by (M) and (4.30), we have
| (Do) 6 (01 (X X)| = [(emo-1)E 6 (01(X), 02(X))| = 2ed(v1(X), va( X))
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On the other hand, if
|(Pmo—1)E e (01 (X7, 02(X"))] < 2ed(v1(X'), v2(X"))",

then dx, = 1 (see (£23))), and consequently, by ([@.24), (430), Property (a) of the
bump functions, Lemma (ii), and (4.2)), we get

| (Do) 6 (01(X7), 02(X7))|
> ‘Z(Tm('rj(X’)),M’-i-j)g:gf (Ul(X')Wz(X,))’ — [(@mo—1)L 6 (01(X7), 02( X))

JeEN

> |3 Tortr e s (01 (75(X) | = 22d(01(X), 0a(X)”
JeEN

= Ci AT M e — 22d(vy (X), 0o(X))°
JEN

> A1 — A7) e C(diamg (X)) — 2ed (v (X)), va(X))™
> 2ed(v1(X'), va( X))
Hence, we have proved (£.29]). Now we are going to establish (4.1).
Fix arbitrary N’ > Ny. Define XC,NI,JFM0 = 7y (VM) and Xi\ngMO = 7h (YM0) (see
also (.8)). Note that ¢; = 7|, a1 and ¢ = Ty |y -
Then by Lemmas B.13] (i) and (ii), Proposition (i), and Properties (i) and
(iii) in Theorem [4.2]
|[Snrd(s1(21(Xo))) — Snvd(a(21(Xo))) — Svd(si(22(Xo))) + S (a(22(Xo)))|
d(x1(Xo), 22(Xo))"

|0F i (01(X0)), 2(Xo0))| (S e b (T (01 (X)) = S no (T (02( X))

— lim sup

d(xl(X0)> 1»2(X0))o¢ n—~+00 Ea(diamd(Xo))a
R L A G ) R AT 9)))
n—+oo 6"(d1amd(X0))0‘
g las20 G0 dme (0 (X0), ma (02(X))* + (e (00 (X)), T (13(X)))°
B L-Ae = (diamq(Xo))*
S 9 _ |¢|a, (52.d) Co . (diamg(7a7 (X7)))* + (diamg(7y, (X')))*
~ 1— A e (diamg(Xo))®
S 9 (H@Hco,a(sad) +eCy)Co 20 A—o(Mo+moN+N')
Z e 1 A« " zaC—ap—a(MormoN)
2 25 — 2028_&(”%0”00’&(5’2@) + €Cﬁ>CQA_aNO(1 — A—Oc)—l
= €.

The last inequality follows from (A.7). Property (ii) in Theorem [£.2]is now established.
The proof of Theorem is now complete. O

Remark 4.3. As remarked by the referee, instead of our more combinatorial approach
to construct the bump functions Y, ,, in the proof above, one may approach it from
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a more metric point of view. More precisely, as in [BM17, (16.7)], one may define
a distance function p with the modification that only (n + mN)-tiles, m € N, are
allowed in any tile chain joining the points, while the weight of an (n + mN)-tile is
chosen to be (Dy —1)~(™=Y_ Then it should follow from the definition that p(z,y) <
(Dy — 1)~m=Y if 2 and y are contained in an (n + mN)-tile. Moreover, following
arguments similar to ones on pp. 319-320 in [BM17], one should get that p(z,v) > 1
if vis an (n + N)-vertex and z € S*\ W™ (v). Then we can alternatively define
T, = max{0, C;A~*"(1 — p(z,v)} and Properties (a), (b), and (c) follow.

5. GENERICITY

Proof of Theorem[4l Note that for each n € N, the map F := f" is an expanding
Thurston map with post F' = post f and with the combinatorial expansion factor
Ao(F) = (Ao(f))™ (by (BI2) and Lemma (vii)), and d is a visual metric for F
with expansion factor A" (by Lemma B.9]). Thus, by [BM17, Theorem 15.1] (see also
Lemma B.10) and Lemma [3.I6, it suffices to prove Theorem [Al under the additional
assumption on the existence of a Jordan curve C C S? satisfying post f C C and
f(C) € C. We fix such a curve C and consider the cell decompositions induced by the
pair (f,C) in this proof.

We first show that S® is an open subset of C%%(S? d), for each a € (0, 1].

Fix a € (0,1] and ¢ € §* with associated constants Ny, My € N, ¢ € (0,1), and
Mo-tiles Y € XM and Y Mo € XM as in Definition BI85 For each ¢ € {b, w},
each integer M > M, and each X € XM with X C Y we choose two points
x1(X), zo(X) € X associated to ¢ as in Definition

Recall Cy > 1 is the constant depending only on f, C, and d from Lemma B.12l

Claim. Fix an arbitrary ¢ € C%*(S?, d) with
(5.1) 16 = Vllcoa(se,g < Coll = A™%)e/4.

Then v satisfies Properties (i) and (ii) in Definition B.I5 with the constant e for ¢
replaced by 5 for ¢, and with the same constants Ny, My € N, My-tiles YbMO, Yy Mo,
and points z1(X), z2(X) as those for ¢.

Indeed, Property (i) in Definition for ¢ follows trivially from that for ¢. To
establish Property (ii) for ¢, we fix arbitrary integer N > Ny, and (N + My)-tiles
XN XG0 € XNFMo that satisfy (313) and Y Mo = fN (X)) = fV(X[5HM0).
Then by [B.13), Lemma B.13, and (5.1)),

[Sn(ca(z1(X))) = Snt(ea(21(X))) — Snib(a(w2(X))) + Snip(ce(z2(X)))]

2 |Sno(a(21(X))) = Sno(e(z1(X))) — Sno(a(z2(X))) + Sno(e(z2(X)))|
— Y 19w (W = ¢)(si(z1(X))) = Sn (¥ — ¢)(siw2(X)))]
1€{1,2}
> d(w1(X), 22(X))* (2 = 2[¢ = 8l (52.0) Co(1 = A7) )
2 d(21(X), 22(X))%/2.
The claim is now established.
Hence, S* is open in C%*(S5%, d).

€
€
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Finally, recall that 1 < A < Ag(f) (see [BM17, Theorem 16.3]). Thus, if either
a € (0,1) or A # Ag(f), then A* < Ay(f), and the density of S* in C%%(S?, d) follows
immediately from Theorem [4.2] 0J
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