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Abstract. Equilibrium states are natural dynamical analogs of Gibbs states in thermodynamic formalism.
This paper is devoted to the study of their computability in the sense of Computable Analysis. We show
that the unique equilibrium state for a computable, topologically exact, distance-expanding, open map
T : X → X and a computable Hölder continuous potential φ : X → R is always computable. As an
application, we establish the computability of equilibrium states for computable hyperbolic rational maps
and their geometric potentials. On the other hand, we introduce a mechanism to establish the non-
uniqueness of equilibrium states. We also present some computable dynamical systems whose equilibrium
states are all non-computable.
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1. Introduction

The decidability problem was the third question of Hilbert’s program, which was proposed by Hilbert
in Paris in 1900. In the 1930s, the Halting Problem given by Turing provided a counterexample to this
question. Another significant contribution of Turing was constructing a definite method of computations
called the Turing machine. Turing machines give a standard model of computation in discrete settings
and have become the foundation of modern digital computers.
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However, most digital computers are used for computations in continuous settings nowadays. The
research on computations with real numbers began with Turing’s work on the original definition of
computable real numbers in 1937 ([Tu37]). The work of Banach and Mazur in 1937 ([BM37]) pro-
vided definitions of computability for real objects (such as subsets of Rn and functions f : Rn → Rm).
The “bit model” has been developed, serving as a foundation of the tradition of Computable Analysis
([Gr55, La55, Ko91, Weih00]). Relevant to our paper, in [HR09], Hoyrup and Rojas established a natural
computable structure on the set of probability measures, gave a definition of a computable probability
measure, and investigated a computable metric space with a computable probability measure.
Computable Analysis on dynamical systems.

In recent decades, there has been dramatic growth in research on the computability and computational
complexity of many objects generated by dynamical systems (see for example, [Ya21] and references
therein). Initial value sensitivity and typical instability of many interesting systems imply that what is
being observed on the computer screen could be completely unrelated to what was meant to be simulated.

This paper is devoted to the study of computability questions for a family of invariant measures
called equilibrium states (see Definition 2.5). It expands and continues the line of inquiry initiated by
[BBRY11] of the first-named author and Braverman, Rojas, and Yampolsky. Recall that for a rational
map f(z) = P (z)/Q(z) on the Riemann sphere, where P (z) and Q(z) are mutually prime polynomials,
with degree deg(f) = max{deg(P ), deg(Q)} ⩾ 2, the Julia set Jf is defined as the locus of the chaotic
dynamics of f , namely, the complement of the set where the dynamics of f is stable. Moreover, the
weak∗-limit of the average of Dirac measures supported on the preimage points of a repelling periodic
point w is an f -invariant measure λ (independent of the choice of w) called the Brolin–Lyubich measure.

In [BBRY11], a uniform machine was designed to compute the Brolin–Lyubich measure for any given
rational map. Together with the existence of polynomials whose coefficients are all computable but whose
Julia sets are non-computable from the groundbreaking works of Braverman and Yampolsky ([BY06,
BY09]) dating back to a question of Milnor [BY06, Section 1], the computability of Brolin–Lyubich
measures leads to a conflict: heuristically speaking, a measure contains more information than its support,
but in Computable Analysis, there exists a computable invariant probability measure whose support is,
however, non-computable. Such a conflict can be reconciled by considering these two results as the
computability properties of the same physical objects from the geometric perspective and the statistical
perspective, respectively. In this era of artificial intelligence and data science, the latter undoubtedly
deserves closer investigations.

Regarding the algorithmic aspects of general invariant measures, in a fundamental paper [GHR11],
Galatolo, Hoyrup, and Rojas establishes that for each computable map T : X → X on a recursively
compact set X, all the isolated invariant measures are all computable. As a counterexample, a computable
dynamical system with no computable invariant measures is constructed in [GHR11, Subsection 4.1] as
well. In Sections 4 and 7, we extend these results.

Thermodynamic formalism is a powerful method for investigating invariant measures with prescribed
local behavior under iterations of the dynamical system. This theory, inspired by statistical mechanics,
was created by Ruelle, Sinai, and others in the seventies ([Dob68, Si72, Bo75, Wa82]). Since then,
thermodynamic formalism has been applied in many classical contexts (see for example, [Bo75, Ru89,
Pr90, KH95, Zi96, MauU03, BS03, Ol03, Yu03, PU10, MayU10]) and has remained at the frontier of
research in dynamical systems.

Among many other applications, thermodynamic formalism has played a central role in the study of
the statistical properties of dynamical systems since its very early days.

The key objects of investigation in thermodynamic formalism are invariant measures called equilibrium
states. More precisely, for a continuous map T : X → X of a compact metric space (X, ρ), a T -invariant
Borel probability measure µ on X, and a real-valued continuous function φ : X → R, called potential, one
can define the measure-theoretic pressure and the topological pressure to describe the degree of complexity
of the given dynamical system from different perspectives. The Variational Principle implies that the
supremum over all T -invariant Borel probability measures on X of the measure-theoretic pressure is equal
to the topological pressure. We say that a Borel probability measure µ is an equilibrium state for T
and φ if µ maximizes the measure-theoretic pressure. In particular, if φ is a constant function, then
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an equilibrium state reduces to a measure of maximal entropy (see Subsection 2.2). In particular, the
Brolin–Lyubich measure of a rational map f : Ĉ → Ĉ is the measure of maximal entropy of f .

In recent years, a significant progress was made on the understanding of the computability of dynamical
invariants, such as topological entropy and pressure (see for example, [Sp07, Sp08, BDWY22]). In the
proof of Theorem A, we use a novel approach to establish the computability of the topological pressure
and the computability of the Jacobian function in a different setting.
Statement of main results.

The main theorems of this paper include two positive results on the computability of equilibrium states
in uniformly expanding systems, an application to complex dynamics, an application to the classical
theory of thermodynamic formalism (independent of the interest from Computable Analysis) on the non-
uniqueness of equilibrium states, and some counterexamples.
Computability of equilibrium states.

Our first result concerns the computability of equilibrium states. Here is a list of assumptions used in
this context.
Assumption A.

(i) (X, ρ, S) is a computable metric space and X is a recursively compact set (in the sense of Defi-
nition 3.14).

(ii) φ : X → R is a Hölder continuous function with an exponent v0 ∈ (0, 1].
(iii) T : X → X is an open, topologically exact, continuous, and distance-expanding map with respect

to the metric ρ with constants η > 0, λ > 1, and ξ > 0 (in the sense of Definition 2.1).
(iv) φ and T are both computable (in the sense of Definition 3.9).
By classical results (see for example, Proposition 2.6 and [PU10, Corollary 5.2.14]), the Assump-

tion A (i) through (iii) imply that there exists a unique equilibrium state for T and φ. The Assump-
tion A (iv) allows us to input the information of the system in the computer.
Theorem A. Let the quintet (X, ρ, S, φ, T ) satisfy the Assumption A in Section 1, and µ be the unique
equilibrium state for the map T and the potential φ. Then µ is computable.

For a more detailed version of Theorem A, see Theorem 1.1 below. The Assumption A requires that
the behavior of the dynamical system has nice properties in the whole space. However, the dynamical
behavior may be merely good enough in an invariant subspace rather than in the whole space. Hence, we
prove Theorem B, a “subspace” version of Theorem A. We give a list of assumptions that describe the
systems considered in Theorem B as follows.
Assumption B.

(i) (X, ρ, S) is a computable metric space.
(ii) (D, ρ′, S ′) is a computable metric space, where D is a subset of X, ρ′ is the restriction of the

metric ρ on D, and S ′ is a uniformly computable sequence of points in the computable metric space
(X, ρ, S). The subset D is a recursively compact set in the computable metric space (D, ρ′, S ′).

(iii) φ : D → R is a Hölder continuous function with an exponent v0 ∈ (0, 1].
(iv) T : X → X is a map such that D is completely T -invariant. T |D : D → D is an open, topologically

exact, continuous map that is distance-expanding with respect to the metric ρ′ with constants
η > 0, λ > 1, and ξ > 0.

(v) φ : D → R and T |D : D → R are both computable in the computable metric space (D, ρ′, S ′).
The Assumption B (ii) through (iv) give the uniqueness of the equilibrium state for the restriction

T |D and the potential φ. Together with Theorem 1.1, the Assumption B (ii) through (v) imply that the
equilibrium state is computable in the computable metric space (D, ρ′, S ′). Then the Assumption B (ii)
and (iii) allow us to deduce the computability in the computable metric space (X, ρ, S) from the com-
putability in the computable metric space (D, ρ′, S ′). Therefore, for the systems satisfying the above
assumptions, we prove the following theorem.
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Theorem B. Let the septet (X, D, ρ, S, S ′, φ, T ) satisfy the Assumption B in Section 1, and µ be the
unique equilibrium state for the restriction T |D and the potential φ. Then µ is computable.

For a more detailed version of Theorem B, see Theorem 1.2 below. We apply Theorem B (or Theo-
rem 1.2) to establish Theorem C, i.e., the computability of the equilibrium states for the restriction of
hyperbolic rational maps on their corresponding Julia sets and their corresponding geometric potentials.
Indeed, there are many other dynamical systems whose dynamical behavior may be merely good enough
in an invariant subspace.

We say that a rational map is hyperbolic if its postcritical orbit closure is disjoint from its Julia set.
Hyperbolic rational maps are abundant and are expected to be dense among all the rational maps. In
the case of quadratic rational maps, see the renowned MLC Conjecture; namely, the Mandelbrot set is
locally connected (refer to [Mil06, Appendix G] for reference). The studies on equilibrium states as well
as the theory of thermodynamic formalism for hyperbolic rational maps are by now well-developed and
established. Given t ∈ R, it is well-known that a hyperbolic rational map f restricted to the Julia set Jf

admits a unique non-atomic equilibrium state µt,f which is supported on Jf for the geometric potential
tφf (z) = t log

(
f#(z)

)
(see (5.1) for the definition of the spherical derivative f#(z)).

With the above conventions, we state the following theorem.

Theorem C. There exists an algorithm which, on input oracles of the coefficients of a hyperbolic rational
map f of degree d ⩾ 2 and an oracle of t ∈ R, computes the unique equilibrium state for f |Jf

and tφf (z).

Note that the proof of Theorem C depends on the computability of the hyperbolic Julia sets ([Br04]).
Moreover, since the computability of the topological pressure is a consequence of the proof of Theorem 1.1,
the pressure function P(t) := P (f |Jf

,−tφf ) is computable. Because P(t) is strictly decreasing with respect
to t ∈ R, as a byproduct, we can compute its unique zero, that is, by Bowen’s formula (see for example,
[PU10, Theorem 9.1.6 and Corollary 9.1.7]), the Hausdorff dimension of Jf . For related research on the
computation of Hausdorff dimensions of invariant sets, see also [JP02, JP04] and the references therein.

It is worth noting that our approach can be further developed to establish the computability of equi-
librium states for more general uniformly hyperbolic systems or even partially hyperbolic systems. Due
to space limitations, we focus on the current setup in this paper and postpone further investigations to
future works.

Non-uniqueness of equilibrium states.
Determining which dynamical system admits a unique equilibrium state is a central problem in ergodic

theory and a valuable tool for studying the statistical properties of a system (for example, detecting the
existence of a phase transition).

As indicated by Hofbauer [Ho77], this question was motivated by the studies of intrinsically ergodic
dynamical systems, i.e., those having a unique measure of maximal entropy, see for examples, [Bu97,
Bu05, Bo74, CT12, Ho79, Ho81, Pa64, Weis70, Weis73].

For general equilibrium states beyond measures of maximal entropy, most results focus on proving the
uniqueness, and there are limited examples of systems and potentials with multiple equilibrium states. In
the context of a uniformly hyperbolic (or expanding) map, Bowen [Bo75] proved that an equilibrium state
does exist and is unique if the potential is Hölder continuous and the map is topologically transitive. In
addition, the theory for finite shifts was developed and used to achieve similar results for smooth dynamics.
In contrast, Hofbauer [Ho77] constructed a particular class of continuous but non-Hölder potentials for
the full shift, each of which admits two equilibrium states.

Beyond uniform hyperbolicity, the uniqueness of the equilibrium state was studied by many authors,
including Bruin, Keller, Li, Rivera-Letelier, Iommi, Doobs, and Todd [BK98, LRL14, IJT15, IT10, DT23]
for interval maps; Denker and Urbański [DU91] for rational maps; the third-named author, Das, Przytycki,
Tiozzo, Urbański, and Zdunik [Li18, DPTUZ21] for branched covering maps; Buzzi, Sarig, and Yuri
[BS03, Yu03] for countable Markov shifts and for piecewise expanding maps in one and higher dimensions.
For local diffeomorphisms with some non-uniform expansion, there are results due to Varandas and Viana
[VV10], Pinheiro [Pi11], Ramos and Viana [RV17]. All of these results focus on establishing the existence
and uniqueness of the equilibrium state for a potential with low oscillation.



ON COMPUTABILITY OF EQUILIBRIUM STATES 5

On the other hand, much fewer examples that admit multiple equilibrium states have been explored.
They include

(i) Makarov and Smirnov [MS00, MS03], and Rivera-Letelier and Przytycki [PRL11] systematically
studied the pressure function for rational maps f with geometric potential ϕt = −t log

(
f#

)
, and

constructed examples admitting multiple equilibrium states. For a similar study on (generalized)
interval maps, see Rivera-Letelier and Przytycki [PRL14].

(ii) Examples of intermittent maps admitting multiple equilibrium states for the geometric potential
were studied in [VV10] via Pesin theory.

Applying Computable Analysis, we establish the following result.

Theorem D. Let (X, ρ, S) be a computable metric space, and X a recursively compact set. Assume that
T : X → X is a computable map satisfying that the measure-theoretic entropy function H : P(X) → R
given by

H(µ) :=

{
hµ(T ) if µ ∈ M(X,T );

0 if µ /∈ M(X,T )

is upper-computable on the space M(X,T ) of T -invariant Borel probability measures, and φ : X → R is
a computable function satisfying that P (T, φ) is lower-computable. Then the set E(T, φ) of equilibrium
states for T and φ is recursively compact. Consequently, if there exists a non-computable equilibrium state
for T and φ, then there exist at least two equilibrium states for T and φ.

As a corollary, we obtain the following result under easier-to-formulate conditions. We refer to (2.1)
for the definition of non-wandering sets.

Theorem E. Let (X, ρ, S) be a computable metric space, and X a recursively compact set. Assume that
T : X → X is a computable map with htop(T ) = 0 satisfying that there exists no computable point in the
non-wandering set Ω(T ). Let φ : X → R be a computable function satisfying that the pressure P (T, φ) is
computable. Then there exist at least two equilibrium states for T and φ.

For example, the computable map T : S1 → S1 constructed in [GHR11, Subsection 4.1] satisfies that
htop(T ) = 0 and Ω(T ) contains no computable point. Then for each computable function φ : X → R
satisfying that P (T, φ) is computable, there exist at least two equilibrium states for the map T and the
potential φ.
Counterexamples.

In [GHR11], a computable system with no computable invariant measure is constructed. On the basis
of this, we establish the following statement.

Theorem F. There exists a computable homeomorphism T : S1 → S1 of the unit circle S1 (such as the
map T constructed in [GHR11, Subsection 4.1]) with the following property: for each continuous potential
φ : S1 → R,

(i) there exists at least one equilibrium state for T and φ,
(ii) there is no computable T -invariant probability measure.

Recall that the topological entropy reflects a degree of complexity of a dynamical system. We, fur-
thermore, show that there is a dynamical system on the 2-torus with arbitrarily high topological entropy
that admits equilibrium states for each continuous potential and whose equilibrium states are all non-
computable. More precisely, define T̂ : S1 × S1 → S1 × S1 by T̂ (x, y) = (T (x), Td(y)) for each x, y ∈ S1,
where Td(x) := dx for d ∈ N and x ∈ S1.

Theorem G. The map T̂ : S1 × S1 → S1 × S1 constructed above has non-zero topological entropy and
satisfies that for each continuous potential φ̂ : S1 × S1 → R, the following statements hold:

(i) There exists at least one equilibrium state for T̂ and φ̂.
(ii) There is no computable T̂ -invariant Borel probability measure.
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Strategy of the proof.
Below, we discuss the strategies applied to the proofs of our main results.
Let us first concentrate on the proof of Theorem A. Here is a detailed version of Theorem A.

Theorem 1.1. There exists an algorithm that satisfies the following property:
For each quintet (X, ρ, S, φ, T ) satisfying the Assumption A in Section 1, this algorithm outputs a

Borel probability measure µn ∈ P(X) supported on finitely many points of S such that the Wasserstein–
Kantorovich distance

Wρ(µn, µ) ⩽ 2−n,

where the measure µ is the unique equilibrium state for T and φ, after inputting the following data:

(i) an algorithm outputting a net G ⊆ S of X with any precision (in the sense of Definition 3.16),
(ii) two algorithms computing functions φ and T (in the sense of Definition 3.9), respectively,
(iii) two rational constants a0 > 0 and v0 ∈ (0, 1] with φ ∈ C0,v0(X) and a0 ⩾ |φ|v0,ρ,
(iv) three rational constants η > 0, λ > 1, and ξ > 0 satisfying that T is distance-expanding with

constants η, λ, and ξ (in the sense of Definition 2.1),
(v) a constant n ∈ N.

The result of Theorem 1.1 is uniform, in the sense that there is a single algorithm that takes the
associated algorithms and constants as parameters and computes the corresponding equilibrium state.

Our proof of Theorem 1.1 adapts some ideas from the proof of Theorem A in [BBRY11]. In addition,
since we work on equilibrium states, the Jacobians of the desired measures become the focus of investi-
gation. To establish the computability of the Jacobians, we need to estimate the convergence rate of the
iterations of normalized Ruelle–Perron–Frobenius operators (see the definition in Subsection 2.3) with
explicit expressions for related constants (see Theorem 4.1).

To estimate the rate, we introduce the cone technique into the study of Computable Analysis by
inventing a new class of cones and designing a novel approach to using cones in thermodynamic formalism
in order to control the constants for the purpose of Computable Analysis.

The cone technique is an important tool for estimating the convergence rate of the iterations of normal-
ized Ruelle–Perron–Frobenius operators. In the setting of smooth (or more generally Markov) expanding
maps with smooth observable, related bounds were investigated by Ferrero ([Fe81]), Rychlik ([Ry89]), and
Hunt ([Hu96]). In two groundbreaking papers [Liv95a, Liv95b] in 1995, Liverani used the cone technique
(based on an earlier work of Birkhoff [Bi57]) and gave a new upper bound of the convergence rate of
the iterations of a normalized Ruelle–Perron–Frobenius operator for general (non-Markov) non-smooth
hyperbolic systems with discontinuities. A critical ingredient of this method is the existence of a convex
cone of functions that is mapped strictly inside itself by the Ruelle–Perron–Frobenius operator. Moreover,
the diameter of the image with respect to some projective metric gives an estimate for the upper bound
of the convergence rate (see Proposition 4.3).

In the setting of smooth expanding maps on compact connected manifolds, Viana [Vi97, Chapter 2]
provides a comprehensive estimate for the convergence rate of the iterations of a normalized Ruelle–
Perron–Frobenius operator in Hölder norm. Notably, because of the connectedness, some crucial local
estimates of the oscillations of the functions in the cone can be extended globally (to the whole manifold).
This, however, cannot work in our setting, since we allow for general disconnected spaces. To remedy
this, we add a new parameter into the definition of cones that we introduce, effectively restricting to
smaller cones of functions (see Definition 4.4), to estimate the diameters (see Proposition 4.6). This extra
parameter takes care of the required global bounds on oscillations. Moreover, to ensure that the operator
is a strict contraction on these new cones, we use a different operator and utilize additional techniques
(see Proposition 4.5). Finally, we use the convergence rate of the new operator to obtain the desired
bounds for the convergence rate of the normalized Ruelle–Perron–Frobenius operator.

We need this new finer estimate for the convergence rate (Theorem 4.1) to establish the computability
of the eigenfunction uφ of the Ruelle–Perron–Frobenius operator. Furthermore, in Subsection 4.2, we
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deduce the computability of the Jacobian of the equilibrium state whose explicit expression is given by

Jφ(x) :=
uφ(T (x))

uφ(x)
exp(P (T, φ)− φ(x)).

In Subsection 4.3, we establish the lower-computable openness of some subsets U and W of P(X) by
expressing them as unions of uniformly computable sequences of lower-computable open sets. It is worth
noting that the lower-computable openness of U depends on the computability of T , while the lower-
computable openness of W depends on the computability of the Jacobian function Jφ(x) in addition to
the computability of T . In Subsection 4.4, we complete the proof of Theorem 1.1 and apply it to establish
Theorem B. Here is a detailed version of Theorem B.

Theorem 1.2. There exists an algorithm that satisfies the following property:
For each septet (X, D, ρ, S, S ′, φ, T ) satisfying the Assumption B in Section 1, this algorithm outputs

µn ∈ P(X) supported on finitely many points of S such that the Wasserstein–Kantorovich distance

Wρ(µn, µ) ⩽ 2−n,

where the measure µ is the unique equilibrium state for the restriction T |D and φ, after inputting the
following data:

(i) an algorithm outputting a net G ⊆ S ′ of D with any given precision (in the sense of Definition 3.16),

(ii) two algorithms computing functions φ and T |D (in the sense of Definition 3.9), respectively,
(iii) two rational constants a0 > 0 and v0 ∈ (0, 1] with φ ∈ C0,v0(X) and a0 ⩾ |φ|v0,ρ,
(iv) three rational constants η > 0, λ > 1, and ξ > 0 satisfying that T is distance-expanding with

constants η, λ, and ξ (in the sense of Definition 2.1),
(v) a constant n ∈ N.

Next, in Section 5, we provide the proof of Theorem C. By Theorem 1.2, it suffices to check that the
septet

(
Ĉ, Jf , dĈ, Q

2,
⋃

n∈N f
−n(w), tφf , f

)
satisfies the Assumption B in Section 1, where Q2 is defined

as {a+bi : a, b ∈ Q}, and w is a repelling periodic point of the rational map f . The main difficulty here is
to show that Jf is recursively compact in the computable metric space

(
Jf , dĈ,

⋃
n∈N f

−n(w)
)
. We use

the computability of the hyperbolic Julia sets proved by Braverman [Br04] to establish this statement.
All of our analyses for Theorems 1.1 and 1.2 should still work after necessary modifications if we replace

the algorithms in the inputs by oracles. For the simplicity of the presentation, we leave the details to the
reader.

Structure of the paper.
In Section 2, we introduce our notations and review some basic notions and results in ergodic theory and

thermodynamic formalism in particular. Section 3 covers some basics of Computable Analysis. Section 4
is dedicated to the proofs of Theorems 1.1 and 1.2. In Subsection 4.1, we prove that the convergence of
the iterations of a normalized Ruelle–Perron–Frobenius operator is at an exponential rate with explicit
expressions for the related constants. Based on this, we demonstrate the computability of topological
pressure P (T, φ) and the function uφ, which leads to the computability of the Jacobian of the equilibrium
state in Subsection 4.2. Then, we prove Lemma 4.13 in Subsection 4.3 and establish Theorems 1.1 and 1.2
in Subsection 4.4. In Section 5, we introduce some results on the dynamical and algorithmic aspects of
hyperbolic rational maps and prove Theorem C. In Section 6, we establish Theorem D, from which we
derive Theorem E. In Section 7, we investigate and construct some computable systems whose equilibrium
states are all non-computable, establishing Theorems F and G. In Subsection 7.1, we recall the computable
map T : S1 → S1 given in [GHR11, Subsection 4.1] and show that it satisfies the statements in Theorem F.
Finally, in Subsection 7.2, we construct T̂ := T × Td to establish Theorem G, where Td(x) := dx (mod 1)
for d ∈ N and x ∈ S1.
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2. Preliminaries on thermodynamic formalism

In this section, we go over some notations, key concepts, and useful results in ergodic theory and
thermodynamic formalism.

2.1. Notations. Denote N := {1, 2, 3, . . .} and N0 := {0} ∪ N. Set N∗ :=
⋃

k∈NNk.
For a subset A ⊆ X, the characteristic function of A is denoted by 1A. We write 1 := 1X .
Let (X, ρ) be a compact metric space. Let C(X) and C∗(X) denote the Banach space of continuous

functions from X to R equipped with the norm ‖u‖∞ := sup{|u(x)| : x ∈ X} and the dual space of C(X),
respectively. The function φ : X → R is said to be Hölder continuous (with respect to the metric ρ) with
an exponent α ∈ (0, 1] if there exists C > 0 satisfying that |φ(x) − φ(y)| ⩽ Cρ(x, y)α for each pair of
x, y ∈ X. Denote by C0,α(X, ρ) the space of real-valued Hölder continuous functions with an exponent
α. For each φ ∈ C0,α(X, ρ), we define

|φ|α,ρ := sup{|φ(x)− φ(y)|/ρ(x, y)α : x, y ∈ X, x 6= y}.
Specifically, we say that a function ϕ ∈ C(X) is c-Lipschitz if ϕ ∈ C0,1(X, ρ) satisfies that |ϕ|1,ρ ⩽ c.
Denote by c -Lip(X) the set of real-valued c-Lipschitz continuous functions. We denote by Bρ(x, r) the
open ball of radius r > 0 centered at x ∈ X and often omit the metric ρ in the subscript when it is clear
from the context.

Let T : X → X be a continuous map. We define the non-wandering set Ω(T ) for T by

(2.1) Ω(T ) :=
{
x ∈ X :

⋃
n∈N

T−n(B(x, r)) ∩B(x, r) 6= ∅ for each r > 0
}
.

For all φ ∈ C(X), n ∈ N, and x ∈ X, we define

Snφ(x) :=

n−1∑
k=0

φ ◦ T k(x).

Let P(X) and M(X,T ) denote the set of Borel probability measures and the set of T -invariant Borel
probability measures on X, respectively. The Wasserstein–Kantorovich metric Wρ on P(X) is defined by

(2.2) Wρ(µ, ν) := sup

{∣∣∣∣∫ f dµ−
∫
f dν

∣∣∣∣ : f ∈ 1 -Lip(X)

}
for each pair of µ, ν ∈ P(X).

2.2. Basic concepts in ergodic theory. We begin with a brief introduction of distance-expanding
maps, topologically transitive, and topologically exact maps. See for example, [PU10, Chapters 3 and 4]
for more details.

Given two constants η > 0 and λ > 1, assume that (X, ρ) is a compact metric space and T : X → X is
a continuous open map satisfying that
(2.3) ρ(T (x), T (y)) ⩾ λρ(x, y) for each pair of x, y ∈ X with ρ(x, y) ⩽ 2η.

Then there exists ξ > 0 satisfying that
(2.4) B(T (x), ξ) ⊆ T (B(x, η)) for each x ∈ X.

Hence, for each x ∈ X and each n ∈ N, we can define the branch of the inverse map T−n
x : B(Tn(x), ξ) →

B(x, η) of Tn in the sense of
T−n(A) =

⋃
x∈T−n(y)

T−n
x (A)

for all y ∈ X and A ⊆ B(y, ξ). Moreover, we have (see for example, [PU10, Section 4.1])
(2.5) ρ(T−n

x (y), T−n
x (z)) ⩽ λ−nρ(y, z) for all n ∈ N, x ∈ X, and y, z ∈ B(Tn(x), ξ).
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Definition 2.1. Let (X, ρ) be a compact metric space. A map T : X → X is said to be distance-expanding
with respect to the metric ρ if there exist constants η > 0, λ > 1, and ξ > 0 satisfying both (2.3) and
(2.4). Moreover, we say that such a map T is distance-expanding (with respect to ρ) with constants η, λ,
and ξ.

We recall the definition of topologically transitive maps and topologically exact maps here (see [PU10,
Definitions 4.3.1, 4.3.3]).

Definition 2.2. Let X be a topological space. A continuous map T : X → X is called topologically
transitive if, for each pair of non-empty open sets U, V ⊆ X, there exists n ∈ N with Tn(U) ∩ V 6= ∅.
Moreover, as a stronger property, we say that a continuous map T : X → X is topologically exact if, for
each non-empty open set U ⊆ X, there exists n ∈ N with Tn(U) = X.

Under the above conventions, given constants η, ξ > 0, and λ > 1, a list of assumptions applied in the
rest of this section is displayed below:

Assumption C.
(i) The metric space (X, ρ) is compact.
(ii) The map T : X → X is open, continuous, topologically transitive, and distance-expanding with

respect to ρ with constants η, λ, and ξ mentioned above.

Next, we recall some definitions and results in ergodic theory. For more details, we refer to [PU10,
Chapter 2].

Let X be a topological space. A measurable partition A of X is a cover A = {Aj : j ∈ J} of X
consisting of finitely or countably many mutually disjoint Borel sets. Unless otherwise stated, we assume
that our partitions are all measurable. For each partition A of X and x ∈ X, the unique element of A
containing x is denoted by A(x).

Let A = {Aj : j ∈ J} and B = {Bk : k ∈ K} be two covers of X, respectively, where J and
K are corresponding index sets. We say that A is a refinement of B if for each j ∈ J , there exists
k = k(j) ∈ K such that Aj ⊆ Bk. The common refinement A ∨ B of A and B is a cover given by
A ∨ B := {Aj ∩ Bk : j ∈ J, k ∈ K}. For each continuous map T : X → X, by T−1(A) we denote the
partition {T−1(Aj) : j ∈ J}, and for each n ∈ N, write

An
T :=

n−1∨
j=0

T−j(A) = A ∨ T−1(A) ∨ · · · ∨ T−(n−1)(A).

Definition 2.3. Let (X, ρ) be a compact metric space, T : X → X be a continuous map, and φ : X → R
be a continuous function (which is often called a potential). Denote by Y the set of sequences {Vn}n∈N of
finite open covers of X satisfying that mesh(Vn) converges to zero as n tends to +∞, that is,

Y :=
{
{Vn}n∈N : lim

n→+∞
mesh(Vn) = 0

}
,

where the mesh of a cover V of X is given by mesh(V) := sup{diam(V ) : V ∈ V}. Define the topological
pressure as the supremum of the following limits taken over all sequences {Vn} ∈ Y :

(2.6) lim
n→+∞

lim
m→+∞

1

n
log

(
inf
V

{∑
U∈V

exp(sup{Smφ(x) : x ∈ U})
})

,

where V ranges over all covers of X that are refinements of the cover (Vn)
m
T . In particular, if the potential

φ is identically zero, then the topological pressure P (T, φ) is also called the topological entropy of T , and
is denoted by htop(T ).

Let X, ρ, T satisfy the Assumption C in Subsection 2.2, and µ ∈ M(X,T ) be a T -invariant Borel
probability measure. Now we define measure-theoretic entropy hµ(T ) of T with respect to µ. Recall
that a µ-measurable function J : X → [0,+∞) is a Jacobian of T with respect to µ if for each µ-
measurable set A ⊆ X on which T is injective, T (A) is still µ-measurable and µ(T (A)) =

∫
AJ dµ. By
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[PU10, Proposition 2.9.5], there exists a unique Jacobian Jµ of T with respect to µ. Then the measure-
theoretic entropy of T with respect to µ can be defined by hµ(T ) :=

∫
log(Jµ) dµ (see for example, [PU10,

Proposition 2.9.7]).
Under the above notations, we have the following result (see for example, [PU10, Theorem 3.4.1]).

Theorem 2.4 (Variational Principle). Let (X, ρ) be a compact metric space. Then for each continuous
map T : X → X and each continuous function φ : X → R, we have

P (T, φ) = sup

{
hµ(T ) +

∫
φ dµ : µ ∈ M(X,T )

}
.

In particular, if φ is identically zero, then htop(T ) = sup{hµ(T ) : µ ∈ M(X,T )}.
Definition 2.5. Let (X, ρ) be a compact metric space. Then for each continuous map T : X → X and
each continuous function φ : X → R, a measure µ ∈ M(X,T ) is called an equilibrium state for T and φ if

P (T, φ) = hµ(T ) +

∫
φ dµ.

We denote by E(T, φ) the set of all equilibrium states for T and φ. In particular, if φ is identically zero,
then an equilibrium state for T and φ is also called a measure of maximal entropy of T .
2.3. Ruelle–Perron–Frobenius operators and Gibbs states. In this subsection, we review some
definitions and results for Ruelle–Perron–Frobenius operators, Gibbs states, and equilibrium states.

Let X, ρ, T satisfy the Assumption C in Subsection 2.2, and φ : X → R be a continuous function.
Recall that the Ruelle operator Lφ acting on C(X) is given by

(2.7) Lφ(u)(x) :=
∑

y∈T−1(x)

u(y) exp(φ(y))

for each u ∈ C(X) and each x ∈ X.
By [PU10, Theorem 5.2.8], there exists an eigenmeasure m ∈ P(X) and an eigenvalue c > 0 of the

adjoint operator L∗
φ of Lφ, i.e., L∗

φ(m) = cm. Moreover, by [PU10, Proposition 5.2.11], the constant c is
precisely exp(P (T, φ)).

It is convenient to consider the normalized Ruelle–Perron–Frobenius operator Lφ, where φ is given by
φ(x) := φ(x)− P (T, φ) for each x ∈ X. Hence, by (2.7), we have
(2.8) L∗

φ(m) = e−P (T,φ)L∗
φ(m) = m.

A measure µ ∈ P(X) is a Gibbs state for T and φ if there exist two constants P ∈ R and C ⩾ 1 with

(2.9) C−1 ⩽ µ(T−n
x (B(Tn(x), ξ)))

exp(Snφ(x)− Pn)
⩽ C for all x ∈ X and n ∈ N.

The following result implies that a T -invariant Gibbs state for T and φ is an ergodic equilibrium state
for T and φ.
Proposition 2.6. Let X, ρ, T satisfy the Assumption C in Subsection 2.2. Then for all µ ∈ M(X,T )
and Hölder continuous function φ : X → R, the following statements are equivalent:

(i) µ is a Gibbs state for T and φ.
(ii) µ is an ergodic equilibrium state for T and φ.
(iii) exp(−ψ) is a Jacobian of T with respect to µ, where

ψ := φ− P (T, φ)− log(uφ ◦ T ) + log(uφ).

Here uφ is a subsequential limit of the sequence
{

1
n

∑n−1
j=0 L

j
φ(1)

}
n∈N.

Note that (i)⇒ (ii) immediately follows from [PU10, Proposition 5.1.5 and Corollary 5.2.13], (ii)⇒ (iii)
follows from [PU10, Lemma 5.6.1 and Theorem 5.6.2], and (iii)⇒ (i) follows from [PU10, Proposi-
tions 4.4.3 and 5.2.10].

The existence and uniqueness of the subsequential limit uφ is well-known. We include a proof in
Corollary 2.9 together with some quantitative bounds specialized for the purpose of Computable Analysis.
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In the remainder of this subsection, we quantitatively re-develop some familiar facts about the Ruelle–
Perron–Frobenius operators from the perspective of Computable Analysis in preparation for more technical
analysis in Section 4.

Lemma 2.7. Fix arbitrary constants η, ξ, a0 > 0, λ > 1, and v0 ∈ (0, 1]. Let X, ρ, T satisfy the
Assumption C in Subsection 2.2 with constants η, λ, and ξ, and φ ∈ C0,v0(X, ρ) satisfy a0 ⩾ |φ|v0,ρ. Then
we have that
(2.10) Ln

φ(1)(x) ⩽ exp(aρ(x, y)v0)Ln
φ(1)(y)

for each n ∈ N and each pair of x, y ∈ X with ρ(x, y) < ξ. Here φ(x) := φ(x)− P (T, φ) for each x ∈ X,
and a := a0

λv0−1 .

Proof. Fix an integer n and a pair of x, y ∈ X with ρ(x, y) < ξ. Since T is open and distance-expanding
with constants η, λ, and ξ, for each x ∈ T−n(x), by (2.5), one can find a point y(x) := T−n

x (y) ∈ T−n(y)
satisfying that ρ(T i(x), T i(y(x))) ⩽ λi−nρ(x, y) < ρ(x, y) < ξ for each integer 0 ⩽ i ⩽ n − 1. Since
φ ∈ C0,v0(X, ρ), we have φ ∈ C0,v0(X, ρ) with a0 ⩾ |φ|v0,ρ. Hence, we have

|Snφ(x)− Snφ(y(x))| ⩽
n−1∑
i=0

∣∣φ(T i(x)
)
− φ

(
T i(y(x))

)∣∣ ⩽ n−1∑
i=0

a0ρ
(
T i(x), T i(y(x))

)v0
⩽ a0ρ(x, y)

v0 ·
n−1∑
i=0

λ(i−n)v0 ⩽ aρ(x, y)v0

for each x ∈ T−n(x). Together with (2.7), we can conclude that

Ln
φ(1)(x) =

∑
x∈T−n(x)

exp(Snφ(x)) ⩽
∑

x∈T−n(x)

exp(aρ(x, y)v0) · exp(Snφ(y(x))) ⩽ exp(aρ(x, y)v0)Ln
φ(1)(y).

□
Lemma 2.8. Fix arbitrary constants η, ξ, a0 > 0, λ > 1, and v0 ∈ (0, 1]. Let X, ρ, T satisfy the
Assumption C in Subsection 2.2 with constants η, λ, and ξ, and G = {xi : i ∈ [1, l] ∩ N} be a ξ-
net of X. Assume that the function φ ∈ C0,v0(X, ρ) satisfies a0 ⩾ |φ|v0,ρ. Put a := a0

λv0−1 , D :=

maxx∈X card
(
T−1(x)

)
, and φ(x) := φ(x) − P (T, φ) for each x ∈ X. Then for all x, y ∈ X, and n ∈ N,

we have
Ln
φ(1)(x) ⩽ CLn

φ(1)(y) and(2.11)
C−1 ⩽ Ln

φ(1)(x) ⩽ C,(2.12)

where C := DN exp(4aξv0 + 2N‖φ‖∞) > 1. Here N ∈ N satisfies that

(2.13)
N⋃
k=0

T k(B(xi, ξ)) = X

for each integer i ∈ [1, l].

Since X, ρ, and T satisfy the Assumption C in Subsection 2.2, we obtain that such an integer N ∈ N
exists and D < +∞.

Proof. By Lemma 2.7, we have
(2.14) Ln

φ(1)(x)
/
Ln
φ(1)(y) ⩽ exp(aρ(x, y)v0) ⩽ exp(aξv0)

for each pair of x, y ∈ X with ρ(x, y) < ξ and each n ∈ N.
First, we establish (2.11). To accomplish this, we fix an integer n and a pair of x, y ∈ X. Since G is

a ξ-net, there exist two integers i, j ∈ [1, l] with ρ(xi, x) < ξ and ρ(xj , y) < ξ. Hence, by (2.13), there
exists an integer N0 ∈ [0, N ] with TN0(B(xi, ξ)) ∩B(xj , ξ) 6= ∅. Let u ∈ T−N0(B(xj , ξ)) ∩B(xi, ξ). Then
by (2.7) and (2.14), we have

Ln
φ(1)(xi) ⩽ exp(aξv0) · Ln

φ(1)(u)
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= exp(aξv0)
∑

u∈T−n(u)

exp(Sn+N0φ(u)− SN0φ(u))

⩽ exp
(
aξv0 −N0 inf

x∈X
φ(x)

) ∑
u∈T−(n+N0)(TN0 (u))

exp(Sn+N0φ(u))

= exp
(
aξv0 −N0 inf

x∈X
φ(x)

) ∑
u∈T−(n+N0)(TN0 (u))

exp
(
Snφ

(
TN0(u)

)
+ SN0φ(u)

)
⩽ exp

(
aξv0 +N0 sup

x∈X
φ(x)−N0 inf

x∈X
φ(x)

) ∑
u∈T−(n+N0)(TN0 (u))

exp
(
Snφ

(
TN0(u)

))
= exp

(
aξv0 +N0 sup

x∈X
φ(x)−N0 inf

x∈X
φ(x)

) ∑
u∈T−(n+N0)(TN0 (u))

exp
(
Snφ

(
TN0(u)

))
⩽ exp(aξv0 + 2N‖φ‖∞)DN

∑
u∈T−n(TN0 (u))

exp(Snφ(u))

= exp(aξv0 + 2N‖φ‖∞)DNLn
φ(1)

(
TN0(u)

)
⩽ exp(2aξv0 + 2N‖φ‖∞)DNLn

φ(1)(xj).

Hence, by (2.14), it follows from ρ(xi, x) < ξ and ρ(xj , y) < ξ that for each n ∈ N,

Ln
φ(1)(x) ⩽ exp(aξv0)Ln

φ(1)(xi) ⩽ exp(3aξv0 + 2N‖φ‖∞)DNLn
φ(1)(xj)

⩽ exp(4aξv0 + 2N‖φ‖∞)DNLn
φ(1)(y).

Thus, we complete the proof of (2.11). By (2.8), for each n ∈ N, we have

(2.15)
∫

Ln
φ(1) dm =

∫
1 dm = 1.

Then by (2.15), we have that infx∈X Ln
φ(1)(x) ⩽ 1 ⩽ supx∈X Ln

φ(1)(x). Hence, by (2.11), we obtain (2.12)
for all n ∈ N and x ∈ X. □

Corollary 2.9. Fix arbitrary constants η, ξ, a0 > 0, λ > 1, and v0 ∈ (0, 1]. Let X, ρ, T satisfy the
Assumption C in Subsection 2.2 with constants η, λ, and ξ, and φ ∈ C0,v0(X, ρ) satisfy a0 ⩾ |φ|v0,ρ.
Define φ(x) := φ(x) − P (T, φ) for each x ∈ X. Then the sequence

{
1
n

∑n−1
j=0 L

j
φ(1)

}
n∈N converges

uniformly to a function uφ ∈ C(X) satisfying that
(2.16) Lφ(uφ) = uφ,

(2.17) uφ(x) ⩽ exp(a0ρ(x, y)
v0/(λv0 − 1)) · uφ(y)

for each pair of x, y ∈ X with ρ(x, y) < ξ, and

(2.18) C−1 ⩽ uφ(x) ⩽ C

for each x ∈ X, where C ⩾ 1 is a constant from Lemma 2.8. Moreover, if m ∈ P(X) satisfies (2.8), then

(2.19)
∫
uφ dm = 1,

and the measure µ given by

(2.20) µ(A) :=

∫
A
uφ dm, for each Borel set A ⊆ X,

is the unique T -invariant Gibbs state for T and φ.

Proof. To prove this corollary, we first demonstrate (2.16), (2.17), (2.18), and (2.19) for a subsequential
limit of the sequence

{
1
n

∑n−1
j=0 L

j
φ(1)

}
n∈N, then prove that this sequence has a unique subsequential limit.

Finally, we show that µ is the unique T -invariant Gibbs state for T and φ.
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First, by (2.10) and (2.12), we have

(2.21)
∣∣Ln

φ(1)(x)− Ln
φ(1)(y)

∣∣ ⩽ ∣∣∣∣Ln
φ(1)(x)

Ln
φ(1)(y)

− 1

∣∣∣∣ · ∣∣Ln
φ(1)(y)

∣∣ ⩽ C

(
exp

(
a0ρ(x, y)

v0

λv0 − 1

)
− 1

)
for all n ∈ N and x, y ∈ X with ρ(x, y) < ξ and Ln

φ(1)(x) ⩾ Ln
φ(1)(y). For each n ∈ N, set un :=

1
n

∑n−1
j=0 L

j
φ(1). By (2.12) and (2.21), {un}n∈N is a uniformly bounded sequence of equicontinuous functions

on X. By the Arzelà–Ascoli theorem (see for example, [Fo13, Theorem 4.44]), there exists a continuous
function uφ and an increasing sequence {ni}i∈N such that uni → uφ uniformly on X as i → +∞. Thus
it follows from the definition of {un}n∈N, (2.10), (2.12), and (2.15) that uφ satisfies (2.16), (2.17), (2.18),
and (2.19).

Next, it remains to prove that uφ is the unique subsequential limit of {un}n∈N. This part of the proof
follows verbatim the same as the proof of [Li18, Theorem 5.16].

By [PU10, Proposition 5.2.11], m is a Gibbs state for T and φ. According to [PU10, Proposition 5.1.1]
and (2.20), µ is also a Gibbs state for T and φ. Finally, we shall prove that µ is T -invariant. It suffices
to show that

∫
(g ◦ T ) dµ =

∫
g dµ for each g ∈ C(X). Indeed, by (2.20), (2.8), and (2.16), we obtain that∫

(g ◦ T ) dµ =

∫
uφ · (g ◦ T ) dm =

∫
uφ · (g ◦ T ) d

(
L∗
φ(m)

)
=

∫
Lφ(uφ) · g dm =

∫
uφ · g dm =

∫
g dµ.

Therefore, by [PU10, Corollary 5.2.14], µ is the unique T -invariant Gibbs state for T and φ. □

3. Preliminaries on Computable Analysis

In this section, we recall some notions and results from the Computable Analysis. The definitions
we adopt in this section are consistent with [Weih00]. Consequently, it is convenient to think of the
algorithms or machines mentioned below as Type-2 machines defined in [Weih00, Definition 2.1.1]. For
more details, we refer the reader to [BBRY11, Section 3], [GHR11, Section 2], and [Weih00].

3.1. Algorithms and computability over the reals.

Definition 3.1. Given k ∈ N, we say that a function f : Nk → Z is computable, if there exists an algorithm
A which, upon input a sequence of k positive integers {xi}ki=1, outputs the value of f(x1, x2, . . . , xk).

For a countable set S, by an effective enumeration of S we mean an enumeration S = {xi}i∈N satisfying
that there exists an algorithm A which, upon input i ∈ N outputs xi.

Definition 3.2. A real number x is called
(i) computable if there exist two computable functions f : N → Z and g : N → N satisfying that for

each n ∈ N,
∣∣f(n)
g(n) − x

∣∣ < 2−n;

(ii) lower-computable (resp. upper-computable) if there exist two computable functions f : N → Z and
g : N → N satisfying that

{f(n)
g(n)

}
n∈N is an increasing (resp. decreasing) sequence and converges to

x as n→ +∞.

3.2. Computable metric spaces. The above definitions equip the real numbers with a computability
structure. This can be extended to virtually any separable metric space. We now give a short introduction.

Definition 3.3. A computable metric space is a triple (X, ρ, S), where
(i) (X, ρ) is a separable metric space;
(ii) S = {sn : n ∈ N} is a dense subset of X;
(iii) there exists an algorithm which, on input i, j, m ∈ N, outputs yi,j,m ∈ Q satisfying |yi,j,m −

ρ(si, sj)| < 2−m.
The points in S are said to be ideal. Due to the existence of computable bijection between N3 and N,
there exists an effective enumeration {Bl}l∈N of the set {B(si, j/k) : i, j, k ∈ N} of balls with rational
radii centered at points in S. These balls are called the ideal balls in (X, ρ, S).
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Definition 3.4. Let (X, ρ, S) be a computable metric space. We say that a point x ∈ X is computable
if there exists a computable function f : N → N such that ρ

(
sf(n), x

)
< 2−n for each n ∈ N. Moreover,

a sequence of points {xi}i∈N is said to be a uniformly computable sequence of points if there exists a
computable function f : N2 → N such that ρ

(
sf(n,m), xm

)
< 2−n for all n, m ∈ N.

Remark. For each finite sequence {xi}ni=1 of computable points, we see it as {xi}i∈N, where xj = xn for
each integer j ⩾ n. Then by Definition 3.4, it is not hard to see that {xi}i∈N is a uniformly computable
sequence. As a convention, we will say that a finite sequence {xi}ni=1 of computable points is a uniformly
computable sequence directly. Similarly, for other definitions of computable objects detailed below, we
always have that a finite sequence of computable objects is always a uniformly computable sequence.
Definition 3.5. In a computable metric space (X, ρ, S), an open set U ⊆ X is called lower-computable
if there is a computable function f : N → N such that U =

⋃
n∈NBf(n). A closed set K is said to be

upper-computable if its complement is a lower-computable open set.
Definition 3.6. In a computable metric space (X, ρ, S), a family {Ui}i∈N of lower-computable open sets
is called a uniformly computable sequence of lower-computable open sets if there is a computable function
f : N2 → N such that Ui =

⋃
n∈NBf(i,n).

By Definitions 3.5, 3.6, and the existence of computable bijections between N2 and N, we obtain the
following result.
Proposition 3.7. For a uniformly computable sequence {Ui}i∈N of lower-computable open sets in a
computable metric space (X, ρ, S), their union U =

⋃
i∈N Ui is a lower-computable open set.

Before the definition of computable functions between computable metric spaces, we recall the definition
of an oracle of a point in a computable metric space.
Definition 3.8. Given a computable metric space (X, ρ, S), and a point x ∈ X, we say that a function
φ : N → N is an oracle for x ∈ X if ρ

(
sφ(m), x

)
< 2−m for each m ∈ N.

Definition 3.9. Assume that (X, ρ, S) and (X ′, ρ′, S ′) are two computable metric spaces. Then a
function f : X → X ′ is computable if there exists an algorithm which, for each x ∈ X and each n ∈ N,
on input n ∈ N and an oracle φ for x, outputs m ∈ N satisfying that ρ′(s′m, f(x)) < 2−n. Moreover, a
sequence {fi}i∈N of functions fi : X → X ′ is called a uniformly computable sequence of functions if there
exists an algorithm which, for each x ∈ X and each n ∈ N, on input i, n ∈ N, and an oracle φ for x,
outputs m ∈ N satisfying that ρ′(s′m, fi(x)) < 2−n.

For example, in [Weih00], Examples 4.3.3 and 4.3.13.5 give the computability of the exponential function
exp: R → R and the logarithmic function log : R+ → R, respectively. The following proposition is a
classical result that describes a topological property of a computable function (see for example, [BH21,
Proposition 5.2.14]).
Proposition 3.10. Assume that (X, ρ, S) and (X ′, ρ′, S ′) are two computable metric spaces with S =
{si}i∈N and S ′ = {s′i}i∈N, and {B′

i}i∈N is the effective enumeration of ideal balls of (X ′, ρ′, S ′). If
f : X → X ′ is computable, then

{
f−1(B′

i)
}
i∈N is a uniformly computable sequence of lower-computable

open sets in the computable metric space (X, ρ, S), and preimages of lower-computable open sets are still
lower-computable open sets.

According to Definition 3.9, we can obtain the following corollary.
Corollary 3.11. Assume that (X, ρ, S) and (X ′, ρ′, S ′) are two computable metric spaces with S =
{si}i∈N and S ′ = {s′i}i∈N, and {B′

i}i∈N is the effective enumeration of ideal balls of (X ′, ρ′, S ′). If
a sequence {fi}i∈N of functions fi : X → X ′ is a uniformly computable sequence of functions, then{
f−1
j (B′

i) : i, j ∈ N
}

is a uniformly computable sequence of lower-computable open sets in the computable
metric space (X, ρ, S).
Definition 3.12. Fix an effective enumeration {qn}n∈N of Q. Let (X, ρ, S) be a computable metric
space, and C be a subset of X. A function T : X → R is said to be upper-computable (on C) if there is
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a uniformly computable sequence {Ui}i∈N of lower-computable open sets in the computable metric space
(X, ρ, S) satisfying that

T−1(−∞, qi) ∩ C = Ui ∩ C.

Definition 3.13. Let (X, ρ, S) be a computable metric space, and T : X → X a function with p =
p(x) := card

(
T−1(x)

)
< +∞ for each x ∈ X. Then the inverse T−1 of T is said to be computable if there

exists an algorithm A such that for each x ∈ X and each n ∈ N, we can input an oracle φ for x in A to
produce {yi : 1 ⩽ i ⩽ p(x)} that satisfies the following property:

If T−1(x) = {xi : 1 ⩽ i ⩽ p(x)}, then for each 1 ⩽ i ⩽ p(x), there exists 1 ⩽ j ⩽ p(x) such that
ρ(xi, yj) < 2−n.

It follows immediately from Definition 3.9 that the computable real-valued functions are closed under
finitely many operations from the following list: addition, multiplication, division, scalar multiplication,
max, and min (see for example, [Weih00, Corollary 4.3.4]).

At the end of this subsection, we recall the definitions of a recursively compact set and a recursively
precompact metric space introduced in [GHR11, Section 2].

Definition 3.14. In a computable metric space (X, ρ, S), a set K ⊆ X is said to be recursively compact
if it is compact and there is an algorithm which, on input {ij}pj=1 ⊆ N and {qj}pj=1 ⊆ Q+, halts if and
only if K ⊆

⋃p
j=1B(sij , qj).

The following are some fundamental properties of recursively compact sets as discussed in [GHR11,
Proposition 1].

Proposition 3.15. Let (X, ρ, S) be a computable metric space. Assume that K ⊆ X is a recursively
compact set and f : X → R is a computable function. Then the following statements hold:

(i) A point x ∈ X is computable if and only if the singleton {x} is a recursively compact set.
(ii) X ∖K is a lower semi-computable open set.
(iii) If U ⊆ X is a lower semi-computable open set, then K ∖ U is recursively compact.
(iv) infx∈K f(x) is lower-computable and supx∈K f(x) is upper-computable.
(v) If K ′ ⊆ X is a recursively compact set, then so is K ′ ∩K.

Definition 3.16. A computable metric space (X, ρ, S) is recursively precompact if there is an algorithm
which, on input n ∈ N, outputs a subset {i1, i2, . . . , ip} of N satisfying that {si1 , si2 , . . . , sip} is a 2−n-net
of X.

3.3. Computability of probability measures. Following [HR09, Proposition 4.1.3], if (X, ρ, S) is a
computable metric space, and X is bounded, then

(
P(X), Wρ, RS

)
is a computable metric space, where

the Wasserstein–Kantorovich metric Wρ is recalled in (2.2), and RS ⊆ P(X) is the set of Borel probability
measures µ satisfying supp(µ) ⊆ S, card(supp(µ)) < +∞, and µ({x}) ∈ Q for each x ∈ S. Recall that
the support supp(µ) of a Borel measure µ is the complement of the union of all the open sets U with
µ(U) = 0.

Definition 3.17. Let (X, ρ, S) be a computable metric space, and X be a bounded set. Then a com-
putable measure µ is a computable point of

(
P(X), Wρ, RS

)
.

By [GHR11, Lemma 2.12 and Proposition 4], due to the completeness of P(X) with respect to the
metric Wρ, one can conclude the following result.

Proposition 3.18. Let (X, ρ, S) be a computable metric space, and X be recursively compact. Then
P(X) is a recursively compact set in

(
P(X), Wρ, RS

)
.

Proposition 3.19 ([HR09, Corollary 4.3.2]). Assume that (X, ρ, S) is a computable metric space, and
{fi}i∈N is a uniformly computable sequence of real-valued functions on X. If there is an algorithm which,
on input i ∈ N, outputs Mi such that ‖fi‖∞ ⩽Mi, then the sequence of integral operators Ii : P(X) → R,
i ∈ N, defined by Ii(µ) :=

∫
fi dµ, is a uniformly computable sequence of functions.
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Assume, in addition, that X is recursively compact. Then by [BRY12, Proposition 2.13], upper bounds
of computable functions on X can be computed. Hence, we have the following result.
Corollary 3.20. Let (X, ρ, S) be a computable metric space, and X be recursively compact. Assume
that {fi}i∈N is a uniformly computable sequence of real-valued functions on X. Then the sequence of
integral operators Ii : P(X) → R, i ∈ N, defined by Ii(µ) :=

∫
fi dµ, is a uniformly computable sequence

of functions.
Finally, we consider a family of computable functions.

Definition 3.21. Let (X, ρ) be a metric space. Consider arbitrary constants r, ϵ > 0, and a point u ∈ X.
Then the function gu,r,ϵ given by

(3.1) gu,r,ϵ(x) :=

∣∣∣∣1− |ρ(x, u)− r|+

ϵ

∣∣∣∣+ for each x ∈ X,

is called a hat function. Here |a|+ := max{a, 0}.
The hat function gu,r,ϵ(x) is an ϵ−1-Lipschitz function which equals to 1 in the ball B(u, r), to 0 outside

B(u, r + ϵ), and lies strictly between 0 and 1 in B(u, r + ϵ)∖B(u, r).
Definition 3.22. In a computable metric space (X, ρ, S), assume that F0(S) is the set of functions of
the form gu, r, 1/n(x), where u ∈ S, r ∈ Q+, n ∈ N, and E(S) is the smallest set of functions containing
F0 and the constant function 1 closed under max, min, and finite rational linear combinations. Then the
elements in E(S) are called test functions.
Remark. Note that there exists a computable bijection between N∗ and N. Hence, from Definitions 3.21
and 3.22, it is not hard to construct an effective enumeration {φj}j∈N of E(S), i.e., {φj}j∈N is a sequence
of uniformly computable functions. We fix such an effective enumeration of E(S) and call it the effective
enumeration of E(S) in (X, ρ, S).

Assume that X is a compact separable metric space and S a dense subset of X. Then by the Stone–
Weierstrass theorem (see for example, [Fo13, Theorem 4.45]), we have E(S) is dense in C(X). Thus, using
the dominated convergence theorem, we conclude the following proposition.
Proposition 3.23. Let (X, ρ, S) be a computable metric space, X be recursively compact, and {φj}j∈N
be a computable enumeration of E(S). Then for each pair of Borel probability measures µ, ν ∈ P(X),
µ = ν if and only if

∫
φj dµ =

∫
φj dν, for each j ∈ N.

4. Computable Analysis on thermodynamic formalism

In this section, we develop the cone technique to establish Theorems 1.1 and 1.2. In Subsection 4.1,
we estimate the rate of convergence of iterations of the normalized Ruelle–Perron–Frobenius operator. In
Subsection 4.2, we prove that the Jacobian function Jφ(x) (see (4.20)) is computable. In Subsection 4.3, we
demonstrate that two subsets U and W of P(X) (from Lemmas 4.12 and 4.13) are both lower-computable
open sets. In Subsection 4.4, we complete the proofs of Theorems 1.1 and 1.2.

4.1. Ruelle–Perron–Frobenius operators and cones. In this subsection, we develop the cone tech-
nique, combining ideas from [PU10], to prove in Theorem 4.1 that the convergence of iterations of the
normalized Ruelle–Perron–Frobenius operator is at an exponential rate with explicit expression for the
related constants. The cone technique first used by Birkhoff [Bi57] in the study of Banach spaces geom-
etry was reintroduced by Liverani [Liv95a, Liv95b] for the research on the decay of correlations. For a
quick introduction to the cone technique in the context of connected spaces, see [Vi97, Section 2.2]. The
lack of connectedness of X becomes a key obstacle in our study of Computable Analysis. Due to this
obstacle and the demand on the computability (in the sense of Computable Analysis) of various constants
involved, we need to refine the cone technique further.

In this subsection, we denote

(4.1) K̂(λ, b, b′) := 2 log

(
1 + λ

1− λ
· b2

b− b′

)
> 0
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for all constants λ, b, b1 ∈ R with 1 ⩽ b′ < b and λ ∈ (0, 1).
Theorem 4.1. Fix arbitrary constants η, ξ, a0 > 0, λ > 1, and v0 ∈ (0, 1]. Let (X, ρ) be a compact metric
space, T : X → X be a continuous, topologically exact, open, and distance-expanding with constants η, λ,
and ξ. Assume that φ ∈ C0,v0(X, ρ) satisfies a0 ⩾ |φ|v0,ρ.

Put λ1 := 1+λ−v0

2 < 1 and a′ := 6a0λv0−2a0
(λv0−1)2

> 0. Fix an arbitrary constant C ′ > max{C2, 2 exp(a′)},
where C > 1 is the constant from Lemma 2.8. Define φ(x) := φ(x) − P (T, φ) for each x ∈ X, and
Q := exp(infx∈X φ(x)) > 0. Suppose that ϵ ∈ (0, ξ) is a constant with 2 exp(a′ϵv0) ⩽ C ′, and that G′ = {x′i :
i ∈ [1, n′] ∩N} is an (ϵ/2)-net of X. Fix an arbitrary integer m ∈ N satisfying

⋂n′

i=1 T
m(B(x′i, ϵ/2)) = X.

Then the following inequality∥∥Lmk
φ (1)− uφ

∥∥
∞ ⩽ CeZ(1− exp(−Z))k−1

holds for each k ∈ N with 0 ⩽ Z(1− exp(−Z))k−1 ⩽ 1, where uφ is the function from Corollary 2.9 and
Z := K̂

(
λ1, C

′, (C
−2Qm+2)C′

2C−2Qm+2

)
> 0.

The proof of Theorem 4.1 will be given at the end of this subsection.
First, we introduce some notations in the cone technique. Let E be a vector space over R. A convex

cone in E is a subset C ⊆ E ∖ {0} satisfying the following properties:
(i) tv ∈ C for all v ∈ C and t > 0.
(ii) t1v1 + t2v2 ∈ C for all v1, v2 ∈ C and t1, t2 > 0.
(iii) {v ∈ E : v ∈ C, −v ∈ C} = {0}.

Here C is the set consisting of w ∈ E satisfying that there exists v ∈ C and {tn}n∈N ⊆ R+ satisfying that
w + tnv ∈ C for each n ∈ N and that tn converges to 0 as n tends to +∞.

Consider an arbitrary pair of v1, v2 ∈ C. Then we define
(4.2) α(v1, v2) := sup{t > 0 : v2 − tv1 ∈ C} and β(v1, v2) := inf{s > 0 : sv1 − v2 ∈ C},
with the conventions that sup ∅ = 0, inf ∅ = +∞. By the definition of convex cones, we have α(v1, v2) ⩽
β(v1, v2), α(v1, v2) < +∞, and β(v1, v2) > 0. Thus θ(v1, v2) given by

(4.3) θ(v1, v2) :=

{
+∞ if α(v1, v2) = 0 or β(v1, v2) = +∞;

log(β(v1, v2))− log(α(v1, v2)) otherwise
is well-defined and takes value in [0,+∞]. Here θ is called the projective metric associated to C.
Proposition 4.2 ([Vi97, Proposition 2.2]). Let C be a convex cone. Then the projective metric θ has the
following properties:

(i) θ(v1, v2) = θ(v2, v1) for all v1, v2 ∈ C,
(ii) θ(v1, v2) + θ(v2, v3) ⩾ θ(v1, v3) for all v1, v2, v3 ∈ C,
(iii) for all v1, v2 ∈ C, θ(v1, v2) = 0 if and only if there exists t > 0 with v1 = tv2.
Moreover, the following proposition asserts that L : C1 → C2 is a strict contraction with respect to θ1

and θ2 if L(C1) has finite θ2-diameter. Here θi is the projective metric associated to Ci for each i ∈ {1, 2}.
Proposition 4.3 ([Vi97, Proposition 2.3]). Let Ei be a vector space, and Ci ⊆ Ei be a convex cone with
the projective metric θi for each i ∈ {1, 2}. Assume that L : E1 → E2 is a linear operator with L(C1) ⊆ C2,
and U := sup{θ2(L(v), L(w)) : v, w ∈ C1} < +∞. Then for each pair of v, w ∈ C1,

θ2(L(v), L(w)) ⩽
(
1− e−U

)
· θ1(v, w).

To prove Theorem 4.1, we introduce the following family of convex cones with the given constant ξ > 0
and v0 ∈ (0, 1].
Definition 4.4. Let (X, ρ) be a compact metric space. For each a > 0 and each b > 1, denote by
C(a, b) ⊆ C(X) the set consisting of continuous functions u : X → R satisfying the following properties:

(i) u(x) > 0 for each x ∈ X,
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(ii) u(x) ⩽ exp(aρ(x, y)v0) · u(y) for all x, y ∈ X with ρ(x, y) < ξ,
(iii) u(x) ⩽ bu(y) for each pair of x, y ∈ X.

It is not hard to show that C(a, b) is a convex cone. Let αa,b and βa,b be the corresponding functions
associated to C(a, b) defined in (4.2), and θa,b be the projective metric associated to C(a, b) defined in
(4.3).

Consider an arbitrary pair of φ1, φ2 ∈ C(a, b). We shall compute the expression of αa,b(φ1, φ2). By
(4.2), αa,b(φ1, φ2) is the supremum of all positive real numbers t satisfying the following three properties
for all s, m, n, x, y ∈ X with 0 < ρ(x, y) < ξ:

(i) φ2(s)− tφ1(s) > 0, or equivalently, t < φ2(s)
φ1(s)

;

(ii) φ2(x)−tφ1(x)
φ2(y)−tφ1(y)

⩽ exp(aρ(x, y)v0), or equivalently, t ⩽ eaρ(x,y)
v0φ2(y)−φ2(x)

eaρ(x,y)
v0φ1(y)−φ1(x)

;

(iii) φ2(n)−tφ1(n)
φ2(m)−tφ1(m) ⩽ b, or equivalently, t ⩽ bφ2(m)−φ2(n)

bφ1(m)−φ1(n)
.

In other words, we have

(4.4) αa,b(φ1, φ2) = min

{
inf
x, y

{
eaρ(x,y)

v0φ2(x)− φ2(y)

eaρ(x,y)
v0φ1(x)− φ1(y)

}
, inf
m,n∈X

{
bφ2(m)− φ2(n)

bφ1(m)− φ1(n)

}
, inf
s∈X

{
φ2(s)

φ1(s)

}}
,

where the infimum in the first term is taken over all pairs of x, y ∈ X with 0 < ρ(x, y) < ξ.
Now we demonstrate that the images of a convex cone under iterations of the Ruelle–Perron–Frobenius

operators contract uniformly.

Proposition 4.5. Fix arbitrary constants η, ξ, a0 > 0, λ > 1, and v0 ∈ (0, 1]. Let (X, ρ) be a compact
metric space, T : X → X be a continuous, topologically exact, open, and distance-expanding with constants
η, λ, and ξ. Assume that φ ∈ C0,v0(X, ρ) satisfies a0 ⩾ |φ|v0,ρ.

Put λ1 := 1+λ−v0

2 < 1 and a′ := 6a0λv0−2a0
(λv0−1)2

> 0. Define φ(x) := φ(x) − P (T, φ) for each x ∈ X, and
Q := exp(infx∈X φ(x)) > 0. Fix a constant b > 2 exp(a′). Suppose that ϵ ∈ (0, ξ) is a constant with
2 exp(a′ϵv0) ⩽ b, and that G′ = {x′1, x′2, . . . , x′n′} is an (ϵ/2)-net of X. Fix an arbitrary integer m ∈ N
satisfying

⋂n′

i=1 T
m(B(x′i, ϵ/2)) = X. Put b′ := (C−2Qm+2)b

2C−2Qm+2
∈
(
b
2 , b

)
, where C > 1 is from Lemma 2.8.

Denote by L : C(X) → C(X) the operator given by

(4.5) L(u)(x) :=
Lφ(uuφ)(x)

uφ(x)
=

∑
x∈T−1(x)

u(x)uφ(x)

uφ(x)
· exp(φ(x))

for all u ∈ C(X) and x ∈ X. Here uφ is the function from Corollary 2.9.
Then L(1) = 1 and

(4.6) Lm(C(a′, b)) ⊆ C(λ1a′, b′) ⊆ C(a′, b).

Proof. By (2.16) and (4.5), we have L(1) = 1. It remains to prove (4.6). Since λ1 < 1 and b′ < b, it follows
from Definition 4.4 that C(λ1a′, b′) ⊆ C(a′, b). Hence, it suffices to show that Lm(C(a′, b)) ⊆ C(λ1a′, b′).

Now we consider an arbitrary function u ∈ C(a′, b) and prove that Lm(u) satisfies properties (i), (ii),
and (iii) in Definition 4.4 for C(λ1a′, b′), respectively.

Since u ∈ C(a′, b), then u(x) > 0 for each x ∈ X. By (4.5), L(u)(x) > 0 for each x ∈ X. By induction,
we obtain that Lm(u)(x) > 0 for each x ∈ X, so Lm(u) satisfies property (i) in Definition 4.4 for C(λ1a′, b′).

Next, we prove that L(u) satisfies property (ii) in Definition 4.4 for C(λ1a′, b′), namely,

L(u)(x) ⩽ exp(λ1a
′ρ(x, y)v0) · L(u)(y)

for each pair of x, y ∈ X with ρ(x, y) < ξ. Consider a pair of x, y ∈ X with ρ(x, y) < ξ. Since T is an
open and distance-expanding with constants η, λ, and ξ, then for each x ∈ T−1(x), one can find a point
y(x) := T−1

x (y) ∈ T−1(y) satisfying that ρ(x, y(x)) ⩽ λ−1ρ(x, y) < ξ, and hence,

(4.7) u(x) ⩽ exp(a′ρ(x, y(x))v0) · u(y(x)) ⩽ exp(a′λ−v0ρ(x, y)v0) · u(y(x)).
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Since φ ∈ C0,v0(X, ρ), the function φ ∈ C0,v0(X, ρ) satisfies a0 ⩾ |φ|v0,ρ. Hence, we have that

(4.8) exp(φ(x)) ⩽ exp(a0ρ(x, y(x))
v0) · exp(φ(y(x))) ⩽ exp(a0λ

−v0ρ(x, y)v0) · exp(φ(y(x)))

for each x ∈ T−1(x). Moreover, by (2.17), for each x ∈ T−1(x),

(4.9) uφ(x)

uφ(x)
⩽ exp

(
2a0ρ(x, y)

v0

λv0 − 1

)
· uφ(y(x))
uφ(y)

.

Thus, by (4.5), (4.7), (4.8), and (4.9), we conclude that

L(u)(x) =
∑

x∈T−1(x)

u(x)uφ(x)

uφ(x)
· exp(φ(x))

⩽
∑

x∈T−1(x)

u(y(x))uφ(y(x))

uφ(y)
· exp

(
φ(y(x)) +

(
a′

λv0
+

a0
λv0

+
2a0

λv0 − 1

)
ρ(x, y)v0

)
= exp(λ1a

′ρ(x, y)v0) · L(u)(y)

for each pair of x, y ∈ X with ρ(x, y) < ξ, where the last equality holds due to the definitions of λ1 and
a′. Hence, L(u) satisfies property (ii) in Definition 4.4 for C(λ1a′, b′). By induction, it follows from λ1 < 1
that for each s ∈ N, Ls(u) satisfies property (ii) in Definition 4.4 for C(λ1a′, b′).

Finally, we establish that Lm(u) satisfies property (iii) in Definition 4.4 for C(λ1a′, b′), namely,
(4.10) Lm(u)(x) ⩽ b′Lm(u)(y) for each pair of x, y ∈ X.

Note that Lm : C(X) → C(X) is a linear operator, we can additionally assume that infx∈X u(x) = 1
without loss of generality. Since u ∈ C(a′, b), there exists a pair of x∗, x∗ ∈ X with u(x∗) = 1 and
u(x∗) = supx∈X u(x) ⩽ b. Depending on the value of u(x∗), we have the following two cases.

Case 1: b′ ⩽ u(x∗) ⩽ b.
Consider a point w ∈ X, we shall show that Lm(u)(w) ⩽ b′. Since G′ is an (ϵ/2)-net of X, there exists an

integer i ∈ [1, n′] with x∗ ∈ B(x′i, ϵ/2). Since Tm(B(x′i, ϵ/2)) = X, there exists w∗ ∈ T−m(w)∩B(x′i, ϵ/2).
Hence, ρ(w∗, x∗) ⩽ ρ(w∗, x

′
i) + ρ(x′i, x∗) < ϵ < ξ. Moreover, since u ∈ C(a′, b), we have

(4.11) u(w∗) ⩽ exp(a′ρ(w∗, x∗)
v0) · u(x∗) ⩽ exp(a′ϵv0).

Hence, by the definitions of ϵ, Q, b′, L(1) = 1, (2.18), (4.5), and (4.11), we have

Lm(u)(w) =
u(w∗)uφ(w∗)

uφ(w)
· eSmφ(w∗) +

∑
w∈T−m(w)∖{w∗}

u(w)uφ(w)

uφ(w)
· eSmφ(w)

⩽ exp(a′ϵv0) · uφ(w∗)

uφ(w)
· eSmφ(w∗) + u(x∗)

∑
w∈T−m(w)∖{w∗}

uφ(w)

uφ(w)
· eSmφ(w)

⩽ u(x∗)− (u(x∗)− exp(a′ϵv0)) · C−2 inf
x∈X

exp(Smφ(x))

⩽ b− (b′ − b/2)C−2Qm

= b′,

where the last equality comes from the direct calculation.
Case 2: u(x∗) < b′.
Since L(1) = 1, we obtain that supx∈X Lm(u)(x) ⩽ supx∈X u(x) < b′.
To sum up, we always have that supx∈X Lm(u)(x) ⩽ b′. Moreover, it follows from L(1) = 1 that

infx∈X Lm(u)(x) ⩾ 1. Therefore, we have estalished (4.10) for each pair of x, y ∈ X.
Therefore, we obtain (4.6) and complete the proof of Proposition 4.5. □

Let C+ be the set of positive functions on X. It is not hard to show that C+ is a convex cone. Let α+

and β+ be the corresponding functions associated to C+ defined in (4.2), and θ+ be the projective metric
associated to C+ defined in (4.3). Now, we establish the following result. Recall K̂ from (4.1).
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Proposition 4.6. Fix constants a > 0, b > 1, and 0 < λ1 < 1. Then
(4.12) θ+(φ1, φ2) = log(sup{φ2(x)/φ1(x) : x ∈ X})− log(inf{φ2(y)/φ1(y) : y ∈ X}) ⩽ θa,b(φ1, φ2)

for each pair of φ1, φ2 ∈ C(a, b), and

(4.13) diamθa,b(C(λ1a, b
′)) ⩽ K̂(λ1, b, b

′).

Proof. Consider a pair of φ1, φ2 ∈ C(a, b). By the definition of α+ and β+, we have that α+(φ1, φ2) =
inft∈X(φ2(t)/φ1(t)), and β+(φ1, φ2) = sups∈X(φ2(s)/φ1(s)). Hence, θ+(φ1, φ2) = log(sup{φ2(x)/φ1(x) :
x ∈ X})− log(inf{φ2(y)/φ1(y) : y ∈ X}). By (4.4), we have α+(φ1, φ2) ⩾ αa,b(φ1, φ2). Similarly, we have
β+(φ1, φ2) ⩽ βa,b(φ1, φ2). Hence, θ+(φ1, φ2) ⩽ θa,b(φ1, φ2).

Consider a pair of ϕ1, ϕ2 ∈ C(λ1a, b′) ⊆ C+. By the definition of C(λ1a, b′), we have that
ϕ2(y) ⩽ ϕ2(x) exp(aλ1ρ(x, y)

v0) and ϕ1(y) ⩾ ϕ1(x) exp(−aλ1ρ(x, y)v0)
for each pair of x, y ∈ X with ρ(x, y) < ξ. Hence, we obtain that

exp(aρ(x, y)v0)ϕ2(x)− ϕ2(y)

exp(aρ(x, y)v0)ϕ1(x)− ϕ1(y)
⩾ ϕ2(x)

ϕ1(x)
· exp(aρ(x, y)v0)− exp(aλ1ρ(x, y)

v0)

exp(aρ(x, y)v0)− exp(−aλ1ρ(x, y)v0)

⩾ inf
z>1

{
z − zλ1

z − z−λ1

}
· ϕ2(x)
ϕ1(x)

⩾ 1− λ1
1 + λ1

· ϕ2(x)
ϕ1(x)

(4.14)

for each pair of x, y ∈ X with ρ(x, y) < ξ. By Definition 4.4, we have that
ϕ2(y) ⩽ b′ϕ2(x) < bϕ2(x) and 0 < ϕ1(y) < bϕ1(x)

for each pair of x, y ∈ X. Hence,

(4.15) bϕ2(x)− ϕ2(y)

bϕ1(x)− ϕ1(y)
⩾ b− b′

b
· ϕ2(x)
ϕ1(x)

for each pair of x, y ∈ X.
By (4.4), (4.14), and (4.15), we obtain that αa,b(ϕ1, ϕ2) ⩾ 1−λ1

1+λ1
· b−b′

b · α+(ϕ1, ϕ2). Similarly, we can
obtain that βa,b(ϕ1, ϕ2) ⩽ 1+λ1

1−λ1
· b
b−b′ ·β+(ϕ1, ϕ2). Moreover, since ϕ1, ϕ2 ∈ C(λ1a, b′), we have 1

b ⩽ ϕ2(x)
ϕ1(x)

⩽ b

for each x ∈ X. Hence, it follows from (4.1) that
θa,b(ϕ1, ϕ2) = log(βa,b(ϕ1, ϕ2))− log(αa,b(ϕ1, ϕ2))

⩽ log(β+(ϕ1, ϕ2))− log(α+(ϕ1, ϕ2)) + 2 log

(
1 + λ1
1− λ1

· b

b− b′

)
⩽ K̂(λ1, b, b

′)

for each pair of ϕ1, ϕ2 ∈ C(λ1a, b′). This completes the proof of (4.13). □
We are now ready to establish Theorem 4.1.

Proof of Theorem 4.1. Recall that λ1 := 1+λ−v0

2 , a′ := 6a0λv0−2a0
(λv0−1)2

, C ′ > max{C2, 2 exp(a′)}, where C is
from Lemma 2.8. Write D := (C−2Qm+2)C′

2C−2Qm+2
. Then by Proposition 4.5, we have Lm(C(a′, C ′)) ⊆ C(λ1a′, D),

where L is defined in (4.5). Thus, it follows from Proposition 4.6 that

(4.16) diamθa′,C′ (L
m(C(a′, C ′))) ⩽ diamθa′,C′ (C(λ1a′, D)) ⩽ K̂(λ1, C

′, D).

Obviously, we have 1 ∈ C(a′, C ′). By (2.17) and (2.18), it follows from a′ > a0
λv0−1 and C ′ > C2 that

1/uφ ∈ C(a′, C ′). Then by Proposition 4.3 for Lm : C(a′, C ′) → C(a′, C ′) and (4.16), we have

(4.17) θa′,C′
(
Lmk(1/uφ),1

)
⩽ (1− exp(−Z))k−1 · θa′,C′

(
Lm(1/uφ),1

)
⩽ (1− exp(−Z))k−1Z

for each k ∈ N, where Z := K̂(λ1, C
′, D). By Proposition 4.6, we have

(4.18) θ+
(
Lmk(1/uφ),1

)
⩽ θa′,C′

(
Lmk(1/uφ),1

)
.

Then by (4.5), (4.17), and (4.18), one can see that
(4.19) θ+

(
Lmk
φ (1), uφ

)
= θ+

(
Lmk
φ (1)/uφ,1

)
= θ+

(
Lmk(1/uφ),1

)
⩽ Z(1− exp(−Z))k−1.
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Since L(1) = 1, one can see that

sup
x∈X

Lmk
φ (1)(x)

uφ(x)
= sup

x∈X
{Lmk(1/uφ(x))} ⩾ 1 ⩾ inf

x∈X
{Lmk(1/uφ(x))} = inf

x∈X

Lmk
φ (1)(x)

uφ(x)
.

Hence, by (2.18), (4.12), and (4.19), we have∥∥Lmk
φ (1)(x)− uφ(x)

∥∥
∞ ⩽

∥∥uφ(x)∥∥∞ ·
∥∥∥∥Lmk

φ (1)(x)

uφ(x)
− 1

∥∥∥∥
∞

⩽ C
(
exp

(
θ+

(
Lmk
φ (1), uφ

))
− 1

)
⩽ C

(
exp

(
Z(1− exp(−Z))k−1

)
− 1

)
.

Since for each x ∈ [0, 1], ex ⩽ ex+ 1, we have∥∥Lmk
φ (1)(x)− uφ(x)

∥∥
∞ ⩽ CeZ(1− exp(−Z))k−1

for each k ∈ N with 0 ⩽ Z(1− exp(−Z))k−1 ⩽ 1. Therefore, we complete the proof. □

4.2. Proof of the computability of the Jacobian. In this subsection, we aim to establish the uniform
computability of Jacobians, as stated in the following theorem.

Theorem 4.7. There exists an algorithm satisfying the following property:
For each x0 ∈ X, each n ∈ N, and each quintet (X, ρ, S, φ, T ) satisfying the Assumption A in

Section 1, the algorithm outputs a rational 2−n-approximation for the value of Jφ(x0), where the function
Jφ : X → R is defined by

(4.20) Jφ(x) :=
uφ(T (x))

uφ(x)
exp(P (T, φ)− φ(x)) for each x ∈ X,

on the following input
(i) two algorithms computing φ and T , respectively,
(ii) an algorithm outputting a net of X with any given precision (in the sense of Definition 3.16),
(iii) two rational constants a0 > 0 and v0 ∈ (0, 1] with φ ∈ C0,v0(X) and a0 ⩾ |φ|v0,ρ,
(iv) three rational constants η > 0, λ > 1, and ξ > 0 satisfying that T is distance-expanding with these

constants (in the sense of Definition 2.1),
(v) an oracle of the point x0 ∈ X,
(vi) the constant n ∈ N.

The proof will be given at the end of this subsection. We begin with designing an algorithm that
computes the function Lφ(1).

Proposition 4.8. Let (X, ρ, S) be a computable metric space, X a recursively compact set, and T : X →
X a computable distance-expanding map with respect to the metric ρ with constants η, λ, and ξ. Then
the inverse T−1 of T is computable (in the sense of Definition 3.13).

Proof. Consider a point x ∈ X and an oracle for x. By [GHR11, Proposition 4], we obtain that X
is recursively precompact, and consequently, there is an algorithm outputting an (η/2)-net of X, say
{xi : i ∈ [1, n] ∩ N}. Because T is distance-expanding with constants η, λ, and ξ, there is at most one
preimage point of x in each closed ball with radius (η/2). By Definition 3.14, B(xi, η/2) is recursively
compact for each integer 1 ⩽ i ⩽ n. Since T is computable, by [GHR11, Proposition 3], T

(
B(xi, η/2)

)
is also recursively compact for each integer 1 ⩽ i ⩽ n. Hence, by [BRY12, Theorem 2.12], the inverse(
T |

B(xi,η/2)

)−1
: T

(
B(xi, η/2)

)
→ B(xi, η/2) of the restriction of T is computable for each i ∈ N. There-

fore, the inverse T−1 of T is computable. □

As an immediate consequence of Proposition 4.8 and the computability of the exponential function,
one gets the computability of the Ruelle–Perron–Frobenius operator in the following sense:
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Corollary 4.9. There exists an algorithm satisfying the following property:
For each x0 ∈ X, each n, m ∈ N, and each quintet (X, ρ, S, φ, T ) satisfying the Assumption A in

Section 1, this algorithm outputs a rational 2−n-approximation for the value of Lm
φ (1)(x0), after inputting

an oracle of the point x0, the constants n, m ∈ N, and data (i) through (iv) from Theorem 4.7 in this
algorithm.

Now we apply Lemma 2.8 to establish the computability of the value of the pressure P (T, φ).

Lemma 4.10. There exists an algorithm satisfying the following property:
For each n ∈ N and each quintet (X, ρ, S, φ, T ) satisfying the Assumption A in Section 1, this

algorithm outputs a rational 2−n-approximation for the topological pressure P (T, φ), after inputting the
constant n ∈ N and data (i) through (iv) from Theorem 4.7 in this algorithm.

Proof. We can design the algorithm following the steps below:
(1) Compute a ξ′-net G for the space X, where ξ′ := min{η, ξ}. Then compute N ∈ N with⋂

x∈G
⋃N

k=0 T
k(x, ξ) = X.

(2) Use [BRY12, Proposition 2.13] to compute ‖φ‖∞.
(3) Compute N1 ∈ N with 2n+1N log(cardG) ·

(4a0ξv0
λv0−1 + 2N‖φ‖∞

)
⩽ N1.

(4) By Corollary 4.9, we compute and output the value of

vn ≈ wn := N−1
1 log

(
LN1
φ (1)(y0)

)
with precision 2−n−1, where y0 ∈ S is an ideal point.

Let us verify that vn satisfies |vn − P (T, φ)| < 2−n for each n ∈ N. To see this, it suffices to check that
|wn − P (T, φ)| < 2−n−1 for each n ∈ N. Since T : X → X is distance-expanding with constants η, λ, and
ξ, then T is injective on each balls of radius ξ′. Hence, we have D := maxx∈X card

(
T−1(x)

)
⩽ cardG.

Moreover, by Lemma 2.8, and steps (4) and (5) above, we can conclude that

|wn − P (T, φ)| =
∣∣N−1

1 log
(
e−N1P (T,φ)LN1

φ (1)(y0)
)∣∣ < (logC)/N1 < 2−n−1. □

Applying Theorem 4.1, we can show that the function uφ : X → R is computable.

Lemma 4.11. There exists an algorithm that satisfies the following property:
For each x0 ∈ X, each n ∈ N, and each quintet (X, ρ, S, φ, T ) satisfying the Assumption A in Section 1,

this algorithm outputs a rational 2−n-approximation for the value of uφ(x0), after inputting an oracle of
the point x0, the constant n ∈ N, and data (i) through (iv) from Theorem 4.7 in this algorithm.

Proof. We can design the algorithm following the steps below:
(1) Compute a ξ′-net G for the space X, where ξ′ := min{η, ξ}. Then compute a constant N ∈ N

satisfying that
⋂

x∈G
⋃N

k=0 T
k(x, ξ) = X.

(2) Use Lemma 4.10 to compute the topological pressure P (T, φ).
(3) Use [BRY12, Proposition 2.13] to compute ‖φ‖∞ and Q := infx∈X{φ(x)} − P (T, φ).
(4) Use Theorem 4.1 to compute a constant C ′ ∈ R satisfying that C ′ > max

{
C

2
, 2 exp(a′)

}
, where

(4.21) C := (cardG)N exp
( 4a0ξ

v0

λv0 − 1
+ 2N‖φ‖∞

)
.

(5) Use Theorem 4.1 to compute ϵ ∈ (0, ξ) with 2 exp(a′ϵv0) < C ′. Then compute an (ϵ/2)-net G′ for
the space X, and a constant m ∈ N satisfying

⋂
t∈G′ Tm(t, ϵ/2) = X.

(6) Use (4.1) to compute Z := K̂
(
λ−v0+1

2 , C ′, (C
−2

Qm+2)C′

2C
−2

Qm+2

)
.

(7) Find k ∈ N satisfying

(4.22) 0 < Z(1− exp(−Z))k−1 ⩽ 1 and CeZ(1− exp(−Z))k−1 < 2−n−1.
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(8) By Proposition 4.8 and Lemma 4.10, we compute and output the value of

sn ≈ tn := e−mkP (T,φ)Lmk
φ (1)(x0)

with precision 2−n−1.
Fix an integer n. Now we verify that sn satisfies |sn − uφ(x0)| < 2−n. To see this, it suffices to check
that |tn − uφ(x0)| < 2−n−1. Since T : X → X is distance-expanding with constants η, λ, and ξ, T is
injective on each ball of radius ξ′. Hence, we have that D := maxx∈X card

(
T−1(x)

)
⩽ cardG. Recall

that in Lemma 2.8 we define C := (cardG)N exp
(
4a0ξv0
λv0−1 + 2N‖φ‖∞

)
. So by (4.21), C ⩾ C. Thus

C ′ > max
{
C

2
, 2 exp(a′)

}
⩾ max

{
C2, 2 exp(a′)

}
. Moreover, by (4.1) and Step (6) above, we obtain that

Z ⩾ Z := K̂
(
λ−v0+1

2 , C ′, (C
−2Qm+2)C′

2C−2Qm+2

)
. By Theorem 4.1, it follows from 0 < Z(1 − exp(−Z))k−1 ⩽

Z(1− exp(−Z))k−1 ⩽ 1 that

|tn − uφ(x0)| ⩽
∥∥Lmk

φ (1)(x0)− uφ(x0)
∥∥
∞ ⩽ CeZ

(
1− e−Z

)k−1 ⩽ CeZ
(
1− e−Z

)k−1
< 2−n−1,

establishing the lemma. □

We are now ready to establish Theorem 4.7.

Proof of Theorem 4.7. By Corollary 4.9, Lemmas 4.10, and 4.11, it follows from (4.20) that the function
Jφ is computable. □

4.3. Two subsets of P(X). In this subsection, we consider two subsets of P(X) that are closely related
to the equilibrium state µφ and prove that they are both lower-computable open sets.

Lemma 4.12. Let (X, ρ, S) be a computable metric space. Assume that X is recursively compact, and
T : X → X is computable. Then U := P(X)−MT (X) is a lower-computable open set.

Proof. Define the function LT : P(X) → P(X) by duality in the following way: for each µ ∈ P(X), LT (µ)
satisfies that

∫
f dLT (µ) =

∫
(f ◦ T ) dµ for each f ∈ C(X). Since the map T : X → X is computable,

by [GHR11, Theorem 3.1], the map LT : P(X) → P(X) is also computable. Define I : P(X) → R by
I(µ) =Wρ(µ, LT (µ)) for each µ ∈ P(X). Then I is a computable function. By Definition 3.6, R∖ {0} is
a lower-computable open set. Hence, by Proposition 3.10, I−1(R ∖ {0}) is a lower-computable open set.
By the definition of U , U = I−1(R∖ {0}). Therefore, U is a lower-computable open set. □

Lemma 4.13. Let the quintet (X, ρ, S, φ, T ) satisfy the Assumption A in Section 1. Define the set W
so that a Borel probability measure µ is in W if and only if the Jacobian of T : X → X with respect to µ
is not

Jφ(x) :=
uφ(T (x))

uφ(x)
exp(P (T, φ)− φ(x)).

Then W is a lower-computable open set.

Proof. Let {φj}j∈N be a computable enumeration of E(S) (see Definition 3.22) in the computable met-
ric space (X, ρ, S), and {xk : k ∈ [1,m] ∩ N} be an η-net for X. Set gk,n(x) := gxk,η− 1

n
, 1
n
(x) (see

Definition 3.21) for all k, n ∈ N with k ⩽ m.
Claim. W =

⋃m
k=1

⋃
j, n∈NΦk,n

j , where

(4.23) Φk,n
j :=

{
µ ∈ P(X) :

∫
(φj · gk,n) ◦ T−1 dµ−

∫
φj · gk,n · Jφ dµ 6= 0

}
for all j, k, n ∈ N with k ⩽ m.

By the definitions of W and the function Jφ, we have Φk,n
j ⊆ W for all j, k, n ∈ N with k ⩽ m.

Hence, to prove the claim, it suffices to show that W ⊆
⋃m

k=1

⋃
j, n∈NΦk,n

j . Fix an integer 1 ⩽ k ⩽ m.
Since T is distance-expanding with constants η, λ, and ξ, it is injective on B(xk, η). Thus, the function
(φj · gk,n) ◦ T−1 is well-defined in X for all j, n ∈ N.
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Consider
µ ∈

⋂
j, n∈N

(
Φk,n
j

)c
.

Then for each j ∈ N and each n ∈ N, by (4.23), we have∫
(φj · gk,n) ◦ T−1 dµ =

∫
φj · gk,n · Jφ dµ.

Fix j ∈ N and let n→ +∞. It follows from the Dominated Convergence Theorem that∫ (
φj · 1B(xk,η)

)
◦ T−1 dµ =

∫
φj · 1B(xk,η) · Jφ dµ

for each j ∈ N. Then by Proposition 3.23, we have µ1 = µ2, where µ1 and µ2 are given by

µ1(A) :=
µ(T (A ∩B(xk, η)))

µ(T (B(xk, η)))
and µ2(A) :=

∫
A∩B(xk,η)

Jφ dµ∫
B(xk,η)

Jφ dµ

for each Borel set A ⊆ X. Thus, µ(T (A ∩B(xk, η))) =
∫
A∩B(xk,η)

Jφ dµ for each Borel set A ⊆ X.
Hence, for each µ ∈

⋂
1⩽k⩽m

⋂
j, n∈N

(
Φk,n
j

)c and each Borel set A ⊆ X, we can define A1 := A∩B(x1, η), and

Ak :=
(
A−

⋃k−1
i=1 Ai

)
∩B(xk, η) for each integer k ∈ [2,m]. Since X =

⋃m
k=1B(xk, η), then A =

⊔m
k=1Ak.

So

µ(T (A)) =

m∑
k=1

µ(T (Ak)) =

m∑
k=1

∫
Ak

Jφ dµ =

∫
A
Jφ dµ,

namely, µ ∈W c. Hence, the claim holds.
By Definition 3.21, Theorem 4.7, and Proposition 4.8,

{
(φj · gk,n) ◦ T−1 − φj · gk,n · Jφ : j, k, n ∈

N with k ⩽ m
}

is a uniformly computable sequence of functions. Then by Corollary 3.20, the family
Ik,n
j : P(X) → R, j, k, n ∈ N with k ⩽ m, defined by

Ik,n
j (µ) :=

∫ (
(φj · gk,n) ◦ T−1 − φj · gk,n · Jφ

)
dµ for all µ ∈ P(X) and j, k, n ∈ N with k ⩽ m,

is a uniformly computable sequence of functions. By Definition 3.5, R ∖ {0} is a lower-computable open
set. Note that Φk,n

j =
(
Ik,n
j

)−1
(R ∖ {0}). Then by Corollary 3.11, Φk,n

j , j, k, n ∈ N with k ⩽ m form
a uniformly computable sequence of lower-computable open sets. Therefore, by Proposition 3.7 and the
claim, W is a lower-computable open set. □

4.4. Proofs of Theorems 1.1 and 1.2. We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Since X is recursively compact, by Proposition 3.18, P(X) is also recursively com-
pact. By Corollary 2.9, there exists a unique T -invariant Gibbs state µφ for T and φ. By Proposition 2.6,
µφ is also a unique equilibrium state µφ for T and φ. Together with the definitions of U and W , we have
{µφ} = P(X)∖ (U ∪W ). By Lemmas 4.12 and 4.13, U and W are both lower-computable open sets. It
follows from Proposition 3.15 (iii) that {µφ} is recursively compact. Therefore, by Proposition 3.15 (i),
the measure µφ is computable. □

Next, we apply Theorem 1.1 to establish Theorem 1.2 as follows.

Proof of Theorem 1.2. In the computable metric space (D, ρ′, S ′), by Theorem 1.1, there exists an algo-
rithm which, on input n ∈ N, outputs finite sequences {ki}mi=1 in Q+ and {xi}mi=1 in S ′ satisfying that∑m

i=1 ki = 1, and Wρ′(µφ, µn) ⩽ 2−n, where µn =
∑m

i=1 kiδxi ∈ RS′ . Since ρ′ is the restriction of the
metric ρ, we have Wρ(µφ, µn) ⩽ 2−n. Note that S ′ is a uniformly computable sequence of points in the
computable metric space (X, ρ, S). Then for each integer i ∈ [1,m], we can find a point yi ∈ S such that
ρ
(
xi, yi

)
< 2−n. Define µ̂n :=

∑m
i=1 kiδyi ∈ RS . Thus we have Wρ(µn, µ̂n) < 2−n. Then

Wρ(µφ, µ̂n) ⩽Wρ(µφ, µn) +Wρ(µn, µ̂n) < 21−n.

Hence, µφ is a computable point in the computable metric space (P(X), Wρ, RS). □
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5. Hyperbolic rational maps

In this section, we review some notations and results in complex dynamics and apply Theorem 1.2 to
prove Theorem C.

Recall that the spherical metric dĈ on the Riemann sphere Ĉ = C ∪ {∞}, given by the length element
ds(z) := 2|dz|/(1 + |z|2) for each z ∈ Ĉ, is a conformal metric. Moreover,

(
Ĉ, dĈ, Q

2
)

is a computable
metric space and Ĉ is recursively compact, where Q2 := {a+ bi : a, b ∈ Q}. The spherical derivative f#
of a holomorphic function f : Ĉ → Ĉ is given by
(5.1) f#(z) := lim

w→z
dĈ(f(w), f(z))

/
dĈ(w, z) = |f ′(z)| ·

(
1 + |z|2

)/(
1 + |f(z)|2

)
for each z ∈ Ĉ. If z or f(z) is equal to ∞, then the last expression of (5.1) has to be understood as a
suitable limit.

We identify Ĉ with the unit sphere in R3 via stereographic projection. The chordal metric σ on Ĉ is
the metric that corresponds to the Euclidean metric in R3 under this identification. More precisely,
(5.2) σ(z, w) = 2|z − w|

/√
(1 + |z|2)(1 + |w|2) for each pair of z, w ∈ C,

and σ(∞, z) = σ(z,∞) = 2
/√

1 + |z|2 for each z ∈ C.
Any holomorphic map f : Ĉ → Ĉ on the Riemann sphere can be expressed as a rational function, that

is, as the quotient f(z) = p(z)/q(z) of two polynomials p and q. Here we may assume that p and q have
no common roots. The degree d of the rational map f is defined as the maximum of the degrees of p and
q. The Fatou set Ff of f is defined to be the set of points z ∈ Ĉ satisfying that there exists an open
neighborhood U(z) of z on which the family {fn|U(z)}n∈N is equicontinuous with respect to the spherical
metric dĈ. The Julia set Jf of f is the complement of the Fatou set Ff .

Proposition 5.1 ([Mil06, Corollary 4.13]). If f : Ĉ → Ĉ is a rational map of degree d ⩾ 2, then for each
z0 ∈ Jf , the set

⋃
n∈N f

−n(z0) of all iterated preimages of z0 is dense in Jf .

The maps we consider in this section are hyperbolic rational maps, which are defined as follows (see
for example, [Mil06, Theorem 19.1]).

Definition 5.2. A rational function f of degree d ⩾ 2 is hyperbolic if the closure of the set of postcritical
points of f is disjoint from Jf .

Recall that a point x ∈ Ĉ is a postcritical point of f if x = fn(c) for some critical point c ∈ Ĉ of f and
some n ∈ N. For hyperbolic rational maps, we have the following two results.

Lemma 5.3 ([CG93, Lemma V.2.1]). Assume that f : Ĉ → Ĉ is a hyperbolic rational map of degree d ⩾ 2
with ∞ /∈ Jf . Then there exists a > 0 and A > 1 satisfying that |(fn)′(z)| ⩾ aAn for all n ∈ N and
z ∈ Jf .

Lemma 5.4 ([CG93, Theorem V.2.3]). If f is a hyperbolic rational map of degree d ⩾ 2, then Jf has
zero area.

The following lemma is due independently to Braverman [Br04] (in the case of the hyperbolic polyno-
mials) and Rettinger [Re05] (in the case of the hyperbolic rational maps).

Lemma 5.5. If f is a computable hyperbolic rational map of degree d ⩾ 2, then the distance function
x 7→ dĈ(Jf , x) is computable.

Proposition 5.6. Let f : Ĉ → Ĉ be a computable hyperbolic rational map of degree d ⩾ 2. Then for each
repelling periodic point w of f , the following statements hold:

(i) There is an enumeration {wi}i∈N of the set
⋃

n∈N f
−n(w) such that {wi}i∈N is a uniformly com-

putable sequence of points in the computable metric space
(
Ĉ, dĈ, Q

2
)
;

(ii)
(
Jf , dĈ,

⋃
n∈N f

−n(w)
)

is a computable metric space, and the Julia set Jf is recursively compact
in the computable metric space

(
Jf , dĈ,

⋃
n∈N f

−n(w)
)
.
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Proof. (i) First, we demonstrate that w is computable in the computable metric space
(
Ĉ, dĈ, Q

2
)
. Since

w is a periodic point of f , there exists m ∈ N with fm(w) = w. Then we apply a standard root-finding
algorithm (see for example, [BBY12, Appendix A]) for the function fm(x)−x to compute w. Hence, w is
computable. By [Mil06, Lemma 4.6], we obtain that w ∈ Jf . Hence, by the same root-finding algorithm,
we can compute all the roots of the function gn(x) = fn(x) − w for each n ∈ N. Hence, there is an
enumeration {wi}i∈N of the set

⋃
n∈N f

−n(w) such that {wi}i∈N is a uniformly computable sequence of
points in the computable metric space

(
Ĉ, dĈ, Q

2
)
.

(ii) By Proposition 5.1,
⋃

n∈N f
−n(w) is dense in Jf . Together with statement (i), it is not hard to

see that
(
Jf , dĈ,

⋃
n∈N f

−n(w)
)

is a computable metric space. Hence, to demonstrate statement (ii), by
Proposition 4 in [GHR11], it suffices to prove that

(
Jf , dĈ,

⋃
n∈N f

−n(w)
)

is recursively precompact.
Now we fix an integer s and construct a 2−s-net of the Julia set Jf as follows. Since

(
Ĉ, dĈ, Q

2
)

is recursively precompact, we can compute a 2−s−1-net N ′′
s of Ĉ. By Lemma 5.5, we can compute a

2−s−1-net N ′
s ⊆ N ′′

s of Jf satisfying that Jf ∩ B(y, 2−s−1) 6= ∅ for each y ∈ N ′
s. By Proposition 5.1

and statement (i), we can compute a point t(y) ∈ B(y, 2−s−1) ∩
(⋃

n∈N f
−n(w)

)
for each y ∈ N ′

s. Hence,
{t(y) : y ∈ N ′

s} ⊆ Jf is a 2−s-net of the Julia set Jf . This completes the proof. □

Proposition 5.7. Let f : Ĉ → Ĉ be a hyperbolic rational map of degree d ⩾ 2 with ∞ /∈ Jf . Let
Cf := f({z ∈ Ĉ : f ′(z) = 0}) be the set of critical values of f . Assume that there exist positive constants
V1, V2, V3, and V4 satisfying the following properties for each pair of x, y ∈ Jf :

(1) B(x, V1) ∩ Cf = ∅;
(2) 8/V4 < V2 ⩽ |f ′(x)| ⩽ V3;
(3) dĈ(x, y) ⩾ V4|x− y|.

Put l := V1/(4V3). Then the following statements hold:
(i) The map f is injective on B(x, l) for each x ∈ Jf .
(ii) The restriction f |Jf

: Jf → Jf is a distance-expanding map with respect to dĈ with constants
η := V4l/2, λ := V2V4/8, and ξ := V2l/16.

Proof. (i) Consider an arbitrary point x ∈ Jf . Then f(x) ∈ Jf . By property (1), we obtain that
B(f(x), V1) ∩ Cf = ∅. Hence, we can define a conformal inverse f−1

x : B(f(x), V1) → Ĉ such that
f−1
x (f(x)) = x and f(f−1

x (y)) = y for each y ∈ B(f(x), V1). Then by Koebe’s one-quarter theorem
(see for example, [CG93, Theorem I.1.3]), we have B(x, |(f−1

x )′(f(x))|V1/4) ⊆ f−1
x (B(f(x), V1)). By the

chain rule and property (2), |(f−1
x )′(f(x))| = 1/|f ′(x)| ⩾ V −1

3 . Thus, one can see that l = V1/(4V3) ⩽
|(f−1

x )′(f(x))|V1/4. Therefore, f is injective on B(x, l).
(ii) Fix an arbitrary pair of x, y ∈ Jf with dĈ(x, y) ⩽ 2η. First, we demonstrate that dĈ(f(x), f(y)) ⩾

λdĈ(x, y). By property (3), we obtain that |x− y| ⩽ 2η/V4 = l. Hence, by statement (i), f is injective on
B(x, |x− y|). By Koebe’s one-quarter theorem, we have

B(f(x), |x− y| · |f ′(x)|/4) ⊆ f(B(x, |x− y|)).

By f(y) ∈ ∂f(B(x, |x − y|)), we obtain that |f(x) − f(y)| ⩾ |x − y| · |f ′(x)|/4 ⩾ V2|x − y|/4. Note that
by [CG93, Theorem III.1.3], f(Jf ) = Jf . Then f(x) and f(y) both still belong to Jf . By property (3),
we have

dĈ(f(x), f(y)) ⩾ V4|f(x)− f(y)| ⩾ V2V4|x− y|/4 ⩾ V2V4dĈ(x, y)/8 = λdĈ(x, y).

Next, we verify that BdĈ
(f(x), ξ)∩Jf ⊆ f

(
BdĈ

(x, η)∩Jf

)
for each x ∈ Jf . Indeed, by dĈ(x, y) ⩽ 2|x−y|

for each pair of x, y ∈ Ĉ, we have

(5.3) BdĈ
(f(x), ξ) ⊆ B(f(x), 2ξ) for each x ∈ Ĉ.

By the definitions of l, ξ, property (2), statement (i), and Koebe’s one-quarter theorem, we have
(5.4) B(f(x), 2ξ) = B(f(x), V2l/8) ⊆ B(f(x), |f ′(x)|l/8) ⊆ f(B(x, l/2)) for each x ∈ Jf .
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By property (3), we have B(x, l/2) ∩ Jf ⊆ BdĈ
(x, η) ∩ Jf . Note that by [CG93, Theorem III.1.3],

f(Jf ) = Jf . Then f(A ∩ Jf ) = f(A) ∩ Jf for each subset A ⊆ Ĉ. Thus, we obtain that
(5.5) f(B(x, l/2)) ∩ Jf = f(B(x, l/2) ∩ Jf ) ⊆ f(BdĈ

(x, η) ∩ Jf ) for each x ∈ Jf .

Therefore, by (5.3), (5.4), and (5.5), we have BdĈ
(f(x), ξ)∩Jf ⊆ f(BdĈ

(x, η)∩Jf ) for each x ∈ Jf . This
completes the proof of statement (ii). □

Proposition 5.8. Let f : Ĉ → Ĉ be a hyperbolic rational map of degree d ⩾ 2 with ∞ /∈ Jf . Let xk,
1 ⩽ k ⩽ m, be an enumeration of f−1(∞) ∪ {∞}, and r > 0 be a constant satisfying that Jf ⊆ K :=⋂m

k=1BdĈ
(xk, r)

c and BdĈ
(xi, r) ∩ BdĈ

(xj , r) = ∅ for all 1 ⩽ i < j ⩽ m. Assume that there exist positive
constants D1, D2, C1, C2, and C satisfying the following properties:

(1) |z| ⩽ D1 and |f(z)| ⩽ D2 for each z ∈ K;
(2) |f ′(z)| ⩽ C1 and |f ′′(z)| ⩽ C2 for each z ∈ K;
(3)

∣∣f#(z)∣∣ ⩾ C for each z ∈ Jf .
Then the following statements hold:

(i) dK(x, y) ⩽ πdĈ(x, y) for each pair of x, y ∈ K, where dK is the metric on K given by the spherical
length element ds(z) = 2|dz|/(1 + |z|2) for each z ∈ K, i.e.,

dK(x, y) := inf

{∫
γ
ds : γ(0) = x, γ(1) = y, and γ : [0, 1] → K is continuous

}
.

(ii) If g : Ĉ → Ĉ is a rational map, then the restriction |g||K : K → R of the norm of g is
(
A
(
1 +

D2
1

)
π/2

)
-Lipschitz continuous with respect to dĈ, where A := supz∈K |g′(z)|.

(iii) The restriction φf |Jf
: Jf → R is (BC−1)-Lipschitz continuous with respect to dĈ, where φf (z) :=

log
(
f#(z)

)
for each z ∈ Jf and B :=

(
1 +D2

1

)(
C2

(
1 +D2

1

)
+D2C

2
1

(
1 +D2

1

)
+ C1D1

)
π.

Proof. (i) The path-connectedness of K is immediate from its definition. Hence, dK is well-defined.
Consider an arbitrary pair of x, y ∈ K. By subdividing the spherical geodesic from x to y, we only need
to consider the case where x, y ∈ ∂BdĈ

(xi, r) for some integer 1 ⩽ i ⩽ m. Then we have dK(x, y) ⩽
πσ(x, y) ⩽ πdĈ(x, y).

(ii) Fix an arbitrary pair of x, y ∈ K. By the definition of K, K is closed. Then there exists a
continuous function γ : [0, 1] → K with γ(0) = x, γ(1) = y, and dK(x, y) =

∫
γds. Hence, we have

||g(x)| − |g(y)|| ⩽
∣∣∣∣∫

γ
g′(z) dz

∣∣∣∣ ⩽ ∫
γ

A(1 + |z|2)
2

ds(z) ⩽
A
(
1 +D2

1

)
dK(x, y)

2
⩽
A
(
1 +D2

1

)
πdĈ(x, y)

2
.

This completes the proof of statement (ii).
(iii) Define u(x) := 1 + |x|2, v(x) := 1

1+|f(x)|2 , and w(x) := |f ′(x)| for each x ∈ K.
By statement (ii), conditions (1) and (2), we have

(5.6) |u(x)− u(y)| = (|x|+ |y|) ||x| − |y|| ⩽ 2D1 ||x| − |y|| ⩽ D1(1 +D2
1)πdĈ(x, y),

(5.7) |v(x)− v(y)| = ||f(x)|2 − |f(y)|2|
(1 + |f(x)|2)(1 + |f(y)|2)

⩽ 2D2||f(x)| − |f(y)|| ⩽ D2C1

(
1 +D2

1

)
πdĈ(x, y),

and
(5.8) |w(x)− w(y)| ⩽ C2

(
1 +D2

1

)
πdĈ(x, y)

for each pair of x, y ∈ K. By the definition of K, (5.1) holds for each z ∈ K. Moreover, by (5.6), (5.7),
and (5.8), we have

(5.9)
∣∣f#(x)− f#(y)

∣∣ ⩽ |u(x)v(x)||w(x)− w(y)|+ |u(x)w(y)||v(x)− v(y)|+ |v(y)w(y)||u(x)− u(y)|

⩽
(
C2

(
1 +D2

1

)2
+D2C

2
1

(
1 +D2

1

)2
+ C1D1

(
1 +D2

1

))
πdĈ(x, y) = BdĈ(x, y)
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for each pair of x, y ∈ K. Note that log x ⩽ x− 1 for each x ⩾ 1. Then it follows from condition (3) and
(5.9) that

|φf (x)− φf (y)| =
∣∣∣∣log( |f#(x)|

|f#(y)|

)∣∣∣∣ ⩽ |f#(x)− f#(y)|
min{|f#(x)|, |f#(y)|}

⩽ BC−1dĈ(x, y)

for each pair of x, y ∈ Jf . □

Now, we are ready to establish Theorem C.

Proof of Theorem C. Since f is a hyperbolic rational map, it follows from Lemma 5.4 that there exists a
computable point u in J c

f ∩Q2. By Lemma 5.5, there exists an algorithm which on input u ∈ Q2, halts if
and only if dĈ(u,Jf ) > 0. With this algorithm, we can compute a point u ∈ J c

f . Define, for each z ∈ Ĉ,

U(z) :=
uz + 1

u− z
and g(z) :=

(
U ◦ f ◦ U−1

)
(z).

Then U is a Möbius transformation. Since the function f and the point u are both computable, by the
definition of g, g is also a computable hyperbolic rational map with Jg = U(Jf ). Since u ∈ J c

f , we have
∞ ∈ J c

g .
By [CG93, Theorem III.1.2], Jg 6= ∅. Then by [CG93, Theorem III.3.1], there exists a repelling periodic

point of g, say w. By Proposition 5.6,
(
Jg, dĈ,

⋃
n∈N g

−n(w)
)

is a computable metric space and Jg is
recursively compact in the computable metric space

(
Jg, dĈ,

⋃
n∈N g

−n(w)
)
.

Now we apply Proposition 5.7 to compute constants n ∈ N, η > 0, λ > 1, and ξ > 0 satisfying that
the restriction gn|Jg is distance-expanding with respect to the spherical metric with constants η, λ, and
ξ above.

Put V4 := 2
1+r20

. By [BRY12, Proposition 2.13], we can compute a constant r0 > 0 with |z| ⩽ r0 for
each z ∈ Jg. Then by (5.2), one can conclude that

dĈ(x, y) ⩾ σ(x, y) ⩾ 2|x− y|
/(

1 + r20
)
= V4|x− y| for each pair of x, y ∈ Jg.

By Lemma 5.3, there exists sufficiently large n ∈ N with |(gn)′(z)| > 4(1 + r0)
2 for each z ∈ Jg.

Note that by [BRY12, Proposition 2.13], there exists an algorithm which on input n ∈ N, computes
infz∈Jg |(gn)′(z)|. Hence, we can apply this algorithm to compute three constants n ∈ N, V2 > 0, and
V3 > 0 satisfying that

V3 ⩾ |(gn)′(z)| ⩾ V2 > 4(1 + r0)
2 for each z ∈ Jg.

Since g is computable, we can apply a standard root-finding algorithm (see for example, [BBY12,
Appendix A]) to compute all the points in {z ∈ Ĉ : (gn)′(z) = 0}. Hence, we can compute all the points
in the set Cgn of the critical values of gn. By Lemma 5.5, we can compute a constant V1 > 0 satisfying
that d(z,Jg) ⩾ V1 for each z ∈ Cgn . Note that, by [CG93, Theorem III.1.4], Jgn = Jg. Then it is not hard
to see that the above constants V1, V2, V3, V4 > 0 satisfy Properties (1), (2), and (3) in Proposition 5.7
for the hyperbolic rational map gn. Hence, by Proposition 5.7, we can compute the constants η, λ, and
ξ satisfying that the restriction gn|Jg is distance-expanding with respect to the spherical metric with
constants η, λ, and ξ.

Next, we establish that φgn is L-lipschitz continuous for some L > 0 and compute one of such constant
L. Since gn is a computable rational map, we can compute (gn)−1(∞) ∪ {∞}, and we enumerate the
points as xk, 1 ⩽ k ⩽ m. Then by Lemma 5.5, we can compute r > 0 satisfying that Jg ⊆ K :=⋂m

k=1BdĈ
(xk, r)

c and BdĈ
(xi, r) ∩ BdĈ

(xj , r) = ∅ for all 1 ⩽ i < j ⩽ m. By Proposition 3.15 (iii), K is
recursively compact. Hence, by Proposition 3.15 (iv), we can compute D1, D2, C1, C2, C > 0 satisfying
conditions (1), (2), and (3) of Proposition 5.8 for the map gn. Hence, by Proposition 5.8, we can compute
L > 0 satisfying that φgn is L-Lipschitz continuous with respect to the spherical metric.

We are now ready to return to the proof of the main statement. By [CG93, Theorem III.3.2], gn|Jg is
topologically exact. Moreover, by Propositions 5.6, 5.7, and 5.8, for each repelling periodic point w of g,
the septet (Ĉ, Jg, dĈ, Q

2,
⋃

n∈N g
−n(w), tφgn , g

n) satisfies the Assumption B in Section 1. Moreover, by
the above analysis, we can compute the five constants in Theorem 1.2 (iii) and (iv) for the map gn and
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the function tφgn . Proposition 5.6 (ii) gives the algorithm in Theorem 1.2 (i). Hence, by Theorem 1.2,
the unique equilibrium state for gn and tφgn is computable.

By [PU10, Theorem 2.4.6 (a) and Lemma 3.2.7], the unique equilibrium state for g and tφg is exactly
the unique equilibrium state for gn and tSnφg. Moreover, by (5.1), Snφg = φgn , because ∞ /∈ Jg. Hence,
the unique equilibrium state for g and tφg is computable. By simple computation, for each z ∈ Ĉ,

ds(U(z)) =
2|d(U(z))|
1 + |U(z)|2

=
2|dz||U ′(z)|
1 + |U(z)|2

=
2|dz|(1 + |u|2)

|u− z|2 + |uz + 1|2
=

2|dz|
1 + |z|2

= ds(z).

Hence, the spherical metric is invariant under the map U and its inverse. Therefore, the unique equilibrium
state for f and tφf is also computable. □

6. Non-uniqueness of equilibrium states

In this section, we establish Theorem D and then use it to prove Theorem E. Hence, we have the
following result.

Lemma 6.1 ([GHR11, Proposition 7]). Let (X, ρ, S) be a computable metric space. Assume that X is
recursively compact, and µ ∈ P(X) is computable. Then there exists at least one computable point in the
support of µ.

Lemma 6.2. Let (X, ρ) be a compact metric space, and T : X → X be a continuous map. Then for each
µ ∈ M(X,T ), supp(µ) is a contained in the non-wandering set Ω(T ) of T .

Proof. Consider µ ∈ M(X,T ). By [Wa82, Theorem 6.15 (i)], we have µ(Ω(T )) = 1. Note that by [Wa82,
Theorem 5.6 (i)], Ω(T ) is closed. Then we obtain that supp(µ) ⊆ Ω(T ). □
Lemma 6.3. Let (X, ρ, S) be a computable metric space and X be a recursively compact set. Assume
that T : X → X is a computable map satisfying that the measure-theoretic entropy function H : P(X) → R
given by

H(µ) :=

{
hµ(T ) if µ ∈ M(X,T );

0 if µ /∈ M(X,T )

is upper-computable on M(X,T ), and that φ : X → R is a computable function satisfying that the
topological pressure P (T, φ) is lower-computable. Then the set E(T, φ) of equilibrium states for T and φ
is recursively compact.

Proof. By Corollary 3.20, the integral function Φ: P(X) → R given by Φ(µ) :=
∫
φ dµ, µ ∈ P(X),

is computable. Since H(µ) is upper-computable on M(X,T ), the measure-theoretic pressure function
P(µ) := H(µ) + Φ(µ) is upper-computable on M(X,T ).

Since P (T, φ) is lower-computable, there exists a uniformly computable sequence of rational points
{rn}n∈N which is increasing and converges to P (T, φ). By Definition 3.12, there exists a uniformly sequence
{Un}n∈N of lower-computable open sets satisfying that P−1(−∞, rn)∩M(X,T ) = Un∩M(X,T ) for each
n ∈ N. Hence, by Definition 2.5, we have

(6.1)

E(T, φ) = M(X,T )∖ P−1(−∞, P (T, φ)) = M(X,T )∖
(⋃
n∈N

(P−1(−∞, rn) ∩M(X,T ))
)

= M(X,T ) ∩
(⋃
n∈N

Un

)c
.

Moreover, by Propositions 3.7 and 3.15 (iii), it follows from (6.1) that the set E(T, φ) of all equilibrium
states for T and φ is recursively compact. □

Now, we are ready to prove Theorem D.
Proof of Theorem D. First, we show that there exists at least one equilibrium state for T and φ. Indeed,
by Definition 3.12, every upper-computable function is upper semi-continuous. Since H : P(X) → R is
upper-computable on MT (X), H : P(X) → R is upper semi-continuous on µ ∈ M(X,T ). Hence, by
[PU10, Proposition 3.5.3], there exists at least one equilibrium state for T and φ.
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Now we prove Theorem D by contradiction and suppose that µ is the unique equilibrium state for T
and φ. By Lemma 6.3, the singleton {µ} is a recursively compact set. Then by Proposition 3.15 (i), µ is
computable, which would contradict with the existence of a non-computable equilibrium state. Therefore,
there are at least two equilibrium states for T and φ. This completes the proof of Theorem D. □

As an immediate consequence, we establish Theorem E.

Proof of Theorem E. Assume that T : X → X is a computable map with zero topological entropy satis-
fying that there exists no computable point in Ω(T ). Then by [PU10, Proposition 3.5.3], there exists at
least one equilibrium state for T and φ, say µ. Then by Lemma 6.2, there exists no computable points in
supp(µ). It follows from Lemma 6.1 that µ is non-computable. Therefore, by Theorem D, there exists at
least two equilibrium states for T and φ. □

7. Counterexamples

7.1. Proof of Theorem F. In this subsection, we demonstrate that the computable homeomorphism
T : S1 → S1 constructed in [GHR11, Subsection 4.1] satisfies the statements (i) and (ii) in Theorem F for
each function φ ∈ C(S1).

Proof of Theorem F. Recall that T constructed in [GHR11, Subsection 4.1] is a computable homeomor-
phism of the unit circle S1 whose non-wandering set Ω(T ) contains no computable points.

Since T is a homeomorphism of the circle, by [Wa82, Theorem 7.14], we have htop(T ) = 0. Then,
by [PU10, Proposition 3.5.3], there exists at least one equilibrium state for T and φ. Hence, T satisfies
statement (i) in Theorem F.

Suppose that µ is an equilibrium state for T and φ. Then by Lemma 6.2, there exists no computable
points in supp(µ). It follows from Lemma 6.1 that µ is non-computable. Therefore, T satisfies state-
ment (ii) in Theorem F. □

7.2. Asymptotic h-expansive. In this subsection, we introduce some additional relevant notions and
results from ergodic theory. We use them to construct computable systems with arbitrarily high topo-
logical entropy whose equilibrium states are all non-computable. We begin by recalling the following
definition from [Dow11, Remark 6.1.7].

Definition 7.1. A sequence of open covers {ξi}i∈N0 of a compact metric space X is a refining sequence
of open covers of X if the following conditions are satisfied:

(i) ξi+1 is a refinement of ξi for each i ∈ N0.
(ii) For each open cover η of X, there exists j ∈ N such that ξi is a refinement of η for each integer

i ⩾ j.

By Lebesgue’s covering lemma, it is clear that for each compact metric space, refining sequences of
open covers always exist.

The topological tail entropy was first introduced by Misiurewicz under the name “topological conditional
entropy” [Mis73, Mis76]. In our paper, we use the terminology in [Dow11] (see [Dow11, Remark 6.3.18]
for reference).

Definition 7.2. Let (X, d) be a compact metric space, and g : X → X be a continuous map. The
topological conditional entropy h(g|λ) of g for some open cover λ, is defined by

(7.1) h(g|λ) := lim
l→+∞

lim
n→+∞

1

n
H
(
(ξl)

n
g

∣∣λng ),
where {ξl}l∈N0 is an arbitrary refining sequence of open covers. For each pair of open covers ξ and η,

(7.2) H(ξ|η) := log
(
max
A∈η

{
min

{
card ξA : ξA ⊆ ξ, A ⊆

⋃
ξA

}})
is the logarithm of the minimal number of sets from ξ sufficient to cover any set in η.
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The topological tail entropy h∗(g) of g is defined by

h∗(g) := lim
m→+∞

lim
l→+∞

lim
n→+∞

1

n
H
(
(ξl)

n
g

∣∣(ηm)ng
)
,

where {ξl}l∈N0 and {ηm}m∈N0 are two arbitrary refining sequences of open covers, and H is defined in
(7.2).

The concept of h-expansiveness was introduced by Bowen in [Bo72]. We use the formulation in [Mis76]
(see also [Dow11]).

Definition 7.3 (h-expansive). A continuous map g : X → X on a compact metric space (X, d) is h-
expansive if there exists a finite open cover λ of X such that h(g|λ) = 0.

Remark 7.4. Bowen gives an equivalent definition of h-expansiveness in [Bo72] as follows: the map
g : X → X is called h-expansive if there exists ϵ > 0 satisfying that htop

(
g|Φϵ,g(x)

)
= 0 for each x ∈ X,

where
(7.3) Φϵ,g(x) := {y ∈ X : d(gn(x), gn(y)) ⩽ ϵ for each n ∈ N0}.

A weaker property was introduced by Misiurewicz in [Mis73] (see also [Mis76, Dow11]).

Definition 7.5 (Asymptotic h-expansive). We say that a continuous map g : X → X on a compact
metric space X is asymptotically h-expansive if h∗(g) = 0.

Remark 7.6. The topological entropy of g is htop(g) = h(g|{X}), where {X} is the open cover of X
consisting of only one open set X. It also follows from Definition 7.1, for each pair of open covers ι and
η of X, we have that h(g|ι) ⩽ h(g|η) if ι is a refinement of η. Hence, we have h∗(g) ⩽ htop(g).

We shall say that a pair (X, f) is a cascade if f : X → X is a continuous map on the non-empty compact
Hausdorff space X. Under the above notations, we have the following two results.

Proposition 7.7 ([Mis76, Theorem 3.2]). Let (X1, f1) and (X2, f2) be two cascades. Then
h∗(f1 × f2) = h∗(f1) + h∗(f2),

where f1 × f2 : X1 ×X2 → X1 ×X2 is given by
(7.4) (f1 × f2)(x1, x2) := (f1(x2), f2(x2)) for all x1 ∈ X1 and x2 ∈ X2.

Proposition 7.8 ([Mis76, Corollary 8.1]). Let (X, f) be a cascade. If f is asymptotically h-expansive,
then for each φ ∈ C(X), there exists at least one equilibrium state for f and φ.

Now we are ready to prove Proposition 7.9, a precise version of Theorem G. Here we identify S with
R/[0, 1].

Proposition 7.9. Assume that d is an integer, and Td : S1 → S1 is given by Td(x) := dx (mod 1) for
x ∈ S1. Define T̂ := T × Td : S1 × S1 → S1 × S1. Then statements (i) and (ii) in Theorem G hold for the
map T̂ and each φ̂ ∈ C

(
S1 × S1

)
, and htop

(
T̂
)
= log d.

Proof. First, we demonstrate that T̂ satisfies statement (i) in Theorem G. It is not hard to see that Td
is a distance-expanding map. Then for sufficiently small ϵ > 0, the set Φϵ,Td

(x) = {x} for each x ∈ S1
(see (7.3)). Then by Remark 7.4, Td is h-expansive, and thus h∗(Td) = 0. Noting that htop(T ) = 0,
it follows from Remark 7.6 that h∗(T ) ⩽ htop(T ) = 0, hence, is equal to 0. Hence by Proposition 7.7,
h∗

(
T̂
)
= h∗(T )+ h∗(Td) = 0, which implies that T̂ is asymptotically h-expansive. By Proposition 7.8, for

each continuous potential φ̂ : S1 × S1 → R, there exists at least one equilibrium state for T̂ and φ̂.
Finally, we argue that there exists no computable T̂ -invariant Borel probability measure by contradic-

tion and assume that µ̂ ∈ M
(
S1 × S1, T̂

)
is computable. Then µ given by µ(A) := µ̂(A × S1) for each

Borel set A ⊆ S1 is a computable T -invariant probability measure. This is impossible by Theorem F (ii).
Thus T̂ satisfies statement (ii) in Theorem G. □
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