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ABSTRACT. Expanding Thurston maps form a class of branched covering maps on
the topological 2-sphere 52, which are topological models of some non-uniformly
expanding rational maps without any smoothness or holomorphicity assumption
initially investigated by W. P. Thurston, M. Bonk, D. Meyer, P. Haissinsky, and
K. M. Pilgrim. The measures of maximal entropy and the absolutely continuous
invariant measures for these maps have been studied by these authors, and equilib-
rium states by the first-named author. In this paper, we initiate the investigation
on two new classes of invariant measures, namely, the maximizing measures and
ground states, and establish the Liv§ic theorem, a local Anosov closing lemma, and
give a positive answer to the Typically Periodic Optimization Conjecture from er-
godic optimization for these maps. As an application, we establish these results for
Misiurewicz—Thurston rational maps (i.e., postcritically-finite rational maps without
periodic critical points) on the Riemann sphere including the Lattés maps with re-
spect to the spherical metric. Our strategy relies on the visual metrics developed by
the above authors.

In particular, we verify, in a first non-uniformly expanding setting, the Typically
Periodic Optimization Conjecture, establishing that for a generic Holder continu-
ous potential, there exists a unique maximizing measure, moreover, this measure is
supported on a periodic orbit, it satisfies the locking property, and it is the unique
ground state. The expanding Thurston maps we consider include those that are
not topologically conjugate to rational maps; in particular, they can have periodic
critical points.
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1. INTRODUCTION

Uniformization and rigidity problems play important roles in the studies in geome-
try, group theory, dynamics, analysis, and the intersections of these fields, especially in
relation to classical complex analysis (see for example, [KI06, [Bon06, [Sp04]). Inspired
by the quest for a proof of Cannon’s Conjecture [Ca94] in geometric group theory,
which can be seen as a quasisymmetric uniformization problem on the topological 2-
sphere S? closely related to Thurston’s Hyperbolization Conjecture ([KI06, Bon06]),
M. Bonk and D. Meyer [BM10, BM17] initiated investigations on a class of branched
covering maps on S? on the opposite side of Cannon’s Conjecture in Sullivan’s dictio-
nary. See also related works of P. Haissinsky and K. M. Pilgrim [HP09].

In the early 1980s, D. P. Sullivan [Su85, [Su83] introduced a “dictionary,” known as
Sullivan’s dictionary nowadays, linking two aspects of conformal dynamics, namely,
geometric group theory and complex dynamics. The former mainly concerns the study
of Kleinian groups acting on the Riemann sphere, and the latter focuses mainly on
rational maps. Many dynamical objects in both areas can be similarly defined, and
results can be similarly proven, yet essential and important differences remain.

In Sullivan’s dictionary, Kleinian groups, i.e., discrete subgroups of Mobius transfor-
mations on the Riemann sphere, correspond to rational maps, and convex-cocompact
Kleinian groups correspond to rational maps that exhibit certain expansion properties
such as hyperbolic rational maps, semi-hyperbolic rational maps, and postcritically-
finite sub-hyperbolic rational maps, depending on the context of investigations. See
insightful discussions on this part of the dictionary in [BMI17, Chapter 1}, [HP09,
Chapter 1], and [LM97, Section 1].

The class of branched covering maps M. Bonk and D. Meyer proposed to study in
[BMT0, BMI7], called expanding Thurston maps, are those whose finitely-many critical
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points are all preperiodic and who expand in a subtle way despite the presence of crit-
ical points. These maps are topological models of postcritically-finite rational maps
on the Riemann sphere with empty Fatou sets. The expanding Thurston maps belong
to the bigger class of branched covering maps on S? investigated by W. P. Thurston in
his celebrated combinatorial characterization theorem, sometimes known as the funda-
mental theorem of complex dynamics, in which he characterized postcritically-finite ra-
tional maps among a class of more general topological maps, known as Thurston maps
nowadays [DH93|. A Thurston map is a (non-homeomorphic) branched covering map
on the topological 2-sphere S? whose finitely-many critical points are all preperiodic.
Thurston’s theorem asserts that a Thurston map is essentially a postcritically-finite
rational map if and only if there exists no so-called Thurston obstruction, i.e., a col-
lection of simple closed curves on S? subject to certain conditions. For generalizations
of Thurston’s theorem, see for example, the works of Guizhen Cui, Yunping Jiang,
D. Sullivan, Lei Tan, and Gaofei Zhang [CJS04, [JZ09, [CTT11].

Inspired by Thurston’s theorem, it is desirable to investigate the most essential
dynamical and geometric properties of postcritically-finite rational maps in the set-
ting of Thurston maps instead, with the conformality or any smoothness assumptions
removed.

Under Sullivan’s dictionary, the counterpart to Thurston’s theorem in the geometric
group theory is Cannon’s Conjecture [Ca94]. An equivalent formulation of Cannon’s
Conjecture [Bon06, Conjecture 5.2] from a quasisymmetric uniformization point of
view predicts that if the boundary at infinity 0,,G of a Gromov hyperbolic group G is
homeomorphic to S2, then d,G equipped with a visual metric is quasisymmetrically
equivalent to S? equipped with the spherical metric. The notion of quasisymmetry re-
called in Definition [3.10]is fundamental in coarse geometry. Gromov hyperbolic groups
can be considered as metric-topological systems generalizing the conformal systems in
the context, namely, convex-cocompact Kleinian groups. Inspired by Sullivan’s dictio-
nary and their interest in Cannon’s Conjecture, M. Bonk and D. Meyer [BM10|, BM17],
P. Haissinsky and K. M. Pilgrim [HP09], along with others, studied a subclass of
Thurston maps by imposing some additional condition of expansion. Roughly speak-
ing, we say that a Thurston map is ezpanding if for any two points x, y € S?, their
preimages under iterations of the map get closer and closer. It is important to keep in
mind that this condition is much weaker than the usual distance-expanding condition
and the expansive condition due to the presence of critical points. For a related class
of weakly coarse expanding dynamical systems, see [DPTUZ21]. For a closer investiga-
tion on the weak expansion properties of these maps and related dynamical systems,
see [Lil5, [LZ23].

Expanding Thurston maps give natural topological models for investigating the
dynamical and geometric properties of (non-uniformly expanding) postcritically-finite
rational maps. On the other hand, an expanding Thurston map may be obstructed,
i.e., not topologically conjugate to a rational map; in particular, it can have periodic
critical points. See Appendix [A] for examples of expanding Thurston maps.

More examples of expanding Thurston maps can be found in [BMI17], in partic-
ular, [BMI17, Section 1.9]. Since a postcricitally-finite rational map (i.e., rational
Thurston map) is expanding if and only if it has no periodic critical points (see [BM17,
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Proposition 2.3]), it is straightforward to check whether a postcricitally-finite rational
map is an expanding Thurston map. For examples, 1 —2/22, 1 —2/2% %(z +1/z2),
i(z* —1i)/(z* +1), and 42(1 — 2%) /(1 + z2)2 are all expanding Thurston maps. Ex-
amples of expanding Thurston maps not only can be given by formulas, but also can
be obtained from combinatorial data. More specifically, a Thurston map can be con-
structed from a certain two-tile subdivision rule on S?, and moreover, such a two-tile
subdivision rule can be realized by an expanding Thurston map if and only if it is
combinatorially expanding. See Appendix [A|for such examples, and see [BM17, Chap-
ters 12 and 14| for more details. Note that the combinatorial construction can also
produce obstructed expanding Thurston maps.

The geometric and dynamical properties of expanding Thurston maps have been
explored extensively by M. Bonk and D. Meyer and summarized in their monograph
[BM10, BMI17] (see also [HPQ9]). See also the subsequent related works [Yilll [HP12,
Mel3, HP14) [Li17, BD18, [HMI18, Wul9, BM20, DPTUZ21, Liw22, [LZ24al [.Z24bl
[.724d, [LS24], and this list is far from exhaustive.

Postcritically-finite rational maps, in particular, are at the center of various di-
rections of active investigations extending well beyond the scope of complex dy-
namics. For example, for their connections to self-similar groups, see for example,
[Ne05, BN0O6|, [HM18]; for their connections to geometric group theory, see for exam-
ple, [Su85, Bon06, BMI17, [HP09, [HP14, Mel3]; for their connections to arithmetic
dynamicsﬂ, see for example, [BLIMST19, Del§].

In dynamics, invariant measures and periodic orbits are both indispensable tools
and basic objects for investigations themselves. The locations of periodic points in
terms of certain combinatorial structures were studied, and an exact formula for the
number of periodic points for each period was found in [Lil6] for expanding Thurston
maps. Equidistribution and large deviation results for periodic points were studied
in |Lil8 ILil5]. An asymptotic formula for the number of periodic orbits with a
certain weight induced by a Holder continuous potential similar to the prime number
theorem in number theory was established in [LZ24al, [LZ24D] [LZ24c] (see also [LZ1§]).
Regarding important classes of invariant measures of these maps, the measures of
maximal entropy were studied in [BM10, BM17,[HP09, [Li16], the absolutely continuous
invariant measures in [BM17], and the equilibrium measures by the first-named author
[Li18] and later by Das et al. [DPTUZ21] in broader settings with a different approach
building upon prior works of P. Haissinsky and K. M. Pilgrim [HP(09]. The first-
named author has been informed that similar results on equilibrium states have also
been obtained independently by P. Haissinsky.

In this paper, we investigate some other basic properties of periodic points of ex-
panding Thurston maps and initiate the studies of another two classes of invariant
measures, namely, (potential-energy-)maximizing measures and ground states. More
precisely, we establish in our context the Livsic Theorem and various closing lemmas,
including a Bressaud—Quas closing lemma and a local version of Anosov closing lemma.
The Livsic Theorem, dating back to the work of Livsic [Liv72], has played important

ISee [HPO9, Section 4.7] for an account on some formal similarities between the p-adic dynamics
setting and our visual metrics setting.
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roles in the study of rigidity problems in dynamics (see for example, [Sp04]). It basi-
cally states that a real-valued function (called a potential) is determined uniquely (up
to a coboundary of the same regularity) by the sum of its values along periodic orbits
(see Theorem [1.1)). The usual approach to Livsic Theorems only yielded a partial re-
sult |[Lil8| Proposition 8.8] for expanding Thurston maps. Our current approach is to
establish a stronger result, called the bilateral Mané lemma, using tools from ergodic
optimization. Due to the presence of critical points, the lack of Markov partitions,
and the non-uniform expansion nature in our setting, the full version of the classical
Anosov closing lemma is beyond reach (c.f. [CKYS88] in a one-dimensional real dynam-
ics setting). A version of the (global) Anosov closing lemma was established by the
first-named author in [Lil8 Lemma 8.6], albeit coarse in the temporal direction, i.e., it
holds only for sufficiently high iterates of the map and sufficiently long orbits. In this
paper, we establish a local version (away from critical points) of the Anosov closing
lemma (Lemma without the assumptions on the iterate of the map or lengths
of the orbits. On the other hand, we formulate fairly general rules to deduce the
Bressaud—Quas shadowing property between related systems, such as factors and iter-
ations, before verifying this property for our maps, proving the Bressaud—Quas closing
lemma. Combining these two kinds of closing lemmas, we are able to formulate and
establish another local closing lemma in Lemma [8.1 which is crucial in our investi-
gations on the new classes of invariant measures, i.e., the maximizing measures and
ground states. We prove the existence, uniqueness, and periodicity of the maximiz-
ing measures for generic Holder continuous potentials for expanding Thurston maps,
establishing the Typically Periodic Optimization (TPO) Conjecture ([YH99, Conjec-
ture 1.1]) in our setting. We say that an invariant measure is periodic if it is supported
on a periodic orbit. Outside of complex dynamics, the TPO Conjecture has previously
been fully verified mostly in uniformly expanding and uniformly hyperbolic systems
(see [Col6] for distance expanding maps and [HLMXZ19] for Axiom A attractors and
Anosov diffeomorphisms). The TPO Conjecture has connections to various fields such
as the Finiteness Conjecture in control theory [Bocl8] and the random minimum (or
maximum) mean cycle problems in probability theory [BZ16l [DLZ24]. Our theorem
may be the first to verify the TPO Conjecture in a non-uniformly expanding setting
for Holder continuous potentials to the best of our knowledge. Finally, we prove that
for an expanding Thurston map and a generic Holder potential, there exists a unique
ground state which the equilibrium state converges to at zero temperature.

To better understand our results for the invariant measures mentioned above, we
quickly review some basic notions from the thermodynamic formalism in ergodic the-
ory, dating back to the works of Ya. G. Sinai, R. Bowen, D. Ruelle, and others around
early the 1970s [Do68, [Sin72, Bow75l, [Ru78], inspired by statistical mechanics. Recall
the measure-theoretic pressure

(1.1) PAT.0) = (D) + [wdn

where h,,(T") is the measure-theoretic entropy. In the language of statistical mechanics,
the measure-theoretic entropy and the integral of the potential represent the kinetic
and potential energy, respectively, while the measure-theoretic pressure represents the
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free energy, which is the sum of the kinetic energy and the potential energy. Under
this interpretation, a measure of maximal entropy maximizes the kinetic energy (i.e.,
h,(T)), and an equilibrium state maximizes the free energy (i.e., P,(T, f)). It is
thereby natural to consider measures of maximal potential energy.

We denote the maximal potential energy by

(1.2) Q(T, ) : sup /@/}d max /@Z) dp.

MEM(X T) REM(X,T)

The last identity follows from the weak*-compactness of the set M (X, T') of T-invariant
Borel probability measures on X.

We call a measure p € M(X,T) that maximizes the potential energy [ du a mea-
sure of maximal potential energy with respect to ¢ or a v -potential-energy-maximizing
measure (or a ¥-mazimizing measure). We denote the (nonempty) set of ¢»-mazimizing
measures by

(1.3) Mo, ) = {u eMXT): [vdn=ar. w}-

We say that a measure p € M(X,T) is a ground state for T and v if it is the
limit of a sequence of equilibrium states ju;,, in the weak™ topology for some sequence
{t;}ien of real numbers that tends to infinity. Since t = ¢; can be considered as
inverse temperature, we say that equilibrium state pu, converges at zero temperature if
there exists a unique ground state. One can show that if 7" admits a finite topological
entropy, then any ground state is a ¢-maximizing measure (see the discussion preceding
Theorem . The ground states may thereby be considered as the most physically
relevant maximizing measures.

The study of maximizing measures and ground states is the main theme for a field
in ergodic theory known as ergodic optimization. Despite its close connections to
the theory of thermodynamic formalism, ergodic optimization originated in the 1990s
from the works of B. R. Hunt and E. Ott [HO96al, [HO96D], with motivation from
control theory [OGY90, [SGYQ93|, and the Ph.D. thesis of O. Jenkinson [Je96]. Much
of the early work in ergodic optimization focused on specific maps and potentials
from finite-dimensional function spaces [HO96a, [HO96D, Je96, [Je00, [JeO1l, Bou00].
Guocheng Yuan and B. R. Hunt conjectured [YH99, Conjecture 1.1] that for an axiom
A or a uniformly expanding map, and for a (topologically) generic Lipschitz continuous
or a (topologically) generic C'-smooth potential 1, there is a ¢-maximizing measure
and it is supported on a periodic orbit. It was recently settled by [Col6, [HLMXZ19].
In the more general setting of any suitably hyperbolic system and any space of suit-
ably regular potentials, the Yuan—-Hunt Conjecture is known as the Typically Periodic
Optimization Conjecture. In the context of Hamiltonian systems, a similar conjecture
is known as Mané’s Conjecture [Ma96].

Complementary to the genericity in the positive statement of the TPO Conjec-
ture, examples of non-convergence of equilibrium states at zero temperature have been
constructed in symbolic settings (see for example, [BGT1S, [CRL15] [CH10, vER0T]).
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Moreover, D. Coronel and J. Rivera-Leterlier introduced another approach to the non-
convergence of equilibrium states at zero temperature [CRLI5]. They constructed fam-
ilies of quadratic-like maps satisfying an assumption of non-uniform expansion called
the Collet-Eckmann condition so that the ground states with respect to the geomet-
rical potential are not unique in a robust sense, i.e., there is an open set of analytic
2-parameter families of quadratic-like maps that exhibit so-called “sensitive depen-
dence” of geometric Gibbs states [CRL1T7]. More recently, D. Coronel and J. Rivera-
Leterlier established analogous examples of the sensitivity dependence of geometric
Gibbs states at positive temperature [CRL19).

Considering the recent breakthroughs on maximizing measures and ground states in
uniformly expanding and uniformly hyperbolic settings mentioned above, it is natural
to consider the properties of these measures for generic potentials in non-uniformly
expanding settings.

One primary source of non-uniform expansion in dynamical systems arises from
the existence of critical points. A basic setting of low-dimensional dynamical systems
with critical points is that of rational maps on the Riemann sphere C. To limit
the complexity, we assume that all critical points are preperiodic (i.e., have finite
forward orbits) in this paper. These rational maps are called the postcritically-finite
rational maps and have been studied extensively in complex dynamics independent
of the interests from ergodic theory. From the ergodic theory point of view, these
maps serve as the most basic setting of non-uniformly expanding rational maps. The
subclass of these maps with parabolic orbifolds, called Lattés maps, are ubiquitous in
the study of complex dynamics, appearing in many key theorems in the field. For
recent works related to Lattes maps in the context of Thurston maps in particular,
see [LZ18 BM20, BHI21].

Motivated by Sullivan’s dictionary, for each expanding Thurston map, we can equip
the topological 2-sphere S? with a natural class of metrics, called visual metrics, con-
structed in a similar fashion as the visual metrics on the boundary d,,G at infinity of
a Gromov hyperbolic group G. A characterization theorem of rational maps from a
quasisymmetric uniformization point of view is established in this context by M. Bonk
and D. Meyer [BM10, BM17|, and by P. Haissinsky and K. M. Pilgrim [HP09]: An
expanding Thurston map is conjugate to a rational map if and only if the sphere
(52, d) equipped with a visual metric d is quasisymmetrically equivalent to the Rie-
mann sphere C equipped with the spherical metric.

Our main approach to the study of the dynamics of our non-uniformly expand-
ing systems differs from classical approaches in that it relies on the study of coarse
geometric properties of the associated metric spaces. This should not be a surprise,
considering the rich connections to geometric group theory and coarse geometry men-
tioned above. Such an approach has been pioneered by the first-named author to
develop a reasonable theory of thermodynamic formalism for expanding Thurston
maps in his thesis (see [Lil8| [Lil7]), and more recently, in his collaborated work
with Tianyi Zheng to establish Prime Orbit Theorems with exponential error terms
[LZ24al LZ24b) .724c, [LZ1§].

To get a glimpse of this approach, we note that in the setting of Lattes maps or
more general postcritically-finite rational maps, with respect to the spherical metric on
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the Riemann sphere, the Ruelle-Perron—Frobenius (transfer) operator does not leave
the space of a-Holder continuous functions invariant [DPU96, Remark 3.1]. Similarly,
the quests for the a-Holder continuous fixed point of the Bousch operator associated
to an a-Holder continuous potential, leading to the Mané lemma, have only produced
partial results on fixed points with lower Holder exponent in various contexts (see
for example, [MoQ9, [CLT01]). With the help of visual metrics, however, we get in
our context well-defined Ruelle-Perron—Frobenius (transfer) operators, and similarly,
Bousch operators, which admit Holder continuous fixed points with the desired Holder
exponent. Moreover, even though the strongest form of the Anosov closing lemma
is still beyond reach, we manage to establish weaker forms of closing lemmas with
appropriate choices of metrics. Both of these observations turned out to be crucial in
our current investigations.

1.1. Main Results. Let (X, d) be a compact metric space with infinite cardinality.
The space Lip(X, d) of real-valued Lipschitz functions consists of functions ¢ € C'(X)
with

sup{|¢(z) —¢(y)| sz, y € X, d(z,y) <7} =O(r)  asr—0.
Similarly, a function ¢ € C(X) is a little Lipschitz function or locally flat Lipschitz
function if

sup{|¢(z) — ¢(y)| sz, y € X, d(z,y) <1} =o0(r) as r — 0.

The space of real-valued little Lipschitz functions on (X, d) is denoted by lip(X, d)
and is called the little Lipschitz space. Clearly lip(X,d) C Lip(X,d). We equip both
spaces with the usual Lipschitz norm. The Lipschitz space Lip(X, d) is sometimes also
called the big Lipschitz space.

Little Lipschitz spaces, like big Lipschitz spaces, play central roles in the study of
Lipschitz analysis and Lipschitz algebras in the analysis on metric spaces and func-
tional analysis; see the beautiful monographs of N. Weaver [Wel8] and of §. Cobzas,
R. Miculescu, and A. Nicolae [CMNI9], as well as references to the vast literature
therein. Among other important properties, little Lipschitz spaces are double pre-
duals of the big Lipschitz spaces under mild assumptions (see for example, [WelS,
Section 4.3]). To quote from [WelS8, Section 4.1]: “The theory of little Lipschitz
spaces is, generally speaking, parallel to but a bit more difficult than the theory of
(big) Lipschitz spaces.”

Note that for each o € (0, 1], the snowflake d* of d given by d*(z,y) = d(z,y)® is
also a metric. Since the space C%*(X,d) of real-valued Holder continuous on (X, d)
with exponent « coincides with the space Lip(X, d) of real-valued Lipschitz functions
on (X,d*) with the same norm, we sometimes say that a function ¢ € Lip(X,d®) is
Holder continuous with exponent o when there is little chance for confusion. The space
(X, d) = lip(X, d®) is called the little Holder space with exponent a on (X, d) by
some authors.

The Livsic theorem plays important roles in rigidity problems in dynamics [Sp04].
We state our first main theorem below.

Theorem 1.1 (Livsic theorem for expanding Thurston maps). Let f: X — X
be either an expanding Thurston map on the topological 2-sphere X = S? equipped with



GROUND STATES AND PERIODIC ORBITS 9

a visual metric or a postcricitally-finite rational map with no periodic critical points
on the Riemann sphere X = C equipped with the chordal or spherical metric. Let
¢: X — R be Holder continuous. Then the following statements are equivalent:

(i) If v € X satisfies f*(x) = x for somen € N then Y1~ o(f'(x)) = 0.
(ii) There exists a Hélder continuous function u: X — R such that ¢ =u —wuo f.

A special case of the Livsic Theorem for expanding Thurston maps was established
in Proposition 8.8 in [Lil8] under the additional assumption of the existence of an
invariant Jordan curve C C S? containing the postcritical points. As pointed out by
the referee, Theorem also follows from Theorem 1.2, the proof of Proposition 6.1,
and Corollary 6.3 of [DPTUZ21].

Regarding the preservation of regularity in Theorem and Theorem below, see
Remark [6.6] By working with the Bousch operators using techniques from the theory
of the Ruelle operators, we establish in this paper the Mané lemma and the bilateral
Mané lemma for expanding Thurston maps (without additional assumptions). The
latter is a strengthening of the LivSic theorem for expanding Thurston maps.

Theorem 1.2 (Mané and bilateral Mané lemmas for expanding Thurston
maps). Let f: X — X be either an expanding Thurston map on the topological 2-
sphere X = S? equipped with a visual metric or a postcri/c\itally—ﬁm’te rational map with
no periodic critical points on the Riemann sphere X = C equipped with the chordal or
spherical metric. Let ¢: X — R be Hélder continuous. Then the following statements
hold:

(i) (The Mané lemma.) There exists a Hélder continuous function u: X — R

such that ¢(x) —u(x) + (uo f)(z) < Q(f,d) for allz € X.
(ii) (The bilateral Mané lemma.) There exists a Holder continuous function

u: X — R such that —Q(f, —¢) < ¢(x) —u(z) + (uo f)(x) < Qf,¢) for all
r e X.

The bilateral Mané lemma was first introduced by T. Bousch [Bou02] for the dou-
bling map on S*.
For a continuous map 7': X — X, we define subsets

P(X)CC(X), Lock(X,d*) CLip(X,d*),  lock(X,d") C lip(X,d®)

for a € (0, 1], of the set C'(X) of real-valued continuous functions as follows: (X))
is the set of ¢ € C'(X) with a ¢-maximizing measure supported on a periodic orbit
of T. If a function ¢ € Z(X) N Lip(X,d*) (resp. ¢ € Z(X) Nlip(X,d*)) satisfies
card Muax (T, ¢) = 1 and Mpax(T, ¢) = Muax(T, ¢) for all ¢ € Lip(X,d*) (resp.
Y € lip(X, d*)) sufficient close to ¢ in Lip(X, d), we say that ¢ has the locking property
in Lip(X,d*) (resp. lip(X, d®)). The set Lock(X, d*) (resp. lock(X,d*)) consists of all
¢ € Z(X) with the locking property in Lip(X, d®) (resp. lip(X, d®)).

In this paper, by “generic” we mean “open and dense”.

Theorem 1.3 (Generic perlodlc maximization and locking for Misiurewicz—Thurston

rational maps). Let f: C — C be a Misiurewicz—Thurston rational map (i.e., a
posteritically-finite rational map without periodic critical points). Let o be the chordal
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metric on the Riemann sphere C. Then there exists a number v € (0,1) such that for

~

each B € (0,7), the set lock(@,aﬁ) is an open and dense subset of lip(C,a?), and in

~

particular, the set 22(C) contains an open and dense subset of lip(C, o).

We recall that a rational Thurston map (i.e., a postcritically-finite rational map) is
expanding if and only if it has no periodic critical points ([BM17, Proposition 2.3]).

For a more general expanding Thurston map f: S* — S? defined on the topological
2-sphere S? (that may or may not be conjugate to a rational map), there is no canonical
smooth structure on S?; so it is natural (in view of the connection to Kleinian groups
via Sullivan’s dictionary) to formulate the corresponding theorem in terms of the visual
metrics.

Theorem 1.4 (Generic periodic maximization and locking for expanding
Thurston maps). Let f: S* — S? be an expanding Thurston map (for example, a
postcritically-finite rational map with no periodic points). Let d be a visual metric on
S? for f. Fiz numbers a € (0,1] and B € (0,1). Then the following statements hold:

(i) The set Lock(S?,d*) is an open and dense subset of Lip(S?,d®). In particular,
the set 2(S?) contains an open and dense subset of Lip(S?,d®).

(ii) The set lock(S?%,d?) is an open and dense subset of lip(S?,d?). In particular,
the set 2(S?) contains an open and dense subset of lip(S?,d°).

Note that an expanding Thurston map may have periodic critical points, in which
case the investigations of certain dynamical properties can be more involved (compare
[Me13, Lil5, Lil8 [DPTUZ21]). In our approach to establishing Theorem [1.4] all
expanding Thurston maps are treated simultaneously without extra care given to
these special maps.

In the special case of Lattes maps, the following theorem holds.

Theorem 1.5 (Generic periodic maximization and locking for Lattés maps).
Let f: C — C be a Lattées map. Let o be the chordal metric on the Riemann sphere
C. Fiz numbers a € (0,1] and B € (0,1). Then the following statements hold:

(i) The set Lock(@, %) is an open and dense subset of Lip(@, o®). In particular,
the set Z(C) contains an open and dense subset of Lip(C,c®).

(ii) The set lock(@,aﬁ) is an open and dense subset of lip(@,aﬂ). In particular,

the set 2(C) contains an open and dense subset of lip(C, o?).
Remark. We can replace the chordal metric by the spherical metric in the statement
and the theorem still holds due to the bi-Lipschitz equivalence between these two
metrics. Note that 5 cannot be 1 since the only little Lipschitz functions in lip(C, o)
are the constant functions (c.f. [WelS8, Example 4.9]).

Theorem 1.6 (Generic uniqueness of ground states). The following statements
hold:

(i) Under the assumptions in Theorem 1.3, or[1.5 with p being d or o accord-
ingly, every ¢ € lock(X, p?) has a unique ground state, and consequently, for
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a generic v € lip(X, p°) there exists a unique ground state for f and 1, i.e.,
the equilibrium state p.,, converges at zero temperature.

(ii) Under the assumptions in Theorem 07“ with p being d or o accordingly,
every ¢ € Lock(X, p*) has a unique ground state, and consequently, for a
generic 1 € Lip(X, p®) there exists a unique ground state for f and 1), i.e., the
equilibrium state i, converges at zero temperature.

The following theorem is a consequence of the results in [Col6, BZ15, HLMXZ19]
and our investigations on little Lipschitz functions.

Theorem 1.7 (Generic periodic maximization and locking in little Lipschitz
spaces). Let a map T: X — X on a compact metric space (X,d) be a distance
expanding map, an Axiom A attractor, or an Anosov diffeomorphism on a compact
Riemannian manifold. Let 3 € (0,1). Then the set lock(X,d?) is an open and dense
subset of lip(X,d?). In particular, the set P(X) contains an open and dense subset
of lip(X, d?).

See [Col6, HLMXZ19] for more discussions on the systems mentioned in Theo-
rem [L.7]

The result in Theorem [1.7|for the little Lipschitz spaces does not follow directly from
the similar result for the space F, considered in [CLTO1]. In the case of distance
expanding maps, a similar result is claimed in [Col6l, Section 1] for the space C'*(X, R)
whose definition coincides with lip(X, d*) in our notation.

Finally, we remark that the periodic maximization phenomena in the main theo-
rems above are only expected to hold in a generic sense. Clearly, every invariant Borel
probability measure is a maximizing measure for constant potentials (and more gen-
erally, for potentials cohomologous to constants). For the doubling map on [0, 1], it
follows from [Bou00, Theorem A] that there exist real analytic functions not contained
in Z([0,1]). Examples of such functions can be found within the one-parameter fam-
ily ¢p(z) = cos(2m(x — #)). For certain values of 6, the ¢g-maximizing measure is a
so-called Sturmian measure supported on a Cantor set.

1.2. Strategy and plan of the paper. Even though results in the uniformly ex-
panding and uniformly hyperbolic settings similar to those in this paper are either
classical or have been recently established, new strategies are needed to settle them in
our non-uniformly expanding context in complex dynamics.

Roughly speaking, by investigating the coarse geometric properties of various rel-
evant metrics (spherical, chordal, visual, canonical orbifold, and singular conformal
metrics) and their interplay with associated combinatorial structures (tiles, flowers,
and bouquets), we convert and split the difficulties from non-uniform expansion into
two categories: ones of combinatorial nature and ones related to metric geometry, and
try to tackle them separately.

Due to the coarse geometric nature of our approach, various multiplicative and ad-
ditive constants, both spatial and temporal, arise naturally in our analysis throughout
the paper. This may make our proofs seem more technical than they really are.

We establish an appropriate form of the Mané lemma (to construct the so-called sub-
actions with appropriate regularity) and formulate and prove fine quantitative (local)
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versions of closing lemmas. To investigate the maximizing measures and ground states,
we adopt some of the ideas from [Col6] and [HLMXZ19] for distance expanding maps,
Axiom A attractors, and Anosov diffeomorphisms. Since the strongest forms of the
ingredients are not available in our non-uniformly expanding setting, the arguments in
the proofs in Section [J] are delicate and quantitative in nature. One challenge we face
is to formulate appropriate weaker versions of the classical results to fit them together
in the proofs in Section [9

We discuss our approach in more detail below.

We need to establish a form of the closing lemma that produces, for a nonempty
compact forward-invariant set & (disjoint from critical points), a periodic orbit O close
to K in terms of its (r,0)-gap A, 4(O) we introduce (see Lemma [8.1). Such a closing
lemma is ultimately built upon the Anosov closing lemma as well as a closing lemma
due to Bressaud—Quas [BQO7]. A version of the Anosov closing lemma for expanding
Thurston maps was established by the first-named author in [Lil8, Lemma 8.6], albeit
coarse in the temporal direction, i.e., it holds only for sufficiently high iterates of the
map and sufficiently long orbits. Although it appears to be relevant, this version turns
out to be insufficient for our needs in this paper. Instead, we establish a local version
(away from critical points) of the Anosov closing lemma in our setting in Lemma [8.6]
Its proof relies on the combinatorial and metric properties of combinatorial objects
like tiles, flowers, and bouquets, while successfully avoiding the more complicated
combinatorics near critical points. We have to improve the qualitative uniform local
injectivity property of our maps from [Lil5] to a quantitative uniform local expansion
property in Section [7|for this purpose (as well as the final perturbation argument). On
the other hand, if a Bressaud—Quas closing lemma holds for a dynamical system, we say
such a system has the Bressaud-Quas shadowing property. We establish fairly general
rules to deduce the Bressaud—Quas shadowing property between related systems, such
as factors and iterations, before establishing this property for expanding Thurston
maps in Subsection

On the other hand, the existence and properties of sub-actions are important in
our proof. A sub-action is a function h that satisfies the cohomological inequality
¢+hoT —h < Q(T,p), where T: X — X is a finite-to-one surjective continuous map
on a compact metric space X and ¢ is a potential. It was established by many authors
in various settings that for some uniformly hyperbolic system 7' and a sufficiently
regular ¢, a sub-action exists [CG93, [Sav99, Bou00, Bou01l, [CLT01), Boulll [PoSh04]).
Such results are called non-positive Livsic theorems, Mané—Conze—Guivarc’h lemmas
or Mané lemmas for short. As a simple example, if T" is a subshift of finite type and ¢
is a-Holder continuous, then there exists an a-Holder continuous sub-action. Having
such a result, including the desired regularity of h, is crucial in our setting. However,
the regularity for sub-actions may not always be as good as that of ¢ even if T" is uni-
formly expanding (see [BJ02]). Beyond uniformly expanding and uniformly hyperbolic
systems, such an issue is even more serious. For example, for some intermittent map
T and some a-Holder continuous ¢, the Holder exponent of a sub-action is strictly
smaller than o [Mo09].

In order to find a sub-action h, T. Bousch [Bou00] proposed that it suffices to find a
solution h (also known as a calibrated sub-action nowadays [Gal7]) for the functional
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equation

(1.4) h(z) = =Q(T, ¢) + max{gb(y) +h(y):y € T’l(a:)}.

Equivalently, a function h that satisfies ([1.4) is a fixed point of the nonlinear operator
L on the set of all real-valued functions on X given by

(1.5) L(u)(z) = —Q(T, ¢) + max{¢(y) + h(y) 1y € T~ (z) }.

A related operator on a quotient function space was also studied by T. Bousch in
[Bou00].

We call the operator in a Bousch operator (or a Bousch—Lax operator). In the
context of Hamiltonian systems, an analogous construction gives the Lax—Oleinik semi-
groupd| as studied by A. Fathi [Fal0]. The Bousch operator can be considered as a
tropical version of the Ruelle-Perron—Frobenius operator in thermodynamic formalism,
which was introduced by D. Ruelle as an analog of the Ruelle-Araki transfer operator
from classical statistical mechanics. In order to emphasize its connection to the Ruelle—
Perron—Frobenius operator, we adopt in this paper a slightly modified version of the
Bousch operator (see Section [6)).

By investigating the Bousch operator in our setting with respect to visual metrics,
we find a fixed point u, of the Bousch operator £3 for an a-Holder continuous ¢ and
show that u, is a-Holder continuous (Proposition, establishing the Mané lemma.
We view the Bousch operator as a Ruelle-Perron—Frobenius operator with respect
to the max-plus algebra on R U {—o0}, and our proof of Proposition follows the
proof of the corresponding result of the eigenfunctions for the Ruelle-Perron—Frobenius
operators in [Lil8 Theorem 5.16].

We combine our local closing lemma and the existence of a calibrated sub-action in
quantitative analysis to establish Theorem [1.5] (i). More precisely, we show that for
an arbitrary a-Hoélder continuous potential ¢ € Lip(@, o®) with respect to the chordal
metric o, any perturbation of the form ¢ = ¢ — ea(-,0)*, with € > 0 sufficiently
small, belongs to @“(@,U), where O is some special periodic orbit produced from
a calibrated sub-action and our local closing lemma away from critical points. The
quantitative analysis is, however, carried out in the canonical orbifold metric d on
the related potentials ¢ and 1, which are a-Hdélder continuous with respect to d but
not with respect to . In the case of Lattes maps, the canonical orbifold metric is
also a visual metric. The technical parts are (1) to quantitatively avoid critical points
crit f where the combinatorics are more involved in order to apply our local closing
lemma as well as uniform local expansion property, and (2) to quantitatively avoid
postcritical points post f where the conversion between d and ¢ is more involved. In
fact, by applying various properties of the canonical orbifold metric and considering
the orbifold ramification function, we get that the canonical orbifold metric and the
chordal metric are “lo/oally comparable away from postcritical points”. We know that

the identity map on C between these two metrics is never bi-Lipschitz (see [BMI17,
Appendix A.10]).

2For this reason, the Bousch operator is sometimes referred to as the Lax—Oleinik operator or the
Lax operators.
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It is worth noting that even though sometimes certain ergodic properties of some
non-uniformly expanding systems can be derived from associated symbolic models, and
while an expanding Thurston map is (up to a sufficiently high iterate) semi-conjugate
to a subshift of finite type via cell decompositions of S? and is semi-conjugate to
a full shift via the geometric coding tree, it is not clear how to retrieve either the
main theorems, or any one of the two main ingredients (i.e., the fine closing lemma in
Lemma [8.1] and the existence of a calibrated sub-action with correct Holder exponent
in Proposition for the proofs of the main theorems, or even the (local) Anosov
closing lemma in Lemma needed in the proof of Lemma from the corresponding
results for the symbolic systems. Our analysis is therefore focused on the phase space
in order to retain as much information on the interactions between the dynamics,
combinatorics, and metric geometry as possible.

For future directions, the discussions from this section suggest a “dictionary” for
the correspondences between ergodic optimization and thermodynamic formalism. In
this dictionary, the Bousch operators L,, L5, and L5 translate to the corresponding
Ruelle-Perron—Frobenius operators, the maximal potential energy to the topologi-
cal pressure, the maximizing measures (measures of maximal potential energy) to
the equilibrium states, the existence and construction of the calibrated sub-action in
Proposition to the existence and construction of the eigenfunction of the Ruelle-
Perron-Frobenius operator in [Lil8, Theorem 5.16], and finally our main theorems
may be considered as the (degenerated) counterpart to the existence, uniqueness, and
equidistribution of periodic points for the equilibrium state. Any new entries in this
dictionary would be interesting. Moreover, our recent work [DLZ24] with Jian Ding
on a probabilistic version of the TPO Conjecture, known as the Hunt-Ott conjecture
[HO964al, [HO96D] and the prior work [BZI16] suggest yet another “language” in the dic-
tionary, namely, a probabilistic point of view through random maximum mean cycle
problems on (directed) graphs, where periodic orbits correspond to (directed) cycles,
periodic maximizing measures to cycles with maximum mean-weight, and the TPO
and the Hunt-Ott Conjectures resemble the subcritical phenomena in [Dil3, [DSW15].

The local closing lemmas and local perturbation techniques we create in this paper
should have applications in settings beyond uniformly expanding and uniformly hy-
perbolic ones. For example, Yinying Huang, O. Jenkinson, and the first-named author
have applied them to a countable setting and established the Mané lemma and a ver-
sion of the TPO Conjecture for the Gauss map [HJL24]; Zelai Hao, Yinying Huang,
O. Jenkinson, and the first-named author have also applied them to a discontinuous
setting and established the Mané lemma and a version of the TPO Conjecture for
p-transformations [HHJL24].

For a more general setting in low-dimensional dynamics, the topological Collet—
Eckmann maps of one real or complex variable form another popular class of non-
uniformly expanding systems, which has been extensively studied by S. Smirnov,
F. Przytycki, J. Rivera-Letelier, Weixiao Shen, and others. It is natural to ask whether
the TPO Conjecture holds for topological Collet-FEckmann maps with the geometric
potential. In this setting, one may want to apply fine inducing schemes developed in
the literature, but some structural stability result in the appropriate topology may
also be needed, which is currently unavailable.
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Similarly, as remarked by the referee, it is plausible that a form of the TPO Con-
jecture should hold for weakly coarse expanding dynamical systems from [DPTUZ21],
and it would be worth exploring this direction.

On the other hand, T. Bousch established the TPO Conjecture for the space of
potentials satisfying the Walters condition in [Bou01] for the full shift. Similar to this
space and the little Lipschitz spaces Lip(X, d*) (a € (0, 1)), it is interesting to consider
other spaces of potentials larger than the Lipschitz space Lip(X,d) such as the Dini
potentials studied by Aihua Fan and Yunping Jiang [F.J01al [FJO1b].

We now summarize the structure of this paper. In Section [2] some frequently used
notations are recalled for the convenience of the reader. In Section [3| we give a brief
review of expanding Thurston maps, visual metrics, orbifolds, universal orbifold cover-
ing maps, Lattes maps, and the canonical orbifold metric. We also discuss a symbolic
model for a sufficiently high iterate of an expanding Thurston map. Discussions on the
little Lipschitz functions are limited to Sections [ and [I0] In Section [} after recalling
some facts on little Lipschitz functions, we establish a general result asserting that
lock(X, d®) is equal to the dense interior of Z(X) Nlip(X,d®) for each a € (0,1) and
each continuous map on a compact metric space (X, d) (Theorem . In Section ,
we state some assumptions on frequently-used objects in the paper for us to refer back
later in order to simplify the presentation. In Section [6 we discuss the Bousch oper-
ators and some of their basic properties for general dynamical systems before proving
the existence of an eigenfunction for the Bousch operator, also known as a calibrated
sub-action, for an expanding Thurston map. We then establish the Livsic theorem, the
Maiié lemma, and the bilateral Mafié lemma in our context. In Section [7} we formu-
late and prove the uniform local expansion property of expanding Thurston maps away
from critical points, which is crucial in the quantitative analysis in Sections[§and[9] In
Section [§] we establish in Lemma [8.1] a local closing lemma away from critical points.
The proof relies on a local Anosov closing lemma and a (global) Bressaud-Quas clos-
ing lemma established in Subsection [8.2] and Subsection [8.3| respectively. Mechanisms
to establish a Bressaud—Quas closing lemma for a general dynamical system are also
discussed. In Section [0} a proof of Theorem (i) is given, and then modifications
necessary to establish Theorem [1.4] (i) are described. Section is devoted to the
proofs of Theorems [1.3] (i), (i), [L.6} and [L.7]

An appendix is added to give illustrations of the combinatorial structures of three
examples of expanding Thurston maps to help the reader gain some intuition. The
rest of the paper is completely independent of the Appendix.

2. NOTATION

Let C be the complex plane and C be the R/i\emann sphere. We follow the convention
that N:= {1, 2,3, ...}, Ny .= {0} UN, and N := NU {400}, with the order relations
<, &, >, > defined in the obvious way. For x € R, we define |z| as the greatest
integer < x. As usual, the symbol log denotes the logarithm to the base e, and log,
the logarithm to the base ¢ for ¢ > 0. The cardinality of a set A is denoted by card A.

The collection of all maps from a set X to a set Y is denoted by Y*. We denote
the restriction of a map g: X — Y to a subset Z of X by g|z.
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For a map f: X — X and a real-valued function ¢: X — R, we write S,¢(x) =
Z;:Olgo(fj(x)) for x € X and n € Ny. Note that by definition, we always have
S(]QO =0.

Let (X, d) be a metric space. For subsets A, B C X, we set d(A, B) = inf{d(z,y) :
r €A ye B}, and d(A,z) =d(x,A) = d(A,{z}) for z € X. For each subset Y C X,
we denote the diameter of Y by diamy(Y") := sup{d(z,y) : z, y € Y}, the interior of
Y by int Y, and the max-plus characteristic function of Y by 0y, which maps each
z €Y to 0 € R and vanishes otherwise. We use the convention that 0 = 0x when the
space X is clear from the context. For each r > 0, we define NJ(A) to be the open
r-neighborhood {y € X : d(y, A) < r} of A, and N,(A) the closed r-neighborhood
{y € X :d(y,A) < r} of A. For z € X, we denote the open (resp. closed) ball of
radius 7 centered at x by Bgy(z,7) (vesp. By(z,7)).

We set C'(X) to be the space of continuous functions from X to R, M(X) the
set of finite signed Borel measures, and P(X) the set of Borel probability measures
on X. If we do not specify otherwise, we equip C(X) with the uniform norm ||-|| 5.
For a continuous map g: X — X, M(X, g) is the set of g-invariant Borel probability
measures on X. For each z € X, we denote by ¢, the Dirac delta measure on x given
by 0,(A) =1if 2z € A and 0 otherwise for all Borel measurable set A C X.

We use Lip(X,d¥) to denote the space of real-valued Holder continuous functions
on (X, d) with an exponent a € (0, 1]. For each ¢ € Lip(X, d®), we denote

(2.1) ] go =sup{[Y(z) —Y(y)|/d(z,y)* sz, y € X, z # y},

and the Holder norm is defined as [[¢)||ja x = [¥]ga + [[¥]| co-
For a Lipschitz map ¢g: (X, d) — (X, d), we denote the Lipschitz constant by

(2.2) LIP4(g) = sup{d(g(x),9(y))/d(z,y) : x, y € X with z # y}.

3. PRELIMINARIES

We review the definitions of expanding Thurston maps and visual metrics, and dis-
cuss some combinatorial structures and key metric properties associated to expanding
Thurston maps in Subsection 3.1} We then recall the notions of orbifolds and universal
orbifold covering maps associated to expanding Thurston maps in Subsection [3.2] lead-
ing to the definition of Lattés maps and the canonical orbifold metric in Subsection [3.3]
These two subsections are crucial in the proof of Theorem but not needed for The-
orem [1.4] Finally, in Subsection [3.4] we quickly recall some notations from symbolic
dynamics and show that a sufficiently high iterate of an expanding Thurston map is
a factor of a one-sided subshift of finite type with a Holder continuous factor map.

3.1. Thurston maps. In this subsection, we go over some key concepts and results
on Thurston maps, and expanding Thurston maps in particular. For a more thorough
treatment of the subject, we refer to [BM17].

Let S? denote an oriented topological 2-sphere. A continuous map f: S — S2% is
called a branched covering map on S? if for each point x € S?, there exists a positive
integer d € N, open neighborhoods U of x and V of y = f(z), open neighborhoods
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U' and V' of 0 in C, and orientation-preserving homeomorphisms ¢: U — U’ and
n: V. — V' such that ¢(z) =0, n(y) =0, and

(o fop™)(z) =21
for each z € U’. The positive integer d above is called the local degree of f at x and

is denoted by deg(z).
The degree of f is

(3.1) deg f = Z deg ()
zef~y)

for y € S? and is independent of y. If f: S? — S? and g: S — S? are two branched
covering maps on S2, then so is f o g, and

(3.2) deg;.,(7) = deg,(z) deg,(g(z)), for each z € 52,
and moreover,
(3.3) deg(f o g) = (deg f)(deg g).

A point z € S% is a critical point of f if deg;(x) > 2. It follows immediately from
the definition of the branched covering map above and the compactness of S? that
there are only finitely many critical points of f. The set of critical points of f is
denoted by crit f. A point y € S? is a postcritical point of f if y = f*(x) for some
x € crit f and n € N. The set of postcritical points of f is denoted by post f. Note
that post f = post f™ for all n € N.

Definition 3.1 (Thurston maps). A Thurston map is a branched covering map
f:8% — S8% on S? with deg f > 2 and card(post f) < +o0.

We now recall the notation for cell decompositions of 5% used in [BM17] and [Lil7].
A cell of dimension n in S%, n € {1, 2}, is a subset ¢ C S? that is homeomorphic to
the closed unit ball B in R”. We define the boundary of ¢, denoted by dc, to be the
set of points corresponding to dB" under such a homeomorphism between ¢ and B".
The interior of ¢ is defined to be inte(c) = ¢\ dc. For each point z € S?, the set {z}
is considered as a cell of dimension 0 in S%. For a cell ¢ of dimension 0, we adopt the
convention that dc = () and inte(c) = c.

We record the following three definitions from [BM17].

Definition 3.2 (Cell decompositions). Let D be a collection of cells in S?. We say
that D is a cell decomposition of S? if the following conditions are satisfied:
(i) the union of all cells in D is equal to S?,
(ii) if ¢ € D, then Oc is a union of cells in D,
(iii) for ¢1, o € D with ¢; # ¢2, we have inte(cq) Ninte(cy) = 0,
(iv) every point in S? has a neighborhood that meets only finitely-many cells in D.

Definition 3.3 (Refinements). Let D’ and D be two cell decompositions of S?. We
say that D’ is a refinement of D if the following conditions are satisfied:

(i) every cell ¢ € D is the union of all cells ¢ € D" with ¢ C ¢,
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(ii) for every cell ¢ € D' there exits a cell ¢ € D with ¢ C c.

Definition 3.4 (Cellular maps and cellular Markov partitions). Let D" and D be two
cell decompositions of S2. We say that a continuous map f: S* — S? is cellular for
(D', D) if for every cell ¢ € D', the restriction f|. of f to ¢ is a homeomorphism of
c onto a cell in D. We say that (D', D) is a cellular Markov partition for f if f is
cellular for (D', D) and D’ is a refinement of D.

Let f: S? — S? be a Thurston map, and C C S? be a Jordan curve containing
post f. Then the pair f and C induces natural cell decompositions D™(f,C) of S?, for
n € Ny, in the following way:

By the Jordan curve theorem, the set S?\ C has two connected components. We
call the closure of one of them the white 0-tile for (f,C), denoted by X2, and the

l1)

closure of the other the black 0-tile for (f,C), denoted by X?. The set of 0-tiles is
XO(f,C) == {X¢, X3}. The set of 0-vertices is VO(f,C) := post f. We set V'(f.C) =
{{z} : € VO(f,C)}. The set of 0-edges E°(f,C) is the set of the closures of the

connected components of C \ post f. Then we get a cell decomposition
D(f,C) = X°(f,€) UE’(f,€) UV"(f,C)

of S? consisting of cells of level 0, or 0-cells.
We can recursively define unique cell decompositions D"(f,C), n € N, consist-

ing of n-cells such that f is cellular for (D"*!(f,C),D"(f,C)). We refer to [BMIT,
Lemma 5.12] for more details. We denote by X" (f,C) the set of n-cells of dimension 2,
called n-tiles; by E*(f,C) the set of n-cells of dimension 1, called n-edges; by V' (f,C)
the set of n-cells of dimension 0; and by V*(f,C) the set {z : {z} € V'(f, C)}, called
the set of n-vertices. The k-skeleton, for k € {0, 1, 2}, of D™(f,C) is the union of all
n-cells of dimension k in this cell decomposition.

We record Proposition 5.16 of [BM17] here in order to summarize properties of the
cell decompositions D"(f,C) defined above.

Proposition 3.5 (M. Bonk & D. Meyer [BMI1T1]). Let k, n € Ny, let f: S* — S? be a
Thurston map, C C S? be a Jordan curve with post f C C, and m = card(post f).

(i) The map f* is cellular for (D”Jrk(f, C),D™(f, C)) In particular, if ¢ is any
(n + k)-cell, then f¥(c) is an n-cell, and f*|. is a homeomorphism of ¢ onto

().
(ii) Let ¢ be an n-cell. Then f=*(c) is equal to the union of all (n+ k)-cells ¢ with
i) =c.

(iii) The 1-skeleton of D™(f,C) is equal to f~™(C). The 0-skeleton of D"(f,C) is
the set V'(f,C) = f~"(post f), and we have V"(f,C) C V" (f.C).

(iv) card(X"(f,C)) = 2(deg f)", card(E"(f,C)) = m(deg f)", and card(V"(f,C)) <
m(deg f)".

(v) The n-edges are precisely the closures of the connected components of f~"(C)\
f™(post f). The n-tiles are precisely the closures of the connected components

of S\ f7(C).
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(vi) Every n-tile is an m-gon, i.e., the number of n-edges and the number of n-
vertices contained in its boundary are equal to m.

(vii) Let F == f* be an iterate of f with k € N. Then D"(F,C) = D" (f,C).

We also note that for each n-edge e € E"(f,C), n € Ny, there exist exactly two
n-tiles X, X’ € X"(f,C) such that X N X' =e.

From now on, if the map f and the Jordan curve C are apparent from the context,
we will sometimes omit (f,C) in the notation above.

If we fix the cell decomposition D™(f,C), n € Ny, we can define for each v € V" the
n-flower of v as

(3.4) Wn(v) = U{inte(c) cceD" v ech

Note that flowers are open (in the standard topology on S?). Let W' (v) be the closure
of W"(v).

Remark 3.6. For n € Ny and v € V", we have
Wn(”l)) :X1UX2UUXm,

where m = 2deg;.(v), and X;, Xy, ... X, are all the n-tiles that contain v as a vertex
(see [BM17, Lemma 5.28]). Moreover, each flower is mapped under f to another
flower in such a way that is similar to the map z — z¥ on the complex plane. More
precisely, for n € Ny and v € V**1 there exist orientation preserving homeomorphisms
0: Wl (v) — D and n: W"(f(v)) — D such that D is the unit disk on C, p(v) = 0,
n(f(v)) =0, and
(o fop™)(2) =2"

for all z € D, where k = deg;(v). Let Wnﬂ(v) = X;UX,U---UX,, and W' (f(v)) =
X1UXiU---UX/,, where Xy, X, ..., X,, are all the (n + 1)-tiles that contain v as
a vertex, listed counterclockwise, and X7, X3, ..., X!, are all the n-tiles that contain
f(v) as a vertex, listed counterclockwise, and f(X;) = X|. Then m = m’k, and
f(X;) = X if i = j (mod k), where k = deg;(v). (See also Case 3 of the proof of
Lemma 5.24 in [BM17] for more details.) In particular, W™ (v) is simply connected.

We denote, for each x € S? and n € Z, the n-bouquet of x
(35)  U™x)=| J{Y" € X" : there exists X" € X" with z € X", X" N Y™ # §}

if n >0, and set U™(x) := S? otherwise.
We can now give a definition of expanding Thurston maps.

Definition 3.7 (Expansion). A Thurston map f: S? — S? is called expanding if there
exists a metric d on S? that induces the standard topology on S? and a Jordan curve
C C S? containing post f such that
lirf max{diamy(X) : X € X"(f,C)} =0.
n—-+0oo

Remarks 3.8. It is clear from Proposition 3.5 (vii) and Definition [3.7| that if f is an
expanding Thurston map, so is f™ for each n € N. We observe that being expanding is
a topological property of a Thurston map and independent of the choice of the metric
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d that generates the standard topology on S?. By Lemma 6.2 in [BMI7], it is also
independent of the choice of the Jordan curve C containing post f. More precisely, if
f is an expanding Thurston map, then

nl_lgloomax{dlamd(X) : X eX"(f,C)} =
for each metric d that generates the standard topology on S? and each Jordan curve
C C S? that contains post f.

P. Haissinsky and K. M. Pilgrim developed a notion of expansion in a more general
context for finite branched coverings between topological spaces (see [HP09L Section 2.1
and Section 2.2]). This applies to Thurston maps, and their notion of expansion is
equivalent to our notion defined above in the context of Thurston maps (see [BM17,
Proposition 6.4]). Such concepts of expansion are natural analogs, in the non-uniform
setting, to some of the more classical notions, such as forward-expansive maps and
distance-expanding maps. Our notion of expansion is not equivalent to any such
classical notion in the context of Thurston maps. One topological obstruction comes
from the presence of critical points for (non-homeomorphic) branched covering maps
on S2. In fact, as mentioned in the introduction, there are subtle connections between
our notion of expansion and some classical notions of weak expansion. More precisely,
one can prove that an expanding Thurston map is asymptotically h-expansive if and
only if it has no periodic points. Moreover, such a map is never h-expansive. See
[Li15] for details.

For an expanding Thurston map f, we can fix a natural class of metrics d on S?
called visual metrics for f. The construction of these metrics, inspired by Sullivan’s
dictionary, is closely related to the visual metrics on the boundary at infinity 0,G of
a Gromov hyperbolic group G. For the existence and properties of such metrics, see
[BM17, Chapter 8]. For a visual metric d for f, there exists a unique constant A > 1
called the expansion factor of d (under f) (see [BM17, Chapter 8] for more details).
One major advantage of a visual metric d is that in (52, d), we have good quantitative
control over the sizes of the cells in the cell decompositions discussed above. We sum-
marize several results of this type ([BM17, Proposition 8.4, Lemma 8.10, Lemma 8.11})
in the lemma below.

Lemma 3.9 (M. Bonk & D. Meyer [BMIT]). Let f: S* — S? be an expanding
Thurston map, and C C S% be a Jordan curve containing post f. Let d be a visual
metric on S? for f with expansion factor A > 1. Then there exist constants C > 1,
C'">1, K > 1, and ng € Ny with the following properties:
(i) d(a T) > C~'A™" whenever o and T are disjoint n-cells for n € Ny.
(ii) C < diamg(7) < CA™" for all n-edges and all n-tiles T for n € Ny.
(iii) Bd(x K~ 'A™™) CU"(x) C By(z, KA™) for x € 5% and n € Ny.
(iv) U™mo(x) C By(x,r) C U™ ™ (x) where n = [—logr/logA] for r > 0 and
r e S?
(v) For every n-tile X™ € X"(f,C), n € Ny, there exists a point p € X™ such that
By(p,C~'A™") C X™ C By(p,CA™™).
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Conversely, if d is a metric on S? satisfying conditions (i) and (ii) for some constant
C > 1, then d is a visual metric with expansion factor A > 1.

Recall that U"(z) is defined in (3.5)).

In addition, we will need the fact that a visual metric d induces the standard topol-
ogy on S? ([BM17, Proposition 8.3]) and the fact that the metric space (S?,d) is lin-
early locally connected ([BMI17, Proposition 18.5]). A metric space (X,d) is linearly
locally connected if there exists a constant L > 1 such that the following conditions
are satisfied:

(1) For all z € X, r >0, and x, y € By(z,r) with = # y, there exists a continuum
E C X withz,y € E and E C By(z,rL).

(2) For all z € X, r > 0, and z,y € X \ By(z,r) with x # y, there exists a
continuum £ C X with z, y € E and £ C X \ By(z,r/L).

We call such a constant L > 1 a linear local connectivity constant of d.

In fact, visual metrics serve a crucial role in connecting the dynamical arguments
with geometric properties for rational expanding Thurston maps, especially Lattes
maps.

We first recall the following notions of equivalence between metric spaces.

Definition 3.10. Consider two metric spaces (X1, d;) and (X3, ds). Let g: X7 — X5
be a homeomorphism. Then

(i) g is bi-Lipschitz if there exists a constant C' > 1 such that for all u, v € X,
Cdy(u,v) < do(g(u), g(v)) < Cdy(u,v).

(ii) g is bi-Holder if there exist constants a, 5 € (0,1] and C' > 1 such that for all
u, v € X,

Oty (u,v) P < da(g(u), 9(v)) < Cdi(u, v)°.

(iii) g is a snowflake homeomorphism if there exist constants a > 0 and C' > 1 such
that for all u, v € Xi,

C™dy(u,v)* < da(g(u), g(v)) < Cdy (u, v)*.

(iv) g is a quasisymmetric homeomorphism or a quasisymmetry if there exists a
homeomorphism 7: [0,4+00) — [0,400) such that for all pairwise distinct

u, v, w € Xy,
dz(g(u),g(v)) dl(uav)
da(g(), gw)) (dmu,w))‘

Moreover, the metric spaces (Xi,d;) and (Xs,ds) are bi-Lipschitz, snowflake, or qua-
sisymmetrically equivalent if there exists a homeomorphism from (X1, d;) to (Xa,ds)
with the corresponding property.

When X; = Xy, = X, then we say the metrics d; and dy are bi-Lipschitz, bi-Holder,
snowflake, or quasisymmetrically equivalent if the identity map from (X, d;) to (X, ds)
has the corresponding property.
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Theorem 3.11 (M. Bonk & D. Meyer [BM10, BM17], P. Haissinsky & K. M. Pilgrim
[HP09]). An expanding Thurston map is conjugate to a rational map if and only if the
sphere (S?,d) equipped with a visual metric d is quasisymmetrically equivalent to the

Riemann sphere C equipped with the chordal metric.
See [BM17, Theorem 18.1 (ii)] for a proof. The chordal metric is recalled below.

Remark 3.12. In fact, in [BM17, Lemma 18. 10], M. Bonk and D. Meyer showed that
for a rational expandlng Thurston map f: C — C the chordal metric o on the Rie-
mann sphere C is quasisymmetrically equivalent to each visual metric d for f. Here

2w

the chordal metric o on C is given by o(z,w) = for z, w € C, and
VIR 1wl

o(00,2) = o(z,00) = m for = € C. We also note that the inverse of a qua-

sisymmetric homeomorphism is quasisymmetric (see [HeOl, Proposition 10.6]), and
that quasisymmetric embeddings of bounded connected metric spaces are Holder con-
tinuous (see [He(ll, Section 11.1 and Corollary 11.5]). Consequently the identity map
between (C,o) and (@ d) is bi-Hélder, and the class of Holder continuous functions
on C equipped with the chordal metric and that on C equipped with any visual metric
for f are the same (up to a change of the Holder exponent).

Moreover, since the spherical metric on C given by the length element do =
2|dz|/(1 + |2|?) is bi-Lipschitz equivalent to the chordal metric, we can replace the
chordal metric by the spherical metric in the discussion above.

A Jordan curve C C S? is f-invariant if f(C) C C. We are interested in f-invariant
Jordan curves that contain post f, since for such a Jordan curve C, we get a cellular
Markov partition (D'(f,C),D%(f,C)) for f. According to Example 15.11 in [BM17],
such f-invariant Jordan curves containing post f need not exist. However, M. Bonk
and D. Meyer [BM17, Theorem 15.1] proved that there exists an f"-invariant Jordan
curve C containing post f for each sufficiently large n depending on f.

Lemma 3.13 (M. Bonk & D. Meyer [BMIT]). Let f: S* — S? be an expanding
Thurston map, and C C S2 be a Jordan curve with post f C C. Then there exists
an integer N(f, C) € N such that for each n > N(f, C) there exists an f"-invariant
Jordan curve C isotopic to C rel. post f.

We now discuss some metric estimates for the dynamics induced by expanding
Thurston maps.

Lemma 3.14. Let f: S* — S? be an expanding Thurston map, and d be a visual
metric on S% for f. Then f is Lipschitz with respect to d with Lipschitz constant
LIP4(f) > 1.

Proof. 1t is shown in [Lil8, Lemma 3.12] that f is Lipschitz with respect to d. In
order to show LIP,(f) > 1, we argue by contradiction and suppose LIP;(f) < 1. Fix
an arbitrary Jordan curve C C S? containing post f. Then by Proposition (i),
diamg(X™) > diamg(f™(X™)) for each n-tile X™ € X"(f,C). This contradicts with
Lemma (3.9 (ii). O

The following lemma proved in [Lil8, Lemma 3.13] generalizes [BM17, Lemma 15.25].
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Lemma 3.15 (M. Bonk & D. Meyer [BM17], Zhiqiang Li [Li18]). Let f: S* — S? be
an expanding Thurston map, and C C S? be a Jordan curve that satisfies post f C C
and f<(C) C C for some ne € N. Let d be a visual metric on S2 for f with expansion
factor A > 1. Then there exists a constant Cy > 1, depending only on f, d, C, and
ne, with the following property:

Ifk,n € Ny, X"k € X"F(f.C), and z, y € X", then
1 d(f"(2). " (0)
—d <
o (,y) An

We recall the following key estimate, which also serves as a cornerstone for the
analysis in the theory of thermodynamic formalism. See [Lil8, Lemma 5.1] for a
proof.

(3.6)

< Cod(z,y).

Lemma 3.16. Let f: S* — S? be an expanding Thurston map, and C C S? be a
Jordan curve that satisfies post f C C and f"(C) C C for some nec € N. Let d be
a visual metric on S% for f with expansion factor A > 1. Let ¢ € Lip(S?,d®) be
a real-valued Hélder continuous function with an exponent a € (0,1]. Then for all
n, m € Ng with n < m, X™ € X"(f,C), and z, y € X™, we have

Co

15,6(2) — Sud )] < T Do AL (1), F(9)",

where Cy > 1 is a constant from Lemma|5.15

3.2. Orbifolds. We consider orbifolds associated to Thurston maps. An orbifold is a
space that is locally represented as a quotient of a model space by a group action (see
[Th&0, Chapter 13]). For the purpose of this work, we restrict ourselves to orbifolds
on S?. In this context, only cyclic groups can occur, so a simpler definition (than that
of W. P. Thurston) will be used. We follow closely the setup from [BM17].

An orbifold is a pair O = (S, ), where S is a surface and a: § — N = N U {+00}
is a map such that the set of points p € S with a(p) # 1 is a discrete set in S, i.e., it
has no limit points in S. We call such a function o a ramification function on S. The
set

(3.7) supp(a) = {p € S:a(p) > 2}

is the support of o. We will only consider orbifolds with S = S2, an oriented 2-sphere,
in this paper.
The Euler characteristic of an orbifold O = (S?, «) is defined as

) =2- 3 (1= ),

xeS?

where we use the convention %o = 0, and note that the terms in the summation are
nonzero on a finite set of points. The orbifold O is parabolic if x(O) = 0 and hyperbolic
if x(0) <0.

Every Thurston map f has an associated orbifold Oy = (S
important role in this section.

2, ay), which plays an
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Definition 3.17. Let f/:\ S? — S? be a Thurston map. The ramification function of
f is the map ay: S? — N defined as

(3.8) ay(x) = lem{degm(y) 1y € S*, n €N, and f"(y) =z}
for z € S%

Here N = NU {+00} with the order relations <, <, >, > extended in the obvious
way, and lecm denotes the least common multiple on N defined by lem(A) = +oo if
A C N is not a bounded set of natural numbers, and otherwise lem(A) is calculated
in the usual way. Note that different Thurston maps can share the same ramification

function; in particular, we have the following fact from [BM17, Proposition 2.16].

Proposition 3.18. Let f: S* — S? be a Thurston map. Then oy = aym for each
n € N.

Definition 3.19 (Orbifolds associated to Thurston maps). Let f: S? — S? be a

Thurston map. The orbifold associated to f is a pair Oy == (52, ay), where ap: S? — N
is the ramification function of f.

Orbifolds associated to Thurston maps are either parabolic or hyperbolic (see [BM17,
Proposition 2.12]).

For an orbifold O = (52, a), we set
(3.9) Sg =5\ {z €5 :a(z) = +oo}.

We record the following facts from [BM17], whose proofs can be found in [BMI17]
and references therein (see Theorem A.26 and Corollary A.29 in [BMI17]).

Theorem 3.20. Let O = (5% a) be an orbifold that is parabolic or hyperbolic. Then
the following statements are satisfied:

(i) There exists a simply connected surface X and a branched covering map ©: X —
SZ such that degg(r) = a(O(x)) for each x € X.

(ii) The branched covering map © in (i) is unique. More precisely, if§~§ is a simply

connected surface and ©: X — S§ satisfies degg(y) = a(@(x)) for each y €

X, then for all points zo € X and Ty € X with O(zg) = O(Ty) there emists
orientation-preserving homeomorphism A: X — X with A(zg) = To and © =

© o A. Moreover, if a(©(xg)) = 1, then A is unique.

Definition 3.21 (Universal orbifold covering maps). Let O = (5% a) be an orbifold
that is parabolic or hyperbolic. The map ©: X — S2 from Theorem is called the
universal orbifold covering map of O.

3.3. Lattes maps. For a rational expanding Thurston map f: C — @, the chordal
metric o (see Remark for the definition), which is bi-Lipschitz equivalent to the
Euclidean metric away from the infinity, is never a visual metric for f (see [BM17,
Lemma 8.12]). In fact, for each visual metric d for f, the visual sphere (S?, d) is
snowflake equivalent to (@, O') if and only if f is topologically conjugate to a Lattes
map (see [BMI7, Theorem 18.1 (iii)] and Definition below).
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Recall that we call two metric spaces (X1, dy) and (X, dy) are bi-Lipschitz, snowflake,
or quasisymmetrically equivalent if there exists a homeomorphism from (X;,d;) to
(X3, dy) with the corresponding property (see Definition [3.10)).

We recall a version of the definition of Lattes maps.

Peﬁnition 3.22. Let f: C — C be a rational Thurston map on the Riemann sphere
C. If f is expanding and the orbifold Oy = (S?, a;) associated to f is parabolic, then
it is called a Lattes map.

See [BM17, Chapter 3] and [Mil06] for other definitions and more properties of
Lattes maps.

Remark ' 3.23. For a Lattes map f: C — (C the universal orbifold covering map
©: C — C of the orbifold O = ((C ay) associated to f is holomorphic (see [BMI7,
Theorem A.26, Definition A.27, and Corollary A.29]). Let dy be the Euclidean metric
on C. Then the canonical orbifold metric wy of f is the pushforward of dy by ©, more
precisely,

we(p, q) = inf{do(z,w) 12 €07 (p), we @_1(q)}

for p, q € C (see Section 2.5 and Appendices A.9 and A.10 in [BM17] for more details

on the canonical orbifold metric). Let o be the chordal metric on C as recalled in
Remark [3.12] By [BMI17, Proposition 8. 5], wy is a visual metric for f. By [BMI17,

Lemma A.34], ((C wf) and ((C a) are bi-Lipschitz equivalent, i.e., there exists a bi-

Lipschitz homeomorphism h: C — C from ((C,wf) to (C, 0). Moreover, by the dis-
cussion in [BM17, Appendix A.10], h cannot be the identity map.

3.4. Symbolic dynamics for expanding Thurston maps. In this subsection, we
give a brief review of the dynamics of one-sided subshifts of finite type and discuss a
symbolic model for sufficiently large iterations of expanding Thurston maps. We refer
the reader to [Ki9§] for a beautiful introduction to symbolic dynamics. For a discussion
on results on subshifts of finite type related to our context, see [PP90, Ba00)].

Let S be a finite nonempty set, and A: S x S — {0, 1} be a matrix whose entries
are either 0 or 1. We denote the set of admissible sequences defined by A by

Yh={{zitien, : i € S, Ay, wi41) = 1, for each i € Ny}

Fix a number 6 € (0,1). We equip the set X with a metric dy given by dp({; }ieng, {Ui Fien,y) =
ON for {z;}ien, # {¥i}ien,, where N is the smallest integer with xy # yy. The
topology on the metric space (EX, dg) coincides with that induced from the product

topology, and is therefore compact.
The left-shift operator oa: ¥ — 3} (defined by A) is given by

oa{zi}ieny) = {Tis1 }ien, for {z;}ien, € X7.

The pair (Ej, JA) is called the one-sided subshift of finite type defined by A. The set
S is called the set of states and the matrix A: S x S — {0, 1} is called the transition
matriz.

Let X and Y be topological spaces, and consider two maps f: X — X and g: Y —
Y. We say that the topological dynamical system (X, f) is a factor of the topological
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dynamical system (Y, g) if there is a surjective continuous map 7: Y — X such that
mog= fomw. We call the map 7: Y — X a factor map.

We will now consider a one-sided subshift of finite type associated to an expanding
Thurston map and an invariant Jordan curve on S? containing post f. Recall from the
discussions in Subsection [3.1| that such an invariant Jordan curve may not exist for an
expanding Thurston map, but does exist for each of its sufficiently high iterate. We
will need the following technical lemma.

Lemma 3.24. Let f: S? — 5% be an expanding Thurston map with a Jordan curve
C C 52 satisfying f(C) C C and post f C C. Let {X;}ien, be a sequence of 1-tiles in
X1(f,C) satisfying f(X;) 2 Xiy1 for all i € Ng. Then for each n € N, we have

n—1

(310)  ((flxo) "o (flx) oo (flx, ) ) (Xua) = [ F(X0) € X"(£,0).

i=0
Moreover, card (o, f~(X;) = 1.

Proof. Let d be a visual metric on S? for f.
We call a sequence {c¢; }ien, of subsets of S? admissible if f(c;) 2 ¢;y for all i € Ny.

We prove ([3.10)) by induction.

For n = 1, (3.10) holds trivially for each admissible sequence of 1-tiles {X;};en, in
X!

Assume that (3.10)) holds for each admissible sequence of 1-tiles { X, };en, in X! and
for n = m for some m € N. We fix such a sequence {X;}ien,. Then {X;i1}ien, is also
admissible. By the induction hypothesis, we denote

X7 = ()™ o (Flx)™ 00 (Flaw) ™) () = (] (X)X

Since f(Xp) 2 X; and X™ C X, we get from Proposition (i) and (ii) that f is
injective on X1, and thus, () f74(X;) = Xo N f7HX™) € X™ and (f|x,) H(X™) =

1=0
Xon f7H(X™) e Xmtl,
The induction is complete. We have established (i3.10)).
n—1 n
Note that () f7(X;) 2 ) f4(X;) € X" for each n € N. By Lemma (ii),
i=0 i=0
Nien, f ~Y(X;) is the intersection of a nested sequence of closed sets with radii conver-
gent to zero. Thus, it contains exactly one point in S2. 0

Proposition 3.25. Let f: S? — S? be an expanding Thurston map with a Jordan
curve C C S? satisfying f(C) C C and post f C C. Let d be a visual metric on S? for
[ with expansion factor A > 1. Fiz 6 € (0,1). We set S, = X'(f,C), and define a
transition matriz Ay : Sy x Sy — {0, 1} by

1 if f(X) 2 X,
0 otherwise

Ay(X, X' = {
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for X, X' € XY(f,C). Then f is a factor of the one-sided subshift of finite type
(ZXA,UAA) defined by the transition matriz A,, where the factor map my: ZXA — §2
18 a surjective Holder continuous map defined by

(3.11) T ({Xitiew,) =z, where {x} = [ f7H(X

i€Np
Here ZL 15 equipped with the metric dy defined in Subsection and S? is equipped
with the visual metric d.

Proof. We denote by {X}ien, € X}, an arbitrary admissible sequence.
Since f(X;) 2 X, for each i € Ny, by Lemma |3.24] E the map 7, is well-defined.
Note that for each m € Ny and each {X[}ien, € X}, with Xy # X7, +1 and X; =

X for each integer j € [0,m], we have {ma({Xi}ien,), Ta({X] }ieno)} € ﬂ (X)) €

X™+ by Lemma m Thus, it follows from Lemma (ii) that m, is Holder contin-
uous.

To see that 7, is surjective, we observe that for each x € S?, we can find a sequence
{XI(z) }jeN of tiles such that X7(z) € X7, x € X/(x), and X’(x) D X7T!(x) for each

j € N. Then it is clear that {f° (X”l(x))}ieNo e ¥}, and 1, <{f’ (X”l(:zc))}ieNO) =
.
We observe that

(o m) (X)) :f( N f‘j(Xj)) c ()£ x))

7€Ng JjeN

= ﬂ f7(Xi1) = {(ma 004, ) {Xi}iens) }-

1€Ng
Therefore, it follows that m, o o4, = fom,. O

4. LITTLE LIPSCHITZ SPACES AND THE LOCKING PROPERTY
This section aims to show the following theorem in a general setting.

Theorem 4.1. Let T: X — X be a continuous map on a compact metric space
(X,d) and a € (0,1). Then the set lock(X,d™) of functions with the locking property
in lip(X,d*) is equal to the interior of Z(X) Nlip(X,d®) (in the induced topology of
lip(X,d*) as a subspace of Lip(X, d®)), and lock(X, d*) is dense in Z2(X)Nlip(X, d*).

The strategy of the proof is a two-step perturbation argument. For every ¢ €
2(X) Nlip(X,d*) with a maximizing measure supported on a periodic orbit O, we
first perturb it by suppressing it by a scalar multiple of the distance function d’(-, O),
then show that the resulting function ¢, = ¢ — td®(-, O) stays in lock(X,d®) after
another arbitrary small perturbation ¢ € lip(X,d®). The difficulty lies in the fact
that if 3 = «, then d°(-,0) is no longer in lip(X,d*). On the other hand, even
though d°(-, 0) € lip(X, d®) for all 8 € (o, 1], the Wasserstein distance type of control
of J. Bochi and the second-named author [BZ15, Lemma 2] cannot be used directly
as there is a mismatch in exponents between the d°(-,O) and . Our approach is
to split the small arbitrary perturbation ¢ € lip(X,d®) into two parts ¢ = g + T,
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where 5 € Lip(X, d”) has small -Hélder norm and 7 has arbitrarily small uniform
norm. Such a splitting is possible thanks to a Lipschitz extension theorem stated in
Theorem [4.6]

We first recall the definition of little Lipschitz functions.

Definition 4.2. Let X be a compact metric space, the little Lipschitz space lip(X, d)
is defined to be the subspace of Lip(X, d) (equipped with the Lipschitz norm |[-[|; )
consisting of those functions ¢ with the property that for every ¢ > 0 there exists

6 > 0 such that
[9(z) — o(y)|

d(z,y)
for all z, y € X with 0 < d(z,y) < . The functions in lip(X,d) are called little
Lipschitz functions or locally flat Lipschitz functions.

<e

It is clear that a function ¢ is in lip(X, d) (resp. Lip(X, d)) if and only if sup{|¢(x) —
6(y)|: d(z,y) <} = o(r) (resp. sup{|6(x) — 6(y)] : d(z.y) < 1} = O(r)) as 1 — 0.
We consider connections between little Lipschitz spaces and big Lipschitz spaces

in the following two propositions. The first one is classical (see for example, [Sh64,
Subsection 1.1]).

Proposition 4.3. Let (X,d) be a compact metric space. Then lip(X,d) is a closed
subalgebra of Lip(X,d) which contains the constant functions.

We will rely on the following important result. See [BCD87, Corollary 3.7], [We90,
Corollary 1.5, and [Wel8|, Corollary 8.28].

Proposition 4.4. Let (X,d) be a compact metric space and let o € (0,1). Then
Lip(X,d) is a dense subset of lip(X,d*) (equipped with the norm ||-|| j x)-

Next, we record a basic covering theorem (see for example, [He0l, Theorem 1.2]).

Theorem 4.5 (Covering Theorem). Ewvery family F of balls of uniformly bounded
diameter in a metric space X contains a disjoint subfamily G such that

(4.1) U BclsB

BeF Beg
Here 5B denotes the ball with the same center with a radius 5 times that of B.

The following extension theorem for Lipschitz functions dates back to a result of
T. Botts and E. McShane recorded in [Sh64, Proposition 1.4]. We state here the
version from [Ha92 Proposition 3|. See also [BCD87, Lemma 3.3].

Theorem 4.6 (Lipschitz extension theorem). Let (X, d) be a metric space and B €
(0,1). Then for every finite set F C X, every function ¢ on F, and every number C' >
2, there exists a function v € Lip(X,d) with the properties Y|p = ¢ and ||¢|| 45 x <

Cliellgs,#{]

3Note that the difference in the definition of Hélder norm results in the difference in the lower
bound on C.
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We write
(¢, p) = /(;Sdu for p € C(X) and p € M(X).

Next, we record the following strengthened version of [BZ15, Lemma 2], which
follows from Lemma 2 and its proof in [BZ15].

Proposition 4.7. Let T: X — X be a continuous map on a compact metric space
(X,d) and o € (0,1]. Let O be a periodic orbit of T. Write pio ‘= —55 > reo 0a €
M(X,T). Then for each € [a,1] there exists a constant Coz > 1 such that for
every v € M(X,T), we have

sup{% tp € Lip(X, alﬁ)7 ‘¢|d/3 £ 0} < C@ﬁ<dﬁ<'7(’)),y>_
dB

Moreover, Co g can be chosen as Cop = (diamg(X)/\,)? < diamg(X)/Na, where
Ao € (0,diamy (X)) is a constant satisfying the condition that for alli € {0, 1, ..., card O—
1} and z, y € X with d(x,y) < A\, the following inequality holds:

d(T"(z), T'(y)) < 2V min{d(w, 2) : w, z € O, w # z}.

Note that the number ), in the statement above exists due to the uniform continuity
of T.
We are now ready to prove Theorem [4.1]

Proof of Theorem [/.1. By definition, the set lock(X,d*) is open in lip(X,d*) and is
contained in Z(X). It suffices to show that lock(X, d*) is dense in (X )Nlip(X, d®).

Consider an arbitrary potential ¢ € Z(X) Nlip(X,d*). Let O be a periodic orbit
of T" such that pep = @ Y reo 0z is a maximizing measure for ¢.

Fix arbitrary ¢, d, e € (0,1/5), and g € (a, 1).

Consider arbitrary ¢ € lip(X, d*) with

(4.2) [l go, x < €

By the compactness of X and the covering theorem (Theorem7 there exists a finite
set /' C X such that

(4.3) | Ba(z,50) = X

zeF

and the balls By(z,d), z € I, are pairwise disjoint. By the Lipschitz extension theorem
in Theorem (applied to 8, F, and ¢ := 9|r), there exists a function ¢5 € Lip(X, d°)
such that

(4.4) VYalr =¢lr and  [[Ypllgs x < 3U[Rlge,r
Note that by (4.2)) and (4.3]), we have
45)  [Ylrllge, p < €+ Wlelg (min{d(z,y) sz, y € FLx #y}) 7 < et et

Define 7 = ¢ — 4¢3 € Lip(X,d*). Then by (4.4), (4.2), (4.5), and the fact that
5 € (0,1/5), we have

(4.6)  I7llcocx) < (50)* [¢lga + (56)7 [1hp] 4o < €(50)* + 3(e + €6°7")(50)” < 35ed”.
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Set ¢ = ¢ — td?(-,0). For every v € M(X,T)\ {po}, by (4.6), the fact that uo
is a maximizing measure for ¢, Proposition , , , and (4.8) we have
<¢t+¢7”> = <¢7V> —t(d’B<7O)’y> + <¢,B;V> + <7-7V>

< <¢7 H’(’)> + <¢,37 V> - t<d6(7 0)7 V> + 35e0”

< (6.10) + (Y3, 1) + (dm—“) . t) (@(-.0). v} + 3565°

Aa
diamgy(X)
Ao
diamg(X)
Aa

where \, € (0,diamy(X)) is a constant depending only on 7', a, and O from Propo-
sition (applied to T', «, O).

Since t, d, € € (0,1/5), and 5 € («, 1) are arbitrary, for each fixed 0, we can choose
B sufficiently close to a such that

<{¢s, pro) + (¥, po) — (7, po) + < V8|48 — t) (dP(-,0),v) + 35e5“

< (¢ + ¥, po) + (3(6 + €5 P) — t) (d°(-,0), V) + T0e6%,

(4.7) 5P < 2.
On the other hand, for each fixed ¢, we can choose
(4.8) € = 1071\, / diamgy(X).
Hence,
di X
(0000 < {01+ b0 + (9P 1), 0),0) + Toes®

< {¢s + 1, po) — 107 1HdP(+, 0), v) + T0e6.

Since ¢ € (0,1/5) is arbitrary, we conclude that (¢, + ¥, v) < (¢ + ¥, uo).

Since v € M(X,T) is arbitrary, the measure ue is the unique maximizing mea-
sure for ¢, + ¢ for all ¢ € lip(X,d*) with ||¢[|;« y < €. On the other hand,
d?(-,0) € Lip(X,d?) C lip(X,d*) by Proposition . Hence, ¢; = ¢ — td°(-,0) €
lock(X,d¥). Recall that ¢t € (0,1/5) is arbitrary. Therefore, lock(X,d*) is dense in
Z(X)Nlip(X,d*). O

5. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our theory in most parts
of this paper. We will repeatedly refer to such assumptions in the later sections. We
emphasize again that not all assumptions are used in every statement in this paper.

The Assumptions.
(1) f: S? — S? is an expanding Thurston map.
(2) C C 5% is a Jordan curve containing post f with the property that there exists
ne € N such that f"¢(C) C C and f™(C) € C for each m € {1, 2, ..., n¢ — 1}.
(3) d is a visual metric on S? for f with expansion factor A > 1 and a linear local
connectivity constant L > 1.
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4) a € (0,1].

(5) ¢ € Lip(S?,d*) is a real-valued a-Holder continuous function with respect to
the visual metric d.

Observe that by Lemma for each f in (1), there exists at least one Jordan
curve C that satisfies (2). Since for a fixed f, the number n¢ is uniquely determined
by C in (2), in the remaining part of the paper, we will say that a quantity depends
on C even if it also depends on nc.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely
determined by d and f. We will say that a quantity depends on f and d if it depends
on A.

Note it follows from Remark and Lemma 3.9 that a metric d on S? satisfies (3)
if and only if d is a visual metric for f™ with expansion factor A™ > 1 and a linear
local connectivity constant L > 1 for some (or each) n € N. Even though the value of
L is not uniquely determined by the metric d, in the remainder of this paper, for each
visual metric d on S? for f, we will fix a choice of linear local connectivity constant
L. We will say that a quantity depends on the visual metric d without mentioning
the dependence on L, even though if we had not fixed a choice of L, it would have
depended on L as well.

In the discussion below, depending on the conditions we will need, we will sometimes
say “Let f, C, d, ¢, « satisfy the Assumptions in Section [5}”, and sometimes say “Let
f and d satisfy the Assumptions in Section [5]”, etc

6. THE LIVSIC THEOREM, THE MANE LEMMA, AND THE BILATERAL MANE
LEMMA

In this section, we give a definition of Bousch operators and discuss some of their
basic properties for general dynamical systems before proving in Proposition the
existence of an eigenfunction for the Bousch operator, also known as a calibrated sub-
action, for an expanding Thurston map. Finally, we deduce the Livsic theorem, the
Mané lemma, and the bilateral Mané lemma in our context.

Recall that a map T: X — Y is finite-to-one if card (Tﬁl(y)) < +oo forall y e Y.

Let T: X — X be a finite-to-one surjective continuous map on a compact metric
space (X,d), and ¢: X — R areal-valued continuous function. Recall that R¥ denotes
the set of all functions from X to R. The Bousch operator L,;: RX — R¥ for T' and
Y is given by

(6.1) Ly(u)(z) = max{d(y) +uly) :y € T} ()},
for u € RX and z € X. We define

(6.2) V=1 = Q(T, ),

where Q(T, 1) is the maximal potential energy given by

6.3 T,v) = su / dp = max / du.
(6.3) QT ) v 0 e [ ddp
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The last identity follows from the weak*-compactness of M(X,T). We denote the
(nonempty) set of ¥-mazximizing measures by

(6.4) Ml T, ) = {u eMXT): [vdn=ar. w}-

Lemma 6.1. LetT: X — X be a finite-to-one surjective continuous map on a compact
metric space (X,d). Fiz somec € R, n €N, ¢ € C(X), u € R*, and a set A C R¥.
Then the following statements are satisfied:

(i) Ly(u+c)=c+ Ly(u).
(i) L) (2) +nQ(T, ) = Li(u)(z) = max{S,¢(y) +uly) : y € T™"(x)} for each
reX.
(iii) Ly(sup{v(-) : v € A})(x) = sup{Ly(v)(z) : v € A} for each z € X.
(iv) lim Ly(u;)(z) = Ly( lim w;(-))(x) for each © € X and each pointwise con-
1—+00 1——+00
vergent sequence {u;}ien of functions in RX.
Proof. Statement (i) follows immediately from (6.1)).
The first identity in statement (ii) follows immediately from (6.2]). We use induction

to establish the second identity. The case n = 1 follows from (6.1)). Assume that
statement (ii) is verified for some n = m € N. Then by (6.1)),
Eﬁ“(u)(x} = max {¢ + m_a>b< {Sm(2) —i—u(z)}}

yeT—1(z)

= max { maX {Sm+1¢( ) +u(z)}}

yeT—1(z) “zeT—™(

= max {Sm+1¢() u(2)}.

2€T—(m+1) (¢
Next, statement (iii) follows from the following simple observation:

Ly(sup{v(-) :v e A})(x) = maX {@/}( )+ sup{o(y) : v e A}}

yeT—1

— max {sup{wm v(y) v € A}}

yeT—1(z

= sup{yer;@%{w( y) +o(y) ve A}
= sup{Ly(v)(x) : v € A}.

Finally, we verify statement (iv). Let v: X — R be the pointwise limit of u; as i
tends to +o0o. Fix arbitrary z € X and ¢ > 0. Since T is finite-to-one, we can find
N € N such that for each integer n > N and each y € T (), |u,(y) — v(y)| < e.
Fix arbitrary integer n > N. We choose 21, 22 € T '(z) satisfying Ly(u,)(x) =
(1) 4 un(z1) and Ly (v)(x) = ¥(22) + v(22). Then by (6.1)),

Ly(un)(@) = Ly(0)(2) < P(21) + un(21) = ¢(21) —v(21) = un(21) —v(21) <€ and
Loy(un) () = Ly(v)(2) Z P(22) + un(22) = ¥(22) = v(22) = un(22) —v(z2) > —€.

Statement (iv) now follows. O

(4
(&
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The statements in the following lemma are well-known, see for example, [Bou0ll,
Theorem 1], [Je06, Theorem 4.7], and [Col6, Lemma 2.1]. We include a proof for the
convenience of the reader.

Lemma 6.2. Let T: X — X be a finite-to-one surjective continuous map on a com-
pact metric space (X, d). Fiz arbitrary continuous functions ¢, uw € C(X). Then the
following statements are satisfied:

(1) Mmax(T, ¢) = Mupax(T, ¢ +c+u—wuoT) for each constant ¢ € R.
(ii) If Lz(u) = u, then the function ¢ = P +u —uo T satisfies the following
properties:
(a) Q(T, @) = max{ [@du:pe M(X,T)} =0,
(b) ¢(z) <0 for each z € X,
c) the set K := (.20 T=9(3(0)) is a nonempty compact T-forward-invariant
( ) j_() QO y
set, and
(d) Muax(T' @) = Muax(T, @) = {pn € M(X,T) : suppu € K}

Proof. (i) Fix a constant ¢ € R. Denote ¢ := ¢+c+u—uoT. For each p € M(X,T),
we have [ dp =c+ [pdu. Thus, Q(T,v) = c+ Q(T, ¢) (see (6.3)). Consequently,
by (6.4)), for each p € Myax (T, @),

/wdu=c+/¢du=c+Q(T,w)ZQ(T,W

e, € Muax(T, ). Similarly, Myax (T, ) € Muyax(T, ). Statement (i) follows.
(ii) Assume u € C(X) satisfies Lz(u) = .
(a) Since p is T-invariant, Q(T, ¢) = “6%@(@ J(@+u—uoT)dp = ue%?)}({,T) Jedp =
(b) Since Lz(u) = u, we get from (6.1)) that for each z € X, u(T'(z)) = Lx(u)(T(z)) =
?(z) + u(z). Thus, by the definition of ¢, we have ¢(x) < 0 for each x € X.
(c) By the definition of K, it follows immediately from the continuity of 7" and @
that K is compact. By the definition of C, it is also clear that K is T-forward invariant.

The fact that I is nonempty will follow directly from statement (ii)(d) below and the
fact that My,ax (T, ) is nonempty.

(d) The first identity follows from statement (i). To establish the second identity,
we first note that by and statements (ii)(a) and (b), every p € M(X,T) with
supppu € K C ¢710) is in M (T, @). Conversely, by statement (ii)(a), every
f € Muax(T, ) satisfies [@du = 0. By statement (ii)(b), suppp is a subset of
the compact set »~'(0). It now follows from the T-invariance of ; that supppu C

ST (EN0) = K O

Lemma 6.3. Let f, C, d, L, o, ¢ satisfy the Assumptions in Section [5. Then there
exist a constant Cy > 1 depending only on f, d, C, and a such that for each u €
Lip(5?,d*) and each n € N, we have L}(u) € Lip(S?,d*) and

(6.5) ‘ﬁg@b)‘da < C1(|¢‘da + ’“|da )
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Proof. Fix an arbitrary function u € Lip(S?,d®) and n € N. Let X° be either the
black 0-tile X or the white 0-tile X2 in X". For each X™ € X" with f"(X") = X?,
by Proposition [3.5] (i), (f")|x» is a homeomorphism of X" onto X°. So for z, y € X°,
there exist unique points 2/, ¢y € X" with 2/ € f~(x) and ¥ € f~"(y). Recall
Lemma (ii). By assuming that 2’ is a preimage of x under f" with the property

that
Lj(u)(z) = Spo(a’) + u(2),
we get from Lemma [6.1] (ii), Lemma [3.16 and Lemma that

Lg(u)(x) — L(u )( ) < Spo(x ) u(z’) = Snd(y') — u(y)
< Co(1 = A7) 7 @l o dl@, )" + [ul go (@', y)"
< Co(1 =A™ [@lgo @, )" + Julgo CEATd(z, y)

< 2Co (1 = AT (1@l ge + ulgo ) d(z, y),
where A > 1 is the expansion factor of d under f, and Cjy > 1 is a constant depending
only on f, C, and d from Lemma [3.15| Similarly, by assuming that ¢’ is a preimage
of y under f™ with the property that L} (u)(y) = Su(y') +u(y'), we get Li(u)(z) —
Ly(uw)(y) = — (19204 + [ulg) CEATd(2, y)*. Hence,

(6.6) L5 (u)(x) = L3(u)(y)] < 2Co(1 = A7) 7 (|l o + [ulga ) d(z, y)*.

Next, we consider arbitrary z € X2 and y € X¢. Since the metric space (S?,d) is
linearly locally connected with a linear local connectivity constant L > 1, there exists
a continuum E C S? with z, y € E and E C By(z, Ld(z,y)) (see Subsection [3.1). We
can then fix a point z € CN E. Then z, z € X and y, z € X{. Thus, we have

| L0 (u)(z) = Lo(w)(y)| < |Lhu)(x) — Low)(2)| + [Lh(w)(y) — Li(u)(2)]
(d(z, )" + d(y, ) )2Co(1 = A7) 7 (| g + [l ga)
2(diamg(E))*2Co(1 = A™) " (1] go + |l ga)
8L*Coh(1 — A_a)_1(|¢|da + |u|da)d(x,y)o‘.

Finally £%(u) € Lip(5?,d*) follows from (6.6) and (6.7). On the other hand, by
choosing C; = 8L*Cy(1 — A=)~ > 1, we get (6.5). O

(6.7)

N

//\ //\

Inspired by the construction of eigenfunctions of the Ruelle-Perron-Frobenius op-
erators (c.f. [Lil8, Theorem 5.16]), we find a fixed point uy of the Bousch operator £
(also known as a calibrated sub-action for f and ¢).

Proposition 6.4. Let f, C, d, a, ¢ satisfy the Assumptions in Section[5. Then the
function ug: S?* — R given by
(6.8) ug(x) = hmsupﬁ"( )(x), r e S?

n——+0oo
satisfies the following properties:
(1) Jug(z)| < 2CY |@| 0 diamg(S?)™ for each x € S?,
(ii) ug € Lip(S?,d*) with ug| . < C1 @] 4o,
(iil) Lz(ug) = ug.



GROUND STATES AND PERIODIC ORBITS 35

Here Cy > 1 is a constant depending only on f, d, C, and o from Lemma[6.3

Proof. We write D = C} |§| . diam,(S?)* in this proof.
To establish statement (i), we fix a point x € S? and a measure u € Muyax(f, ¢).
Recall from Lemma [6.1] (ii), for each n € N,

(6.9) £%((D)(x) = maX{Sna(y) Dy € f_"(x)}.

To show that us(x) # —oo, we choose, for each n € N, a point y,, € S? on which Spo
attains its maximum value. Then for each n € N, by Lemma , (6.2)), and ,

sup{ﬁ%‘(@)(x) :meN, m>n}
> £2(0)(a)

> L20)(7"(0) ~ | £3(0)] i, (3))"

> max{S,0(z) : 2 € f"(["(yn))} — C1 8|40 diamy(S?)*
> Sud(yn) — D

> /Snadu - D

_ /Sn¢dﬂ “nQ(f.4) — D
- D

Hence, ug(x) = limsup,,_, | [,%((D)(x) > —D.

Next, we will show that u,(z) < 2D. If ¢ is a constant, then by and , we
get that uy = 0 and statement (i) holds. On the other hand, if ¢ is not a constant,
then D > 0.

We will establish the following claim.

Claim. There exists a point xo € S? such that us(zo) < 0.

Assuming the claim and that ¢ is not a constant, by we can fix an integer N € N
with the property that for each integer n > N, sup{ﬁgl(@)(xg) meN m> n} < D.
Then by Lemma [6.3]

sup{ﬁ%‘(@)(x) :meN, m>=n}

< sup{ﬁgb(@)(xo) + ‘E%’((D)‘dad(x,xo)a :m €N, m=>=n}
sup{ﬁg‘(ﬂ))(xo) + C |¢] 4o diamy(S*)* :m € N, m = n}
sup{Eg‘((D)(xo) :meN, m>=n}+D

/

N NN
[\
S

Thus, ug(x) = limsup,,_,, ﬁ%(@)(l’) < 2D. Since x € S? is arbitrary, statement (i)
is verified.

To establish the claim above, we argue by contradiction and suppose that u,(w) > 0
for all w € S?%. Thus, for each w € S?, there exists an integer n,, € N with the property
that

max{S,,d(z) : z € f(w)} = uy(w)/2.
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It follows from the continuity of ¢ and f, Proposition [3.5( (i), and Lemma [3.9| (ii) that
for each w € S?, there exists a number d,, > 0 such that for each y € By(w,dy,),

max{SnwE(z) sz e fTM (y)} > ug(w)/3.

By compactness, we choose finitely-many points x1, xa, --- , 1 € S? such that Ule B(z,0,,) =
S2. Denote

(6.10) ¢ =min{u(z;)/(3n,,) i€ {1, 2,---, k}} >0.

For each y € S?\ {z1, @9, -+, a1}, set n, = n,,, where z; is an arbitrarily chosen

point from {zy, my, -+ , w3} satisfying y € By(x;, d,,). Then for each y € 52,

(6.11) max{S,, &(z): z € [ (y)} = nye.

Fix an arbitrary z, € S%. By (6.11]), we can recursively choose z; € S?, i € N, with

the following two properties: (a) z; € f~"%-1(2;_1) and (b) Sn. ¢(z:) = n.,_,c.
On the other hand, consider a sequence {v;};en of probability measures given by

where m; = n., 4+ n., + -+ +n._, and ds(,,) is the Dirac delta measure at f7(z;).
By Alaoglu’s theorem, there exists a subsequence v;,, v;,, -+, V4, - -+ of {V; }ien that
converges in the weak* topology to a probability measure v € P(S?). We then deduce
the f-invariance of v from the observation that for each continuous function w € C'(S?)

and each 1 € N,
’/wdui — /wdf*(yi)

Hence, by (6:2), (6:3), property (b) above, and (5.10),

2
< —lwlleo
my;

mi;—1 i—1
— — 1 _
/(b g lﬁlinoo my, ]go ¢(f (Z l)) l%linoo my;, s Zj (b(ZjJrl)

This is a contradiction. The claim is, therefore, established.

Next, we verify statement (ii). Fix an arbitrary pair of distinct points z, y € S?
and an arbitrary number € > 0. By , we can find an integer N € N such that the
following inequalities hold:

|£g(®)(x) — ugy(z)| <€ and
sup{ﬁ%(@)(y) neN,n>=N}—uy(y) <e
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Then by Lemma [6.3],

us(@) — ugly) < LY(0)(@) + ¢+ ¢ —sup{L2(O)(y) : n € N, n > N}
(0)(x) — LY (0)() + 2¢
1LY (0)] ., y)° + 2

C1 160 d(, 1) + 2.

INCININ N
oD O

Similarly, we can find an integer M € N such that the following inequalities hold:

L2 (0)(y) — uo(y)| < and
sup{ﬁ%(@)(m) tmeN, m>=M} —uy(z) <e

Then by Lemma [6.3],

ug(x) — ug(y) >sup{£ (x) :meN, m> M}—e—ﬁM( Wy) — €
2524( )( ) L3'(0)(y) — 2¢
> |2 (0) )" - 2
> 01\¢|da d(z,y)* — 2e.

Since € > 0 is arbitrary, statement (ii) now follows.
Finally, by Lemma[6.1] for each z € S?,

L(ug)(x) :E,( lim sup{ﬁm((D)( ):meN, m=n})
= lim sup{EWrl 0)(z) :meN, m>n}

n—-+o0o

= ugy().

Statement (iii) is, therefore, verified. O

We now establish the Mané and bilateral Mané lemmas for expanding Thurston
maps.

Proof of Theorem[1.9. We observe that it suffices to investigate the case when f is an
expanding Thurston map on the S? equipped with a visual metric d since the other case
when f is a postcritically-finite rational map with no periodic critical points on the
Riemann sphere equipped with the chordal or spherical metric follows from the former
case and the bi-Holderness of a quasisymmetry (see Theorem and Remark .
So from now on, we consider f in the former case.

We first verify the Mané lemma and then use it to deduce the bilateral Mané lemma
using a similar argument as in [Bou02].

Assume that ¢ € Lip(S?,d®) for some a € (0,1]. Then it follows immediately from
Proposition , , and Lemma (i) that exists a function w € Lip(S?, d*) such
that ¢(x) — w(z) + (wo f)(z) < Q(f, @) for all x € X. The Mané lemma follows.
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We now proceed to verify the bilateral Mané lemma. By the Mané lemma applied
to —¢ and to ¢, there exist wy, wy € Lip(5?%,d®) such that

)

—¢(x) —wi(z) + (w0 f)(z) <Q(f,—¢)  and
¢(x) — wa(x) + (wz 0 f)(z) < Q(f, 9)

for all x € X. We set ¢ == ¢ —w; +w; o f and ws == wy; +w + 2. Then it is

easy to check that Q(f,v) = Q(f,#) and Q(f, —v) = Q(f,—¢). Thus, we have that

—Q(f, —¢) < ¥(2) and Y(z) — ws(z) + (w3 o f)(z) < Q(f,¢) for all z € S*. By
[Bou02, Theorem 1], this guarantees that there exists a function v € Lip(S?, d*) such

that —Q(f, —v) < Y(x) —v(z)+ (vo f)(z) < Q(f, ) for all z € S?. Finally, by setting
u = v+ w; € Lip(5?,d%), we get that

—Q(f, =) = —Q(f, =v) < é(z) — u(z) + (uo f)(z) < Q(f, ¥) = Q(f, ¢)
for all 2 € S?, establishing the bilateral Mané lemma. ([l

To see the Livsic theorem for expanding Thurston maps as a consequence of the
bilateral Mané lemma for these maps, we first need to verify the following lemma.

Lemma 6.5. Let f: S? — S? be an expanding Thurston map. Then the set
{u e M(S?, f) : p is supported on a periodic orbit of f}
is dense in M(S?, f) (in the weak* topology).

Proof. It follows from a theorem of K. Sigmund ([Sig74, Theorem 1]) that it suffices
to verify that f has the specification property in the sense of K. Sigmund (see the
definition in [Sig74 Section 2]). Such specification property is closed under factors
([Sig74, Proposition 1]), and the full shift on the space of bi-infinite sequences of
finitely-many symbols has this property (see [Sig74, Section 2]). Thus, it suffices to
see that f is a factor of such a full shift. By Theorem 9.1 in [BMIT], f is a factor of
the full shift on the space of one-sided infinite sequences of deg f symbols, which in
turn is a factor of the full shift on the space of bi-infinite sequences. The lemma now
follows. U

Proof of Theorem [I.1] 1t is trivially true that (ii) implies (i). To see that (i) implies
(ii), we assume that S,¢(x) = 0 for each periodic point x € S? of period n € N. Then
by Lemma and (6.3), we get Q(f,¢) = 0. Statement (ii) follows now from the
bilateral Mané lemma (Theorem (i1)). O

Remark 6.6. Note that as can be seen in the proofs of Theorems [I.2] and [I.1} if ¢ €
Lip(X, d®) for some visual metric d and exponent o € (0, 1], then the corresponding
function u can be chosen from Lip(X,d®).

7. UNIFORM LOCAL EXPANSION AWAY FROM CRITICAL POINTS

In this section, we formulate and establish in Lemmal[7.2)the uniform local expansion
property of expanding Thurston maps away from critical points, which is crucial in
the quantitative analysis in Sections[§and[9] The proof relies on an interplay between
the combinatorial objects and the visual metrics. Instead of tiles or flowers, we first
link the dynamics and metric geometry using “quasi-round” bouquets.
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Let f: S? — S? be an expanding Thurston map and C C S? be a Jordan curve with
post f C C. Then it follows from Remark [3.6] and Proposition [3.5] that flowers iterate
nicely under f, or more precisely,

(7.1) FW™(x)) = W H(f(x)

for each n € N and each x € V*(f,C). Compared with flowers, bouquets U"(x)
defined in (3.5)) serve a better role in linking the combinatorial structures induced by

f and C to the geometry of visual metrics. We therefore establish a similar result to
(7.1) for U™(x) in the following lemma.

Lemma 7.1. Let f: S? — S? be an expanding Thurston map and C C S? be a Jordan
curve containing post f. For all x € S? and n € Z, we have

(7.2) FU" (@) = U (f(2))-
Here U™(x) is defined in using m-tiles in the cell decompositions D™(f,C).

Proof. Fix arbitrary z € S? and n € Z. If n < 0, then U"(z) = S? by definition. It
is also clear that U°(x) = S%. Thus, we can assume, without loss of generality, that
n > 1.

It follows quickly from ({3.5)), Proposition (i), Definition [3.4) and Definition
that f(U™(x)) C U™ Y(z). So it suffices to show that f(U"(z)) D U™ (x).
We define, for all y € S? and m € Ny,

(7.3) Y™ (y) = X" eX" iy e X

We claim that Y™ 1(f(z)) = U{f(X"): X" € X", x € X"} = f(Y"(x)).
Indeed, we establish the claim by observing that it suffices to verify the first identity
by discussing the following three cases.

Case 1. = € inte(X™) for some n-tile X™ € X". Then the first identity in this case
follows from Proposition (i) and Definition (iii).

Case 2. x € inte(e") for some n-edge €” € E". Then the first identity in this case
follows from Proposition (i) and Definition (iii).

Case 3. x € V", ie., z is some n-vertex. Then by Remark 3.6} Y(z) = W (),
where W' (z) is the closure of the n-flower W"(z) defined in (3.4)). It also follows from
Remark [3.6/ that Y™ L(f(z)) = W (f(z)) = U{f(X") : X" € X", z € X"}

The claim is now established.
Note that it follows from (3.5)) that
(7.4) Uh(x) ={X"eX™": X"NY™(x) # 0}

for each m € Ny. So for each y € Y"(z), we know that y is in the (topological) interior
int(U"(x)) of U(z). Since f is a branched covering map, it is open, i.e., it sends open
sets to open sets (see for example, [BM17, Appendix A.6] and [HP09, Lemma 2.1.2]).
It follows that f(y) € int(f(U™(x))). Combined with the claim above, we get

Y (f(2)) = f(Y"(2)) C int(f(U"(2)))-
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Thus, for each X§~" € X"~! with X§~ ' NnY" (f(z)) # 0, we have inte(XJ™") N
f(U™(x)) # 0. Since f(U™(x)) = J{f(X™) : X" € X", X" C U™(x)} and by Propo-
sition (i), Definition [3.4] and Definition f(X™) € X" ! for each X" € X",
we conclude that inte(X{ ") N f(X{) # 0 for some n-tile X§ C U"(x). This would
contradict with Definition 3.2/ unless X§~' = f(X{'). Hence, X;~' C f(U"(z)).

Therefore, it follows from (7.4) that U"~!(z) C f(U™(x)), and the proof is complete.

UJ

Deducing from Lemma [7.I| we are able to strengthen the uniform local injectivity
property of expanding Thurston maps proved in [Lil5, Lemma 5.5] to the uniform
local expansion property.

Lemma 7.2 (Uniform local injectivity and expansion away from the critical points).
Let f, d, A satisfy the Assumptions in Section @ Let C C S? be a Jordan curve
with post f C C. Then there exist numbers Cy € (0,1), §; € (0,1], and a function
t:(0,81] — (0, +00) with the following properties:
(i) (151_1{(1) 1(6) =0.
(ii) For each § < Oy, the map f restricted to any open ball of radius § centered
outside the 1(8)-neighborhood of crit f is injective, i.e., f|p,,s) is injective for
each v € S\ Né(é)(crit 1.
(iii) For all 6 € (0,0,], z, y € S%, and n € N the following statement holds:
If for each j € {0, 1, ..., n—1}, fi(z) € S2\N" (crit f) and d(fi(z), fi(y)) <
C56, then
(7.5) Col"d(z,y) < d(f"(x), f"(y)) < O3 'A"d(z,y).
Proof. By [Lil5, Lemma 5.5], there exists a number ¢; € (0, 1] and a function ¢: (0, ;] —
(0,400) such that statements (i) and (ii) hold. It remains to establish statement (iii).
Define
(7.6) Cy = min{ K *A~", KT'A%57'} € (0,1),
where K > 1 is a constant depending only on f, C, and d from Lemma (applied
to f, C, and d).
Fix arbitrary § € (0,6,], z, y € 52, and n € N. Assume that f(z) € S2\ N, (crit f)
and d(f7(x), f7(y)) < Ca6 for each j € {0, 1, ..., n—1}.
Fix an arbitrary j € {0, 1, ..., n — 1}. Let m; € Z be the largest integer with
fi(y) € U™ (fi(x)). Thus, fi(y) ¢ U™ (f/(z)). By Lemma (iii), such an

integer m; exists and

(r.7) KA < d(f (), Ply) < KA,
Thus,
(7.8) K'A—mi—t L d(fj(x), fj(y)) < 008 < Cody < KTIAT2,

the last inequality follows from (7.6). So —m; —1 < =2, i.e.,, m; > 2.
It also follows from ([7.8)) and (|7.6) that

(7.9) §>Cy K IA™ > KA™,
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Thus, by and Lemma (iii), U™ (f7(x)) C Ba(f(z), KA™™) C By(f’(z),9)

for each integer m > m.
By statement (i), f is injective on By(f7(z),d). Thus, we get from Lemma (7.1 and
our choice of m; that
(7.10)  fH(y) e FU™(f(x)) =U™ (7 (2)) and
(711)  f(y) ¢ SO (f(2) = U™ (1 (2)) for each integer m > m;.

Hence, mj;; = m;—1forall j € {0, 1, ..., n—2} and consequently m,,_y = mo—n+1.
By (7.10), (both with j :=n — 1 and m = m;), and Lemma [3.9] (iii),

(7.12) KA ) L d(f (), [ (y) < KA.

By (with 7 :==0), we get

(7.13) KA Cd(n,y) < KAT™.

Therefore, it follows from ([7.6)), (7.12), and (7.13]) that

OQA” g K—QAn—l < d(f (x)vf (y)) < KQAn—H < CQ—lAn
d(z,y)

This completes the proof. O

8. FINE CLOSING LEMMAS

The main goal of this section is to establish in Lemma [8.1] a local closing lemma
that produces, for a nonempty compact forward-invariant set I disjoint from critical
points, a periodic orbit O close to K in terms of its (r, §)-gap defined below. This result
relies on two other forms of closing lemmas, namely, a local Anosov closing lemma
(Subsection and a (global) Bressaud—Quas closing lemma (Subsection [8.3)). Even
though a global version of the Anosov closing lemma for expanding Thurston maps is
available in [Lil8, Lemma 8.6], it only holds for sufficiently high iterations of the map
and sufficiently long periodic pseudo-orbits. It is crucial in our proof of Lemma to
be able to close periodic pseudo-orbits of arbitrary length for the map itself. Therefore,
we formulate and prove a local version of the Anosov closing lemma (Lemma[3.6)) from
scratch. It closes periodic pseudo-orbits away from critical points to avoid the more
complicated combinatorics near critical points. The proof relies on considerations over
combinatorial structures like tiles, flowers, and bouquets. In Subsection [8.3] we define
the Bressaud—Quas shadowing property for general dynamical systems and prove that
it can be passed on to related systems via the factor relation and iterations. We
establish this property for expanding Thurston maps in Theorem [8.11] Lemma [8.1]is
then proved in Subsection [8.4

8.1. Local closing lemma away from critical points. Let 7: X — X be a map
on a compact metric space (X, d). For each periodic orbit O of T, its gap is defined
as

(8.1) A(0) = AYO) == min{d(z,y) : 2,y € O, x # y}.
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Here we adopt the convention that min () = +oc. For positive numbers r, # € R, the
(r,0)-gap of O is

(8.2) A, (0) = Afig((?) = min{r, 6 - A(O)}.
We often omit the superscript d if it does not cause confusion.

Lemma 8.1. Let f, C, d satisfy the Assumptions in Section [J Let K C S? be a
nonempty compact f-forward-invariant set disjoint from crit f. Fix some real numbers
r>0,0>0,«a€c(0,1], and 7 > 0. Then there exists a periodic orbit O of f with

(8:3) > d@ K)* <7 (A0(0)".

zeO

8.2. Local Anosov closing lemma. In order to establish our local Anosov closing
lemma for expanding Thurston maps, we first provide a mechanism to locate periodic
points using flowers in Lemma [8.2] then relate flowers to bouquets in Lemma [8.3
before establishing a version of local Anosov closing lemma for sufficiently long periodic
pseudo-orbits in Lemma [8.4] using tiles, flowers, and bouquets. Finally, in Lemma[8.6]
our local Anosov closing lemma is proved for periodic pseudo-orbits of all lengths.

We first demonstrate in the following lemma a mechanism to produce a periodic
point. The proof relies on the expansion property of expanding Thurston maps. Note
that the closure of a flower may not necessarily be simply connected. As a result, it
takes extra care to locate periodic points from the combinatorial structures.

Lemma 8.2. Let f: S? — S? be an expanding Thurston map and C C S? be a
Jordan curve containing post f. Then for all m, n € N with m > n and each m-

vertex v™ € V™(f,C) with W' (v™) C W™=(f*(v™)), if f* restricted to W™(uv™) is

injective, then there exists © € W' (v™) such that f™(x) = x.
Recall that W (v™) denotes the closure of W™ (v™).

Proof. Fix m, n € N and v € V™ as in the statement of this lemma. Assume that
f™ restricted to W™ (v™) is injective. By Proposition 3.5 (iii), v 7 = fi(v™) € V"~
for each j € {1, 2, ..., n}.

Fix an arbitrary integeri € {1, 2, ..., n}. Recall from Remark[3.6that fi(W™(v™)) =
Wm=i(y™=). Then f maps W™ " (v™="*1) injectively to W™ (v™ ). It follows
from Remark again that f restricted to W™~"*!(v™ ") has an continuous inverse
denoted as g;: W™= (v™™") — Wm=HL (ym=i+1) " Define a map g: W™ "(v™™") —
W™ (v™) to be g == g, 0 gn—10---0ga0gi. Then g is the inverse of f"|ym(m) and g
is a homeomorphism.

Next, we recursively construct v; € V™" satisfying that for each j € Ny,

—m-+jn

(8.4) W () C WOy, ) C WM (0™ and
(8.5) W (0;) = (W=D (04)).

We set v_1 := ™™ and vy := v™. Then the base step (i.e., j = 0) has already been
verified above.
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For the recursive step, we assume that such v; € V™" has been constructed for
some j € Nyg. Then by Proposition (ii), vj41 = g(v;) € VU In particu-
lar, vj41 € W™ (v;). We observe that it follows from (3.4)), Remark [3.6] Proposi-
tion(') (1), and Definition [3.2] (iii) that for all [, k € N and v € V¥, fT(WF(v)) =
Upref Wk+l( /), and that for distinct vertices vy, vo € f~(v) we have W*+ (v;) N
Wk+l(v2) = (. Hence, g(W™H"(v;)) = Wm+(j+1)”(vj+1)'and WmHHhn (y;) C
Wm+in(v;). Moreover, since g is a homeomorphism and Wmﬂn(vj) C Wmtl=Dn(y; 1) C
W), we get WY (0, 40) € W () € Wn ).

The recursive construction is complete.

We have constructed a nested sequence {Wm+jn(vj) }J.GNO of closed sets. By Lemma (ii),

the mtersectlon Njen, W +jn(vj) contains exactly one point, say x. It follows from
(8-5) that g(zx) = x. Therefore, f"(z) = x. O

We relate flowers and bouquets of similar levels in the following lemma from [Lil8]
Lemma 8.5], which will be crucial in the proof of Lemma below.

Lemma 8.3. Let f: S? — S? be an expanding Thurston map and C C S? be a Jordan
curve containing post f. Then there exists a number k € Ny such that the following
statement holds:

For each x € S?, each n € Ny, and each n-tile X™ € X"(f,C), if v € X", then there
exists an n-vertex v™ € V(f,C) N X™ with U™ (x) C W™ (v™).

We establish below a form of local Anosov closing lemma away from critical points.
Due to the combinatorial structures used in the proof, we are only able to close suffi-
ciently long pseudo-orbits.

Lemma 8.4. Let f, d, A satisfy the Assumptions in Section @ Let C C S?% be a
Jordan curve with post f C C. Then there exist numbers My € N and Sy > 1 such that
for each n € (0,1) there exists a number §y € (0,1) with the following property:

For each § € (0,8, if x € S* and | € N satisfy | > Mo, d(x,fl(x)) < 9, and
d(fi(x),crit f) = n for alli € {0, 1, ..., I}, then there exists y € S* such that f'(y) =
y and d(fi(x), fi(y)) < BodA~D < /2 for eachi € {0, 1, ..., 1}.

Proof. Fix f, C, d, and n as in the statement of this lemma.

By Lemma 7.2 we can fix a positive number d, satisfying

(8.6) L(AK?A"115,) < /2 and 0y < min{dy, n}/(8K*A"HY).
In particular,
(8.7) 4KZAN"TS, < 6.

Here K > 1, k € Ny, and 4; € (0, 1] are constants depending only on f, C, and d from
Lemma [3.9] Lemma [8.3, and Lemma [7.2] respectively, and ¢: [0,6;] — (0,+00) is a
function depending only on f, C, and d from Lemma [7.2] Define

(8.8) My = |logy (4K?) | + k € Ny.
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FIGURE 8.1. Closing a periodic pseudo-orbit I: UNT*(f!(z)).

Recall from Lemma [3.9 (iii) that for each z € 5% and each n € Ny, we have
(8.9) By(z, K~'A™") CU"™(2) C Ba(z, KA™").

Fix arbitrary § € (0,85, z € S?, and [ € N satisfying [ > M, d(x,fl(:c)) < 0, and
d(fi(x),crit f) = forall i € {0, 1, ..., I}. Set
(8.10) N = |—log,(2K9)]| —

Note that it follows from 6 € (0,ds], K > 1,7 € (0,1), and that N € Ng.

We first construct an (N + [)-flower W+ (UN ”) containing x whose closure is con-
tained in its image under f! as detailed below. Compare Figure through Figure
for the construction.

Let XV € X¥ be an N-tile containing f!(z). By Lemma there exists an
N-vertex v € VN 1 XY such that UNT*(f'(z)) € WN(u"N) (see Figure 8.2). By
Proposition [3.5 there exist XV € XN+ and N+ € VN 0 XN+ guch that = €
XN (XN = XN and fH(oNT) = o™ (see Figure . Then z € WHNT (v )
by Proposition [3.5( (i). Since d(z, f'(z)) < 8, 1 > My, and WA (uN*) C UNT(z), we
get from , (8.10)), and that if z € WY (vN*!), then

d(fl(x),z) < d(fl(x),x) +d(z,2) < 5+ 2K A~ (VD

Af(NJm) QKAf(NJm N—Hc
(8.11) S —Sp T S A
Thus, by - fl N+l =V, and ( .,We get (see Flgure
(812) WM C UNTE(f(a)) € W (o) = fHIWNH (0N ),

Next, we claim that f is injective on WNT (vN+1).
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FIGURE 8.3. Closing a periodic pseudo-orbit III: XN+,

Indeed, we consider an arbitrary integer i € {0, 1, ..., [}. Since x € WN! (UNH)

and consequently fi(z) € f{(WN* (0N *)), we get from Remark , , and Propo-
sition 3.9 that

fi (WN—H (UN—H)) g UN+l—i (fz(l‘))
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| W (vN)
nyl
EU:N"H WNH( N+l>
N
e
r T

F1GURE 8.4. Closing a periodic pseudo-orbit IV: y.

By (8.9), (8-10), and 6 € (0,45), we get
UNHfi(fi(%)) C Bd(fl( ), KA~N- l+z)
(8.13) C By(f'(x), 2K*6A"1H1) C By(f'(x), 2K A““).
Thus, by d(fl(x) crltf > n, . . and Lemma |7 . (ii) is injective on
UNT=(fi(z)) 2 fL{(WNF (0N ). The claim now follows.
Hence, by , the claim above, Lemma , and x € WM (UN +l), there exists

y € WN+Z(UN+I) C UN*(z) such that f!(y) = y. See Figure
We set

(8.14) o= 2K2AT > 1,

It suffices now to verify that d f'( ) fi( )) < BodA) < /2 for each i €
{0, 1, ..., l}. Indeed, by Remark , the fact that =, y € WNH( N”), and

Lemma [7.1] we get A ‘ o
fz(y) c fZ<UN+l($)) — UN—H_Z(fZ([L’))
for each i € {0, 1, ..., l}. Thus, by (8.13)), (8.14)), and ( .

d(f'(2), f'(y)) < 2K20A00 = GodA~ 0 < Bode < /2.
The proof is now complete. 0

Lemma 8.5. Let f, d, A satisfy the Assumptions in Section [J Let C C S? be a
Jordan curve with post f C C. For all z, y € S? and n € Ny, we have

d(f"(x), f"(y)) < KA d(z,y),
where K > 1 is a constant depending only on f, C, and d from Lemmal3.9
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Proof. Fix arbitrary xz,y € S? and n € Ny. It suffices to consider n > 1. Recall
U%z) = 52 for all z € S?. For each j € Ny, denote by m; € Ny the largest integer
with f/(y) € U™ (fi(z)). Thus, fi(y) ¢ U™+ (f(z)). By Lemma (iii), such an

integer m; exists and
KA~ < d(f(), F(y) < KA™™.

By Lemma for each j € Ny, fi*l(y) € F(U™(fi(y))) = U™ (f"(y)). So
mjy1 = m;—1. Therefore, d(f™(z), f"(y)) < KA™™ < KA™™mot < KA (KA ) <
K2A"d(x,y). O

In order to close pseudo-orbits of period smaller than M, we need a local Anosov
closing lemma (away from critical points) using Lemma above and the uniform
local expansion property (see Lemma [7.2)).

Lemma 8.6 (Local Anosov Closing Lemma). Let f, d, A satisfy the Assumptions in
Section @ Let C C S? be a Jordan curve containing post f. Fiz a real number n > 0.
Then there ezists a constant 63 € (0,1) such that the following statement holds:

For each § € (0,63], if v € S* and | € N satisfy d(z, f'(z)) < & and d(f(z), crit f) >
n foralli € {0, 1, ..., [}, then there existsy € S? such that f'(y) = y and d(fi(z), fi(y)) <
BoSA=U=) < /2 for eachi € {0, 1, ..., 1}. Here By > 1 is a constant from Lemma|S.4|
depending only on f, C, and d.

Proof. Fix f, C, d, and n as in the statement of this lemma.
By Lemma [7.2] we can fix a positive number ¢’ < min{ds, 81, n} satisfying
(8.15) L(8") < n/2.
Here the constant ¢; € (0, 1] and the function ¢: [0, ;] — (0, +00) are from Lemma|7.2

depending only on f, C, and d; and the constant d, € (0,1) is from Lemma
depending only on f, C, d, and 7. Define

. A—Mg—l ~ n 5
o / 2
(8.16) 03 = mm{é A CoK™2, 350 4ﬁ0} < 0.
Here Cy € (0,1), K > 1, and M, € N are constants depending only on f, C, and d
from Lemma [7.2) Lemma [3.9] and Lemma [8.4] respectively.

Fix arbitrary § € (0,83), * € S?, and | € N. Assume that d(z, f'(z)) < § and
d(fi(x),crit f) = forall i € {0, 1, ..., [}. Write z == f!(z).

The case when [ > M, follows immediately from Lemma [8.4. Thus, without loss of
generality, we can assume that [ < My and My > 2.

Since d(z,z) < § < 63, we get from Lemma and that for each ¢ €
{0, 1, ..., [My},

1A —M2+i /
B17)  d(fi(@), fi(2) < KA d(w, 2) < KA, < S0 0 O

AMy 4M,
Hence, by the triangular inequality, for each j € {1, 2, ..., My} and k € {0, 1, ..., [},
Jj—1 . / /
818)  d(/(@), @) < 3 d(fH ), ) < < O
0

0

3
I
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In particular, since d(fk(x),crit f) >n, 0 <n, and Cy € (0,1), we get
(8.19) d(f* (), crit f) > 3n/4 for all i € {0, 1, ..., IMy +1}.

On the other hand, it follows from 1. that d(x, fiMo (:1:)) < ¢'. Since ¢’ < 6§, by
Lemma[8.4] there exists y € S? such that f"*(y) = y and

(8.20) A(F(2). () < BosA~ Mo

foreachi € {0, 1, ..., IMo}. In particular when i € {0, 1, ..., [} we have d(f(z), f'(y)) <
Bod A==
It now suffices to show that f!(y) = y. We argue by contradiction and assume that

f'(y) # y. Then by (8.20), 6 € (0,d3), and (8.16)), for each i € {0, 1, ..., IMy}, we
have

(8.21) d(f'(x), f'(y)) < Bod < /8.

We now get from , -, and ) that fi(y) € 5%\ Né((s/)(crit f) for each
ie{0,1, lMO
Next, we Verlfy that for each i € {0, 1, ..., IMy} we have

d(fi(y),f“"(y)) <y,
We establish this bound by discussing in the following two cases:

Case 1. We assume i < [My — [. Then by (8.21] - - d € (0,03), and -, we
get
d(f'(y), fT () < d(f'(y), f(2)) +d(f'(x), [T (@) +d(f7 (), [ (y))

Csd' Cyd  Cy Oy
< Bods + —— + Bods < i + Z + i < Oy,

Case 2. We assume lMO — l <1 < IMy. Then n:=1+1— 1M, € [1,1]. By (8.21)),

(8.17), (8-18)), 6 € (0,45), (8.16), and the fact that f'™o(y) =y, we get

d(f'(y), fT(y)) < d(f"(y), fi(@)) +d(f'(2), fT(@) +d(f* (@), f"(2)) +d(f" (), f"(y)

Cy0’ 026’ 6’25’ Cyd"  Cyd" Oy’ ,
< =

Finally, we recall again that f"*°(y) = y. Thus, we have fi(y) € S?\ N;l(‘s/)(crit f)
and d(fi(y), 7 (y)) < Cad’ for all i € Ny,

Hence, we can apply the uniform local expansion property from Lemma (iii) to
get

d(y, f'(y)) = d(fM (y), [ () = CAMRd(y, f1(y))

for all k € N. This can only be true when y = f!(y), a contradiction.
We have now concluded that y = f!(y). O
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8.3. Bressaud—Quas closing lemma.

Definition 8.7. Let T: X — X be a map on a metric space (X,d). We say that
the dynamical system (X,T') has the Bressaud—Quas shadowing property if for every
nonempty compact T-forward-invariant set K and every number x > 0, there exists a
number €y > 0 such that for each € € (0,¢), we can find a periodic orbit O of T of
period p < (1/€)* contained entirely in the e-neighborhood NJ(K) of K.

We first prove some properties of the Bressaud—Quas shadowing property.

Proposition 8.8. Let f: X — X and g: Y — Y be maps on compact metric spaces
(X,dx) and (Y,dy), respectively. Assume that (X, f) is a factor of (Y,g) with a
Hélder continuous factor map 7:Y — X. If (Y, g) has the Bressaud—Quas shadowing
property, then so does (X, f).

Proof. Assume that 7 is 8-Holder continuous, 8 € (0, 1]. Denote

7|5 = sup{ldx (w(x), 7(y))|/dy (2,9)" 2, y € Y, v # y}.

We fix a nonempty compact f-forward-invariant set X’ C X. Denote K := 7~ 1(K’).
Then K is nonempty compact and satisfies 7(g(K)) = f(7(K)) = f(K') € K'. Thus,
K is g-forward-invariant.

Fix an arbitrary « > 0. Let ¢g > 0 be the constant from the Bressaud—-Quas
shadowing property applied to (Y, g), K, and k = £/5/2. Without loss of generality,
we assume that ¢y < |7r\§2/5

Set ¢ = |7T|B-(60)’3 < |7T|g1. Fix an arbitrary € € (0, ¢)) and write € :== (¢// |7r|ﬁ)1/ﬁ.

Then 0 < e < (66 /|7 B)l/ - €o. Thus, by the Bressaud—Quas shadowing property of

(Y, g) (applied to K, k, and €) from the hypothesis, there exists a periodic orbit O of
g of period p < (1/€)" = (|4 /)2 < (1/€)¥ contained in the e-neighborhood of
K. The last inequality follows from |r|, < 1/e; < 1/€’. Then O’ := 7(O) is a periodic
’ s 66 /
orbit of f of period p’ < p < (1/€')*, contained in Nell G (K') = Ng (K). O
Proposition 8.9. Let f: X — X be a map on a compact metric space (X,d) and
n € N. Assume that f is Lipschitz with respect to d. Denote F .= f". Then (X, f) has
the Bressaud—Quas shadowing property if and only if (X, F) has the Bressaud—Quas
shadowing property.

Proof. The forward implication is straightforward. To show the backward implication,
we fix a nonempty compact f-forward-invariant set X C S2. Then F(K) C K. By the
Bressaud—Quas shadowing property, for each x > 0, there exists ¢y(F, k) > 0 such that
for each € € (0,€(F,k)), we can find a periodic orbit Op = {z, F(z), ..., F*"*(z)}
of F satistying p := card O < (1/€)" and O C NJ(K).

Fix an arbitrary number £ > 0. Set

(8.22) eo(f, k) = min{e(F, x/4), (LIP4(f))", n_Q/’"“} € (0,1].

Fix an arbitrary number ¢ € (0, €(f,%)). Then we also have €2 € (0,¢(F, r/4)).
There exists a periodic orbit Op of F' satisfying

(8.23) card Op < (1/&)"* = (1/)>  and  Op C N5 (K).
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Define Oy := |J;_, f*(Or). Then Oy is a periodic orbit of f, and by (8.23)) and ({8.22)),
card Oy < n-card Op < n(1/€)*/? < (1/€). On the other hand, it follows from ({8.23)),
Lemma |3.14] and (8.22]) that Oy C NEQ(LIPd(f))n(IC) C NY(K). O

Theorem 8.10 (Bressaud—Quas [BQOT]). Let (S3,04) be a one-sided subshift of finite
type defined by a transition matriz A. Equip X% with a metric d = dg, 6 € (0,1), as
given in Subsection . Then (E*A‘, (TA) has the Bressaud—Quas shadowing property.

X. Bressaud and A. Quas first established a form of the above closing lemma for the
one-sided full shifts in [BQO7, Theorem 4]. A Bressaud—Quas Closing Lemma in the
current form for hyperbolic homeomorphisms is formulated in [BG19, Theorem 7.3]
and proved in [BG19, Appendix A.6]. A proof of Theorem above can be obtained
verbatim the same from the proof in [BG19, Appendix A.6] if we (1) replace (Y, d)
by (EX,O’A), f and T by the shift map o4, “expansive” by “forward-expansive”, (2)
update the reference for Lipschitz shadowing lemma to [PUIL0, Corollary 4.2.4] that
applies to one-sided subshift of finite type, (3) observe that (A.27) follows from [Ki98|
Section 1.4] in our context, and finally (4) observe that in our context, for sufficiently
small € > 0, each periodic (e, d,, 04)-pseudo-orbit is a periodic (&, d, 04)-pseudo-orbit
where ¢,, := "¢ and n € N.

Combining Lemma [3.13] Proposition [3.25, Lemma [3.14] Theorem [8.10, Proposi-
tion [8.8] and Propostion [8.9, we immediately conclude that expanding Thurston maps
have the Bressaud—Quas shadowing property.

Theorem 8.11 (Bressaud-Quas closing lemma for expanding Thurston maps). Let
f, C, d satisfy the Assumptions in Section @ Then (S2, f) has the Bressaud—Quas
shadowing property. More precisely, for every nonempty compact f-forward-invariant
set K C S% and every k > 0, there exists a number ey > 0 such that for each € €
(0,€), we can find a periodic orbit O of period p < (1/€)* contained entirely in the
e-neighborhood N§5(K) of K.

8.4. Proof of Lemma [8.1 We combine our Local Anosov Closing Lemma and
Bressaud—Quas closing lemma to establish Lemma 8.1

Proof of Lemma 8.1 Fix the set K, real numbers r > 0, § > 0, « € (0,1], and 7 > 0
as in the statement of this lemma.

We will construct recursively a finite sequence Qgy, Oy, ..., O,, of periodic orbits,
the last of which satisfies (8.3). For each i € {0, 1, ..., m}, we denote
(8.24) Si= Y d(x,K)* and A; == A, 4(0;).
zeQ;

The following constants defined below will be needed in the proof:

(8.25) n = min{d(K,z)/2 : z € crit f} > 0,
507 1

(8.26) D.:1+1EA_Q-;>1,

(8.27) c:=1/(2+ 2log,(D)) € (0,1/2),

(8.28) k= ca >0,
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(8.29) €= min{l, €0/2, n?, T2« min{rQ, 9255}} € (0,1],

where 03 € (0,1) is a constant depending only on f, C, d, and K from Lemma
(applied to f, C, d, and 1), 5y > 1 is a constant depending only on f, C, and d from
Lemma [8.4] and ¢y > 0 is a constant from Theorem applied to f, C, d, K, and k.
Thus, ¢y depends only on f, C, d, K, and «.

Applying Theorem to f, C, d, and K with x and ¢ defined above, we can find
a periodic orbit Oy of f of period

(8.30) po < €@

contained in NJ(K). If Oy satisfies ¥y < 7A, then Oy is the orbit O we are looking
for. So, without loss of generality, we may assume that

(831) Y > TAg.
Note that by (8.31)), (8.24), (8.30), (8.29), and (8.27)), we have
(8.32) TAY < 3o < poe® < € T < /2 < ne.

Base step. We have found a periodic orbit Oy with TA§ < ¥y < €2 < e,

Recursive step. Assume that we have found a periodic orbit O_1, for some k € N,
such that py_; = card O < 2 % 1pg, B 1 < DF15, and 7AL | < 51 < /2 <
ne.

Then by the recursion hypothesis and m

(8.33) Ap_y < 77 V%2 < min{r, 655}

It follows that Ap_; = 60 - A(Ok—1) and pp—y = card Oy, is at least 2, since otherwise
we would have A, 1 = r (see ) We choose distinct points z, ' € Op_1 with
the properties that d(z,2’) = A(Oy_1) = 07'A;_; and 2/ = f*(x) for some positive
integer n < pg_1/2.

By , d(z,z') = 07'Ap_; < d3. On the other hand, min{d(Oy_1,2) : 2z €
crit f} > n by Zp_1 < %, (8:24), and (8.25). Then by Lemma and the recursion
hypothesis, we get a periodic point y of f of period pp < n < pr_1/2 < 27%py. Let Oy
be the orbit of y under f. Finally, to verify the recursion hypothesis for Oy, we get
from 8.24, a € (0,1], Lemma [8.6] d(z,2') = 67*A;_;, the recursion hypothesis for

Ok 1, -7 and -7

—_

n—1

S < Y (7). K)" < S (d(Fi ). ) + d(f (@), £ ()°)

=0 =

3

1=0
n—1 an—a
o Na —a(n—1i) BO 0~ o
< Ygoq + fgd(x, x) ZA <Ek—1+ A ——AL
1=0

cp—e ]
< H-% =) Sk = DYy < DFY.
1—A 7

Since k < logy(po), we get from (8.32)), (8.30)), (8.27)), and (8.29),
(834) Y < E()po ) ap1+log2(D) < 6(17(:(14r10g2(D)))04 — 604/2 < na.
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Finally, if ¥, < 7Af, then Oy is the periodic orbit we are looking for. So without
loss of generality, we can assume that 7AY < Y, and this completes the recursive
step.

If this procedure continues until an orbit O,, which consists of exactly one fixed

point of £, then by (837), (:29), (§2), and (8.1),
S < €2 L Tr® = 7A%.

Hence, this orbit O,, is what we are looking for. 0

9. PROOFS OF THE FIRST PARTS OF THEOREMS [I.4] AND
In this section, we first give a proof of Theore (i), then describe the modifica-
1.4] (1)

tions needed on this proof to establish Theorem . The remaining parts of these
theorems will be proved in Section [10}

In the proof of Theorem (i), we show that for an arbitrary a-Holder continuous
potential ¢ € Lip(@,a"‘) with respect to the chordal metric o, any perturbation of
the form ¢ = ¢ — eo(-,0)%, with € > 0 sufficiently small, belongs to @a(@,a),
where O is some special periodic orbit produced by our local closing lemma away from
critical points. The quantitative analysis is, however, carried out in the canonical
orbifold metric d on the related potentials ¢ and v, which are a-Hoélder continuous
with respect to d but not with respect to o. In the case of Lattes maps, the canonical
orbifold metric is also a visual metric. The technical parts are (1) to quantitatively
avoid critical points crit f where the combinatorics are more involved in order to
apply our local closing lemma as well as uniform local expansion property and (2) to
quantitatively avoid postcritical points post f where the conversion between d and o is
more involved. In fact, by applying various properties of the canonical orbifold metric
and considering the orbifold ramification function, we get that the canonical orbifold
metric and the chordal metric are “locally comparable away from postcritical points”.
We know that the identity map on C between these two metrics is never bi-Lipschitz

(see [BM17, Appendix A.10]).

Proof of Theorem[1.5 (i). J. Bochi and the second-named author demonstrated in
[BZ15, Proposition 1] that for every continuous map 7: X — X on a compact met-
ric space (X, d), the set Lock(X,d) is equal to the interior of &(X) N Lip(X,d) and
Lock(X,d) is dense in & (X) N Lip(X, d) (with respect to the Lipschitz norm). Thus,
it suffices to show that, in our setting, Lock(C, 0®) is dense in 2(C) N Lip(C, ®).
Recall that Lattes maps are, in particular, (rational) expanding Thurston maps.

Let d be the canonical orbifold metric of f on C. Then d is a visual metric (see
Remark . Let A > 1 be the expansion factor of d (under f). Let C C S? be
a Jordan curve containing post f satisfying the condition that f"¢(C) C C for some
integer n¢ € N (see Lemma [3.13). Here n¢ is assumed to be the smallest of such
integers associated to C.
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In this proof, for each periodic orbit O of f we define a measure pp supported on
O as

(9.1) fo =

L > 6, € M(C, f).

card O
zeO

By inequality (A.43) in [BM17, Appendix A.10], there exist constants C3 > 1 and
n € (0,1) such that

(9.2) Cylo(x,y) < d(z,y) < Cso(z,y)"
for all x, y € C. Thus,
(9.3) Lip(C, o) C Lip(C, d*) C Lip(C, 6").

Fix an arbitrary ¢ € Lip(C,0®) C Lip(C,d®) with no p-maximizing measure in
M ax(f, ) supported on a periodic orbit of f.

Let u, € Lip(@, d®) be a calibrated sub-action for ¢ and f (i.e., a fixed point of L)
from Proposition Since f is Lipschitz with respect to d (see Lemma , define

(9.4) P=p=Q(f,¢)+u,—uzofe Lip(@, d®),
where Q(f,¢) is defined in (6.3). Then
(9.5) P(x)<0  forallzeC,
and the set
+o00
(9.6) K=)f7(%"0)
=0

is a nonempty compact f-forward-invariant set (see Lemma (i1)).

If K contains a periodic orbit O of f, then by Lemma [6.2] the measure uo de-
fined in (9.1)) satisfies [@duo =0 = Q(f,P), and consequently po € Muax(f, §) =
Minax(f, ©). Thus, from our assumption on ¢, we get that I does not contain any
periodic orbit of f. In particular, N (crit f U post f) = 0.

Recall from Subsection that crit f and post f are finite sets. Denote a constant
¢ depending only on f, d, and ¢ as the following:

(9.7) ¢ = min{d(x,K) : x € crit f Upost f} > 0.

Note that the ramification function ays(z) = 1 for all z € C \ post f (see Defi-
nition . Recall the notion of singular conformal metrics from [BM17, Appen-
dix A.1]. By Proposition A.33 and the discussion proceeding it in [BMI17, Appen-
dix A.10], the following statements hold:

(1) The canonical orbifold metric d is a singular conformal metric with a conformal
factor p that is continuous and positive everywhere except at the points in

supp(ay) C post f (see (3.7)).

(2) d(z1,29) = inf fvp do, where the infimum is taken over all o-rectifiable paths
2l

in C joining z; and 2.
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3) For each » € C supp(ay), there exists a neighborhood U, C C containing z
f
and a constant C, > 1 such that C;' < p(u) < C, for all u € U,.

It follows from the above statements, (9.2), and a compactness argument that there
exists a constant Cy > 1 depending only on f, d, and K such that
(9.8) Cilo(x,y) <d(z,y) < Cio(z,y) forallz,yeC\ Né/z(post f).

Claim 1. There exists dp € (0, 1] depending only on f, C, and d such that for all
neNandz, yeC,iffor cach j € {0, 1, ..., n—1} we have f/(z) ¢ N*/*(crit f) and
d(fi(z), f(y)) < Cabo, then for each i € {0, 1, ..., n}, we have

Cold(w,y) < d(f'(x), f'(y)) < C3'A'd(z,y),
where Cy € (0, 1) is a constant depending only on f, C, and d from Lemma
Claim 1 follows immediately from Lemma [7.2]

Fix an arbitrary positive real number
(9.9) e <min{./8, 1}.

Define constants
(|¢]ge + C3)CF

(9.10) Cs =

Ci1—A-")
: 1 C00 1
11 A= C5 -
(9.11) C2mm{8LIPd(f)’ ; }<8,
€ eCy @
9.12 Ti=min{ 1, — , 1 }<1,
12 \ e areeT
C? 1 1
1 6 :=min{ ——=—— —A~! .
(9.13) mm{BLIPd(f)’ 3 } <3
By Lemmal8.1] there exists a periodic orbit O of f of a period p := card O satisfying
(9.14) Zd(m, K)* <7 (A, 0(0))°.
€0
By (7, @10, @13, B2, and @I1), we have
7
(9.15) min{d(z,crit f Upost f) :z € O} > 1 — meaécd(x,lC) >1— M > gt
Define potentials
(9.16) ¢ =p—co(-,0)" € Lip(((A:, o) C Lip(@, d®) and
(9.17) b= —eo(,0)* =¢" = Qf, ) + up —uy o f € Lip(C,d").

Here - follows from and the hypothesis that ¢ € Lip(@ 0®), whereas

follows from (9.16)), the fact that f is Lipschitz with respect to d, and u, € Llp((C do‘)
Note that by Lemma E ) and -

(918) maX(fv 2 ) = Mmax(fy Tﬂ)
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Claim 2. The measure up defined in is in /\/lmax(f V), ie., Q(f,v) =, where

(9.19) 7—/wduo— Zw Zso

:JcE(’) :JcE(’)
We observe that the last equality follows from , whereas the last inequality
follows from - , and our assumption that IC contains no periodic orbit of f.
Assuming that Claim 2 holds. Then Claim 2 and (9.17) imply 1& € 3”‘1(((3 d). Thus,
by (9.18) and (9.16), ¢ € @a(C o). On the other hand by (9 ,

lp = @'l ga,e = lea(:, 0)l,o e < €(1+ dlama(C) )-

Since € from can be chosen arbitrarily small and ¢’ € Llp((C %) (see (9.16)), we

finally conclude that ¢ is in the closure of @a(C o) in Llp((C o) with respect to the
Holder norm.

Hence, it suffices to establish Claim 2. By the definition of ~ in , it suffices to
show that Q(f,) < 7. Fix an arbitrary point y € S%2. We analyze below the value of
¥ (y) according to the location of y.

We first observe that by (9.19) and (9.14)), we have

(9.20) Pyl <D 18(@) = 0] < D 1@l A, K)* < 1@ e 7+ (Ar,0(O))"
€O €0
By (9.20)), (9.12)), (8.2)), (9.11)), and LIP4(f) > 1 (see Lemma [3.14)), we have
(9.21) p =Cae V[V < Cul|Pl e 7/€) /A0 (O)
<A)\L 9(0) <A < 022 HliIl{CQ(S(), L/8} < L/8
——/8

Let U .= N (O) C N (O).

Ifyg UU N;/ (crit f U post f), then by ‘MD o(y,0) = C;td(y,0) > C;'p, and
consequently by (0.17), (§:5), (@:21), and (0.19), we have
(9.22) W(y) = e(y) —eo(y, O)* < —eo(y, 0)" < —eCy %" = =|y[ = .

Ify € NQ/Q(crit fUpost f), then we will choose a point 3/ ¢ UUNQ/Q(crit fUpost f)
satisfying o(y/, O) < o(y,O) in the following way. We first fix a point z € O with

d(y,z) = d(y,0). Let I' be the geodesic arc (with respect to the chordal metric
o) connecting y and z with the minimal length. By the definition of ¢« in (9.7) and

the fact that U C N NY/® (O), it is clear that we can choose a point y’ € I' satisfying

y ¢UU NCL/ (crit f Upost f). Then o(y', O) < o(y, O). Hence, it follows from ((9.22
that

(9.23) b(y) = @ly) —ea(y, 0)* < —eo(y, 0)" < —ea(y’, 0)" <
Recall a characterization of Q(f, ) (see [Bocl9, Equation (30)]):

Q. w) = sup ing S0

zeC neN

This follows immediately from a lemma of Y. Peres [Pe88, Lemma 2|. See [Mol3|
Theorem A.3] for a proof of a generalization of the above characterization.
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Thus, in order to show that Q(f,v) < 7, by the estimates fory ¢ U U
Né/Z(crithpost f), (9.23) for y € NCL/Q(crit fUpost f), and the equality %Spw(y) =
for y € O, it suffices to prove that if y € U \ O then there exists N € N such that
Sn(y) < N

To this end, we assume now that y € U\ O. So 0 < d(y,O) < p. By (9.21)), (8.2),
'-

and (9.13), p < Ay, 0(0) < 2A(O). So by (8.1)), there is a unique point z € O which
is closest to y among points in the periodic orbit O.
Let N € NU {400} be the smallest positive integer satisfying

(924> d(fNil(y)a fN71<Z)) 2 ngA)\L,G(O>7

or set N = 400 if such a positive integer does not exist. Note that N > 2 since
d(y,0) < Ay, 9(O). We use the convention that N —1 = N when N = +o00. Then
by (8.2) and (9.11)), for all j € Ny with j < N — 1,

, . . Ay 0(O AL : L
(9.25) d(f(y),0) < d(f (), F(2)) < %() < o < mln{C'25o, STIP(/) }

In particular, d(f7*(y),0) < d(F+'(y), () < ¢/8. Thus, by ©7), [.19),
(9.12)), (8.2), and Lemma [3.14] for all i € Ny with i < N, we get that for each

x € crit f U post f,

d(z, f'(y)) = d(z,K) — d(f'(y),K) = ¢ — min{d(f(y),0) +d(0,K) : 0 € O}

> —d(f'(y),0) —max{d(0,K) : 0 € O} > % — Ay, 0(0) 2 ;L AL,

and therefore,

(9.26) d(critf U post f, fz(y)) > %
It follows from Claim 1, (9.25]), and (9.26)) that for all i € Ny,
(9.27) CoN'd(y, z) < d(f'(y), fl( )) 1A’d( Z) provided ¢ < N.

Now, by the definition of N and the lower bound in , we know that NV is finite.
On the other hand, by (8.2), (9.13)), Lemma and the definition of N in ((9.24)),
we get that for each j € {0, 1, ..., N — 2},
| Do(0) _6A0) _ A©)  _ A0)
d(fi(y), f &) < < <

In particular d fN Yy), N (2)) < LIPd(f)-d(fN_Q(y),fN_z(z)) < A(O)/3. Thus,
by (8.1)) and ([9.27)), for each i € {0, 1, — 1},
(9-28) d(f'(y). 0) = d(fl(y),fl(Z)) [CzAid(y, 2), G 'Nd(y, 2)].

We now proceed to show that Sy (y) < N7.

Let n € N be the smallest positive integer satisfying
(9.29) d(f"(y). f"(2)) > pC3.
Such an integer n exists and satisfies n < N — 1 due to d(y,2) < p < pCy?
Cy2Ax.0(0) (see (9.21)) and the definition of N above. Moreover, we have

(9.30) d(f"H(y), [" (=) < pCy.
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We will estimate two parts in the sum

(9.31) Sv(v = ¥)(Y) = Su(y = V)(Y) + Snv—n(y —)(f"(y)) = I+1I

separately.
For each j € N satisfying j € [n, N — 1], by (9.28)), (9.29), and the fact that A > 1,

we have
d(f(y), )_d(f” ), [1(2)) = CINTd(f"(y), ["(2)) > p
Thus, f/(y) ¢ U, and by (9.22), v — w(f (y)) > 0 for each j € {n, n+1, N—1}.
),

By (9.26) and (9.15), we have fN~1(y), fN"1(z) ¢ N*(post f). Hence7 by (9.17),
(©-5), (0-8), (9-28), (9-24), and C; € (0, 1), we have

>y = v ()
=~ — (P(fN 1( )+€O'(fN 1 O)a
>y 4 eCrd( N ), NNz ))
> v+ €0y *(An,0(0)).

To estimate I, we write

(9.32) I = (ny = Sub(2)) + (Spth(z) — Sut(y)) = 1II+1V
and bound each part below.
We write n = pg + r for ¢, r € Ny with 0 < — 1. Then by (9.17] - ., and

(9.19), we have S,¥(2) < S,@(2) = Sped(2) + Srgp( ) < pgy. Thus, considering v < 0
(See 9.19)), we get
I = ry > (p—1)y.

Next, by (0.17), (0.2), m (©-9), (©-30), (9-21), and (9.10)), we have
V| < le F(2) =¥ (F ()]

i(l@(fj(Z)) —2(f ()| +ea(f(y),0)")

n—1

N

< ;;(I&(fj(Z)) =GP W)]+eCsd(f (), F(2))")
< :zz‘;(wda +€Cs)d( (), F1(2))"

< :um + Cy)C 2NN (7 (), 17 (2))
< nzlqm + Cy)Cy A7 1o gy e

j=0
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[Plga +C5 4
ST A

’&‘da + C3 a —1
< Cse ).

Combining the above estimates for II, III, and IV, we get from (9.31)), (9.32)), (9.20)),
and (9.12)) the final estimate

Ny — Sy(y) = T4+ 1T+ 1V

7+ €Cr(Ax,6(0) — (p— D] = Cse ']
eCy*(Ax,0(0)* = (1 + Cse M)ply|

(eCr* — (14 Cse 1) [l yo 7) (A, 0(0))*

0.

WV

\YAR\VARR\V]

Claim 2 is now established. OJ

The proof of Theorem|[L.4] (i) is verbatim the same as that of Theorem|[L.5] (i) once we
replace the chordal metric o by the visual metric d (while the counterparts in the proof
of Theorem [1.4] (i) to some inequalities and inclusions in the proof of Theorem [L.5] (i)
become vacuously true as a result).

Combining Theorem (i) with the fact that for a rational expanding Thurston
map f: C — C on the Riemagn sphere @, the identity map between the chordal sphere
(C,0) and a visual sphere (C,d), where d is any visual metric, is a quasisymmetry
(see [BM17, Lemma 18.10]), and is therefore bi-Holder (see Definition and Re-
mark , we get the following result, which serves as a supplement to Theorem .
We recall that a subspace Y of a topological space X is dense in another subspace Z
of X if Z is a subset of the closure of Y in X [Gr67, Definition 2.14].

Theorem 9.1 (Density of periodic maximization for Misiurewicz—Thurston rational
maps). Let f: C — C be a Misiurewicz—Thurston rational map (i.e., a posteritically-
finite rational map without periodic critical points). Let o and d be the chordal metric
and a visual metric, respectively, on the Riemann sphere C. Fiz a number a € (0,1].
Then the set 3”(@) N Lip((ﬁ,a“) is dense in Lip(@,da) with respect to the a-Holder
norm. Moreover, there exists a number 8 € (0,a) such that the set 2(C)NLip(C, o?)
1s dense in Lip(@,aa) with respect to the B-Holder norm.

10. PROOFS OF GENERICITY OF THE LOCKING PROPERTY IN LITTLE LIPSCHITZ
SPACES

In this section, we prove the remaining results from Section . We denote by cly(.%)
the closure of a subset .# C Lip(X,d) in Lip(X,d). Recall that for a metric space
(X, d) and a number « € (0, 1], the snowflake d*(z,y) == (d(z,y))® of d is also a metric
with the same topology.



GROUND STATES AND PERIODIC ORBITS 59

Theorem 10.1. Let T: X — X be a continuous map on a compact metric space
(X,d). Assume that 2(X)NLip(X,d) is dense in Lip(X,d). Then 2(X)Nlip(X,d?)
is dense in lip(X, d®) for each B € (0,1).

Proof. Fix an arbitrary 8 € (0,1). By Theorem [4.1]it suffices to show that lock(X, d°)
is dense in 2(X) Nlip(X,d?).

Note that Lip(X,d) C Lip(X, d’) and d(z,y) < d®*(z,y)diamy(X)'=# for all z, y €
X. Then it is straightforward to check that

(10.1) clgs (F) = clgs(cla(F))

for each subset .# of Lip(X,d). Thus, by (10.1)), the density of (X ) N Lip(X,d) in
Lip(X, d), Proposition [£.3] and Proposition

clys (2(X) N Lip(X, d)) = clys (cly(2(X) N Lip(X, d))) = clygs (Lip(X, d)) = lip(X, d%).

Since Lip(X,d) C lip(X,d?) and lip(X, d?) is closed in Lip(X,d?) (by Proposition
and Proposition [£.3)), we get that clgs(22(X) Nlip(X,d?)) = lip(X, d°). O

We are now ready to establish the remaining results from Section [I}

Theore (ii) and Theore (ii) now follows from Theorem together with
(i) (i)

Theorem i) and Theorem i), respectively.

Proof of Theorem[1.3, Let d be a visual metric on C for r f.
By [BM17, Lemma 18.10], the identity map between ((C o) and (C d) is a quasisym-
metry, and is thus bi-Holder (see Remark [3.12] - Hence, there exist numbers C > 0,

C7 > 0,and 0 < v <n < 1such that for all z, y € C,

(10.2) o(z,y) < Ced(z,y)" < Cro(z,y)”
and
(10.3) Lip(C, o) C Lip(C, d") C Lip(C, 07).

Fix an arbitrary 8 € (0,7).

By Theorem [4.1{it suffices to show that lock(@, o) is dense in @(@) N lip(((A:, ).
By (10.2)) and ([10.3)) it is straightforward to check that

(10.4) clan (F) C clpr (F)

for each subset .% of Lip(@ d7). Similarly, it follows from Lip(C, 07) C Lip(C, o#) and
o7 (x,y) < o(z,y) diam, ((C)7 8 for all z, y € C that

(10.5) clys (F) = clys(clor (F))

for each subset .Z of Lip(C, o).
It follows from Proposition , Proposition , and ((10.3) that

(10.6) cl,s(Lip(C, d")) = lip(C, o?).
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Then by (10.6), the density of Z2(C)NLip(C, d") in Lip(C, d"), (10.4), (10.5), (10.3),
Proposition [4.4], and Proposition 4.3 we have

lip(C, o) = cl,s(Lip(C, d"))
2(C) N Lip
2(C) N Lip
) N Lip(C, d"))
) N Lip(C, 07))
) Nlip(C, o))

(C.d")
(C.d")

= cls(clgn
C clys(clon
= 0105(9(

o (Z(

o (Z(
li (C o
Therefore, clga(@(@) N lip(@ o?)) = lip(C O'ﬁ). O

Proof of Theorem[1.7. It follows from Theorems [4.1] and [10.1] that the conclusion of
this theorem follows from the property that (X ) N Lip(X,d) is dense in Lip(X,d)
for each specific system. Indeed, the last property for distance expanding maps follows
from [Col6, Theorem A] and [BZ15]. Moreover, for Axiom A attractors and Anosov
diffeomorphisms, this property is established in [HLMXZ19, Theorem 2.1]. U

N
v ) ﬁ)/‘\’“

Proof of Theorem[1.6 Let f be a postcritically-finite rational map without periodic
critical points or an expanding Thurston map on X, where (X, p) is the Riemann
sphere equipped with the chordal metric (@, o) in the former case or the topological
2-sphere equipped with a visual metric (S?,d) in the latter case. Consider o € (0, 1]
and ¢ € Lip(X, p®). Since there exists a unique equilibrium state js for each ¢t € R
([Lil8, Theorem 1.1 and Corollary 1.2]), we get from the definition of equilibrium
states and that

(10.7) o £t [6dig > () 4t [0

for all v € M(X, f). Note the topological entropy hop(f) = log(deg f) < 400, where
deg f is the topological degree of f ([HP09, BMI17]). If u = ‘liin [, in the weak*
1—r+00

topology for some sequence t;, i € N, of real numbers tending to +o00, we divide both
sides of ([10.7)) by ¢ = t; and get that

Jodn=tim_[odus> [oa

Hence, u € Myax(f, ). The theorem now follows from the above together with

Theorems [1.3] [1.4] and [1.5] O

APPENDIX A. ILLUSTRATIONS OF COMBINATORIAL STRUCTURES OF EXPANDING
THURSTON MAPS

The rest of the paper is completely independent of this Appendix, so readers fluent
in expanding Thurston maps can safely skip it. The purpose of this appendix is to
provide illustrations of the combinatorial objects we heavily rely on in this paper to
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readers who are less familiar with these maps so that they can gain some intuition.
We give three examples of expanding Thurston maps f and illustrate the associated
combinatorial structures from the cell decompositions D*(f,C), n € Ny, of 5% assuming
the existence of f-invariant Jordan curves C C S? containing postcritical points post f.
We emphasize here that such a Jordan curve may not always exist for certain expanding
Thurston maps (see [BM17, Example 15.11]), but these combinatorial constructions
are always available for all Jordan curves containing postcritical points post f. We
impose the additional assumption to simplify the illustrations.

D I C
I v

G F H

A Bl/ B

(a) (B) ()
FIGURE A.1. Example 1: D"(f,C), n =1 to 3.

The examples we choose are related to rational maps in different senses, in terms of
topological conjugacy and a weaker notion called Thurston equivalence. We refer the
reader to [BM17, Definition 2.4] for the precise definition of the latter notion.

With the permission of the authors, Figures and are adapted from Fig-
ures 12.7 and 1.3 of their book [BM17], respectively.

Example 1. The first example is an expanding Thurston map topologically conjugate
to a Lattes map g given by
2(1—2?%)
(14 22)2
We consider the topological 2-sphere S? as a homeomorphic copy of the pillow P
obtained from two copies of the unit square [0,1]*> C R?* = C glued together along
their boundaries (Figure [A.1](A)). Denote A := (0,0), B := (1,0), etc. as marked on
Figure [A.1}(A). In particular, J denotes the center of the square on the back side of
the pillow. We divide each square into four small squares of equal size. We define
a continuous and orientation-preserving map f: P — P by requiring that f maps
each of the eight small squares by first enlarging it linearly by a factor of 2 and then
mapping the resulting square isometrically (with respect to the Euclidean metric) to
the big square ABC'D either on the front or the back side of P (depending on the small
square). The map f is uniquely determined if we specify that the small square AEFG
is mapped to the front side ABCD of P with A— A, F+— B, F — C, and G — D.
In this case, for example, the small square £ BH F' is mapped to the big square BADC
on the back side of P with B — A and H — D. Then f is a Thurston map with

g(z) =4 for z € C.
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the set of critical points crit f = {F, J, E, H, I, G} and the set of postcritical points
post f = {A, B, C, D}. It is not difficult to check that f is an expanding Thurston
map. See [BM17, Section 1.1] for more details.

We denote the boundary of the big squares by C. The Jordan curve C is f-invariant
and contains post f. All the line segments (including the dotted ones on the back of )
represent the set f~1(C). The map f and Jordan curve C induce the cellular Markov
partitions D"(f,C), n € Ny, as recalled in Subsection . The set X°(f,C) of O-tiles
(resp. X!(f,C) of 1-tiles) consists of the two big (resp. eight small) squares on the
front side and back side of P. The set VO(f,C) of 0-vertices consists of A, B, C, and
D. Points A through J form the set VI(f,C) of 1-vertices.

The line segments in Figure [A.1](B) illustrate the set f~2(C) on either side of P.
The 16 small squares are 2-tiles. There are a total of 32 2-tiles in IP.

F1cURE A.2. Example 2.

In Figure [A.1](C), the line segments illustrate the set f~3(C) on either side of P.
Each small square, such as the green one, is a 3-tile. Recall the notions of flowers and
bouquets from and (3.5)). The red 3-tiles (minus the boundary of their union)
form a 3-flower W"(v) of a 3-vertex v € V3(f,C). Three 3-bouquets U?(x), U3(y), and
U3(z) are illustrated in blue. Their shapes depend on the (combinatorial) locations of
x, Yy, and z.

Example 2. The next example is obtained in a similar way. We take two copies of an
equilateral triangle of equal size in R? and glue them together along their boundaries
to form a topological 2-sphere S? (Figure . The bisectors divide each equilateral
triangle into six small triangles. We define a continuous and orientation-preserving
map f: S — S? by requiring that f maps each of the twelve triangles by first enlarging
it linearly to the shape of the original equilateral triangles and then mapping the
resulting triangle isometrically (with respect to the Euclidean metric) to the equilateral
triangle either on the front or the back side of S? (depending on the small triangle).
The map f is uniquely determined if we specify how one of the twelve small triangles is
mapped. A map f constructed in this way is an expanding Thurston map with three
postcritical points. It is not obstructed, and in fact one such f is Thurston equivalent
to a rational map g given by

2 2
o(z)=1— 54(z% — 1)

e for z € C.
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FIGURE A.3. Example 2: D"(f,C), n =1 to 6, adapted from [BM17].
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FIGURE A.4. Example 3: D"(f,C), n =1 to 3, adapted from [BMI7].

However, f cannot be conjugate to a rational map since it has a periodic critical point
(compare [BM17, Proposition 2.3]). The boundary of the two original equilateral
triangles is an f-forward-invariant Jordan curve C containing post f. See [BMI17,
Examples 12.21 and 18.11] for more details.

In Figure the cell decompostions D*(f,C), n = 1 to 6, are illustrated. The tiles
are colored black or white, some 4-flowers red, and some 4-bouquets blue.

Example 3. The last example is obtained from cutting, gluing, and pasting a big
pillow P and a small pillow Py. Both pillows are marked the same way as the pillow
in Figure [A.1l(A). We cut the edge GF of P open to create an opening of P. The
boundary of the opening is homeomorphic to S! consisting of two arcs e; and ey, both
of which start at G and end at F. The small pillow Py is 1/2 the scale of P. We cut
the edge AB of Py open in a similar way to form two arcs €] and e}, both of which
start at A and end at B. Note that ey, ey, €], €, are of the same length. We glue €] to
e; and e} to ey. The resulting surface is a topological 2-sphere S2. Tt contains 10 small
squares. We can define an expanding Thurston map f: S? — S? in a similar way as
the two examples above, which maps each of the ten small squares to either the front
or the back side of S?. The Jordan curve C on the original big pillow P is the boundary
of the front side and the back side of the resulting S?. It remains invariant under f
and contains post f. The cell decompostions D™(f,C), n =1, 2, 3, 4, of such a map f
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are illustrated in Figure [A.4] The tiles are colored white or grey, some 4-flowers red,
and some 4-bouquets blue. This map is obstructed, i.e., not Thurston equivalent to a
rational map ([BHI21, Theorem 1.2]). In particular, it is not topologically conjugate
to a rational map.
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