ERGODIC OPTIMIZATION FOR BETA-TRANSFORMATIONS
ZELAI HAO, YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

ABSTRACT. Ergodic optimization for beta-transformations Ts(z) = Sz (mod 1) is devel-
oped. If B > 1 is a beta-number, or such that the orbit-closure of 1 is not minimal, we
show that the Typically Periodic Optimization Conjecture holds, establishing that there
exists an open dense set of Holder continuous functions such that for each function in this
set, there exists a unique maximizing measure, this measure is supported on a periodic
orbit, and the periodic locking property holds. It follows that typical periodic optimization
is typical among the class of beta-transformations: it holds for a set of parameters g > 1
that is residual, and has full Lebesgue measure.
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1. INTRODUCTION

Dynamical properties of beta-transformations, self-maps of the unit interval of the form
Ts(z) = pz (mod 1), for 5 > 1, have been studied since the foundational papers of Rényi
[Re57] and Parry [Pa60]. There are close connections with aspects of number theory, in view
of the link between Tj-orbits and beta-expansions of the form e, /8+e2/B2+e3/83+- - (see
e.g. [ABO7, Be86, [CK04, [DK02, [DKO03, S92, [Kal5l [Sc80, [Si03]), with symbolic dynamics,
where the beta-shift (see e.g. [AJ09, BI89, IT74, [Sc97, [Si76]) serves as a shift-invariant
model for the dynamics of Tj, and with ergodic theory (see e.g. [Ho78, [Sm73| [Wa78]).

In this paper we initiate a study of ergodic optimization (see e.g. [BoclS8, [JeQ6 [JTe19]
for overviews of this area) in the context of beta-transformations. In other words, for a
given > 1, and a given (bounded, Borel measurable) real-valued function ¢, we seek to
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n—1
understand those z that maximize the time average lim + 3 ¢(Tj(z)), and those Tjs-

invariant (Borel probability) measures p that maximize the space average [ du. Since its
beginnings in the 1990s, a motivating theme in ergodic optimization has been the prospect
that, for sufficiently regular functions %, the maximizing orbit (or measure) is typically
periodic (see e.g. [Bou00, [CLT01), [HO96al, [HO96D), [Je96, [Je00, YHI9]). A result of this kind
had been conjectured by Yuan and Hunt [YH99, Conjecture 1.1] for dynamical systems
that are Axiom A or uniformly expanding, and for functions ¢ that are Lipschitz or C!
smooth. This conjecture generated a sustained period of work over the following years, and
was eventually proved by Contreras [Col6], who showed that if the dynamical system is an
open (distance-)expanding map, then there is an open and dense set of Lipschitz functions
whose maximizing measure is unique and periodic. Analogous results have subsequently
been established in related settings (see [HLMXZ19| [L.Z24]), and more broadly the Typically
Periodic Optimization (TPO) Conjecture (see |Jel9]) envisages that this can be further
extended to other dynamical system

Although beta-transformations share some features of open expanding maps, the setting
has a number of technical challenges: most notably T} is neither continuous nor open, its
space of invariant probability measures need not be weak* compact, and the corresponding
beta-shift is in general not of finite type. Nevertheless, in this note we are able to develop
a satisfactory theory of ergodic optimization for beta-transformations (and hence, the el-
ements of a more general theory of ergodic optimization for non-continuous dynamical
systems), and in particular make progress towards proving a TPO Conjecture for beta-
transformations. To describe this in more detail, let us fix some terminology and notation.

For a general Borel measurable map 7": X — X on a compact metric space X, let
M(X,T) denote the set of T-invariant Borel probability measures on X, and define the
maximum ergodic average of a bounded Borel measurable function ¢): X — R to be

QT ¥) = sup /¢du (1.1)
HEM(X,T)

Any measure u € M(X,T) that attains the supremum in (|1.1)) is called a (7', ¥)-mazximizing
measure, or simply a ¥ -mazimizing measure, and the set of such measures is denoted by

M0, )= {n e MOxT) s [vau= it . (12)

If pu is a weak* accumulation point of M(X,T) with [¢ dp = Q(T,1), then p is called a
(T, ) -limit-mazimizing measure.
The orbit of a point x € X is called a mazimizing orbit for (T,1) if

lim —Z¢ (T(z)) = Q(T, ).

n—+oo N
Setting I := [0, 1], for each 8 > 1 the beta-transformation Ts: I — I is defined by
Ty(w) = fo — |Ba), wel,

1A parallel programme, inspired by [HO964a, [HO96D], envisages that, for suitable dynamical systems
and function spaces, periodic optimization is typical in a probabilistic sense; for progress towards this, see
[BZ16l, [DL.Z24].
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where |fx] = max{n € Z : n < fBx}. In order to develop ergodic optimization in the
setting of beta-transformations, an analysis of the set M(I,T}3) of Ts-invariant measures,
going somewhat beyond the existing literature, is first required. For this, it is convenient
to define the upper beta—tmnsformationﬂ Ug: I — I by Ug(0) :== 0 and

Uﬁ<x> = ﬁl‘ - Lﬁlea S (07 1]7
where |z | == max{n € Z : n < fz}. The set M(I,Up) is weak* compact, and equal to the
closure of M(I,Ts) (see Section [4)), allowing the identification of (T}, 1)-limit-maximizing
measures with (Ug, 1)-maximizing measures, and leading to the harmonisation of ergodic
optimization for the maps 73 and U, and, ultimately, for the shift map acting on the
corresponding beta-shift.

Each beta-transformation has a countable infinity of periodic points, and these are dense
in /. Each periodic orbit supports a unique 7s-invariant probability measure, referred to
as a periodic measure, and periodic measures are weak* dense in M(I,T3) (see [Si76] and
Section . The periodic orbits of T and Up coincide, except that the orbit of 1 under Ug
(referred to as the critical orbit) is periodic for certain values of /3, while for such § the
Ts-orbit of 1 is pre-fixed, eventually landing on the point 0.

In order to describe our results towards the TPO Conjecture for beta-transformations,
let C(I) denote the set of continuous real-valued functions on I, define

2(B) € C)

to be the set of those ¢ € C'(I) with a (Us, ¢)-maximizing measure supported on a periodic
orbit of Ug, and for a € (0, 1] define

PB) = 2(B) N C* (),

where C%%(I) denotes the set of a-Holder functions on I, equipped with its usual Banach
norm (see Section . If ¢ € 2%(B) satisfies card Mpax(Us, ¢) = 1 and Myax(Us, ¢) =
Munax(Ug, ) for all ¢ € C%*(I) sufficiently close to ¢ in C%*(I), we say that ¢ has the
(periodic) locking propertyﬂ in C%*(I), and define the corresponding (periodic) locking set
to be the open subset Lock®(3) C C%*(I) given by

Lock®(8) = {¢ € 2*(B) : ¢ satisfies the locking property in C**(I)}.

Following Parry [Pa60], the value 5 > 1 is said to be a beta-number if the critical orbit
is preperiodic (i.e., either periodic or strictly preperiodic). We are able to prove that, for
beta-numbers, the following version of the TPO Conjecture does hold:

Theorem 1.1. For a beta-number > 1 and any « € (0,1], the set Lock®(3) is an open
and dense subset of C%*(I).

To make progress on the TPO Conjecture beyond the class of beta-numbers, it is useful to
divide the values $ > 1 into two categories, by defining /3 to be emergemﬂif the closure of the
Ug-orbit of 1 is minimal (i.e., it contains no proper closed subset E satisfying Us(E) = E).
We can then prove the TPO Conjecture for all non-emergent values of (:

2Also known as the left-continuous beta-transformation, cf. [KS12, Definition 2.4].

3The terminology follows [Boc19, BZ15], and is somewhat inspired by [Bou00), [Je00)].

4See Section@for further details about, and alternative characterisations of, the set of emergent numbers:
the terminology reflects the fact that, for an emergent 5 > 1, the symbolic dynamics corresponding to the
critical orbit is essentially different from that witnessed in beta-shifts with parameter strictly smaller than
B, so is considered to have newly emerged at this particular 8 (cf. Remark.
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Theorem 1.2. If § > 1 is non-emergent and « € (0, 1], then Lock®() is an open and
dense subset of C%(I).

In fact it can be shown that the set of emergent numbers is small, being both topologically
meagre and of zero Lebesgue measure, so we deduce that typical periodic optimization holds
for typical values of /3, in the following sense.

Corollary 1.3. Fiz a € (0,1]. For a set of values > 1 which is both residual and of full
Lebesgue measure, the periodic locking set Lock®(3) is an open and dense subset of C%*(I).

Note that Theorem [I.2]is complementary to Theorem rather than strictly stronger,
since certain beta-numbers (the so-called simple beta-numbers, where 1 is periodic under
Us) are emergent. More generally, the emergent values of § are less amenable to analysis,
and in order to state a result concerning them we first introduce the set

Crit*(8) == {¢ € C”*(I) : the orbit of 1 is a maximizing orbit for (Us, @)},

reflecting the fact that the difficulty concerns the critical orbit.
For emergent [, it turns out that the space of a-Holder functions can be covered by
Crit*(f) and the closure of Lock®(f3):

Theorem 1.4. If 3 > 1 is emergent and o € (0, 1], then C%*(I) is equal to the union of
Crit*(5) and the closure of the open set Lock®(p).

An important step in our proof of the above theorems, and a result of independent inter-
est, is a Mané lemma for beta-transformations (see Theorem and cf. Theorem [5.10)).
Results of this kind have been a hallmark of ergodic optimization since [Bou00) [CLT01],
and assert that cohomology classes of suitably regular functions contain versions (so-called
revealed versions, cf. [Je19]) for which the maximizing measures are readily apparent; in
favourable settings the revealed version inherits the modulus of continuity of the original
function (see e.g. [Bou00, Bou0Oll, BJ02, [CLT01) LZ24]). Our Mané lemma is for Holder
continuous functions, and asserts the existence of two revealed versions, both of which en-
joy one-sided continuity (one version is left-continuous, the other is right-continuous): the
critical orbit introduces discontinuities, but away from this orbit both versions are locally
Holder. The method for proving the Mané lemma is to some extent familiar, via the fixed
point of a nonlinear operator analogous to that introduced by Bousch [Bou00], though the
proof of the existence of this fixed point requires new techniques involving pointwise limits.
The fixed point is a Borel measurable function that in general may not be left-continuous or
right-continuous, but has one-sided limits everywhere, and is locally Holder away from the
critical orbit: this fixed point can then be regularised, yielding both a left-continuous and a
right-continuous sub-action, allowing the definition of left-continuous and right-continuous
revealed versions. In particular this allows us to establish Theorem [5.10] asserting that
any maximizing measure must be supported within the set of maxima of these revealed
versions.

The other main ingredient for proving Theorems , , and , is a set R*(f) of
a-Holder functions enjoying good restrictions (in terms of membership of periodic locking
sets, see Definition [7.7) to various Cantor subsets on which Tj acts as an open expanding
map: by exploiting Contreras’ TPO theorem [Col6] for such maps, we are able to prove (see
Proposition that R*(f3) is dense in C%(I). This, together with Theorem [5.10| and a
finer analysis of Crit®() in the case of emergent /3, yields a proof of Theorems [L.1] [1.2]
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and Note in particular that, by contrast with [Col6, [LZ24, HLMXZ19], the method for
proving our TPO theorems does not make explicit use of shadowing (indeed the shadowing
property does not hold for beta-transformations, cf. [BGS25]).

Organisation of the paper. Section [2| collects together some notation used throughout
the article. In Section [3]we establish various preliminary results about beta-transformations,
beta-expansions, and the closely related beta-shifts, being particularly careful to distinguish
the commonalities and differences between these systems. In so doing, we take the oppor-
tunity to clarify and correct some aspects of the published literature on beta-shifts. In
Section , we prove the existence of (Ug, 1)-maximizing measures for all values 5 > 1, and
all continuous functions v; we also introduce the notion of limit-maximizing measure, and
establish the equivalence between maximizing measures for the upper beta-transformation
and the beta-shift, and limit-maximizing measures for the beta-transformation. In Section 3]
we establish a Mané lemma for beta-transformations, and develop a revelation theorem as
its consequence. In Section [6] the notion of emergent numbers is introduced, and a number
of characterisations are proved. In Section [7], we establish the main theorems on typical
periodic optimization. In Appendix [A] we prove a useful auxiliary result, that Lock®(f3) is
an open and dense subset of Z2¢(f3).

Acknowledgments. The authors would like to thank Shaobo Gan for suggesting the
study of ergodic optimization for beta-transformations. Zelai Hao, Yinying Huang, and
Zhigiang Li were partially supported by NSFC Nos. 12471083, 12101017, 12090010, and
12090015.

2. NOTATION

We follow the convention that N := {1, 2,3, ...} and Ny := {0} UN. For z € R, we
define the floor function |z | as the largest integer < x, and the strict floor function |z|" as
the largest integer < x. The cardinality of a set A is denoted by card A.

The collection of all maps from a set X to a set Y is denoted by YX. The constant zero
function 0: X — R maps each x € X to 0.

Let (X,d) be a metric space. For subsets A, B C X, we set d(A, B) = inf{d(z,y) : x €
A,y € B}, and d(A,z) = d(x, A) = d(A,{z}) for each x € X. For each subset Y C X,
we denote the diameter of Y by diam(Y') := sup{d(z,y) : z, y € Y}, for each € > 0, denote
the e-neighbourhood of Y (in X) by B(Y,¢€) .= {z € X : d(x,Y) < €}, and the closure of
B(Y,€) by B(Y,¢). For each y € X and each € > 0, write B(y, ¢) == B({y}, €).

Let C(X) denote the space of continuous functions from X to R, and P(X) the set of
Borel probability measures on X. For ¢: X — R, we write ||¢]|«.x = sup{|¢(z)| : v € X }.

Let (X,d) be a compact metric space and o € (0,1]. A function ¢: X — R is called
a-Holder if

|¢|a,X = sup{|g25($) - qb(y)‘/d('r?y)a ‘T, Y€ X7 T 7£ y} < +00.

Denote by C%%(X) the set of real-valued a-Hélder functions ¢ on X, equipped with the
Hélder norm || - ||o,x given by

HngaX = |¢|a,X + ||¢H00,Xa

which makes C%*(X) a Banach space. We will omit the subscript X whenever X = [0, 1].
For a Borel measurable map 7': X — X, let M(X,T) denote the set of T-invariant Borel
probability measures on X.
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For a map T: X — X and a real-valued function ¢: X — R, define
n—1
STp(x) = Zqﬁ(Tz(:c)) forz € X,neN.
i=0

In the particular case where 7" is some beta-transformation T, we will write S,¢ = S 10)
whenever there is no possibility of confusion. Note that by definition SI ¢ = 0.

We write I := [0, 1]. In this paper we equip every subset of I with the usual Euclidean
metric, denoted by d.

For a non-empty set A, the sequence space AN = {{a,}}>] : a, € Aforall n € N}
will be equipped with the product topology. For ¢t > 1, the metric d; on AN defined by

di({an}t35, {bn}125) = 7P, where p is the smallest positive integer with a, # b,, and
di({an} 5, {bn}15) = 0if a,, = b, for all n € N, generates the product topology on AY.
Infinite sequences will be written as A = ajay... = {a,}nen, and finite sequences as

B = b1b2 c. bk = {bn}izl Denote <b1b2 c. bk)oo = blbg c. bkblbz c. bkblbg ... and write
(b1bg ... b)™ for the first km terms of (b1by ... bg)>°, for m € N.

If A C R is equipped with the order induced by R, and A, B € AN, write A < B when A
has strictly smaller lexicographic order than B, i.e., a; = b; for 1 <i<n—1, and a, < b,,
for some n € N. Write A < Btomean A < Bor A= B.

Define the (left) shift map

o: AN — AN
by 0(A) == {ani1}nen for all A = {a,},en € A",

Let X be a topological space. For a map T: X — X and x € X, denote the orbit of x

by

OT(z) == {T"(x) : n € Ny}.
In this paper, we write Og(z) == O”?(x) and Oj(z) = O (z) if it does not cause confusion.
If there exists n € N with 7" (x) = z, then O(z) is called a periodic orbit and z a periodic
point. We denote the set of periodic points of T" by Per(7). There is a unique 7-invariant
Borel probability measure po supported on a periodic orbit O, given by

1
HO = Card O Z O
z€O

For a topological space X, a point @ € X, and a function f: X — R, we write lim,_,, f(y) =
x™ if limy,,, f(y) = 2 and there exists a neighbourhood U of a such that f|y oy > .
We define lim,_,, f(y) = =~ similarly. We say that a sequence of real numbers {z, }nen
converges to a real number z* (written as lim, oz, = ") if 2, > = for each n € N
and lim,,_, . x, = x. Moreover, for a real number a, and a function g: R — R, we denote
limy\q g(y) = limy 4 9|(a,400)(¥), that is, the right-hand limit of g at a. We denote the
left-hand limit limy, », g(y) = limy_,q g|(~oc,a)(y) similarly. More generally, if we replace R
by a topological well-ordered set Y, we give the definitions and notations above similarly.

Fix a constant o € (0, 1], a compact metric space X, and a measurable map T: X — X.
We define subsets

PT) and Lock®(T)

of the set C%¥(X) as follows: 22%(T) is the set of those ¢ € C%*(X) with a ¢-maximizing
measure supported on a periodic orbit of T'. If a function ¢ € P2*(T') satisfies card M ax (T, ¢) =
1 and My (T, ¢) = Muax(T, 9) for all ¢ € CY*(X) sufficiently close to ¢ in C%*(X),
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we say that ¢ has the (periodic) locking property in C%*(X). The set Lock®(T) is defined
to consist of all ¢ € P2(T) satisfying the (periodic) locking property in C%%(X).

3. BETA-TRANSFORMATIONS

3.1. Beta-transformations, beta-expansions, and beta-shifts. Here we recall the
definitions and basic properties of beta-transformations, beta-expansions, and beta-shifts,
with a particular focus (see Definition [3.10]) on a classification according to the behaviour
of the orbit of the point 1.

Definition 3.1 (Beta-transformations). Given a real number § > 1, the beta-trans-
formation Ts: I — I is defined by

Ts(x) = P — |fBx], zel. (3.1)
Recall that |z]" = max{n € Z : n < z} for x € R. The upper beta-transformation
Ug: I — I is defined by Ug(0) := 0 and
Us(z) = Pz — | Bz, xel~{0}. (3.2)
Note that Kalle and Steiner [KS12l Definition 2.4] refer to the upper beta-transformation
as the left-continuous beta-transformation.

Definition 3.2 (Beta-expansions). Given a real number § > 1, write

B={0,1,..., 8]}

and define the B-expansion of x € I to be the sequence

g(z, B) = {en(x, B) tnen € B
given by
enl(z, B) = |BT5 '(x)] foralln €N, (3.3)
and define the upper S-expansion of x € I to be the sequence

§*("L‘76) = {52(3775)}7161\1 S BN
given by
er(z, p) = LﬂUgfl(x)J, for all n € N. (3.4)

n

Remark 3.3. For a given § > 1, the beta-transformation and upper beta-transformation
are related by
Us(z) = limsup Ts(y).

Yy—x

The set Dg of points of discontinuity for T} is
Dg =T, (0)~ {0} = U ' (1) = {j/B: j € Z} N (0,1], (3:5)
and this is precisely the set of points at which 75 and Ujp differ, with Tz(z) = 0 and

Ug(x) = 1 for all x € Dg. Note that Blanchard [BI89, p. 136] refers to the upper [-
expansion £*(z, #) as a kind of incorrect f-expansion.

Lemma 3.4. If 3> 1,ne N, a€0,1), and b € (0,1], then the following statements are
true:

(i) limg, T3 (7) = Tg(a)™ and lim, ~ Ug(x) = Ug(b)~.

(ii) en(-, B) is right-continuous on [0,1) and €’ (-, B) is left-continuous on (0, 1].
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(i) T3(0) = £,(0.8) = U3(0) = £3,(0.) = 0.
(iv) limg ~ T3 (x) = Ug(b)~ and lim, ~ e,(z, 8) = €;,(b, B).
Proof. Define functions f, g1,¢92: R — R by
flu)=pBu, gi(u) =u—lu], go(u):=u—|u]"

Then f is continuous and strictly increasing, and for each u € R, we have

lim g1(2) = 2(w)”,  limgi(@) = (W), lim ga(w) = galu)” (3.6)

(i) By ‘) we have T = gyo f and T} = glofng_l. By 1' lim,~ o T3(z) = Tp(a)™.
Assume that lim,\, 75 (z) = T§(a)” when n = k. When n =k +1,
ii{% T5t (x) = glci{g Ts(Th(x)) =T (a)*.
By induction, for all n € N, lim,~ o 7§ (z) = T§(a)*. We can prove lim, » Ug(z) = Ug (b)~
similarly.

(ii) By (3.3) and (3.4)), we have g, (-, 3) = |- ofoTZ}_1 and €’ (-, ) = H’ofoUg_l. Hence
( r

) —
ii) follows from (i) and the fact that |-| is right-continuous and |-|" is left-continuous.
(iii) follows immediately from (3.1)), (3.3), (3.4), and Uz(0) = 0.
(iv) Since Tz =gy o f and Us = go o f (see (3.1) and (3.2)), by (3.6),

lim Ts(w) = lim(g1 © f)(z) = Jm g1(u) = (g2 0 f)(b)” = Up(b)™.

Assume that lim, ~ 7§ (z) = Ug(b)~ holds for n = k. When n =k + 1,
kAl N T k o _ kY~ — 77k ()~
}cl}% Ty (z) = 9161;1%) Ts(Th(x)) = u}ggl(b) Ts(u) = Us(U5(b)) = Ug(b)".

Hence the first part of (iv) follows by induction.
By (3.3) and the first part of (iv),

ligen(r, ) =Hm(L 1o NTF@) = lim, (LJof)w) = lm, o)

By the fact that lim, »,|x] = |u]’ for all u € R and ({3.4)),

lim o) = [BU537'(0)] = €50, B).
v FUETHB)

The second part of (iv) follows from the above two equalities. O
Lemma 3.5. Ifx € I, > 1, and n € N, then the following statements are true:
(i) lim\ g T7(z) = T3 (2)" and lim, s Ug () = Ug(x)~.
(ii) en(x,-) is right-continuous and €} (x,-) is left-continuous.
(iil) lim, s T7(2) = Ug(x)~ and lim, ~gen(z,7) = €5, (2, B).

Proof. Without loss of generality we can assume that z # 0 (see Lemma (iii)). Define
functions f,g1,92: R — R by

F) = 2u, gi(w) =u—[u), ga(u)=u—|u].
Note that f is continuous and strictly increasing and

lim g1(2) = 2(w)7,  limgi(@) = gr(w)™,  lim ga(z) = ga(u)™ (3.7)
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(i) By , we have Ts(z) = (g1 o f)(8) and Tg(z) = gl(ﬂTgfl(:I;)). By ,

limy\ g T (x) = Ts(x)". Since f > 1, if limyg T (z) = TZ_’?’I(:L’)+ for some k € N,

we have lim. g 775! (z) = 6T§_1(x)+. Then by 1} lim\ 3 T (z) = Tj(z)*. By induc-
tion, for each 8 > 1, lim\ g T7'(z) = T3 (x)". Similarly, we have lim, »s U} (x) = Ug(x)~.
(ii) By (i) and 8 > 1, we have lim\ 7T ' (z) = BTg_l(x)+ and lim,, 3 YU? " ()

Ug’l(a})_. Since |-| is right-continuous and |-]" is left-continuous, by (3.3) and (3.4), (ii)

follows.
(iif) Since Ts(x) = (g1 0 f)(8) and Up(z) = (92 0 )(B), by (.7),

lin 7, (@) = lim 1 (32) = I g1(w) = a(/(8)” = Usla)

Assume that lim, »3 T7(z) = Ug(x)~ holds for n = k. When n =k + 1, by (3.7),

k+1 . k . k - k41 —
h/n%Tﬁ (z) = lim g1 (VT3 (z)) = Mlﬁllrj%(z) 91(u) = g2(BUS (2)) = U™ ()™,

Hence the first part of (iii) follows from induction.
By (3.3), (3.4), the first part of (iii), and the fact that lim, ~,|x] = |u]’ for all u € R,

liene,) = I 5] =t o) = 505 @) = €3, 6).

Therefore, the second part of (iii) follows. O
Definition 3.6 (Beta-shifts). Given a real number 3 > 1, define 75: I — BY by

ms() = ez, B) = {en(2, ) nen,
and define w5: [ — BY by

ms(x) = £"(x, B) = {en(x, B) bnen-

Define the beta-shift Sz to be the closure in BY of the image under 743 of the half-open
interval [0, 1), in other words,

Sp = mp([0,1)), (3.8)
where BY is equipped with the product topology. In particular, Sy is closed and o(S5) = Sg,

i.e., it is a subshift of the full shift BY, so we may regard the shift map o as a self-map
o: Sﬂ — Sﬁ.

Definition 3.7. Given a real number 3 > 1, define Xj to be the closure in BY of the image
mg(l). Define hg: X3 — I by

hs({zi}ier) Zzzﬁ Z (3.9)

For each x € I, define i,: (1, +00) — N} and i%: (1, +00) — NY by
ir(B) =ms(x) and iy (B) = m5(x). (3.10)
The following lemma shows that our definition of upper S-expansion is equivalent to the
definition of incorrect S-expansion in [IT74] and [YT21].
Lemma 3.8. Fir 8 > 1. Then 75(0) = 73(0) = (0)> and 7j(a) = lim, », 75(x) for all
e (0,1].
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Proof. The first part follows from Lemma (iii), while the second part follows from

Lemma [3.4] (iv). O

Proposition below collects a number of basic properties of beta-transformations and
beta-expansions that will be required later; the majority of the results can be found in the
existing literature (specifically, in [BI89, IT74) [Pa60, [Re57, YT21]), and for the remainder
we provide proofs.

Proposition 3.9. Given g > 1, the following statements are true:

(i) We have

(1) = (z122... (20 — 1))™ if mp(l) = z122. .. 2,(0)>°, 2, > 0,
p mp(1) if mg(1) has infinitely many nonzero terms.

(ii) For each z € (0,1],

‘(z) = 2129 (20 — Dms(1)  if ma(w) = 2120 .. 2,(0)%°, 2, > 0,
B mp(x) if mg(x) has infinitely many nonzero terms.

(iii) comg =mgoTs and o om =mz0Us on I.

(iv) (hgoms)(x) = and (hgo7s)(x) = x for each x € I.

(v) hgoo =Tgohg on mg(l) and hgoo = Ugohg on ws(I).

(vi) mg and w5 are strictly increasing, i.e., v <y implies ms(x) < mp(y) and w5(x) <
m5(y)-

)

) {weXg:mj(z) <w <mg(x)} =0 for all z € 1.

(ix) mg is right-continuous on [0,1) and 7 is left-continuous on (0,1].

(x) hg is a continuous surjection and is non-decreasing, i.e., w < w' implies hg(w) <
hg(w’).

(xi) The inverse image h;l(x) of x € (0,1] consists either of one point mg(x) or of
two points mg(x) and 75(x). The latter case occurs only when Tg(x) = 0 for some
n € N. Moreover, h'(0) = {(0)>}.

(xii) The function hg: (Xg,dg) — (I,d) is Lipschitz.

(xiii) For each x € (0,1], the functions i, and i’ are both strictly increasing functions.

Moreover, io(8) = i5(8) = (0)* for all B > 1.

(xiv) For each x € I, the function i, is right-continuous and the function i’ is left-
continuous.

Proof. Statements [(1)] |(ix), and |(viii)| follow from [YT21, Lemma 1.2].

Statements about 75 in statements [(vi)] and [(iv)| follow from [[T74, Proposition 3.2],
while statements about 7 in |(vi)| and |(iv)| follow from [Y'T21| Lemma 1.2].

Statements |(x)| and follow from [IT74, Proposition 3.2].

It remains to prove statements [(iii)], [(v)] [(viD)} and [(xi)H(xiv)] .
follows from (3.3)), (3.4), and Definition [3.6]
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[(v)] From [(iii)] and [(iv)] we have hg oo omg = hgomgoTs =Tz = Tz 0 hgoms. Thus,
hgoo =Tgohg on mg(I). Similarly, we have hg oo = Uz o hg on ms(I).

Consider arbitrary z,y € [ with 0 < 2z < y < 1. By Lemma , we have
lim, », m5(2) = 75(y). Combining this with the fact that mg is strictly increasing (see [(vi))),
we get mg(z) < ma(w) < wh(y) for all w € (z,y).

Fix g8 > 1. Consider a pair of sequences A = ajay... and B = biby... in Xp.
Assume that dg(4, B) = ﬁ_k for some integer k € N. By (3.9), we have

|an_ n ]- 52

|(xiii)| By (3.10]), Definition , and Lemma (iii), io(5) = i5(B) = (0) for all g > 1.

Fix arbitrary = € (0,1]. It is easy to see that i,(3;) # i.(B2) when 1 # (. So it
suffices to prove that i, is non-decreasing. Assume that there exist 1 < f; < [ such
that i,(f2) < iz(B81). Then there exists n € N such that e,(51,2) = ep(f2,x) for all
ke{l,....,n—1} and €,(B1,2) > €,(B2, ). Then we have ,(51,2) = €,(fa2,z) +1 > 1.
By and , for each 8 > 1, we have

n—1
en(x.B)  en(r,f) Ti(a)
g T T

@ = hy(ms(z))

k=1
So we obtain,
_ o= e(z, B2) n en(T, B2) Tﬁz nz:l ex(w n(x>52) +1
2.5 By 2 B B
< 5k<x>kﬁl) - Z 51«(37;31) <z
k=1 2 k=1 b

which leads to a contradiction. So i, is strictly increasing. Similarly, we can prove 7} is
strictly increasing.

Fix z € I. By Lemma [3.5] (ii), we have ¢,(z,-) is right-continuous and &*(z, ) is
left-continuous for each n € N. By Definition [3.6| and (3.10)), follows. O

The following classification of values § > 1, and the interpretation in terms of dynamical
behaviour, will be required in our subsequent investigations.

Definition 3.10 (Classification of § > 1). A real number g > 1 is said to be

(i) a simple beta-number if £(1, 5) has only finitely many nonzero terms;
(ii) a non-simple beta-number if e(1, ) is preperiodic (i.e., there exists n € N such that
o"(g(1, B)) is periodic), but /3 is not a simple beta-number;

(iii) non-preperiodic if B is not a beta-number (i.e., § satisfies neither (i) nor (ii) above).

Remark 3.11. The terminology beta-number, as well as simple beta-number, was intro-
duced by Parry [Pa60], who proved (see [Pa60, Theorem 5]) that the set of simple beta-
numbers is dense in (1, 4+00). Some authors refer to simple beta-numbers as Parry numbers
(see e.g. [Kalh]). It is readily seen that (3 is a simple beta-number if and only if 1 is a
periodic point of Ug.
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We recall the following notion (see e.g. [PUL0, Chapter 4]):

Definition 3.12 (Distance-expanding map). For (X, d) a compact metric space, T: X —
X is called a distance-expanding map if there exist constants A > 1 and n > 0 such that
for all x, y € X with d(z,y) < 2n, we have

d(T(z), T(y)) = Ad(z,y).

The following proposition summarises the relation between periodic points and invariant
measures of Tz and Ug.

Proposition 3.13. If 8 > 1, then Tz and Ug satisfy the following properties:
(i) T,'(0) = {0} U Dg, T;'(1) = 0, Ug'(0) = {0}, and U; ' (1) = Ds. Moreover, Ty
and Ug coincide on I \ Dg.
(ii) Per(Tp) € Per(Up). If O} is a periodic orbit for Ug, then O C Per(Tp) if and only
if1¢ Oj.
(ili) M(L,T5) C M(L,Up). If p € M(I,Up), then p € M(I,Tp) if and only if p({1}) =
0.
(iv) If 5 is not a simple beta-number, then Per(Ts) = Per(Up) and M(1,T5) = M(I,Us).
(v) If B is a simple beta-number, then Per(Ug) = Per(Ts) U Oy(1) and M(I,Ug) is the
convex hull of {u%(l)} UM(I,Tp).
(vi) T and Ug are distance-expanding. Specifically, if x, y € I with |x —y| < 1/(25),
then [Tg(x) — Ts(y)| = Ble — y| and |Us(x) — Us(y)| = Blo — yl.
Proof. (i) This property follows immediately from the definitions of Tj, Ug, and Dg.

(ii) Fix a periodic orbit Og of T that is not {0}. By (i) we have 1 ¢ O and OgNDg = .
Then Ug(x) = Tp(x) for all x € Op. Hence Op is also a periodic orbit of Us.

Fix a periodic orbit O} of Ug. If 1 € O}, by (i) we get that O} is not a periodic orbit of
Tp. If 1 ¢ OF, by (i) we have O N Dy = (0. Then we have Ug(z) = Tp(z) for all = € Oj.
Hence Oj C Per(Tj).

(iii) Fix an arbitrary p € M(I,T3). By (i) we have u({1}) = M(Tﬁ_l(l)) = u(0) =0 and
1(Dg) = p(T5'(0)) — u({0}) = 0. Then we have ,u(UB’l(O)) = u({0}) and ,u(U/;l(l)) =
w(Dg) = 0 = p({1}). By definition we have Tﬁ_l(Y) = Uﬁ_l(Y) for all Borel measurable
subsets Y C (0,1). Hence, we have u € /\/l(], Uﬂ)-

Now fix an arbitrary v € M(I,Us). If v({1}) = 0, by (i) we have v(Dg) = V(U/gl(l)) =
v({1}) = 0 and v(T5'(0)) = v({0}) + v(Ds) = v({0}). By definition we have T;'(Y) =
Uﬂ_l(Y) for all Borel measurable subsets Y C (0,1). Hence, we have v € M(I,Tp). If on
the other hand v({1}) > 0, since T;'(1) = @ by (i), we have v ¢ M(I,Tj).

(iv) and (v) Recall that 1 is a periodic point of Uz if and only if /5 is a simple beta-number
(see Remark [3.11). Then the first part of (iv) and the first part of (v) follow immediately
from (ii).

Fix an arbitrary p € M(I,Up). If 8 is not a simple beta-number, then 1 is not a periodic
point of U (see Remark [3.11)) and it is straightforward to check that p({1}) = 0. By (iii),
e M(I,Tz). The second part of (iv) follows.

Assume that 3 is a simple beta-number. Since Oj(1) is a periodic orbit of Ug, then it
is easy to see that pu({r}) = p({y}) for all z, y € Op(1). Write ¢t := p(Op(1)). When
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t =1, we have p({z}) = 1/ card Op(1) for all z € Oj(1). In this case, = poy1). When
t €10,1), let us write v == & (u — tu%(l)). Then v € M(I,Us) and v({1}) = 0. By (iii),
v € M(I,Ts). In this case, p = tpoyay + (1 — t)v. The second part of (v) follows.

(vi) Fix arbitrary x, y € I with 0 <y — 2 < 1/(28). If there exists an integer ¢ such
that i/ <2 <y < (i+1)/5, then Ts(y) — Ts(x) = B(y — x). Otherwise, there exists an
integer i such that (i —1)/8 <z <i/f <y < (i+1)/5. Then we have Ts(y) — Ts(z) =
Bly—z)—1< —1/2 < —p|y — z|. Similarly, we can prove Uz(y) — Us(z) > f(y —z). O

While the support of any T-invariant probability measure u satisfies T'(supp p) = supp p

in the case that T' is continuous (see e.g. [Ak93l p. 156]), the same is not true for the
discontinuous maps T and Ug, nevertheless we do have the following result.

Lemma 3.14. Suppose 5 > 1 and pp € M(I,Ug). Then Ug(supp p) = supp  if 0 ¢ supp p,
and Tz(supp p) = supp p if 1 ¢ supp p.

Proof. Let us write IC := supp p.
Assume that 0 ¢ K and denote d; == d(K,0) > 0. By (3.2)), for each y € Dy, we obtain

p((y,y+61/8) N 1) < p(Ug(0,61)) = u((0,61)) = 0.

So KN(y,y+3d1/8) = 0 for each y € Ds. Hence for each pair of z, y € K with |[z—y| < §,/0,
we have (x,y) N Dg = 0 and Ug(z) — Us(y) = B(x — y). So Ugs|k is continuous and u can
be seen as an invariant measure for (K, Ugl|x). Therefore, Ug(K) = K ([Ak93) p. 156]).

Assume that 1 ¢ K and denote d, = d(K,1) > 0. By Proposition (iii), u €
M(1,Tp). By , for each y € Dg, we obtain

iy = 62/8,9) N T) < p(T;(0,6) = (0, 6,)) = 0.

So KN(y—ds/B,y) = 0 for each y € Dg. Hence for each pair of z, y € K with |[z—y| < d2/0,
we have (z,y) N Dz =0 and Ts(x) — Ts(y) = B(z —y). So Ts|k is continuous and p can be
seen as an invariant measure for (C, Tj|c). Therefore, T3(K) = KC (JAk93, p. 156]). O

3.2. Monotonicity and approximation properties for beta-shifts. Here we recall
some monotonicity and approximation properties for beta-shifts.

The following proposition characterises those sequences on the alphabet B = {0, 1, ..., |3]}
that arise as the S-expansion of a real number z € [0, 1].

Proposition 3.15. Given 8 > 1, the following statements are true:
(i) m5(0,1)) = {A € BY: 0™(A) < w5(1) for all n € No}.
(ii) Sg can also be expressed as

Sg={AeB":0"(A) < m5(1) for alln € No}. (3.11)
Proof. (i) follows from [Pa60, Theorem 3] and Proposition [3.9[(viii)| while (ii) is exactly
IT74, Lemma 4.4]. O

Remark 3.16. (i) Define )N(B to be
Xy = {A€eB":0"(A) 2 ms(1) for all n € Ny }. (3.12)
(ii) If B8 is not a simple beta-number, then m3(1) = m3(1) (see Proposition , and
hence S = X3 = X 3 by 1} together with Definitions and .
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(iii) If B is a simple beta-number, then 75(1) < 75(1) (see Proposition , hence
X is the union of the beta-shift Sz and the singleton set {m5(1)} (which is disjoint
from Sz), and

Ss C X5 C Xp (3.13)

by (3.11]), Definitions and . The inclusions in (3.13)) are proper: for example,

when [ = 2, we have
200)® € Xo NSy, 12(0)° € X, ~ X,

(iv) If B is a simple beta-number then o maps Sz surjectively onto itself, and maps X 3
surjectively onto itself, but o: X3 — Xj is not surjective.

(v) A complement to Proposition m (i) is that, for each A € NI, there exists § > 1
with A = g(1, ) if and only if 6"(A) < A for all n € N; and if such a number g > 1
exists then it is unique (see [Pa60, Corollary 1]). Consequently, each of the three
classes in Definition [3.10] is readily seen to be non-empty.

(vi) Some authors define the beta-shift to be either Xz or X 3, instead of Sg. For example
it is defined to be Xz in [ABO7, p. 1696], [Sc97, Definition 2.2], and [KQ22, p. 1438]),

and defined to be Xz in [Si76, p. 248] and [Wa82) p. 179).
Lemma 3.17. Given g > 1, the following statements are true:
(i) If 1 < ' < B, then Sg C S;.
(ii) Sp = U'ye(l,ﬁ) Sv'

Proof. (i) Assume that 1 < 8/ < 8. By Proposition and , we have 7 (1) <
m5(1). By , Sy C S;.

(ii) Assume that 73(1) = ajap.... For each n € N, put 4, = a;...a,00.... By
Proposition , we get that 75(1) = lim, g 73(1). Thus, for each n € N, there
exists v, € (1,5) such that A, < 77 (1). Fix arbitrary B = biby--- € S3. Put B, =
by...0,00... for each n € N. By , for each k € Ny and n € N, we have o*(B,) =<
Ap, 2 (1). Thus, B, € S,,. Note that lim,,, o B, = B, so B € UvE(Lﬁ) S,. Since B is

chosen arbitrarily, we obtain from (i) that Sg = U, ¢, 5, S5 O

Remark 3.18. Lemma is hinted at as part of [IT74, Proposition 4.1] (though in [I'T74]
it is slightly mis-stated, and not proved, so for the convenience of the reader we include a
proof here). We note that another part of [IT74, Proposition 4.1] is false: in general it is
not the case that Sz = ﬂv>5 S, (for example if § = 2 then 2(0)* € S, for all v > 2, but
2(0)* ¢ Ss), however the intersection can be expressed as

Xs={8
v>B

Definition 3.19. For 1 < v < 3, define

Hg = hﬁ(SW) = {f%ﬁ_l : {Zi}ieN € S,y}, (314)

i=1
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and if 1 € C%*(I) then define the corresponding restricted mazimum ergodic average

Qs+ (V) = Q(Tsluy ¥luy) = Sup{/w du € M(I,Ts), supp p C Hg}- (3.15)

Lemma 3.20. Suppose > 1. If K C I is a non-empty compact set with 1 ¢ IC = T3(K),
then there exists 3" € (1, 8) such that KK C Hy for each v € (8, B).

Similarly, if K' is a non-empty compact set with 1 ¢ K' = Ug(K'), then there exists
B € (1,8) such that K' C Hj for each v € (8, 3).

Proof. If K is a non-empty compact set, with 1 ¢ K = T3(K), then the largest point in K
is strictly smaller than 1. By Proposition [3.9|[(vi)] [(xiv)} and (3.10), there exists 8’ € (1, )
such that max{mj(z) : * € K} < 7j(1). Furthermore, by Proposition , ,
and the fact that 73(1) € Xz (see (3.11) and Lemma [3.17] (i)), we have max{ms(x) :
r € K} =< 75(1). By Proposition , we get o(m3(K)) = m(K). So if z € K then
0" (mp(2)) = w5 (1) for all n € Ny, and therefore by (3.11)), m5(z) € Spr. Hence, by the
definition of H} and Proposition (iv), we have KK = hg(m3(K)) C hs(Sp) = Hgl. By
3.14) and Lemma [3.17] (i), we have Hg, C Hj for each v € (#', 8). Therefore, K C Hj for
cach 7 € (4, 8).

Now let £’ be a non-empty compact set with Ug(K') = K'. Applying Propositionm (i),
we have X' N Dg = 0, so Ts(z) = Us(z) for each x € K'. Thus, T3(K') = K'. Therefore,
there exists 3’ € (1, 3) such that K’ C Hj for each v € (&, 8). d

Recall that a homeomorphism g: X; — X, between metric spaces (Xi,d;) and (Xs, ds)
is bi-Lipschitz if there exists a constant C' > 1 such that for all u, v € X7,

Cdy(u,v) < dao(g(u), g(v)) < Cdy(u,v).

Lemma 3.21. For 1 <~ < 3, the map 7T5|Hg2 (Hg,d) — (S,,dg) is bi-Lipschitz.

Proof. Define § = d(Hg, 1). By 1) and Propositi@n E. and . we have 7
m5(1) = mg(1). Hence mg(1), m5(1) € S, (see (3.11))). So by Proposmon E. ﬂ and
(3-14)), we have 1 ¢ Hj and 0 <4 < 1,

Assume that =,y € Hy satisfy ds(ms(z),75(y)) = 7" and @ < y, then
mg(x) =ay ... ap-1bpbps1. .., T(Y) =a1...an_1CCni1 - -,
where b,, < ¢,. Then by Proposition and the definition of hg,

6,2) = Aol BlmW) = 37"l o) S50
3.16
Moreover, by the definition of hs and Hj, we have

hg(bpbpi1...) = (by + hg(bpyr...))/B < (bp+1—19)/8 and
he(cnCny1---) = (Cn+ hplcnyr-..))/B = cu/B = (by +1)/B.
So we have d(hg(bnbnt - ), hg(CnCnsr...)) = /8. Thus, by ([3.16), we have
d(w,y) > 657" = 5dﬁ<m< ), ma(y). (3.17)
Let us write C' := max{3,1/6} > 1. Combining (3.16) and (3.17)), we have
C1d(r,9) < dy(ms (), o >> < Cd(z,y). 0
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Lemma 3.22. For each f > 1 and each v € (1,0), the set Hg is a closed subset of I
satisfying Tg(Hy) C Hy and the restricted beta-transformation T5|Hg: Hj — Hj has the
following properties:
(i) T5|Hg is Lipschitz.
(ii) T5|Hg is distance-expanding.
(iii) If 7y is a simple beta-number, then T5|Hg is open.

Proof. By (3.11), S, is closed and o(S,) € S,. By Proposition B.9[(iv)} (3.14), and
Lemma [3.21} 7g] ) is bi-Lipschitz with inverse hg|s and Hg is closed. By Proposi-

tion M, Ts(Hg) € Hj. Since TB|H§ = hgls, o 0ls, © 7r5|Hg (see Proposition
and |(v)]), we obtain (i).
(ii) follows from Proposition (vi).

To verify (iii), assume that v is a simple beta-number. Then (S,, 0) is a subshift of
finite type (see e.g. [BI89, Proposition 4.1]), and therefore o|s, is open (see e.g. [URM22,
Theorem 3.2.12]). By Lemma and Proposmon EP we know that 75| wy and hgsls,

S

are homeomorphisms. It follows that Tj| ") = hsls, oo

o 7T5|Hv is open. O

3.3. Cylinders.

Definition 3.23. Fix § > 1 and n € N. A length-n prefix (€1, ¢€,...,¢,) is said to be
[-admissible if €; ... €, (0)> € m3([0, 1)).
For each [-admissible length-n prefix, we define the corresponding n-cylinder to be
I(er,€,...,6n) ={x €10,1) : gi(x,5) = ¢; for all 1 <i < n}, (3.18)

and if Tg(I(e1, €2,...,¢€,)) = [0,1) we say that the cylinder I(ey, €a,...,¢,) is full. Let W™
denote the set of all n-cylinders, and let W' denote the set of all full n-cylinders.

Note that the n-cylinder I(eq, €s, ..., €,) is a left-closed and right-open interval, with the
left endpoint

a,@2, ;5 (3.19)

For each n € N and each I™ € W", let " denote the closure of I™. Denote I"tobe I"
excluding its left endpoint. If m € {1,...,n} and I" € W™, we write T3 I" — I for the

continuous extension of T/;T”| m to 1. Moreover, for each function ¢: I — R, we define

m—1
S =Y _ ¢ Th pn. (3.20)
i=0
Proposition 3.24. Fiz § > 1, n € N, and I" = I(e,...,€6,) € W". For each i €
{1, ..., n—1}, denote I"™" == I(€;51, - .., €).
(i) For each m € {1,...,n — 1}, (€my1,---,€a) 15 a B-admissible prefiv and Tg*(I") C

m—m,

(i) Ifme{l,....,n} andx, y € 1", then T3 (y)=Tgm (x) = B™(y—x). Consequently,
Tg'm 1s continuous and strictly increasing.

111 en> then (€1, ..., €41 S orb e ..., €q— 1} with the right endpoint

(iti) [fen > 0, then I(cr, ..., eu1, b) € Wg forb € {0,..., eq—1} with the right endpoi
Sy a/Bi+ (b4 1)/6m
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(iv) If I" € W, then there is a Tj .-fized point in 1"
(v) There exists m € {0,1,...,n} such that T} . (Tn) = [0, Uz (1)].

(vi) Tg}“ﬁl Tgl.n m O Tg on 1" for eachm € {1,... . n—1} and each k € {1, ..., n—
(vii) For each m € {1, ..., n}, Tg4. = Ug* on I
(viii) [0,1) = |jmewn L™ and (0,1] = | neyn I™, where L means the union of disjoint
sets.

(ix) T,"(0) ~ {1} = { 5 (0) 1" € W"} and
{ ,BI" X c TB}[H (Tn), " e Wn}
for each x € (0, 1].

Proof. Denote 7j(1) = ajay ... in this proof. Recall that (73 o Tp)(z) = (0 o 7r5)( )

and (hg o m5)(x) = x for each z € I (see Proposition [3.9|[(iii)] and [(iv)). By (3.18) and
Proposition (3.9 E . x € I" if and only if

€1€2...€,(0)> 2 mg(z) < €169 .. (e, + 1)(0)™. (3.21)

(i) Fix arbitrary « € I™. Then (3.21)) holds. For each m € {1, ..., n — 1}, we have
ms(Tg' () = o™ (ms(w)). Hence €1 ... 6,(0)* 2 ma(T5 (7)) < €myr - .- (6x +1)(0)>, and
thus T3*(z) € I"™™. By the arbitrariness of x € I", T*(I") C I"™™.

(ii) For arbitrary =,y € I", assume that mg(z) = € ... 2129 ... and ws(y) =

UiV ... Soy—x = hs(ms(y)) — hs(ms(x)) = B> B7(y; — x;) and by

Pr(.)i)osmlon E and -
T5'(y) — T5'(x) = hglo m( 8(y))) — hg(o™ (mp(x)))

=" ”ZB yi — ;) = " (y — x).

Since T is the continuous extension of 73| to T", then (ii) follows.

(iii) Fix arbitrary b € {0, ... —1}. Wiite y, = Y07 /B + b/B" and 2, =
Sl e/ BA-(b+1) /8™, Since (61, . en) is f-admissible and b+1 < ¢,, we have y;, < 2, < 1.
Then 7g(yp) = €1...€,-16(0)> and Wg(zb) =€1...6,-1(b+ 1)(0)*. Since 7z is strictly in-
creasing (see Proposition B.9[(vi)]), I(e1, ..., €n1,b) = [y, 2) and diam I (e, . .., €,1,b) =
B~". Moreover, Tg(I(e1,...,€,-1,0)) = [0,1) by (ii). Therefore I(ey,...,€,-1,b) € Wg
with the right endpoint z,.

(iv) By (ii), T4 n is continuous. Since I™ is a full cylinder, then T 1. (I") = 15 (1) =
T g([ ny=1D2 1", so by the intermediate value theorem, T% 1 has a fixed point.

(v) Denote

m =max({j € N:¢,_j4; =a; forall 1 <i<j}U{0}).
Let y be the left endpoint of I™ and z = hg(A) with

A=e ... enmms(l) =€ ... € Amy1 Gnya - (3.22)
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We first check that A € Sz. Fix k € Ny arbitrarily. If & <n —m, then €pil -y €q(0)° <
ai ... ap—(0)> by the maximality of m and Proposition (vi)} Soo*(A) < m5(1). If k>
n—m, then o*(A) = gk=(n=m) (m5(1)) = m5(1) by @I) and Proposition|3. l(v_1)| We obtain
A e Sz by @ . Since hg(A) =z and A =€ ... ,,75(1), by Proposition |3_|H Gv)}
and A= 7p(2).

Consider arbitrary x € I", then mg(z) € Sp by Definition (3.6 So 0"~ "™(ms(7)) = m3(1) =
o"~™(A) by Proposition [3.15] (ii) and (3.22). Combining this with the fact that the first
n —m terms of ms(z) and A coincide (see ([3:21)), we get mz(z) = A. Since hg is non-
decreasing (see Proposition 3.9[(x)), z < z = hB(A) for all x € I by Proposition [3.9)|(vi)|
Consider arbitrary w € [y, z). By Proposmonn (vii), m5(w) 2 m5(2) = A 2 mp(z). Hence

w e I" for all w € [y, 2 by-

By our dlscussmn above z is the right endpoint of I™. Moreover, by (ii) and Propo-

smon Em b 1% i n is a closed interval with the left endpoint 0 and the right
endpoint 8"(z — ) g (hg(wﬁ(l))) = hg(o™(m3(1))) = U (1).

(vi) Fix m € {1,...,n— 1} and k € {1, ..., n — m} arbitrarily. By (i), we have
Tg”(]”) C Jmn, Thus we have T[';“J}Z” = Tkln,m o Tim on I™ since Tgﬁ” ng+m’
T3, = Tg on I"™ and Tﬂ pm—n = T§ on I""(2D T5"(I")). For y the right endpoint of I",
and arbitrary x € I", by (ii) we have

Tit(y) — Tgp'(w) = B (y —2)  and
(Tﬁk,lnw © Tﬁrlen) (v) — (Té“,znfm © T,B,I”) () = TBk,I"*m(x + 8"y — 1)) — Té“,znfm (x)
= "™ (y — x).

Therefore, (vi) holds.

(vii) Fix m € {1,...,n} and let y € I". By (ii) and Lemma (iv), we obtain
Tgfln(y) = lim, », Tg}ln(x) = lim, », Tgb(x) = Ugl(y)

(viii) By (3.18)) and Proposition B.9|[(vi)| I NIy = @ for each I}, I € W™ with I} # I3
For each = € [0,1), assume 7mg(x) = ayas...a,.... Then z € I(al,.. ,an). So [0,1) =

Llmewn I Since I™ is a left-closed and rlght open interval and I" is defined to be T"
excluding its left endpoint, it follows immediately that the second identity in (viii) holds.

(ix) Consider arbitrary y; € Tj;"(0) \{1}. There exists a unique /"™ € W™ satisfying y; €
I" by (viii). So T§ ;a(y1) = T§(y1) = 0. Hence by the arbitrariness of y; € T,;"(0) \ {1},
T™(0) {1} € {T57.(0) : " e W™},

Fix arbitrary I" € W". By (v), 0 € T§n (.7") Write ya = T, 7.(0) by (ii). Then ys
is the left endpoint of 1™ by (ii) and (v). Moreover, yo # 1 and T3 (y2) = T§ 1u(y2) = 0.
Hence by the arbitrariness of I™ € W™,

5 (0) N {1 2 {T57.(0) : 1" € W™}
The first part of (ix) follows.

Fix z € (0,1]. Consider arbitrary z; € Uz"(x). Since 0 is a fixed point of Uz (see (3.2)),

we get 2z, € (0,1]. There exists a unique I™ € W™ satisfying z; € I" by (viii). By (vii),

T§ (1) = Ug(21) = x. Hence by the arbitrariness of 2, € Ug" (%),

C{T; 1 (x) cx € Tpm (1), I" € W™}
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Fix arbitrary I" € W" satistying = € T} . (Tn) Write 2, = Tj 7. () by (ii). Then since

€ (0, 1], z, is not the left endpoint of I" by (ii) and (v). Moreover, Ui(z2) = Th n(22) =2
by (vii). Hence,
2 {Typ(2) s € Tym(I7), I" € W}

The second part of (1x) now follows. O
We will need the following standard lemma. Recall that S, ¢ is defined in (3.20)).

Lemma 3.25. Fiz 8 > 1. Suppose o € (0,1] and ¢ € C**(I). For alln € N, I" € W™,
and x, y € Tn, we have
[6]a |

Sue6a) = Snblw)] < 500

Proof. By (3.20)), (3.18)), and Proposition [3.24] (ii),
n—1

(S 1 6(@) = Sn 1 6()] < |6l Z!Tg,]n () = T (v)|”

= |}]a Z’TB m(r) = Tg (y){a/ﬁ(n_i)a

o e
g -

4. MAXIMIZING MEASURES

TG (@) = T ()] 0

In this section, we introduce the notion of limit-mazimizing measure, which will be useful
for a dynamical system, such as T3, whose set of invariant measures is not necessarily weak*
compact. For § > 1 and ¢ € C(I), we first show that the existence of a maximizing measure
for (1,Us, ¢) is equivalent to the existence of a maximizing measure for (X3, 0, ¢ o hg). We
then prove that a measure is limit-maximizing for (1,7}, ¢) if and only if it is maximizing

for (1,Us, ¢).

Definition 4.1. Let T: X — X be a Borel measurable map on a compact metric space
X. For a Borel measurable function ¢: X — R, a probability measure p is called a
(T, ¢)-limit-mazimizing measure, or simply a -limit-mazximizing measure, if it is a weak*
accumulation point of M(X,T) and [ dp = Q(T,v). We denote the set of (7', 1))-limit-

maximizing measures by M3 (T,v).

Clearly, Myax (T, 1) € M2 (T,1)). For § > 1, let us write

max

Zg={x €I :mg(x) # mp(x)}. (4.1)

The following lemma collects together some basic properties of Zg.

Lemma 4.2. Gwen 3 > 1, the following statements are true:
(i) Zs = (UnGN TB_”(O)) N A0} = Upen U/g”(l) and in particular Dg C Zg.
(ii) h ( ) =ms(W)Ums(W N Zg) for each W C I and mp(Zs) N75(1) = 0.
(iii) ]fxEI\Zg, then Tg(x) = Ug(x) for alln € N.
)

(iv) mg and 7 are continuous on I \ Zg.
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(v) w(m5(Z5)) = 0 for all p € M(Xp,0).

Proof. (i) Fix arbitrary € I. By (4.1), Proposition and Lemma , x € Zg if
and only if there exists n € N and z1,..., 2, € N with 2, > 0 such that
m(x) = 21 ... 2,(0).

By Proposition and Th(xz) = (T§ o hg o mg)(xz) = (hg oo™ omg)(x). So

the condition above is equivalent to the condition that there exists n € N such that x €
T5m(0) N Tg(nfl)(()). Hence

Zs = | J(T;7(0) ~ T; " (0) (UT )\{0}
neN neN

Similarly, we can prove that Zg = (J,cy Ug"(1). In particular, by Proposition m (1),
Dy =Uz'(1) C Zg.

(ii) Fix arbitrary W C I. By Proposition we have hgl(W) = mg(W) Ums(W).
By (4.1),

hg' (W) = w5 (W) Umg(W) = m5(W) U (ma(W N\ Zg) Ums(W N Z5))
= (ms (W) Ums(W N\ Zg)) Umg(W N Zg) = mi(W) Umg(W N Zg).

For each A € m3(Z3), A has finitely many nonzero terms and (0)* ¢ mg(Z3s) (see Propo-

sition and Lemma . By Proposition , and Lemma , m5(r) has
infinitely many nonzero terms for all x € (0,1] and 73(0) = (0)*°. The second part of (ii)
follows.

(iii) By Proposition and [(v)] for each z € I,
T§(x) = (T§ o hgomg)(x) = (hgo o™ omg)(z) and
Ug(z) = (Ug ohgo 71';) (z) = (hgoo™o 772) (x),
so these, together with (4.1]), give (iii).

(iv) Assume that z € (0, 1] \ Zg, so that mg(z) = mj(x) by (4.1). From the fact that 7
is left-continuous, the fact that 75(y) < m3(y) for all y € I, and the fact that 7 is strictly

3
increasing (see Proposition [3.9 Eé | and [(vi)), we have

Th(w) = i% ma(y) =X ?51/12 ms(y) =X ma(w).

So limy, », mg(y) = m3(x). Combining this with the fact that 7 is right-continuous on [0, 1),
and that x € (0,1] \ Zz was arbitrary, we see that 7z is continuous on I \ Zz. The fact
that 7 is continuous on I \ Zg can be proved similarly.

(v) If x € Z3 then (0)> € O%(ms(z)) by Proposition and Lemma [3.8] So

7y C (L:Jla—”<<o>°°>) < {0}, (1.2

If 4t € M(Xs,0) and n € N, then p(o="((0)®)) = u({(0)=}) and (0)> € o~"((0)>). This

implies that N
u((U O]~ (10)) =0,

and therefore p(m3(Zg)) = 0. O
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Now we consider the relation between M (I, Us) and M(Xp,0).
Notation. Fix § > 1. Define
GBI M([, U@) — ./\/l(X,g?a)

to be the pushforward of 73, in other words,

o -1

o) (Y) = p((75) (V) (43)
for each p € M(I,Us) and each Borel measurable subset Y C X4. By Proposition ,
it is straightforward to check that G is well-defined. Define

Hg: M(XQ,O') — P(I)
by
Hy(0)(W) = v(hy™ (W) (1.4)
for each v € M(Xp,0) and each Borel measurable subset W C I.

Proposition 4.3. If 3 > 1 and ¢ € C(I), then the following statements are true:
(i) Hg is a homeomorphism from M(Xg,0) to M(I,Ug) with respect to the weak*
topology, with GEI = Hj.

(il) M(I,Up) is compact in the weak® topology.

(lll) Q(U,Ba ¢) = Q(O—|Xﬂa ¢ o hﬁ) and Mmax(U,Ba ¢) = Hﬁ(Mmax(o_’Xga ¢ o hﬁ)) 7& @
Proof. (i) By Proposition , o(ms(I)) € m3(1). Applying Lemma (ii) to W =1,
we have Xz = 75(I) U mg(Zs). Thus, by Lemma (v), we have that M (73(I),0)
can be naturally identified with M(Xgs,0). More precisely, pu(-) — p(- N aj5(1)) is a
homeomorphism from M (75(1),0) to M(Xs,0). So Hz can be seen as the pushforward
<1y from M (m5(I),0) to P(I). Proposition implies that Hgz(M(Xp,0)) C
M(I,Us).

For each K € M(I,Us) and each Borel measurable subset Y C Xg, by . ) and Propo-

sition m and m we have
Go()(Y) = u((75) 7 (V) = u((3) " (Y nws (D)) = p(hs (Y nas(D))). (4.5)

Hence we derive that (HgoGp)(pn) = p for all p € M([ ,Ug). More precisely, for each Borel
measurable subset W C I, by (4.4), (4.7]), Lemma [4.2] (ii), and Proposition

(Hs 0 Gg)(n)(W) = Ga(p) (hg' (W)

For each v € M(X3, o) and each Borel measurable subset W C I, by (4.4)) and Lemmal[4.2(ii)

and (v), we have

Hy(0)(W) = v(h (W) = v(m3 (W) Uns(W 11 Z5) = (V). (4.6)



22 ZELAI HAO, YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

Hence we derive that (Gg o Hg)(v) = v for all v € M(Xg,0). More precisely, for each
Borel measurable subset Y C Xg, by (4.3) and (4.6),

(Gp o Hp)(v)(Y) = Hp(v)((m5) (Y)) = v(m5((m5) (Y))) = v(Y).
By the above, and Proposition Hg is a continuous bijection from M(Xpg,0) to
M(1,Up).
The weak® compactness of M(Xpg,0) follows immediately from the compactness of Xp
and the continuity of 0. By [Wa82, Theorem 6.4], the set of probability measures on [

is Hausdorff in the weak* topology, hence M(I,Up) is Hausdorff, and therefore Hy is a
homeomorphism from M(Xp,0) to M(I,Up), with G5! = Hp.

(ii) follows immediately from (i), and the weak* compactness of M(Xg,0).

(iii) Since Gp is the pushforward of T, for each p € M(Xg3,0), by Proposition
and statement (i), we have

Joataw) = [(@onsom)aan) = [ Gonna(GaoHau= [ Gohaan
I I Xg Xg
By (i), we obtain the required identities

Q(Uﬁv ¢) = Q(O-|Xﬁ’ ¢ © hﬁ) and MmaX<U57 ¢) - H,B<MmaX(J|X57 ¢ © hﬁ))

Since M(X3,0) is weak* compact and hg is continuous (see Proposition , the set
Muax(0]x,, ¢ © hg) is non-empty. O
Proposition 4.4. If 3 > 1 and ¢ € C(I), then the following statements are true:

(i) M(I,Up) is equal to the weak* closure of M(1,Tg).

(i) Q(Ts, ¢) = QUs, ¢).

(ii)) Miox(T3, ¢) = Mumax(Us, ).

Proof. If 3 is not a simple beta-number, then M(1,Ts) = M(I,Usp) is weak* compact (see
Proposition [3.13] (iv) and Proposition [£.3) (ii)). So (i) holds and both (ii) and (iii) follow
immediately from (i).

If 8 is a simple beta-number, by Proposition (v), it suffices to prove that Hoy1y s
contained in the weak* closure of M(I,Tp). Note that O4(1) and O7(73(1)) are periodic
orbits of Us and o, respectively. By [Si70, p. 249], the periodic measures are weak® dense
in M(X3,0), so there exists a sequence of periodic orbits {O,} of (X3, o) satisfying:

(a) On # O%(75(1)) and O,, # {(0)>} for all n € N, and

(b) pe, converges to 107 (x3(1)) in the weak* topology as n tends to 4o0.

Since O, is periodic and (0)® ¢ O,, by (4.2)), we have O, N 73(Z5) = 0. Recall that
Xp=m5(I) Ums(Zp) (see Lemma (ii)), so O, C m3(I).

By Proposition , each hg(0,) is a periodic orbit of Ug and hg (07 (75(1))) = Oj(1).
By Proposition 4.3( (i), Hg(po,) = fins(0,) then converges to Hg (,uoc(7r (1))) = poy,(1) in the
weak™ topology, and hs(0,) # Op(1) for each n € N. But Hg(no,) € M(I, Tﬁ) for each

n € N, by Proposition (iii), so (i) follows. Both (ii) and (iii) follow immediately from
(). O
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5. THE MANE LEMMA

The purpose of this section is to prove a version of the Mané lemma for beta-transformations
(Theorem [5.9), and derive a revelation theorem (Theorem , an important consequence
regarding the support of a maximizing measure. A key tool is to introduce an operator
analogous to the one used by Bousch [Bou00], and show (Proposition that it has a
fixed point function with certain regularity properties (following [GLT09], this fixed point
can be referred to as a calibrated sub-action).

For a Borel measurable map T': I — I, and bounded Borel measurable function ¢: I —
R, to study the (7', t¢)-maximizing measures it is convenient, whenever possible, to consider
a cohomologous function v satisfying ¢ < Q(7,v). We recall the following (cf. [Jel9,
p. 2601]):

Definition 5.1. Suppose T': [ — [ is Borel measurable, and ¢: I — R is bounded and
Borel measurable. If ¢ < Q(T, ) and ¥~ (Q(T,+)) contains supp u for some p € M(I,T),
then v is said to be revealed. If Q(T,1)) = 0 then v is said to be normalised; in particular,
a normalised function v is revealed if and only if ¢ < 0 and ¢ ~1(0) contains supp u for
some p € M(I,T).

Lemma 5.2. Suppose T': I — I is Borel measurable, ¢p: I — R is bounded and Borel
measurable, and My (T, ¢) # 0. Denote ¢ = ¢ — Q(T, ¢), and suppose ¢ = ¢+u—uoT
for some bounded Borel measurable function uw: I — R. Then the following statements are
true:

() Q(T.9) = Q(T.9) = 0. )
(ii) Minax(T, ¢) = Muax(T, ¢) = Munax(T, ¢).
(iii) Ifz € I is such that ¢ < 0 and O (x) C ¢=(0), then OT(z) is a (T, §)-mazimizing

orbit.

Proof. (i) and (ii) follow from (L.1), (1.2)), and the fact that
/(Zdu: /(a—i—u—uoT)du: /5(1# for all p e M(I,T).

If ¢ < 0 and O7(z) C ¢ 1(0), then 0 = 15T¢(x) = LSTG(x) + L(u(x) — u(T™(x))) for

n

all n € N, and (iii) follows from the fact that u is bounded. U
The following operatoxﬂ L, is an analogue of the one used by Bousch in [Bou00).

Definition 5.3. Let ¢: I — R be bounded and Borel measurable. For g > 1, define
Ly: RT — R by

max (u+v)y)  ifxe(0,1]
yeU; ' (x)

max (u+)(y) ifz=0.
e ' (0)~{1}

Note that if u: I — R is bounded then so is £, (u). By (5.1) and Proposition (ix),
an equivalent definition of £y, is

Ly(u)(z) == max {(u+)(y) : y = Tﬁ’,}l(a:), I'ew'}. (5.2)

®Although non-linear, the operator Ly, is tropical linear (see e.g. [LS24] for further development of this
tropical functional analysis viewpoint; see also [BLL13]).

£(u)(x) = (5.1)
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Lemma 5.4. If f > 1 and ¢: I — R is bounded and Borel measurable, and v = ¢ —
Q(T3,%), then the following statements are true:

(i) Ifr €I, neN, and u: I — R is bounded, then

Li(u)(z) +nQ(Ts, ¥) = Ly (u)(x) = max{u(y) + Surmip(y) 1y = Ty 7 (x), I" € W™}

ii)
#(0)(2) = max{ Sy m(y) 1y = Ty ful(x), " € W"} = maX{Sgﬁw(y) y e Us"(x)}
(ili) For alln € N,
£7(0)(0) = max{Spm(y) : y = T57.(0), I" € W'} = max{S,(y) : y € T3"(0) ~ {1} }.
)

(iv) Ly(Supyeav) = sup,eq Ly(v) for any collection A of bounded real-valued functions
on I.

(V) If {un nen is a pointwise convergent sequence of bounded real-valued functions on

I, then lim Ly(u,) = ,Cw( lim un), where lim denotes pointwise limit.
n——+o0o n—+4o00 n—+00

Proof. (i) The first equality in (i) is immediate from (5.1) and the fact that ¢ = ¢ —
Q(T3,7), and the second is easily proved by (/5.2), Proposition m (vi), and induction
(cf. e.g. [IMUO6, IMUOT]).

(ii) The first identity follows immediately from (i). For each n € N, each z € (0, 1], and
each I" € W™, by Proposition (it) and (v), Ty 7n () is not the left endpoint of I". So
by Proposition [3.24] (vii) and (ix), we obtain

maX{Sanw(y) ry=Tya(z), I" € W"} = max{Sgﬁw(y) ry="Tym(x), I" € W”}
U, -n
= max{S,"Y(y) : y € Us"(x)}.

(iii) The first identity follows immediately from (i). For each n € N, each x € (0, 1], and
each I"™ € W™, by Proposition (ii) and (v), T57.(0) is the left endpoint of I". So by
Proposition [3.24] (vii) and (ix), we obtain

max{ S, (y) 1y = T3 7. (0), I" € W"} = max{S,¥(y) : y = T57.(0), I" € W"}
= max{S,(y) : y € T;"(0) ~ {1} }.

(iv) follows readily from the fact that ¢ 4+ sup,c 4 v = sup,c4(¥ + v), and

max  sup(¢+o)(y) =sup  max (¢ +0)(y).
=T 1 (2), I'EW! veA veAy=T ], (2), ['eW?

(v) Define v: I — R by v(x) = lim, o un(x) for all x € I. Fix arbitrary x € I and
e > 0. Then there exists N = N(z,¢) € N such that if n > N then |u,(y) — v(y)| < € for
each of the finitely many pre- 1rnages y e {T} 5. () It e Wy,

Fix n > N. Let y1, yo € {T 511 1Y € W} satisfy Ly(un)(z) = (¥ + u,)(y1) and
Ly(v)(x) = (¥ +v)(y2), so that
(Ly(un) = Ly(0)) (@) < (@ +un)(y1) = (@ +0)(41) = un(yr) —v(yr) <e  and
(Ly(un) = Ly(©))(@) = (Y + un)(y2) = (¥ + 0)(y2) = un(y2) — v(y2) > —€.
Then (v) follows. O
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Notation. For > 1 and « € (0, 1], we write

1
Kop = oy
Lemma 5.5. Suppose 3> 1, a € (0,1], ¢ € C¥*(I), and n € N. Then
Lh(u)(z) = LY(u)(y) = —Kap(|9la + ula)|z —yl|® (5.3)

for all u € C**(I), and all x,y € I with x < y.
If, moreover, for all 1 < i < n the interval [z,y) does not contain Ué(l), then

|£5(u)(@) — Lg(u)(y)] < Kap(|la + [ula)e —yl™. (5.4)

Proof. Suppose u € C%(I) and z,y € I with z < y. By Lemma (i), there exists
I"eWmand y € I" with ¢ = T} 7 (y) such that

L3(u)(y) = uly) + Snrmo(y). (5.5)

Since x < y, Proposition m (v) means that x € Tg 1 (Tn) as well, so 2’ .= T 7. (7) € 1"
and

ﬁ”( )(@) 2 u(@) + S (). (5.6)

Combining (5.5 . and ({ gives
L5(u)(x) — Cg(U)(y) 2 Snn (@) +u(a’) = Spmd(y) — uly’). (5.7)

Since #/,y' € T, Lemma gives
Snin (') = Spmd(y') = —Kapldlalz —yl|* (5.8)

Now u € C%(I), so u(z') — u(y’) = —|uls|z’ — ¢/|* and |2’ — ¢/| = 37"|z — y| by Proposi-
tion [3.24] (ii), so u(z') — u(y') = —|ulaf*|z — y|*. But f7"* < Kq4, so

u(a’) —u(y') = —Kaplulalz —yl|*. (5.9)

Combining (5.7)), (5.8)), and (5.9)) gives the required inequality ([5.3)).
A similar argument can be used to establish the bound (5.4). Specifically, suppose

that z,y € I and n € N are such that [z,y) N {Us(1) Us(1)} = 0, so that, by
Proposition (v), if I" € W™ then z € T% 1. (Tn) if and only 1f yeTlgm (7”)
By Lemma [5.4] (i) there exists some I" € W™ and «” € T" with 2" = = T, 1n (), such that

L3(u)(x) = Snmo(z”) + ula”).
Defining y" =T 5 7n(y), an argument analogous to the one above, using Lemma and
Lemma [5.4] (i ), then gives

Ly(u)(x) = LE(u)(y) < Spmd(2”) +u(@”) = Spmd(y”) — uy”)
< (B = 1) Yolalz — yl* + Julala” — "
< (B = 1) Ylalz — yl* + JulaS7x — y|*
< (B =17 (|¢la + [ula) ]z —y[*

= Kap(|¢la + |ula)z —y[*,
and ((5.4) follows. O
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Of particular interest in the following Corollary [5.6] will be the choice v = 0, the function
that is identically zero on I, and evaluation of (5.3) at either endpoint of I:

Corollary 5.6. Suppose 3> 1 and a € (0,1]. If ¢ € C**(I), n € N, and x,y € I, then
L£3(0)(0) = L5(0)(y) — Ka,l¢la; (5.10)
L£3(0)(z) = L5(0)(1) — Ka5l¢]a- (5.11)

Proof. If y = 0 then clearly holds. If y > 0 then follows from with z := 0

and u = 0, since in this case |ul, = 0 and |z — y|* < 1. Similarly, if x = 1 then (5.11)
clearly holds, and if z < 1 then ({5.11]) follows from (5.3)) with y :== 1, u := 0. O

We are now able to find a fixed point ug of the operator L3:

Proposition 5.7. Suppose 8> 1 and a € (0,1]. If ¢ € C¥*(I) then the function ugs: I —
R given by
ug(x) = limsup L3(0)(z), z € I, (5.12)

n—-+o0o

where ¢ = ¢ — Q(Tp, d), satisfies the following properties:

(i) ug is Borel measurable and |ug(x)| < 3K, |¢la for each x € 1.

(ii) If a € (0,1] then limg »q uy(z) exists, and satisfies lim, »q ug(z) > ugp(a). If a €
0,1) then lim,~q ug(x) exists, and satisfies ug(a) = limgq, ug(x). In particular, if
a € (0,1) then

li}n ug(x) = ugla) > li{‘n Ug (). (5.13)

(iil) Jug(z) = ug(y)] < Kapldlalz —y|* if 0 <z <y <1 satisfy [z, y) N Op(1) = 0.
(iv) Lz(ug) = ug.
Proof. For each n € N and x € I, we write
pn(x) = L3(0)(x) and qn(x) == sup pp,(x). (5.14)

m>=n

Note that, for each x € I, the sequence {g,(z)}nen is non-increasing and

ug(x) = lim g,(x) = limsup p,(z).

n—+00 n—+oo

(i) Fix n € N. By (5.4), p, is continuous at all points except for Ug(1),...,Ug(1),
and hence Borel measurable. Combining this with (5.12)), us is Borel measurable. By
Lemma [5.4| (iii), there exists an n-cylinder I" = I(aq, as, ..., a,) such that

where
ay Qp, —n
yn:zﬁ—f—”.—i_EETﬁ (0) ~ {1}. (5.16)
Define
k:=min{i e Ng:a; =0foralli+1<j<n} (5.17)
Case 1. If k =0, we get that y,, = 0 and since 0 is a fixed point of T,
Pn(0) = ne(0) < 0. (5.18)

Case 2. If k > 0, y, is the right endpoint of a k-full cylinder I* := I(ay,...,ax — 1)

by Proposition M (iii) and hence by Proposition M (iv) there is a Tg pe-fixed point z,
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in T". By (5.16 Tglk( n) = Zn < Yn < 1. So by Proposition [3.24] (ii) and (v), we have

2, € IF and Té“ n) = TB,Ik
Sk1x0(2n) = Sid(20) < kQ(Tp, ¢) = 0. (5.19)
Since 0 is a fixed point of T, ¢(0) < Q(Ts,#) = 0, and hence combining this with the fact
that 75 (yn) = 0 (see ), we obtain
Snd(Yn) = Skd(yn) + Sutd (T3 (yn)) = Sed(yn) + (n — k)
E);n(lfegli(rylgl. OTf}?éne?);hPOr;(isiifn ?fﬂw(ii?ivjvg ﬁgf? -
Skb(Yn) = Sk B(yn) = Sk.1+6(Yn)- (5.21)
Combining (5.15)), (5.20)), (5.21)), Lemma [3.25, and ([5.19)) gives
Pn(0) = Snd(Yn) < Skd(Yn) = Sk.1td(Yn) — Skx(2n) + Sex0(2n) < Kopldla-  (5.22)
Combining Corollary , , and gives
Pn() < pu(0) + Ko pldla < 2Kapldle forallz € I,n €N,
so from we deduce the upper bound
ug(x) < 2K, |¢l, forall x € 1. (5.23)

(zn) = zn. Moreover,

B(0) < Skd(yn). (520
'(y,) for each 0 < i < k—1

We now seek to derive a lower bound on ug, via a lower bound on p,(z). Note that
Q(Us, ) = Q(Ts,¢) = 0 (see Proposition (ii)), therefore Q(UB,Sgﬁa) = 0 for all
n € N. Fix an arbitrary n € N. So by Proposition (iii) there is a probability measure
€ Muax(Us, ¢) such that [, S Vb du = 0, and comblnmg this with the fact that S, j»¢
is the continuous extension of (.S, Sn? ®)|7. (see Proposition (vii)), we obtain

0 < sup{Sgﬁa} = max{S, mo(w) : [" € W", w € I"}.
zel
So there exists I™ € W™ and w,, € I"™ with

S m@(wy) = 0. (5.24)
Defining y := T} ;. (w,), Lemma (i) and (5.24)) give
L3(0)(y) = max{ S, mo(w) : w = Tyta(y), I" e W"} > S m@(wy) = 0. (5.25)
Combining (5.14)), Corollary [5.6] and (5.25) gives
pn(0) = £2(0)(0) > £2(0)() — Kasl¥lec > —Keuplla (5.26)

Let 3, and k be as in (5.16) and (5.17). When k = 0, we get y,, = 0 and p,(0) = ne(0).
Notice that 1/4™ is the right endpoint of I™ = (0,...,0), combining this with (5.26] gives

1) 2 6(1/8) = pal0) = [¢la > BT > —2K4 5|60
i=1 i=1

When k > 0, by Proposition [3.24] (iii) and (5.16), we have the full n-cylinder
J"=1(0,...,0,a1,aq,...,a, — 1) € Wy,
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with the right endpoint equal to y, /8" %, so since a; > 0, Up (yn/ﬁn_’“) = 1. Then by

and Lemma [5.4] (ii),
pa(1) = L£2(0)(1) = max{8."3(2) : 2 € U;"(1)} = Sué(yn/ 8" 7). (5.27)

Now by and ,
—k
S B/ B ) = S, Byn) + S, b (yn/ B ) = Skd(ya) Z (wa/B).  (5.28)

Note that ¢(yn/B°) — ¢(0) = —|¢|a(yn/B")" for 1 <i<n—k, so

n—k n—k
O(yn/B') = (n = k)B(0) = |8la > (wn/B)". (5.29)
i=1 =1
Since Z;:lk (yn/ﬁi)a <Y B =K, gives
n—k
D 6(ua/B) = (n = k)$(0) = Ko gldla- (5.30)
i=1
Combining (5.27)), (5.28)), (5.30) gives
Pa(1) = (n = k)(0) = Ko pldla + Skd(yn)- (5.31)
However, and together give
(n— k)@( ) + Sk (yn) = pn(0). (5.32)
So combining ([5.31] , and ([5.26]) gives
pn(l) = pn( ) - Oé7ﬁ|¢|a = _2Ka,5|¢|a' (533)

If 2 € I then (5.14)), Corollary [5.6] and (5.33) give

pa(®) = LE0)(2) = L3(0)(1) — Kapldla = pa(1) = Kaplla > —3Kapldla.  (5.34)
By (13 and G20,
ug(r) = —3K45|0|a- (5.35)

The bounds (5.23)) and (5.35)) together give the required inequality |ug(x)| < 3K, 8|¢a, SO
(i) is proved.

(i) If x < y then taking u = 0 in Lemma [5.5| gives
L£5(0)(z) = LE(0)(y) — Kapldlalr —yl|*,
and taking the limit supremum, together with ([5.12]), gives

u(z) 2 ug(y) — Kapldlalz —y|*. (5.36)
If a € [0,1) then in particular holds for all @ < x < y, so taking liminf,\ , gives
tm i g () > 15(4) ~ Keosllale — I (5:37)
and taking limsup,\ , in gives
lim inf ug(x) > lmsup ue(y), (5.38)

z\a y\a
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so lim,~ , ug(x) exists, as required. Now setting x = a in (5.36]), and taking lim,\ , us(y),
gives that

ug(a) = limuy(y), (5.39)
y\a

as required.
If a € (0, 1], an analogous argument shows that lim, », ue(x) exists, and moreover

:IE% ug(z) = uy(a). (5.40)

If a € (0,1), the required inequality (5.13)) is immediate from ([5.39)) and (5.40)).
(iii) Now suppose z,y € I with x < y and [z,y) N Oj(1) = 0. For any € > 0, by (5.14)
and (5.12)) there exists NV € N such that |py(z) — us(z)| < € and gn(y) — uy(y) < €, so
up(2) = up(y) < pn(x) = an(y) + 26 < py(2) — pn(y) + 26 < Kapldlalz —y|* + 26, (5.41)
where the final inequality uses (5.4). Similarly, there exists M € N such that |py(y) —
ug(y)| < € and gup(z) — ug(x) < €, and an analogous calculation gives
U¢(£L‘) - U¢(y) P _Ka,ﬁ|¢|a|w - y|a — 2e. (542)
Since € > 0 was arbitrary, (iii) follows from (5.41)) and (5.42)).
(iv) If € I then by Lemma [5.4] (iv), (v), and (/5.14)),
Lyug)(x) = L5( lim gn)(x) = lim ﬁg(igli L3(0)(x))

= lim (sup ﬁg“(O)(x)) = ngrfoo On+1(x) = ug(2). O

n—-+oo m>n

The following construction of the regularisations of the function u, is key to our revelation
theorem (Theorem [5.10)).

Definition 5.8. Fix 8 > 1 and a € (0,1]. For each ¢ € C%*(I), let u, be the function
defined in (5.12). Since Uy is left-continuous and upper semi-continuous on (0, 1], we define
a sub-action for (Ug, ¢) by

_ ug(0 if x =0,
ug (7)== 1%’( ) , (5.43)
imy ~ ug(y) if 2 € (0,1].
Since T} is right-continuous and lower semi-continuous on [0, 1), we define a sub-action for
(T, ¢) by
li if 1
uh () = 4 wly) o ifeel0d), (5.44)
’ limys 7y 1) ug(y) — ¢(1)  ifz =1

We define the left-continuous revealed version 5‘ and the right-continuous revealed version
¢" by
o ::$+ugy¢ —ug 40 Usg, (5.45)
ot ::$+u;¢ —uf 40 Tp (5.46)
We are now able to prove a Mané lemmaﬁ for beta-transformations, involving the above
sub-actions and revealed versions.

5The term Masié lemma originated in [Bou0Q], in view of the resemblance to a result of Mané [Ma96)
Theorem B] in the context of Lagrangian flows.
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Theorem 5.9 (Mané lemma for beta-transformations). Suppose § > 1, o € (0, 1],
and ¢ € C%*(I). Then the following statements are true:

(i) ug, 4 is bounded left-continuous and upper semi-continuous on (0,1], and uj , is
bounded right-continuous and lower semi-continuous on [0, 1).
(ii) ¢~ <0 and ¢+ < 0 on I. The function ¢~ is left-continuous on (0,1], and ot is
right-continuous on [0, 1).
(iil) If the closed interval [x,y] C I is disjoint from the orbit Op(1), then

‘“E¢(x) - u/;qﬁ(y)‘ < Koglolalr —y|*  and (5.47)
[uf (@) = ()] < Kapldlalz —y|” (5.48)

Remark. If 8 is a beta-number, then Oj(1) is a finite set, and by Theorem (iii), the
functions ug , and uj , are piecewise a-Hélder.

Proof. (i) follows immediately from (5.43)), (5.44)), and Proposition [5.7] (ii).
(i) Since T3(0) = U(0) = 0 (see (3.1) and (3.2)), by (5.45) and -

¢~(0) = ¢*(0) = 9(0) < 0. (5.49)
By and Proposition (iv),
ugg(x) = max{d(y) +use(y) -y € Us' ()} for x € (0,1] and (5.50)
ug.4(0) = max{gb y) +upge(y) iy € T/;l(O) ~ {1}} (5.51)
So for all x € (0, 1], since Ug(z) € (0,1] (see (3.2))), then by we get
O() + ug (@) < upo(Us(w)). (5.52)

Combining this inequality with (5.45)), (5.43]), and Lemma (i), for all x € (0,1], we
obtain

6™ (x) = 6(@) + u 4(x) — w54 (Us()) < 0. (5.53)
Combining (|5.49|) and d5.53|) gives 5‘ <0on I. By and ,
6+ (1) = 6(1) + uj4(1) — uf 4 (Ts(1)) = 0. (5.54)

Fix z € (0,1). If Tg(x) # 0, then T(z) = Us(z) (see Remark [3.3) and by (5.52),
D(x) + up.0(7) < ug(Us(@)) = ugg(Tp(2)).
If Ts(x) = 0, then by (5.51)),

O(x) + upp(r) < upp(0) = ugy(Tp(x)).

Combining the two inequalities above with (5.46)), (5.44)), and Lemma (i), for all = €
(0,1), we obtain

o (x) = d(x) + uf 4(x) — ub,(Ts(x)) < 0. (5.55)

ombmmg , (15.54 :, and l} gives 5* < 0 on . The second part of (ii) follows
from (i) and Lemma 3.4] (i).

(111) Thls follows immediately from ((5.43)), (5.44), and Proposition (iii). O
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The importance of Theorem is in allowing us to establish a form of revelation theorem
(cf. [Jel9l Section 5]): the following Theorem localises the support of a maximizing

measure as lying in the union of the zero sets of the revealed versions ¢~ and 5*, and
reveals that individual points in the support of such a measure have their full orbit, under
either Uz or T}, contained in either (gb*)*l(O) or (gbf)fl(O) respectively. This latter fact

will be exploited in our proof of Theorem [I.2] more specifically in establishing the key
Lemma [7.14

Theorem 5.10 (Revelation theorem). Suppose f > 1, a € (0,1], ¢ € C**(I), and
€ Mumax(Ugs, @). Then the following statements are true:

(i) If # € supp pu, then either ¢~ =0 on Oj(z), or ot =0 on Op(x).

(ii) If 1 € supp pu then ¢~ =0 on Op(1).
In particular, supp u C ($+)‘1(0) U (5’)_1(0).
Proof. (i) Since ¢~ = ¢ + ug » — ug 40 Ug (see (5.45)) where ug , is bounded and Borel
measurable (see Proposition (i) and (5.43)), and ¢ = ¢ — Q(Ug, ¢) is normalised, it

follows from Lemma (i) and (ii) that Q(Us,¢~) = Q(Us, ¢) = 0 and My (Us, @) =
Munax(Us, ¢) = Minax(Us, ¢7). So

/5— dp = 0. (5.56)

Suppose = € supp i, so that p((x —e,x +¢€)) > 0 for all € > 0. Therefore, either
w((z —e,x]) > 0 for all € > 0, or p((x,x +¢€)) > 0 for all € > 0.
First suppose that

p((z — €, x]) > 0 for all € > 0, (5.57)
and in this case we aim to show that
¢~ =0 on Op(x). (5.58)
If x =0, then (5.57) means that ({0}) > 0, and since ¢ , it follows that

0—/¢ dp < u({0})3(0),

so that ¢~ (0) = 0, in other words ¢~ = 0 on {0} = 05(0), so ((5.58) holds.
If z # 0, we first claim that

1((y — €,9]) > 0 for all y € Oy(z) and € > 0. (5.59)

To prove (5.59), note that 0 ¢ Oj(z) since x # 0 (see Proposition (i)). Assume
that y € Op(z) then y = Uj(z) for some k € N. By Lemma (i), for all € > 0 there

exists § > 0 such that U§((z —d,z]) € (y —e€,y]. But p € ./\/l(I, Us), so (5.57)) implies that
w((y —ey]) = (Uﬁ_k( —e,y]) = p((z -4, x]) > 0. So holds.

Now ¢~ is left-continuous by Theorem [5.9| (ii), so if y € (9’ ' (x) were such that ¢~ (y) < 0,
then there would exist p,e > 0 with qb \(y—ey] < —p, and 1) would imply that

JEXE /( 5 < —pully —eal) <0,
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which contradicts 1-) So ~_( ) cannot be strictly negative, but on the other hand
gb < 0 by Theorem [5 . (ii), therefore ¢~ (y) = 0. Since y was an arbitrary point in Oj(z),

0 on Oj(z), which is the desired statement ({5.58).

we have shown that ¢~
Now suppose that

u((z,z+€)) >0 for all € > 0, (5.60)
and in this case we aim to show that
¢" =0 on Op(x).

Note that (5.60) implies that z # 1, and consequently 1 ¢ Og(z) by Proposition [3.13] (i).
By arguments analogous to the ones above, Lemma[3.4] (i) first implies that p((y,y-+e€)) > 0
for all y € Op(z) and € > 0, and then the right-continuity of u;f, and hence of ¢, implies

that ¢ (y) = 0 for each y € Oﬂ( ), as required.

(ii) If 1 € supp p, then (5.57) holds for z = 1, and the argument in (i) above gives (6-59),
in other words ¢~ = 0 on OB( ), as required. O

6. EMERGENT NUMBERS

In this section we define the notion of emergent number, establish several alternative
characterisations, and show that emergent numbers constitute a small subset of (1, +00).

Definition 6.1. A real number 5 > 1 will be called emergent if
O (m5(1)) NS, = 0 for all v € (1, 8). (6.1)
The set of emergent numbers will be denoted by &, and called the emergent set.

Remark 6.2. The intuition behind the terminology emergent, as described in Section [1]
and in view of Lemma [3.17] is that the particular symbolic dynamics of the upper beta-
expansion 75(1) has newly emerged at the value 3, in the sense that it does not resemble
any that has been witnessed for 7 € (1, 8). Note in particular that simple beta-numbers
are emergent, whereas non-simple beta-numbers are not emergent.

Recalling from (4.1)) that Zs = {x € I : mg(x) # 75(x)}, the following proposition gives

two alternative characterisations of emergent numbers.

Proposition 6.3. Consider B > 1. Then the following are equivalent:
(i) B is emergent.
(i) Oy(1) N Hy C Zg for each vy € (1, ).
(iii) (O7(m3(1)),0) is minimal.
Proof. (i) implies (ii): Assume that 3 is emergent. Let us suppose, for a contradiction, that

the result is false, i.e., that there exists v € (1, 5) and x € [ satisfying
e (0,(1) N H}) \ Zg.

By Proposition I@' (iii)} we have O7 (W;( ) = ;((95( )). Since 7} is continuous at x
(see Lemma (4.2 (iv)), we have mj(r) € O7(n (1)) Since 7T5|Hg is a homeomorphism
(see Lemma [3.21)) and x € H}, we have mg(x ) € S,. Hence, since z ¢ Zz we have
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m(z) = m5(x) € O7(m3(1)) N S,, which contradicts (see Definition the fact that g is
emergent.

(ii) implies (i): Assume that ( is non-emergent. Then there exists v € (1, 3) such that
K, =8,n0(r};(1)) is a non-empty closed subset of S, with o(K,) C K., by Definition .
Then by Lemma and Proposition hs(IC,) is a non-empty closed subset of
H} with Ts(hs(K,)) € hg(K,). Since hg is continuous and Oj(1) = hg(O7(n5(1))) (see
Proposition , i)}, and, we obtain hs(KC,) € Oj(1). Hence hs(K,) C OL(1)NHj.

If hg(K,) C Zs, then from the fact that Tz(hs(KC,)) C hg(K,), and Lemma (i), we
have both that 0 € hg(K,) and 0 ¢ Zg, which is a contradiction. If on the other hand
hs(K,) & Zs then there exists x € hg(K,) N Zs. In both cases, (O4(1) N H}) \ Zg is
non-empty.

(i) implies (iii): Assume that 3 is emergent. Fix an arbitrary A € O7(73(1)). If 75(1) €
O7(A), then O7(75(1)) = O7(A). So to show that (07(73(1)), 0) is minimal, it suffices
to verify that 75(1) € O7(A). If on the contrary m3(1) ¢ O7(A), then O7(A) is a closed
subset of Sp disjoint from 75(1), which is the maximal element in Sp (see and (3.11))).
Hence, from the fact that lim, »g 7% (1) = 75(1) (see Proposition [3.9](xiv)|and (3.10)), there
exists v € (1, 3) with 0"(A) < 72(1) for all n € Ny. Hence by (3.11)), A € O7(73(1)) N S,,
which contradicts the assumption that § is emergent.

(iii) implies (i): Assume that (3 is non-emergent. By Definition [6.1] there exists v € (1, 3)
and some B € 07(m3(1))NS,. Hence the closure of O7(B) is contained in S, and therefore

(O“(ﬂ;(l)), o) is not minimal. O

—

Example 6.4. As a specific example of an emergent number that is not a simple beta-
number, let Fy =0, F} = 01, and F},,5 = F,1F,, n € Nyg. The Fibonacci word F' is then
defined (see e.g. [Py02]) as the sequence F' := 0100101001 ..., whose prefixes are the F,,
and is a Sturmian word (see e.g. [Py02]) of parameter (3 — 1/5)/2. There exists 8 € (1,2)
such that m5(1) = 1F, i.e., the concatenation of 1 and F' (cf. e.g. [CK04, p. 404]). Clearly,
B is not a simple beta-number. Since (O7(1F), o) is minimal (cf. [CK04, pp. 397-398]), /5
is emergent.

Lemma 6.5. If § > 1 is emergent then the restriction Ug’m s continuous, and the

dynamical system (0’5(1), Uﬁ) is minimal.

Proof. Since 3 is emergent, then 0 ¢ Oj(1) by Proposition . Write § = d(0,0g(l)).
By 1' Os(1) N (y,y +0/B) = 0 for each y € Ds. So for each pair of z, y € Oy(1) with
|z —y| < /8, we have (z,y) N Dg = () and hence Ug(x) — Us(y) = B(x —y). The first part

follows. _
Let Y C Oj(1) be an arbitrary non-empty closed subset of Oj(1) with Us(Y) =Y. If

1 €Y, then Y = Oj(1). So to show that ((9’5(1), Us) is minimal, it suffices to show that
1 must belong to Y. If on the contrary 1 ¢ Y, then by Lemma there exists v € (1, 3)
such that Y C Hj. But 3 is emergent, so Y C Op(1) N Hy C Z by Proposition By
Lemma (i), for each y € Y, there exists n € N with Uj(y) = 1, which contradicts the
assumption that 1 ¢ Y. The lemma follows. O

By the following result, emergent numbers constitute a small subset of (1,+00).
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Corollary 6.6. The emergent set £ has zero Lebesque measure, and is a meagre subset of
(1, +00).

Proof. Suppose 5 € £. By Proposition , ((’)"(W/’g(l)),a) is minimal, so the fixed point
(0)>° does not belong to O7(mj(1)), and therefore the beta-shift (Sg, o) is a specified system
(see [BI89, Proposition 4.5], [Sc97, Proposition 3.5]). So if Spec denotes the set of those
B > 1 such that (Sg, o) is specified, then £ C Spec. But Spec is a meagre subset of (1, +00)
by [Sc97, Theorem B], and has zero Lebesgue measure by [Sc97, Theorem E], therefore £
also has these properties. 0]

7. TYPICAL PERIODIC OPTIMIZATION

The main goal of this section is to prove the theorems stated in Section [IL Our proofs
rely on the properties of two important sets, Crit®(/5) and R*(/3). Some characterisations
of the set Crit®(f), consisting of functions where the critical orbit is maximizing, are
given in Subsection . In Subsection , we first define the local (periodic) locking set
R(B) € C%*(I) which consists of ¢ € C%*(I) satisfying ¢|Hg € Lock® (Tﬁ‘Hg) for all simple

beta-numbers 7 € (1, ). We then prove that R*(3) is dense in C%*(I) (Proposition [7.8).
Next we prove Theorems and in Subsections [7.3] and [7.4. Theorem follows

directly from Theorems [1.2] and [L.4] (see Subsection [7.5).

7.1. The set Crit*(5).
Definition 7.1. For § > 1 and « € (0, 1], define
Crit®(8) == {¢ € C¥*(I) : O5(1) is a maximizing orbit for (Us, ¢)}. (7.1)

This naturally prompts an investigation into those invariant measures that are generated
by the orbit of the point 1. It is convenient to first define the following notions in Xjg:

Definition 7.2. For 8 > 1, define the empirical measure p, on Xz by

n—1

1
Mp = g Z 50¢(7r;(1)).

1=0

A measure i € M(Xg,0) is said to be quasi-generated by O7 (n5(1)) if it is an accumulation
point of the sequence {i,}nen. Let QG(S) denote the set of measures that are quasi-
generated by O7(75(1)) and let CQG(3) denote the convex hull of QG(8).

Clearly QG(B) € M (0 (r5(1)),0), and hence CQG(8) € M(O°(n5(1)), o). The set
QG(B) is known to be weak* closed (see [DGST6, Proposition 3.8] and |Gla03, p. 98]), hence
CQG(pB) is weak* closed.

The above notions lead to an alternative expression for Crit®(/):

Lemma 7.3. Suppose > 1 and a € (0,1]. Then
Cit®(8) = {6 € C*(I) : Hy(CQG()) € MunaxlUs, 0)}. (7.2
Moreover, Crit*(3) is a closed subset of C%*(I).
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Proof. We first verify (7.2)). By (7.1), Proposition [3.9)[(v)} and Proposition (iii),
¢ € Crit*(8) if and only if O7(75(1)) is (0x,, ¢ © hg)-maximizing. (7.3)
Assume that ¢ € Crit*(5). Then (7.3)) implies that

lim lsg(qs o hg)(m5(1)) = Q(olx,, ¢ © hg),

n—+oo N
and therefore QG(8) € Muax(c|x,, ¢ o hg). Hence CQG(B) € Muyax(o|x,, ¢ 0 hg). By

Proposition (i) and (iii), it follows that Hg(CQG(f)) C Mumax(Us, ¢).
Conversely, assume that ¢ ¢ Crit®(3). By [Jel9, Theorem 2.2],

timsup +57(6 0 hy) (75(1)) < Q0,60 hs),

n—-4o00

but the fact that ¢ ¢ Crit®(3) means there exists a subsequence ny * 400 such that

lim -7, (60 hs) (w5(1)) < Qoxs0 60 ha).

k—+o00 M
Hence any accumulation point of the sequence { i, }ren, which belongs to QG(5) by Defi-
nition 7.2} cannot belong to Muax(c|x,, ¢ o hg). By Proposition (i) and (iii), it follows
that Hz(CQG(p)) is not contained in My (Ug, ).
We then prove that Crit®(3) is a closed subset of C%(I). If ¢,, € Crit*(3), then

/ b dji = Q(Us, 6) (7.4)

for all 4 € Hg(CQG(B)), by (7-2). If ¢, — ¢ in (C®*(I), [|*||a), then [¢, dpu — [¢dp for all
€ Hg(CQG(p)). But Q(Ug,-) is (1-Lipschitz) continuous, so Q(Ug, ¢n) = Q(Us, ¢), and

therefore implies that [¢du = Q(Us, ¢) for all u € Hz(CQG(B)). So Hs(CQG(B)) C
Munax(Us, ¢). Hence ¢ € Crit*(3) by (7.2)), and therefore Crit®(5) is closed. O

If 8 > 1 is emergent, the following lemma gives another characterisation of Crit®(/3).

Lemma 7.4. Assume that B > 1 is emergent, a € (0,1], and ¢ € C**(I). Then the
following are equivalent:

(i) ¢ € Crit*(5).
(11) Hﬁ<CQG(B>) - MmaX(Uﬁu ¢)
(iii) 1 € supp p for some p € Muax(Ug, @).
Proof. By Lemma [7.3] (i) is equivalent to (ii), so it suffices to prove that (i) is equivalent
to (iii). For this, first assume that ¢ € Crit®(8), so that Oj(1) is (Us, ¢)-maximizing.
Suppose that p is any accumulation point of {%Z;:Ol 5%(1)}”61\]. Note that Oj(1) is

compact, Us(O}(1)) = O}(1), and Uﬂm is continuous (see Lemma . We obtain

that suppp C Op(1) and p € M(O’ﬁ(l), UB|W) (see [Wa82, Theorem 6.9]). Hence p is
also Ug-invariant as a measure on /. In addition, 1 € My (Up, @) since Op(1) is (Ug, ¢)-

maximizing. But [ is emergent, so ((’)g(l), Us) is minimal by Lemma Note that u can

be seen as a measure on Oy(1) and it follows from [Ak93| p. 156] that Us(supp p1) = supp p.

Hence supp 1 must equal Oj(1), and in particular 1 € supp p.
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Conversely, if we assume that 1 € supp u for some p € Myax(Us, @), then (5.45)), Theo-
rem 5.9} 5.10| (ii), and Lemma [5.2| (iii) together imply that Oj(1) is a maximizing orbit for
(Ug, ¢), and hence that ¢ € Crit®(3). O

Lemma 7.5. Suppose 8 > 1, a € (0,1], and ¢ € CO*(I). If 1 ¢ suppu for some u €
Minax(Ug, @), then there exists ' € (1, ) such that Qs~(¢) = Q(Us, ¢) for all vy € (£, ).
Proof. Suppose ft € Mupax(Us, ¢) and 1 ¢ supp pu =: K. It follows that p € M(I,T3) by

Proposition [3.13] (iii), and T3(K) = K by Lemma [3.14] Therefore, by Lemma [3.20] there
exists 8’ € (1, 3) such that K C Hg for all v € (p', ). In particular, x can be considered

as an element of M(Hg,TB) for all v € (4, 3), and thus Qg (¢) = Q(Us, ¢) by 1) as
]

required.

If 8 is emergent, we have the following corollary:

Corollary 7.6. Suppose 3 > 1 is emergent, o € (0,1], and ¢ € C%*(I) \ Crit*(B3). Then
there exists B’ € (1, 8) such that Qp~(¢) = Q(Ugs, @) for all v € (5, ).

Proof. Proposition (iii) implies Muyax(Us, ¢) # 0. Since ¢ ¢ Crit*(3), Lemma
implies that if 4 € Mpax(Us, @) then 1 ¢ supppu. The corollary now follows from

Lemma [T.5] O

7.2. The set R*(f3). In this subsection, we use the approximation method developed in
Subsection [3.2| to prove a key result (Proposition [7.8)).

Definition 7.7. For each § > 1, denote the set of simple beta-numbers contained in (1, )
by Sim(f3).
For each 3 > 1 and each « € (0, 1], we define R*(3) C C%*(I) by
R(B) = {d € C**(I) : ¢l € Lock®(Tp|y) for all v € Sim(B)}. (7.5)
Proposition 7.8. For all f > 1, a € (0,1], the set R*(3) is dense in C%*(I).

To prove Proposition [7.8, we mainly use the approximation method. For each § €
(1,+00), by [Pa60, Theorem 5], Sim(f3) is dense in (1, 3). By Definition[3.10] v € Sim(p3) if
and only if m5(1) has finitely many non-zero terms and v € (1, 5). Note that the function
i1, as defined in Definition is by Proposition a strictly increasing map from
(1,8) to BY. Hence we obtain that Sim(f3) is countable. Let us enumerate Sim(8) =
{V1, . s Yn, - .- }. Then for each ¢ € C%*(I), we use Theorem below to get a sequence
of functions {¢, nen in C%*(I) sufficiently close to ¢ such that ¢,| Hp € Lock® (T Hgn)

for each n € N. Next, we check that {¢, }.en converges to a function ¢, € C%*(I) near ¢.

Another crucial ingredient in the proof of Proposition is the following typical periodic
optimization theorem due to Contreras [Col6l Theorem A] (the statement below is closer
to the reformulation of Bochi [Bocl19)):

Theorem 7.9 ([Col6]). If X is a compact metric space and T: X — X is a Lipschitz
continuous open distance-expanding map, and « € (0,1], then Lock®(T') is an open and
dense subset of C%*(X).

Remark 7.10. The definition of ezpanding used in [Col6] is precisely what we here call
open distance-expanding and Lipschitz continuous. Note that Contreras’ result has been
extended in [HLMXZ19] to uniformly hyperbolic systems.
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In the proof of Proposition below, we will need to extend a Holder function, defined
on a subset of I, to the whole of I, without increasing its norm. The following lemma
guarantees that this can be done.

Lemma 7.11. For a € (0,1], 0 # K C I, and ¢ € C**(K), there exists 1 € C%*(I) such
that Y| = ¢ and [[¢]la,r = |||axc-

Proof. 1t follows immediately from the McShane extension theorem ([Wel8, Theorem 1.33]).
O

Proof of Proposition[7.8 Let e > 0and ¢ € C%*(I) be arbitrary. Since Sim() is countable,
we write

Sim(B) = {71,y Yny--- -

We will recursively construct a sequence of functions {¢,},ey in C%%(I), and two se-
quences of positive numbers {9, }nen and {e, }nen below:

Base step. Define ¢y := ¢ and 6y := 1.
Recursive step. For n € N, assume that ¢q, ..., ¢,_1, dg, ..., 0,_1 are defined. Define

en = min{2 ", 276, ..., 27 5,1} (7.6)

Since 7, is a simple beta-number, Proposition gives that Tj| 5 is Lipschitz continuous,

open, and distance-expanding, and then Contreras’ Theorem [7.9] guarantees that there
exists ¢, € C%(HJ") satisfying

1, € Lock® (T5|Hgn) and ||¢n_1|Hgn — %Haﬂgn < ey. (7.7)

Applying Lemma for the subset Hg" C I and function ¢,_1| Hp — ¥, We obtain an
a-Holder extension function ®,, defined on all of I, and with the same a-Hdélder norm, in
other words, there exists ®,, € C%*(I) satisfying (I>n|Hgn = gbn_1|Hgn — 1, and || Py ||ar < en.
Defining ¢,, = ¢,,_1 — ®,, then gives

¢n|H;” = and [|pn-1 — Pnllas < €n. (7.8)
Finally, 9,, is defined to be any value such that
{©e 0™ (H}") ||~ dulupn H%H;n < 8.} C Lock™ (Tp|u3n), (7.9)

where again Theorem [7.9] and Proposition guarantee that such a ¢,, exists. Since each
of e,, ¢,, and 9,, have been defined, the recursive step is complete.

By (7.8)) and (7.6)), {¢, }nen converges uniformly to some ¢, € C%*(I), and
+o0 +o0
||¢ - ¢oo||oc,l < Z ||¢n—1 - ¢n||a,1 < Zen <€ (7'10)
n=1 n=1

For each n € N, from (7.6) it follows that ST e; < 6, and then

i=n+1 7

400 +oo
||¢n‘Hg" - ¢O°‘HE”HQ,H[}" < H¢n - ¢00”a,1 < Z ”(bz - ¢z’+1Ha,I < Z ei < Op. (7'11)

i=n+1

But 1' and 1' mean that ¢o| o € Lock™(T}| Hgn) for all n € N, in other words,
oo € R*(F). But € > 0 was arbitrary, so the result follows. O
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Corollary 7.12. For all § > 1 and o € (0, 1], the set R*(8) ~ Crit*(3) is a dense subset
of C%(I) \ Crit*(5).

Proof. Tt follows immediately from the fact that R*(3) is dense in C%*(I) by Proposi-
tion [7.8 and Crit*(3) is closed in C®*(I) by Lemma [7.3] O

7.3. Proof of Theorem [1.4l
Corollary 7.13. If § > 1 is emergent and o € (0, 1], then
RY(B) N Crit*(8) € 24B) ~ Crit*(5). (7.12)

Proof. Suppose ¢ € R*(3) ~\ Crit*(3). By Corollary there is a simple beta-number
Y0 € (1, ) such that

Q5.0 (0) = Q(Us, §). (7.13)
The fact that ¢ € R*() implies that

¢‘Hgo S LOCka(T,g‘Hgo) - ya(TﬂHgo).

So there exists a periodic measure p € M(I,Tz) € M(I,Ug) (see Proposition [3.13 (iii))
such that

/ b= Qoo (). (7.14)

So from ((7.13) and (7.14) we see that the periodic measure u satisfies [¢dp = Q(Ug, @),
and therefore ¢ € Z2%(3). But ¢ ¢ Crit*(53), so (7.12)) follows. O

We require the following result, whose proof will be deferred to Appendix A.

Theorem A.1. If 3 > 1 and a € (0,1], then the set Lock®(/3) is an open and dense subset
of 2°(B).
Recall that Theorem [[.4] asserts:

Theorem 1.4. If 3 > 1 is emergent and o € (0, 1], then C%*(I) is equal to the union of
Crit*(8) and the closure of the open set Lock®(p).

Proof of Theorem[1.] Fix an arbitrary 8 > 1 that is emergent and « € (0,1]. We wish to
show that Lock®(8) \ Crit®(f) is dense in C%*(I) \ Crit*(3). By Theorem and the
fact that Crit®(8) is closed (see Lemma [7.3)), it suffices to prove that 22%(8) \ Crit*(8) is
dense in C%*(I) \ Crit*(B). The set R*(5) \ Crit®(3) is a subset of £2%() \. Crit*(3) by
Corollary , and is dense in C%*(I) \ Crit®(f), by Corollary . Therefore Z2%(3) \
Crit*(B) is itself dense in C%*(I) \. Crit*(8), as required. O

7.4. Proof of Theorem [1.2l

Lemma 7.14. Suppose that B > 1 is non-emergent, a € (0,1], and ¢ € C**(I). Then
there exists ' € (1, 8) such that Qg (¢) = Q(Us, ¢).

Proof. By Proposition 4.3 (iii) there exists ft € Muyax(Up, ¢). Let us denote K = supp p.

If 0 € K, then ¢ (0) =0 = Q(U/g,q?+ or =(0) =0 = %Ug,g) by Theorems [5.10| (i)
and (i), s0 dp € Muax(Us, @) (by (5.46)) and Theorem [5.9| (1)), and therefore Qs (¢) =
Q(Us, ¢) for every v € (1, ).
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If 0 ¢ K then Ug(K) = K by Lemma Let us assume, for a contradiction, that the
result is false, i.e., that

Qs~(9) <QUs, ¢) for all v € (1, 8). (7.15)
Lemma [7.5] then implies that 1 € K. Since S is non-emergent, Proposition [6.3] implies that

there exists v € (1, 3) such that Op(1) N Hj is not a subset of Zs, where we recall from
that Z = {z € I : mg(x) # m3(x)}. But 1 € K, so m C K, and therefore X N Hj
is not a subset of Z3, in other words, there exists x € (IC N Hg) N Z3.

By Lemma (i), the orbit Os(z) is equal to Oy(z), and it is contained in K N Hy
since Ug(KC) = K and Ts(H ) € Hj. By Theorem |5.10| (i), (Eﬂoﬁ(z) =0or 5‘|@B($) =0. In
other words, Os(z) is contained in either (67)~1(0) or (¢7)~1(0). Since ¢~ < 0 and ¢+ < 0
(by Theorem (i), Lemma (iii) implies that Og(z) = Ojp(x) is a (T, ¢)-maximizing
orbit and a (U, ¢)-maximizing orbit (by Proposition (ii)), so in particular,

lim ~S,6(x) = Q(Us, 6). (7.16)

n—+oo N

Now Os(r) C Hy and T|pry 1s continuous (see Proposition W (1)), so by [|Jel9, The-

orem 2.2], the corresponding time average is bounded above by the maximum ergodic
average, in other words,

Qpn(¢) = lim %Sncﬁ(:c)- (7.17)

Now as an immediate consequence of (3.15)), we have Q(Us, ¢) = Qp~(¢). So combining

this inequality with (7.16) and (7.17) gives Q(Us, ¢) = Qp,,(¢), which gives the required
contradiction to ([7.15). The lemma follows. O

Corollary 7.15. Suppose (3 > 1 is non-emergent, o € (0,1], and ¢ € C®“(I). Then there
exists ' € (1,5) such that

Qp~(¢) = Q(Us, @) for all y €[5, 5). (7.18)

Proof. Let ' be as in Lemma [7.14] If v € [, 8) then
Qs (9) < Qpq(0) < QUs, 9), (7.19)
an immediate consequence of (3.15]), since Hg/ C Hy C 1. But Q(Us, ¢) = Qpp (), by
Lemma [7.14] so implies the required equality (7.18). O

The proof of the following result is similar to that of Corollary [7.13
Corollary 7.16. If 5 > 1 is non-emergent, then R*(5) C 22*(B).

Proof. Suppose ¢ € R*(). By Corollary [7.15] there exists 8" € (1, 5) such that Qs (¢) =
Q(UB, gb) for all v € [, ), so in particular there is a simple beta-number 7y € (1, 3) such
that

Qﬁﬁo (Qb) = Q(Uﬁv Qs) (7.20)
The fact that ¢ € R*(8) means that

¢‘Hgo € LOCka(TB‘HgO) - e@a(TﬂHgo).
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So there exists a periodic measure p € M(I,T3) € M(I,Ug) (see Proposition [3.13 (iii))
such that

/ bt = Qg (). (7.21)

Thus from (7.20)), (7.21)) we see that the periodic measure p satisfies [¢dp = Q(Ug, ¢).
Therefore ¢ € 2%(5), as required. O

Recall that Theorem [1.2] asserts:

Theorem 1.2. If § > 1 is non-emergent and o € (0,1], then Lock®(8) is an open and
dense subset of C%*(I).

Proof of Theorem[I.3 Now Lock®(f3) is by definition an open subset of C%*(I), and The-
orem asserts that Lock®(3) is dense in &2%(f3), so it suffices to prove that Z2%(f) is
dense in C%*(I). Since 8 > 1 is non-emergent, Corollary gives R*(p) C 2%(8), and
R(B) is dense in C%*(I) by Proposition [7.8 So it follows that 22%(f) is dense in C%*(1),
as required. O

Recall that Corollary [L.3] asserts:

Corollary 1.3. Fiz a € (0,1]. For a set of values f > 1 which is both residual and of full
Lebesgue measure, the periodic locking set Lock®(83) is an open and dense subset of C%(I).

Proof of Corollary[1.3 By Corollary , the set (1,+o00) \ € of non-emergent numbers
has zero Lebesgue measure, and is a residual subset of (1,+o0c0). By Theorem , if
B € (1,400) \ € then Lock®(3) is open and dense in C%(I), so the result follows. O

7.5. Proof of Theorem [I.1l. Recall that Theorem [I.1] asserts:

Theorem 1.1. For a beta-number > 1 and any « € (0,1], the set Lock®(3) is an open
and dense subset of C*(I).

Proof of Theorem[1.1l Assume that 8 is a non-simple beta-number. Then O (wg(l)) is
preperiodic but not periodic. So O7(75(1)) = O° (7%(1)) and (O7(75(1)),0) is not mini-
mal. Hence (3 is non-emergent by Proposition [6.3] So the result follows from Theorem [I.2]

Assume that f is a simple beta-number. Then Oj(1) and O7(x5(1)) are periodic, so
O7(m5(1)) = 07 (w5(1)) and (O7(75(1)),0) is minimal. Hence § is emergent by Proposi-
tion Theorem [1.4] gives that C%*(I) is equal to the union of Crit®(3) and the closure
of Lock®(p), so it suffices to show that Crit®(3) is a subset of the closure of Lock®(5).
If ¢ € Crit*(S) then from we see that the periodic measure supported by Oj(1) is
(Ug, ¢)-maximizing, so ¢ € Z*(f), and therefore ¢ belongs to the closure of Lock®(5) by
Theorem [A 1l Theorem [IL.1] follows. O

APPENDIX A. PERIODIC LOCKING AND PERIODIC OPTIMIZATION

The purpose of this appendix is to consider the set Lock®(3) C Z*(/3) (see Section
and prove the following:

Theorem A.1. If 5> 1 and o € (0,1], then the set Lock®(S) is an open and dense subset
of 2°(B).
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A statement analogous to Theorem appeared as Remark 4.5 in [YH99| for maps with
hyperbolicity, and as Proposition 1 in the unpublished note [BZ15] for continuous maps.
In view of the slightly different setting here, and the folklore status of this result, a full
proof, using ideas from [BZ15], is included for the convenience of the reader.

Lemma A.2. Suppose B > 1, a € (0,1], and let p € M(I,Ug) be supported on a periodic
orbit O' of Ug. Then there exists C,, > 0 such that for all v € M(I,Ug) and ¢ € C**(I),

/Igbdyg/Iqsdu+CM|¢|O,,I/Id(-,(9')ady. (A.1)

Proof. Let us write n := card O’.

Case 1. If n =1 then O’ = {y} for some y € I, and ( holds with C), = 1 because
Jy6dv < [{6(0) +8lasd(- 1)) dv = [i6dp+ (ol fd(-O)" do.

Case 2. If n > 1 then by ergodic decomposition, it sufﬁces to prove for every
ergodic v € M(I,Ug). Fixing an arbitrary ergodic v € M(I,Us), the ergodic theorem
implies that there exists a € I with

/(;5 dv = hm — Bgzﬁ( ) and (A.2)
/Id(-,O) dv= lim - Zd Uh(a) . (A.3)
Claim. There exists C,, > 0 and a sequence y = {y,;};=°°; with entries from O’ such that
1 1
lim —card{i € [0,k —1]NNy:y; =y} = — for each y € O" and (A4)
k—+4oo k n

Uj(a) — yi| < C’;/ad(Ué(a), O') for each i € N, (A.5)
Note that a consequence of this Claim is, by (A.2)), (A.5)), (A.4), and (A.3)), that

o= dim 3ot

k—1

1 : a
< kgm;(wyi) +16lar|Ub(a) — 3] %)
1 k-1 )
< Jim 13 (00) + Cullasd (U(0). 0))

1=

1
:EZ¢(y)+CM|¢|aI lim _Zd Uﬁ

yeO’

:/¢d[ﬁ+CM|¢|a,I/d(',O/)adV.
I I

So the required inequality (A.1)) will hold, and the lemma will follow.

Proof of Claim. Our discussion will be divided into 2 cases. In each case it will be
convenient to write A(Q’) == min{d(z,y) : z,y € O, x # y}.
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Case 1. Assume that ' is not the orbit of 1 under Us. By Proposition (i), we have
DsN O =0. Set
§ = 2"TA(O) (A.6)
and €* == (1/2)57"d(O', Dg), so that Uf|p(or e is continuous for all 0 < k < n — 1. For
each x € O, there exists €, € (0, €*) Hx)—Us(y)| < dforally € (x—e,x+€,)
and 0 <7 < n — 1. Moreover, if € :== min{e, : x € O’} then
\U(x) = Uj(y)| <6 (A7)

forallz € O,y € B(z,¢), and 0 < k < n— 1.
The sequence y is constructed recursively as follows.

Base step. Choose an arbitrary y_; € (0, and mark y_; as a bad point.

Recursive step. For some t € Ny, assume that y_1, yo, ..., y;—1 are defined.

If d(Uf(a),0') < ¢, choose y; € O such that d(Uj(a),0) = |Uk(a) — y|, set yoi =
Uﬁ(yt) for each 1 <7 < n—1, and mark v, Y11, - .., Ysin_1 as good points.

If d(UB( ), (’)) > ¢, let p; be the number of bad points in {y_1,%0, - .-, Y11}, then set

yr = Ug'(y—1) and mark y; as a bad point.

Note that the required is immediate from the above construction. To prove (A.5]),
note that for each bad point y;, i € Ny, we have d(Ug(a),0') > € > ed(Uj(a),y;), and
for each good point y;, we obtain d(U}J}(a),(’)’) = d(Ué(a),yi) by , , and our
construction. Therefore holds by choosing C), = max{1, e “}, so the Claim is proved
for Case 1.

Case 2. Assume that O’ is the orbit of 1 under Uz. By Remark [3.11} 3 is a simple
beta-number. By Proposition m (i), DsNO'(1) = Uz (1)NO" = {U”_ )}. Set

& = min{27'A(O'(1)), 27d(0,0'(1)) }. (A.8)

Foreach 0 <i<n-—1and z = Ué(l), we claim that there exists ¢; > 0 satisfying the
following properties:

1) !Ug(zl) - Ué(y)‘ < o' for all y € (z; — €, 2],
2) !Ug(zl) - Ué(y)‘ < ¢ forall y € (z;, z; + €),
) !Ug(y)| <d forally € (z,zi+€),n—i<j<n—1

Indeed, by Lemma (i), lim, », Uz (y) = U 3(z)” for each z € (0,1] and each j € N.
Thus, there exists €;; > 0 satisfying property (1) '

Now let A, := @) wheni =n—1and A, = {zi, - Ug_’_2(zi)} when i < n—1. Note that
Ug is continuous on A; for each 0 < z"g n—1 since ANDg=10,50if 0 < j<n—i—1then
U é is continuous at z; and lim, ., Ué(y) =U é(zl)Jr Hence, there exists €;5 > 0 satisfying
property (2). '

Since Ug_l(l) € Dg, by 1} we get that lim, ., Uz(y) = 0 for each n —i < j <n — 1.
Thus, there exists €; 3 > 0 satisfying property (3).

Defining ¢; := min{e; 1, €2, €3}, we see that ¢, satisfies properties (1), (2), and (3).

Now define € := min{¢; : 0 <7 < n—1}, and construct y as in Case 1, except that e and
0 are replaced, respectively, by € and ¢’. Then 1.’ holds immediately, while for each bad
point y;, i € Ny, we have d(Ué( ), (’)’) ¢ > d(Ug(a), yi), and for each good point y;, by
(A.8) and properties (1), (2), and (3), either d(Uf(a ) O') = d(Uj(a), y;) or d(Uj(a),0’) >

0<s<n—-1
0<j<n—1—-1
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' > 8'd(Uj(a),y:). Hence (A.5) holds if we take C,, := min{(¢')~*, ()™, 1}, so the Claim
is proved for Case 2. O

Having established Lemma[A.2] we are now ready to prove Theorem

Proof of Theorem[A.d If ¢ € 22%(3), choose u € Mmax(Us, ¢) supported on a periodic
orbit O of Ug, and for each ¢ > 0 define

¢ = ¢ —td(-, O")* € C"*(1).

Clearly ¢; belong to C%%(I), and converge to ¢ as t — 0. By Lemma , if t > 0,
v e M(I,Ug) \ {u}, and ¢ € C%*(I) with ||¢)]|as < t/C,, then

/I(@—Hﬂ)dl/:/I¢dy+/lwdl/—t/ld(-,(’)')ad1/

< [odn+ [vdus Cltlas—1) [dc.00
- / (61 + ) du+ (Cultlos — 1) / d(, 0" d
I I

S0 Mumax (Us, ¢¢ +1) = {u}, and consequently, ¢, € Lock®(3). Hence, Lock® (/) is dense in
P%(B). Moreover, from their definitions, Lock®(f) is an open subset of Z2%(3), therefore

the theorem is established. U
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