ERGODIC OPTIMIZATION FOR GAUSS’S CONTINUED FRACTION MAP

YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

ABSTRACT. The theory of ergodic optimization for distance-expanding maps is extended to Gauss’s
continued fraction map. Since the set of invariant probability measures is not weak™ closed, we
establish a characterisation of the closure of this set, and investigate limit-maximizing measures for
Holder continuous functions. Although a Mané cohomology lemma is shown to hold, the typical
periodic optimization conjecture is shown to fail, as a consequence of the typical finite optimization
property established for a certain class of (rationally maximized) functions. The typical periodic
optimization (TPO) property is shown to hold, however, for the class of a-Holder essentially compact
functions.

CONTENTS

(I.__Introductionl

L1, Main results|

|1.2. Organisation of the article|

[2._Notationl

|3.  The Gauss map and continued fractions|
(3.1, Continued fractions

[3.2. Invariant measures

[3.3. Inverse branches|

[3.4. Symbolic dynamics|

[3.5.  Bounded continued fractions

[4.  Maximizing and limit-maximizing measures
5. Structure of the closure of M(I,G)|

6. The Mané lemmal

|6.1.  Bousch operator]

16.2.  Maximizing set|

[7. Typical finite optimization|

[7.1. 'TFO for rationally maximized potentials|
[7.2. Failure of TPO for Holder continuous potentials
[7.3. TPO for essentially compact potentials|
|Appendix A. Periodic locking property|

O© 33O Ttw N

10

14
15
18
23
23
27
28
29
34
35
39
40

2020 Mathematics Subject Classification. Primary: 37A99; Secondary: 37A05, 37B25, 37B65, 37C50, 37E05,

37A44.

Key words and phrases. Gauss map, continued fractions, maximizing measure, ergodic optimization, typical peri-

odic optimization, typical finite optimization.

Y. H. and Z. L. were partially supported by Beijing Natural Science Foundation (JQ25001 and 1214021) and

National Natural Science Foundation of China (12471083, 12101017, 12090010, and 12090015).
1



2 YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

1. INTRODUCTION

The purpose of this work is to study the properties of maximizing measures for Gauss’s continued
fraction map G: [0,1] — [0, 1], defined by

L] ifze(0,1],
Gl = {0 if 2 =0. (1.1)

For a general Borel measurable map 7: X — X on a metric space X, let M(X,T) denote
the set of T-invariant Borel probability measures on X, let M(X,T) denote the weak* closure of
M(X,T) in the space P(X) of Borel probability measures on X, and define the ergodic supremum
of a bounded Borel measurable function (potential) ¢: X — R to be

Are)= sw [od (1:2)

HEM(X,T)

Any measure 4 € M(X,T) that attains the supremum in (1.2) is called a (T, ¢)-maximizing measure,
or simply a ¢-mazximizing measure, and the set of such measures is denoted by

Mus(7,6) = { € MOET) s [odi= Q.00 (13)

If p is a weak* accumulation point of M(X,T) with [¢du = Q(T,¢), then pu is called a (T, ¢)-
limit-maximizing measure and the set of such measures is denoted by

Mi(7,0) = {1 € MOET) s [odi= Q.0 (1.4)

The ergodic optimization problem in this article will be concerned with the study of maximizing,
and limit-maximizing, measures for the Gauss map G and suitable real-valued functions ¢. By
contrast with previous investigations of ergodic optimization for the Gauss map (see e.g. [Je0S),
JeSt10l [Pi23]), or more general countable branch maps (see e.g. [BF13l BG10, IGG24, IGGS25,
[007), [(JMUOG, [IMUQT]), here we shall be concerned with those properties of maximizing measures
that are typical in spaces of Holder functions on I := [0,1]. Problems of this kind, concerning
generic properties, had attracted the interest of Yuan & Hunt [YH99], who conjectured that for
an expanding map, or an Axiom A diffeomorphism, there is an open and dense subset of Lipschitz
functions ¢ such that the ¢-maximizing measure is supported on a single periodic orbit.

The Yuan—Hunt conjecture stimulated work by various authors (see [BouOl, Bou08, [CLT0T,
Mo08, [QS12]), and was eventually proved by Contreras [Col6| in the case of expanding maps, and
by Huang, Lian, Ma, Xu & Zhang [HLMXZ25| for Axiom A diffeomorphisms; going beyond the
setting of uniform hyperbolicity, Li & Zhang [LZ25] proved the analogous result for expanding
Thurston maps from complex dynamics. The so-called typical periodic optimization (TPO) con-
jecture (cf. [Bocl8, [Jel9|) posits that for a more general (suitably chaotic) map, and a space of
(suitably regular) functions, there is an open dense subset U of the space such that if ¢ € U then
the (T, ¢)-maximizing measure is unique and supported on a periodic orbit.

While the Gauss map shares certain features of expanding maps, the fact that it has infinitely
many branches complicates matters, and the lack of compactness of M(I,G) makes it appropriate
to study limit-maximizing measures rather than maximizing measures. This leads to a new phenom-
enon: while it can be shown that typical periodic optimization is false, it seems to be the case that
typical finite optimization (TFO) holds; in other words, it is conjectured that there is an open dense
subset U of the space of Lipschitz functions on I such that if ¢ € U then the (G, ¢)-limit-maximizing
measure is unique and of finite support.
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1.1. Main results. Henceforth we write I := [0, 1]. The Gauss map G : I — I defined by is
such that the set M(I,G) of G-invariant measures is not weak* compact. Any G-invariant measure
w € M(I,G) satistying u(I N Q) = 0 will be called Q-null, and the set of such measures will be
denoted by M (I,G), the notation reflecting the fact that the set of irrational members of I is
given full mass by measures in M;,(I,G).

The noncompactness of M(I,G) means that certain continuous functions ¢ do not have a max-
imizing measure; therefore, a satisfactory theory of ergodic optimization for G will require under-
standing of the closure M(I,G).

Each rational number ry in (0, 1] has a finite G-orbit rg, 71, ..., ry, 0 terminating at the fixed
point 0. A related sequence rg, 71, ..., r,—1, 1, 0 corresponds to the alternative form of the (finite)
continued fraction representation of ¢ (cf. Section . A discrete probability measure concentrating
equal mass on each of the points in a finite sequence of either of the above two forms will be called
a finite-continued-fraction (FCF) measure. Although such measures are never G-invariant, they are

precisely the ingredients needed to understand the closure M(I,G), as described by our first main
theorem:

Theorem A. The closure M(I, Q) is equal to the convex hull of the union of Miyn(I,G) and the
set of finite-continued-fraction measures.

A well-known feature of ergodic optimization, that is useful both for the identification of specific
maximizing measures, and for establishing typical properties of such measures in various function
spaces, is a result known as a Mané lemma (see e.g. [Bou00, Bou01l, Bou02) [Bou08, Boulll, [CLT01,
CGO95, [ILT03, [Sa99]). We establish the following Mané lemma for the Gauss map, in the context of
the space C%%(I) of a-Holder functions, which extends [Bou00, Lemma AJ:

Theorem B (Mané Lemma). Suppose o € (0,1] and ¢ € C%*(I). There exists uy € C**(I)
satisfying the functional equation

ug(x) :sup{a(nim) +u¢(n—1kx)} for all x € 1, (1.5)

neN
where ¢ = ¢ — Q(G, ¢).

Let T: X — X be a Borel measurable map on a metric space X, and « € (0,1]. We say that a
function ¢ € C%*(X) has the periodic optimization property if there exists some T-periodic orbit O
such that the probability measure pep uniformly distributed on O is the unique (7, ¢)-maximizing
measure. Similarly, we say that a function ¢ € C%*(X) has the finite optimization property if there
exists some measure u € M(X,T) supported on finitely many points such that p is the unique
(T, ¢)-limit-maximizing measure.

Theorem C (Failure of TPO for the Gauss map). Let G: I — I be the Gauss map. There is a
nonempty open subset of C*(I) consisting of functions which do not have the periodic optimization
property.

Let R*(G) denote the set of those a-Holder functions such that either the Dirac measure dp at 0,
or some FCF measure, is limit-maximizing; members of RY(G) will be called rationally mazimized,

in view of their close connection to rational orbits (cf. Definition [5.1]).
We prove the following typical finite optimization result:

Theorem D (TFO for rationally maximized potentials). For o € (0,1], there is an open
subset U of C%*(I) consisting of functions with the finite optimization property, such that U is a
dense subset of R(G).

As we shall see (cf. Example [7.6]), there exists a function ¢ € R*(G) with a limit-maximizing
measure that is not the Dirac measure dy. This, combined with Theorem immediately implies

Theorem [C] (cf. Subsection [7.2).
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Let €%(G) denote the set of a-Holder functions with a maximizing measure whose support does
not contain the point 0 (see Lemma|7.7|for equivalent characterisations of €*(G)). Even though the
typical periodic optimization conjecture fails for the Gauss map and the space of a-Hdélder functions,
we are nevertheless able to show that potentials in an open dense subset of *(G) have the periodic
optimization property:

Theorem E (TPO for essentially compact potentials). For « € (0, 1], there is an open subset
U of C%(I) consisting of functions with the periodic optimization property, such that U is a dense
subset of €(Q).

Inspired by the structure of M(I, G) as revealed by Theorem [Al and the guiding philosophy that
maximizing measures are generically unique, and should be of low complexity, we articulate the
following typical finite optimization (TFO) conjecture for the Gauss map G: for a € (0, 1], and an
open dense subset of a-Holder functions ¢, there is a unique (G, ¢)-limit-maximizing measure, and
it is supported on a finite set. Note that by Theorem [A] and standard convexity arguments, the
finitely supported measures of this conjecture are either FCF measures, or supported on a single
periodic orbit.

As mentioned above, the typical periodic optimization conjecture of Yuan & Hunt served as a
central open problem for a number of years. Its resolution (in the case of open expanding maps) by
Contreras |[Col6] relied not only on an original perturbation argument (cf. [Col6l Proposition 2.6],
which was itself inspired by Quas & Siefkin [QS12]), but also on work by Bressaud & Quas [BQO7],
and by Morris [Mo08], and a fundamental structural result which we shall refer to as the Mané
lemma[[| (it has also been dubbed the Mafié-Conze Guivarc’h lemma [Boull, Mo09], in view of
[CG95], or simply a normal form theorem [Je01]), which had been developed in various settings,
notably by Bousch [Bou00, Bou01, Bou02, Bou08| Boull], Contreras, Lopes & Thieullen [CLTO01],
Conze & Guivarc’h [CG95], Lopes & Thieullen [LT03|, and Savchenko [Sa99|.

The Mané lemma asserts that, for suitable uniformly hyperbolic dynamical systems T: X — X
(the early works [Bou00Q, [CLT01] took 7' to be an expanding map of the circle X), for a Holder
function ¢: X — R there exists a Holder function u (termed a sub-action in [CLT01]) such that
p+u—uoT <Q(T,¢) on X. The freedom to modifyé] ¢ by the coboundary u —uo T is a crucial
step in facilitating subsequent perturbation arguments in the proof of typical periodic optimization
theorems.

Bressaud & Quas [BQO7] established a closing lemma, guaranteeing that for uniformly hyperbolic
maps, every closed invariant set is approximable (in a certain precise sense) by periodic orbits of
period up to n, with an accuracy that is super-polynomial in n. Morris [Mo08] proved that, generi-
cally, the (unique) maximizing measure has zero metric entropy: exploiting the existence of periodic
orbits with small ‘action’ and small period, guaranteed by the Bressaud—Quas Closing Lemma, he
showed that potential functions can be perturbed so that the new maximizing measures are forced
to concentrate mass near this periodic orbit, and therefore have small entropy. Huang, Lian, Ma,
Xu & Zhang [HLMXZ25] developed a proof of typical periodic optimization, not only for open ex-
panding maps but also for a general class of uniformly hyperbolic maps: their method combined a
novel closing lemma, building on the one of Bressaud & Quas and the classical one of Anosov, and a
corresponding perturbation argument that circumvented the intermediate generic zero entropy step.
In the time between the appearance of the initial preprint version of [HLMXZ25| and its eventual
publication, an influential expository account by Bochi [Bocl9| gave a simplified presentation of
the proof, valid for open expanding maps. More recently, Li & Zhang |[LZ25] established an analo-
gous typical periodic optimization result for a class of postcritically finite maps (namely, expanding

IThe terminology “lemme de Maii¢” was used by Bousch in [Bou00], noting that Mafié [Ma96] had proved an
analogous result in the context of Lagrangian flows.

2Note that this modification does not change the ergodic optimization problem: clearly ¢ +u —woT has the same
ergodic supremum as ¢.
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Thurston maps) arising in complex dynamics, where local closing lemmas are developed and a local
perturbation argument devised, in order to avoid finitely many “bad points”, thereby handling the
nonuniform expansion.

In the present article, Theorem |A|gives a structural description of the closure M (I, G) of invariant
measures for the Gauss map. In particular, we show that the extreme points of this closure consist
precisely of the ergodic G-invariant measures together with the finite-continued-fraction measures.
To our knowledge, this is the first structural result of this kind for a nonuniformly expanding
map with countably many inverse branches. This description provides a necessary framework for
understanding the accumulation behavior of maximizing measures, and in particular for the study
of limit-maximizing measures, and consequently maximizing measures, for the Gauss map.

Our Theorem [B] represents an analogue of a stronger form of the Mané lemma, established by
Bousch [Bou00), Bou01], who gave conditions for the existence (and uniqueness up to an additive
constant) of a functionﬁ u satisfying the functional equation

u(z) = yerg@;%w)(qb +u)(y),

where ¢ := ¢ — Q(T, ¢). Such a function can also be viewed as the fixed point of the corresponding
Bousch operator (cf. Definition E| From a tropical analysis perspective, the Bousch operator
and its fixed point u can be seen as tropical analogues of the Ruelle operator and its eigenfunction
from the theory of thermodynamic formalism (cf. [BLL13| [.S24]). Inspired by this analogy and the
perspective gained on thermodynamic formalism with countable Markov partitions from the third-
named author’s on-going work on effective prime orbit theorems for topological Collet—Eckmann
maps with Rivera-Letelier, in our setting, we define the Bousch operator using the inverse branches of
the Gauss map, directly on I instead of the symbolic space, allowing us to adapt the construction of
the fixed point of the Bousch operator to such a discontinuous, non-uniformly expanding dynamical
system with a countable Markov partition. To our knowledge, this provides the first formulation
and proof of a Mané lemma in such a countable setting.

Our approach to proving Theorem [E] will be to apply the closing lemma from the uniformly
expanding scenario in a neighbourhood of the support of a certain maximizing measure, then perform
a local analysis inspired by ideas as delineated in [Bocl9], while coping with difficulties stemming
from the fact that G has countably many inverse branches, and is discontinuous (see Section [7| for
further discussion of both the strategy, and technical details, of this approach).

By contrast, the proof of Theorem [D]is inspired by the proof of a certain periodic locking property
(cf. [BZ1E] and [YH99, Remark 4.5]). The technical part in the proof of a key lemma for Theorem D]
is the construction of a transport sequence (following the terminology of [BZ15|) in a given rational
orbit. Since there exists more than one FCF measure in a given rational orbit, a more elaborate
perturbation argument is needed in the proof of Theorem

1.2. Organisation of the article. In Section 2] some frequently used notation and assumptions
are fixed. Section [3| consists of a summary of continued fractions (in particular bounded continued
fractions, which are used in the proof of Theorem , as well as the Gauss map, its invariant
measures, its inverse branches, and its symbolic coding. In Section [4, we introduce the notion
of limit-maximizing measures, and establish some basic properties of maximizing measures. In
Section [5| we introduce finite-continued-fraction measures, and prove a structural theorem for the
closure of the set of invariant measures of the Gauss map (Theorem [A]). In Section [6] we discuss
the Bousch operator for the Gauss map and prove the existence of a fixed point of the normalised
Bousch operator; we are then able to establish the Mané Lemma (Theorem . In Section |7 we
prove Theorems [C] [D] and [E] In fact, slightly stronger versions of Theorems [E] and [D] in terms

3A function u satisfying u(z) = max, 71, (¢ + u)(y) was later dubbed a calibrated sub-action in [GLT09].
4The Bousch operator is also known as the Bousch—Lax operator or the Lax operator in the literature as an
analogous construction gives the Laz—Oleinik semi-groups in the context of Hamiltonian systems.
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of locking, are formulated and established in Section [7] In an appendix we establish the periodic
locking property for the Gauss map, which is used in the proof of Theorem [E]

2. NOTATION

Let I denote the interval [0, 1], equipped with the Euclidean metric. Throughout this article, the

golden ratio is denoted by 6 = @, we set ¢p == 2‘[ , and for each a € (0, 1] we define
Cf2a 9 )
Ka = ]__OW = Ca @ ZG an (21)

Let 0: I — R be the function that sends every x € I to 0.

We follow the convention that N := {1,2,3, ...}, Ng := {0} UN, and N := NU {oc}. The sets
N, Ng, and N will all be equipped with the order relations <, <, >, >, defined in the obvious way.
We endow N with the discrete topology and N, NN with the product topology for each n € N. Let
p be the metric on N defined by

1_1 ifa,b € Nand a # b,
pla,b)=q @ P17 ’
0 ifa=0"0.

Observe that p is totally bounded, _and the completion of N with respect to p is a compact metric
space that can be identified with N=NuU {oo}. The metric p extends to N and we denote the
extension by p. Note that p(n,00) = 2 for every n € N, and p(co, 00) = 0. We also endow N" with
the product topology for each n € N.

For z € R, let |x| denote the largest integer < z. The cardinality of a set A is denoted by card A.
For sets A, B, denote AAB = (A~ B)U (B \ A).

The collection of all maps from a set X to a set Y is denoted by Y*. We denote the restriction
of amap g: X — Y to a subset Z of X by g|z. Given a map f: X — X and a real-valued function
P X = R, we write Spip(z) = 37707 w(fj( )) for z € X and n € Ny. Note that by definition we
always have Spi = 0. We denote the set of bounded functions from X to R by B(X).

Let (X,d) be a metric space. For subsets A, B C X, we set d(A, B) == inf{d(z,y) :x € A, y €
B}, and d(A,z) = d(z,A) = d(A,{z}) for x € X. For each subset Y C X, we denote the
diameter of Y by diam(Y) := sup{d(z,y) : #, y € Y}. For each r > 0, we define BJ(A) to be
the open 7-neighbourhood {y € X : d(y, A) < r} of A, and Bj(A) the closed r-neighbourhood
{ye X :d(y,A) <r} of A

We set C'(X) (resp. B(X)) to be the space of continuous (resp. bounded) functions from X to
R, M(X) the set of finite signed Borel measures, and P(X) the set of Borel probability measures
on X. If we do not specify otherwise, we equip C(X) with the uniform norm || - ||o. For a Borel
measurable map g: X — X, M(X, g) is the set of g-invariant Borel probability measures on X and
Merg(X, g) is the set of ergodic measures in M(X, g). For each x € X, we denote by 6, the Dirac
delta measure on z given by 0,(A) =1 if x € A and 0 otherwise for all Borel measurable set A C X.
For € X, we denote the open (resp. closed) ball of radius r centered at = by B(z) (resp. Eﬁl(a:))
For ;1 € M(X) and a p-integrable function ¢: X — R, we write

= /d)d,u.

The space of real-valued Holder continuous functions with an exponent a € (0, 1] is denoted by
CY*(X,d). For each v € C*¥(X,d), we denote

Yo, x = sup{|[¥(z) — ¥ (y)|/d(z,y)* : z, y € X, v # y},
= Y|, x + [|¥|lcc. We omit the subscript X when it does

not cause confusion.
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For a nonempty set E and n € N, let us denote EN := {(ag)ren : ar € E for all k € N},
E™ = {(ap)}_; rar € Afor all 1 <k € n}, and E* := o E”.
Define the (left) shift map

O':O'ENiEN—)EN

by 0(A) = (ant1)nen for all A = (ay)nen € EN. We often omit the subscript EN in oy when it is
clear from the context. Sometimes we also consider this shift as defined on words of finite length.
Given A € E*, by |A| we denote the length of the word A, i.e., the unique n such that A € E™. If
A€ EN and n € N, then denote Al, = ajas...ay,.

We denote 3 := NN and %, := {1,2,..., m}N.

For each (a;);en € NY and each n € N we denote by [a1, ..., ay] the rational number

[ ] —1
Aly.eeyQpl| =
b ) n 1 - 1 . )

1
an

and denote [a1,a9,...| = lim,ilai,...,a,], the real number in I with continued fraction
(an)nen. We denote by [ar, .-, ay,] the number infinite periodic continued fraction expansion.

3. THE GAUSS MAP AND CONTINUED FRACTIONS

3.1. Continued fractions.

Definition 3.1 (Continued fraction transformation). The continued fraction transformation
(or Gaussﬂ map), is the map G: I — I defined by

L L) ifz
ou-fit 10

Note that G71(1) =0, G71(0) = {0} U {1/n}pen, and
G Hz)={1/(a+2):a €N} forzec(0,1). (3.1)
The connection between G and continued fractions is that for each irrational x € I, there are unique
natural numbers a;(z) := |1/G* ()| such that
x = [a1(x),a2(x),...] = lim [a1(x),a2(x),...,a,(x)], (3.2)

n—-+o0o

and (3.2) is the continued fraction expansion of x (cf. [Sc80, Lemma 4D]).

Lemma 3.2. Every x € (0,1) NQ has precisely two finite continued fraction expansions, one of the
form [a1,ag, ..., a,] with ay, > 2, and the other of the form [a1,az,...,a, — 1,1].

Proof. See [Sc80, Lemma 4C]. O

To accommodate the nonuniqueness of continued fraction expansions of rational numbers, it will
be convenient to distinguish between those expansions that do, or do not, contain the digit 1, in
the following way:

5The common convention of referring to G as the Gauss map reflects the foundational work of Gauss [Gal2)
(cf. e.g. [Br91]) on the statistical properties of continued fractions (having worked on probabilistic aspects of continued
fractions in 1799-1800 (cf. [Gal2]), his understanding of the so-called Gauss measure was mentioned in an 1812 letter
to Laplace (see [Br91l, pp. 147-148]). As a self-map of I = [0, 1], the value G(0) is habitually defined to be 0 (see
e.g. [EFSU14, Ma87, [PW99]).
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Notation 3.3. We let
Ry ={1l/a:aeN,a>2}={[al:a €N, a>2}
denote the set of unit fractions with the value 1 excluded, or in other words
Ry = G710)~ {0, 1}.
For n > 2, set
Ry, =G " (R = {[ar,as,...,a4] : (a1,...,an) € N, a, > 2}. (3.3)

Note that
R, = G7"(0) ~ G~"71(0),
in other words R,, is the set of those points in I whose G-orbit lands at 0 for the first time after

precisely n iteratesﬁ
For each n € N, define A,, C N" by

A, ={(a1,...,a,) € N": a, >2}. (3.4)
Denote A = :g A, C N*. For each n € N, define B,, C N" by

B, = {(a1,...,an) € N" 1 a, = 1}.
Denote B = U:;g B, C N*. Clearly, for each n € N, the sets A,, and B,, together form a partition
o Eor. each n € N, define the bijection f,: A, — B,+1 by

(a1,a2,...,a,) = (a1,a2,...,a, —1,1).
Let f: A — B be the function defined by f|4, = f, for all n € N, Define g,,: A, — R, by
gn : (a1,a9,...,ayn) = [a1,a2,...,ap]. (3.5)

It is easy to see that g, maps A, bijectively to R, (see Lemma (iv)). Let g: A — (0,1) be the
function defined by ¢|4, = g, for all n € N.

Let a1, a9, ag, ... be variables. We define polynomials po, qo, p1, q1, P2, g2, - .., With p, and ¢,
being polynomials in aq, ..., ay,, as follows:

Po = 07 pP—-1= 17 Pn = QnPn—1 +p’n*27 n = ]-7 27 s
@0=1 q¢1=0, g=0apGn-1+qn—2, n=12 ...

Definition 3.4 (Continuants). Fix n € N. For any finite word a = (aq, ..., a,) € N, the integers
pn(a) and g, (a) satisfy

pn(a)
[a1, a9, ..., an] @)
The denominator gy (a) is called a continuant of the continued fraction [ay, ..., a,]. We also define
the gx(a) for k < n, even if the word a has length larger than k; in this case gi(a) is just the
continuant gx(aly), where alj is the restriction (ay,...,ax).

The following lower bound on the growth of continuants is expressed in terms of the constants cg

and ¢ (defined in Section [2)):
Lemma 3.5. Ifn € N and a € N", then g, (a) > cof™.

Proof. See [JoSal6, Lemma 1]. O

6Note that the point 1 is not in the image of G, so the only eventually fixed orbit containing 1 is the two-element
orbit {0, 1}.



ERGODIC OPTIMIZATION FOR GAUSS’S CONTINUED FRACTION MAP 9

3.2. Invariant measures.
Notation 3.6. Fix yu € M(I). Define Py(u), Po(p) € M(I) by

Pi(p)(A) = p(ANQ) and  Pp(u)(A) = u(ANQ)
for all Borel sets A C I.
Lemma 3.7. We have G(INQ) = [0,1)NQ, G~1(INQ) = INQ, and G(I~Q) = G~1(I\Q) = I\ Q.
The set M(I, Q) is the convex hull of Miw(I,G)U{do} and M(I,G) = Min(I,G).
Proof. The first part follows immediately from Definition[3.1} Clearly, 6o € M(I,G) and M. (I, G) C
M(I,G).
Fix 1 € M(I,G). For each Borel set A C I, since G '(INQ)=INQand G (I~ Q) =1\Q,

we have

G ANQ) =G'ANGHINQ =G4 NQ and
G ANQ) =G'ANGHINQ) =G (A)\Q.
Thus, for each Borel set A C I, we have
Pi(n)(GHA) = w(GTH(A)NQ) = u(GTH(ANQ)) = w(ANQ) = Pi(u)(A),
Py(p)(G™H(A)) = p(GTHA) N Q) = p(GTHAN Q) = p(A N Q) = Pao(p)(A).
Hence P;(p) and Pa(p) are G-invariant. Note that

“+o0o
p({0}) = n(GH0)) = pu({0}) + D n({1/n}).
n=1

Since p is G-invariant, we have p({1/n}) =0 for all n € N and p(G~%(1/n)) =0, for all n, k € N.
Consequently, we obtain u((I NQ) ~ {0}) = 0 and Py(u) = p({0})dp. When u({0}) = 1, we have
w= Pi(p) = dp. When p({0}) < 1, we have mPg(u) € M (I, G). Therefore, i is contained
in the convex hull of M, (I, G)U{dp}. But p was an arbitrary member of M(I,G), so we see that
M(I,G) is the convex hull of My, (I,G) U {do}.

Now M (I,G) € M(I,G), so Min(I,G) € M(I,G), and the reverse inclusion M(I,G) C
M (I, G) follows from 6y € My (I,G), since lim [n] = 0 and om) € M (I, G), so the second

n—-4o0o
part now follows. O

Remark 3.8. The set M(I,G) is not closed with respect to the weak® topology. Write z,, =
[2,n,2,n] for n € N. Then {z, },ecn are the periodic points of G satisfying G?(x,,) = ©,, lim z, =
n

—+00

1, and lirf G(zy) = 0. Define p,, == %(5$n+5g(xn)). Then the weak™ limit of the sequence { i, }nen
n—-+0oo
is = 3(80 + 0 /2), which is not G-invariant (see Lemma .

The following lemma allows us to abuse notation by identifying M(I\Q, G|;.q) with M (I, G) C
M(I,G). Define j: I ~Q — I to be the inclusion map and j.: M(I \ Q,G|r.q) = M(I,G) to be
the pushforward of j, i.e., for each Borel subset A C I and p € M(I \ Q, G|r.q), we define

Ju()(A) = p(G71(4)) = n(AN Q). (3.6)
Lemma 3.9. The map j. is a continuous bijection from M(I \ Q, G| q) to Min(I,G).

Proof. From the fact that j is continuous, j, is well-defined and continuous. Assume that py, ps €
M(I N Q,Glrg) with ju(u1) = ju(p2). Then by (B.6), p1(A~ Q) = p2(A \ Q) for every Borel
measurable subset A C I. So pu1 = pa, and consequently j, is injective.

Fix p € Mi(I,G). Define v € M(I ~ Q) by v(A) := u(A) for each Borel subset A C I \ Q.
By the assumption that y € M. (I, G) and the definition of M. (I,G), we get v(I ~ Q) = 1. For
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each Borel subset A C I \ Q, from the fact that G=}(I ~ Q) = I \ Q, the definition of v, and the
fact that p € M (I, G),
V((Glrg) ™ (A)) = n(GT(A)) = u(G™H(A)) = u(A) = v(A).

Hence v € M(I \ Q,G|1 ). For each Borel subset B C I, by (3.6]), the definition of v, and
the fact that u € M, (I,G), we have j,(v)(B) = (B~ Q) = u(B~ Q) = u(B). So j.(v) = u
and consequently j, is a surjective map from M(I \ Q,T|;.q) to Min(I,G). This lemma now
follows. ]

3.3. Inverse branches. The following notational conventions for inverse branches of the Gauss
map follow Jordan & Sahlsten [JoSal6].

Definition 3.10 (Inverse branches). For each a € N, define G,: I — I by

Go(z) = —il- for all z € I, (3.7)
so that becomes
Gl (z) = {Gu(x) :a €N} forall z € (0,1).
Let us denote I, := G4(I). For each n € N and a = (aj,as,...,a,) € N define G4: I — I to be
Ga =G4, 0Gg,0---0G,,. (3.8)
In other words, Ga(z) = [a1,ag, ..., a, + x] for each a € N” and each z € I. Denote I :== Ga(I).

Notation 3.11. It will be convenient to define Goo: I — I by setting Goo(2) = 0 for each z € I.
Recalling that N := NU {oo}, for n € N and a € N" we define Gz = (a1,as,...,a,): I — I by

Gz =G4, 0Gg,0---0Gy,, (3.9)

and set
[g = Gﬁ(I).

For a = ajas--- € NVU U N, we define its co-index (@) to be the smallest k such that ay = oo,
so that ¢(a) = +oo precisely when A € NY U ([J> N™.
Lemma 3.12. Ifn € N and a € N”, then

an(@)2/4 <G < aula)
and in particular, the length diam I, satisfies %qn(a)_2

Proof. See |JoSal6, Lemma 2|. O

< diam I, < gn(a)~2.

Proposition 3.13. Ifn € N, then
(i) |Gh(z)| < 52072 for allz € T and a € N™.
(ii) Fora=ajas...a, € N~ N",
L[ i u(@) = 1,
v as, .. a@ 1)} if u@) =2

(iii) For a € N™, the map G, is strictly increasing for n even, and strictly decreasing for n odd.

(v) For each x € I, the closure of {Ga(z) : a € N"} is the set {Ga(z):a € N”}

)
(iv) For each x € I, the map N™ — I, @~ Gg(x), is continuous.
)
vi) Ifx € INQ and a € N, then G,in) () = G'(Ga(x)) for all integer 1 <i < n — 1.
o'(a)
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Proof. |(i)| Lemmas and immediately yield |G%(z)| < gn(a)™2 < ¢y 2072
follows from the definition of Gz (see (3.9)) and the fact that Goc =0 on L.

is immediate from the fact that G, is strictly decreasing for each a € N (cf. (3.7))), and Ga
is the composition of n such maps (cf. (3.8)).

Suppose as m tends to infinity, a,, = Am,10m2 - - - Gm pn converges to a=aias...a, in N

If a € N”, then a,, , = a, for all k € {1, 2, ..., n} when m is large enough. So, G35, () = Tx(z)
when m is large enough.

Ifa e N\ N", let | := ¢(a) be the oco-index of a. When [ =1, we get a; = co and lim a1 =

m——+00
+00. So Gz(z) =0 = l_1>rJ1r1 Ga,, (z). When [ > 2, we obtain Gz(x) = [a1,a2,...,a-1], am i = ai,
forallk € {1, 2, ..., I—1} when m is large enough, and l_1>ri1 am, = +00. Hence, 1_1&1 Gs,, (v) =

Ga(z), and follows.

Denote W := {Ga(x) : a € N"} and W= {Ga(z) :a € I/\\T"} Fix y € W~ W. Then
y = Gg(r) for some b = biby...by, € N* \N". Let k := L(B) be the co-index of b. By (ii), we
get y = Gg(z) = 0 when k = 1 and y = Gg(x) = [b1,...,br—1] when k > 2. For each m, define
by, == (m,...,m) € N when k = 1 and define by, :== (b1,...,bg_1,m,...,m) € N* when k > 2. It
is easy to check m1—1>r—lr-loo Gb,, () = y. Hence, WCw.

Assume that z € W. Then there exists a sequence {a,, }men in N with lir}rl Gha,,(x) = z. Since
m—r—+00

N is compact, there exists ¢ € N and a subsequence {am, }ren of {am }men such that {a,, }ren
converges to ¢ as k tends to infinity. By we obtain that

Ge(z) = lim Ga, ()= lim G,,(z) =2,

k—4o00 m—+0o0

so z € W. But » was an arbitrary member of W, so we have shown that W C W, and follows.

Assume that © = [by,ba,...,by,...] € INQ and a = [ay, .. .,an]'. Then, by the definition of
Ga and G, we see that Gyi(a)(2) = [@it1,. .., an,b1,b2, ..., by, ... | = G*(Ga(2)), as required. O

Notation 3.14. Given ¢y € R/, n € N, and a € N", define the function Spat: I — R by

n—1
Spath =Y 1o Guig). (3.10)
=0

We need the following standard lemma (cf. [Wa78, pp. 144-147], and see also [MUO3| Lemma 3.1.2]
in the context of conformal graph directed Markov systems).

Lemma 3.15. Suppose o € (0,1] and ¢ € C**(I). For alln € N, ac N*, and z, y € I,
|Sn,a0(7) — Snad(y)| < Kaldlalz — y[*.

Proof. The inequality clearly holds if x = y, while if  # y then the a-Holder assumption, together
with the intermediate value theorem, implies that there exists some &; in between x and y for each
0 <7< n-—1such that

n—1 n—1
[Sn.a0(2) = Snad(®)] < [8la Y |Goi(a)(@) = Goiy(®)|* = [9la Y |Gl (€[ |z — I
i=0 1=0

and the result follows readily from Proposition (i) and the definition of K, (see (2.1)). O
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3.4. Symbolic dynamics.

Notation 3.16. Define the N-valued full shift 3 by
¥ =NV,
and as usual define the shift map o: ¥ — ¥ by o((an)nen) = (an+1)nen-

Recall that p(a,b) = |f — f‘ for a, b € N, and p denotes the extension of p to N given by defining
pla,00) =1 fora € N and p(oo,00) =0 (cf. Sectlon'

Recalhng that 6 == f“ , define the metric d, on X by
d,(A,B) = Z 02" p(an, bn),

neN
where A = (ap)nen, B = (bp)nen € X.

Definition 3.17 (Compactlﬁcatlon of (£,d,)). Since the metric d,, is totally bounded, its metric
completion, denoted by E is a compact metric space. In particular, S is a compactification of X.
The compactification 3 can be described more explicitly. More precisely, S can be identified with
NN equipped with the extended metric dj, where

=072 5(@n. b)), (3.11)
neN
for A = (@n)nen, B= @”)neN e NN,
The shift map o extends to a continuous self-map o : ¥ — 3 given by o((@p)nen) = (@n+1)nen-
For each n € N, define the cylinder set C(ay,as,...,a,) to consist of those sequences @i)ieN ex

such that /6\152 .. En =aiay...an.

Notation 3.18. Define the homeomorphism (cf. [Mil7, Theorem 1.1]) 7: ¥ — I ~ Q by

7((a;)ien) = a1, a2, ...],
and note that
moo=Gon. (3.12)
Let R
T:X =1

denote the continuous extension of 7 to .
Remark 3.19. It is readily checked that 7 satisfies
[G1,d2, ... dn,...] fAEYN, ie, t(A) = oo,
F(A) =<0 if Ae$\ % with o(4) =1, (3.13)
[@1,as,...,3, 3] if A e with 2 < ((A) < +o,
where A = (@;)ien € 3.
We will need the following lemma:
Lemma 3.20. Ifa, b€ N with a # b, then |z —y| < 2p(a,b) for allx € I,, y € Iy.

Proof. Without loss of generality, assume that a < b. If b = oo, then |z — y| = % < % < 2p(a,b).

Ifb;éoo then a+1 < b. Since x € [aJrl’a] and y € [ﬁ,%],weget |x—y|:1‘—y\% H%<

2 g = 2p(a,b), where the second inequality, which is equivalent to % > % — b% = b(bbf)

follows
O

=
@]
B
Q=
Vv
\‘H
—
o
]
o,
—
o
+
[\o}
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The following Lemma allows us to abuse notation by identifying the two sets M (%, ox) and
{,u € M(E,Ji) (X)) = 1}. Let k: ¥ — X be the inclusion map and k,: M(3,0x) — M(Z,O’i)
the pushforward of k, i.e., for each Borel subset W C S and w e M(3,0y), define

k() (W) = u(k™1 (7)) = (AN D). (3.14)

Lemma 3.21. The map k. is a continuous bijection from M(Z,0%) to {p € M(i, og) s u(E) =1}.

Proof. Since k is continuous, k. is well-defined and continuous. If u1, pa € M(X, ox) are such that
k(1) = ks«(p2), then by , w1 (WNXE) = pua(WNE) for every Borel subset W C S, 80 11 = o,
therefore k. is injective.

Fix p € M(f] o) such that p(X) = 1. So u(C(c0)) = 0. Define v € P(X) by v(W) := u(W) for
each Borel subset W C ¥. By definition of v, since p(C (o0 )) =0and p € M(i, 05 ), for each Borel
subset W C % we see that

V(051 W) = (o5 (W)~ €(0)) = u(o5 (W) ~ (<)) = (05 (W) = u(W) = v(W),
hence v € M(X,0yx). For each Borel subset V' C S, by , we have k.(v)(V) = v(V N
p(VNE) = (V). So ke(v) = p. Therefore, k, is a bijection from M(X,0x) to {u € ./\/l(i, SE
p(E) = 1}, as required. O

The following lemma collects some basic properties of (ZA], dﬁ).

Lemma 3.22. The following statements are true:
(i) The map o: (i,dﬁ) — (i,dﬁ) 1s Lipschitz.
(ii) M(%]\, ox) is a dense subset of/\/l(fl, 0g), and Mexg (i\], o) "M(E,0x) is a dense subset of
M(E, Ui)' R
(ili) If p € Merg(5,05), then either p(X) =1 or p(X) = 0.
(iv) M(i,ai) is equal to the convez hull of M(X,0x) U {u € M(i,ai) (X)) = 0}.

~

Proof. Suppose A= (@n)nen € S and B = ( neN €.
It is immediate from - that

al,bl X panba) _ @b | dy(o(A),0(B) _ dy(o(A),0(B))
62n - 62 + 62 = 62 ’

ds(A,B) =

so d5(o (@,U(E ) < 02dﬁ(A, B), and statement |(i)| follows.
This follows from [IV25, Theorem 1.1].

mClearly, SAcHE) = 0 HE)NC(00) = o HEINE. So pu(SLA0THE)) = p(oHE)) () =
0. But p is ergodic, so statement [(ii)] follows (cf. [Wa82, Theorem 1.5 (ii)]).

Assume that p € M(E JZ) By the ergodic decomp081tlon theorem (see e.g. [EW11] Theo-
rem 4.8]), writing M; = Merg(E oa ) NM(X,0x) and Mz = Merg(iai) N M(X oy),
w= / - mday(m) = [ mda,(m)+ [ mda,(m),
Merg(z o) My Mo

for some probability measure o, on Merg(i,a). Define p = u(X), up = fﬂlm doy,(m), and
po = [ #i,mday(m). Then by statement ((ii), we conclude that

(a) when p =0, u = pug € {u € M(iag) tu(X) = 0},
(b) when p=1, p=p; € M(%,0yx),
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(c) when p € (0,1), = + po, with £ € M(2,05) and {2, € p € {pe M(i,ai) u(X) =
0.
Statement now follows. ]

Remark 3.23. The map o: (i\], df,) — (i\], d;;) is not expansive: to see this note, for example, that

if A, :==n and B =50 for n € N, then d;(c"(4,),0%(B)) = os n;% = m for each k € N.

3.5. Bounded continued fractions. Recall the following notion from Diophantine approximation
(see e.g. [Sc80, Chapter 1]):

Definition 3.24 (Badly approximable number). An irrational number z is badly approximable

if there is a constant ¢ = ¢(x) > 0 such that |z — 2| > 5 for every rational number %

q q

An irrational number x € I is badly approximable if and only if the partial quotients in its
continued fraction expansion are bounded (see e.g. [Sc80, Theorem 5F]).

Here we recall some properties for the set of bounded continued fractions. For a nonempty subset
A CN, let E4 denote the set of all irrational 2 € (0, 1) such that the digits a1 (z), az(zx), ... in the
continued fraction expansion = = [a;(x), a2(z), as(z),...] all belong to A.

If card A < 400, sets of the form F 4 are said to be of bounded type and in particular they are
Cantor sets. Of particular interest have been the sets E,, := Eyy ). The restriction Glg, : En —
E,, is conjugate to the one-sided full shift on a finite alphabet {1, 2, ..., n}.

We recall the following notion (see e.g. [PUL0, Chapter 4]):

Definition 3.25 (Distance-expanding map). For (X, d) a compact metric space, T: X — X is
called a distance-expanding map if there exist constants A > 1 and n > 0 such that for all x, y € X
with d(x,y) < 2n,

d(T(z), T(y)) = Ad(z,y).

Definition 3.26. Suppose n € N. For ¢ € C(I), define the corresponding restricted ergodic
supremum Qn (G, 1) by

Qn(G,¥) = Q(GEg,, ¥|E,) = sup{(u, ¥) : p € M(I, G), supp p C En}.
The following lemma collects some basic properties of the sets E,,.
Lemma 3.27. Suppose m € N. If we write
P={Gs(0):aeNy={0,1,1/2,..., 1/n, ...},
Mm = (m+2)7/2€(0,1), Ap=(1—nn)">>1,
and denote the closed n,-neighbourhood of E,, by
F,, =B;"(Epn)={z€l:dz,Ey) <Nn}, (3.15)
then the following hold:
(i) d(Em, P) > 2n,.
(ii) G|F,, is Lipschitz, and in particular G|g,, is Lipschitz.
(i) If x, y € Fy with |z —y| < nm, then |G(z) — G(y)| = Am|z — y|, so G|g,, is distance-

expanding.
(iv) G|g,, is an open map.

Proof. (i) By Proposition (iii),
min E,, = [m, 1] > [m,1] = 1/(m+1) and max E,,, = [I,m] < [1,m+1] = (m+1)/(m+2). (3.16)
But for each 1 < k < m, the map Gy, is strictly decreasing (see Proposition (iii)), so (3.16))

yields
Gr(Em) € (Ge((m +1)/(m +2)), Gr(1/(m +1))) € (1/(k+1),1/k),
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and hence
d(P,G(Ep)) > min{Gx((m +1)/(m + 2)) — Gk(1), Gx(0) = Gx(1/(m + 1))}
— min{|G}(20)/(m +2), |Gh(z2)]/(m + 1)}

for some z; € ((m+1)/(m+2),1) and 22 € (0,1/(m+1)) by the intermediate value theorem. Since
|G}.(2)] = (k+2)™2 = (m+1)"2 for all z € I, we deduce that

d(P,Gk(Ep,)) > min{(m+1)"*(m+2)"", (m +1)73} > 2y,

Now E,, = U Gk(Em) (an immediate consequence of the definition of Ey,), so (i) follows.

(ii) Assume that x, y € F,,. When |z — y| < nm, by (i), we get x, y € (1/(k + 1),1/k) for some
1 <k <m. Then

G(z) = G(y)| =k +1/z —k—1/y| = 22|z —y| < (m+ 1)*|z — y],

for some z between z and y by the intermediate value theorem, where the last inequality follows
from z > 1/(m + 1). When |z — y| = 1, we have |G(z) — G(y)| <1< n%’m —yl, so (ii) follows.

(iii) Assume that z, y € F,,, with |z — y| < nn,. By (i), we get z, y € (1/(k + 1),1/k) for some
1 < k <m, and then

IG(z) = Gy)| = [k+1/z —k —1/y| = w |z — y| > An|z — y|

for some w in between = and y by the intermediate value theorem, where the inequality follows from
the fact that w <1 — np,.

(iv) Evidently G|g,, = (7|s,,) ooy, onls,,, so the result follows from the fact that 7|y, is a
homeomorphism and oy, is open. [l
4. MAXIMIZING AND LIMIT-MAXIMIZING MEASURES

Here we introduce the notion of limit-maximizing measure, which will be useful for a dynamical
system, such as G, whose set of invariant measures is not weak* compact.

Notation 4.1. The pushforward m,: M(3,0) - M(I \ Q, G| q) of 7 is defined by
T (1) (V) = p(r=H(V)),
for all Borel subsets V' C I \ Q. Similarly, the pushforward 7, : M(i, O’) — P(I) is defined by

R ()W) = p(71(W))
for all Borel subsets W C I.

Remark 4.2. Since 7 = 7 o k, Lemma allows us to abuse notation by writing
Te|Mm(Sox) = e

Definition 4.3. Let T: X — X be a Borel measurable map on a compact metric space X. For a
Borel measurable function ¢: X — R, a probability measure p is called a (T, )-limit-mazimizing
measure, or simply a -limit-maximizing measure, if it is a weak™ accumulation point of M(X,T)
and [y dp = Q(T,v). We denote the set of (T, 1)-limit-maximizing measures by M. (T, ).

Clearly, Mpax(T,¢) C M} (T,v). The following lemma collects some basic properties of 7
and 7.

Lemma 4.4. Ifn € N, then the following hold:
(i) #71(0) = C(c0), 7~ 1(1) = C(1,00), and for each x = [a1,...,a,] € Ry,

77 z) =Clay,...,an,00) UC(al,...,an_1,an — 1,1,00).
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(ii) Ifa = (@1, da, ...,an) € N, then the equality Gz o 7o 0™ = 7 holds on C(ay,. .., dn).
— (I,d) is Lipschitz.

=
a
S
S|
3
~—
™
=N
N

a=(ai,...,a,) €N", g € C(I), A= (@;)ien € C(a,...,an), and y, =7 (0" (A)), then
Snad(yn) = S7(6 0 7)(A).
Proof. |(i)| 771(0) = C(cc) and 771(1) = C(1, 00) follow from (3.13)), while the equality

7 Yz) =Clay,...,an,00) UC(ay,...,an_1,an — 1,1,00)

follows from and Lemma

Fixﬁ = (a17 ag, - . ., Qp) € N™. Consider an arbitrary A= ai1ay . ..0p0ny1 - . € Clay, ag, ..., apl.
Write k = L @ If A belongs to X, it follows immediately from the definitions of 7, G, and o that

/D a([@nt1, Gnga, ... ]) = [a1,a2,...] :7r /D
If on the other hand A € 3 < ¥, in the case that k = 1, then by Proposition (ii),
() =0 = #(A),
while in the case that 2 < k < n, then by Proposition E (ii) and ( -,
@ [@, a2, ..., ak1] =7( ;D

In the case that k > n + 1, we obtain 7 7T ./ZD [@n, ... ,ax—1] and

o™(A))) = [@1, a2, ..., dn, ..., a4_1] = 7(A).

(iii)| Assume that B = C = (@)ien € &. Let k be the smallest integer such that by, 75 Cl;.

)16
If k =1, since 7(B ) ﬁ(é) € I3, Lemma together with the definition of dj5 (cf. (3 )

implies that
‘%( ) Zp(l,cl 29261'\ B C)
If & > 2, the definition of T guarantees that TI'(B) %(C € I for some a := ajds...ap_1 € N1,

Combining statement Proposition( ) Lemma 3 -, and the fact that 7'(‘( k=1 (B)) €

ng and %(akil(a)) € I . we have

[7(B) - 7(0)] = |Ga(7(*1(B))) - Ga(7 (" ()]
)

a
_ R B)) — 7N _ 2p(br. ) _ 26°d,(A, B)
= c202(h—1) ETE G > )

so statement follows.

Since m: ¥ — I ~ Q is a homeomorphism (cf. [Mil7, Theorem 1.1]), the relation (3.12)
implies that o: ¥ — X and G: I ~ Q — I ~ Q are topologically conjugate, so their spaces of
invariant probability measures are homeomorphic under .

Fix p € M(I,G). By Lemma there exists {fin tneny € Mine (I, G) such that pu, converges
to u in the weak* topology as n — 4o00. Let us denote v, := 7, ' () for each n € N. By the weak*
compactness of /\/l( ), there exists an accumulation point v of {1, }nen. Since 7, is continuous
(see statement |(iii))), 7r*( ) = p. Consequently 7, is surjective.

From the definition of S, 5 (see (3.10)), it suffices to note that Goi@) (Yn) = T(0'(A)) for
each 0 < i < n — 1, by statement O
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Remark 4.5. (i) The continuous map 7~ *: I ~ Q — ¥ is not Lipschitz: for example if z,, :=
[3,7] and vy, == [2,1,7], then ll)r_{l |, — yn| = 0 but dﬁ(ﬂ'_l(xn),ﬂ_l(yn)) > 072p5(3,2)

w7

(ii) The pushforward 7, of the extension 7 is not injective: for example let 1 be the periodic
measure supported on the periodic orbit of 100200, let s be the periodic measure supported
on the periodic orbit of 1oo, and let u3 be the periodic measure supported on the periodic
orbit of 200. Then by the definition of 7., we get T, (u1) = %(250 + 61 + (51/2), Ta(p2) =

5(00+61), and 7 (u3) = 3 (80+01/2). Clearly, Wu(pn) = T (5 (p2+p3)) but gy # 3 (2 +ps3)-

(iii) The dynamics of G and o are not intertwined by 7, in other words, T oo # G o T: to see
this note, for example, that if A = ool then 7(c(A)) = [1], but G(7(A)) = 0.

Proposition 4.6. If ¢ € C(I), then
(1) Q(Uia ¢ o %) = Q(Gv ¢) and
(i) Tu(Mmax (05,90 T)) = Mipax (G, ) # 0.
Proof. From the definition of Q(ai, ¢o %), and the fact that M(X, 0y) is dense in /\/l(f], Ji),
we see that
Q(og, ¢om) =sup{(u, ¢ o) : p € M(X,0x%)} = sup{(u,pom) : p € M(,0%)}.
Since My (I, G) is dense in M (I, G) (see Lemma [3.7)), we have

Q(G,¢) =sup{{v,0 ) : v € Mi(I,G)}.
Combining the above two identities with Lemma , follows.

The first identity comes from the fact that 7, is a surjection from M(i,ai) to M(I, Q)
(cf. Lemma , and M}, (G, ¢) # 0 follows from the fact that M(I,G) is compact with

max

respect to the weak* topology, and the assumption that ¢ € C(I). O
Proposition 4.7. If ¢ € C(I), then

() lm_Qu(G.6) = Q(C.6) and

‘s _ s o Sng(z) |

(i) Q(G,¢) = sup{l;gircg 22 e INQ}.

Proof. (i) The set of periodic measures is known to be dense in M(X, o) (see [IV21, Theorem 3.8]),
and evidently 7* gives a one-to-one correspondence between the set of periodic measures in M(%, o)
and the set of periodic measures in M, (I, G). Combining this with Lemma it follows that
the set of periodic measures is dense in M. (I, G), so for any € > 0 there is a periodic measure
p € Min(I,G) with [¢du > Q(G,¢) — e. Since p is periodic, there exists m € N such that
p € M(Ep,G|g,,), and clearly Qn(G,¢) > [¢du > Q(G,¢) — e. But € > 0 was arbitrary, and
{Qm(G, ®) }men is nondecreasing and bounded above by Q(G, ¢), so (i) follows.

(ii) Now Q(ai, ¢o %) = Q(G, ¢) by Proposition (i), the space (i,dﬁ) is compact, o : IR

S is continuous, and 7m: ¥ — I ~ Q is a homeomorphism (cf. [Mil7, Theorem 1.1]), so [Jel9,
Proposition 2.2] gives

Q(G.¢) = Q(og, ¢ o 7) = sup{liminfn~"'S7(¢ o 7)(4) : A € £}
> sup{lTiLglJirlgn_ngwo T)(A): AeX} = sup{lggign_lanb(x) cx eI NQ}.
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For each m € N, the restriction G|g,, is a continuous map on the compact metric space E,,, so (i)
and [Jel9, Proposition 2.2| together give

Q(Ga ¢) < sup lim inf Snd)(:r) < sup lim inf M)

z€Umen Em n—+00 n zEINQ 00 n

and (ii) follows. O]

5. STRUCTURE OF THE CLOSURE OF M(I, Q)

Definition 5.1 (Finite-continued-fraction measures and rational orbits). Fix n € N and
a=(ai,...,an) € N". Let us denote

po=po(a) =0 and

pr = pr(a) = [an_ks1,---,a,] foreach 1 <k < n. (5.1)
We define the corresponding rational orbit of length
la:=n+1 (5.2)
to be
Oa = {po(a), p1(a), p2(a), ..., pn(a)} = {0, p1, p2, ..., Dn}. (5.3)

Note that each rational orbit O, contains only rational numbers.
The corresponding finite-continued-fraction measure (abbreviated as FCF measure) pa (of length
la) is defined by
1 1
Ha 3= 1 Opo(a) + 0@+ + Opia) = 1y (G0 Gy oo+ 0. (54)

Note that ua is a probability measure, but is never G-invariant.
Define F to be the convex hull of {dp} U {ua : n € N, a € N”}. Define

Foy ={peF u{1}) =0} CF. (5.5)

Remark 5.2. Fix n € N and a € N*. When a € A", the rational orbit O, = O(p,(a)) is a G-orbit
that is eventually fixed, in the sense that G(po(a)) = po(a).

When a € B", the rational orbit O = O(pn(a)) U {1} is not a G-orbit, but is an orbit under the
map that is equal to 1 on R;, and equal to G elsewhere.

Lemma 5.3. Fvery FCF measure is the limit of a sequence of periodic measures. Moreover,

FCM(,G) = Min(1,G). (5.6)
Proof. Fix n € N and a = (ay,...,a,) € N". For each m € N, define
Tm = [G1, ..., an, M| € FiX(G”+1). (5.7)

Evidently lim G" *(r,,) = pi for each 0 < k < n, hence the sequence {HO(rm) ymen of periodic
o0

mlﬁl\Jr
measures converges to the FCF measure u,, as required.

The sequence {po(r,,) }men is contained in M(I,G), so pa € M(I,G). But M(I,G) is convex,
and a € N" was arbitrary, so F C M(I,G). By Lemma we get M(I,G) = Min(I,G).
Therefore, we obtain . O

The sets Ry, defined in Notation [3.3] have the following simple properties:
Lemma 5.4. |J,cy Ry = (0,1) NQ, and if m # n then R, N R,, = 0.

Proof. By (3.3), U,en Bn € (0,1) N Q. By Lemma (0,1)NQ € Upen R and Ry N Ry, =0
when n # m. O

The following lemma collects some basic properties of measures in F.
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Lemma 5.5. Suppose p € F, n € N, a=(ay,...,a,) € Ay, and b = (by,...,b,) € By,.
(i) Then p({1}) < 3
(ii) If p € Flo), then p(Ry,) <
(1) (la -+ 1)t ) = lafia + 1.

_1
n+1-°

(iv) The map gy : A, — Ry, is bijective.

)
)
)
(v) For everyy € I, we have ua({y}) = 1/la if y € O(gn(a)), and pa({y}) = 0 otherwise.
(vi) pa({1}) = 0 and pa({0}) = pa(R1).
(vil) For all z € (0,1) N Q, pa({z}) > pa(G~(z)).
(viid) ({1}) = 1/l and s ({0}) > p(Ry).
() For all z € (0,1)NQ, m({x}) > (G (x).

Proof. (i) follows immediately from the fact that up({1}) < 3 for all b € N* (see (5.4)), the fact
that do({1}) = 0, and the definition of F (cf. Definition [5.1)).

(i) This follows from the fact that pp({R,}) < =15 for each b € A (see and ), the fact
that do({Rn}) = 0, and the definition of Fig 1) (see )

(iii) Since [ap—k+1,---,0n) = [@pn—k+1,--.,an — 1,1] for each 1 < k < n, using and we
get (la + 1),Uf(a) = 0o + 01 + ZZ:I 6pk = la,ua +61.

(iv) By the definition of A, (see (3.4))) and the definition of g, (see (3.5)), we have G" (g, (a)) =
i € Ry. By Lemma gn 1s injective. By the definition of R,, (see ), gn maps A, surjectively
to R,

(v) For a = (a1,aq,...,a,) € Ay, denote z := [a1,a2,...,a,] = gn(a). The definition of the
rational orbit On (cf. (5.3))) gives that Oy = O(z), and then (v) follows from the definition of 1ia
(ct. (5.4)).

(vi) We have 1 ({1}) = 0 since the support of i is O contained in [0, 1)NQ (cf. (5.3)). The point
0 is an atom of pa, with pua({0}) = 1/la, and precisely one element of R;, namely the point 1/ay,,
is an atom of g, also with weight pua({1/an}) = 1/la, so in particular pa({R1}) = 1/la = pa({0}).

(vii) Note that the support of pa is an eventually fixed G-orbit, so if x is not an atom of pa
then nor is any element of G'(z), so p({z}) = 0 = p(G~*(x)). If z is an atom of pa then
r = pr(a) for some 0 < k < n: if & = n then G~!(z) does not contain any atoms of pa, so
pa({z}) = 1/la > 0 = pa(G~(x)), while if k& < n then G~'(z) contains precisely one atom of fa,
namely pj11(a), so pa({z}) = 1/la = p1a(G~(z)), therefore in both cases we see that (vii) holds.

(viii) We have pin({1}) = 1/l since the support of up, is Oy, containing 1 (cf. (5.3)). When n =1,
pp = 1/2(00 + 01) and pp({0}) > 0 = pp(R1). When n > 2, note that Op = Op-1(,) U {1} and
f~Y(b) € A", so by (iii) and (vi) we get up({0}) = pp(R1).

(ix) Note that the support of s, is the union of an eventually fixed G-orbit and 1 (see Remark[5.2)),
so by the fact that G=1(1) = 0, if = is not an atom of yy, then nor is any element of G~!(z), so
po({z}) =0 = (G~ (z)). If z € (0,1) is an atom of p, then z = pi(b) for some 2 < k < n: if
k = n then G~!(z) does not contain any atoms of i, so p({z}) = 1/lp > 0 = pa(G~*(x)), while
if k < n then G~!(x) contains precisely one atom of up, namely pri1(b), so up({z}) = 1/lp =
(G~ (x)), therefore in both cases we see that (ix) holds. O

Lemma 5.6. Ifv € Fjo) and r € [0,1] satisfy (1 —r)v({0}) =, then (1 —r)v +1rd; € F.

Proof. Since v € Fg 1), we can write

v =rdo + Z a)lla, (5.8)
acA
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where ro > 0, and r(a) > 0 for each a € A, and

To + Z r(a) = 1. (5.9)

acA

Combining (5.8), (5.2)), and (5.4]), we see that
v({0}) =m0+ Y _ r(a)ua({0}) _r0+z

acA acA
and combining this with the assumption that (1 — r)v({0}) > r gives

TO—I—ZT(a)/l_

acA @

Let us denote A\ == (=] r)l/({O}) € [0,1]. Then by -, and ,
AN1—=r)v+rd = W (7“050 + Z r(a)ua> + W <7“0 + Z 7"5:))51

acA

a

(5.10)

= ({O}) (7“0(50 +01) + Z (lapta + 51))'

This, together with lapia + 01 = (la + 1)pif(a) (see Lemma (iii)), gives us
1—rv+ror=01-NA-r)v+ X1 —-r)v+rh

—(1-N1-rv+ @(To(% +61) + 326;4 745:?)(%\ + 1):“f(a)>'

Then since F is convex, and each of the measures v, 50'551, and fi7(a) belongs to F, we conclude
that (1 —r)v +rd; € F, as required. O

Proposition 5.7. Suppose p € P(I) with u(I N Q) = 1. Then p € Fjoy) if and only if p satisfies
the following conditions:

(i) p{1}) = 0 and p({0}) > u(Ry).
(i) p{x}) > p(G~'(2)) for allx € (0,1) N Q.

Proof. First we assume that p € Fjo 1), and will show that y satisfies conditions (i) and (ii). Note
that these properties are closed under convex combination. From the definition of Fg ) (see (5.5)),
and the fact that 0 satisfies conditions (i) and (ii), to prove that p satisfies conditions (i) and (ii) it
suffices to note that u, satisfies conditions (i) and (ii) for all a € A, by (vi) and (vii) of Lemma/[5.5

Now we assume that p satisfies conditions (i) and (ii), and will show that this implies that
p € Flo,1)- Define a function ¢,,: [0,1) N Q — [0, 1] by

$u(0) = n({0}) — u(Ry), (5.11)
ou(x) = (m+1)(p({z}) — (G Yz))) forz € Ry, meN, (5.12)
noting that conditions (i) and (ii) ensure that ¢, is everywhere nonnegative. Define measures
+oo
Vo = ¢,,(0)do, Up = Z Gu(T) g1 (25 vi= Z Up. (5.13)
zER, n=0

We note that by the constructions in , v is a sum of positive measures. Thus, v is a
nonnegative combination of the base elements &y and J,cn{tg-1(z) : © € Rn} of Fp 1, since
g1 (z) € A (as gn: A, — Ry, is a bijection (cf. Lemma (iv)), z € R,, guarantees g~!(x) € A, C
A, and thus g1,y € Flo1))-
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We claim that u = v, so in particular v is a probability measure. From the above it will therefore
follow that v € Fg 1), by the convexity of Fjg 1), and hence the required result that p € Fg ).
To verify that u = v it suffices to show that

u({y}) = vi{y}) forallyeINQ.

For all z € (0,1) N Q, from the fact that g~ '(z) € A, the definition of A (see (3 ), and the
definition of FCF measures (see (5.4])), we obtain that p,-1,)({1}) = 0, and hence that

v({1}) = 0= u({1}). (5.14)
Now suppose y € (0,1)NQ; by Lemma there exists n € N such that y € R,,. By Lemma (v),
for each m € N and = € R,,, we have

(m 4+ Dpg-1){y}) = {
Combining this with gives
Su(@ ity ({}) = { ul{z}) = p(G7w) iy € O) (515

1 ifye O(x),
0 otherwise.

otherwise.

Fix m € N. When m < n, we have y ¢ O(x) for all z € R,,, and combining this with (5.13) and
(5.15) gives
m({y}) = D dul@) g1y (y) = 0. (5.16)

Q?ERm
When m > n, for each z € R,,, we have y € O(z) if and only if G™"(x) = y, and combining this

with - ) and (| - gives
vy} = Y bu@ @) = > w({z}) —p(G (@)

TERm x€G—(m=n) (y) (517)
= u(G=m M (y)) — p(G=mT D ().
By (5.13), (5.16), and (5.17),
“+oo

“+o0o
v({y}) =D vm{y}) = Y (G () — p(GTT ()

=> (G w) — p(GIT ().
=0

By condition (ii), 4 € P(I), and the fact that G/ (y) N G~*(y) = 0 if 0 < j < k, the series on the
right-hand side of the above has nonnegative entries and is convergent. Thus by telescoping, we get

v({y}) = n({y})- (5.18)
Combining (5.13]) and (]5.15]) for each m € N, we get
vn({0}) = D dule {0} = D u({a}) — (G (@) = n(Rm) = p(Rims1)-
TERm TERm

Combining this with (5.13]), (5.11)), and a similar argument as above on the convergence of the series
gives
“+oo
v({0}) = va({0}) = n({0}) — pu(R1) + Z (Bnt1)) = p({0}). (5.19)
n=0
Then by (5.14)), (5.18), and (5.19), we conclude that = v € Fg 1), as required. O
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Combining Lemma [5.6] and Proposition [5.7] together gives the following corollary, which is im-
portant in the proof of Theorem [A]

Corollary 5.8. Suppose p € P(I) with p(I N Q) = 1. Then p € F if and only if p satisfies the
following conditions:

() #({0D) > p({1}) and u({0}) > ()
(i) p({z}) = p(G(z)) for allz € (0,1) N Q.
Proof. First assume that p € F. Using the fact that conditions (i) and (ii) are closed under convex
combination, the definition of F (see Definition [5.1)), and the fact that dy satisfies conditions (i)
and (ii), it suffices to show that s, satisfies conditions (i) and (ii) for all a € N*. When a € A,

it follows from Lemma (vi) and (vii) that u, satisfies conditions (i) and (ii). When a € B, it
follows from Lemma (viii) and (ix) that pa, satisfies conditions (i) and (ii).

To prove the converse, let us assume that p satisfies conditions (i) and (ii). Denoting r =
w({1}) € [0,1/2] by condition (i), define

vi=(u—rdé)/(1—r), (5.20)

and note that (520) gives v({1}) = 0 < v({0}) and v({0}) = u({0)/(1 — 1) > u({R1})/(1 — r) =
v(Ry), which is condition (i) of Proposition and condition (ii) gives, for all z € (0,1) N Q,

v({a}) = u{z})/(1 =) > p(G7H () /(1 — ) = v(G™}(2)),

which is condition (ii) of Proposition From Proposition it follows that v € Fig ).
Now (5.20) can be written as (1 — r)v = u — rd1, so by condition (i),

(1 =7r)v({0}) = n({0}) = p({1}) =r. (5.21)
But (5.21)) means, by Lemma that u = (1 —r)v + rd; € F, as required. O

Finally, we are able to prove our first main theorem.

Proof of Theorem [Al By Lemma (iv), M(f), o) is the convex hull of
M(Z,0)U{v e M(E,05) : v(2) =0}.

But m: M(2,0) = Min(1,G) is a homeomorphism according to Lemma [4.4][(iv)] and the push-
forward 7, M(E o) — P(I) (cf. Notation is affine, so by Lemma , it suffices to show that

()E]:forallue{VEM(fl a) v( —0}.
Fix p € {1/ € ./\/l( , E) (X)) = O}. We want to apply Corollaro ().

Fix x = [a1,a9,...,a,] with ay, ..., a, € N, a,, > 2. By Lemma [4.4]|(1), we obtain

7H0) =C(c0), T (1) =C(L00),
7 Yx) =Clay,...,an,00) UC(ay,...,an —1,1,00).

Thus,

pC(o0),  T(w({1}) = u(77(1) = u(C(1,00)),
() ({z}) = p(7 1 (2)) = p(Clan, . .., an,00)) + p(Cla, ..., an — 1,1,00)).
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As a consequence, T, (1)(R1) = .25 u(C(n,00)) + 3.2 u(C(n, 1,00)). Hence, from the fact that
p € M(Z,05) and u(X) =0, we get
()~ Q) =p(E~5) =1,
T (1) ({0}) = p(C(00)) = u(C(1,00)) = T (p) ({1}),

—+00

e (n)({0}) = u(C(o0)) = Y plC(n, 0))

n=1

+o00 +oo
>3 ulCn,1,00)) + 3 p(Cln, 00)) = F(w) ({1/n}155),
n=1 n=2

() ({z}) = u(Clai, ..., an,0)) + p(Clar,...,ap —1,1,00))

+00 oo
>3 u(Clm.an . a00) + 3 pClma, . a, — 1,1,00) = F(n) (G (@)).
m=1 m=1

The last identity above follows from (3.1). Therefore, applying Corollary to T« (1), we conclude
T« (1) € F, as required. O

6. THE MANE LEMMA

In this section we will prove a version of the Mané lemma for the Gauss map G, and then
use this to derive a revelation theorem. The approach, by analogy with [Bou00|, will involve a
certain nonlinear operator which can be shown (cf. Proposition to have a fixed point function
(a so-called calibrated sub-action, in the terminology of [GLT09]) with certain regularity properties.

For a Borel measurable map 7: I — I, and a bounded Borel measurable function %: I —
R, to study the (T, )-maximizing measures it is convenient, whenever possible, to consider a
cohomologous function {/; satisfying J < Q(T, ). We recall the following (cf. [Jel9l p. 2601)):

Definition 6.1. Suppose T: I — [ is Borel measurable, and ¢ € C(I). If ¢ < Q(T,%) and
Y~ H(Q(T, 1)) contains supp i for some pu € M(I,T), then 1 is said to be revealed. If Q(T, ) =0
then 1 is said to be normalised; in particular, a normalised function ) is revealed if and only if
¥ < 0 and ¥~1(0) contains supp p for some p € M(I,T).

Lemma 6.2. Suppose T: I — I is Borel measurable, ¢: I — R is bounded and Borel measurable,
and Mmax (T, ¢) # 0. Denote ¢ == ¢ — Q(T, ¢), and suppose ¢ == ¢ +u—uoT for some bounded
Borel measurable function u: I — R. Then:

(11) Mmax<T7 ¢) = Mmax (T7 6) = Mmax (T, (Z)) .
Proof. (i) and (ii) follow from , 7 and the fact that fqu,u = [(¢+u—uoT)du= [¢pdu
for all p e M(I,T). O

6.1. Bousch operator. The following operator £, is an analogue of the one used by Bousch in
[Bou00]. Instead of preimages used by Bousch, we use inverse branches in the definition to address
the irregular behaviour of the Gauss map at the points 0 and 1.

Definition 6.3. Let ¢: I — R be bounded and Borel measurable. Define £: B(I) — B(I) by
Ly(u)(z) = sup{(u+¥)(Ga(x)) : a € N} = sup{u(1/(a + z)) + ¥(1/(a + )) : a € N}.

Since 9 and u are bounded, Ly(u) is well-defined. If ¢ and u are continuous, by Proposi-

tion (v) we have R
Ly(u)(z) = max{(u+1¥)(Ga(z)) : @ € N}. (6.1)
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Lemma 6.4. If¢p € C(I) and ¢ == — Q(G, ), then the following hold:
(i) Ifx el andue C(I), then Ly(u+c) =c+ Ly(u).
(ii)) Ifeel, neN, andu e C(I), then
L (u)(x) +nQ(G, ) = Lij(u)(x) = sup{u(Ga(®)) + Snath(z) : a € N*}.
(ii) Ifr eI, neN, andu € C(I), then
L7 (u)(z) = max{u(Ga(z)) + Spath(x) : a € N"}.
(iv) Ly(sup,eq v) = sup,eq Ly(v) for any collection H of bounded real-valued functions on I.

(v) If {un}nen is a pointwise convergent sequence of equicontinuous functions on I, then the
identity lim Ly (up) = Ly( lim uy) holds, where the limits are pointwise.
n—-+o0o n—-+00

Proof. By Definition for any x € I and u € C(I),
Lolut O)(z) = sup{$(Ga(2)) + u(Gale)) +¢: a € N} = Ly(w)(z) +c.

The first identity immediately follows from the second identity. We use induction to prove
the second identity: the case n = 1 follows from Definition [6.3] and assuming it is satisfied for some
n =m € N, then

£$+1(u)(:v) = sup{¥(Gq(x)) + L] (u)(Ga(z)) : a € N}
= sup{Y(Gq(z)) + sup{u(y) + Sm,a®¥(Ga(x)) : y = Ga(Ga(x)), a € N} : a € N}
= sup{u(Gp (7)) + Sm11,6¥(Gu(z)) : b € N™ 11

By Proposition|3.13|(iv), and the fact that u, ¢» € C(I),if x € I thena — u(Ga(x))+S, a¢(x)
can be seen as a continuous function on N"; SO follows from and the fact that N" is dense
in N™,

follows readily from the definition.

Let v be the pointwise limit of {u, },en as n tends to infinity. Fix arbitrary « € I and € > 0.
Since {uy, fnen is equicontinuous, there exists § € (0,1) such that for each y € [0,0) and each n € N,

|un(y) — un(0)] < €/3. (6.2)
Letting n tend to infinity, we have
lv(y) —v(0)] < €/3. (6.3)
We can find N; € N such that if n > N; then |u,(0) — v(0)| < €¢/3. When n > Ny, for each
Yy € {Ga(@)}aen N [0,6), by (6.2) and (6.3), we obtain
un9) — )| < [un(9) — un (O)] + hun(0) — v(0)] 4 [o(0) ~v(y)] <3+ (¢/3) <e. (64
Since {G4(x) : a € N} N [0,1] is finite, we can find Ny € N such that for each n > N and each
y € {Gu(x) : a € N} N[, 1], we obtain
[uae) —v(0)] < e (6:5)
Let N := max{Ny, Na}. For each integer n > N, by (6.4)) and (6.5), we have |u,(y) — v(y)| < € for
each y € {Gq(x) : a € N}. Fix an arbitrary integer n > N. We choose 21,22 € {Gy(z) : a € N}
satisfying Ly (un)(x) < 9(21) +un(z1) +€ and Lyy(v)(x) < 1h(22) 4+ v(22) +€. Then by Definition [6.3]
Ly (un)(x) — Lyp(v)(x) < Y(21) +un(21) + € —P(21) —v(21) = un(21) — v(z1) + € < 2,
Loln)(2) — Lofn)(2) > $(22) + un(22) ~(22) — v(22) — € = tn(z2) ~v(z2) — € > ~2e
Statement now follows. O
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Lemma 6.5. Suppose a € (0,1] and ¢ € C%*(I). Then for each u € C%*(I) and each n € N, we
have L (u) € C%(I) and

1£5(w)|, < Kallgla + [ula)- (6.6)

Proof. Suppose u € C%“(I) and =, y € I. Fix ¢ > 0. By Lemma (ii), there exists a € N™ such
that

L3(u)(z) < u(Ga(r)) + Spad(r) + €. (6.7)
By Lemma (ii), we have
L(u)(y) 2 w(Ga(y)) + Snad(y). (6.8)
Combining and gives
L(u)(x) — Lg(u)(y) < Snad(z) + u(Ga(z)) = Snad(y) — u(Gal(y)) + € (6.9)
Lemma and gives
Snad(z) — Snad(y) < Kaldlalz —yl|*. (6.10)

From the fact that u € C%%(I), the intermediate value theorem, and Proposition (i), there
exists £ in between x and y such that

w(Ga(2)) = u(Ga(y)) < [ulalGa(@) = Ga(y)|* = |ulalz — y|*|GL(E)|™ < ¢ 072" ulaz — y|*.
But ¢; 202" < K, (see (2.1)), so

w(Ga(z)) — u(Ga(y)) < Kalula|z —y|*. (6.11)
Combining (6.9), (6.10), and (6.11)) gives
L3 (u)(x) = LE(u)(y) < Ka(ldla + |ula)lz —y|* + € (6.12)
Since ([6.12)) is satisfied for all z, y € I, by swapping the positions of  and y, we obtain
L(u)(x) = Lg(u)(y) = —Ka(|9la + |ula)|z —y[* — € (6.13)
Finally, Eg(u) € 0%(I) and follows from |D 1 , and the fact that € > 0 was arbitrary.
O

We are now able to find a fixed point ug of the normalised Bousch operator Eg:

Proposition 6.6. Suppose o € (0,1] and ¢ € CO¥*(I). Then the function uy: I — R given by
ug(x) = limsup E%(O)(x), forxel, (6.14)

n——+0oo
where ¢ == ¢ — Q(G, QS), satisfies the following properties:
(i) |up(z)| < Kal@|a for each x € 1,
(i) ug € CO(I) with ugla < Kaldla,
(iii) L’g(u¢) = Ug.

Proof. For each n € N and each x € I, we write

rn(x) = £%(O)(:r) and Sn(x) == sup{rmy(z) : m > n}. (6.15)
Note that, for each = € I, the sequence {s,(x)},en is nonincreasing and by (6.14]) and (6.15)),
ug(x) = nll)glw Sp(x) = 111348_1;(})) rn(x).
(i) Fix € I and n € N. For each a = (ai,...,a,) € N", denote pa = [a1, .-, G| which satisfies

Ga(pa) = G™(pa) = pa. By Proposition |3.13| (vi), (]3.10[), and the fact that Q(G, ¢) =0, we get

S aB(Pa) = 5uB(pa) = n /I Fduop) <0 (6.16)
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Combining this with Lemma [3.15] gives
naa( ) = naa( ) - naa(pa) + Sn,ag(pa) < Ka|¢‘a- (6~17)
So by (6.15} , Lemma [6.4] (ii), and ( -, we have

Tn(x) = E%(O)(IE = Sup{Sn,a¢(x) rac Nn} < Ka|¢|a-
Combining this with (6.15)) and (6.14)) gives
ug(x) = limsup ry(z) < Kql|d|a-
+

n—-+0oo

Next, we will show that ug(z) > —Kqu|dla. Fix n € N. We choose a point A, = (a;)ien € S on
which S qS o 7r attains its maximum value. Denote y,, .= 7(¢"(A,)) and a := (a1, a2, ...,a,). By
Lemma [4.4] we get

Sn,ﬁ@(yn) = ng (a © %) (An)- (6-18)
Choose u € Mmax(ai,ao ﬁ) By Proposition (i), we have @ O'i,a o %) = Q(T,$) = 0, and
then we have fiSZ (6 o 7?) dp = 0. So for all z € I, combining 1) Lemma and 1| gives
Tn(x) > rn(@/n) - Ka’(b‘a > Sn,ﬁa(yn) - Koc‘(ma = Sg(go %) (An) - Koz|¢’oz
> [87@07) du— Kalola = ~Kaldla

Combining this with (6.15) and (6.14)) gives ugy(z) > —Kq|¢|o for all € I, so (i) follows.
(ii) Suppose =,y € I and fix € > 0. By (6.15) and (6.14)), there exists N € N such that
Irn(x) — up(x)| < € and sn(y) — ug(y) < €. So by (6.15) and Lemma ,
ug(x) —ug(y) <rn(z) —sn(y) + 2e < ry(z) —ra(y) + 26 < Ko|dlalz — y|@ + 2, (6.19)
where the final inequality uses (6.6). Similarly, there exists M € N such that |[ras(y) — ug(y)| < €
and spr(x) — ug(x) < €, and an analogous calculation gives
uglw) — ug(y) > —Ka |¢| v — gl — 2. (6.20)
Since € > 0 was arbitrary, (ii) follows from (6.19) and (6.20).

(iii) First we prove that {s, }nen is equlcontlnuous. Fix arbitrary € > 0 and m € N. By and
(6.15), {ry}nen is equicontinuous. Hence there exists § > 0 such that if |z — y| < 0, we have

rn(2) —ra(y)] < €/2

for all n € N. Then fix arbitrary z, y € I satisfying |z — y| < 0.
Since 8y, () = supgs,, {rx(z)}, we can find N1 > m such that s,,(z) < 7y, (2)+ §. Then we have

€ € € €
() = 5m(y) < 73, (2) + 5 = sm(y) < e () + 5 — 1wy () < S 5 =

Similarly, we can find Ny > m such that s,,(y) < rn,(y) + §. Then we have
€ € €

(@) = 3(y) > 50a(w) = 7, (0) = § > T @) =, () = 5 2 5 — 5 =

Therefore, {s;,}nen is equicontinuous.

If x € I, then by Lemma (iv), (v), and (6.15),
Lg(ug)(x) = Eg( lim s,)(z) = ngrfoo Eg(sup{ET(O)(x) :m>=n})

n—+00
= nll)l}_l (Sup{ﬁmﬂ( )(x) :m >=n}) = nll)r_ir_loo Spt1(x) = ug(x). O

Definition 6.7. Suppose ¢ € C%*(I), and uy is the calibrated sub-action defined by (6.14). We
define the revealed version ¢ by N
¢::¢+U¢—U¢OG.
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We are now able to prove Theorem a Mafné lemma for the Gauss map, which resembles the
form of [Bou00, Lemma AJ.

Proof of Theorem This follows immediately from Definition and Proposition [6.6] O

6.2. Maximizing set. Now, by analogy with the set Z’ of [Bou00, p. 495|, and the admissible
words defined in [BM02, Definition 2.3], we wish to relate each ¢ € C%*(I) to a mazimizing set

K(¢) C £

Definition 6.8. Given a € (0,1], ¢ € C%%(I), and u, the calibrated sub-action defined by (6.14)),
denote

o= gof (6.21)
=% -Q(G,9) =do7 (6.22)
Up :=ugy o7, and (6.23)
U:=o-Q(G,¢)+Usp —Ug oo, (6.24)
and define the mazimizing set for ¢ by K(¢) = '3 o "(wH(0)).
Lemma 6.9. If ¢ € C%(I) with a € (0,1], then the following hold:
(i) ®, Us, ¥ € CO(3,dy).
(ii) Us satisfies the functional equation
Us(A) = max{®(B) + Us(B) : B € o' (A)}, for all A€ T, (6.25)

and consequently ¥ < 0.
(i) K(¢) is a nonempty compact closed subset of &, with o(K(¢)) C K(6).
(iv) Mmax(0g, ®) = Mmax(og, V) = {u € M(i,ai) :suppp C K(¢)} # 0.
Proof. follows immediately from the fact that ¢, us € C%*(I), and since 7, o are Lipschitz (see
Lemmas (iii)] and [3.22] (i)
F1x Aes. By deﬁnltlon of ® and Uy (see and - Proposmon. (iii) , and
Lemma [4.4][(ii)} we obtain
Ua(A) = us(7(A)) = max{3(Ga(F(4))) + ug(Ga(F(4))) : @ € N}
= max{$(G4(7(0(@A)))) + us(Ga(R(a(@A)))) : @ € N}
= max{¢(7(GA)) + uys(7(@A)) : @ € N}
= max{®(B) + Us(B) : B € o5'(A)}.

By definition of K(¢), it is immediate from the continuity of o and ¥ that K(¢) is compact.
By definition of IC(¢), it is also clear that o(K(¢)) C K(¢). The fact that K(¢) is nonempty will
follow directly from and the fact that M.y (Ui, <I>) is nonempty.

The first identity follows from , , and Proposition (i). To establish the
second identity, we first note that by the first identity, , and |(ii), every p € M(i,ai) with
suppu C K(¢) € ¥=1(0) is in Mmax((fg, \Il) Conversely, by and Proposition (i), every
uw e Mmax( \IJ) satisfies fz\li dp = 0. By , supp p is a subset of the compact set W=1(0). It
2—1nvar1ance of yu that supp u C ;250" (¥71(0)) = K(¢). The inequality
follows from the fact that M (Z, O'E) is compact with respect to the weak™ topology. O

now follows from the o
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7. TYPICAL FINITE OPTIMIZATION
It will be convenient to classify the potential functions ¢ € C%%(I) as follows:

Definition 7.1 (Classification of potentials). For a € (0, 1], a function ¢ € C%*(I) is said to
be

(i) essentially compaciﬂ if Q(G, ¢) = Qum(G,¢) (cf. Definition |3.26)) for some m € N; let €*(G)
denote the set of a-Hdolder essentially compact functions;

(ii) rationally mazimized if there exists n € N and a € N™ such that [;¢dua = Q(G,¢) or
?(0) = Q(G, ¢); let R¥(G) denote the set of a-Holder rationally maximized functions;

(iii) let 3%(I) denote the set of a-Hoélder functions satisfying neither (i) nor (ii) above.

Fix a € (0,1]. It is easy to check that ¢ == —d(-, E,,) € €*(G) for all m € N (cf. [IMUQ7] for a
sufficient condition for a similar notion of essential compactness in a symbolic dynamical setting).
See Example for the construction of a function ¢ € RY(G).

In this section we will firstly establish the typical finite optimization for rationally maximized
potentials (see Theorem @ and its slightly stronger form Theorem @, secondly use Theorem @
together with an example of a rationally maximized potential to demonstrate the failure of the
typical periodic optimization conjecture for a-Holder potentials (see Theorem , and finally prove
that the set (@) of essentially compact functions is contained in the closure of Lock®(G) (see
Theorem |E| and its slightly stronger form Theorem .

Let T: X — X be a Borel measurable map on a metric space X, and « € (0,1]. We define Z(T)
to be the set of those continuous functions ¢: X — R with a (7', ¢)-maximizing measure supported
on a periodic orbit, and define Z%(T") to be those a-Hélder functions in Z(T).

If a function ¢ € P*(T) satisfies card Mpax(T, ¢) = 1 and Muax(T, ¢) = Mmax(T, 1) for all
Y € C%(X) sufficiently close to ¢ in C%%(X), we say that ¢ has the (periodic) lockmdﬂ property
in C%*(X) (with respect to T). The set Lock®(T) is defined to consist of all ¢ € Z22%(T) satisfying
the periodic locking property in C%¢(X).

Similarly, if a function ¢ € C%¥(X) satisfies card M}, (T, ¢) = 1, M (T, ¢) = M. (T, )
for all 1 € C%*(X) sufficiently close to ¢ in C%*(X), and the unique limit-maximizing measure is
uniformly distributedﬂ on a finite set, we say that ¢ has the finite locking property in C%%(X), and
define Lockp®(T) to consist of those ¢ € C%*(T') with the finite locking property in C%*(X).

In the proof of Theorem , we show that for an arbitrary ¢ € ¢*(G), any perturbation of the
form ¢ = ¢ — ed(-,0)*, with e > 0 sufficiently small, belongs to Z%*(G), where O is a particular
periodic orbit. The perturbation argument in our proof of Theorem 1.3 is mainly inspired by ideas
appearing in [Col6], [Boc19|, [HLMXZ25]|, and [LZ25].

In addition to the overview of our proof strategy given in Section [I} we note that compared with
the ideas and techniques in the aforementioned works, our approach is to apply the closing lemma
from the uniformly expanding scenario in a neighbourhood of the support of a maximizing measure
(supported on E,, for some m € N), and then to carry out a local analysis following the perspective
discussed in [Bocl9| near E,,. The main difficulties in our setting arise from the fact that G' has
countably many inverse branches, and is discontinuous.

The technical ingredients of the proof consist of (1) quantitatively avoiding the discontinuities of
G, using the fact that G is Lipschitz and distance-expanding in a small neighbourhood of F,, for

"The terminology follows [JMUQ6, IMU07].

8The terminology follows [Bocld, [BZ1H| (see also e.g. [Boul0, [1e00]).

9A consequence of Theorem |Alis that for the Gauss map G, all finitely supported extremal points of M(I,G)
are equidistributions on their support; by contrast, for more general maps 7': X — X, finitely supported extremal
points of M(X,T) need not give equal mass to their atoms. So it is natural to replace “uniformly distributed” by
“supported” in our definition of the finite locking property in such general settings.
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each m € N (cf. Lemma and (2) handling the perturbation argument with constants that are
necessarily local (such as 7y, A\, L1, Lo, and L3 in the proof of Theorem .

The proof of Theorem @ is inspired by the proof of the periodic locking property (cf. [BZ15] and
[YH99, Remark 4.5]). We first prove a technical lemma (Lemma [7.4). The technical part in the
proof of Lemma is the construction of a transport sequencd | in a given rational orbit. Since
there exists more than one FCF measure in a given rational orbit, the perturbation in the proof of
Theorem @ is also more sophisticated than the one for the periodic locking property.

7.1. TFO for rationally maximized potentials. In this subsection we will establish the following
slightly stronger version of Theorem @ (which in particular implies Theorem @:

Theorem D’ (TFO for rationally maximized potentials). For a € (0,1], the set Lockp®(G)
contains an open dense subset of R*(G) (in the a-Holder topology).

It follows immediately from the definition that Lockg®(G) N R*(G) is open in C%(I).

Notation 7.2. Recall that |J,.xy Rn = (0,1) N Q (see Lemma . For each = € I ~ Q, define
O(x) as follows:
{0} ifx =0,
O(z) =< {0, 1} ifx=1,
{z, G(z),...,G" (=), 0,1} ifx € R, for some n € N.
Define
Mo ={dy} and My :={do, (oo +1)/2}.
Suppose n € N and = = [a1,a9,...,a,] € R, with a = (aj,...,a,) € A, and b = g(a) =
(a1y...,an—1,an —1,1) € Byy1. Define
Mg = {pa; fg(a) - - -+ Hon=1(a)s Bbs Ho(b) - - -+ Hon(b)s 00} (7.1)
Denote Rc(z) = Ga(e) = [a1,...,an + €] and L¢(x) == Gp(€) = [a1,...,an — 1,1+ €.
Let conv(M,) denote the convex hull of M.
The following two technical lemmas will be used in the proof of Theorem @
Lemma 7.3. Suppose € € (0,1), n € N, and x = [aq,...,a,] € R, with a= (a1,...,a,) € Ap.
(i) When n is odd, R.(x) < x < L¢(xz). When n is even, L.(z) < x < Re(x).
(ii) Suppose n is odd. If y € (Re(z),z] then |Gi(y) — G'(z)| < € for all 0 < i < n. If
y € (x, Le(x)) then ‘Gi(y) — Gl(x)} <€ forall0 <i<n—1, and moreover |G"(y) — 1| < e
and ‘G”H(y)’ <e.
(ili) Suppose n is even. If y € [z, Re(z)) then |Gi(y) — Gz(x)’ < e forall0 <i < n If
y € (Le(x),x) then ‘Gi(y) — Gz(x)} <€ forall0<i<n—1, and moreover |G"(y) — 1| < e
and |G" T (y)| <e.
(iv) If § € (0,1) then |Re(x) — x| < |R€(Gi(z)) - Gl(:v)} < € and |Le(z) — x| < ‘Le(Gi(x)) -
Gz(x)’ <e/(1+¢€) <eforall0<i<n—1.

Proof. We will write b := g(a) = [a1,...,an—1,a, — 1,1] throughout this proof.

(i) Note that R.(x) = Gal(e), Le(z) = Gp(e), and x = Ga(0) = Gp(0). When n is odd, by
Proposition (iii) Ga is strictly decreasing and Gy, is strictly increasing. So R(z) = Ga(e) <
Ga(0) =2 = Gp(0) < Gp(€) = Le(x). Similarly, when n is even, Gy is strictly increasing and Gy, is
strictly decreasing. Then L¢(x) = Gp(€) < Gp(0) = z = Ga(0) < Ga(€e) = Re(x).

10T his terminology follows [BZ1H].
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(ii) If y € (Re(z), z], and denoting z := G™(y) € [0,¢), we have that y = [a1,...,a, + 2], so for
all 0 < ¢ < n,
|G (y) — G'(2)| = |Gi(a)(2) = Gui(a)(0)] < e,
since ‘G; i(a)‘ < 1, so the first part of (ii) follows.
Now assuming that y € (z,Lc(z)), and denoting w = G"*(y) € (0,¢), we see that y =
[a1,...,apn—1,an — 1,1+ w], so we have that, for all 0 < i< n—1,
|G'(y) = G'(2)] = |Gaim) (W) = Goig) (0)] < e,
since ‘G;i(b)‘ < 1. Moreover, |G"(y) — 1| = 1%, < w < ¢, so the second part of (ii) follows.

(iii) The proof is very similar to the one for (ii).
(iv) For each a € N and z, y € I, clearly |Gq(x) — Go(y)| = ’a-i—% — #y‘ = % < |z —yl.

So |Rs(G" (=) — G"!(2)| = |Ga, (8) — Ga, (0)| < 4, and for each 0 < i < n — 1 we obtain
|Rs(G*(2)) =G ()] = |Gyi(a)(8)=Cri(a)(0)] = |Gyi-1(a)(0)=Gi-1(a) (0)] = |Rs (G (2))—G" ()

and so the first part of (iv) follows.
Similarly, we obtain |Ls(G"(z)) — G" ' (2)| = |Gap-1(1/(1 +6)) = Ga—1(1)| < /(1 406) <6
and so for each 1 <7 < n —1 we have

|Ls (G'(2)) =G ()| = |Goi) ()= Cli() (0)] = |G izt (1) (0)=Gi-1(p)(0)| = | Ls (G H(z))—G" ()
and the second part of (iv) follows. O

)

)

Lemma 7.4. Suppose o € (0,1] and z € INQ. There exists C, > 0 such that for all v € M(I,G)
and ¢ € CO(I),

<V7 ¢> < ma‘x{<,u7 ¢> p € Mi'} + Cil?’¢‘a,[<l/7 d(? 6<m))a> (72)
Proof. Denote p := card O(x). Suppose v € M(I,G) and ¢ € C%*(I). Define
1 = max{{u, §) : p € My}. (7.3)

If p=1 then z = 0, O(z) = {0}, and holds with C, = 1 because
(1,0) < (1, $(0) + [lad(-,0)*) = (60, 6) + [$la(v,d(-, O(x))").

If p > 2, then by the ergodic decomposition theorem and the fact that M. (I, G) is dense in
M(1,G) (see Lemma, it suffices to prove ((7.2)) for every ergodic measure v € Mi (I, G). Fixing
an arbitrary ergodic v € M, (I, G), the Birkhoff ergodic theorem implies that there exists a € I
with

v.6) = lim_ %sm(w) and (7.4)
k—1

(v,d(-,0(x))") = kETOjZd(Gi(w),@(m))“. (7.5)
1=0

Claim. There exists C, > 0 and a transport sequence y = {y;};/°°, with entries from O(xz)
satisfying

1
lim sup - Z o(yi) <n  and (7.6)

|G (w) — yi| < CY*d(G'(w),O(x)) for all i € N. (7.7)
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Note that a consequence of this claim is, by @ ﬁ (7.6), and ((7.5)), that

,6) = lim =3 6(Gi(w)) < limsup - Z B(y:) + 61| G (w) — ui[*)

k——+o0 k 4 k—s—+00
3

< limsup — Zgb (yi) + hm *ZCWM Gz (w), O N( ))

k—+o00

\ n + Cx‘¢|a<y7 ('7 O(J"))a>7
so the required inequality (|7.2]) will hold, and the lemma will follow.
Proof of Claim. Define

§ = A(@(x)) /3, (7.8)
where A(@(m)) =min{ly —z|:y,z € O(z), y # z}.
Define
_Jé/(1+9) ifx=1,
B {min{|R5(x) — x|, |Ls(x) — x|} ifx€(0,1)NQ. (7.9)
Define

C,=¢“>1.

°°1 is constructed recursively as follows.

The sequence {y;};
Base step. Define y_1 := 0.

Recursive step. For some t € Ny, assume that y_1, yo, ..., y:—1 are defined.
Case A. Assume that G'(w) € [0,¢). Define y; := 0. Then by (7.3]) and ,
o(yr) = ¢(0) < . (7.10)
By 1} and 1} we have ’Gt(w) — yt‘ <e<d6< (1/3)A(6(m)) and so
|G (w) — ye| = d(G(w), (5(3:)) (7.11)
Case B. Assume that G*(w) € (1 — ¢, 1]. Define y == 1 and g1 = 0. Then by (7.3) and (7.1)),
(1/2)(o (yt)+¢(yt+1)) (1/2)(o(1) + ¢(0)) < (7.12)
By l) and 1} we have |G (w) —y4| <0 < (1/3)A(O O(x ) fori € {0 1} and so fori € {0, 1},
|G (w) ytﬂy d(GTi(w), O(x)). (7.13)
Case C. Assume that G'(w) € (z — e,z + €) for some z € O(z) ~ {0, 1}. Suppose z =
[ai,...,ap—1] € Rp—1 and z = [ap_pm,...,ap—1] € Ry, for some 0 < m < p — 2. Let us write
a=(a,...,ap-2,ap—1) and b := (ay,...,ap— Q,ap 1—1,1).

Subcase (i). Assume that m is odd. By (7.9) and Lemma [7.3] (i)(iv), we have (z — €,z 4+ €) C

(Rs(2), Ls(2))-
If Gt(w) € (Rs(2), 2], we define y;1; == G*(2) for all 0 < i < m. Then by (7.3)) and (7.1)),

(m+ 1) Sms16(ye) = (gr—m—1(a), ) < 1. (7.14)
By (7.9), (7.8), and Lemma (ii), we see that for 0 < i < m
|G (w) — yoyi| = d(G (w), O(x)). (7.15)

When G'(w) € (z,Ls(z)), we define y;1; == G¥(2) for all 0 < i < m — 1, and y44, = 1, and
Yt+m+1 = 0. Then by (7.3)) and ([7.1)),

(m+2)"' Smi20(ye) = (ttgp-m-1(b), @) < 7. (7.16)
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By (7.9), (7.8), and Lemma (ii), we get for 0 < i < m + 1 that
|G (w) — yoyi| = d(GF (w), O(x)). (7.17)

Subcase (ii). Assume that m is even. Using (7.9) and Lemmal7.3|(i), (iv), we see that (z—¢, z+€) C

(Ls(2), Rs(2)). ,
When Gt (w) € [z, Rs(2)), we define y;4; == G%(2) for all 0 < i < m. Then by (7.3) and (7.1,

(m + 1)715m+1¢(yt) = <:U’UP*7"*1(a)7 (ZS) < (718)
By (7.9), (7.8)), and Lemma (iii), we get that for 0 < i < m,
|G (w) = o] = A(G* (w), O()). (7.19)

When G'(w) € (Ls(2),2), we define y;y; == Gi(z) for all 0 < i < m — 1 and gy, = 1, and
Yt+m+1 = 0. Then by (7.3) and (7.1,

(m +2)" Smt20(ye) = (top-m-1(1),$) <71 (7.20)
By 7 , and Lemma (iii), we get for 0 <i < m+1,
|G (w) — yop| = (G (w), O(x)). (7.21)
Case D. Assume that d(G!(w),O) > e. Define y := 0. Then by and ,
o(ye) = ¢(0) <. (7.22)
By the definition of C; and , we get
|G (w) — y| < CL% < CY*d(GY(w), O(z)). (7.23)

The recursive step is now complete, and combining (7.10)), (7.12)), (7.14), (7.16]), (7.18)), (7.20]) and
(7.22) gives (|7.6). Combining (7.11)), (7.13), (7.15), (7.17), (7.19)), (7.21), and (7.23) gives (7.7,
thereby completing the proof of the claim. U
Lemma 7.5. Suppose x € INQ and « € (0,1]. Then <u,d(-,6(:c))a> >0 for all p € M(I,G) ~
conv(My).

Proof. By Theorem [A] and the ergodic decomposition theorem, it suffices to show that

{p,d(-,0(x))") >0 (7.24)
for all measures p that either are ergodic and in Mj, (I, G), or are FCF measures not contained in
Mg;- ~

Assuming that p € M, (I,G) is ergodic, if 1) were false, then <u,d(-,(9($))a> = 0 would
give supp i C O(z), which contradicts the fact that pu(I ~ Q) = 1.

If, on the other hand, a € N* and p = pa is an FCF measure not contained in M,, then
g(a) ¢ O(x), since otherwise a is equal to the continued fraction expansion of some point in O(x),
contradicting the definition of M. So supp pa is not contained in O(x), so we get <u, d(-, O(x))a> >

]

0, and the result follows.

With the preceding lemmas in hand, we can now prove Theorem @

Proof of Theorem Fix arbitrary ¢ € R*(G) and real numbers s > 0 and ¢ > 0.

When 6y € Mupax (T, ¢), denote x := 0. When 6y ¢ Mupax(T, ¢), let n be the smallest integer such
that there exists a € N" with us € M}, (G, ¢), and choose a = (a1, az,...,a,) € N” satisfying
ta € M. (G, @), denote = == [a1,...,a,| and b := f(a).

Case A. Assume that a € A, or §g € Mpax(T, ¢). Define

O, = ¢ — sd(-,0(x))”. (7.25)
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By (7.25), we have Q(G, ¢) > Q(G, ®5). Combining this with the fact that (ua, ®s) = (ta, @) =
Q(G, ¢), we obtain Q(G, ¢) < Q(G, ®;) and pa € ME (G, ®s). By the choice of n, we get
(a; @) > (v, ),
for each v € My \ {pta, pbs Moy} Since 1 ¢ O(z), 1 € Op, and 1 € Oy, (see Remark , we
get <Ma’¢5> = <Haa ¢> 2 <Mb)¢> > <:U’b7(I>S> and <Ha7(1)s> = <,U/aa¢> > </’1’U(b)’¢> > <M0'(b)’ (I)3>, and so
<Ma7 (I)s> > <’/a (I)s>7

for each v € M, \ {pa}. So we can define

0s = (ta, Ps) — max{(va, ®s) : v € My~ {pua}} > 0. (7.26)

Define N N
Dy = 05— td(-,O(2))" = ¢ — sd(-, O(z))* — td(-,O(z))".

Then for each v € M(I,G) \ conv(M,), when ||, < t/Cy (where C; > 0 is the constant from
Lemma , by Lemmas and
(v, @us +0) = (v, @) + (v,0) — (v,1d(-,O(x))")

< JQ%W’ D) + Mrg%w,?b) + (Celtpla — t){(v,d(-,O0(x))") < Mrg%w, By s+ ).

For each v € My \ {pa}, when [[¢| o < 85/4, by (7.26)),
<V> q)t,s + ¢> = <l/a q)s> + <Ma;¢> - <Ma7¢> + <V7 ¢>
< (tta, Ps) — (1/2)0s + (pta, ¥) + 2[¥]loo < (tta, Pr,s + ).
So by Theorem [A] M. (G, ®; s+ 1Y) = {pa} when |[¢]|o < min{t/Cy, §5/4}, and consequently,

max

P, s € R(G) N Lockp™(G).
Case B. Assume that a € B,,. Then a, = 1. By the choice of n, we get

<Naa ¢> > (V, ¢>

for each v € My \ {pa}. So we can define

8 = (pta, ) — max{(v,¢) : v € My~ {pa}t} > 0. (7.27)
For each t > 0, define
¢ = ¢ — td(-,0(x))".
Then for each v € M(I, G) ~ conv(M,), when [¢|, < t/C,, by Lemmas and

(v, ¢ + ) = (v, 0) + (v, ) — (v, td(-, O(x))")

< /jg%<u’ d)) + “Hel_?‘/}li<ﬂa ¢> + (Cx|1/)|oz - t)<Va d(’ 6($))a> < #%%W, ¢)t + ¢>

For each v € conv(My) ~ {pta}, when ||¢|lcc < /4, by (7.27)),

(v, 01 + 1) = (v, de) + (pas V) — (pa, ) + (v, )
< {pa, ) = (1/2)6 + (pa, V) + 2([¢[lco < (ta, dr + ).

So by Theorem Al M. (G, ¢ + 1¢) = {pa} when [[¢]|o < min{t/Cy, §/4}, and consequently,
o € RY(G) N Lockp®(G).

From the preceding two cases we deduce that R*(G) N Lockp®(G) is dense in R¥(G).

It follows immediately from the definition that Lockp®(G) N9R*(G) is open in C%*(I). Therefore

the theorem is proved. O
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7.2. Failure of TPO for Hélder continuous potentials. In the example below, we construct a
function ¢ € RY(G) with a limit-maximizing measure (1/2)(dp + d1).

Example 7.6. For a € (0,1], let ¢ € C%¥(I) satisfy ¢(0) = —1, ¢(1) = 1, ¢(1/3) = ¢(3/4) = —
and be affine on each of the intervals [0,1/3], [1/3,3/4], and [3/4, 1]. More precisely, ¢ is given by

3r—1 if0<z<1/3,
o(zr) = =2 if 1/3 < x < 3/4,
122 —11 if3/4<z<1.

We claim that Q(G, ¢) =0, ¢ € RY(G), and ¢ ¢ E*(G).

Using that (1/2)(¢(0) + ¢(1)) = 0, and that (1/2)(8p + 61) € M(I,G) (see Lemma [5.3), we see
that Q(G, ¢) = 0.

Fix m € N with m > 4 and = = [ay,...,an,...] € E,. Denote x, = G"(z) = [an+1, ani2,- . .|
for n € Ng. We will recursively construct a sequence {ny }xen in {1, 2}.

Base step. Case 1. Assume that either a; > 2 or both a; = 1 and ag < 3 hold. Then xy < 4/5,
and define n; := 1. By the definition of ¢, we have ¢(zp) < —1.

Case 2. Assume that a; = 1 and 3 < ag < m. Then 29 < [I,m+ 1] = (m+1)/(m + 2) and
1/(m+2) < x1 < 1/3. Define ny := 2. By the definition of ¢,

Saop(xo) = (1/2)(d(x0) + d(x1)) < (1/2)(([1,m +1]) + 6(1/(m + 2)))

B 12(m + 1) 3 B 15 (7.28)
= (1/2)<m+)—11—m+2 —1> =T

Recursive step. Assume that for some t € N, {n;}!_, are defined. Denote N, :== S"%_, n;.

Case 1. Assume that either an,+1 = 2 or both ay,+1 = 1 and an,+2 < 3 hold. Then zy, < 4/5,
and define ny41 := 1. By the definition of ¢, we have ¢(zy,) < —1.

Case 2. Assume that ay,+1 =1 and 3 < an,y2 < m. Then zn, < [I,m+ 1] = (m+1)/(m + 2)
and 1/(m + 2) < xn,41 < 1/3. Define ny4q := 2. By the definition of ¢, as in (7.28),

Sad(zn,) = (1/2)(¢(zn,) + d(zN,41)) < —15/(2(m + 2)).

This finishes the recursive step. Hence, by our construction above, we get

15
< — —_——_— .
Eﬂ{ifns #w) < lim aup NkSN'“¢( 0 < max{ =1, 2(m+2>}

Combining this with [Jel9, Proposition 2.2] gives @, (G,¢) < max{—l, —%} Letting m
tend to infinity, from Proposition (i) we see that Q(G,¢) < 0. Consequently we conclude
that Q(G,¢) = 0 and Q(G,¢) > Qun(G,¢) for all m € N. So ¢ € R¥(G) but ¢ ¢ ¢*(G), and
(1/2)(60 + 61) is a (G, ¢)-limit-maximizing measure.

Proof of Theorem By Theorem @, there is an open subset U of 1 € C%%(I) with the finite
optimization property such that U is a dense subset of R*(G). Then the function ¢ constructed
in Example is in the closure of U. Let B¢ denote the open ball in C%%(I) center at ¢ with
radius € > 0. Since each 9 in U admits a unique (G, )-limit-maximizing measure, it follows
immediately that there exists § > 0 such that each v in the open set B N U admits a unique
(G, ¢)-limit-maximizing measure and such that this measure is not dy. O

In fact by repeating arguments for Case B in the proof of Theorem [D] we can show that
Gr = — td( {0,1})® € Lockp(G) for each real number ¢t > 0. We leave the proof for the interested
reader.
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7.3. TPO for essentially compact potentials. The goal of this subsection is to prove that the
set (@) is contained in the closure of Z%(G). We will establish the following slightly stronger
version of Theorem |E| (which in particular implies Theorem .

Theorem E’' (TPO for essentially compact potentials). For o € (0,1], the set Lock®(G)
contains an open dense subset of €*(G) (in the a-Holder topology).

It follows immediately from the definition that Lock®(G) N ¢%(G) is open in C%*(I).
Recall the maximizing set defined in Definition [6.8] To prove Theorem [E} we first require:

Lemma 7.7. Suppose a € (0,1] and ¢ € C¥*(I). The following are equivalent:

(i) ¢ € €*(G) as defined in Definition [7.1]

(ii) There exists pp € Mmax(G, ¢) with supp p C E,,, for some m € N.
(iii) There ezists i € Mmax(G, @) with O ¢ supp .
(iv) K(¢) N %, # O for some m € N.

Proof. (i) = (ii): Assume that ¢ € €%(G). Then there exists m € N with Q(G, ¢) = Q. (G, @)
by Definition Since G|g,, is continuous, and E,, is compact (see Lemma 7 there exists
p € Mmax(GlE,,,#|lE,,) # 0. Since p can be seen as a measure in M(I,G), we obtain that
1 € Mpax(G, ¢) satisfies supp pu C Eyp,.

(ii) = (iii) since 0 ¢ E,, for all m € N.

(iii) = (iv). Assume that there exists y € Mpax(G, ¢) with 0 ¢ supp . By Proposition {4.6] (i),
there exists v € Myax (05, ¢ 0 T) with 7, (v) = p. By Lemma (iv), we obtain suppv C K(¢).

Since 771(0) = C(00) (see Remark and 0 ¢ supp p = w(suppv) (see e.g. JAk93, p. 156]), it
follows that C(oc0) Nsuppv = (.

We claim that there exists m € N with suppr C 3,,. Suppose, to the contrary, that suppv is
not contained in 3, for all n € N. Then since o(suppv) = suppv (see e.g. [Ak93, p. 156|), for
each n € N, there exist 4,, € suppv and a,, € N satisfying A4,, € C(a,) and a, > n. As (i,dﬁ) is
compact, { Ay, }nen admits an accumulation point A. By the fact that supp v is closed and the fact
that A, € C(a,) and a, > n, we get that A € C(co) N supp v, which contradicts to the fact that
C(o0) Nsuppv = 0.

Therefore, we conclude that supp v C K(¢) N %, for some m € N and K(¢p) N o,y # 0.

(iv) = (i): Assume that (¢) N X, # 0 for some m € N. Since o(K(¢)) C K(¢) and o(X,,) C
Ym, and both K(¢) and 3, are compact, there exists v € M(E,UA) with suppr C ¥,,. By
Lemma (iv), we see that p € Mmax(0g, ¢ o 7). By Proposition (ii), Te(¥) € Mmax(G, ¢).
Combining this with the fact that supp7.(v) C E,, (see e.g. [Ak93, p. 156|), we obtain that
¢ € €%(@), as required. d

Notation 7.8. For a compact metric space (X,d), amap T: X — X, and a periodic orbit O of T,
the corresponding gap is defined as

A(0) = AYO) := min{d(z,y) : x, y € O, x # y}, (7.29)
with the convention that min () = +o00. For r, § > 0, define the (r,0)-gap of O by
A, 9(0) = AL 4(0) == min{r, 0 - A(O)}. (7.30)

We will need the following closing lemma, which was first introduced in [HLMXZ25]|.

Lemma 7.9. Let G be the Gauss map, d the Euclidean metric on I, a € (0,1], and m € N. Let K
be a nonempty compact subset of Ey, with G(K) C K. Forr >0, 6 >0, and 7 > 0, there exists a
periodic orbit O C E,, of G with

S d(@, ) < 7 (A s(0)),

zeO



36 YINYING HUANG, OLIVER JENKINSON, AND ZHIQIANG LI

Proof. By Lemma G|g,, is open, Lipschitz, and distance-expanding, so the result is immediate
from [HLMXZ25, Proposition 2.1]. O

Proof of Theorem [E/l By Proposition it suffices to prove that €*(G) is contained in the
closure of 2°(G).
For each periodic orbit O of GG, define the measure pup by

Z 6z € M(I,Q). (7.31)

Ho = cardO

Fix ¢ € €%(G) with no ¢-maximizing measure in Myx(G, ¢) supported on a periodic orbit of
G. Let uy, € C%*(I) be the calibrated sub-action for ¢ and G (i.e., a fixed point of L) from
Proposition [6.6] Define

¢=0¢—Q(G,¢) +ug —ug oG, (7.32)
where Q(G, ¢) is defined in (1.2]). Then by Theorem
p(x) <0 forallz el (7.33)

By Lemma [7.7] there exists u € Mmax(G, ¢) and m € N satisfying suppu C E,,. Let n,, > 0

and A, > 1 be the constants defined in Lemma |3.27 and denote K := supp p. Since gb is continuous
on K (note that K C E,,, C I\ Q), by (7.33 - we obtaln that

ol = 0. (7.34)

Without loss of generality, assume that K contains no periodic orbits of G. Recall (cf. (3.15))) that
the closed n,,-neighbourhood of E,, is denoted by

Fo,=B;" (Em) ={z €l :d(z,Ey,) <nm} (7.35)

Now ¢, uy € C%*(I) (see Proposition . ii)), and G|Fm is Lipschitz (see Lemma (ii)), with
Lipschitz constant |G|vip, F,, = |G|1, F,,, SO using we see that ¢|p, € CO(F, ) Let us write

Ly = ~a o (7.36)
Fix € € (0,1), and define constants
Ly = |G|uip, F,n s (7.37)
= N, (7.38)
6 :=min{1/3, 1/(3L2)}, (7.39)
L1 +1
L3 = > 0, 7.40
2= s (7.40)
7i=mind 1, — ¢ <1 (7.41)
o "2Ly (1+ Lge W)Ly f =7 '
By Lemma [7.9] there exists a periodic orbit O C E,, of G, of period p := card O, satisfying
D d@ ) <7 (A p(0)™. (7.42)
z€O
Define functions
¢ = ¢ —Q(G,¢) — ed(-,0)* € C¥*(I) and (7.43)
)= ¢ —ed(-,0)* = ¢ — Q(G, ) + uy — uy 0 G. (7.44)

By , , and Lemma
Q(G’ ¢,) = Q(Gv W and MmaX(G, ¢,) = MmaX(G7 d}) (745)
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Claim. The measure po (cf. (7.31))) belongs to Mmax(G, ), i.e., Q(G,v¥) = v, where
1 1 ~
vim [dio =3 Y wle) = 2 Y dla) <0, (7.46)

zcO zcO
Note that the equality %Zzeo P(x) = %Zmeo ¢(x) in (7.46) follows from (7.44), whereas the

inequality in follows from and the assumption that ¢ ¢ Z(G).
Note that if the claim holds then gives that ¢/ € (@), and since € can be chosen
arbitrarily small we see that ¢ belongs to the closure of 2%(G) in C%*(I), which is the required
conclusion of Theorem [E]
So to prove Theorem [H]it suffices to establish the claim. From the definitions of v (cf. (7.46)) and

Q(G,v) (cf. (1.2)), we see that Q(G, 1) = 7, so it remains to show that Q(G,v) = Q(G,¢') < 7.
By Proposition (ii), we only need to prove that for all z € I \ Q,

.1 p o1
l — - < .
N fal S/ (o) = Umnl s Snp(@) <7, (47
where the first identity follows from (7.43), (7.44)), and the fact that ug is bounded (see Proposi-

tion (1)).

Fix x € I~ Q. In the remainder of this proof, we will divide the orbit of z into segments such that
the average on each segment is less than v, i.e., we will recursively construct a sequence {xy }ren in
O(z) and a sequence {ny}ren in N satisfying x4 = G™ (z1) and Sy, ¥ (zr) < ngy.

We first observe that by (7.46), (7.33)), (7.34)), (7.36]), and (7.42)),

plvl =D [b(x) = 0] < D Lud(w, K)* < L7 (Ar(0))*. (7.48)
zeO zcO
By (7.43), (7.41), and (7.30),
pi= € VgV < (Lim/e) VA, 9(O) < A g(O) < 7. (7.49)

Let us denote U = B5(O0) = {z € I : d(z,0) < p} (cf. Section .
Base step. Define x1 := x.

Recursive step. Assume that for some ¢t € N, {zj},_; and {nk}z;ll are defined. We now divide
our discussion into three cases, the third of which requires some delicate analysis.

Case A. Assume x; € O. Then define n; = p and z;41 == G" (x;) = x;. Thus, by (7.46) and
(7.44])), we have

Snetp(@e) = ey (7.50)

Case B. Assume z; ¢ U. Then define n; := 1 and x4 = G(z¢), so that combining (7.44)), (7.33),
and ((7.49) gives

Sne0(x) = () = P(x1) — €d(we, O)* < —ed(w, O)* < —ep® = 7. (7.51)

Case C. Assume z; € U~ O. Then 0 < d(z,0) < p. By (7.49), (7.30), and (7.39), p <
A, p(0) < %A(O). So by ([7.29)), there is a unique point y € O which is closest to x; among points

in the periodic orbit O. By (7.30) and (7.49)), |z; —y| < p < Ar9(O) < 7.
Let N € N be the smallest positive integer satisfying

|GY (20) = GN(y)| > Arp(O). (7.52)

Such a positive integer always exists; otherwise, we have |G™(z¢) — G™(y)| < A, 5(O) < r = 1y, for

all n € N by (7.30) and (7.38]). Then for each n € N, by Lemma (i), G"(z¢) and G™(y) are

contained in the same interval (1/(I 4 1),1/1) for some [ € N. So z; and y have the same continued
fraction digits, and consequently x; = y € O, contradicting the assumption that x; ¢ O.
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From the definition of N, together with (7.30) and (7.39)), we see that for each 0 < j < N — 1,

(G (21),0) < |G (21) = G (y)] < Ar,0(0) < A0)/3. (7.53)
By, ,and ,foreachogjgN—l,
|G (1) — GV (y)| < Ar,0(0) <7 = 1. (7.54)

So by ([7.54), the fact that O C E,,, and (7.35)), we have that G’ (z;) € F,, for each 0 < j < N — 1.
Therefore, by (7.53)), (7.54), and Lemma (iii), for each 0 < j < N — 1,

d(G (1), 0) = |G (m1) = G/ (y)| = M, lze — yl. (7.55)
By (7.37), (7.53), (7.30)), and (7.39),

|GN(20) — GV ()| < Lo|GN (@) — GV (w)| < L2y, 0(0) < LoOA(O) < A(O)/3. (7.56)

Set ny := N + 1 and x441 := G™(x¢). We now aim to show that Sy, 1 (z:) < nyy.
Let n € N be the smallest positive integer satisfying

|G" (1) = G™(y)] > p- (7.57)

Such an integer n exists and satisfies 1 < n < N since |z; —y| < p < A, 9(O) (see (7.49)), and by
the definition of V. Moreover, we have

|G z) — G y)| < p. (7.58)
We will separately estimate two parts of the sum
Sy (v = ) (@) = Sn(y = ) (1) + Snyn (v = ¥)(G"(21)) = T+1L. (7.59)

For each j € N with n < j < N, by (7.55), (7.57), and the fact that A,, > 1 (see Lemma [3.27)), we
have

d(G(20), 0) = |G (@) — G?(y)| = MG () = G (y)] > p.

Thus G’(x;) ¢ U, and by , v — (G (x¢)) > 0 for each n < j < N. Hence by , ,
(7.56)), , we have

>y — (G (x) =7 — ¢(GN(21)) + ed(GN (21),0)”
Y

+e|GN () — GV (Y)|" =7+ e(Ar6(0)).

VoWV

To estimate I, we write

L= (1 — Sub(y) + (Snth(y) — Sptb(ar)) = T +1V (7.60)

and will bound each of the parts III and IV below.
We write n = pg + r for ¢, r € Ng with 0 < r < p — 1. Then by (7.44)), (7.33), and (|7.48)), we

have S, (y) < Sna(y) = Spqg(y) + S}@(y) < pgy. Thus, considering v < 0 (see (7.48))), we obtain

MI=zry>=(p-1)y.
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Next, by (7.44)), (7.55), (|7.36[) Lemma [3.27] (iii), (7.58), and (7.49), we have
V] < ZW@% ¥(G ()]

Jj=0

n—1

< (18(G7 () — (G () | + ed(G7 (1), 0) )
7=0

n—1

M

(L1 +€)|GY (z1) — G (y) |
0

j
n—1

(L1 + A0 G (@) — G ()|

M

0
<pHLi+€)/(1—-A1)
<e 1|’Y|L3-

Combining the above estimates for II, III, and IV, we obtain from (7.59), (7.60)), (7.48), (7.41)
the final estimate

j

R

nyy — Sp,W(y) = I+ 1T+ 1V
v+ e(Aro(O)* = (p— 1)y — e Hv|Ls
(A, 9(O)* — (1 + Lze )|y (7.61)

>
=€
> (e~ (1+ Lae V) Li7) (A1, 0(0))"
> 0.

Denote Nj, = Zle n;. Combining 7.50 m, and 7.61 now gives

liminf — Snl/J( ) < liminf — Z Sp; () < liminf — Z n;y =1y.

n—-+oco N k—+oo IV, = kstoe N

Therefore, since x € I \ Q was arbitrary, Proposition [4.7] (ii) and ( give Q(G, 1) < 7, thereby
completing the proof of the claim. ]

APPENDIX A. PERIODIC LOCKING PROPERTY

In this appendix we prove the periodic locking property for the Gauss map. The proof of
Lemma and Proposition is similar to [BZ15].

Lemma A.1. Let G: I — I be the Gauss map. Let p € M(I,G) be a measure supported on a
periodic orbit O. Then there exists a constant C,, > 1 such that for allv € M(I,G) and ¢ € C**(I),

(v, 0) < {1, @) + Culdlalv, d(-, O)%). (A.1)

Proof. We will write p :== card O throughout this proof. If p = 1, i.e., if O consists of a single point
xg, then for every v € M(I,G) and ¢ € CY(I),

(v, 6) < d(xo) + [lalv, d(-; 20)).

So (A.1)) holds with C, = 1.

From now on assume that p > 2. Clearly, O N Q = ). Denote ¢ := A(O) as defined in .
Fix an arbitrary y € O. Since G is continuous at each irrational number, there exists €, > 0 such
that |G’($) - Gl(y)’ < §/2 for all z € (y — €,y + €) and 0 < ¢ < p — 1. Moreover, since O is
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a finite set, there exists € == min{e, : y € O} such that if z € I, y € O, and d(z,y) < €, then
|Gi(z) — G'(y)| < 6/2 forall 0 < i <p—1.

Define €}, == 1/e. We aim to check that the inequality is satisfied for every v € M(I,G).
It is sufficient to consider ergodic v; the general case will follow using ergodic decomposition.

Fix € I and ¢ € C%%(I) such that the Birkhoff averages of the continuous function ¢ along
the orbit of  converge to (i, ¢). We will inductively define a transport sequence {y;};7°°, in O. As
an auxiliary device for the definition of the sequence, each integer ¢ > —1 will be labelled as good
or bad. The definition is as follows: the point y_; € O is chosen arbitrarily, and the time —1 is
labelled bad. As inductive hypothesis let us suppose that y_1, yo, ..., y; are already defined and
that the times —1, ..., ¢ are already labelled. Then

(a) If d(G"!(z),0) < € then each time j € {i +1,i+1, ..., i+ p} is labelled good, and y; is
defined as the unique point in O that is closest to G’(z). Note that y; = G'~¥(y;), and in
particular each point of O appears exactly once in the sequence y;y1, ¥it2, - -+, Yitp;

(b) If d(G""'(x), 0) > € then the time i + 1 is labelled bad, and we define y; 11 as G(yj), where
k is the largest bad time less than or equal to i.

This completes the definition of the transport sequence. Notice that ngrfoo % Z?;ol (yi) = (1, ).

On the other hand, for all i € Ny, the distance d(G'(z),0) is equal to |G'(z) — y;| if i is a good
time, and otherwise is at least €. In either case we have

|G (z) — yi| < Cud(G'(2),0).
Using these properties we obtain, for every ¢ € C%%(I),

1 n—1 4 1 n—1 ' N
@ﬂﬁznggm;§:¢wﬂw»<ng$xg§:@mw+wde%w—yA)
i=0 i=0
1 n—1 ‘ N
< dim S (6(31) + Culdlad (G (@), 0)") = {1, ) + Culéalv, (-, O)°).
=0
The inequality follows. O

Proposition A.2 (Locking property for periodic orbits). The set Lock®(G) is an open dense
subset of 22%(Q).

Proof. By definition, the set Lock®(I) is open and contained in #%(G), so we only need to prove
that it is dense.

Let ¢ € P (1), and suppose p € Muax(G, ¢) is supported on a periodic orbit O. For each ¢ > 0,
consider ¢; = ¢ — td(-,0)*. The functions ¢; belong to the Banach space C%%(I), and converge to
¢ as t — 0. Moreover, for any 1 € C%*(I) and v € M(I,G), by Lemma we obtain

(v, 01 + 1) < (v, 0) + (v, ) = t(v, d(;, 0)%) <, ¢) + (1Y) + (Culdla = t)(v, d(-, O)%)
= (1, e + ) + (Culdla — t)(v, d(-, 0)%).

Therefore, if 1| < t/C, then p is the unique maximizing measure for ¢; + 1. This shows that
¢t € Lock®(G) for each ¢t > 0. So ¢ belongs to the closure of Lock®(G). Hence we conclude that

Lock®(G) is dense in 22(G) N C%(I). O
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