A CLASS OF LATTES MAPS WITH CELLULAR STRUCTURES

ZHIQIANG LI AND HANYUN ZHENG

ABSTRACT. We show that a class of quasiregular Lattés maps, called orthotopic Lattés maps, are
cellular Markov maps. This provides examples of expanding Thurston-type maps that are also uni-
formly quasiregular, and whose visual metrics are quasisymmetrically equivalent to the Riemannian

distance.
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1. INTRODUCTION

T W T W N

—_

As a higher-dimensional analog of the dynamics of rational maps on the Riemann sphere @,
the theory of uniformly quasiregular (abbreviated as UQR) maps has been developed in the past
decades. Heuristically, a quasiregular map is a map M"™ — M" with bounded distortion on an
oriented, connected, and closed Riemannian n-manifold M"”, and a uniformly quasiregular map is
a quasiregular map whose iterates have a uniform bound of distortion. We recall these notions in

Section [2] and refer the reader to [IMO01), Ka21l, [Ri93| [Vu88] for the general quasiregular theory.

An important subclass of uniformly quasiregular maps are the quasiregular Lattes maps, which

include the well-known Lattes maps on C. A quasiregular Lattés map is a uniformly quasiregular
map f: M™ — M™ that is semi-conjugate to a conformal affine map A: R™ — R via a quasiregular
map h: R" — M" strongly automorphic with respect to some discrete subgroup I' < Isom(R"), as

in the following commutative diagram.

R"” 4A>Rn

|

M —— M"

We give a precise definition in Section [2| and refer to [IMOT, Ka22] for more information.
In dimension two, Lattés maps on C belong to the class of Thurston maps, i.e., branched covering

maps with finite postcritical points and degree at least 2; cf. [BM17] for an exposition of the theory
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of Thurston maps. In the higher-dimensional case, it is natural to investigate whether (quasiregular)
Lattes maps have properties analogous to Thurston maps.

A class of higher-dimensional analogs of Thurston maps called Thurston-type maps were intro-
duced in [LPZ25]. The definition of Thurston-type maps is based on topological and combinatorial
conditions (see Definition , which naturally generalize the postcritically-finite condition of
Thurston maps, and lead to a higher-dimensional theory having potential for fruitful results. In
particular, [LPZ25] Theorem A] states the following rigidity phenomenon reminiscent of the No In-
variant Line Fields conjecture (see e.g. [McS98]): In dimensionn > 3, if an expanding Thurston-type
map is uniformly quasireqular, then it is a Lattés map.

In view of the discussion above, one may ask, in higher dimensions, which (quasiregular) Lattes
maps are Thurston-type maps. In this article, we show that this holds for a class of Lattes maps,
which we call orthotopic Lattes maps.

Theorem A. An orthotopic Lattés map M"™ — M"™, n > 3, on a connected closed Riemannian
n-manifold M™ is a cellular Markov map. Moreover, if f has topological degree at least two, then
f is a Thurston-type map.

We give a formal definition of orthotopic Lattés maps in Section [3] Heuristically, an orthotopic
Lattés map is a Lattes map where the group I' has a fundamental domain in the shape of an
orthotope. Although this class of Lattés maps has not been given a name in the UQR literature,
many known examples of UQR maps on closed Riemannian manifolds are orthotopic; see e.g.
[AKP10| for a discussion on such examples.

We recall the definitions of cellular Markov maps and Thurston-type maps in Section |2} as well as
briefly discuss their relation; see also [BM17, Chapter 5] and [LPZ25, Section 1]. Since the theory
of Thurston-type maps is beyond the scope of this article, we will not include a detailed discussion.

If an orthotopic Lattes map f: M™ — M™ n > 3, is chaotic (see Definition , then it is an
expanding Thurston-type map, which naturally induces a class of metrics called visual metrics of f.
By |[LPZ25|, Theorem B], these visual metrics are quasisymmetrically equivalent to the Riemannian
distance on M"™. See [LPZ25 Sections 1-3 and Appendix A.2] (cf. [BM17, [HP09|) for a discussion
on these notions.

Corollary. Let f: (M", dg) — (M",dgy), n = 3, be a chaotic orthotopic Lattés map on a con-
nected closed Riemannian n-manifold (M™,dy). Then each visual metric of f is quasisymmetrically
equivalent to dy.

Finally, we note that it is not known, to our knowledge, whether all Lattes maps on M" with
dimension n > 3 are Thurston-type maps, or even have cellular branch sets. For general UQR
maps, this is not the case. Indeed, by a result of Martin and Peltonen [MarPel0|, the branch set
of a quasiregular map on S” is realizable as the branch set of a uniformly quasiregular map on S™,
and by the construction of Heinonen and Rickman [[IR98] there exist quasiregular maps S® — S3
without cellular branch sets.

Acknowledgements. The authors would like to express their sincere gratitude to Pekka Pankka
for helpful discussions. Z. Li and H. Zheng were partially supported by Beijing Natural Science
Foundation (JQ25001, 1214021) and National Natural Science Foundation of China (12471083,
12101017, 12090010, and 12090015).

2. PRELIMINARIES

2.1. Quasiregular maps and Lattés maps. Recall that a continuous map f: M™ — N™ between
oriented Riemannian n-manifolds is quasiregular if f is in the Sobolev space I/Vlicn (M™ N™) and
there exists K > 1 for which the distortion inequality

IDFI" < KJp ae. M™ (2.1)
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holds, where ||Df|| and J; are the operator norm and the Jacobian, respectively, of the differential
Df of f. In this case, we say that f is K-quasireqular. In particular, a holomorphic map of one
complex variable is a 1-quasiregular map. In this terminology, a map is quasiconformal if it is a
quasiregular homeomorphism. We refer to the monographs of Rickman [Ri93], Reshetnyak [Re89],
and Iwaniec & Martin [IMO1] for detailed expositions on quasiregular theory.

Following Iwaniec & Martin [IM96] (see also [IM01]), a quasiregular map f: M"™ — M" of an
oriented Riemannian n-manifold is uniformly quasiregular (abbreviated as UQR) if there exists
K > 1 for which each iterate f*, k> 1, of fis K —quasiregularﬂ See a survey of Martin [Mar14] for
a detailed discussion.

An important subclass of uniformly quasiregular maps are the quasiregular Lattés maps origi-
nating from the work of Mayer [May97, [May98|. For the convenience of the reader, we recall the
notion of Lattes maps (cf. [IMO1, [Ka22, May97] for more information).

Definition 2.1. Let M™, n > 3, be an oriented, connected, and closed Riemannian n-manifold. A
triple (T, h, A) is a Lattés triple on M™ if the following conditions are satisfied:

(i) T is a discrete subgroup of the isometry group Isom(R"™).
(ii) h: R™ — M™ is a quasiregular map which is strongly automorphic with respect to T, i.e.,
for all z, y € R", h(z) = h(y) if and only if y = vy(x) for some v € I'.
(iii) A is a conformal affine map (i.e., A = AU + v for some A > 0, U € O(n), and v € R") with
ATA™1 CT.
A Lattés map is a uniformly quasiregular map f: M"™ — M™ for which there exists a Lattes triple
(I',h, A) with foh = ho A. In this case, we call f a Lattés map with respect to (I', h, A). We call a

Lattes map with respect to a Lattes triple (I', h, A) chaotic if I is cocompact and A is expanding,
ie., A= AU+ v for some A > 1, U € O(n), and v € R™.

2.2. Cellular Markov maps. Here we recall the notion of cell decompositions. Our definitions
of cells and cell decompositions follow [BM17, Chapter 5]. Throughout the remaining part of this
section, X will always be a locally-compact Hausdorff space.

Recall that, for each n € N, a subset ¢ of X homeomorphic to [0,1]" is called an n-dimensional
cell, and dim(c) := n is called the dimension of c. We denote by 0,c the set of points corresponding
to [0,1]™ ~ (0,1)™ under a homeomorphism between ¢ and [0,1]". We call doc the cell-boundary
and int, ¢ := ¢\ Ooc¢ the cell-interior of c. The sets O.c¢ and int, ¢ are independent of the choice of
the homeomorphism. Note that the cell-boundary and cell-interior generally do not agree with the
boundary dc and interior int ¢ of ¢ regarded as a subset of the topological space X. A 0-dimensional
cell is a subset consisting of a single point in X. For a 0-dimensional cell ¢, we set O.c := ) and
int, ¢ := c.

We recall some basic properties of cells for further discussion, omitting the standard proofs.

Lemma 2.2. The following statements are true:

(i) Let X be a locally-compact Hausdorff space. Then each cell ¢ C X is closed. Moreover,
¢ = int, c.

(ii) Let X be a topological n-manifold. Then for each n-dimensional cell X in X, into X and 0, X
agree with the interior and boundary of X regarded as a subset of the topological manifold
X, respectively.

Definition 2.3 (Cell decompositions). A collection D of cells in a locally-compact Hausdorff
space X is a cell decomposition of X if the following conditions are satisfied:

INote that the uniform quasiregularity of a map is independent of the choice of the Riemannian metric of M"™,
since, for Riemannian metrics g and g’ on M", the identity map id: (M™,g) — (M™,g’) of a closed Riemannian
n-manifold is quasiconformal.
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(i) The union of all cells in D is equal to X.
(ii) into(o) Ninte(7) = O for all distinct o, 7 € D.
(iii) For each 7 € D, the cell-boundary J,7 is a union of cells in D.
(iv)

For a collection C of cells in an ambient space X, we denote by |C| .= [JC the space of C. If C is
a cell decomposition of |C|, then we call C a cell complez. A cell decomposition is a cell complex. A
subset C’' C C is a subcomplex of a cell complex C if C' is a cell complex.

Let D be a cell decomposition of X. For each S C X, we denote

D|s ={ceD:cC S}, (2.2)
and call it the restriction of D on S. For each k € Ny, we denote
D .= {¢ € D : dim(c) = k},

and call |, DM‘ the k-skeleton of D.
We record some elementary properties of cell decompositions.

Lemma 2.4 ([BM17, Lemmas 5.2 and 5.3]). Let D be a cell decomposition of X. Then the following
statements are true:
(i) For each k € Ny, the k-skeleton of D is equal to | J{ints c : ¢ € D, dim(c) < k}.
(ii) X = U{into c: ¢ € D}.
(iii) For each T € D, we have T = |J{intoc: c € D, ¢ C 7}.
(iv) If o and T are two distinct cells in D with o N7 # 0, then one of the following three

statements is true: 0 C 0o7, T C 050, or 0 N T = 0o0 N 0T and the intersection consists of
cells in D of dimension strictly less than min{dim(o),dim(7)}.

(v) Ifo, 11, ..., 7, are cells in D and into(a)ﬂU?zl 7; # 0, then o C 7; for somei € {1, ..., k}.

v) Every point in X has a neighborhood that meets only finitely many cells in D.

Lemma 2.5 ([LPZ25, Lemma 2.10]). Let D be a cell decomposition of a locally-compact Hausdorff
space X and S C X. Then the following statements are true:
(i) D|s is a subcomplex of D.
(ii) If S is a union of cells in D, then D|g is a cell decomposition of S. In particular, for each
¢ € D, D|. and Dlg,. are cell decompositions of ¢ and dsc, Tespectively.
(iii) If S = |C| for a subcomplex C of D, then D|s =C.

We also recall the notion of refinements of cell decompositions, and record several properties.

Definition 2.6 (Refinements). A cell decomposition D; of a locally-compact Hausdorff space X
is a refinement of a cell decomposition Dy of X if the following conditions are satisfied:

(i) For each o € Dy, there exists 7 € Dy satisfying o C 7.
(ii) Each cell 7 € Dy is the union of cells o € D; satisfying o C 7.
In this case, we also say that Dy refines Dy.

Lemma 2.7 ([BM17, Lemma 5.7]). Let D be a cell decomposition of a locally-compact Hausdorff
space X and let D' be a refinement of D. Then for each o € D, there exists a minimal cell T € D
with o C 7, i.e., if o C 7T for some T € D, then T C 7. Moreover, T is the unique cell in D with
into o C int, 7.

Lemma 2.8 ([LPZ25, Lemma 2.17]). Let D be a cell decomposition of a locally-compact Hausdor(f
space X. For each ¢ € D, let D'(c) be a cell decomposition of ¢ that refines D|.. Then D' =
U.ep D'(¢) is a cell decomposition that refines D if and only if for all ¢, ¢ € D with ¢ C o, we have
D'(0)|c = D'(c).
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Now we recall cellular maps and related notions; see [BM17, Chapter 5] or [LPZ25| Section 2| for
more information. In what follows, X and X’ stand for locally-compact Hausdorff spaces.

Definition 2.9 (Cellular maps). A continuous map f: X' — X is a cellular map if there exist
cell decompositions D’ and D of X" and X, respectively, such that for each ¢ € D', f(c) is a cell in
D and the restriction f|.: ¢ = f(c) is a homeomorphism. In this case, we call f a (D', D)-cellular
map, (D', D) a cellular pair of f, and D’ a pullback of D by f.

Note that the pullback D’ of cell decomposition D, if exists, is uniquely determined by D (see
[LPZ25, Subsection 2.3] for a discussion), although neither each cell decomposition admits a pull-
back, nor cellular pairs in Definition are unique.

Homeomorphisms are cellular maps: under a homeomorphism, each cell decomposition admits a
unique pullback. For a homeomorphism ¢: X’ — X and a cell decomposition D of X, denote

¢*(D) = {¢ (c) : c € D}. (2.3)
Then it is easy to check that ¢*(D) is a cell decomposition.
Lemma 2.10. If ¢: X' — X is a homeomorphism and D is a cell decomposition of X, then ¢*(D) :=

{(Zfl(c) i c € D} is a cell decomposition, and the unique pullback of D. In particular, given a
(D', D)-cellular map f: X' — X, for each ¢ € D', we have D'| = (f|o)* (Dl ()

We conclude with the definition of the aforementioned cellular Markov maps and Thurston-type
maps.

Definition 2.11 (Cellular Markov partitions, cellular Markov maps). A cellular Markov
partition of a continuous map f: X — X is a cellular pair (D, D) of f where D’ is a refinement of
D. We call f a cellular Markov map if there exists a cellular Markov partition of f.

In this article, we adopt the formulation in [HR02] and say that a discrete, open, and continuous
map f: X — 2 between topological spaces X and 2) is a branched cover. Note that quasiregular
maps are orientation-preserving branched covers (see e.g. [Ri93, Chapter VI] or [Ka2ll Section 11]).
For a branched cover f: X — ), we denote the branch set (or critical set) and postbranch set (or
posteritical set), respectively, by

By :={x € X: f is not a local homeomorphism at } and Py := U J™(By).
m>=1
We denote the local multiplicity of f at x € X by
i(z, f) =inf{N(f,U) : U C X is an open neighborhood of =},
where N(f,U) == sup{card(f~'(y)NU) :y € f(U)}

Definition 2.12 (Thurston-type maps). A branched cover f: M"™ — M™is cellularly-postcritically-
finite (CPCF) if the following conditions hold:

(i) There exists a cellular Markov partition (P, P) of f|p,: Py — Py and a cell decomposition
Doy of M™ such that Py C Dy.

(ii) There exists a cell decomposition B of By such that f|p,: By — Py is (B, P)-cellular, and
that for each ¢ € B, the function i(f,-)|int, ¢: into ¢ = N, z +— i(z, f) is constant.

A Thurston-type map is a CPCF branched cover with topological degree at least two.
Remark 2.13. We note that cellular Markov branched covers are CPCF (see [LPZ25, Proposi-

tion 3.21]), and are of Thurston-type when having topological degrees at least two; cf. [LPZ25]
Section 3] for a detailed discussion.
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3. ORTHOTOPIC LATTES MAPS
The main purpose of this article is to show that orthotopic Lattés maps are cellular Markov.

Theorem 3.1. An orthotopic Lattés map M™ — M™, n = 3, on a connected closed Riemannian
n-manifold is a cellular Markov map.

Consequently, since Lattes maps are branched covers and by Remark orthotopic Lattes
maps with degree at least two are Thurston-type maps. Then Theorem [A] follows.

Now, we proceed to the definition of orthotopic Lattes maps and discuss first the underlying
notion of orthotopic crystallographic groups.

3.1. Orthotopic crystallographic groups and Lattes triples. In this subsection, we fix an
arbitrary n € N and use the convention that all discussions take place in the ambient space R".

First, following [SV93], we recall some basic notions on crystallographic groups and Euclidean
geometry of R™. A discrete subgroup I' of Isom(R") is called crystallographic if ' acts cocompactly
on R" i.e., the quotient space R"/I" is compact. A fundamental domain of a discrete subgroup
I' < Isom(R") is a closed domain (i.e., the closure of some domain) D C R" satisfying the following
properties:

(i) {v(D) : v €T} is a locally-finite cover of R™.
(ii) If v € I and 7 # id, then int(D) Nint(y(D)) = 0.

Note that for a crystallographic group I' there always exists a normal fundamental polyhedron,
i.e., a fundamental domain P that is a convex polyhedron, and the intersection of two adjacent
polyhedra in {y(P) : v € T'} is a common face of them. Examples of polyhedra include simplices,
cubes, orthotopes, etc. In the current section, we only consider orthotopes and do not discuss
polyhedra in detail; cf. [SV93] for a more comprehensive discussion.

In what follows, for d € Ny with d < n, we identify R? with the subspace R? x {0}"~% of R". We
also use the notation 0 to denote the point (0, ..., 0) € R” when there is no ambiguity.

Fix d € N with d < n. We call a subset of R%, having the form H?Zl[—ai,ai], a; € (0,400)
for each 1 < i < d, a standard d-dimensional orthotope. A subset @ C R" is a d-dimensional
orthotope if ) is isometric to a standard d-dimensional orthotope. A 0-dimensional orthotope is a
set containing a single point.

A special subclass of orthotopes are the cubes. For d € N with d < n, a d-dimensional cube is
a d-dimensional orthotope isometric to a standard d-dimensional cube, i.e., a standard orthotope
of the form [—a,a]?, a € (0,4+00). Note that C C R" is a d-dimensional cube if and only if C is
mapped by a conformal affine map (i.e., a map in the form Aid oE, where E € Isom(R") and A > 0)
to I := [~1,1]%. A 0-dimensional cube is a set containing a single point.

For a standard orthotope Q = Hle[—ai, a;], we call the linear transformation

m: R" - R", (21, ..., T4, Tgs1, -+, Tpn) = (x1/01, ..., Tg/aq, Tgs1, - -, Tn) (3.1)

the cubic-stretching of Q. Clearly m(Q) = 1%
The orthotopic structure of a standard orthotope Q = H?Zl[—ai, a;] is the cell decomposition

d
Recq(Q) == H{[—az’,az‘L {—ai}, {ai}}-

For a d-dimensional orthotope R C R, the orthotopic structure is given by the pullback (cf. Lemma
Recy(R) = T*Recq(Q), where T' € Isom(R") maps R to a standard d-dimensional orthotope Q.
Note that Recy(R) does not depend on the choice of T. Furthermore, we denote ORecy(R) =
Recq(R) ~ {R} = Recq(R)|g,r- It is easy to see that ORecy,(R) is a cell decomposition of 0, R. We
call an element in Recy(R) a face of R, and call a face of dimension d — 1 a facet.
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In particular, we define the cubic structure of I¢ by Cubeq := Recq(I?) = {[-1,1], {-1}, {1}}4,
and the cubic structure of a d-dimensional cube C' by Cubey(C) = L*Cube,, where L is a conformal
affine map that maps C to I2. We also denote dCubey(C) := Cubey(C) ~ {C} and dCubey =
ORecy (]Id). Clearly, for a standard d-dimensional orthotope @, the orthotopic structure Recy(Q) is
identical to the pullback 7*Cubey by the cubic stretching 7 of Q.

In addition, for a O-dimensional orthotope (quivalently, 0-dimensional cube) P, we define Recy(P) =
Cubeg(P) := {P} and dReco(P) = dCubey(P) = 0.

In [Yul3], a crystallographic group I" on R" is called cubic-type if normal fundamental domains
of I' can be realized as n-dimensional cubes.

Here we introduce a similar notion called orthotopic crystallographic group. We call a crystallo-
graphic group I' orthotopic if there exists an n-dimensional orthotope that is a normal fundamental
domain of I'. Examples of orthotopic crystallographic groups include I'to, = Z" and gy, = Z" X Zo
whose quotient spaces are T™ and S”, respectively.

With orthotopic crystallographic groups introduced, we define a special class of Lattes maps.
Recall the definition of Lattés triples and Lattés maps in Definition [2.1]

Definition 3.2 (Orthotopic Lattés maps). A Lattes triple (I',h, A) is orthotopic if T is an
orthotopic crystallographic group with a normal fundamental domain @ = []7",[0,a;], and A = X\I
where A € N. An orthotopic Lattés map is a Lattes map with respect to an orthotopic Lattes triple.

For examples of orthotopic Lattés maps, see e.g. Astola, Kangaslampi, and Peltonen [AKP10].

3.2. Symmetry group and symmetric decomposition of cube. As in the previous subsection,
we fix an arbitrary n € N and use the convention that all discussions take place in the ambient
space R”. We also identify R%, 0 < d < n, with the subspace R? x {0}"~% of R".

We study an orthotopic crystallographic group I' < Isom(R") by decomposing its fundamental
domain into some smaller polyhedra. We call such a decomposition a symmetric decomposition.
Then in Subsection [3.3] we use symmetric decomposition to construct cellular Markov partitions
for orthotopic Lattes maps.

First, we consider fundamental domains of cubic type. Then we naturally proceed to the ortho-
topic case, extending the results for cubic-type cases.

In preparation, we recall the notion of (cubic) symmetry. For the d-dimensional cube I =
[—1,1]¢ € R? (where R? is identified as the subspace R? x {0}"~¢ of R"), a symmetry of 1% (or
I9-symmetry) is an isometry v € Isom(R") with 'y(]ld) =T¢. All symmetries of I¢ form a subgroup
Sym(]Id) < Isom(R") called the symmetry group of 1¢.

For each i € {1, ..., n}, denote by e; the point in R™ for which the i-th coordinate is 1 and
the others are 0. Usually we do not distinguish the points e;, i € {1, ..., n}, and the canonical
orthogonal base ey, ..., e,.

Remark 3.3. As an elementary fact, for each v € Sym (]Id), we have ’y(Rd) = R9, and the restriction
v|ga is an orthogonal linear map having the form 7|z« = DE where D, E € O(d) satisfy De; €
{—ei, e;} for 1 < i < d, and the restriction of F on the base e, ..., e4 is a permutation, that is,
there exists o € Sy such that Ee; = e,(;), 1 <@ < d.

In what follows, we introduce symmetric decompositions. Briefly speaking, we subdivide a cube
using half-spaces; cf. [SV93| Section 5.3] for a similar discussion.

Fix arbitrary d € N with d < n. For all i, j € {1, ..., d} and a, b € {—1, 1}, we denote
Hd (a,b) —{ (21, ... E]I aa:i>bxj}§]Rd. (3.2)
Note that Hidi(a,b):{(xl, ...,xd)eﬂd (a—b)xz; >0} and Hd (a,b) = ( b, —a). Set

= {H{(a,b) 1a, b€ {-1,1}, 1 <, j <d}. (3.3)
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We call H, C H? a fundamental subset of H if, for all 1 <4 < j < d,

Ho N {HE(L,—1), HE(-1,1)} #0 and  H. N {HL(1,1), ~1,-1)} #0. (3.4)

Denote
K= {ﬂ H. : H. is a fundamental subset of Hd}. (3.5)
For each d-dimensional cube C' C R" we denote K5(C) = L*KS = {L™Y(H) : H € K3}, where L is

a conformal affine map with L(C) = I%. In addition, we denote kg := {{0}}
Remark. Note that K3(C') is well defined, i.e., independent of the choice of L (see Lemma (1)).

Now we define symmetric decompositions of cubes. For a d-dimensional cube C with d € N, we
call

ICd(C) = U IC(Ohm(c) (C) and alcd<c) = U K:glm(c)( ) (36)
c€Cubeqy(C) c€dCubey(C)

the symmetric decomposition of C and 0,C, respectively. In particular, we denote g = Ky (]Id)
and 0K, = 0K, (]Id) for convenience. Moreover, define Ky := {{0}} and 9Ky = 0.

Remark. Given a conformal affine map L mapping C to I¢, we have Kq(C) = L*Kq = {L™'(H) :

H € K4} (see Lemma [3.4] (ii)).

FIGURE 3.1. H3,(1,-1), H%(1,1), and K.

The following lemma guarantees that symmetric decompositions are well defined.

Lemma 3.4. Let d € Ny with d < n be arbitrary. Then the following statements are true:

(i) For each T € Sym(l[d), Kg =T*K;. Moreover, for each d-dimensional cube C' and each pair
of conformal affine maps L, L' mapping C onto 1%, we have L*KS = (L')*Kg = K3(C).

(ii) For each pair C, C' of d-dimensional cubes and each conformal affine map L mapping C to
C', we have K3(C) = L*K3(C"), Kq(C) = L*K4(C"), and 0K4(C) = L*0K4(C").

Proof. Clearly, the statements are true if d = 0. Now suppose d € N.
(i) Since T, T~ € Sym(I%), by Remark we may assume T le; = dieo(s), 0i € {—1, 1}, for
each 1 < i< d, where o € Sy is a permutatlon Then foralli, j € {1,...,d} and a, b € {—1, 1},

T (szj(a,b)) ={(z1, ..., 2q) € . ao(iy/0i = bro(j)/0;} = Hg(i)a(j)(a/di,b/csj),

which implies that for each fundamental subset H, C H? (cf. l-) for definition), T*H, =
{T-Y(H,) : H € M.} is a fundamental subset. Thus, by the definition of K§ (cf. . for
each H € K3, T™1(H) € K3. Tt follows that T*K3 C K3. Likewise, K5 C T*KS.

Let C be a d dlmenswnal cube and L, L' be conformal affine maps that map C to I¢. Tt is easy to
see that L' o L1 € Sym(]ld), and thus, as shown above, (L’ o L‘l)*ICg = K5. So L*K§ = (L')*K5 =
K5(0).
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(ii) Let C, C’ be d-dimensional cubes and L a conformal affine map with L(C') = C’. Let P and
P’ be conformal affine maps mapping C' and C’, respectively, to I¢. Tt is clear that P’ o Lo P~ €
Sym(I9). Thus, by (i), K3(C) = P*Kg = P*(P'o Lo P~1)'K3 = L*(P')*K5 = L*K(C").

Now consider OK;(C) and KCg(C). Tt is easy to verify Cubey(C) = L*Cubey(C’) and 9Cubey(C) =
L*9Cubeq(C”’). Combining this with the fact that K5(C) = L*K5(C") for arbitrary d € N with
d < n (as shown above) and the definition of symmetric decomposition in (3.6), we obtain Kq(C) =
L*K4(C") and 9K 4(C) = L*0K4(C"). O

We further discuss the structure of K7, giving some elementary properties.

Lemma 3.5. The following statements are true:

(i) I = UK, and Hy = U{(Ho : Ho C H" is a fundamental subset with Hy € Ho} for each
Hy e H".
(ii) H,NHy e K for all Hy, Hy € K.

Proof. (i) Let z := (1, ..., z,) € I" be arbitrary. By (3.2), for all 1 <i < j <nandd e {-1, 1},
we can choose a, b € {1, 1} such that ab =6 and = € HJ}(a,b). This gives a fundamental subset
(cf. for definition) H, C H™ for which x € (\H. € K. Thus, I" C |JK;. Clearly K5, C I".

Furthermore, fix arbitrary Hy € H™ and x¢ € Hy. As discussed above, there exists a fundamental
subset H/, C H" for which x¢g € (\H,. Then H{ = H, U {Ho} is a fundamental subset for which
zo € (Hg- It follows that Hy C J{(\Ho : Ho C H" is a fundamental subset with Hy € H.}. The
converse inclusion is clear.

(ii) Consider Hy, Hy € K. Suppose H; = (H1 and Hy = (Ha, where Hi, Ho C H" are
fundamental subsets. By the definition of fundamental subsets (cf. ), H1UH, is a fundamental

subset, and thus Hy N Hy = ((H1 U Ha) € K5 O
Hp
fr F
H | F
H
H F

FIGURE 3.2. Illustration of Lemmas (left) and (right).

Lemma 3.6. Fiz H € K}. Then the following statements are true:
(i) There exists T € Sym(I"™) such that T(H) C [0, 1]™.
(il) If H N O,I" # (), then there exists a facet F € Cubel” ™Y such that Hn 81" C F.

(i) IfF € Cubel" ! satisfies HOF # 0, then there exists Hp € K5 _1(F) and fr € Cube,_1(F)
such that HNF = Hp N fp.

Proof. By the definition of Y, (cf. (3.5])), suppose H = [ H, where H, C H" is a fundamental
subset (cf. (3.4]) for definition).

(i) By the definition of fundamental subsets, for each ¢ € {1, ..., n}, pick H}}(a;, —a;) € Hx,
where a; € {—1, 1}. Let T € O(n) be such that Te; = a;e;, i € {1, ..., n}. It can be checked that
T € Sym(I") and T(H) C iy T(H(a;, —a;)) C [0,1]™.

(ii) Since K; is invariant under I"-symmetries (Lemma (i)), we may assume by (i) that
H C[o,1].
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By the definition of fundamental subsets, for all 1 < ¢ < j < n, we can choose Hi"j(aij, aij) € My,
where a;; € {—1, 1}.

We construct a directed graph G = (V, E) with n vertices V' = {v1, ..., v,} by defining the set
of edges £ = {e;j : 1 <i < j < n} as follows: for 1 < i < j < n, if a;; = 1, then set e;; = (vs,v;);
otherwise, when a;; = —1, set e;; = (vj,v;). Using simple induction arguments, we can find an

integer 1 < m < n such that for each v; € V, there exists a path from v, to v;. By the construction
of G and , each (1, ..., ) € ﬂ1<i<j<n Hi”j(aij,aij) satisfies z,, > x;, 1 <1 < n.

Let © = (x1, ..., ) € H N O,I" be arbitrary. By the assumption H C [0,1]", there exists an
integer 1 < k < n for which zx = 1. Since z € H = ((H. C nl<i<j<n Hfj(aij,aij), we have, as
shown above, z,,, > xp = 1. Hence, H N 9,1" is contained in the facet {(x1, ..., z,) € I" : z,, = 1}.

(iii) Since K2 is invariant under I"-symmetries (see Lemma [3.4] (i)), we may assume that H inter-
sects the facet F' == {(z1, ..., x,) € I" : &, = 1}. Consider the translation L: (z1, ..., -1, 1) —
(x1, ..., Tp—1, 0) mapping F to 1,

Set H, = {H" Ya,b) € H 1 Hi”j(a,b) € Hi,a,b e {—=1,1},1 <i < j < n—l} and
F = {H” a,b) N F': Hli(a,b) € Hy,a,b € {-1,1},n € {4, j}}. In what follows, we show
Hp =L Y (N H.) and fr := ) F satisfy the desired property.

Suppose Hi"j(a, b) € Hy, where 1 <i<j<nanda,be {-1,1}. Since HNF = FN(Hs # 0,
we have H[:(a,b) N F # (0. If i # n and j # n, then

Hi(a,b) NF ={(z1, ..., v,) €1" : ax; > bxj, zp = 1} = L_l(Hl."j_l(a,b)).

If i = n, then the non-empty set Hfj(a,b) NF={(x1, ..., zp) €I :a > bxj, x, = 1} is either an
(n — 2)-dimensional face of F', or equal to F'; the same holds for the case j = n.

The above discussion implies that F is a collection of faces of F and {H, N F : H, € H,} =
{L7'(H.): H, e H,} UF. Thus, HNF =M. NF =LY OH,)NNF=HsnN fr.

The constructlon of H/ implies that H/, is a fundamental subset of H"~!. Thus, NH, € K2_;
and Hp = LY (\H,) € L*KS_; = K5_;(F). On the other hand, the assumption HNF # () implies
that fp = [)F is non-empty, and hence, being the intersection of a collection of faces, is itself a
face of F. O

Lemma 3.7. For each facet F € Cubel’ ™ and each Hp € Ko _1(F), there exists H € K, for which
Hrp =HNF=HnNOJoI".

Proof. Since K is invariant under I"-symmetries (see Lemma (i)), we may assume F =
{(z1, ..., ) €I": x,, = 1}. Consider the translation L: (xl, cey Tp—1, 1) = (21, @01, 0).
Fix Hp € K _, ( ) = L*K; _,. By the definition of K _; (cf. ( . suppose HF = L YN HF),
where Hp C H" ! is a fundamental subset of H"~!. It can be directly checked that
%*:{AX[_7]A€HF}U{ ’in(_a_)aHgL(7_): \Z\TL}
is a fundamental subset of H" such that H := (| H. € K, satisfies Hr = HNF = H N d,1". O

The above two lemmas yield a description of the structure of 9/C,.

Lemma 3.8. For each d-dimensional cube C, d € N with d < n, we have
OK4(C)={HNO,C: H e Ky(C), HNIC # 0}
—{HNF:HeK5C), F e Cube(C), HNF £ 0} (3.7)
={HN f:HeKyC), fedCubey(C), HN f # 0}.
Proof. We argue by induction on the dimension n of the ambient space R™. Clearly, the lemma is
true when n = 1. Now suppose n > 2 and make the induction hypothesis that the lemma holds

when the dimension of the ambient space is in {1, ..., n — 1}, or equivalently, (3.7) holds for all
cubes of dimension 1 <d < n — 1.
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Now consider an arbitrary n-dimensional cube C'. By mapping C' to the standard n-dimensional
cube I" using a conformal affine map, it suffices to assume C' = I" and consider 9/C,,.
First, by Lemma (ii), we have

{(HNaI": He Ky, HNAJI" £ 0} C{HNF: H € K, F € Cubel™ Y, HNF # 0}
C{HNf:HeK,, fedCube,, HN f #0}.

Then we prove {HN f: H € K, f € 9Cube,, HN f # (0} C OK,. Let H € K}, and f € 9Cube,,
satisfy HN f # 0. Let F be a facet for which f C F. By Lemma (iii), there exist Hp € K5 _; (F)
and fr € Cube,,_1(F) for which HNF = HpN fr. Thus, since f C F', we have HNf = HpN(fNfr).
Clearly f N fr € Cube,—1(F). If fN fp =F, then HN f = Hp € K;_,(F). Otherwise, when
f N fr # F, by the induction hypothesis, HN f = Hp N (f N fr) € OK,—1(F). In both cases,
HnfekK,-1(F)CoK,.

Finally, we prove 0KC,, C {H NJ,I" : H € K, H N J,I" # 0}.

Fix H' € 0K,. By the definition of 9/C,, (cf. (3.6))), suppose H' € K(f) for some 0 < d <n—1

and f € Cubel. If d = n — 1, then by Lemma [3.7, H' € {H N 1" : H € K2, H N d.I" # 0}.

Now suppose d <n — 1. Let F; € Cube,[f_”, i € Z, be all the facets of 1" containing f.

Fix j € Z. Clearly f € 0Cube,_1(F;) and H' € 0K, —1(F};). By the induction hypothesis, we
may choose H; € Ky_;(F;) with H' = H; N d.Fj. By Lemma there is H; € K} such that
H]/ = Hj N F} = Hj N O,I". Thus, H = Hj N aon.

It is easy to check f = (V;c7 £i = ();ez OoFi. This, combined with the fact that H;NF; = H;NO,I"
and H' = H; N0, F; for each i € T, implies H' = (\;c7 Hi N 0o F; = (V;ez Hi N Fi = (N;ez Hi N 01"
Thus H' € {HN 1" : H € K5, HNOI" # 0} since ;e H; € K5, (see Lemma (ii)). O

As a consequence of Lemma IC; is the collection of cones whose bases are in 0K,,. Recall
that for a point x € R™ and a subset Y C R"”, the cone with tip  and base Y is

Cone(z,Y)={z+ANy—2z):ye€Y, A€ [0,1]}.

Corollary 3.9. For each d € N with d < n, we have K5 = {{0}} U {Cone(0,H’) : H' € 0K4}.
Moreover, each element in Kq is a simplex.

Recall that a d-simplex (d < n) in R™ is the convex hull of d + 1 affinely independent points.

Proof. It is easy to see from the definition of ICf (see and (3.5)) that {0} € K; and for
each H € K5~ {{0}}, H = Cone(0, H N d,I%), and thus, by Lemma m, H = Cone(0, H') for
some H' € 0K, Conversely, for each H € 0K4, by Lemma , there exists H € KJ such
that H = H N 9,19, and thus, as shown above, Cone(0,H’) = Cone(0, H N ao]ld) = H. So
K5 = {Cone(0, H') : H € 0K4} U {{0}}.

It follows immediately that for each d-dimensional cube C, elements in K3(C) are either single-
tons, or cones with bases in 0K4(C). Thus, by and since Ky = {{0}}, we can inductively
conclude that each H € K is a simplex. O

Since an element of K, is a simplex, it is a topological cell. Moreover, we show that /C,, is a cell
decomposition of I".

Proposition 3.10. ), is a cell decomposition of I that refines Cube,,.

Proof. We prove the claim by induction. Clearly Ko = {{0}} and K1 = {{-1}, {0}, {1}, [-1,0], [0,1]}
are cell decompositions refining Cubeg and Cube;, respectively. Fix n € N, n > 2, and make
the induction hypothesis that for each 0 < d < n — 1, K is a cell decomposition that refines
Cubey (equivalently, for each d-dimensional cube C, K4(C') is a cell decomposition of C' that refines
Cubey(C)).

First, by the induction hypothesis and the construction in , we can use Lemmato conclude
that 0K, is a cell decomposition that refines dCube,,.
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Now, we verify conditions (i)—(iv) in Definition [2.3|for &C,,. Conditions (i) and (iv) hold since K,
is a finite cover of I" (cf. Lemma (i)). It remains to verify (ii) and (iii).

(ii) Let o, T € K, be distinct. If o, 7 € K, then since 9K, is a cell decomposition, int, (o) N
into(7) = 0. In what follows, we consider the case where o, 7 € Kf. Clearly, int, o Ninto 7 = () if
o = {0} or 7 = {0}. Now suppose o # {0} and 7 # {0}. Then by Corollary[3.9] there exist o1, 71 €
OK,, such that o = Cone(0,01) and 7 = Cone(0,71). Since o # 7, we have o1 # 71, and thus (since
K, is a cell decomposition) ints(c1) Ninte(r1) = @. Then into o = {Az : z € into o1, A € (0,1)}
is disjoint from int, 7. Finally, if 0 € K, and 7 € 0K, it is clear that int, o C int, I", and thus
into (o) Nints(7) = 0.

(ii) Fix H € K,,. If H € JK,,, then since 9K, is a cell decomposition, d,H is a union of cells
in OK,. If H = {0}, then 9.H = (. Now suppose H € K, H # {0}. Then by Corollary
there exists Hy € 0K, for which H = Cone(0, H;) = {A\z : A € [0,1], z € Hy}. Since 0K, is a cell
decomposition, d, H; is a union of cells in K, and thus (again by Corollary Cone(0,0.Hy) is
a union of cells in K. It follows that 0, H = H; U Cone(0,0,H1) is a union of cells in /C,,.

Thus IC,, is a cell decomposition. By definition C,, is a refinement of Cube,,. O
Next, we consider a self-similar subdivision of IC,. Fix | € N. For each o = (aq, ..., o) €
{0, ..., 1 —1}", denote the n-dimensional cube centered at z, = (%‘%H, S M"fﬂfl) by

Cl=1[2a1 = 0/l, 2a1 =14+ 2) /1] x -+ x [2an, = 1) /1, 2, — L + 2)/1].
Using Lemma 2.8 and Proposition we construct a cell decomposition as follows:
Ky = U Kku@y. (3.8)
ae{0,...,[-1}7
For an n-dimensional cube C, we denote C,, ;(C) := L*K,, ;, where L is a conformal affine map with
L(C)=T1"

Remark 3.11. Note that K, ;(C) does not depend on the choice of L since K, ; is invariant
under each 7' € Sym(I"), which follows from Lemma (ii) and the observation that for each
a € {0, ..., 1 —1}", there exists 8 € {0, ..., [ — 1}" for which TCy = C}.

FiGURE 3.3. ,CQ, ,CQVQ, and ,C273.

Lemma 3.12. For each | € N, the cell decomposition K,,; is a refinement of ICy,.

Proof. For each a == (aq, ..., ap) € {0, ---, 1 — 1}", denote z, = (2041—}—1—17 cee 20"“[17’) and
consider the conformal affine map Ty, : z — Tpz = l(x — x,) that maps C? to I" and z, to 0.
We verify conditions (i) and (ii) in Definition
(i) Fix o == (a1, ..., o) €{0, -+, 1 —1}". Then for all 1 <, j <nanda, be {-1, 1},
Ta(HZ-"j(a, b)) ={(y1, .-, yn) € Ta(I") : ay; — by; > 2(ba; — ac;;) + (b —a)(1 —1)}.
If 2(baj — ac;) + (b—a)(1 —1) < 0, then H(a,b) C Ty (Hg}(a, b)); see Figureﬁfor an illustration.
Otherwise, since 2(baj —acq;) + (b—a)(1 —1) € 2Z, we have H]}(a,b) C [-1,1]" C T, (Hl-"j(—a, —b)).
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By the above discussion, either T, '(Hj(a,b)) € Hi(a,b) or T, ' (Hi(a,b)) C Hi(—a,—b).
Thus, for each fundamental subset H, C H™, we can construct a fundamental subset H/, C H" for
which T, 1 (N H«) € NH.. It follows that each element of K,,(C?) = T*K,, is contained in some
element of IC,,. Now condition (i) is verified.

T,

FiGURE 3.4

(ii) First, we show that each element in H" is a union of cells in K,,;. Fix Hy € H". It can be
directly verified (see also Figure that Hp is covered by {Cl : o € {0, ..., 1 —1}", x4 € Hp},
and that for each a € {0, ..., 1 — 1}" with z, € Hy, Hy N C? is either C" or T, (Hy). Since it
follows from Lemma (i) that C? and T,;1(Hp) are unions of cells in K,,(C?) = T*K,, C Ky, Ho
is a union of cells in K, ;. Combining this with the definition of K, (cf. (3.5)) and Lemma (iv),
we get that each element in K is a union of cells in /C,, ;.

It remains to show that each element in K, is a union of cells in K, ;. Consider H' € 9K,. By
Lemma suppose H' = H N F for some H € K¢ and some facet F' of I". Clearly F is a union
of cells in IC;,; (which follows immediately from the definition of KC;,;). Thus, since H is a union of
cells in KC;,; as shown above, by Lemma (iv), H' is a union of cells in K, ;. In conclusion, each
element in /C,, is a union of cells in C,, ;. O

Now we extend the discussion on symmetric decompositions to orthotopes.

For each standard n-dimensional orthotope @, let 7 be the cubic-stretching (cf. ) of () and
define

Kn(Q) =7, and K,(Q):=7"K,,
for each I € N. Then K,(Q) and K, ;(Q) are cell decompositions which refine Rec,(Q), and
ICh1(Q) refines K\, (Q). For each n-dimensional orthotope R, we define Ky, (R) == L*KC,(L(R)) and
Knix(R) = L*K, 1 (L(R)), where L € Isom(R"™) maps R to a standard orthotope L(R).

Note that the definitions of IC;,(R) and K, ;(R) do not depend on the choice of L, and this follows
from the observation that for each standard orthotope @, K\, (Q) is invariant under Q-symmetries,
i.e., v € Isom(R"™) for which v(Q) = Q.

Remark 3.13. Indeed, consider @ = [[;",[—a;, a;] and a Q-symmetry v € Isom(R™). It can be
checked that v is also an ["-symmetry, and thus, by Remark there exists a permutation o € S,
such that ~y(e;) € {—ea(i), eo(i)} for all 1 <@ < n. Moreover, ¥(Q) = Q guarantees that a; = a,(;

for all 1 < i < n, which yields that 7 oy o 7=! € Sym(I"). Then since K, is invariant under
["-symmetries (see Lemma (i), we have

VEn(Q) = V1 Ky =" (royor™ 1) Ky = 7K, = Kn(Q). (3.9)
Likewise, 7*/C,,1(Q) = K 1(Q) since K, is invariant under I"-symmetries (see Remark [3.11)).

3.3. Cellular Markov partitions of orthotopic Lattés maps. Here we prove Theorem
We begin by recalling some basic results on crystallographic groups. For more details we refer the
reader to [SV93|, Chapter 2]. Fix a dimension n € N. Let I" < Isom(R") be a crystallographic group
and P be a normal fundamental polyhedron of I'. For each facet F' of P, there exists a unique
vr € T for which yp(P) N P = FJ|

2Such an element ~r is called an adjacency transformation (cf. [SV93, Chapter 2]).
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Let T' be an orthotopic crystallographic group, and @ := ][0, a;] be a normal fundamental
domain. The above discussion implies that the cover {7(Q) : v € I'} is given by a lattice, i.e.,

{V(Q) :veT} ={Zv+Q:veZ"}, where ¥ := diag(ay,...,an). (3.10)

In what follows, we show that each H € K,(Q) is mapped by the projection 7: R” — R"/T
homeomorphically onto its image 7w(H). For this, we need the following lemma.

Lemma 3.14. For each H € K,,, each x € H, and each v € Sym(I"), if v(z) € H, then y(x) = z.

Proof. Let H € Ky, © == (x1, ..., xy) € H, and v € Sym(I") satisfy v(x) € H.

Since, by Lemma [3.8] each element in K, is contained in some element of K, we may assume
H € K. By the definition of K¢ (cf. (3.5])), suppose H = (| H. for a fundamental subset H,. C H"
(cf. (3.4)). By Lemma[3.6] (i), we may assume H C [0, 1]".

By Remark suppose Y(e;) = dier), 0 € {—1, 1}, for each 1 < i < n, where 7 € 5, is a
permutation. Set 7 = o1 - - - o, where 0;, 1 < i < k, are disjoint cycles.

Since x = Y 1L, wie; and y(x) = Y i1, diwier () are in H C [0,1]", we have y(z) = Y1 zier ).
Thus, to show (z) = =, it suffices to show, for each 1 < j <k, that > i1, zie; = Y11 wieq, (s)-

Let o = (i1iz...4;) be an arbitrary cycle among oy, 1 < i < k. We enumerate {z’l, ceey i’n_l} =
{1, ...on}~Air, ..., it} Thenaw =500 |z = 215:1 Zi,€i, —i—Z?;ll zyey. Since 0;, 1 <i <k, are
disjoint cycles, we have {7(#), ..., 7(i,_,) } = {¢\, ..., i,_,} and

n l n—l l n—l
@) = @ity = Y Tiseoi) + D Tplr) = Y TisCiy + Y Tirr(, (3.11)
=1 s=1 t=1 s=1 t=1

where we follow the convention that 4;,1 = 4.

We show x;, = x;, = --- = x;,. We argue by contradiction and assume (without loss of generality)
that z; # x;,. First, assume z;; > wx;,. Under such an assumption, suppose z;; > z;; for
some 2 < j < 1. By (3.11) and (3.2), v(z) ¢ Hj,;  (—1,—1). Then since y(z) € H = (H.,
we have H. (—1,—1) ¢ H., and thus, by the definition of fundamental subsets (cf. ),

127541

Hgijﬂ(l, 1) € H,, which implies z;;, > x;, > xi;,,. This, inductively, yields x;, > z;,, = @4,
which is a contradiction. Similarly, x;, < z;, leads to a contradiction.

Hence, z;, = zj, = --- = z;, and Z?:l Ti€; = 2?21 Ti€y(s)- Since ¢ is an arbitrary cycle among
o1, ..., Ok, we have y(z) = z. O

Corollary 3.15. Let R be an orthotope of dimension n € N, and v be a R-symmetry. If H € K,,(R)
and x € H satisfy v(x) € H, then v(x) = x.

Proof. Let L € Isom(R"™) maps R to a standard orthotope @ := L(R). Let 7 be the cubic stretching
of Q. Then Hy := w(L(H)) € K, and z; = n(L(z)) € Hy satisfy vi(z1) = (mo (LoyoL™)o
7 1) (7(L(x))) = 7(L(v(x))) € Hy. Clearly Loyo L™ is a Q-symmetry, and 7 :=7oLoyoL o
71 € Sym(I") (cf. Remark [3.13)). Then by Lemma y1(x1) = 1, and thus y(z) = z. O

Lemma 3.16. Let I' be an orthotopic crystallographic group and @Q be an orthotope that is a normal
fundamental domain of T'. Then for each H € K,,(Q) and each point x € H, we have HNTz = {z}.

Proof. Fix H € K,,(Q) and z € H. Let v € T satisfy v(x) € H NTz. By the definition of normal
fundamental domains, v(Q) N @ is a common face ¢ € Rec,(Q) N Rec, (7(Q)). Let ¢* € Rec,(Q)
be such that x € ¢* and v(c*) = ¢. Since 7 is an isometry, we can extend |~ to a @Q-symmetry 7.

Then 7(z) = v(x) € H. By Corollary we have v(z) = 7(z) = x. O

Let (I, h, A) be an orthotopic Lattes triple on an oriented, connected, and closed Riemannian
n-manifold M", and @ = [];,[0,a;] be a fundamental domain of I". Suppose A = A for some
A € N. Now we show that K,,(Q) and K, »(Q) induce, via h, cell decompositions of M™.
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Proposition 3.17. Let (I', h, A) be an orthotopic Lattés triple on an oriented, connected, and closed
Riemannian n-manifold M", where I’ has a fundamental domain Q = [[;" [0, a;], and A = X for
some A € N. Then the restriction of h to each cell c in IC,,(Q)UK,, A(Q) is homeomorphic. Moreover,

Dy :={h(c) : c€ Kn(Q)} and Di:={h(c):ceK,A\(Q)}
are cell decompositions of M™, and D1 is a refinement of Dy.

Proof. By Lemma each ¢ € K,(Q) contains at most one element in each orbit of I'. Then
hl. is injective. Since ¢ is compact, h|. is also closed (since a continuous map between compact
Hausdorff spaces is closed; cf. [Mu0Q, Section 26]), and thus a homeomorphism. Hence, Dy is
indeed a collection of cells.

Since I' is cocompact, we have h(R™) = M™ (which is a direct consequence of [Ka22, Theorems 1.5
and 1.7]). Since @ is a fundamental domain of ', we have h(Q) = h(R™) = M™. Then |JDy = M",
which verifies condition (i) in Definition[2.3] Conditions (iii) and (iv) in Definition [2.3|follow directly
from the fact that I, (Q) is a cell decomposition of finite cardinality.

It remains to verify condition (ii). Let o, 7 € Dy satisfy into(c) N into(7) # @ and suppose
o = h(og), 7 = h(my) for some o9, 70 € K,(Q). Fix p € into(c) Ninte(7), and let = € int, oy,
y € int, 79 be such that h(x) = h(y) = p. Since K,(Q) is a refinement of Rec,(Q), by Lemma
there exist X, Y € Rec,(Q) for which int, o9 C int, X and int, 79 C int, Y.

Since h(z) = h(y) = p, by Definition[2.1]there exists v € I such that y(z) = y. The choice of X, ¥’
yields v(z) = y € into(y(X)) Nint,(Y'). By the definition of normal fundamental domains, v(Q)NQ
is a common face Z € Rec,,(Q) NRec, (7(Q)), which guarantees that Rec,,(Q) URec, (7(Q)) is a cell
decomposition of @ U~(Q). Then v(X) =Y since into(y(X)) Ninto(Y) # 0. Extend 7v|x to a Q-
symmetry 5. The invariance of Ky, (Q) under Q-symmetries (cf. (3.9)) yields y(oo) = 7(00) € Kn(Q).
Thus, since y = vy(z) € into(y(0p)) Ninto(r0) # 0, we have v(og) = 79. Then since hoy = h
(cf. Definition R.1]), o = h(00) = h(v(00)) = h(10) = 7.

Therefore, Dy is a cell decomposition of M™. By the same arguments, D; is also a cell decompo-
sition. Since /), A(Q) refines IC\,(Q), D refines Dy. O

Now we obtain a cellular Markov partition (cf. Definition [2.11]) of the Latteés map induced by an
orthotopic Lattes triple.

Proof of Theorem [3.1. Consider an orthotopic Latteés map f: M™ — M™ with respect to an ortho-
topic Lattes triple (T, h, A), where I' has a fundamental domain @ = []" [0, a;], and A = AI for
some X € N. Set Dy == {h(c) : c € K, (Q)} and Dy == {h(c) : c € Ky 1 (Q)}.

By Proposition Dy and Dy are cell decompositions of M™ for which D; refines Dy. It
remains to show that f is (D1, Dp)-cellular.

Let ¢ € D; be arbitrary. Suppose ¢ = h(o) for some o € K, y. By and the construction
of Kn A\ (Q) (cf. (3.8)), it is easy to see that 7 := A(0) € Kn(v(Q)) for some v € T'. Then since h =
ho~~! (cf. Definition [2.1)) and by Proposition hl; = (h‘,yfl(,r)) o (y7!|+) is a homeomorphism
for which h(7) = h(y~'(7)) € Dy. Hence, since h|, : ¢ — ¢ is homeomorphic (see Proposition
and foh=hoA (cf. Deﬁnition, fle = h|; 0 Aly o (h].)~! is a homeomorphism between ¢ € D;
and f(c) = h(r) € Dy. O
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