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Preface

This monograph came out of my thesis work under the supervision of my Ph.D.
advisor Mario Bonk during my graduate studies at the University of Michigan, Ann
Arbor, and later at the University of California, Los Angeles. It focuses on the dyna-
mics, more specifically ergodic theory, of some continuous branched covering maps
on the 2-sphere, called expanding Thurston maps.

More than fifteen years ago, Mario Bonk and Daniel Meyer became indepen-
dently interested in some basic problems on quasisymmetric parametrization of 2-
spheres, related to the dynamics of rational maps. They joined forces during their
time together at the University of Michigan and started their investigation of a class
of continuous (but not necessarily holomorphic) maps modeling a subclass of ratio-
nal maps. These maps belong to a bigger class of continuous maps on the 2-sphere
studied by William P. Thurston in his famous characterization theorem of rational
maps (see [DH93]). As a result, Mario Bonk and Daniel Meyer called their maps
expanding Thurston maps. Related studies were carried out by other researchers
around the same time, notably Peter Haissinsky and Kevin M. Pilgrim [HP09], and
James W. Cannon, William J. Floyd, and Walter R. Parry [CFP07]].

By late 2010, Mario Bonk and Daniel Meyer had summarized their findings in a
reader-friendly arXiv draft entitled Expanding Thurston maps, which they
initially intended to publish in the AMS Mathematical Surveys and Monographs
series. In order to make the material even more accessible, they decided later to
expand their draft. This led to a long delay for the final published version [BM17
with almost twice the size of [BM10].

I was introduced to expanding Thurston maps by Mario Bonk soon after I joined
in the graduate program at the University of Michigan. I quickly got deeply fascina-
ted by this subject due to the connections to geometry, analysis, combinatorics, and
dynamical systems.

I finished my first project on the periodic points and properties of the measures of
maximal entropy of expanding Thurston maps under the supervision of Mario Bonk
(later appeared in [Ci13]], see Chap.[) after we moved to Los Angeles. I then decided
to continue working on the ergodic theory of expanding Thurston maps, on which I
eventually wrote my thesis.
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This monograph covers investigations on the measures of maximal entropy, and
more generally, equilibrium states of expanding Thurston maps, and their relations
to the periodic points and the preimage points. In order to study the equilibrium
states, the theory of thermodynamical formalism for Holder continuous potentials
is established in our context (see Chap.[3)). The study of equidistribution results also
leads to a close investigation on the expansion properties of our dynamical systems
(see Chap.[8) and the discovery of some large deviation results (see Chap.[7).

This monograph is also intended to serve as a basic reference for the theory of
thermodynamical formalism in our context. The applications to the study of the
dynamical zeta functions were also kept in mind when this monograph was being
prepared. As such, complex-valued function spaces are used whenever they do not
introduce too much complication.
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Notation

Let C be the complex plane and C be the Riemann sphere. We use the convention
that N={1,2,3,...},No = {0} UN, and N = NU {+oo}, with the order relations <,
<, >, > defined in the obvious way. As usual, the symbol log denotes the logarithm
to the base e, and log,, the logarithm to the base b for b > 0.

The cardinality of a set A is denoted by cardA. For x € R, we define |x| as the
greatest integer < x, and [x] the smallest integer > x.

Let g: X — Y be a function between two sets X and Y. We denote the restriction
of g to a subset Z of X by g|z.

Let (X, d) be a metric space. For subsets A, B C X, we setd (A, B) =inf{d(x,y)|x €
A,y € B}, and d(A,x) = d(x,A) = d(A,{x}) for x € X. For each subset ¥ C X, we
denote the diameter of Y by diam,(Y) = sup{d(x,y)|x,y € Y}, the interior of Y by
intY, and the characteristic function of ¥ by 1y, which maps eachx €Y to 1 € R
and vanishes otherwise. We use the convention that 1 = 1y when the space X is
clear from the context. The identity map idyx : X — X sends each x € X to x itself.
For each r > 0, we define N/;(A) to be the open r-neighborhood {y € X |d(y,A) < r}
of A, and N/;(A) the closed r-neighborhood {y € X |d(y,A) < r} of A. For x € X,
we denote the open (resp. closed) ball of radius r centered at x by By(x,r) (resp.
By(x,r)).

We set C(X) (resp. B(X)) to be the space of continuous (resp. bounded Borel)
functions from X to R, by .# (X) the set of finite signed Borel measures, and & (X)
the set of Borel probability measures on X. We denote by C(X,C) (resp. B(X,C))
the space of continuous (resp. bounded Borel) functions from X to C. Obviously
C(X) CC(X,C) and B(X) C B(X,C). We will adopt the convention that unless
specifically referring to C, we only consider real-valued functions.

For u € .#(X), we use ||i]| to denote the total variation norm of u, supp i the
support of i, and

(o) = [udp

for each u € C(S?). If we do not specify otherwise, we equip C(X) and C(X,C)
with the uniform norm ||-||.. For a point x € X, we define J, as the Dirac measure
supported on {x}. For g € C(X) we set .Z (X,g) to be the set of g-invariant Borel
probability measures on X. Unless otherwise specified, we equip .#(X), Z(X),
and ./ (X, g) with the weak™* topology.

The space of real-valued (resp. complex-valued) Holder continuous functions
with an exponent o € (0,1] on a compact metric space (X,d) is denoted by
C%%(X,d) (resp. C%*((X,d),C)). For each y € C"*((X,d),C),

[ w@ -0
Wl = sup{id(xjy)a

and the Holder norm is defined as

x,yex,xaéy}, ©.1)

IWllcow = (Wl + Wl - 0.2)
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For given f: X — X and ¢ € C(X,C), we define

n—1 )
Sap(x) =Y o(f/(x)) (0.3)
j=0
and
1 n—1
Walx) =~} 8y (0.4)
j=0

for x € X and n € Ny. Note that when n = 0, by definition we always have So¢ = 0,
and by convention Wy = 0.
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Chapter 1
Introduction

Self-similar fractals have fascinated laymen and mathematicians alike due to their
intrinsic beauty as well as mathematical sophistication. They appear naturally in
mathematics and play important roles in the investigation of the corresponding areas
of research. One particularly abundant source of self-similar fractals is the study of
holomorphic dynamics, where they arise as Julia sets of rational functions and limit
sets of Kleinian groups.

A powerful and fruitful point of view in the study of self-similar fractals is to
look at them as metric spaces. On the other hand, due to their natural appearance
in dynamics, self-similar fractals lie in the center of the interplay of dynamics and
geometry. The investigation of metric and measure-theoretic properties of various
self-similar fractals and their relation to dynamics and geometry has been actively
carried out in different areas of mathematics.

Various tools in the study of general metric spaces become indispensable in the
investigation of fractal spaces. Thanks to the new developments in the theory of
quasiconformal geometry in recent years, more powerful tools become available
and new perspectives become natural.

The classical theory of quasiconformal maps between Euclidean spaces dates
back to the works of H. Grotzsch and L. V. Ahlfors in the early 20th century
[Ah82]]. Since the groundbreaking work of O. Teichmiiller on the classical
moduli problem for Riemann surfaces around 1940 and later D. P. Sullivan’s no-
wandering-domain theorem in complex dynamics in the 1980s [Su83], nowadays
the theory of planar quasiconformal maps is considered a standard tool in many
areas of complex analysis such as Techmiiller theory and holomorphic dynamics.
Many such applications rely on an existence theorem for planar quasiconformal
maps known as the Measurable Riemann Mapping Theorem. In higher dimensions,
though, there is no counterpart for such an existence theorem. However, the impor-
tance of the theory of quasiconformal maps in higher dimensions became evident
when G. D. Mostow used it in his celebrated rigidity theorems for rank-one symme-
tric spaces in the early 1970s [Mos73]. This also inspired the generalization of the
theory from R” to metric spaces (see for example, [HKOS]).
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We recall that in a metric space context, a homeomorphism f: X — Y between
metric spaces (X,dx) and (Y,dy) is quasiconformal if there exists a constant H > 1
such that

o sup{dy (). £(3) [ () <)
Hf(x) = er()er 1nf{dy(f(x’),f(x)) |dX (X/,x) > r} <H

for all x € X. This definition is equivalent to the classical definition of a quasiconfor-
mal map in the context of Euclidean spaces, which we refer the reader to [Bon06].
In a context of a Euclidean space, it means, roughly speaking, that infinitesimal
balls are mapped to infinitesimal ellipsoids with uniformly controlled eccentricity.
In general the above definition is too weak to be useful.

A stronger and much more useful concept in the study of general metric spaces is
the notion of a quasisymmetric map [TV80]. A homeomorphism f: X — Y is called
quasisymmetric if there exists a homeomorphism 7 : [0, 40) — [0, +e0) such that

dY(f(x)vf(y)) dX(xvy)
wum¢&»§”<@@@>’

for all x,y,z € X with x # z. Roughly speaking, the above definition requires that
balls to be mapped to “round” sets with quantitative control for their “eccentricity”.
This is a global version of the geometric property of a quasiconformal map. These
two notions coincide in the context of Euclidean spaces.

The notion of quasisymmetry has been proved to be central in the study of va-
rious fractal metric spaces (see for example, BKMO9])) and metric
uniformization problems (see for example, Wi07]).

We now draw our attention back to the Riemann sphere.

Through the introduction of quasiconformal geometry techniques in his proof
of the no-wandering-domain theorem in the 1980s [[Su83], D. P. Sullivan revoluti-
onized the field of complex dynamics. Originally, the theory of complex dynamics
dates back to the work of G. Keenigs, E. Schroder, and others in the 19th century.
This subject, concentrating on the study of iterated rational maps on the Riemann
sphere, was developed into an active and fascinating area of research, thanks to the
remarkable works of S. Lattes, C. Carathéodory, P. Fatou, G. Julia, P. Koebe, L. Ahl-
fors, L. Bers, M. Herman, A. Douady, D. P. Sullivan, J. H. Hubbard, W. P. Thurston,
J.-C. Yoccoz, C. McMullen, J. Milnor, M. Yu. Lyubich, M. Shishikura, and many
others. Modern research in complex dynamics centers at the study of fractals appea-
ring in the dynamical space, namely the Julia sets, as well as ones in the parameter
space such as the well-known Mandelbrot set.

In the early 1980s, D. P. Sullivan introduced a “dictionary”, known as Sullivan’s
dictionary nowadays, linking the theory of complex dynamics with another classi-
cal area of conformal dynamical systems, namely, geometric group theory, mainly
concerning the study of Kleinian groups acting on the Riemann sphere. Many dy-
namical objects in both areas can be similarly defined and results similarly proven,
yet essential and important differences remain.
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Sullivan’s dictionary provides many connections and guiding intuitions between
Kleinian groups and iterated rational maps on the Riemann sphere. A Kleinian group
G is a discrete subgroup of the conformal automorphism group Aut ((C) of the Rie-

mann sphere C and a rational map is a quotient of two polynomails on C. For both
subjects, there are common themes in deformation theories [MS98], and combinato-
rial classification theories [Pi03]]. The geometric structures of the associated
fractals in both subjects are also closely related [SU02]. For
more detailed discussions of the correspondence between these two subjects, we
refer the reader to and references therein.

One natural question to ask when one investigates the essential features of these
two subjects is the following: “What is special about conformal dynamical systems
in a wider class of dynamical systems characterized by suitable metric-topological
conditions?”

This general question has inspired much research in both subjects (see for exam-
ple,
[Th16]). Often certain combinatorial information of the dynamical systems
and the metric geometry of the associated fractal spaces play an important role in
such investigations.

In geometric group theory, the above question is related to a well-known conjec-
ture by J. W. Cannon [Ca94]. Recall that a Kleinian group G extends isometrically to
the hyperbolic 3-space H?3. Cannon’s Conjecture predicts that for every Gromov hy-
perbolic group G whose boundary at infinity d-G is homeomorphic to the 2-sphere
S2, there should exist a discrete, cocompact, and isometric action of G on the hyper-
bolic 3-space H?. Here we can consider Gromov hyperbolic groups G with 2-sphere
boundary d.G as metric-topological systems generalizing the conformal dynami-
cal systems in this context, namely, certain Kleinian groups. Recall that there are
natural metrics dyis on d-G called visual metrics. These metrics are unique up to
snowflake equivalence. From the point of view of metric properties, one can for-
mulate Cannon’s Conjecture in the following way: Let G be a Gromov hyperbolic
group, then d..G is homeomorphic to the 2-sphere if and only if the metric space
(0w, dyis) is quasisymmetrically equivalent to the Riemann sphere C. Note that two
metric spaces are quasisymmetrically equivalent if there exists a quasisymmetric
homeomorphism between them. Considerable amount of efforts have been made to
establish Cannon’s Conjecture, leading to various partial results (see for example,
[Mar13])), but the conjecture still remains open.

Cannon’s Conjecture translates via Sullivan’s dictionary to the celebrated cha-
racterization theorem of rational maps in complex dynamics by W. P. Thurston
[DH93]|. In this context, the metric-topological dynamical systems that generalize
postcritially-finite rational maps on the Riemann sphere are called Thurston maps.
These are (non-homeomorphic) branched covering maps on the 2-sphere S> whose
finitely many critical points are all preperiodic. Thurston’s combinatorial characte-
rization of rational maps asserts that a Thurston map is essentially a rational map if
and only if there does not exist so-called Thurston obstruction, i.e., a collection of
simple closed curves on S> subject to certain conditions [DH93].
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By imposing some additional condition of expansion, thus restricting to a subclass
of Thurston maps, a characterization theorem of rational maps from a metric space
point of view has been established in this context by M. Bonk and D. Meyer [BM 17,
and P. Haissinsky and K. M. Pilgrim [HPQ9]. Roughly speaking, we say that a Thur-
ston map is expanding if for each pair of points x,y € S2, their preimages under
iterations of the map get closer and closer. See Definition 2.10] for a precise formu-
lation. We also refer to Proposition 6.3] for a list of equivalent definitions.
For each expanding Thurston map, we can equip the 2-sphere S> with a natural class
of metrics d, called visual metrics, that are quasisymmetrically equivalent to each
other. As the name suggests, these metrics are constructed in a similar fashion as the
visual metrics on the boundary d..G of a Gromov hyperbolic group G (see
Chap. 8] for details, and see for a related construction). In the language
above, the following theorem was obtained in and [HPQ09].

Theorem 1.1 (M. Bonk and D. Meyer, P. Haissinsky and K. M. Pilgrim). An ex-
panding Thurston map is conjugate to a rational map if and only if the sphere (S*,d)
equipped with a visual metric d is quasisymmetrically equivalent to the Riemann sp-
here C equipped with the spherical metric.

The dynamics induced by iterations of expanding Thurston maps mentioned
above is going to be the main subject matter of this monograph.

Various characterization theorems of rational maps correspond to Cannon’s Con-
jecture via Sullivan’s dictionary. M. Bonk and B. Kleiner proved in a
weak form of Cannon’s Conjecture by adding an additional condition on the di-
mensions of the visual metrics. From the same metric property point of view,
P. Haissinsky and K. M. Pilgrim established in [HPI4]] a sufficient condition for
an expanding Thurston map to be essentially a rational map. Their theorem asserts
that if an Ahlfors regular metric d’ that is quasisymmetrically equivalent to a visual
metric d of an expanding Thurston map f: S — S? realizes the Ahlfors regular con-
formal dimension confdimag (f) of f, then f is conjugate to a rational map except
for special cases of so-called obstructed Lattes examples. Here the Ahlfors regular
conformal dimension confdimag (f) of f is defined as the infimum of the Hausdorff
dimension of all Ahlfors regular metrics that are quasisymmetrically equivalent to a
visual metric of f. A metric space (X,d) is Ahlfors regular of dimension Q provided
there is a Radon measure t and a constant C > 1 such that

510 < (Bxr) <0

for x € X and r € (0,diam,(X)].

Due to important and fruitful applications of Thurston’s theorem, many aut-
hors have worked on extending it beyond postcritically-finite rational maps using
similar combinatorial obstructions. See for example, J. H. Hubbard, D. Schlei-
cher, M. Shishikura’s work on some postcritically-finite exponential maps [HSS09];
G. Cui and L. Tan’s and G. Zhang and Y. Jiang’s works on hyperbolic rational maps
[ZI09]; G. Zhang’s work on certain rational maps with Siegel disks [ZhOS];
X. Wang’s work on certain rational maps with Herman rings [Wan14]]; and G. Cui
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and L. Tan’s work on some geometrically finite rational maps [CT13]|. The charac-
terization theorems of rational maps from mentioned above
provide an entirely new perspective (from properties of metric spaces) to the classi-
cal combinatorial classification theorem of rational maps by W. P. Thurston and its
various generalizations.

The conditions regarding the Ahlfors regular conformal dimension in
and also reveal the relevance of dimension theory in our metric and dyna-
mical context.

The notions of fractal dimension are widely used in many different areas of
mathematics and natural sciences nowadays. C. Carathéodory, F. Hausdorff, and
A. S. Besicovich laid the foundation of dimension theory in the early twentieth
century. The early investigation centered around the Hausdorff dimension, which
serves as an appropriate notion to measure the complexity of topological and ge-
ometric structures of subsets in metric spaces that are similar to the well-known
Cantor set. Thanks to the powerful tools of computer visualization, the study of
fractal objects became popular in mathematics and natural sciences. The ideas of
fractal dimension were explored extensively by practitioners in sciences and app-
lied mathematics, usually heuristically, well before rigorous mathematical theories
were developed.

In the study of dynamical systems, it is strongly believed that there is a deep con-
nection between the topology and geometry of invariant fractal sets and properties
of the dynamical system acting on them. For a discussion on the relationship bet-
ween various notions of fractal dimension and invariants of the dynamical systems
such as Lyapunov exponents and entropy, see for example, [GOYS8S]|.

Many methods and tools developed in the study of dynamical systems have been
proved to be useful in the investigation of notions of fractal dimension. The thermo-
dynamical formalism, and more generally, ergodic theory, are such important tools.
For close relationship between thermodynamical formalism and fractal dimension
theory in dynamical systems, see [Pe97, Barr11l,[PUI0Q].

Ergodic theory has been an important tool in the study of dynamical systems
in general. The investigation of the existence and uniqueness of invariant measures
and their properties has been a central part of ergodic theory. However, a dynamical
system may possess a large class of invariant measures, some of which may be
more interesting than others. It is therefore crucial to examine the relevant invariant
measures.

The thermodynamical formalism is one such mechanism to produce invariant
measures with some nice properties under assumptions on the regularity of their
Jacobian functions. More precisely, for a continuous transformation on a compact
metric space, we can consider the fopological pressure as a weighted version of the
topological entropy, with the weight induced by a real-valued continuous function,
called a potential. The Variational Principle identifies the topological pressure with
the supremum of its measure-theoretic counterpart, the measure-theoretic pressure,
over all invariant Borel probability measures [Wal76]. Under additional re-
gularity assumptions on the transformation and the potential, one gets existence
and uniqueness of an invariant Borel probability measure maximizing the measure-
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theoretic pressure, called the equilibrium state for the given transformation and the
potential. Often the Jacobian function for the transformation with respect to the
equilibrium state is prescribed by a function induced by the potential. The study of
the existence and uniqueness of the equilibrium states and their various properties
such as ergodic properties, equidistribution, fractal dimensions, etc., has been the
main motivation for much research in the area.

This theory, as a successful approach to choosing relevant invariant measures,
was inspired by statistical mechanics, and created by D. Ruelle, Ya. Sinai, and ot-
hers in the early seventies [Wal82]|. Since then, the thermo-
dynamical formalism has been applied in many classical contexts (see for example,
[Bow75. [Rug9 [Pro0. KHO3, [Z96, MauU03, BS03. 10103, [Yu03., PUTO. May UT0)).
However, beyond several classical dynamical systems, even the existence of equili-
brium states is largely unknown, and for those dynamical systems that do possess
equilibrium states, often the uniqueness is unknown or at least requires additional
conditions. The investigation of different dynamical systems from this perspective
has been an active area of current research.

This monograph is intended as an introduction to the ergodic theory of expanding
Thurston maps. More specifically, it focuses on the properties of important invariant
measures such as the measure of maximal entropy and more generally, equilibrium
states corresponding to Holder continuous potentials, and their relationship with
periodic points and preimage points.

We consent ourselves in this monograph by providing a foundation and a model
case for more involved studies in this area on more general branched covering maps
on S? such as ones investigated in [CTT3], or between certain general
topological spaces such as coarse expanding conformal maps from ; Or more
general and probably more useful potentials with logarithmic singularities similar
to ones in [MayUI0].

We develop the ergodic theory for expanding Thurston maps in three stages.
In the first stage, we investigate various properties of the measure of maximal en-
tropy (see Sect. for definition) by direct and elementary arguments using the
explicit combinatorial and geometric information of the maps. Among other things,
we obtain very strong equidistribution results for preimage points, periodic points,
and preperiodic points with respect to the measure of maximal entropy (see Theo-
rem 2] Theorem 3] and Corollary [£4). In order to establish the existence, uni-
queness, and various other properties of equilibrium states for Holder continuous
potentials, one needs to apply more powerful tools, namely, the theory of thermo-
dynamical formalism. This is what we do in the second stage. The equidistribution
results with respect to equilibrium states we get from thermodynamical formalism
are for preimage points only, and have less flexible choice of weight at each point
compared to the corresponding results we get in the first stage (see Theorem B.1).
In order to get equidistribution results with respect to equilibrium states for peri-
odic points, we apply in the last stage another machinery due to Y. Kifer [Ki90],
which leads to some large deviations principles (see Theorem[Z.I)) which are stron-
ger than equidistribution results. We are able to use this machinery for a subclass of
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our maps, more precisely, expanding Thurton maps without periodic critical points.
For these maps, we establish the upper semi-continuity of the measure-theoretic en-
tropy function by investigating certain weak expansion properties of our dynamical
systems. However, upper semi-continuity of the measure-theoretic entropy and equi-
distribution of periodic points with respect to equilibrium states still remain open for
expanding Thurston maps with a periodic critical point.

We now discuss our approaches in more details.

Arguably the most important measure for a dynamical system is its measure
of maximal entropy. By definition, it is an invariant Borel probability measure
that maximizes the measure-theoretic entropy. Thanks to the pioneering work of
R. Bowen, D. Ruelle, P. Walters, Ya. Sinai, M. Yu. Lyubich, R. Mafié, and many
others, existence and uniqueness results for the measure of maximal entropy are
known for uniformly expansive continuous dynamical systems, distance expan-
ding continuous dynamical systems, uniformly hyperbolic smooth dynamical sy-
stems, and rational maps on the Riemann sphere. In many cases, the measure
of maximal entropy is also the asymptotic distribution of the period points (see
PUI0)).

Expanding Thurston maps do not fall into any class of the classical dynamical
systems mentioned above (see Chap. [l for a more detailed discussion). So we have
to first investigate the existence and uniqueness of such measures. As a consequence
of their general results in [HPQ9], P. Haissinsky and K. M. Pilgrim proved that for
each expanding Thurston map, there exists a measure of maximal entropy and that
the measure of maximal entropy is unique for an expanding Thurston map without
periodic critical points. M. Bonk and D. Meyer then proved the existence and uni-
queness of the measure of maximal entropy for all expanding Thurston maps using
an explicit combinatorial construction [BM17]]. Some equidistribution results for
periodic critical points and iterated preimages with respect to the measure of max-
imal entropy were obtained in [HPQ9]|. Following the philosophy of M. Bonk and
D. Meyer, we establish in Chap. H stronger equidistribution results for (pre)periodic
points and iterated preimages with respect to the measure of maximal entropy in our
context. In order to do so, we carefully investigate the locations of fixed points in
relation to the Markov partitions. We also establish an exact formula for the number
of fixed points for an expanding Thurston map (see Theorem [4.1)), which is ana-
logous to the corresponding formula for rational maps (see for example,
Theorem 12.1]).

After all, the measure of maximal entropy is just one important invariant measure.
In order to investigate a larger class of important invariant measures, one needs to
apply more powerful tools from thermodynamical formalism.

We establish the existence and uniqueness of the equilibrium state, denoted by
Uy, for a Holder continuous potential ¢ : §% — R. Here S? is equipped with a visual
metric. This generalizes the existence and uniqueness of the measure of maximal en-
tropy of an expanding Thurston map in and [BM17]]. We also prove that the
measure-preserving transformation f of the probability space (52, Ug ) is exact (see
Definition [3.40), and in particular, mixing and ergodic (Theorem [5.41] and Corol-
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lary[5.44). This generalizes the corresponding results in and for the
measure of maximal entropy to our context.

We quickly review some key concepts. For an expanding Thurston map f: § —
$? and a continuous function y: S> — R, and each f-invariant Borel probability
measure i on S2, we have an associated quantity,

PuFw) = ha(1)+ [wan,

called the measure-theoretic pressure of f for u and y, where A, (f) is the measure-
theoretic entropy of f for u. The well-known Variational Principle (see for example,
Theorem 3.4.1]) asserts that

P(f,l[/):SllpP”(f,y/), (11)

where the supremum is taken over all f-invariant Borel probability measures U,
and P(f,y) is the topological pressure of f with respect to y defined in G.I). A
measure U that attains the supremum in (L)) is called an equilibrium state for f and
V.

We assume for now that y is Holder continuous (with respect to a given visual
metric for f on §%). One characterization of the topological pressure in our context
is given by the following formula (Proposition [5.19):

P(f,y¥)= lim —log Z degﬂ, Yexp(Spy (), (1.2)

n—-+eop
yef™"

for each x € 52 independent of x, where deg () is the local degree of f™ aty and

Suy(y) = ): v(f ().

An 1mp0rtant tool that we use to find the equilibrium state and to establish its
uniqueness, is the Ruelle operator £, on the Banach space C(S?) of real-valued
continuous functions on S2, given by

ZLy(u)(x) = Z degf y)exp(y(y)),

yef!

for u € C(S?) and x € §2.

The Ruelle operator plays a central role in the thermodynamical formalism, and
has been studied carefully for various dynamical systems (see for example,
MayU10])). Some of the ideas that we apply in
Chap. 3l for its investigation are well-known and repeatedly used in the literature,
see for example [Z196]).

A main difficulty of our analysis comes from the lack of uniform expansion pro-
perty that arises from the existence of critical points (i.e., branch points of a bran-
ched covering map). As an example, identities of the form (I.2) that are usually
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easy to derive for classical dynamical systems (see for example, Proposi-
tion 4.4.3]) become difficult to verify directly in our context.

The main results that we obtain via the thermodynamical formalism in Chap.[Blis
summarized in Theorem[3.1] A rational Thurston map is expanding if and only if it
has no periodic critical points (see Proposition 2.3]). We also get a version
of Theorem[3.1lin the rational case (see Corollary [3.2)).

We remark here that the existence and uniqueness of the equilibrium state
for a general rational map R on the Riemann sphere and a real-valued Holder
continuous potential ¢ can be established under the additional assumption that
sup{9(z)|z € J(R)} < P(R,¢), where J(R) is the Julia set of R and P(R,¢) is the
topological pressure of R with respect to ¢ (see [DPU96]). This as-
sumption can sometimes be dropped: one can either restrict to certain subclasses
of rational maps, such as topological Collet-Eckmann maps, see , or hy-
perbolic rational maps (more generally, distance-expanding maps), see [PUIQ]; or
one can impose other conditions on the function ¢, such as hyperbolicity of ¢, see
[IRRLI2]. It is easy to check that a rational expanding Thurston map is topological
Collet-Eckmann.

As a consequence of the proof of the uniqueness of the equilibrium states, we
also obtain equidistribution results (3.I) and (3.2) for the iterated preimages with
respect to the equilibrium states as stated in Theorem[3.1} However, similar results
for periodic points are inaccessible by the usual techniques from thermodynamical
formalism due to technical difficulties arising from the existence of critical points.

Rather than trying to establish the equidistribution results for periodic points di-
rectly, we derive in Chap. [7] some stronger results using a general framework of
Y. Kifer [Ki90]. More precisely, we obtain level-2 large deviation principles for pe-
riodic points (as well as iterated preimages) with respect to equilibrium states in
the context of expanding Thurston maps without periodic critical points and Holder
continuous potentials. We use a variant of Y. Kifer’s result formulated by H. Com-
man and J. Rivera-Letelier , which is recorded in Theorem [7.7] for the
convenience of the reader. For related results on large deviation principles in the
context of rational maps on the Riemann sphere under additional assumptions, see
[PRLI1! (CRLLI].

Let us discuss these results in more details. We denote the space of Borel pro-
bability measures on a compact metric space X equipped with the weak™ topology
by Z(X). A sequence {£2,},cn of Borel probability measures on #(X) is said to
satisfy a level-2 large deviation principle with rate function I: & (X) — [0, +oo] if
for each closed subset § of & (X) and each open subset & of &7(X) we have

1
limsup —log 2, (F) < —inf{I(x) |x € §},
n——+oo N
and |
liminf —log2,(®) > —inf{I(x) |x € &}.

n—+e n
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See Sect.[Z1lfor more details. We also refer the reader to Sect. 2.5] and the
references therein for a more systematic introduction to the theory of large deviation
principles.

In order to apply Theorem[Z.7] we just need to verify three conditions:

(1) The existence and uniqueness of the equilibrium state.

(2) Some characterization of the topological pressure (such as Proposition
and Proposition [Z.8)).

(3) The upper semi-continuity of the measure-theoretic entropy.

The first condition is established by Theorem[3.1] The second condition is weaker
than the equidistribution results, and is within reach. The last condition seems to be
difficult to verify directly.

In order to establish the upper semi-continuity of the measure-theoretic entropy,
we need to take a closer look at the expansion property of our dynamical systems.

In the study of discrete-time dynamical systems, various conditions can be im-
posed upon the map to simplify the orbit structures, which in turn lead to results
about the dynamical system under consideration. One such well-known condition is
expansiveness. Roughly speaking, a map is expansive if no two distinct orbits stay
close forever. Expansiveness plays an important role in the investigation of hyper-
bolicity in smooth dynamical systems, and in complex dynamics in particular (see
for example, and [PUT0]).

In the context of continuous maps on compact metric spaces, there are two
weaker notions of expansion, called h-expansiveness and asymptotic h-expansive-
ness, introduced by R. Bowen [Bow72] and M. Misiurewicz , respectively.
Forward-expansiveness implies h-expansiveness, which in turn implies asymptotic
h-expansiveness [Mis76]. Both of these weak notions of expansion play important
roles in the study of smooth dynamical systems (see
[CVY13]]). Moreover, any smooth map on a compact Riemannian manifold is
asymptotically h-expansive [Buz97]|. Recently, N.-P. Chung and G. Zhang extended
these concepts to the context of a continuous action of a countable discrete sofic
group on a compact metric space [CZ13].

M. Misiurewicz showed that asymptotic h-expansiveness guarantees that the
measure-theoretic entropy it — hy (f) is upper semi-continuous [Mis76].

To be a bit more precisely, we let (X, d) be a compact metric space, and g: X — X
a continuous map on X. Denote, for € > 0 and x € X,

Pe(x) ={yeX|d(g"(x),g"(y)) < & foralln > 0}.

The map g is called forward expansive if there exists € > 0 such that @, (x) = {x}
for all x € X. By R. Bowen’s definition in [Bow72], the map g is h-expansive if
there exists € > 0 such that the topological entropy /iop(&|a,(x)) = /op(g, Pe(x))
of g restricted to @, (x) is O for all x € X. One can also formulate asymptotic k-
expansiveness in a similar spirit, see for example, [Mis76, Sect. 2]. However, in this
monograph, we will adopt equivalent formulations from [DowTT]. See Sect. 3.4l for
details.
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Another way to formulate forward expansiveness is via distance expansion. We
say that g: X — X is distance-expanding (with respect to the metric d) if there ex-
ist constants A > 1, 1 > 0, and n € N such that for all x,y € X with d(x,y) < n,
we have d(g"(x),g"(y)) > Ad(x,y). If g is forward expansive, then there exists a
metric p on X such that the metrics d and p induce the same topology on X and g
is distance-expanding with respect to p (see for example, Theorem 4.6.1]).
Conversely, if g is distance-expanding, then it is forward expansive (see for exam-
ple, Theorem 4.1.1]). So roughly speaking, if g is forward expansive, then
the distance between two points that are close enough grows exponentially under
forward iterations of g.

Since a Thurston map, by definition, has to be a branched covering map, we can
always find two distinct points that are arbitrarily close to a critical point (thus arbi-
trarily close to each other) and that are mapped to the same point. Thus a Thurston
map cannot be forward expansive. The expansion property of expanding Thurston
maps may nevertheless still seem to be quite strong. However, as a part of the main
theorem for Chap. |6l we will show that no expanding Thurston map is h-expansive.
Moreover, we prove that an expanding Thurston map is asymptotically s-expansive
if and only if it has no periodic critical points (see Theorem[6.T).

When R. Bowen introduced h-expansiveness in [Bow72]|, he mentioned that no
diffeomorphism of a compact manifold was known to be not i-expansive. M. Misi-
urewicz then produced an example of a diffeomorphism that is not asymptotically /-
expansive [Mis73]]. M. Yu. Lyubich showed that each rational map is asymptotically
h-expansive [Ly83]. J. Buzzi established asymptotic s-expansiveness of any C*-
map on a compact Riemannian manifold [Buz97]]. Examples of C*-maps that are not
h-expansive were given by M. J. Pacifico and J. L. Vieitez [PV08]]. Our Theorem[6.1]
implies that no rational expanding Thurston map (i.e., any postcritically-finite rati-
onal map whose Julia set is the whole sphere (see Proposition 2.3])) is
h-expansive.

Expanding Thurston maps may be the first example of a class of a priori non-
differentiable maps that are not ~-expansive but may be asymptotically s-expansive
depending on some properties of orbits of critical points.

As an immediate consequence of Theorem[6.1]and the result of J. Buzzi
mentioned above, we get that an expanding Thurston map with at least one perio-
dic critical point cannot be conjugate to a C*-map (see Corollary [6.2)). It partially
answers a question of K. M. Pilgrim (see Problem 2 in Sect. 21]). See Re-
mark [6.3]for a sketch of an elementary proof of this fact.

Returning back to our original motivation from equidistribution results and large
deviation principles, we get the upper semi-continuity of the measure-theoretic en-
tropy function for expanding Thurston maps without periodic critical points (see
Corollary as a consequence of Theorem and M. Misiurewicz’s result
in mentioned above. As an immediate consequence of the upper semi-
continuity of the measure-theoretic entropy, we obtain the existence of equilibrium
states for such Thurston maps and all continuous potentials (see Theorem[6.3).

With the upper semi-continuity of the measure-theoretic entropy function, we are
able to apply the machinery of Y. Kifer reformulated by H. Common and J. Rivera-
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Letelier mentioned above to get level-2 large deviation principles for expanding
Thurston maps with no periodic critical points in Chap. [7] (see Theorem[Z7). As a
consequence, for such maps we get the equidistribution of periodic points and prei-
mage points with more flexible choices of weights (see Corollary [Z.3), which was
our motivation to consider the weak expansion properties of expanding Thurston
maps in Chap. |6l For a discussion of extending such results to maps with at least
one periodic critical point and related open questions, we refer the reader to the
beginning of Chap. [l

We will now give a brief description of the structure of this monograph.

Chap. 2] provides an introduction to Thurston maps. We first define branched
covering maps on S and Thurston maps in Sect. We then introduce cell de-
compositions D"(f,€), n € N, of §? induced by a Thurston map f: S — §? and a
Jordan curve ¢ C S? containing the postcritical points post f in Sect. We then
define expanding Thurston maps and combinatorially expanding Thurston maps in
Sect. 24 Next, we discuss visual metrics on S for an expanding Thurston map
in Sect. We summarize properties of visual metrics from [BM17]], especially
the relation between visual metrics and the cell decompositions. We establish a few
properties of expanding Thurston maps in this chapter that will be used later.

In Chap. Bl we review some key concepts of ergodic theory. We first recall the
usual notions of covers and partitions. Next, measure-theoretic entropy and topo-
logical entropy, as well as measure-theoretic pressure and topological pressure are
introduced before measures of maximal entropy and equilibrium states are defined.
We then formulate the Ruelle operator .%y, for an expanding Thurston map and a
complex-valued continuous function y on S in Sect. We argue that it is well-
defined on the space of complex-valued continuous functions on $? and discuss
some of its properties. We end this chapter by reviewing the notions of topologi-
cal conditional entropy and topological tail entropy, and recalling the definitions of
h-expansiveness and asymptotic #-expansiveness using these notions. We adopt the
terminology and formulations by T. Downarowicz in [Dow11].

ChapterMlis devoted to the study of periodic points and the measure of maximal
entropy for an expanding Thurston map. In Sect. &.1] we investigate the fixed points,
periodic points, and preperiodic points of the expanding Thurston maps. In particu-
lar, we study the location of periodic points and establish a formula for the number of
fixed points of each expanding Thurston map (Theorem[.T)). In Sect. we prove
a number of equidistribution results for periodic points and iterated preimages with
respect to the measure of maximal entropy using the exact combinatorial informa-
tion we obtained in Sect. 1] In Sect.[£3] we show that for each expanding Thurston
map f with its measure of maximal entropy [, the measure-preserving dynamical
system (52, f, M) is a factor, in the category of measure-preserving dynamical sys-
tems, of the measure-preserving dynamical system of the left-shift operator on the
one-sided infinite sequences of deg f symbols together with its measure of maximal
entropy.

In Chap.[3 we investigate the existence, uniqueness, and other properties of equi-
librium states for an expanding Thurston map. The main tool for this chapter is the
thermodynamical formalism. In Sect.[5.1] we state the assumptions on some of the
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objects in the remaining part of this monograph, which we are going to repeatedly
refer to later as the Assumptions. We emphasize that not all assumptions are assu-
med in all the statements in the subsequent chapters, and that in fact we have to
gradually remove the dependence on some of the assumptions before proving our
main results. In Sect. following the ideas from and [Zi96], we use the
thermodynamical formalism to prove the existence of equilibrium states for an ex-
panding Thurston map f: S — S and a real-valued Hélder continuous potential
¢: S? — R. In Sect. 5.3, we establish the uniqueness of the equilibrium state JIrs
in this context. We use the idea in to apply the Gateaux differentiability of
the topological pressure function and some techniques from functional analysis. In
Sect. 3.4l we prove that the measure-preserving transformation f of the probabi-
lity space (S2, Ug) is exact (Theorem[5.41), where the equilibrium state py is non-
atomic (Corollary [5.42)). It follows in particular that the transformation f is mixing
and ergodic (Corollary B.44). We show in Sect. 5.3 that if ¢ and y are two real-
valued Holder continuous functions with the corresponding equilibrium states fy
and py, respectively, then uy = ty if and only if there exists a constant K € R such
that ¢ — w and K1 are co-homologous in the space C(S?) of real-valued continu-
ous functions, i.e., § —y —Klgp = uo f — u for some u € C(S?) (Theorem [5.43).
In Sect. 5.8 we first establish versions of equidistribution of iterated preimages
with respect to the equilibrium state (Proposition [5.34)), using results we obtain in
Sect. At the end of this chapter, following the idea of J. Hawkins and M. Taylor
[HTO3]l, we show that the equilibrium state py is almost surely the limit of

lnfl

pp LY

as n — +oo in the weak™ topology, where ¢ is an arbitrary fixed point in S2, and
for each i € Ny, the point g;4 is randomly chosen from the set f~'(g;) with the
probability of each x € f~!(g;) being g;+1 conditional on g; proportional to the
local degree of f at x times exp ((5 (x)) (Theorem[5.33).

Chapter[@lfocuses on the investigation of the weak expansion properties of expan-
ding Thurston maps and the proof of Theorem[6.1] which asserts that an expanding
Thurston map is asymptotically s-expansive if and only if f has no periodic critical
points, and moreover, it is never s-expansive.

Chapter[1is devoted to the study of large deviation principles and equidistribu-
tion results for periodic points and iterated preimages of expanding Thurston maps
without periodic critical points. The idea is to apply a general framework devised by
Y. Kifer to obtain level-2 large deviation principles, and to derive the equidis-
tribution results as consequences. In Sect.[Z.1] we give a brief introduction to level-2
large deviation principles in our context. We then establish some characterization of
topological pressure in our context in Sect. before providing a proof of Theo-
rem[Z.]] establishing level-2 large deviation principles in the context of expanding
Thurston maps without periodic critical points and given Holder continuous poten-
tials. Finally in Sect.[Z.4] we derive equidistribution of periodic points and iterated
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preimages with respect to the equilibrium state in our context with a fairly flexible
choice of weight at each point.



Chapter 2
Thurston maps

In this chapter, we introduce the dynamical systems that we are going to study, na-
mely, expanding Thurston maps. We first recall briefly some history in Sect. 2.1]
where we by no means intend to give a complete account of the development of the
subject. We then introduce Thurston maps in Sect. and certain cell decomposi-
tions of the 2-sphere S? induced by Thurston maps in Sect. 2.3l Next, we discuss
various notions of expansion in our context and define expanding Thurston maps
in Sect. 2.4l Two most important tools in the study of expanding Thurston maps
are explored in the last two sections. The first tool is a natural class of metrics on
the S2, called visual metrics, discussed in Sect. The second tool, discussed in
Sect. is the existence and properties of certain forward invariant Jordan curves
on §2, which induce nice partitions of the sphere. It is the geometric and combinato-
rial information we get from these tools that enables us to investigate the dynamical
properties of expanding Thurston maps.

We prove in Lemma [2.12] that the union of all iterated preimages of an arbitrary
point p € 52 of an expanding Thurston map is dense in S%. We also summarize pro-
perties of visual metrics from [BM17], especially the relation between visual me-
trics and the cell decompositions, in Lemma[2:13and the discussion that follows it.
The fact that an expanding Thurston map is Lipschitz with respect to a visual metric
is established in Lemma[2.13] M. Bonk and D. Meyer proved that for each expan-
ding Thurston map f, there exists an f”-invariant Jordan curve containing post f
for each sufficiently large n € N depending on f (see Theorem 2.16). We prove in
Lemma[2.17]a slightly stronger version of this result, which carries additional com-
binatorial information of the Jordan curve. This lemma will be used in Chap. 4 and
Chap.[@ Finally, in Lemma[2.19] we prove that an expanding Thurston map locally
expands the distance, with respect to a visual metric, between two points exponen-
tially as long as they belong to one set in some particular partition of S? induced
by a backward iteration of some Jordan curve on S2. This observation, generalizing
a result of M. Bonk and D. Meyer Lemma 15.25], enables us to establish
the distortion lemmas (Lemma[5.3]and Lemma[5.4)) in Sect. which serve as the
cornerstones for the mechanism of thermodynamical formalism that is essential in
Chap.

17



18 2 Thurston maps

2.1 Historical background

The study of Thurston maps dates back to W. P. Thurston’s celebrated combinato-
rial characterization theorem of postcritically-finite rational maps on the Riemann
sphere among a class of more general continuous maps [DH93||. We call this class of
continuous maps Thurston maps nowadays. Thurston’s theorem asserts that a Thur-
ston map is essentially a rational map if and only if there does not exist a so-called
Thurston obstruction, i.e., a collection of simple closed curves on S2 subject to cer-
tain conditions [DH93]|. Due to the important and fruitful applications of Thurston’s
theorem, many authors have worked on extending it beyond postcritically-finite rati-
onal maps using similar combinatorial obstructions. See for example, J. H. Hubbard,
D. Schleicher, M. Shishikura’s work on some postcritically-finite exponential maps
[HSS09]; G. Cui and L. Tan’s and G. Zhang and Y. Jiang’s works on hyperbolic
rational maps [ZJ09); G. Zhang’s work on certain rational maps with Siegel
disks [Zh08]]; X. Wang’s work on certain rational maps with Herman rings [Wan14];
and G. Cui and L. Tan’s work on some geometrically finite rational maps [CT13].

It has since been a central theme in the study of conformal dynamical systems to
search for Thurston-type theorems, i.e., characerizations of conformal dynhamical
systems in a wider class of dynamical systems satisfying suitable metric-topological
conditions. See also for some remarkable recent works in this di-
rection.

It is natural to ask for Thurston-type theorems from different points of view.
One promising approach is from a point of view of metric space properties. In or-
der to gain more precise metric estimates, groups of authors, notably M. Bonk and
D. Meyer [BM17], P. Haissinsky and K. M. Pilgrim [HPQ9], and J. W. Cannon,
W. J. Floyd, and R. Parry started to impose natural notions of expansion
in their respective contexts. These notions turned out to coincide in the context of
expanding Thurston maps (see Sect. 2.4 for more details).

The existence of certain invariant Jordan curves as stated in Theorem[2.16serves
as foundation and starting point of the investigation of expanding Thurston maps.
The special case of Theorem 2.16] for rational expanding Thurston maps was an-
nounced by M. Bonk during an Invited Address at the AMS Meeting at Athens,
Ohio, in March 2004, where W. J. Floyd also mentioned a related result indepen-
dently obtained by J. W. Cannon, W. J. Floyd, and R. Parry ([CEPQ7]). Finally a
Thurston-type theorem from a metric space point of view was obtained indepen-
dently by M. Bonk and D. Meyer [BM17], and P. Haissinsky and K. M. Pilgrim
in their respective contexts. See Theorem[LT]in the case of expanding Thur-
ston maps. Special cases of Theoremm[L.Tlgo back to and unpublished joint
work of M. Bonk and B. Kleiner (see Preface]).
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2.2 Definition for Thurston maps

Let S denote an oriented topological 2-sphere. We first define branched covering
maps on S2. For detailed treatment of branched covering maps, we refer the reader
to Appendix 6].

A continuous map f: S? — S is called a branched covering map on S? if for each
point x € §2, there exist a positive integer d € N, open neighborhoods U of x and
V of y = f(x), open neighborhoods U’ and V' of 0 in C, and orientation-preserving
homeomorphisms ¢: U — U’ and 1: V — V’ such that ¢(x) =0, n(y) =0, and

(Mofoe )(z) =2

for each z € U’. The above relation can be seen from the following diagram:

xEU—f>y€V

‘| |
0clU ——=0¢eV.
=zl
The positive integer d above is uniquely determined by f and x, and is called the
local degree of f at x, denoted by deg(x). The (topological) degree deg f of f can
be calculated by
degf= ) degs(x) 2.1

xef~1(y)

for y € § and is independent of y. If f: §> — §? and g: §> — S? are two branched
covering maps on S2, then so is f o g (see [BM17, Lemma A.14]), and

deg ., (x) = deg,(x)deg(g(x)), for each x € §2, (2.2)

and moreover,
deg(fog) = (degf)(degg). (2.3)
A point x € 7 is a critical point of f if deg #(x) > 2. The set of critical points
of f is denoted by crit f. A point y € S? is a postcritical point of f if y = f"(x) for
some x € crit f and n € N. The set of postcritical points of f is denoted by post f.
Note that post f = post f” for all n € N.

Definition 2.1 (Thurston maps). A Thurston map is a branched covering map
f: 8% — 5% on 2 with deg f > 2 and card(post f) < -+oo.

Example 2.2. We take two congruent Euclidean equilateral triangles AABC and
AA'B'C’, and then paste them along the boundary with A and A’, B and B’, and C
and C’ identified as shown in Fig. 2.1l We define a piecewise linear map f: § — 52
by using the barycentric subdivision of each triangle. Firstly, the triangle AAGE is
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A E C A
Fig. 2.1 A Thurston map from the barycentric subdivisions.

mapped linearly to the triangle AABC on the front of the sphere S? with f(A) = A,
f(E) =C, and f(G) = B. We can then define f on AEGC in such a way that f maps
AEGC linearly to the triangle AC'B’A’ on the back of the sphere with f(E) =C'=C,
f(G) =B =B, and f(C) = A’ = A. Similarly, we can extend f continuously to the
whole sphere. We shade the preimages of the triangle AABC on the front of the
sphere that are facing us as shown in Fig. 2.1l

It is easy to see that crit f = {A,B,C,D,E,F,G,H}, and post f = {A,B,C}. It is
then clear that f is a Thurston map. We leave it as an exercise to show that f is an
expanding Thurston map.

2.3 Cell decompositions

We now recall the notion of cell decompositions of S2. A cell of dimension n in S2,
n € {1,2},is a subset ¢ C S? that is homeomorphic to the closed unit ball B in R”.
We define the boundary of ¢, denoted by dc, to be the set of points corresponding
to dB" under such a homeomorphism between ¢ and B". The interior of ¢ is defined
to be inte(c) = ¢\ dc. For each point x € S2, the set {x} is considered a cell of
dimension 0 in S2. For a cell ¢ of dimension 0, we adopt the convention that dc = 0
and inte(c) = c.
We record the following three definitions from [BM17].

Definition 2.3 (Cell decompositions). Let D be a collection of cells in S2. We say
that D is a cell decomposition of S? if the following conditions are satisfied:

(i) The union of all cells in D is equal to S°.
(ii) If ¢ € D, then dc is a union of cells in D.
(iii) For ¢1,cp € D with ¢ # ¢;, we have inte(c;) Ninte(cy) = 0.
(iv) Every point in $? has a neighborhood that meets only finitely many cells in
D.

Definition 2.4 (Refinements). Let D’ and D be two cell decompositions of S2. We
say that D' is a refinement of D if the following conditions are satisfied:
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(i) Every cell ¢ € D is the union of all cells ¢/ € D’ with ¢/ C c.
y

(ii) For every cell ¢’ € D there exits a cell ¢ € D with ¢/ C c.

Definition 2.5 (Cellular maps and cellular Markov partitions). Let D’ and D be
two cell decompositions of S2. We say that a continuous map f: S? — S is cellular
for (D', D) if for every cell ¢ € D, the restriction f|. of f to ¢ is a homeomorphism
of ¢ onto a cell in D. We say that (D', D) is a cellular Markov partition for f if f is
cellular for (D', D) and D’ is a refinement of D.

Let f: S — S? be a Thurston map, and % C S? be a Jordan curve containing
post f. Then the pair f and ¢ induces natural cell decompositions D"*(f, %) of S2,
for n € Ny, in the following way:

By the Jordan curve theorem, the set S? \ € has two connected components. We
call the closure of one of them the white 0-tile for (f,%), denoted by X?, and the
closure of the other one the black 0-tile for (f,%), denoted by Xl?. The set of 0-
tiles is X°(f,¢) = {X2,X0}. The set of O-vertices is VO(f,%") = postf. We set
V(£,%) = {{x}|x € VO(f,%)}. The set of 0-edges E°(f, ) is the set of the clo-
sures of the connected components of 4\ post f. Then we get a cell decomposition

D(f.%) = X°(f,€) UE*(f,€) UV (f,%)

of §2 consisting of cells of level 0, or 0-cells.

We can recursively define unique cell decompositions D" (f, %), n € N, con-
sisting of n-cells such that f is cellular for (D"*!(f,%),D"(f,%)). We refer to
Lemma 5.15] for more details. We denote by X"(f, %) the set of n-cells
of dimension 2, called n-tiles; by E"(f, %) the set of n-cells of dimension 1, called
n-edges; by V'(f,€) the set of n-cells of dimension 0; and by V"(f,%) the set
{x|{x} € V'(f.%)}, called the set of n-vertices. The k-skeleton, for k € {0,1,2},
of D"(f,%) is the union of all n-cells of dimension & in this cell decomposition.

We record Proposition 5.16 of here in order to summarize properties of
the cell decompositions D" ( f, %) defined above.

Proposition 2.6 (M. Bonk & D. Meyer). Let k,n € N, let f: §* — S be a Thur-
ston map, € C S* be a Jordan curve with post f C €, and m = card(post f).

() The map f* is cellular for (D" (f,€),D"(f,€)). In particular, if c is any

(n+k)-cell, then f*(c) is an n-cell, and f*|. is a homeomorphism of ¢ onto
T4 Ge).

(ii) Let ¢ be an n-cell. Then f~*(c) is equal to the union of all (n+k)-cells ¢’ with
VACORS

(iii) The 1-skeleton of D" (f,€) is equal to f~"(€). The O-skeleton of D" (f,€) is
the set V'(f,€) = f~"(post f), and we have V" (f,%€) C V' (f, ).

(iv) card(X"(f, %)) =2(deg f)", card(E"(f, %)) =m(deg f)", and card(V"(f, %)) <
m(deg f)".
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(V) The n-edges are precisely the closures of the connected components of f~"(€)\
S "(postf). The n-tiles are precisely the closures of the connected compo-

nents of S*\ f(%).
(vi) Every n-tile is an m-gon, i.e., the number of n-edges and the number of n-
vertices contained in its boundary are equal to m.

We also note that for each n-edge ¢ € E"(f, %), n € Ny, there exist exactly two
n-tiles X, X’ € X"(f,%) such that X N X' = e.
For n € Ny, we define the set of black n-tiles as

X5 (£, %) ={X €X"(£,€)|f"(X) =X;},
and the set of white n-tiles as
X,(f.€) = {X eX"(f,€)| /"(X) = X.)}.
It follows immediately from Proposition 2.6 that
card (X (f, %)) = card (X[,(f,%)) = (deg f)" (2.4)

for each n € Ny. Moreover, for n € N, we define the set of black n-tiles contained in
a white (n— 1)-tile as

b/, €) = {X € X}(f,€)|3X" € X[ (£,€), X C X'},
the set of black n-tiles contained in a black (n — 1)-tile as
b (f6) =X €X(f,€)[3X" € X1 (£,6). X <X,
the set of white n-tiles contained in a black (n — 1)-tile as
W (f6) = X eX(£,€) |3X" € X1 (£,6), X €X',
and the set of white n-tiles contained in a while (n — 1)-tile as
X (f,€) = {X € X|,(f,€)|3X" € X, (£,€),X CX'}.

In other words, for example, a black n-tile is an n-tile that is mapped by f” to the
black 0-tile, and a black n-tile contained in a white (rn — 1)-tile is an n-tile that is
contained in some white (n — 1)-tile as a set, and is mapped by f" to the black
0O-tile.

If we fix the cell decomposition D"(f,%), n € Ny, we can define for each v €
V*(f,%) the n-flower of v as

W"(v) = J{inte(c)|c € D" (f, %), v € c}. (2.5

Note that flowers are open (in the standard topology on 52). Let W (v) be the closure
of W"(v). We define the set of all n-flowers by
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WI(f,E) ={W"()[v e V(f,4)}. (2.6)

From now on, if the map f and the Jordan curve % are clear from the context,
we will sometimes omit (f,%’) in the notation above.

Remark 2.7. For n € Ny and v € V", we have
W”(V) =X1uXpU---UXy,

where m = 2degm (v), and X1,Xa,... Xy, are all the n-tiles that contain v as a vertex
(see Lemma 5.28]). Moreover, each flower is mapped under f to another
flower in such a way that is similar to the map z > z* on the complex plane. More
precisely, for n € Ny and v € V"*!, there exist orientation preserving homeomor-
phisms @: W"*!(v) — D and n: W*(f(v)) — D such that D is the unit disk on C,

@(v) =0,n(f(v)) =0, and
(nofoe H(z) =7

for all z € D, where k = deg,(v). Let W (V) =X, UXa U+~ UX,, and W' (f(v)) =
X{UX;U---UX/,, where X1,X,...X,, are all the (n+ 1)-tiles that contain v as a
vertex, listed counterclockwise, and X7,X,... X/, are all the n-tiles that contain f(v)
as a vertex, listed counterclockwise, and f(X;) = X{. Then m = m'k, and f(X;) = X;
if i=j (mod k), where k = deg/(v). (See also Case 3 of the proof of Lemma 5.24
in for more details.)

We denote, for each x € S2,
U"(x) = U{Y” € X" |there exists X" € X" withx € X", X"NY" #0}, (2.7)

and for each integer m < —1, set U™ (x) = S>. We define the n-partition O, of S*
induced by (f,%) as

0, = {inte(X") | X" € X"} U {inte(¢") | " € E"} UV". 2.8)

2.4 Notions of expansion for Thurston maps

We now define two notions of expansion introduced by M. Bonk and D. Meyer
BM17].

It is proved in Corollary 7.2] that for each expanding Thurston map f
(see Definition 2.I0/below), we have card(post f) > 3.

Definition 2.8 (Joining opposite sides). Fix a Thurston map f with card(post f) >
3 and an f-invariant Jordan curve % containing post f. A set K C S joins opposite
sides of € if K meets two disjoint 0-edges when card(post f) > 4, or K meets all
three 0-edges when card(post f) = 3.



24 2 Thurston maps

Definition 2.9 (Combinatorial expansion). Let f be a Thurston map. We say that
[ is combinatorially expanding if card(post f) > 3, and there exists an f-invariant
Jordan curve € C §2 (i.e., f(€) C€) with post f C €, and there exists a number
no € N such that none of the ny-tiles in X"0(f,%") joins opposite sides of €.

Definition 2.10 (Expansion). A Thurston map f: §> — S? is called expanding if
there exist a metric ¢ on S? that induces the standard topology on 2 and a Jordan
curve ¢ C S? containing post f such that

lim max{diam,(X)|X € X"(f,¢)} =0.

n—r—+oo
We call such a Thurston map an expanding Thurston map.

Remark 2.11. 1t is clear that if f is an expanding Thurston map, so is f” for each
n € N. We observe that being expanding is a topological property of a Thurston map
and independent of the choice of the metric d that generates the standard topology
on S?. By Lemma 6.1 in [BM17], it is also independent of the choice of the Jordan
curve % containing post f. More precisely, if f is an expanding Thurston map, then

lim max{diamJ(X) |X eX” (f, CKN)} =0,

n—r—+oo

for each metric d that generates the standard topology on S? and each Jordan curve
¢ C S? that contains post f.

P. Haissinsky and K. M. Pilgrim developed a notion of expansion in a more ge-
neral context for finite branched coverings between topological spaces (see
Sect. 2.1 and Sect. 2.2]). This applies to Thurston maps and their notion of ex-
pansion is equivalent to our notion defined above in the context of Thurston maps
(see Proposition 6.3]). Such concepts of expansion are natural analogs, in
the contexts of finite branched coverings and Thurston maps, to some of the more
classical versions, such as expansive homeomorphisms and forward-expansive con-
tinuous maps between compact metric spaces (see for example, Defini-
tion 3.2.11]), and distance-expanding maps between compact metric spaces (see for
example, Chap. 4]). Our notion of expansion is not equivalent to any such
classical notion in the context of Thurston maps. In fact, as mentioned in the in-
troduction, there are subtle connections between our notion of expansion and some
classical notions of weak expansion. Chap. |6l will be devoted to this topic. See The-
orem[6.1] for the precise statement.

Lemma 2.12. Let f: S*> — S? be an expanding Thurston map. Then for each p € S?,
—+oo

the set |J f~"(p) is dense in S?, and
n=1

lim card(f " (p)) = +eo. (2.9)

n—y+oo

Proof. Let € C S? be a Jordan curve containing post f. Let d be any metric on S2
that generates the standard topology on S2.
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Without loss of generality, we assume that p € ng where Xv?, € Xg (f, %) is the
white 0-tile in the cell decompositions induced by (f,%’). The proof for the case
when p € X where X} € X)(f, ) is the black O-tile is similar.

By Proposition 2.6lii), for each n € N and each white n-tile X! € X" (f, %), there
is a point g € X! with f"(q) = p. Since f is an expanding Thurston map,

ngr}rlmmax{diamd(X) | X eX'(f, %)} =0. (2.10)

o0
Then the density of the set |J f~"(p) follows from the observation that for each
n=1

n € N, each black n-tile X]! € X}(f, %) intersects nontrivially with some white n-
tile X" € XIL(f,%).

By the above observation, the triangular inequality, and the fact that diamy(S?) >
0 and S is connected in the standard topology, the equation @.9) follows from

@.10). o

2.5 Visual metric

For an expanding Thurston map f, we can fix a particular metric d on $> called
visual metric for f . For the existence and properties of such metrics, see [BM17,
Chap. 8]. For a visual metric d for f, there exists a unique constant A > 1 called the
expansion factor of d (see Chap. 8] for more details). One major advantage
of a visual metric d is that in (S?,d) we have good quantitative control over the
sizes of the cells in the cell decompositions discussed above. We summarize several
results of this type ([BM17, Proposition 8.4, Lemma 8.10, Lemma 8.11]) in the
lemma below.

Lemma 2.13 (M. Bonk & D. Meyer). Let f: S> — S? be an expanding Thurston
map, and € C S? be a Jordan curve containing post f. Let d be a visual metric on S?
for f with expansion factor A > 1. Then there exist constants C > 1,C' > 1, K > 1,
and ny € No with the following properties:

() d(o,t) > C'A~" whenever ¢ and t are disjoint n-cells for n € Ny.
(i) C"'A™" < diamy(t) < CA™" for all n-edges and all n-tiles T for n € Ny.
(iii) By(x, K"'A™") CU"(x) C By(x,KA™") for x € §?> and n € N,
(iv) U™ (x) C By(x,r) C U™ ™ (x) where n = [—logr/logA] for r > 0 and
xe Sz
(v) For every n-tile X" € X"(f, %), n € Ny, there exists a point p € X" such that
By(p,C"'A™") CX" C By(p,CA™").

Conversely, if d is a metric on S satisfying conditions (i) and (ii) for some con-
stant C > 1, then d is a visual metric with expansion factor A > 1.
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Recall U"(x) is defined in 2.7).

In addition, we will need the fact that a visual metric d induces the standard
topology on S? ([BM17, Proposition 8.3]) and the fact that the metric space (S2,d)
is linearly locally connected ([BM17, Proposition 18.5]). A metric space (X,d) is
linearly locally connected if there exists a constant L > 1 such that the following
conditions are satisfied:

1. Forall z€ X, r >0, and x,y € B;(z,r) with x # y, there exists a continuum
E CX withx,y CE and E C By(z,rL).

2. Forallze X, r>0,andx,y € X \ B4(z,r) with x # y, there exists a continuum
E CX withx,y CE and E C X \ By(z,r/L).
We call such a constant L > 1 a linear local connectivity constant of d.
Remark 2.14. If f: C — C is a rational expanding Thurston map, then a visual

metric is quasisymmetrically equivalent to the chordal metric on the Riemann sp-
here C (see [BM17, Lemma 18.10]). Here the chordal metric ¢ on Cis given by

2[z—w| o) — _
o(z,w) = mmforz,we(c,anda( ,2) = 0(z,00) = mforze(c

We also note that a quasisymmetric embedding of a bounded connected metric space
is Holder continuous (see [HeOll Sect. 11.1 _and Corollary 11.5]). Consequently, the
classes of Holder continuous functions on C equipped with the chordal metric and
onS?=C equipped with any visual metric for f are the same (upto a change of the
Holder exponent).

An expanding Thurston map is Lipschitz with respect to a visual metric.

Lemma 2.15. Let f: S*> — S? be an expanding Thurston map, and d be a visual
metric on S? for f with expansion factor A > 1. Then f is Lipschitz with respect to
d.

Proof. Fix a Jordan curve % C S° containing post f. Let x,y € §? and we assume
that
—1p-2
0<d(x,y) <K 'A ™7, (2.11)

where K > 1 is a constant from Lemma[2.13] depending only on f, ¥, and d.
Set m = max{k € No|y € U(x)}, where U*(x) is defined in @27). By
LemmalZ.13(iii), the number m is finite. Then y ¢ U™ (x). Thus by LemmaZ.T3(iii),

1
EA”’H <d(x,y) <KA™™.

By @.11) we get m > 1. Since f(y) € £ (U™(x)) C U™ '(f(x)) by Proposition[2.6]
we get from Lemma 2. 13(iii) that

d(f(x),f(y)) < KA

Therefore,
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d(fx),f) _ Ko~
dixy) = gATm!

and f is Lipschitz with respect to d. a

— K2A2,

2.6 Invariant curves

A Jordan curve ¢ C S? is f-invariant if f(%) C €. We are interested in f-
invariant Jordan curves that contain post f, since for such a curve %, the partition
(D'(f,%),D°(f,%)) is then a cellular Markov partition for f. According to Exam-
ple 15.11 and Lemma 15.12 in [BM17]], f-invariant Jordan curves containing post f
need not exist. However, M. Bonk and D. Meyer Theorem 15.1] proved that
there exists an f"-invariant Jordan curve 4 containing post f for each sufficiently
large n depending on f.

Theorem 2.16 (M. Bonk & D. Meyer). Let f: S* — S? be an expanding Thurston
map. Then for each n € N sufficiently large, there exists a Jordan curve € C §?
containing post f such that f"(¢) C €.

We will need a slightly stronger version in Chap. M and Chap. [6] Its proof is
almost the same as that of [BM17, Theorem 15.1]. For the convenience of the reader,
we include the proof here.

Lemma 2.17. Let f: S* — S~2 be an expanding Thurston map, and (gg S% be a

Jordan curve with post f C €. Then there exists an integer N(f,€) € N such that

foreachn> N(f,€) there exists an f"-invariant Jordan curve € isotopic to € rel.
post f such that no n-tile in D" (f,€) joins opposite sides of €.

Proof. By Lemma 15.15], there exists an integer N(f, %) € N such that for
eachn > N(f, ‘57), there exists a Jordan curve ¢/ C f" ((g) that is isotopic to € rel.
post f, and no n-tile for (f, CKN) joins opposite sides of . Let H: S x [0,1] — S?
be this isotopy rel. postf. We set H;(x) = H(x,t) for x € $*,t € [0,1]. We have
Ho=idg and €” = H\(€) C f ().

If F = f", then post F' = post f and F is also an expanding Thurston map ([BM17,
Lemma 6.4]). Note that F is cellular for (D*(f,%),D°(f,%)). So D'(F,%) =
D" (f, CKN) (see Lemma 5.12]). Thus no 1-cell for (H; o F,%”) joins oppo-
site sides of 4", and thus H| o F is combinatorially expanding for ¢”. Note that ¢”
contains post(H) o F') = postF = post f. By Theorem 14.2 in [BM17], there exists
a homeomorphism ¢ : §> — $? that is isotopic to the identity rel. post (H; o F') such
that ¢(¢’) = ¢’ and G = ¢ o H) o F is an expanding Thurston map. Since ¢ o H;
is isotopic to the identity on S? rel. postF, the pair F and G are Thurston equiva-
lent. By Theorem 11.1 in [BM17], there exists a homeomorphism /: S* — §? that
is isotopic to the identity on S? rel. F~!(postF) with Foh = ho G. Set € = h(¢").
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Then % is a Jordan curve in S? that is isotopic to ¢” rel. F~!(postF) and thus iso-
topic to € rel. postF. Since F(%) = F(h(€")) = h(G(%")) = h(¢(H, (F(¢")))) C
h@(€")) = h(€') =€, we get that ¢ is F-invariant.

Moreover, since no 1-cell for (Hj o F,%”) joins opposite sides of €”, Hj o
F(€')CH|(€)=%", ¢: S? — 5% is a homeomorphism isotopic to the identity rel.
post(H) o F) with ¢(¢") = %", G= ¢ o H; o F, we can conclude that G(¢") C ¢’
and no 1-cell for (G,%") joins opposite sides of ¢”. Since h: S — §? is a homeo-
morphism, ¢ = h(‘f’ ), and F o h = ho G, we can finally conclude that no 1-cell for
(F,%) joins opposite sides of €. Therefore no n-cell for (f, %) joins opposite sides
of €. O

Compared with [BM17, Theorem 15.1], the above lemma carries additional com-
binatorial information of ¥, i.e., no n-tile joins opposite sides of . In fact, we will
only need the following corollary of Lemmal2.17lin Chap.d and Chap.

Corollary 2.18. Let f: S* — S be an expanding Thurston map. Then there exists a
constant N(f) > 0 such that for each n > N(f), there exists an f"-invariant Jordan
curve € containing post f such that no n-tile in D" (f,€) joins opposite sides of €.

Proof. We can choose an arbitrary Jordan curve ¢ C S containing postf and

set N(f) = N(f,¢), and € an f"-invariant Jordan curve containing postf as in
Lemmal.171 o

We now establish a generalization of [BM17, Lemma 15.25]. It is an essential
ingredient for the distortion lemmas (Lemma[3.3] and Lemma[3.4) that we will re-
peatedly use in Chap.[5land Chap.[7l

Lemma 2.19. Let f: S* — S? be an expanding Thurston map, and € C S* be a
Jordan curve that satisfies post f C € and ¢ (€') C € for some ny € N. Letd be a
visual metric on S* for f with expansion factor A > 1. Then there exists a constant
Co > 1, depending only on f, d, €, and ng, with the following property:

Ifk,n € Nog, X"tk € X'HK(f,€), and x,y € X", then

id(x,y) < A" /") < Cod(x,y). (2.12)
Co A"

Proof. In this proof, we set a constant K = 2max{1,/s}, where [ is the Lipschitz
constant of f with respect to d. Let N = ng.

By Remark 2111 the map fV is an expanding Thurston map. It is easy to see
from Lemma 2.13] that the metric d is a visual metric for the expanding Thurston
map fV with expansion factor AY. So by Lemma 15.25 in [BM17], there exists a
constant D > 1 depending only on fN , @, and d such that for each k,l € Ny, each
X € XUHON(f ¢, and each pair of points x,y € X, we have

d(f™ (x), /()

1
Bd(xvy) < AIN

< Dd(x,y). (2.13)
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Fix m,l € Ny, s,t € {0,1,...,N—1},X € XUN+s)+(UN+0) (r ) and x,y € X.

We prove the second inequality in (Z.12) with n = mN +s and k = IN +¢ by
considering the following cases depending on whether / =0 or/ > 1.

If I = 0, then by Lemma[2.T3]and the fact that K > I,

d (NN () < Kd(xy) < KVd () AN

If > 1, then by Lemma[2.13] 2.13), and the fact that K > I,

d (N0, )
—d (f(lfl)NJr(Nfs) (£ (x))  fU=DN+(=s) (f+ (y)))
<KV (Y (7 @) Y (1)) )
SKNTDA (£ (), 0 () AN
<KND (K'd (x,y)) AN
<K*NDd(x,y) AN

We consider the first inequality in (Z.12) with n = mN + s and k = IN +t now.
By PropositionZ.6(i), we can choose ¥ € X"++2N (£ %) and two points X',y € Y
such that f2V=5=1(Y) = X, f2N=571(x') = x, and f2N=5(y') = y. Note that 2N — s —
¢ > 2. Then by Lemma[2.13] (2.13), and the fact that K > I,

d (N0, )
—d ( FIVH (N () IV (N () )
—d (le+2Nfs(x/),le+2N7S(y/))
>K—d (le+2N (), fIN+2N (y’))
ZKstfld(x/,y/)All\Ff*zN
ZKstflK*(ZN*S*[)d(x,y)AleLt
ZKszDfld(x,y)AlNth'

Therefore,
1 d(f™N (x), fN (v))
C_Od(x’y) = AN+

< Cod(‘xvy)a

where Cy = K*¥ D is a constant depending only on f, d, €, and N = ng. a






Chapter 3
Ergodic theory

In this chapter, we review some key concepts of ergodic theory. The usual notions
of covers and partitions are introduced in Sect. 3.1l Then in Sect. measure-
theoretic entropy and topological entropy, as well as measure-theoretic pressure and
topological pressure are introduced before measures of maximal entropy and equi-
librium states are defined. In Sect. 3.3] we formulate the Ruelle operator %, for
an expanding Thurston map and a real-valued continuous function ¥ on §2, which
will is the key tool and object of investigation in thermodynamical formalism in
Chap. 3l We argue that it is well-defined on the space of real-valued continuous
functions on S?. We then discuss some of the properties of the Ruelle operator.
In Sect. 34 we review the notion of topological conditional entropy h(g|A) of a
continuous map g: X — X (on a compact metric space X) given an open cover
A of X, and the notion of topological tail entropy h*(g) of g. The latter was first
introduced by M. Misiurewicz under the name “topological conditional entropy”
[Mis76]. We adopt the terminology and formulations by T. Downarowicz in
[DowTTl]. By using these notions, we then define h-expansiveness and asymptotic
h-expansiveness, which will be used in Chap.[6land Chap.[7l

3.1 Covers and partitions

Let (X,d) be a compact metric space and g: X — X a continuous map.

A cover of X is a collection § = {A;|j € J} of subsets of X with the property
that (J§ = X, where J is an index set. The cover & is an open cover if A is an open
set for each j € J. The cover & is finite if the index set J is a finite set.

A measurable partition & of X is a cover § = {A;|j € J} of X consisting of
countably many mutually disjoint Borel sets A ;, j € J, where J is a countable index
set. For x € X, we denote by & (x) the unique element of £ that contains x.

Let§ ={A;|jeJ} and n = {Bi |k € K} be two covers of X, where J and K are
the corresponding index sets. We say & is a refinement of 1) if for each A; € &, there
exists By € 1 such that A; C By. The common refinement &V 1 of & and 1 defined

31
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as
5\/17:{AjﬁBk|jeJ,keK}

is also a cover. Note that if & and 1) are both open covers (resp., measurable par-
titions), then £ V 7 is also an open cover (resp., a measurable partition). Define
g ' (&)={g '(A))|j € J}, and denote for n € N,

n—1
&=V ) =Eveg (&) Vv---vg "),
Jj=0

~+oo
and let &° be the smallest 6-algebra containing (J &;'.
n=1

We adopt the following definition from Dow 1, Remark 6.1.7].

Definition 3.1 (Refining sequences of open covers). A sequence of open covers
{&i}ien, of a compact metric space X is a refining sequence of open covers of X if
the following conditions are satisfied

(i) &1 is a refinement of &; for each i € Ny.

(ii) For each open cover 1 of X, there exists j € N such that &; is a refinement of
n foreachi> j.

By the Lebesgue Number Lemma ([Mu00, Lemma 27.5]), it is clear that for a
compact metric space, refining sequences of open covers always exist.

3.2 Entropy and pressure

Let (X,d) be a compact metric space and g: X — X a continuous map. For n € N
and x,y € X,

dg(x,y) = max {d(gk(x),gk(y))’ke {0,1,...,n—1}}

defines a new metric on X. A set F C X is (n,€)-separated, for some n € N and
€ > 0, if for each pair of distinct points x,y € F, we have dy (x,y) > €. Fore >0and
n € N, let F,(€) be a maximal (in the sense of inclusion) (n, €)-separated set in X.

For each y € C(X), the following limits exist and are equal, and we denote the
limits by P(g, v) (see for example, Theorem 3.3.2]):

P(g,y) = limlimsupllog Z exp(S,y(x))
€20 noteo M e

— lim liminf log Y exp(Say(x)), (3.1)

—rtoo
e=0n n xEFn(€)
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where S, y(x) = ): v(g/(x)) is defined in [@3). We call P(g, y) the topological

pressure of g w1th respect to the potential y. The quantity hp(g) = P(g,0) is called
the topological entropy of g. Note that P(g, y) is independent of d as long as the
topology on X defined by d remains the same (see Sect. 3.2]).

We now review measure-theoretic counterparts of the concepts above.

The information function I maps a measurable partition & of X to a y-a.e. defined
real-valued function on X in the following way:

I1(&)(x) = —logu(&(x)), forx € X. (3.2)

Here & (x) denotes the unique element of £ that contains x.
Let & be a measurable partition of X. The entropy of & is

— Y u(Aj)log(u(A))),

jeJ

where 0log0 is defined to be 0. One can show (see [Wal82l Chap. 4]) thatif Hy (§) <
+oo, then the following limit exists:

hu(8,€) = Tim SH,(E7) € [0, +<0).

n——+eop

The measure-theoretic entropy of g for U is given by
hy(g) = sup{hy(g.&)| & is a measurable partition of X with Hy (§) < 4eo}. (3.3)

For each y € C(X), the measure-theoretic pressure Py (g, y) of g for the measure y
and the potential y is

Pu(g, W) = hy(8) + / ydu. (3.4)

By the Variational Principle (see for example, Theorem 3.4.1]), we have
that for each y € C(X),

P(g,¥) = sup{Pu(g, ¥)|u € .4 (X,g)}. (3.5)
In particular, when v is the constant function 0,
hiop(g) = sup{hyu(g) |1 € A4 (X, 8)}. (3.6)

A measure y that attains the supremum in (3.3) is called an equilibrium state for
the transformation g and the potential y. A measure p that attains the supremum in
([B26) is called a measure of maximal entropy of g.
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3.3 The Ruelle operator for expanding Thurston maps

Let f: S — 52 be an expanding Thurston map and y € C(S?,C) a continuous
function. We define the Ruelle operator £y on C(S?,C) as the following

Ly (u)(x) = Z degf y)exp(y(y)), 3.7)
yef!

for each u € C(S2,C). To show that %, is well-defined, we need to prove that
Zy(u)(x) is continuous in x € S? for each u € C(S?,C). Indeed, by fixing an ar-
bitrary Jordan curve ¥ C $? containing post f, we know that for each x in the white

0-tile X2,
ZLy()(x) =Y ulyx)exp(¥(x)),
Xexl),

where yy is the unique point contained in the white 1-tile X with the property that
f(yx) = x (Proposition 2.6(i)). If we move x around continuously within Xg, then
yx moves around continuously within X for each X € X!, Thus %, (u)(x) restricted
to X is continuous in x. Similarly, .%, (u)(x) restricted to the black 0-tile X} is also
continuous in x. Hence %, (u)(x) is continuous in x € S2.

Note that by a similar argument as above, we see that the Ruelle operator
Ly C($%,C) — C(5?,C) has a natural extension to the space of complex-valued
bounded Borel functions B(S?,C) (equipped with the uniform norm) given by (3.7)
for each u € B(S%,C). We also observe that if y € C(S?) is real-valued, then
Zy(C(5%)) C C(S?) and L (B(S?)) C B(S?). Moreover, we note that by induction
and (2.2) we have

= ) degpn(u(y)exp(S.y(y)), (3.8)
yef—(x)
and
Lyluvo f))x) =Y, deg,(y)u(y)(vo)y)exp(w(y)) = v(x)Ly(u)(x),
yef~!x)
3.9

for u,v € B(S?,C), x € $?, and n € N.

We assume now that y € C(S?) is real-valued. Then it is clear that Ly is
a positive, continuous operator on C(S?) (resp. B(S?)) with the operator norm
sup{Zy(1)(x)|x € $?}. Recall that the adjoint operator .Z};: C*(S?) — C*(5?) of
%y acts on the dual space C*(S?) of the Banach space C(S?). We identify C*(S?)
with the space .#(S?) of finite signed Borel measures on S? by the Riesz repre-
sentation theorem. From now on, we write (i, u) = [udy whenever u € B(S?) and

w e . (S?).

Lemma 3.2. Let f: S> — S? be an expanding Thurston map, ¥ € C(S?), and 1 €
C*(S?). Then
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) (Zy(u),u) = (1, Ly (u)) for u € B(S?).
(ii) For each Borel set A C S? on which f is injective, we have that f(A) is a Borel
set, and

Liww=[ (@ Oepw)oUln) w610

Recall that a collection ¥ of subsets of a set Q is a w-system if it is closed under
intersection, i.e., if A,B € *J3 then ANB € B. A collection £ of subsets of Q is a
A-system if the following are satisfied: (1) Q € £. (2) If B,C € £ and B C C, then

C\Be L. (3 IfA, e £, neN, withA, CA,, then J A, € L.
neN

Proof. For (i), it suffices to show that for each Borel set A C S2,
(Ly(u),La) = (u,Ly(1a))- (3.11)

Let £ be the collection of Borel sets A C S? for which (3.11) holds. Denote the
collection of open subsets of S?> by &. Then & is a 7-system.

We first observe from (377 that if {u, },c is a non-decreasing sequence of real-
valued functions on S2, then so is {-Zy () }nen.

By the definition of £}, we have

(Zy(u),u) = (u, Ly (u)) (3.12)

for u € C(S?). Fix an open set U C S2, then there exists a non-decreasing sequence
{gn}nen of real-valued continuous functions on S? supported in U such that g, con-
verges to 1y pointwise as n — +oo. Then {.Zy(gn) }ncn is also a non-decreasing
sequence of continuous functions, whose pointwise limit is .2 (1y ). By the Lebes-
gue Monotone Convergence Theorem and (3.12), we can conclude that (3:11) holds
forA=U.Thus & C £.

We now prove that £ is a A-system. Indeed, since (3.12) holds for u = L, we get
§% € £.Given B,C € £ with BC C, then 1¢ — 1 = 1c\g and Ly (1¢) — Ly (1) =
Zy(lc = 1) = Ly(1e\g) by BD. Thus C\ B € £. Finally, given A, € £,n €N,

with A, C A, 41, and let A = |J A,. Then {14, },en and {Zy(14,) }ren are non-
neN

decreasing sequences of real-valued Borel functions on S? that converge pointwise
to 14 and .2y (1,), respectively, as n — +-co. Then by the Lebesgue Monotone
Convergence Theorem, we get A € £. Hence £ is a A-system.

Recall that Dynkin’s 7-A theorem (see for example, Theorem 3.2]) states
that if B is a m-system and £ is a A-system that contains 33, then the c-algebra
o () generated by P is a subset of £. Thus by Dynkin’s 7-A theorem, the Borel
o-algebra (®) is a subset of £, i.e., equality (3.11)) holds for each Borel set A C S2.

For (ii), we fix a Borel set A C S? on which f is injective. By (3.7), we get that
ZLy(14)(x) # 0 if and only if x € f(A). Thus f(A) is Borel. Then (3.10) follows
immediately from (3.11) and 37) for u € B(S?). O
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3.4 Weak expansion properties

The topological tail entropy was first introduced by M. Misiurewicz under the name
“topological conditional entropy” [Mis76l]. We adopt the terminology in
(see [Dow11, Remark 6.3.18]).

Definition 3.3 (Topological conditional entropy and topological tail entropy).
Let (X,d) be a compact metric space and g: X — X a continuous map. The topolo-
gical conditional entropy h(g|A) of g given A, for some open cover A, is

n—1
h(g|A) = lim lim lH(\/ g (&)

[—+oon—r+oo 1 .
i=0

n—1
Y (M) : (3.13)

j=0

where {& },cn, is an arbitrary refining sequence of open covers, and for each pair
of open covers £ and 1,

H(&|n) =log (Tgr?{min{cardg ’ SaC&,AC UgA}}) (3.14)

is the logarithm of the minimal number of sets from & sufficient to cover any set in

n.
The topological tail entropy h*(g) of g is defined by

m——+oo [ toon—+oo p

1 n—1
h*(g)= lim lim lim —H(\/ g (&)
i=0

n—1
Y (nm>> : (3.15)

j=0

where {&;}1en, and {1, }men, are two arbitrary refining sequences of open covers,
and H is as defined in (3.14).

Remark 3.4. The topological entropy of g (see Sect. B.3) is hop(g) = h(g[{X}),
where {X} is the open cover of X consisting of only one open set X. See for ex-
ample, Sect. 6.1]. It is also clear from Defintion[3.3] that for open covers &
and 1 of X , we have h(g|§) < h(g|n) if & is a refinement of 7.

The limits in (313) and (313) always exist, and both h(g|A) and h*(g) are inde-
pendent of the choices of refining sequences of open covers {&; }en, and {1} meny»
see Sect. 6.3], especially the comments after Definition 6.3.14].

The topological tail entropy 4* is also well-behaved under iterations, as it satisfies

h*(g") =nh*(g) (3.16)

for each n € N and each continuous map g: X — X on a compact metric space X
([Mis76, Proposition 3.1]).

The concept of h-expansiveness was introduced by R. Bowen in [Bow72]. We
adopt the formulation in (see also [Dow11]).
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Definition 3.5 (h-expansiveness). A continuous map g: X — X on a compact me-
tric space X is called h-expansive if there exists a finite open cover A of X such that
h(g|2) =0.

A weaker property was then introduced by M. Misiurewicz in (see also
).

Definition 3.6 (Asymptotic /-expansiveness). We say that a continuous map
g: X — X on a compact metric space X is asymptotically h-expansive if h*(g) = 0.

Recall that a continuous map g: X — X on a compact metric space X is forward
expansive if there exists € > 0 such that for each x € X, we have @, (x) = {x}. Here

De(x) = {y € X[d(g"(x),¢"(v)) < € foralln > 0},

for € > 0 and x € X. M. Misiurewicz showed that if g is expansive then it is A-
expansive, and that if g is and h-expansive then it is asymptotic h-expansive [Mis76].
He also showed that if g is asymptotic s-expansive, then the measure-theoretic en-
tropy 1 — hy(g) is upper semi-continuous as a function on the space .Z(X,g) of
g-invariant Borel probability measures equipped with the weak™ topology [Mis76].






Chapter 4
The measure of maximal entropy

This chapter is devoted to the study of periodic points and the measure of maximal
entropy for an expanding Thurston map.

In Sect. [4.1] we study the fixed points, periodic points, and preperiodic points of
the expanding Thurston maps. For the convenience of the reader, we first provide a
direct proof in Proposition[4.3] using knowledge from complex dynamics, of the fact
that a rational expanding Thurston map R on the Riemann sphere has exactly 1 +
degR fixed points. Then we set out to generalize this result to the class of expanding
Thurston maps, and derive the following theorem.

Theorem 4.1. Every expanding Thurstonmap f: S* — S? has 1 +deg f fixed points,
counted with weight given by the local degree of the map at each fixed point.

Here deg f denotes the topological degree of the map f. The local degree is a
natural weight for points on S? for expanding Thurston maps.

We first observe that the statement of Theorem[d. ] agrees with what can be con-
cluded from the Lefschetz fixed-point theorem (see for example, Chap. 3])
if the map f is smooth and the graph of f intersects the diagonal of §? x §? transver-
sely at each fixed point of f. However, an expanding Thurston map may not satisfy
either of these conditions. It is not clear how to give a proof by using the Lefschetz
fixed-point theorem.

The proof of Theoremd TJuses the correspondence between the fixed points of f
and the 1-tiles in some cell decomposition of $? induced by f and its invariant Jordan
curve € C 82, for the special case when f has a special invariant Jordan curve €. In
fact, f may not have such a Jordan curve, but due to the result of mentioned
above, for each n large enough there exists an f"-invariant Jordan curve. We use a
slightly stronger result as formulated in Lemma[2.17] Then the general case follows
from an elementary number-theoretic argument. One of the advantages of this proof
is that we also exhibit an almost one-to-one correspondence between the fixed points
and the 1-tiles in the cell decomposition of S?, which leads to precise information
on the location of each fixed point. This information is essential later in the proof of
the equidistribution of preperiodic and periodic points of expanding Thurston maps

39



40 4 The measure of maximal entropy

in Sect. As a corollary of Theorem ] we give a formula in Corollary d.14] for
the number of preperiodic points when counted with the corresponding weight.

In Sect. we prove a number of equidistribution results. More precisely, we
first prove in Theorem[d.23] the equidistribution of the n-tiles in the tile decomposi-
tions discussed in Sect. 2.2 with respect to the measure of maximal entropy fis of an
expanding Thurston map f. The proof uses a combinatorial characterization of tis
due to M. Bonk and D. Meyer that we will state explicitly in Theorem[Z.22]

We then formulate the equidistribution of preimages with respect to the measure
of maximal entropy py in Theorem below. Here we denote by &, the Dirac
measure supported on a point x in 2.

Theorem 4.2 (Equidistribution of preimages). Ler f: S — S? be an expanding
Thurston map with its measure of maximal entropy y. Fix p € S? and define the
Borel probability measures

Vi =

~ 1
Z degf, Vi= = Z 8y 4.1)

deg r qef " qef~i(p)

for each i € Ny, where Z; = card (f~*(p)). Then

Vi 5 1 as i —» oo, (4.2)
Vi 255 iy as i —> oo, (4.3)

Here deg i (x) denotes the local degree of the map f' at a point x € S%. In [2),
@3), and similar statements below, the convergence of Borel measures is in the
weak™ topology, and we use w* to denote it.

After generalizing Lemma 21| which is due to M. Bonk and D. Meyer (see
Lemma 17.6]), in Lemmal£.28| we prove the equidistribution of preperiodic
points with respect to [s. Note that Theorem[.1lis used here.

Theorem 4.3 (Equidistribution of preperiodic points). Let f: S — S? be an ex-
panding Thurston map with its measure of maximal entropy . For each m € Ny
and each n € N with m < n, we define the Borel probability measures

= 1
Gr=o Y degpb. El=s Y & (44)
nofr(x)=£"(x) nofr(x)=£"(x)

where s ™ are the normalizing factors defined in (@13) and (E10). If {my, } e is
a sequence in Ny such that m, < n for eachn € N, then

Em 2 1y as n —s oo, (4.5)
M s g as n — oo, (4.6)

We prove in Corollary ET4] that 5% = (deg /)" + (deg f)™ for m € Ny and n € N
with m < n.
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As a special case of Theorem[4.3] we obtain the following corollary.

Corollary 4.4 (Equidistribution of periodic points). Let f: S> — S? be an expan-
ding Thurston map with its measure of maximal entropy [s. Then

(degf x—;‘ )degf ()8~ py asn— oo @7
1 W
card{x € S2[x = f"(x)} x:;w O = Jiy asn — oo, (4.8)
1 "
Z O — U asn — +oo. (4.9)

(degf)n x:f”(x)

The equidistribution @.2), (@.3), @.7), and (48] are analogs of corresponding
results for rational maps on the Riemann sphere by M. Yu. Lyubich [Ly83]. Some
ideas from are used in the proofs of Theorem [£.2] and Theorem [£.3] as well.
P. Haissinsky and K. M. Pilgrim also proved (4.2) and (7)) in their general context
[HPQ9], which includes expanding Thurston maps.

The equidistribution (4.3) and (4.6) are inspired by the recent work of M. Baker
and L. DeMarco [BDII]]. They used some equidistribution result of preperiodic
points of rational maps on the Riemann sphere in the context of arithmetic dynamics.

We show in Corollary £3T] that for each expanding Thurston map f, the expo-
nential growth rate of the cardinality of the set of fixed points of f” is equal to the
topological entropy hp(f) of f, which is known to be equal to log(deg f) (see for
example, Corollary 17.2]). This is analogous to the corresponding result
for expansive homeomorphisms on compact metric spaces with the specification
property (see for example, Theorem 18.5.5]).

In Sect. we prove in Theorem [£:33] that for each expanding Thurston map f
with its measure of maximal entropy fi, the measure-preserving dynamical system
(S2, f, My) is a factor, in the category of measure-preserving dynamical systems, of
the measure-preserving dynamical system of the left-shift operator on the one-sided
infinite sequences of deg f symbols together with its measure of maximal entropy.
This generalizes the corresponding result in [BM17]] in the category of topological
dynamical systems, reformulated in Theorem 321

4.1 Number and locations of fixed points

The main goal of this section is to prove Theorem [4.1} namely, that the number of
fixed points, counted with appropriate weights, of an expanding Thurston map f is
exactly 1+ degf. In order to prove Theorem [£.]] we first establish in Lemma [4.6]
and Lemma[4.7] an almost one-to-one correspondence between fixed points and 1-
tiles in the cell decomposition D'(f,%’) for an expanding Thurston map f with
an f-invariant Jordan curve % containing post f. As a consequence, we establish
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in Corollary £.14] an exact formula for the number of preperiodic points, counted
with appropriate weights. We end this section by establishing a formula for the
exact number of periodic points with period n, n € N, for expanding Thurston maps
without periodic critical points.

Let f be a Thurston map and p € S? a periodic point of f of period n € N, we
define the weight of p (with respect to f) as the local degree deg (p) of f™ at p.
When f is understood from the context and p is a fixed point of f, we abbreviate it
as the weight of p. We will prove in this section that each expanding Thurston map
[ has exactly 1 4 deg f fixed points, counted with weight.

Note the difference between the weight and the multiplicity of a fixed point of
a rational map (see Chap. 12]). In comparison, the multiplicity of a fixed
point p € C of a rational map g: C — C is degg(p), where g(z) = g(z) — z. For

every expanding rational Thurston map R: C — C, M. Bonk and D. Meyer proved
that R has no periodic critical points (see Proposition 2.3]). So the weight
of every fixed point of R is 1. We can prove that R has exactly 1+ degR fixed points
by using basic facts in complex dynamics, even though it will follow as a special
case of our general result in Theorem [£.1] For the relevant definitions and general
background of complex dynamics, see and [Mil06].

Proposition 4.5. Let R: C—Cbhea expanding rational Thurston map, then R has
exactly 1+ degR fixed points. Moreover, the weight degg(q) of each fixed point q of
R is equal to 1.

Proof. Conjugating R by a fractional linear automorphism of the Riemann sphere if
necessary, we may assume that the point at infinity is not a fixed point of R.

Since R is expanding, R is not the identity map. By Lemma 12.1 in [Mil06],
which is basically an application of the fundamental theorem of algebra, we can
conclude that R has 1+ degR fixed points, counted with multiplicity. For rational
Thurston maps, being expanding is equivalent to having no periodic critical points
(see Proposition 2.3]). So the weight degg(g) of every fixed point g of R is
exactly 1. Thus it suffices now to prove that each fixed point g of R has multiplicity
1.

Suppose a fixed point p of R has multiplicity m > 1. In the terminology of com-
plex dynamics, ¢ is then a parabolic fixed point with multiplier 1 and multiplicity m.
Then by Leau-Fatou flower theorem (see for example, Chap. 10] or
Theorem 2.12]), there exists an open set U C S such that f(U) C U and U # S°
(by letting U be one of the attracting petals, for example). This contradicts the fact
that the function R, as an expanding Thurston map, is eventually onto, i.e., for each
nonempty open set V C S2, there exists a number m € N such that R"(V) = S2.

In order to see that R is eventually onto, let d be a metric on S?2and € C S?bea
Jordan curve, as given in Definition2.10} Since V is open, it contains some open ball
in the metric space (S?,d). Then since R is expanding, by Definition 2.10, we can
conclude that there exist a constant m € N, a black m-tile X" € XJ' (R, ¢’) and a white
m-tile X" € X"(R,¢’) such that X" UX™ C V. Thus R"(V) D R"(X" UX!") = S%.
Therefore, R is eventually onto. O
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For general expanding Thurston maps, we need to use the combinatorial infor-
mation from [BM17].

Lemma 4.6. Let f be an expanding Thurston map with an f-invariant Jordan curve
¢ containing post f. If X € XL (f,€)UX], (f,€) is a white 1-tile contained in the
while O-tile ij or a black 1-tile contained in the black O-tile X,?, then X contains at
least one fixed point of f. If X € X!, (f,€)UX]} (f,€) is a white 1-tile contained
in the black 0-tile XIE) or a black 1-tile contained in the white 0-tile X2, then inte(X)
contains no fixed points of f.

Recall that cells in the cell decompositions are by definition closed sets, and the
set of O-tiles X°(f, ") consists of the white 0-tile X) and the black 0-tile X.

Proof. 1t X € XL.(f,€)UX],(f, %), then X C f(X). By Proposition Z.6li), f|x is

a homeomorphism from X to f(X), which is one of the two 0-tiles. Hence, f(X)

is homeomorphic to the closed unit disk. So by Brouwer’s fixed point theorem,
(flx)~" has a fixed point p. Thus p is also a fixed point of f.

IfX eX!, (f,%), theninte(X) Cinte(X) and f(X) = X_. Since X Ninte(X))) =

0, the map £ has no fixed points in inte(X). The case when X € X} (f,%) is similar.

O

Lemma 4.7. Let f be an expanding Thurston map with an f-invariant Jordan curve
€ containing post f such that no 1-tile in D' (f,€) joins opposite sides of €. Then
foreveryn € N, each n-tile X" € X" (f,€) contains at most one fixed point of f".

Proof. Fix an arbitrary n € N. We denote F = f” and consider the cell decomposi-
tions induced by F and ¢ in this proof. Note that F is also an expanding Thurston
map and there is no 1-tile in D! (F, %) joining opposite sides of .
It suffices to prove that each 1-tile X! € X! contains at most one fixed point of F.
Suppose that there are two distinct fixed points p,q of F in a 1-tile X'. We prove
that there is a contradiction in each of the following cases.

Case I: atleast one of the fixed points, say p, is ininte(X'). ThenX' e X! UX],
by Lemmal4.6l Since p is contained in the interior of X1 NF(X;), we get that X; C
F(X1). Since F|y1 is a homeomorphism from X! to F(X') (see Proposition Z.6li)),
we define a 2-tile X2 = (F|y1)~'(X") C X'. Then we get that p € inte(X?) and
F(X?) = X'. On the other hand, the point g must be in X* as well for otherwise
there exists ¢’ # g such that ¢ € X? and F(q') = ¢, thus ¢’ and ¢ are two distinct
points in X! whose images under F are g, contradicting the fact that F|y: is a ho-
meomorphism from X! to F(X') and X' C F(X"). Similarly we can inductively
construct an (n+ 1)-cell X"*! C X" such that F(X"!) = X", p € inte(X"*!), and
g € X"*1, for each n € N. This contradicts the fact that F is an expanding Thurston
map, see Remark 2111

Case 2: there exists a 1-edge e € E! such that p, g € e. Note thate C X'. Then one
of the fixed points p and g, say p, must be contained in the interior of e, for otherwise
p, g are distinct 1-vertices that are fixed by F, thus they are both O-vertices, hence
X! joins opposite sides, a contradiction. Since F(e) is a 0-edge by Proposition[2.6]
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and p € F(e), there exists a 1-edge ¢’ C F(e) with p € €. Thus ¢’ intersects with e
at the point p, which is an interior point of e. So ¢’ = e, and ¢ C F(e). Then by the
same argument as when p € inte(X') in Case 1, we can get a contradiction to the
fact that F is an expanding Thurston map.

Case 3: the points p, ¢ are contained in two distinct 1-edges ej,e, of X!,
respectively, and e; Nep # 0. Since F is an expanding Thurston map, we have
m = card(postF) > 3 (see Corollary 7.2]). So X! is an m-gon (see Proposi-
tion2.6(vi)). Since e Ney # 0, we get card(e; Ney) = 1, say eg Ney = {v}. By Case
2, we get that v # p and v # g. Note that p € F(ey), g € F(e2), and F(e;),F(e2)
are 0-edges. If at least one of p and ¢ is a 1-vertex, thus a 0-vertex as well, then
since Proposition 2.6(i) implies that F(e;) # F(e;), we can conclude that X' tou-
ches at least three 0-edges, thus joins opposite sides of €, a contradiction. Hence
p € inte(e;) and g € inte(ez). So e} C F(ey), e2 C F(ez), and

{v}=e1Nex CF(e))NF(ez) =F(e1Ney) =F({v}),

by Proposition 2.6(i). Thus F(v) = v. Then e; contains two distinct fixed points p
and v of F, which is impossible by Case 2.

Case 4: the points p, g are contained in two distinct 1-edges ej,e; of X', re-
spectively, and e; Ney = 0. Thus card(postF) > 4 by Proposition 2.6l vi), and
F(e1) and F(ey) are a pair of disjoint edges of F(X') by Proposition Z.6li). But
p=F(p) €F(e1), q=F(q) € F(ez), so X! joins opposite sides of €, a contra-
diction.

Combining all cases above, we can conclude, therefore, that each 1-tile X Lex!
contains at most one fixed point of F'. a

We can immediately get an upper bound of the number of periodic points of an
expanding Thurston map from Lemma4.7]

Corollary 4.8. Let f be an expanding Thurston map. Then for each n € N suffi-
ciently large, the number of fixed points of f" is < 2(degf)". In particular, the
number of fixed points of f is finite.

Proof. By Corollary2.18] for each n > N(f), where N(f) € N is a constant as given
in Corollary2.18] there exists an f"-invariant Jordan curve % containing post f such
that no n-tile in D" (f, €) joins opposite sides of €. Let F = f". So F is an expanding
Thurston map, and ¢ is an F-invariant Jordan curve containing postF such that no
1-tile in D! (F, %) joins opposite sides of €. By Proposition Z.8(iv), the number of
1-tiles in X! (F, %) is exactly 2deg F = 2(deg f)". By Lemma[£.7] we can conclude
that there are at most 2(deg f)" fixed points of F = f".

Since each fixed point of f is also a fixed point of f”, for each n € N, the number
of fixed points of f is finite. O

The following lemma in some sense generalizes Lemmal.7]to Jordan curves that
are not necessarily f-invariant, but f"-invariant for some n. € N. The conclusions
of both lemmas hold when 7 is sufficiently large, which is a combinatorial condition
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in Lemma [4.7] and a metric condition for the following lemma. The proof of the
following lemma is simpler, but the proof of Lemma 7] is more self-contained.
The following lemma will not be used until Chap. [l

Lemma 4.9. Let f: S? — S? be an expanding Thurston map, and € C S* be a Jor-
dan curve that satisfies postf C € and ¢ (€) C € for some ngy € N. Let d be a
visual metric on S? for f with expansion factor A > 1. Then there exists Ny € N
such that for each n > Ny and each n-tile X"* € X" (f, ), the number of fixed points
of f" contained in X" is at most 1.

Proof. By Lemma2.19] for each i € N, each i-tile X' e X{(f,%), and each pair of
points x,y € X', we have

i

d(f(x),f'(v) > ronasll

where Cy > 1 is a constant depending only on f and d from Lemma[2.19
We choose Ny € N such that AM > Cj.
Let n > Ny and X" € X"(f,%). Suppose two distinct points p,q € X satisfy

f"(p) = pand f"(q) = q. Then

= 4Ue) 1) ATy

dlp.q)  ~ G
a contradiction. This completes the proof. O

Lemma 4.10. Let f be an expanding Thurston map with an f-invariant Jordan
curve € containing post f. Then

deg(fly) = card(X},,, (f,€)) — card(X},,(f,€)) (4.10)

= card(X,, (£, %)) — card(X,,, (f, ).

Here deg(f]|«) is the degree of the map f|4: € — % . Roughly speaking, it me-
asures the total number of times the image of 4" under f winds around % along the
orientation of %'. See for example, Sect. 2.2] for a precise definition.

Note that the first equality in (£.10), for example, says that the degree of f re-
stricted to % is equal to the number of white 1-tiles contained in the white O-tile
minus the number of black 1-tiles contained in the white O-tile.

Recall that for each continuous path y: [a,b] — C\ {0} on the Riemann sphere
(E, with a,b € R and a < b, we can define the variation of the argument along
¥, denoted by V (), as the change of the imaginary part of the logarithm along
v. Note that V() is invariant under an orientation-preserving reparametrization of
y and if 7: [a,b] — C reverses the orientation of ¥, i.c., ¥(t) = y(a+ b —1), then
V(y) = =V(y). We also note that if ¥ is a loop, then V(y) = 27Indy(0), where
Indy(0) is the winding number of y with respect to 0 Chap. IV].

Proof. Consider the cell decompositions induced by (f,%). Let X be the white
0-tile.
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We start with proving the first equality in (£.10).

By the Schoenflies theorem (see for example, Theorem 10.4]), we can
assume that S? is the Riemann sphere C, and X? is the unit disk with the center 0
disjoint from f~1(%).

For each 1-edge e € E!, we choose a parametrization ¥, : [0,1] — C\ {0} of e
with positive orientation (i.e., with the white 1-tile on the left), and a parametrization
7, : [0,1] — C\ {0} of e with negative orientation. Then fo 7y and foy, are
parametrizations of one of the 0-edges on the unit circle 4, with positive orientation
and negative orientation, respectively.

We claim that

Y Y ver)- Y Y Ver)= Y V(for) @11

XeX!, ecEl eCox XeX] ecEleCax ecEl eC%

where on the right-hand side, 7, = " if e C € NX forsome X € X! and y, =7,
ife C¢NX forsome X € X})W, or equivalently, 7, parametrizes e in such a way that
XY is always on the left of e for each e € E! with e C 7.

We observe that the left-hand side of @.I1) is the sum of V(f o y,") over all 1-
edges e in the boundary of a white 1-tile X C X9 plus the sum of V(f o7, ) over
all 1-edges e in the boundary of a black 1-tile X C X¥. Since each 1-edge e with
inte(e) C X0 is the intersection of exactly one 1-tile in X!, and one 1-tile in X} .
the two terms corresponding to a 1-edge e that is not contained in % cancel each
other. Moreover, there is exactly one term for each 1-edge e C Xv?, that is contained
in %, and e that corresponds to such a term is parametrized in such a way that X0 is
on the left of e. The claim now follows.

We then note that by Proposition[2.6(i), the left-hand side of (#.11) is equal to

Z 27— Z 2 =2m (card(wa) - card(Xll,w)) ,
XeXi,, Xexy,

and the right-hand side of (.11 is equal to

27 Indyoy, (0) = 2mdeg(f

%)

where Y is a parametrization of 4" with positive orientation. Hence the first equality
in (A10) follows.

The second equality in (Z10) follows by symmetry, in the sense that we could
have exchanged the colors of the 0-tiles and thus exchanged the colors of all tiles. It
also follows from the fact that

card(X!, ) +card(X!,) = deg f = card(X},) + card(X},).
O

Let f be an expanding Thurston map with an f-invariant Jordan curve 4 con-
taining post f. We orient 4 in such a way that the white 0O-tile lies on the left of
€. Let p € € be a fixed point of f. We say that f|4 preserves the orientation at
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p (resp. reverses the orientation at p) if there exists an open arc / C ¢ with p €1
such that f maps / homeomorphically to f(/) and f|¢ preserves (resp. reverses) the
orientation on /. More concretely, when p is a 1-vertex, let /1, C € be the two
distinct 1-edges on % containing p; when p € inte(e) for some 1-edge e C %, let
I1,1, be the two connected components of e\ {p}. Then f|4 preserves the orienta-
tion at p if /; C f(}) and I, C f(l»), and reverses the orientation at p if I, C f(I;)
and [} C f(l,). Note that it may happen that f|4 neither preserves nor reverses the
orientation at p, because f|¢ need not be a local homeomorphism near p, where it
may behave like a “folding map”.

Lemma 4.11. Let f be an expanding Thurston map with an f-invariant Jordan
curve € containing post f. Then the number of fixed points of f|s where f|¢ pre-
serves the orientation minus the number of fixed points of f|¢ where f|¢ reverses
the orientation is equal to deg(f|z) — 1.

Proof. Let y: [0,1] — % be a continuous map such that Y| 1): (0,1) =€\ {x0}
is an orientation-preserving homeomorphism, and y(0) = y(1) = x for some x( €
€ that is not a fixed point of f|. Note that for each x € € with x # xo, y~'(x) is
a well-defined number in (0, 1). In particular, y~!(y) is a well-defined number in
(0,1) for each fixed point y of f|. Define 7: R — € by m(x) = w(x — [x]). Then
7 is a covering map. We lift |4 oy to G: [0,1] — R such that 1o G = f|4 o ¥ and
G(0) =y (f(x0)) € (0,1). So we get the following commutative diagram:

a
T
0,1 — 7.
flgow

Then G(1) — G(0) € Z and
deg(fl#) = G(1) = G(0). (4.12)

Observe that y € ¢ is a fixed point of f|¢ if and only if G(y ! (y)) —w ! (y) € Z.
Indeed, if y € % is a fixed point of f|¢, then 1o G oy~ !(y) = fl¢(y) = y. Thus
Goy (y) —y~!(y) € Z. Conversely, if Goy~(y) —w~!(y) € Z, then y # xg
since G(y ! (x0)) — w~!(x0) = G(0) —0 € (0, 1), thus

fley)=f

For each m € Z, we define the line /,, to be the graph of the function x — x+m
from R to R.

Let y € € be any fixed point of f|. Since by Corollary fixed points of f
are isolated, there exists a neighborhood (s,7) C (0,1) such that y~!(y) € (s,¢) and
for each fixed point z € €'\ {y} of flg, w'(2) ¢ (s,t). Define k = G(y ! (y)) —
w1 (y); then k € Z. Moreover, z € € is a fixed point of f|¢ if and only if the graph
of G intersects with I, at the point (y~!(z),G (v~ '(z))) for some m € Z.

gowoy (y)=moGoy '(y)=moy '(y) =y
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Fig. 4.1 The lines /i for k € Z and an example of the graph of G.

Depending on the orientation of f|¢ at the fixed point y € &, we get one of the
following cases (see for example, Fig.[4.1):

1. If f|4 preserves the orientation at y, then the graph of G|( s-1(v) lies strictly
between the lines [;_; and /i, and the graph of G| (W1()4) lies strictly between
the lines /; and /i .

2. If f|4 reverses the orientation at y, then the graph of G|(S’W71(y)) lies strictly
between the lines [, and [ 1, and the graph of G| (W1()4) lies strictly between
the lines [;_; and [;.

3. If f| neither preserves nor reverses the orientation at y, then the graph of
G|(s,t)\ (w10} either lies strictly between the lines /;_; and [} or lies strictly
between the lines /i and i ;.

Thus the number of fixed points of f|4 where f|4 preserves the orientation is ex-
actly the number of intersections between the graph of G and the lines /,, with m € Z,
where the graph of G crosses the lines from below, and the number of fixed points
of f|¢ where f]|4 reverses the orientation is exactly the number of intersections be-
tween the graph of G and the lines [/, with m € Z, where the graph of G crosses the
lines from above. Therefore the number of fixed points of f|4 where f|4 preser-
ves the orientation minus the number of fixed points of f|¢ where f|4 reverses the
orientation is equal to G(1) — G(0) — 1 = deg(f|¢) — 1. O

For each n € N and each expanding Thurston map f: S> — §2, we denote by
Pp={xeS?|f"(x) =x,f"(x) #x, ke {1,2,...,n—1}} (4.13)

the set of periodic points of f with period n, and by
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pny =Y, degp(x), Py = cardP, s (4.14)
xEP,,J

the numbers of periodic points x of f with period n, counted with and without weight
deg ¢ (x), respectively, at each x. In particular, P; ¢ is the set of fixed points of f and
p1s = 1+degf as we will see in the proof of Theorem M.1|below. More generally,
for all m € Ny and n € N with m < n, we denote by

Si = {x eS| ") = £} (4.15)
the set of preperiodic points of f with parameters m,n and by

sp=Y degm(x), 8 =-cardS) (4.16)

xesm

the numbers of preperiodic points of f with parameters m,n, counted with and wit-
hout weight deg ¢ (x), respectively, at each x. Note that in particular, for each n € N,

89 = Py s is the set of fixed points of .

Proposition 4.12. Let F: S> — S? be an expanding Thurston map with an F-
invariant Jordan curve € containing postF such that no 1-tile in D' (F,€) joins
opposite sides of €. Then F has 14 degF fixed points, counted with weight given
by the local degree degg (x) of the map at each fixed point x.

Proof. We consider the cell decompositions induced by (F,%’) in this proof. Let
w,, = cardX),,, be the number of white 1-tiles contained in the white 0-tile, b,, =
card X}) ., be the number of black 1-tiles contained in the white O-tile, w;, = card levb
be the number of white 1-tiles contained in the black O-tile, and b;, = card X},b be the
number of black 1-tiles contained in the black 0-tile. Note that w,, +wj, = b,, + b, =
degF.

By Corollary[4.8] we know that fixed points of F are isolated.

Note that

wy + by = degF + deg(F|¢), 4.17)

which follows from the equation w,, — b,, = deg(F|4) by Lemma and the
equation by, + b, = degF.

We define sets

A={X eX! |there exists p € € NX with F(p) = p},

ww
B={X € X}, |there exists p € € NX with F(p) = p},

and let a = cardA, b = cardB.

We then claim that
a—b=deg(F

¢)— 1. (4.18)

In order to prove this claim, we will first prove that @ — b is equal to the number
of fixed points of F|4 where F|4 preserves the orientation minus the number of
fixed points of F|4 where F|4 reverses the orientation.
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So let p € € be a fixed point of F

ww ww

= n
> >

e P, €
Fig. 4.2 Case (2)(a) where F(elﬁ Dejand F(ep) D en.
ww
bw bw
e ) P, € )
Fig. 4.3 Case (2)(b) where F(e15 Deyand F(ep) Dey.
bw ww
ww bw
e i P 82‘
Fig. 4.4 Case (2)(c) where F(elﬁ =F(ez) Dej.
ww bw
bw ww
< ;2

e
Fig. 4.5 Case (2)(d) where F(e;) = F(es) D s

1. If p is not a critical point of F, then either F |4 preserves or reverses the
orientation at p. In this case, the point p is contained in exactly one white
1-tile and one black 1-tile.

a. If F|4 preserves the orientation at p, then p is contained in exactly one
white 1-tile that is contained in the white 0-tile, and p is not contained in
any black 1-tile that is contained in the while O-tile.

b. If F|4 reverses the orientation at p, then p is contained in exactly one
black 1-tile that is contained in the white O-tile, and p is not contained in
any white 1-tile that is contained in the while O-tile.

2. If pis acritical point of F, then p = F(p) € post f and so there are two distinct
1-edges e1,e; C € such that {p} = e; Ne,. We refer to Figs. 2] to 4.3
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a. If ey C F(ey) and ey C F(ey), then p is contained in exactly k white and
k — 1 black 1-tiles that are contained in the white O-tile, for some k € N.
Note that in this case F' |4 preserves the orientation at p.

b. If e C F(ey) and e; C F(ey), then p is contained in exactly k — 1 white
and k black 1-tiles that are contained in the white O-tile, for some k € N.
Note that in this case F'|¢ reverses the orientation at p.

c. Ife; CF(e;) = F(ez2), then p is contained in exactly k white and k black
1-tiles that are contained in the white O-tile, for some k£ € N. Note that in
this case F|4 neither preserves nor reverses the orientation at p.

d. If e; C F(ey) = F(e2), then p is contained in exactly k white and k black
1-tiles that are contained in the white O-tile, for some k£ € N. Note that in
this case F | neither preserves nor reverses the orientation at p.

It follows then that a — b is equal to the number of fixed points of F |4 where F|4
preserves the orientation minus the number of fixed points of F'|¢ where F|y rever-
ses the orientation.

Then the claim follows from Lemmal[4.11]

Next, we are going to prove that the number of fixed points of F', counted with
weight given by the local degree, is equal to

Wy +bp—a—+b, (4.19)
which, by @.17) and the claim above, is equal to

degF +deg(F

) — (deg(Fl¢) — 1) = 1 +degF.

Indeed, by Lemmal4.6land Lemmald.7] each 1-tile that contributes in (£.19), i.e.,
each I-tile in X}, U X,l)b UBUA, contains exactly one fixed point (not counted with
weight) of F. On the other hand, each fixed point is contained in at least one of the
I-tiles in X! U X},b UBUA. Let p be a fixed point of F, then one of the following

happens:

1. If p ¢ €, then p is not contained in any 1-edges e since F(¢) C%. So p €
inte(X) for some X € X!,  UX}, \ (AUB), by Lemma So each such p
contributes 1 to (4.19).

2. If p € € but p ¢ critF, then p is not a 1-vertex, so either p is contained in

exactly two 1-tiles X € X!, and X' € X})b, or p is contained in exactly two
1-tiles X € X})w and X' € vab. In either case, p contributes 1 to (@.19).

3. If pe € and p € critF, then p is a 0-vertex, so the part that p contributes in
(4.19) counts the number of black 1-tiles that contains p, which is exactly the

weight degy(p) of p.

The proof is now complete. O

We can use some elementary number-theoretic argument to generalize Proposi-
tion .12l to all expanding Thurston maps, thus proving Theorem[4.1}
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Proof (Proof of Theorem ). We first observe that by Propositiond.12} the theorem
holds for f replaced by F = f" for each n > N(f) where N(f) is a constant as given
in Corollary2.18depending only on f. Indeed, let ¢ be an f"-invariant Jordan curve
containing post f such that no n-tile in D"(f,%’) joins opposite sides of %" as given
in Corollary So % is an F-invariant Jordan curve containing postF such that
no 1-tile in D! (F, %) joins opposite sides of €. Proposition E.12] now applies.

Next, choose a prime r > N(f). Note that the set of fixed points of /" can be
decomposed into periodic orbits under f of length r or 1, since r is a prime. Let p
be a fixed point of f”. By using the following formula derived from (2.2)),

deg(p) = deg,(p)deg (f(p))deg,(f*(p))---deg,(f ' (p)), (4.20)
we can conclude that
(1) if p ¢ crit(f"), or equivalently, deg - (p) = 1, and

(i) if p is in a periodic orbit of length r, then p, f(p),..., f""'(p) ¢ crit f, or
equivalently, the local degrees of f" at these points are all 1;

(ii) if p is in a periodic orbit of length 1, then p ¢ crit f, or equivalently,
degs(p) =1;

(2) if p € crit(f"), and

@) if p is in a periodic orbit of length r, then all p, f(p),...,f " '(p) are
fixed points of f” with the same weight deg - (p) = deg - (f*(p)) for each
keN;

(1) if p is in a periodic orbit of length 1, then p € crit f and the weight of f”
at p is deg,r(p) = (degf(p))’.

Note that a fixed point p € S? of f” is a fixed point of f if and only if p is in a periodic
orbit of length 1 under f. So by first summing the weight of the fixed points of f”
in the same periodic orbit then summing over all such orbits and applying Fermat’s
Little Theorem, we can conclude that

Pl,f’: Z degfr(x)

xeP; Nis

= Z r+ Z 1+ Z rdeg;(p) + Z (degs(p))"
(D@ (1)Gi) 2)() (2)(i1)

= Z 1+ Z degf(p)
(1)(ii) (2)(ii)
=pir (modr),

where on the second line, the first sum ranges over all periodic orbits in Case (1)(i),
the second sum ranges over all periodic orbits in Case (1)(ii), the third sum ranges
over all periodic orbits of the form {p, f(p),...,f "' (p)} in Case (2)(i), the last
sum ranges over all periodic orbits of the form {p} in Case (2)(ii). Thus by @.3)
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and Fermat’s Little Theorem again, we have
0=deg(f")+1=pry=(degf) +1-pig=1+degf—piy (modr). (421)

By choosing the prime r larger than ‘ 1 +degf — p1 |, we can conclude that py y =
1+ degf. a

In particular, we have the following corollary in which the weight for all points
are trivial.

Corollary 4.13. If f is an expanding Thurston map with no critical fixed points, then
there are exactly 1 4 deg f distinct fixed points of f. Moreover, if f is an expanding
Thurston map with no periodic critical points, then there are exactly 1+ (degf)"
distinct fixed points of f", for eachn € N.

Proof. The first statement follows immediately from Theorem 4.1}

To prove the second statement, we first recall that if f is an expanding Thurston
map, so is f" for each n € N. Next we note that for each fixed point p € % of f™,
n € N, we have deg  (p) = 1. For otherwise, suppose deg (p) > 1 for some n € N,
then

I <degpn (p) = deg,(p)deg,(f(p))deg(f(p))---deg, (/"' (p)).

Thus at least one of the points p, f(p), f>(p),...,f"~'(p) is a periodic critical point
of f, a contradiction. The second statement now follows. O

We recall the definition of s in (£13) and {.I6).

Corollary 4.14. Let f be an expanding Thurston map. For each m € Ny andn € N
with m < n, we have

syt = (deg f)" + (deg f)™. (4.22)
Proof. For all m € Ny and n € N with m < n, we have

sy = Z deg n (x) = Z Z degn (x)

xesyy y=frm(y)xefm(y)

= Z degfn—m (y) Z ) degfm (x)

y=f1=m(y) xef~m(y
= ((degf)" ™" +1) (deg f)".

The last equality follows from 2.1)), (2.3), and Theorem 4.1l a

Finally, for expanding Thurston maps with no periodic critical points, we derive
a formula for p, ¢, n € N, from Theorem[4.1]and the M6bius inversion formula (see
for example, Sect. 2.4]).

Definition 4.15. The Mobius function, |1(u), is defined by
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1 ifn=1;
un)=4q (=1)" ifn=pips...pr, and py,..., p, are distinct primes;
0 otherwise.

Corollary 4.16. Let [ be an expanding Thurston map without any periodic critical
points. Then for each n € N, we have

Y u(d)(deg )" ifn>1;
Pn.f = Z.u(d)PLfn/d = dn
d|n 1+degf ifn=1.

Proof. The first equality follows from the M&bius inversion formula and the equa-
tion py g = Y. pa s, for n € N. The second equality follows from Theorem@.T] and
din

the following fact (see for example, Sect. 2.4]):
1 ifn=1,

) u(d) = { 0 itnel

dn in>1.

4.2 Equidistribution

In this section, we derive various equidistribution results as stated in Theorem [4.2]
Theorem[4.3] and Corollary [£.4] We prove these results by first establishing a gene-
ral statement in Theorem [£.23] on the convergence of the distributions of the white
n-tiles in the tile decompositions discussed in Sect. in the weak* topology, to
the unique measure of maximal entropy of an expanding Thurston map. More pre-
cisely, we show in Theorem [£.23] that the distributions of the points, each of which
is located “near” its corresponding white n-tile where the correspondence is a bi-
jection, converges in the weak* topology to s as n —» +-oo. Then Theorem 4.2l
follows from Theorem [£.23] Theorem [43] finally follows after we prove a techni-
cal bound in Lemma 28] generalizing a corresponding lemma from [BM17]. As a
special case, we obtain Corollary .4l Theorem [41]is used in several places in this
section.
Let f be an expanding Thurston map. Then

hop(f) = log(deg f), (4.23)

and there exists a unique measure of maximal entropy piy for f (see The-
orem 17.11] and Sect. 3.4 and Sect. 3.5]). Moreover, for each n € N, the
unique measure of maximal entropy fis of the expanding Thurston map f” is equal
to U (see Proposition 17.10 and Theorem 17.11]).
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We recall that in a compact metric space (X,d), a sequence of finite Borel mea-

. . w*
sures (L, converges in the weak™® topology to a finite Borel measure u, or @, — U,
as n —» oo if and only if lirf Judy, = [udp for each u € C(X).
n——+oo

We need the following lemmas for weak™ convergence.

Lemma 4.17. Let X and X be two compact metric spaces and ¢ : X — X a continu-
ous map. Let |l and L, for i € N, be finite Borel measures on X. If

w* .
Wi — U as i — +oo,

then ¢.(1L) and §.(1;), i € N, are finite Borel measures on X, and

O (1) LN 0. (W) as i — +oo.

Recall for a continuous map ¢: X — X between two metric spaces and a Borel
measure v on X, the push-forward ¢..(v) of v by ¢ is defined to be the unique Borel
measure that satisfies (¢,(v))(B) = v (¢~ (B)) for each Borel set B C X.

Proof. By the Riesz representation theorem (see for example, [Fo99, Chap. 7]), the
lemma follows if we observe that for each 7 € C (X ) , we have

o) = [ (ho)am" =5 [ (nog)an = [ nd. ().
O

Lemma 4.18. Let (X,d) be a compact metric space, and I be a finite set. Suppose
that | and W, for i € I and n € N, are finite Borel measures on X, and w;, €
[0,400), fori € I and n € N such that

1. Wi AN W, as n — oo, for eachi €1,

2. lim Y w;, =rforsomer cR.
n—teo ey

;
Then Y, winlin AN ri asn — oo,
i€l

Proof. Foreachu € C(X) and eachn € N,

/ud(Zw,”n‘ui,n) —r/ud/.t /udui,n—/ud,u‘—i- /|u|d/.t.

iel
. w* . .
Since U;,, —> W, asn — oo, foreachi € I, and lim Y w;, = r, we can conclude
' n—deojer

< Zwi,n

icl

icl

that the right-hand side of the inequality above tends to 0 as n — oo, O

We record the following well-known lemma, sometimes known as the Portman-
teau Theorem, and refer the reader to [Bi99 Theorem 2.1] for the proof.
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Lemma 4.19. Ler (X,d) be a compact metric space, and 1 and L;, for i € N, be
Borel probability measures on X. Then the following are equivalent:

1. [,L[L*>[.Lasi—>+oo,'
2. limsup i;(F) < u(F) for each closed set F C X;

I—+oo
3. ljminfui(G) > W(G) for each open set G C X;
1—r+oo
4. 'lirf Wi(B) = u(B) for each Borel set B X with 1(dB) = 0.
i——+oo

Lemma 4.20. Ler (X,d) be a compact metric space. Suppose that A; C X, fori € N,
are finite subsets of X with maps ¢;: A; — X such that

lim max{d(x, §;(x))|x € A;} =0.

it

Let m;: A; — R, fori € N, be functions that satisfy

sup||mi|; = sup ) [m;(x)| < +oo.
ieN iEN yeA;

Define for eachi € N,

= Ym0, =Y mix)8,.

XEA; XEA;

If

w* .
Wi — U asi—r +oo,

for some finite Borel measure L on X, then
Wi L*> Hasi—> 4oo.
Proof. Tt suffices to prove that for each continuous function g € C(X),
/gdui— /gdﬁi — 0asi— oo

Indeed, g is uniformly continuous, so for each € > 0, there exists N € N such that
for each n > N and for each x € A,,, we have |g(x) — g(¢,(x))| < €. Thus

‘/gd#n—/gdﬁn

< ZA‘, 18(x) = 8(9n(x))| |ma(x)]| Sesggllmnlll-

O

The following lemma is a reformulation of Lemma 17.6 in [BM17]. We will later
generalize it in Lemmal[4.28]
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Lemma 4.21 (M. Bonk & D. Meyer). Let [ be an expanding Thurston map, and
€ C 8% be an fN-invariant Jordan curve containing post f for some N € N. Then
there exists a constant Ly € [1,deg f) with the following property:

For each m € Ny withm =0 (mod N), there exists a constant Dy > 0 such that
Sfor each k € No with k =0 (mod N) and each m-edge e, there exists a collection

Mo of (m+ k)-tiles with cardMy < DoL& and e C int (U X).
XeMy

Let F be an expanding Thurston map with an F-invariant Jordan curve ¢ C S?
containing postF. As before, we let w,, = cardX!,, denote the number of white
1-tiles contained in the white O-tile, b,, = caIdX,iW the number of black 1-tiles con-
tained in the white 0-tile, wj, = card X}vb the number of white 1-tiles contained in the
black 0-tile, and b;, = carXml,b the number of black 1-tiles contained in the black 0-
tile. We define
o by, b= Wh
_bw'i‘wb7 _bw+Wb.
Note that (see the discussion in [BM17]] proceeding Lemma 17.3 in Chap.17)
by, wp,w,b >0, w+b=1,and

w (4.24)

|wyy, — byy| < degF. (4.25)

M. Bonk and D. Meyer gave the following characterization of the unique measure
of maximal entropy of F (see [BM17, Proposition 17.10 and Theorem 17.11]):

Theorem 4.22 (M. Bonk & D. Meyer). Let F be an expanding Thurston map with
an F-invariant Jordan curve € C S*. Then there is a unique measure of maximal
entropy Ur of F, which is characterized among all Borel probability measures by
the following property:

For each n € Ny and each n-tile X" € X"(F, %),

w(degF) ™ if X" € X (F,6),

b(degF)™ if X" € X}(F,6). (526)

pr(X") —{

We now state our first characterization of the measure of maximal entropy iy of
an expanding Thurston map f.

Theorem 4.23. Let f be an expanding Thurston map with its measure of maximal
entropy ly. Let € C $% be an f"-invariant Jordan curve containing post f for some
n € N. Fix a visual metric d for f. Consider any sequence of non-negative numbers
{ati}ien, with iETm 0; =0, and any sequence of maps {B;}icn, with B sending each

white i-tile X' € X!, (f,€) to a point B;(X") € NJ(X"). Let
1

i = P X Ogpny i€No.
(degf) X EXL,(f.%)

Then
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w* .
Wi — Uy as i — +oo.

Recall that Ny (X') denotes the open o;-neighborhood of X' in (52, d). This the-
orem says that a sequence of probability measures {L;};cn, with y; assigning the
same weight to a point near each white i-tile, converges in the weak® topology to
the measure of maximal entropy. In some sense, it asserts the equidistribution of the
white i-tiles with respect to the measure of maximal entropy.

We first prove a weaker version of the above theorem.

Proposition 4.24. Let F be an expanding Thurston map with its measure of maximal
entropy ur and an F-invariant Jordan curve € C S* containing postF. Consider
any sequence of maps {B;}icn, with B; sending each white i-tile X' € X (F,¢) to a
point B3;(X") € inte(X") for each i € Ny. Let

1
Hi = i Z Sﬁi(Xi)’ i € No.
(deeF)’ yiex i
Then
w* .
Wi — Up as i —> +oo.

Proof. Note that card X, = (deg F)’, so y; is a probability measure for each i € N.
Thus by Alaoglu’s theorem, it suffices to prove that for each Borel measure p which
is a subsequential limit of {; };cn, in the weak* topology, we have u = pir.

Let {in }nen C N be an arbitrary strictly increasing sequence such that

i, 5 11 as n — oo,
for some Borel measure p. Clearly u is also a probability measure.
Recall the definitions of w,b € (0,1) and wy,, by, wp, by, (see ([@.24)). For each

m,i € No with 0 <m <1, each white m-tile X! € X', and each black m-tile X' € X},
by the formulas in Lemma 17.3 in [BM17]], we have

1 o
WX = card{X' € X, | X' C X

(degF)’
1 , :
= (degF) (w(degF) ™"+ b(wy— by) ™), 4.27)
and similarly,
WX = (degFY (w(degF)"™"™ —b(w,, — by)"™™). (4.28)

We claim that for each m-tile X" € X" with m € Ny, we have u(dX™) =0.

To establish the claim, by Proposition2.6(vi), it suffices to prove that (i (e) = 0 for
each m-edge e with m € Ny. Applying Lemmal.2T]in the case f = F andn =1, we
get that there exist constants 1 < Ly < degF and Dy > 0 such that for each k € Ny,
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there is a collection M’O‘ of (m-+k)-tiles with caIdMIO‘ < DOLS such that e is contained

in the interior of the set |J X. So by 23), (€27, (A.28), and Lemma [£.19] we

XeM}
get
ue) gu(int( U X)) <11msup/.1m+k+,(mt U X))
xeMk [Ze XeMk
<limsup Y Hpgrr(X) <Y limsup iy x4(X) <DOL](()W7+b-
= - - (deg F)m+k

=+ xemk xeMk 17t

By letting k — 40, we get 1(e) = 0, proving the claim.

Thus by @.23), @27), #28), the claim, and Lemma[d.19 we can conclude that
for each m € Ny, and each white m-tile X} € X|7, each black m-tile X;" € X}, we
have that

l'L(Xw ) = nngui” (Xw ) = W(ngF)i )
HOG) = lim (X)) = b(deg )

By Theorem[£.22] therefore, the measure i is equal to the unique measure of maxi-
mal entropy g of F. a

As a consequence of the above proposition, we have

Corollary 4.25. Let [ be an expanding Thurston map with its measure of maximal
entropy ly. Let € C §% be an f"-invariant Jordan curve containing post f for some
n € N. Fix an arbitrary p € inte(X2) where X is the white O-tile for (f,€ ). Define,

forieN,
Z 5

qef™!

Vi=

deg f

Then
w* .
Vi — Uy asi—> +oo.

Proof. First observe that since p is contained in the interior of the white 0-tile, each
q € f"(p) is contained in the interior of one of the white n-tiles, and each white
n-tile contains exactly one ¢ with f"(q) = p. So by Proposition [£.24]

Vi 255 ln as i —> oo, (4.29)

where Ly is the unique measure of maximal entropy of f”, which is equal to uy
(see [BM17, Proposition 17.10 and Theorem 17.11]).
Then note that for k > 1,

1 1

—_— 6 = -
(deg /)" . f;(,,) T (deg fYT

f*Vk = 5q =Vi_1. (4.30)

g€f 1 (p)
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The second equality above follows from the fact that the number of preimages of
each point in f~%*1(p) is exactly deg f.

So by @.29), @30), Lemma[.17] and the fact that s is invariant under pushfor-
ward of f from Theorem 17.11 in [BM17], for each k € {0,1,...,n— 1}, we get

Viik = (f) v 2 (f) iy = wyp as i — +oo.

Therefore
w* .
Vi — Uy asi—> +oo.

O

Proof (Proof of TheoremE.23). Fix an arbitrary p € inte(X?) in the interior of the
while 0-tile X? for the cell decomposition induced by (f,%).

As in the proof of Corollary 23] for each i € Ny, there is a bijective correspon-
dence between points in f~/(p) and the set of white i-tiles, namely, each g € £~/ (p)
corresponds to the unique white i-tile, denoted by X, containing ¢. Then we define
functions ¢;: f~(p) — S? by setting ¢:(¢q) = Bi(X,).

Let A > 1 be the expansion factor of our fixed visual metric d. There exists
C > 1 such that for each n € Ny and each n-tile X" € X", diam,(X") < CA™" (see
Lemma[2.T3). So for each i € Ny and each ¢ € £~/ (p), we have

d(q,¢i(q)) < d(¢i(q),Xy) + diamy(X,) < o+ CA™".

Thus lim max{d(x,$:(x))|x € fi(p)} =0.
i—+too
For i € Ny, define

- 1
Hi= DI
(degf) L]Effi(P)
Note that for i € Ny,
i 1 Z s 1 Z s
i = i Bi(X7) = i 0i(q)
(deg /)7 yicxitr0) (deg /)" . )

Then by Corollary 23]
Wi N Up as i — oo,

Therefore, by Lemma F20 with A; = f~(p) and m;(x) = m,i € Np, we can
conclude that

i W—*>[.Lf as i — oo,

O

Remark 4.26. We can replace “white” by “black”, X/, by X}, and X0 by X? in the
statements of Theorem [£.23] Proposition [4.24] and Corollary 423 The proofs are
essentially the same.
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We are now ready to prove the equidistribution of preimages of an arbitrary point
with respect to the measure of maximal entropy L.

Proof (Proof of Theoremd.2). By Theorem 15.1 in or Corollary 2.18] we
can fix an f"-invariant Jordan curve ¢ C S? containing post f for some n € N. We
consider the cell decompositions induced by (f,%).

We first prove (@.2).

We assume that p is contained in the (closed) white O-tile. The proof for the case
when p is contained in the black O-tile is exactly the same except that we need to use
a version of Theorem[4.23]for black tiles instead of using Theorem[4.23]literally, see
Remark [4.26

Observe that for each i € Ny and each g € f~(p), the number of white i-tiles that
contains g is exactly deg: (q). On the other hand, each white i-tile contains exactly
one point ¢ with f1(q) = p. So we can define 8;: X! — S? by mapping a white i-tile
to the point ¢ in it that satisfies f(¢q) = p. Define @; = 0. Theorem.23|applies, and
thus (@.2) is true.

Next, we prove (@.3). The proof breaks into three cases.

~+oo
Case 1. Assume that p ¢ postf. Then deg;(x) = 1 for all x € J f"(p). So
’ n=1

V; = v; for each i € N. Then @.3) follows from ([@.2)) in this case.

Case 2. Assume that p € post f and p is not periodic. Then there exists N € N
such that /=N (p) Npost f = 0. For otherwise, there exists a point z € post f which
belongs to f~¢(p) for infinitely many distinct ¢ € N. In particular, there exist two
integers a > b > O such that z € f~¢(p)Nf~?(p). Then f*~*(p) = p, a contradiction.

oo

So deg;(q) = 1foreachqge U U f(x). Note that for each x ¢ postf and
xef~N(p)i=l

each i € N, the number of preimages of x under f¥is exactly (deg f)'. Then for each

i €N, Zin =Zn(deg f)', and

~ 1 1 1
VieN = 5q = — Z ( 7 Z 5q) .
Zi+N qelf,(,urN)(p) Zn xef~N(p) (degf) gef~i(x)

For each x € f~N(p), by Case 1,

1 W
- Z Oy — Uy asi— oo,
(degf) qu”'(x)

Thus each term in the sequence {Viiy}icn is a convex combination of the corre-
sponding terms in sequences of measures, each of which converges to iy in the
weak* topology. Hence by Lemmad.18] the sequence {V;.y };en also converges to
My in the weak™ topology in this case.

Case 3. Assume that p € postf and p is periodic with period k € N. Let [ =
card(post f). We first note that for each m, N € N, the inequality

Znin > (Zn —1)(deg )V,
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and equivalently,
Zm - 1 n [
ZmiN (degf )N Zin+N
hold, since there are at most [ points in Z, Npost f. So by Lemma[2.12] for each
€ > 0 and each N large enough such that 1/(deg f)V < €/2 and 1/ Z,,.n < €/2, we

get Zy/Znyn < € foreachm € N. We fix j € Nlarge enough such that Z,,_j;/Z, < €
for each m > jk. Observe that for each m > jk,

- 1 1
sza ;n 5425( 72; 8+ p N 64>
g€ (p) qef~m=ib(p) x€f~HK(p)\{p}qef—m=ik) (x)

Zn—j 1 1
Lo y >5q) Loy (431)

Zin—jk qef—m=ivp " xefIk(p)\{p}
) 1
card (£~ 7R (x) ( j 2 )
( ) card (f’(mf-’k) (x)) qef—wz—’jw(x) !

Note that no point x € f~/*(p)\ {p} is periodic. Indeed, if x € f~*(p) \ {p} were
=1 ‘

periodic, thenx € |J f/(p), and so x would have period k as well. Thus x = f/*(x) =
i=0

p, a contradiction. Hence by Case 1 and Case 2, for each x € f~/*(p)\ {p},

1

card (f*(mfjk) (x)) Z Oy — My as m — +oo.

qef~ =R (x)

Let u € 2(S?) be an arbitrary subsequential limit of {V,,},,cy in the weak*
topology. For each strictly increasing sequence {m; };cn in N that satisfies

~ w .
vmi Wasi +°°7

we can assume, due to Alaoglu’s Theorem, by choosing a subsequence if necessary,
that

L — i 1 *
m‘—”‘( ) 64>W—>nasi—>+°°,
Zmi Zmi*jk qeff(mifjk) (p)

for some Borel measure 1 with total variation ||7|| < €. Observe that for each i € N,

. Zo— i
ZL Y card (f*('""*fk) (x)) =1- Z‘—’k,
i xef-(p)\{p} "

since p € f~/*(p) and card (f’(mf’jk) (p)) = Zn,— jk- By choosing a subsequence
of {m;}cn if necessary, we can assume that there exists r € [0, €] such that
Zn—
lim “2 =
i=too Ly,
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So by taking the limits of both sides of @31) in the weak* topology along the
subsequence {m; };cr, we get from Lemma[ T8 that t = 1 + (1 — r)us. Thus

= el < Il +r||ug]| < 2e.

Since ¢ is arbitrary, we can conclude that i = 1. We have proved in this case that
each subsequential limit of {V,, } e in the weak™ topology is equal to (7. Therefore
(@3) is true in this case. ad

In order to prove Theorem[£.3] we will need Lemmal[4.28] which is a generaliza-
tion of Lemma£.21]

Lemma 4.27. Let f be an expanding Thurston map and d = deg f. Then there exist
constants C > 0 and o € (0,1] such that for each nonempty finite subset M of S*
and each n € N, we have

1 cardM\ * cardM
7 ;/Idegfn (x) < Cmax{ ( n ) g } (4.32)
X

Note that when cardM < d", the right-hand side of (£:32) becomes C ( “‘fl#) ¢

Proof. Let m = cardM. Set

D= H deg(x).
xecrit f
In order to establish the lemma, we consider the following three cases.

Case 1. Suppose that f has no periodic critical points. Then since for each x € §?
and eachn € N,

deg n (x) = deg(x) deg  (f(x)) --- deg, ("' (x)), 4.33)

itis clear that deg (x) < D. So

1 m
— ¥ degm(x) <D—.
dn ng f dn

Thus in this case, C =D and o = 1.

Case 2. Suppose that f has periodic critical points, but all periodic critical points
are fixed points of f.

Let Ty = {x € critf| f(x) = x} be the set of periodic critical points of f. Then
define recursively for eachi € N,
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Define 7| = S? \ U T;, and T, = SZ\ U T; for each i € Ny. Set t) = cardT. Since
To C post f, we have 1 <ty < +oo. Then for eachi € N, we have
cardT; < dito.

We note that if deg,(x) = d for some x € Ty, then f~(x) = {x} for each i € N,
contradicting Lemmam So deg /(x #(x) <d—1foreach x € Ty. Thus for each x € Ty
and each m € N, we have

degpu(x) < (d—1)".

Moreover, for each i,m € N with i < m and each x € T;, we get
degn (x) = degy(x) deg; (f(x)) -+~ deg,(f' " (x)) degpm-i(f'(x)) < D(d = 1)"".
Similarly, for each i;m € N with i > m and each x € f}, we have
degm(x) < D.

Thus foreachn € N,

1 &

Z degfn ﬁ Z degfn (.x)
xGM J=—1xeMNT;
1/ y
SE(Z Y Dd-1)"7+ ZND).
J=0xeMNT; xEMNT,

Note that the more points in M lie in 7; with j € [0,n] as small as possible, the
larger the right-hand side of the last inequality is. So the right-hand side of the last
inequality is
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a\ &
ogg[ 7511
Dl‘o 0 : _ mD
<=0 did—1y14+2=
—d ;) ( T dn
by <d—1)"“"gm< d )f mD
U\ —— - 1
d ) & \da-1) @
1 1
—pi (4= O R B
d dgl_1 ar
d—1\" d 2+logym mD

d2 d—1 n—log;m m
<Dr R— =
=0 ( d ) o

1 -1 log, 47t | M
:EEf(d(n og,m)log, Vil +ﬁ)

my\logs 745 m
<ggmax{ (77) ¥t

where Er = 2Dt0dd—j1 is a constant that only depends on f. Thus in this case, C = Ey
and o = log, % € (0,1].

Case 3. Suppose that f has periodic critical points that may not be fixed points
of f.

Set k to be the product of the periods of all periodic critical points of f.

We claim that each periodic critical point of f* is a fixed point of f*. Indeed,
if x is a periodic critical point of f* satisfying f*”(x) = x for some p € N, then by
(@.33), there exists an integer i € {0, 1,..., k — 1} such that f*(x) € critf. Then f*(x)
is a periodic critical point of f, so f*(f'(x)) = f*(x). Thus

FE0) = £ 00) = ) = = TN () = () =

The claim now follows.
Note that for eachn € N,

1 1
— Y degm(x) <d*—= Y deg,.rni(x).

n
xeM K

Hence by applying Case 2 for f*, we get a constant Ey« that depends only on f,
such that the right-hand side of the above inequality is
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logx —%K, 1 _d*_

m *1om m\loggx sk m
< d¥E e < d¥E e {( ) P }
d“Ey max{ (—K[m> ’—KW1} d"Epemaxq ( — N

Thus in this case C = d"Eyx and o = log« % € (0,1]. O
Now we formulate a generalization of Lemma .21]

Lemma 4.28. Let f be an expanding Thurston map, and € C % be an fN-invariant
Jordan curve containing post f for some N € N. Then there exists a constant L €
[1,deg f) with the following property:

For each m € Ny, there exists a constant D > 0 such that for each k € Ny and
each m-edge e, there exists a collection M of (m+ k)-tiles with cardM < DIF and
e Cint ( U X).

XeM

Proof. We denote d = deg f, and consider the cell decompositions induced by
(f, %) in this proof.

Step 1: We first assume that for some m € N, there exist constants L € [1,d) and

D > 0 such that for each k € Ny and each m-edge e, there exists a collection M of

(m + k)-tiles with cardM < DLF and e C int ( UX ) Then by Proposition [2.6]i),
XeM

for each (m — 1)-edge e, we can choose an m-edge ¢’ such that f(e’) = e. For each

k € N, there exists a collection M’ of (m+ k)-tiles with cardM’ < DL* and ¢’ C
int( U X). We set M to be the collection {f(X)|X € M’} of (m — 1+ k)-tiles.
XeM'

Then cardM < cardM’ < DL* and e C int ( U X ) Hence, it suffices to prove the
XeM
lemma for “each m € Ny with m =0 (mod N)” instead of “each m € Ny”.

Step 2: We will prove the following statement by induction on

For each k¥ € {0, 1,...,N — 1}, there exists a constant L, € [1,d) with the follo-
wing property:

For each m € Ny withm =0 (mod N), there exists a constant D > 0 such that
for each k € Ny with k= k (mod N) and each m-edge e, there exists a collection

M, . o of (m+k)-tiles that satisfies card M,,,  , < DKL’,‘c and e Cint ( U X).
XGMmJ(,e

Lemma [27] gives the case for k¥ = 0. For the induction step, we assume the
above statement for some x € [0,N — 1].
Let i € Np and p € S? be an i-vertex. We define the i-flower Wi(p) as in [BM17
by
W' (p) = U{inte(c) lceD',pect,
By definition, the only i-vertex contained in Wi(p) is p, and the interior inte(e) of

an i-edge e is a subset of Wi(p) if and only if p € e. Note that the number of i-tiles
in W'(p) is 2degi(p), i-e.,
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card{X € X'| p € X} = 2deg,i(p). (4.34)

By [BM17, Lemma 5.37], there exists a constant 8 € N, which depends only on
f and %, such that for each i € N and each i-tile X € X', X can be covered by a
union of at most 8 (i + 1)-flowers.

Fix an arbitrary m € Ny with m =0 (mod N), and fix an arbitrary m-edge e.

By the induction hypothesis, there exist constants Dy > 0 and L € [1,d) such
that for each k € Ny with k = k41 (mod N), there exists a collection M, ;i ,
of (m+k — 1)-tiles with cardM,,; 1, < DLk and e C int( U X).Each

' ' XEMm,kfl,e
X € My, 1. can be covered by 8 (m + k)-flowers W *(p). We can then construct
aset F C V" of (m+ k)-vertices such that

cardF < BDLK! (4.35)
and
U xcUUw™*p). (4.36)
XGMm,kfl,e peF
We define
Mpre ={X €X"|XNF #0}. (4.37)
Then e C int( U X), and by (4.34),
XEMm,k,g
cardMp e < Y, 2degpmi (p). (4.38)
peF

Since Ly € [1,d), there exists K € N, depending only on f, €, m, and K, such
that for each i > K, we have BDLi-! < d" .

Thus by @33)), [@38)), and Lemmal£.27] for each k > K withk=x+1 (mod N),
there exist constants C > 0 and o € (0, 1], both of which depend only on f, such
that

o
card M,z <2 'Y deg i (p) < 2Cd"H0-) ([sDKL’;;l) (4.39)
peF
_ _ _ k
=2Cd" "I BEDIL L (d' LY.

Let Ly, = d'~*L%. Since Ly € [1,d), we get L1 € [Ly,d) C [1,d). Note that
Ly only depends on f, ¥, and k. We define

T= maX{Z Y degpui(p)|i <K,V C V™ cardV < ﬁDKLIfcl}'

peV

Since 7 is the maximum over a finite set of numbers, T < +o0. We set

Dyyy = max{t,2Cd™" ¥ B*DIL*}. (4.40)
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Then by (@.38), [@.39), and (@.40), we get that for each k € Ny with k = Kk + 1
(mod N),
cardMy o < Y 2degmi(p) < Dicy 1Ly (4.41)
peF
We note that T only depends on f, €, m, and k, so D also only depends on f,
%, m, and K.
This completes the induction.

Step 3: Now we define
L=max{L¢|x€{0,1,....N—1}}.
For each fixed m € Ny withm =0 (mod N), we set
D =max{Di|x €{0,1,...,N—1}},

and for each given k € Ny and e € E™, let M = M,,, ;... Then we have card M < DLF

and e Cint ( UX ) . We note that here L only depends on f and 4, and on the other
XeM
hand, D only depends on f, ¥, and m. The proof is now complete. O

Remark 4.29. 1t is also possible to prove the previous lemma by observing that ¢
equipped with the restriction of a visual metric d for f is a quasicircle (see [BM17,
Theorem 15.3]), and S? equipped with d is linearly locally connected (see
Proposition 18.5]). A metric space X, that is homeomorphic to the plane and with
X linearly locally connected and dX a Jordan curve, has the property that 0X is
porous in X (see Theorem IV.14]). Then we can mimic the original proof of
Lemma 17.6 in [BM17).

We are finally ready to prove the equidistribution of the preperiodic points with
respect to the measure of maximal entropy Liy.

Proof (Proof of Theoremd.3). Fix an arbitrary N > N(f) where N(f) is an constant
as given in Corollary 2.8 depending only on f. We also fix an f"-invariant Jordan
curve % containing post f such that no N-tile in DY (f,¢’) joins opposite sides of ¢’
as given in Corollary In the proof below, we consider the cell decompositions
Di(f,%),i € Ny, induced by (f,¢), and denote d = deg f.

Since & and &/ are Borel probability measures for all m € Ny and n € N with
m < n, by Alaoglu’s Theorem, it suffices to prove that in the weak™ topology, every

convergent subsequence of {&}, - and {g,{”" }nen converges to L.

Proof of ([@.3):

Let {n;}ien be a strictly increasing sequence with

m, I
n; W .
n;,  —r Hasi—> +oo,

for some measure .
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Case I for ({.3). We assume in this case that there is no constant K € N such that
forall i € N, n; —mj,, < K. Then by choosing a subsequence of {ni}ien if necessary,
we can assume that n; — My, — +o0 as [ — +oo,

Here is the idea of the proof in this case. By the spirit of Lemma and
Lemma [4.7] there is an almost bijective correspondence between the fixed points
of f"~™ and the (n — m,)-tiles containing such points. The correspondence is parti-
cularly nice away from %. Thus there is almost a bijective correspondence between
the preperiodic points in S/ and the n-tiles containing such points. So if we can
control the behavior near €, then Theorem [£.23 applies and we finish the proof in
this case. Finally the control we need is provided by Lemma[4.28]

Now we start to implement this idea. We fix a 0-edge eg C %. Observe that for
each i € N, we can pair a white i-tile X/, € X/, and a black i-tile X} € X! whose
intersection X, N X, is an i-edge contained in f~'(eg). There are a total of d' such
pairs and each i-tile is in exactly one such pair. We denote by P; the collection of
the unions X}, UX] of such pairs, i.e.,

P, = {X UX}|X eXi X} eX XInX/nfi(e) € E'}.

We denote P} = {A € P;|ANE = 0}.
By Lemma[4.28] there exist 1 < L < d and C > 0 such that for each i € N there
exists a collection M of i-tiles with cardM < CL! such that € is contained in the

interior of the set |J X. Note that L and C are constants independent of i. Observe
XeM
that for each A € P; that does not contain any i-tile in the collection M, we have

ANX' C 8( U X) for each X' € M, soAﬂint( U X) = (. Since the number of
Xem XeMm

distinct A € P; that contains an i-tile in M is bounded above by CL!, we get
card(P}) > d'— CL'. (4.42)

Note that for each i € N and each A € P, either A C X0 or A C X} where X
(resp. X,?) is the white (resp. black) O-tile for (f,%’). So by Proposition 2.6{(i) and
Brouwer’s Fixed Point Theorem, there is a map 7: P, — Py ;i from P! to the set
of fixed points of f7 such that 7(A) € A. Note if a fixed point x of f’ has weight
degi(x) > 1, then x has to be contained in post f C €. Thus degi(7(A)) = 1 for all
A€P.

If for some A € P/, the point T(A) were on the boundaries of the two i-tiles
whose union is A, then 7(A) would have to be contained in ¢’ since the boundaries
are mapped into ¢ under f'. Thus for each A € P, the point 7(A) is contained in the
interior of one of the two i-tiles whose union is A. Hence 7 is injective. Moreover,

degitj(x) = 1 for each j € Ny and each x € U £/ (). (4.43)
AcP]

For each i € N, we choose a map f,,: Xiii — S? by letting f3,,(X) be the unique
point in f~"™i(7(A)) N B where B € P,, with X C B, if there exists A € P,

nifmnl.
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with f™i (X) C A; and by letting f3,,(X) be an arbitrary point in X if there exists no
AeP, _, with f™i(X)CA.

We fix a visual metric d for f with expansion factor A > 1. Note that A depends
only on f and d. Then diam,(A) < cA~ for each i € N, where ¢ > 1 is a constant
depending only on f, d, and ¢ (See Lemma [2.13(ii)). Define o, = cA~" for each
n € N. Thus @, and B, satisfy the hypothesis in Theorem d.23] Define p,, as in
Theorem[d.23] Then

Ly, 55 g as i — +oo, (4.44)
by Theorem[4.23]
We claim that the total variation ‘ tn, — En || of p,, — En™ converges to 0 as
i — oo,

Assuming the claim, then by (.44}, we can conclude that (@.3)) holds in this case.
To prove the claim, by Corollary .14, we observe that for each i € N,
Ho = gm Y m

| Y g L

Pn,-fmni qef "™ (z(A))

1 1
(@ arem) L L &

ACP Ly, qef ™ (2(A))
§

1 1 My,
e N R VL
ACPy iy, qef " (1(A))
In the first term on the right-hand side of (£.43), each &, in the summations can-
cels with the corresponding term in the definition of p,,. So the first term on the
right-hand side of (£.43)) is equal to the difference of the total variations of the two
measures, which by @42), is

- 1 (dnifmni _ CLnifmni)dmni B C L n,'fmy,i
= d”i - d .

In the second term on the right-hand side of (#.43)), the total number of terms in the
summations is bounded above by d"i. So the second term on the right-hand side of

@.45) is

1 1

my,

,uni - bn;

S ‘

(4.45)

1 1
L
an - dmdm
In the third term on the right-hand side of @.43), by (.43), deg s (¢) = 1 for each
AcP,_, andeachqec f™i(t(A)). So by @.4) and Corollary A.14 each &, in
the summations cancels with the corresponding J, in 5,:7 ", So the third term on the

right-hand side of (£.43)) is equal to the difference of the total variations of the two
measures, which by (@.42) and Corollary [d.14] is

ni
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<1 (d""mi — CL" "M )d™i 14+ CL" "™
> (dn,-fm,,l. + l)dm"i - M 4| .

Since n; — my; — o0 as i — oo, each term on the right-hand side of (4.43)
converges to 0 as i — 4-oo. So

Case 2 for ([€.3). We assume in this case that there is a constant K € N such that
foralli € N, n; —m,, < K. Then by choosing a subsequence of {n; };cn if necessary,
we can assume that there exists some constant / € [0,K] such that for all i € N,
n; —my, = l. Note that in this case, m,, — +o0 as i — +oo.

Then by Corollary .14 and Theorem .11

iy,

Wn, —Gn; || —> 0asi — oo

as claimed.

- 1

ey I

1 1
=5 Z degfz(y) (W Z deg pmn; (x)ﬁx).

y=11(y) xef "M (y)
By Theorem[.2] for each y € 52,

1
dmni

) deg pm; (x) Oy N Wy as i — H-oo.
xef "™ (y)

So each term in the sequence {5,:7"" }ien is a convex combination of the correspon-
ding terms in sequences of measures, each of which converges in the weak™ topo-
logy to uy. Hence by Lemma .18 {éxni}ieN also converges to iy in the weak”
topology. It then follows that it = 7. Thus (@3] follows in this case.

Proof of (@.8):

Let {n;};cn be a strictly increasing sequence with
Ty w* o~ .
Ep 't —> L as i — +oo,

for some measure 1.

Case 1 for ({.6). We assume in this case that there is no constant K € N such that
forall i € N, n; —mj,, < K. Then by choosing a subsequence of {ni}ien if necessary,
we can assume that n; —m,,, — 40 as i — oo,

The idea of the proof in this case is similar to that of the proof of Case 1 for (&.3).

We use the same notation as in the proof of Case 1 for (£.3). Then (4.6) follows

in this case if we can prove that ‘

=My .
M, — H converges to 0 as i — +-oo.
As before, we observe that
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1 1
=il M R DI

AGP:u'*mn,- qefimni(T(A))

e).E 2

i) ACR, i, qef i (T(A))

S ‘

S,
Hn; — g”i

(4.46)

1 Sy,
e Z Z 5q - éni -

+ ‘
Sn; APy, qef M (T(A))

As the first term on the right-hand side of (@.43) discussed before, the first term on
the right-hand side of (£.46) is

(d" s = CL Ty d L\
<1l-— C .
< o p

In the second term on the right-hand side of (.46}, the total number of terms in the
summations is bounded above by d". By (£.42)), (#.43)), and Corollary[£.14] we have

d™i (" 1) = 5" > 5 > d™card (P, ) > d™ (d" — CL ™).
(4.47)

So the second term on the right-hand side of (.46} is

1 1 =1 d" - { CL" ™" }
- == s max | ——-——, ——— .
= | gni Efz”i E:Z”i - qM M iy

In the third term on the right-hand side of .40, by (.43), deg; (q) = 1 for each
AeP,_, and each g € f~™i(t(A)). So by (@4), each §; in the summations

cancels with the corresponding 8, in 5,:7 ", So the third term on the right-hand side
of (#.46) is equal to the difference of the total variations of the two measures, which

by @.47) and @42), for n; — m,, large enough, is

n; mnl. _ nifm,,i _ n,-fmnl. m,,l. n,-fmnl.
_dvtd™—(d cLmd™ 14 CL

— gl’Zni — dnifmy,i _ CLnifmnl. :

Since n; —my; —> +o0 as i —» +oo, each term on the right-hand side of (4.46)
converges to 0 as i — 4-0. So we can conclude that

So it = py. Thus @.6) follows in this case.

Case 2 for (4.6). We assume in this case that there is a constant K € N such that
foralli € N, n; —m,, < K. Then by choosing a subsequence of {n; };cn if necessary,

s .
Moy — En; || — 0 as i — +oo.
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we can assume that there exists some constant [ € [0,K]| such that for all i € N,
n; —my, = l. Note that in this case, m,, — +o0 as i — +oo.
Then for each i € N, we have

sy 1 1 1
n | = Em”i Z 6){ = gm—”t Z Zm”i v (Z— Z 6);) s
i st i y=fl(y) i xe £ (y)

where Z,,, = card (f~"(y)) for each y € S? and each m € Ny. Note that for each
i € N, we have
Eiznini = Z Zmn,» Ve
y=r1(v)

Denote, for each i € N and each y € S?, the Borel probability measure Wiy =
1 Y &, Then by Theorem[4.2] we have

" e T (y)

Wiy — Hfas i —> +oo.

. ehp. . . . . .
So each term in {&,," };cn is a convex combination of the corresponding terms in
sequences of measures, each of which converges in the weak™ topology to tty. Hence

by Lemma [£.18] {E,Z’f”" }ien also converges to [ty in the weak® topology. It then
follows that [t = us. Thus (4.6) follows in this case. o

The proof of Theorem[@3]also gives us the following corollary.

Corollary 4.30. Let f be an expanding Thurston map. If {my }nen is a sequence in

Ny such that m, < n for each n € N and 111}3 n—m, = oo, then
n—s—+oo

sy

lim
n—s—+oo SZI”

=1. (4.48)

Proof. By the proof of Theorem[d.3] especially (£.47), we get that for each n € N,

4" — LY

<< 4.49
drm 1 T s = (4.49)
where d = deg f. Then (&.48) follows from the fact that 1 < L < d and the condition
that LIT n—m, = +oo. O
n oo

By @#.23), Theorem 4.1l and Corollary [£.30Q] with m,, = 0 for each n € N, we get
the following corollary, which is an analog of the corresponding result for expansive

homeomorphisms on compact metric spaces with the specification property (see for
example, [KH95, Theorem 18.5.5]).

Corollary 4.31. Let f be an expanding Thurston map. Then for each constant ¢ €
(0,1), there exists a constant N € N such that for each n > N,



74 4 The measure of maximal entropy
ceonlf) = c(deg f)" < card{x € §?| /" (x) = x}

1 .
< Y degp(x) = (degf)" +1< —e"erl),
x=f"(x)

In particular,

im card{x € S?| f"(x) = x} i card{x € S?| f*(x) = x}

=1.
n—s+oo exp (nhtop (f)) n—rtoo (degf)"

Finally, we get the equidistribution of the periodic points with respect to the
measure of maximal entropy {y as an immediate corollary.

Proof (Proof of Corollaryd.4). We get (&7]) and (£.8) from Theorem 3 with m,, =
0 for all n € N. Then (.9) follows from (8} and Corollary [£.31] O

4.3 Expanding Thurston maps as factors of the left-shift

M. Bonk and D. Meyer proved that for an expanding Thurston map f,
the topological dynamical system (52, f) is a factor of a certain classical topologi-
cal dynamical system, namely, the left-shift on the one-sided infinite sequences of
deg f symbols. The goal of this section is to generalize this result to the category of
measure-preserving dynamical systems. The invariant measure for each measure-
preserving dynamical system considered in this section is going to be the unique
measure of maximal entropy of the corresponding system.

Let X and X be topological spaces, and f: X — X and f X — X be continuous
maps. We say that the topologlcal dynamical system (X, f) is a factor of the topo-
logical dynamzcal system (X f ) if there is a surjective continuous map @ : X=X
such that @ o f f o . For measure-preserving dynamical systems (X, g, ) and
()'Z,g,ﬁ) where X and X are measure spaces, g: X — X and g: X — X measura-
ble maps, and p € .#(X,g) and ji € .#(X,g), we say that the measure-preserving
dynamical system (X, g, 1) is a factor of ‘the measure-preserving dynamical system
(X,g, 1) if there is a measurable map @ : X — X such that pog=go@ and Q.1 = .
Thus we get the following commutative diagram:

x 1.
!
x Lo
We recall a classical example of symbolic dynamical systems, namely (J°,X),
where the alphabet J, = {0,1,... ,k— 1} for some k € N, the set of infinite words

e
S

—+oo
J,f’ = [] Ji, and X is the left-shift operator with
i=1



4.3 Expanding Thurston maps as factors of the left-shift 75
X(i1,in,...) = (i2,3,...)

for each (i;,i,...) € J®’. We equip J® with a metric d such that the distance between
two distinct infinite words (iy,i,...) and (ji,j2,...) is %, where m = min{n €
Nlin # jn}-

Define the set of words of length n as J; =TI/, Ji, forn € N and J? = {0} where
0 is considered as the word of length 0, which is also denoted by (). Denote the set

o0
of finite words by J; = |J J}. Then the left-shift operator X is defined on J \J,?
n=0

naturally by
X(it,iny e yin) = (02,03, .-, in).

It is well-known that the dynamical system (J{°,X) has a unique measure of
maximal entropy Ny, which is characterized by the property that

N5 (CUits jas-e s jn)) =k
fornENandjlujZM--,jn e]k, Where
C(jl’jz""’j”) :{(i17i27"') eJlgolil =j1,i22j2,...,in:jn} (4.50)

is the cylinder set determined by ji, j2,..., ja (see for example, Sect. 4.4]).

We will prove that for each expanding Thurston map f with deg f = k and its me-
asure of maximal entropy (i, the measure-preserving dynamical system (S2, f, Mr)
is a factor of the system (J°, X, 15 ).

We now review a construction from for the convenience of the reader.

Let f: S — S? be an expanding Thurston map, and ¥ C S? a Jordan curve
with post f C €. Consider the cell decompositions induced by the pair (f,%). Let
k = deg f. Fix an arbitrary point p € inte(X?). Let g1, g2, - . . , g be the distinct points
in f~!(p). Fori=1,2,...,k, we pick a continuous path ¢ : [0, 1] — 2\ post f with
OC,‘(O) =p and (X,‘(l) ={(i.

We construct y: J; — S? inductively such that y(I) € f~"(p), for each n € Ny
and / € J7', in the following way:

Define y(0) = p, and y((i)) = g; for each (i) € J!. Suppose that y has been de-
fined forall I € LnJ J/, where n € N. Now for each (iy,iy,... i, 1) € J,’{’H, the point

j=0

w((i1,iz,...,in)) € f~"(p) has already been defined. Since f"(y((i1,iz,...,in))) =
pand f": S2\ f~"(post f) — S\ post f is a covering map, the path ., has a uni-
que lift &, , : [0,1] — $? with &, (0) = w((i1,i2,...,in)) and [P0 &;,., = . ,.
We now define y((i1,i2;...,ins1)) = 0., (1). Note that then

SNt ien) = (@, (1) = £ (06, (1) = f(g5,,,) = -

Hence W((i1,i2,...,int1)) € £~V (p). This completes the inductive construction
of y.
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Note that y: Ji — $? induces a map V: Jp = U X! by mapping each

(i1,02,-..,in) € J} to the unique white n-tile X} € X7, contalmng v((i1,i2,...,0in)) €

" (p)-
By the proof of Theorem 9.1 of [BM17], for each n € N, y|p: Ji' — f~"(p)

+
is a bijection. Hence 1[/|Jn J — X! for n € Ny, and y: J} — U X7 are also bi-

jections. Moreover, by the proof of Theorem 9.1 in [BM17], we have that for each
(it,i2,...) € J®, {w((i1,i2,-..,in)) }nen is a Cauchy sequence in (S%,d), for each
visual metric d for f. So as shown in the proof of Theorem 9.1 in [BM17], the map
@: JP — S? defined by

(p((il,iz,...))— lim l[l((ll,lz, . n)) 4.51)

n—y—+oo

satisfies

1. ¢ is continuous,
2. fop=goL,
3. @: JP — S%is surjective.

We now reformulate Theorem 9.1 from [BM17]] in the following way.

Theorem 4.32 (M. Bonk & D. Meyer). Let f: S* — S? be an expanding Thurston
map with deg f = k. Then (52, f) is a factor of the topological dynamical system
(JP,Z). More precisely, the surjective continuous map @: J© — S? defined above

satisfies fo@p =@oX.
We will strengthen Theorem[4.32]in the following theorem.

Theorem 4.33. Let f: S> — S? be an expanding Thurston map with degf = k.
Then (S%, f, 1) is a factor of the measure-preserving dynamical system (J 2,2, Mx),
where Ly and Ty are the unique measures of maximal entropy of (S*, f) and (J®,X),
respectively. More precisely, the surjective continuous map @: J° — S? defined
above satisfies fo @ = @oX and Q.Nx = lUy.

Proof. Let € C S? be a Jordan curve containing post f. Let d be a visual metric
on §? for f with expansion factor A > 1. Note that A depends only on f and d.
Consider the cell decompositions induced by (f,%).

By Theorem[.32] it suffices to prove that ¢,y = py.

For each n € N, we fix a function 8,: J;' — J{ which maps each (iy,i2,...,i,) €
JEto (ir,02,- . - yin,iny1, ... ) € JP, for some arbitrarily chosen i,y 1,62, -+ € Ji de-
pending on iy,iy,...,i,. In other words, 3, extends a finite word of length n to an

arbitrary infinite word.

Define 8, = @ o Bn oy~ !, for each n € N, where V¥ is defined earlier in this
section.
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We claim that the maps 8,: X, — S? with n € N satisfy the hypothesis for f3, in
Theorem[4.23] namely,

max{d(B,(X;;),X;) | X;» € X,} — 0 as n — oo

Indeed, by the construction of ¢, E,,, v and Y above, we have that 5, maps a
white n-tile X} to the limit of a Cauchy sequence

(W((J1,J25- -+ Jm))) men

such that w((j1, ja,...,Jjn)) € X[". Since for eachm € N, the points W ((Jj1, j2,-- - jm))
and ¥ ((j1,/2,---,Jjm+1)) are joined by a lift of one of the paths o, @, ..., 04 (defi-
ned above) by f”*, by Lemma 8.9 in , we have that

d(W((jlaj27'"7jm))aW((jlija"'ajm+l))) < CA7m7

for all m € N, where C > 0 is a constant depending only on f, d, and the curves o,
i€{1,2,...,k},in the construction of y. In particular, both C and A are independent
of m and (ji,j2,...) € J®. So d(B.(X}), X)) < C% for each n € N and each
X/l € X! The above claim follows.

For i € N, define

Observe that for all n € N and m € N with m > n, and each (i1,iz,...,iy) € Ji, we
have

T]m(C(il,iz, .. .,in)) = nz(C(il,iz, .. .,in)),

where C(iy,ip,...,iy) is defined in @30). So by the uniform continuity of each
continuous function on J,f’, it is easy to see that

n 2 ny as i — oo, (4.52)

Note that since | g+ Ji —= X, is a bijection for each n € Ny, we have for each
ieN,

1 1 1
01 =5 Loy = X Cpepor o = L T
1€} X'eX, XX,
Hence, by Theorem[£.23]
o1 W Wy as i —s oo, (4.53)

Therefore, by (#.532), (4.53), and Lemma[.17} we can conclude that @.nx = Ly
O






Chapter 5
Equilibrium states

In this chapter, we investigate the existence, uniqueness, and other properties of
equilibrium states for an expanding Thurston map. The main tool for this chapter is
the thermodynamical formalism. We record the main theorem of this chapter below.

Theorem 5.1. Let f: S — S? be an expanding Thurston map and d be a visual
metric on S? for f. Let ¢ be a real-valued Holder continuous function on S* with
respect to the metric d.

Then there exists a unique equilibrium state [y for the map f and the potential
0. If v is another real-valued Hélder continuous function on S* with respect to the
metric d, then Uy = [y if and only if there exists a constant K € R such that ¢ — y
and Klg are co-homologous in the space of real-valued continuous functions on
S%ie, o —y— K1 =uo f—u for some real-valued continuous function u on 52,

Moreover, Uy is a non-atomic f-invariant Borel probability measure on S? and
the measure-preserving transformation f of the probability space (S, Ug) is for-
ward quasi-invariant, nonsingular, exact, and in particular, mixing and ergodic.

In addition, the preimages points of f are equidistributed with respect to Uy, i.e.,
for each sequence {x, }nen of points in §%, as n — oo,

1 - ;

d n Sﬂ - 6 i 5 5.1

Zy(9) yef;(xn> e )P (SO0 ,;) Fity) — 7 Ho CRY
1 N .

~ ), degm(y)exp (Suf(y)) 8 = Lo, (5.2)

where Z,(y) = ¥ degs(y)exp(S,y(y)), for eachn € N and each y € C(S?).
YEL T (xn) !

Here the symbol w* indicates convergence in the weak™ topology, deg s (x) deno-

n—1 . ~

tes the local degree of the map /™ at x, S,¥(y) = ¥ w(f'(y)), and ¢ is a potential
i=0

related to ¢ defined in (5.48).

79
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This theorem combines Theorem Theorem [3.41] Corollary Corol-
lary[3.44] Theorem[3.43] and Proposition[5.34

As a quick consequence of the proof of the uniqueness of the equilibrium state,
we show in Proposition 5.38] that under the assumptions in Theorem 5.1} the ima-
ges of each Borel probability measure (1 under iterates of the adjoint of the Ruelle
operator fa converge in the weak™ topology to the unique equilibrium state (4, i.e.,

(fé‘)”(u) LN Mo as n — oo, (5.3)

A rational Thurston map is expanding if and only if it has no periodic critical
points (see [BM17, Proposition 2.3]). So when we restrict to rational Thurston maps,
we get the following corollary as an immediate consequence of Theorem [3.1] and

Remark 2,14

Corollary 5.2. Let f be a postcritically-finite rational map on the Riemann sphere
C with no periodic critical points and with degree at least 2. Let ¢ be a real-valued
Holder continuous function on C equipped with the chordal metric.

Then there exists a unique equilibrium state [y for the map [ and the potential

¢. If y is another real-valued Holder continuous function on C, then Wy = Wy ifand
only if there exists a constant K € R such that ¢ — y and K1z are co-homologous

in the space of real-valued continuous functions on C, i.e.,  —y —Klz =uo f—u

for some real-valued continuous function u on C.

Moreover, Uy is a non-atomic f-invariant Borel probability measure on S? and
the measure-preserving transformation f of the probability space (S, Ug) is for-
ward quasi-invariant, nonsingular, exact, and in particular, mixing and ergodic.

In addition, both (3.1) and (5.2) hold as n — oo,

The expression “postcritically-finite rational map (with degree at least 2)” is anot-
her name for a rational Thurston map, used by many authors in holomorphic dyna-
mics.

In Sect. 511 we state the assumptions on some of the objects in the remaining
part of this monograph, which we are going to repeatedly refer to later as the As-
sumptions.

In Sect. following the ideas from and [Zi96]], we use the thermo-
dynamical formalism to prove the existence of the equilibrium states for expan-
ding Thurston maps and real-valued Holder continuous potentials. We first establish
two distortion lemmas (Lemma[3.3]and Lemma[3.4), which will be used frequently
throughout this paper. Next, we define Gibbs states and radial Gibbs states. Later
in Proposition 3.21] we prove that for an expanding Thurston map the notion of a
Gibbs state is equivalent to that of a radial Gibbs state if and only if the map does
not have periodic critical points.

By applying the Schauder-Tikhonov Fixed Point Theorem, we establish in The-
orem the existence of an eigenmeasure my of the adjoint 92”(; of the Ruelle
operator %y, for a real-valued Holder continuous potential ¢. We also show in The-
orem [5.12]that the Jacobian function J for f with respect to my is
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J = cexp(—9).

where c is the eigenvalue corresponding to mg, which is proved to be equal to
exp(P(f,¢)) later in Proposition[5.19] We establish in Proposition[5.14l that m, is a
Gibbs state. The measure g is usually not f-invariant. In Theorem[5.17} we adjust
the potential ¢ to get a new potential ¢ such that there exists an eigenfunction uy of
.,2”5 with eigenvalue 1. The positive function uy constructed as the uniform limit of

the sequence
1 n—1 i
» &%)
j=0 neN

is shown to be bounded away from 0 and +oo, and Holder continuous with the same
exponent as that of ¢. Then we demonstrate that the measure [y = ugmy is an f-
invariant Gibbs state. Finally, by combining Proposition [3.8] and Proposition
we prove in Corollary [5.20]that py is an equilibrium state for f and ¢.

In Sect. we establish the uniqueness of the equilibrium state for an expan-
ding Thurston map f and a real-valued Holder continuous potential ¢. We use the
idea in to apply the Géteaux differentiability of the topological pressure
function and some techniques from functional analysis. More precisely, a general
fact from functional analysis (recorded in Theorem[5.23) states that for an arbitrary
convex continuous function Q: V — R on a separable Banach space V, there exists
a unique continuous linear functional L: V — R tangent to Q at x € V if and only
if the function t — Q(x +ty) is differentiable at O for all y in a subset U of V
that is dense in the weak topology on V. One then observes that for each continu-
ous map g: X — X on a compact metric space X, the topological pressure function
P(g,-): C(X) — R is continuous and convex (see Theorem 3.6.1 and Theo-
rem 3.6.2]), and if u is an equilibrium state for g and y € C(X), then the continuous
linear functional u — [udu, for u € C(X), is tangent to P(g,-) at Y (see
Proposition 3.6.6]). So in order to verify the uniqueness of the equilibrium state for
an expanding Thurston map f and a real-valued Holder continuous potential ¢, it
suffices to prove that the function t — P(f, ¢ + 1Y) is differentiable at 0, for all y
in a suitable subspace of C(S?). This is established in Theorem[5.33}

Following the procedures in to prove Theorem[3.35 we introduce a new
potential ¢ induced by ¢, and establish some uniform bounds in Theorem[5.27 and
Lemma which are then used to show uniform convergence results in Theo-
rem[3.3Tland Lemmal[3.33] In some sense, Theorem[3.27]gives a quantitative form of
the fact that f{; is almost periodic (see Corollary[3.29), and Theorem[3.3T]exhibits a

uniform version of the contracting behavior of fa on a codimension-1 subspace of

C(S?). As a by-product, we demonstrate in Corollary [5.32] that for each expanding
Thurston map f and each real-valued Holder continuous potential ¢, the operator
qu‘ has a unique eigenmeasure my. Moreover, the measure iy is the unique eigen-
measure g of Z* with the corresponding eigenvalue 1. Another consequence is

Proposition[3.38 which implies (3.3) mentioned earlier.
In Sect. 54 we prove that the measure-preserving transformation f of the pro-
bability space (82, 1y) is exact (Theorem 5.41), where the equilibrium state 1y is
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non-atomic (Corollary [5.42). It follows in particular that the transformation f is
mixing and ergodic (Corollary 5.44). To establish these results, we first show in
Proposition[5.39that

o0 o0
mg (U f’(%)) = Mo (U f’(%)) =0
i=0 i=0
for each Jordan curve ¥ C $? containing the postcritical points of f that satisfies
fY(€) C € for some [ € N. This proposition is also used in the proof of Theo-
rem[3.43]

Theorem [5.43] the main result of Sect. asserts that if ¢ and v are two real-
valued Holder continuous functions with the corresponding equilibrium states fy
and Uy, respectively, then ty = Uy if and only if there exists a constant K € R
such that ¢ — y and K1 are co-homologous in the space C(S?) of real-valued
continuous functions, i.e., ¢ — W —K1lgp = uo f — u for some u € C(S?). For The-
orem [3.43] we first formulate a form of the closing lemma for expanding Thurston
maps (Lemma[3.30). For such maps, we then include in Lemma[3.51] a direct proof
of the existence of a point whose forward orbit is dense in 2. Finally, we give the
proof of Theorem[3.43] at the end of the section.

In Sect. we first establish in Proposition[3.34] versions of equidistribution of
preimages with respect to the equilibrium state, using results we obtain in Sect.[5.3
These results partially generalize Theorem [£.2] where we treat the case for the me-
asure of maximal entropy. At the end of chapter, following the idea of J. Hawkins
and M. Taylor [HTO3||, we prove in Theorem[5.55that the equilibrium state 1y from
Theorem[3.1lis almost surely the limit of

as n — +oo in the weak™ topology, where g is an arbitrary fixed point in 2, and
for each i € Ny, the point g;, | is randomly chosen from the set £~!(g;) with the pro-
bability of each x € f~!(g;) being ¢;,| conditional on ¢; proportional to the local
degree of f at x times exp ($ (x)) This theorem is an immediate consequence of a
theorem of H. Furstenberg and Y. Kifer in and the fact that the equilibrium
state is the unique Borel probability measure invariant under the adjoint of the Ru-
elle operator .Za (Corollary [332). A similar result for certain hyperbolic rational
maps on the Riemann sphere and the measures of maximal entropy was proved by
M. Barnsley [Barn88]]. J. Hawkins and M. Taylor generalized it to any rational map
on the Riemann sphere of degree d > 2 [HTO3]|.
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5.1 The Assumptions

We state below the hypotheses under which we will develop our theory in most parts
of this chapter and Chaps. [fland[7] We will repeatedly refer to such assumptions in
these chapters. We emphasize again that not all assumptions are assumed in all the
statements in the subsequent chapters, and that in fact we have to gradually remove
the dependence on some of the assumptions before establishing our main results.

The Assumptions.

1. f: 8% — §? is an expanding Thurston map.

2. € C 87 is a Jordan curve containing post f with the property that there exists
ng € N such that /" (¢) C ¢ and f"(¢) ¢ € foreachm € {1,2,...,ng —
1}.

3. d is a visual metric on S? for f with expansion factor A > 1 and a linear local
connectivity constant L > 1.

4. ¢ € C%%(S?,d) is a real-valued Holder continuous function with an exponent
a € (0,1].

Observe that by Theorem[2.16] for each f in (1), there exists at least one Jordan
curve % that satisfies (2). Since for a fixed f, the number n¢ is uniquely determined
by % in (2), in the remaining part of the paper we will say that a quantity depends
on ¥ even if it also depends on ny.

Recall that the expansion factor A of a visual metric d on S? for f is uniquely
determined by d and f. We will say that a quantity depends on f and d if it depends
on A.

Note that even though the value of L is not uniquely determined by the metric
d, in the remainder of this paper, for each visual metric d on S for f, we will fix a
choice of linear local connectivity constant L. We will say that a quantity depends
on the visual metric d without mentioning the dependence on L, even though if we
had not fixed a choice of L, it would have depended on L as well.

In the discussion below, depending on the conditions we will need, we will so-
metimes say “Let f, €, d, ¢, o satisfy the Assumptions.”, and sometimes say “Let
f and d satisfy the Assumptions.”, etc.

5.2 Existence

By the work of P. Haissinsky and K. M. Pilgrim [HP09], and M. Bonk and D. Meyer
BM17]], we know that there exists a unique measure of maximal entropy fiy for f,
and that

htOP(f) = log(deg f).
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In this section, we generalize the existence part of this result to equilibrium states
for real-valued Holder continuous potentials. We prove the uniqueness in the next
section.

We first establish the following two distortion lemmas that serve as the corners-
tones for all the analysis in the thermodynamical formalism.

Lemma 5.3. Let f, €, d, L, A satisfy the Assumptions. Let ¢ € C*%((5%,d),C) be a
Hélder continuous function with an exponent o, € (0, 1]. Then there exists a constant

C, =Ci(f,%,d,¢,a) depending only on f, €, d, ¢, and . such that

S09(x) = Su (v)| < Crd(f"(x), f" (¥), (5.4)

fornym € Ng withn <m, X" € X"(f,€¢), and x,y € X". Quantitatively, we choose
C

Cy = 71”1'0/1 - (5.5

where Cy > 1 is a constant depending only on f, €, and d from Lemma2. 19

Note that due to the convention described in Sect. 5.1 we do not say that C;
depends on A or ng.

Proof. For n =0, inequality (3.4) trivially follows from the definition of S,,.
By Lemma[2.19] we have that for each m € Ny, each m-tile X" € X" (f,%’), each
x,yeX" andfor0 < j<n<m,

d(f7(x), f1(y) < CoA™ " Dd(f"(x), " (7))
S0 [@(f7(x) = (f7 ()| < |9l CTA~*=Nd(f"(x), f"(v)). Thus for each n € N
with n < m, we have
n—1
S0 (x) = Sn9(y)| < ;) 10(F7(x) = 0(f ()]

n—1 )
<[9]o CEA(f" (x), /" ()™ Y, A~ )
=0

~+oo
<|9]o G (f"(X),f”(y))“l;)A*“k

|¢|ac0 n n a
<122 (), £10)

=Cid(f" (x), /" ()"
O

Lemma 5.4. Let f, €, d, L, A, ¢, a satisfy the Assumptions. Then there exists Cy =
G (f,€,d,¢,a) > 1 depending only on f, €, d, ¢, and . such that for each x,y €
S2, and each n € Ny, we have
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Y degp(x)exp(Sn9(x'))
KeEf(x)

Y degp(y)exp(Sq.9(y))
Yer—"()

<exp(4CiLd(x,y)*) < Gy, (5.6)

where C\ is the constant from Lemmal3.3) Quantitatively, we choose

4 |¢|ac0

Cy =exp (4C1L (diamd(Sz))a) =exp ( i _A-a

L (diamd(Sz))a) . (57

where Cy > 1 is a constant depending only on f, €, and d from Lemma[2.19
Proof. We denote X(x,n) = ¥ deg(x')exp(S,¢(x')) for x € §* and n € No.
xef"(x)

We start with proving the first inequality in (5.6)).

Let X© be either the black 0-tile X or the white 0-tile X in X°(f,%). Forn € Ny
and X" € X"(f,%) with f*(X") = X°, by Proposition2.6(i), f"|x» is a homeomor-
phism of X" onto X°. So for x,y € X, there exist unique points x’,y’ € X" with
x' € f7"(x) and y’ € f7"(y). Then by Lemma[3.3] we have

exp ($u9 (') — Su () <exp (Crd(f"(x'), f"()*) = exp(Cid (x,y)*).

Thus exp (S,0(¢)) < exp(Crd (x,y)*)exp (S,9("))

By summing the last inequality over all pairs of x’,y’ that are contained in the
same n-tile X" with f*(X") = X°, and noting that each x’ (resp. y') is contained
in exactly deg  (x') (resp. deg.(y')) distinct n-tiles X" with f"(X") = XY, we can
conclude that

X(x,n)
Z(y,n)

Recall that f, €, d, L, A, ¢, a satisfy the Assumptions. We then consider arbi-
trary x € X0 and y € X. Since the metric space (S2,d) is linearly locally connected
with a linear local connectivity constant L > 1, there exists a continuum £ C $2 with
x,y € E and E C By(x,Ld(x,y)). We can then fix a point z € € NE. Thus, we have

< exp(Cid(x,y)®).

X(x,n) <Z(x,n) X(z,n)
Z(y,n) = X(z,n) Z(y,n)
<exp (2C; (diamy(E))*) < exp (4C1Ld(x,y)%).

<exp(Cy (d(x,2)% +d(z,y)%))

Finally, (377) follows from (3.3) in Lemma[3.3 O

Let f, 4., d, L, A, ¢, o satisfy the Assumptions. We now define the Gibbs states
with respect to f, ¢, and ¢.

Definition 5.5. A Borel probability measure u € (5?) is a Gibbs state with re-
spect to f, ¢, and ¢ if there exist constants P, € R and C,; > 1 such that for each
n € Ny, each n-tile X" € X" (f,%), and each x € X", we have

p(x")

= 0 () P~

1
& (5.8)
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Compare the above definition with the following one, which is used for some
classical dynamical systems.

Definition 5.6. A Borel probability measure yu € Z2(S?) is a radial Gibbs state with
respect to f, d, and ¢ if there exist constants P; € R and Cy;, > 1 such that for each
n € Ny, and each x € S2, we have

1 p(BaxA™) é.. 5.9)

Cu ~ exp(Sp9(x) —nPy) ~

One observes that for each Gibbs state [ with respect to f, %, and ¢, the constant
Py is unique. Similarly, the constant P, is unique for each radial Gibbs state with
respect to f, d, and ¢.

Example 5.7. Let f: S — S? be an expanding Thurston map. There exists a unique
measure of maximal entropy Lo of f (see Sect. 3.4 and Sect. 3.5] and
Theorem 17.11]), which is an equilibrium state for the potential ¢ = 0. We can
show that py is a Gibbs state for f, ¢, @ =0, whenever % is a Jordan curve on 52
containing post f.

Indeed, we know that there exist constants w,b € (0,1) depending only on f
such that for each n € Ny, each white n-tile X! € X' (f, %), and each black n-tile
X} € XJ(f,6), we have o(X?2) = w(deg f) " and fo(X}') = b(deg f) " (BMIT,
Proposition 17.10 and Theorem 17.11]). Thus py is a Gibbs state for f, ¢, ¢ =0,
with Py, = log(deg f) = hip(f) (see Corollary 17.2]).

As we see from the example above, Definition[3.3lis a more appropriate definition
for expanding Thurston maps. Moreover, we will prove in Proposition [3.21] that the
concept of Gibbs state and that of radial Gibbs state coincide if and only if f has no
periodic critical point.

Proposition 5.8. Let f, €, ny, d, ¢, « satisfy the Assumptions. Then for each f-
invariant Gibbs state 1L € ./ (S*, f) with respect to f, €, and ¢, we have

Pu<hu(f)+ [9du < P(£.0). (5.10)

Proof. Note that the second inequality follows from the Variational Principle (3.3))
(see for example, Theorem 3.4.1] for details).

Let N =ng.

Recall measurable partitions O,,,n € N, of §? defined in (Z.8). Since ¥ (¢) C €,
it is clear that Oy is a refinement of Oy for i > j > 1. Observe that by Proposi-
tion[2.6(i) and induction, we can conclude that for each k € N,

OnV £ N(ON) V-V fTN(ON) = Ops 1y (5.11)
kN+m—1

So for m, k € N, the measurable partition \/  f~/ (On) is arefinement of Okt 1)N-
j=0
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By Shannon-McMillan-Breiman Theorem (see for example, Theorem 2.5.4]),
hy(f,On) = [ frdu, where

. 1
fﬂ:nlﬁuq{lwn—f—l

I (j\n/ofj(ON)> p-ae. andin L' (),

and the information function / is defined in (3.2).
Note that forn € N, ¢ € O, and X" € X"(f, %), either cNX" =0 or c C X".
For n € Ny and x € §%, we denote by X" (x) any one of the n-tiles containing x.
Recall that O, (x) denotes the unique set in the measurable partition O, that contains
x. Note that O, (x) C X" (x). By (G11) and (3.8) we get

/ffduz lim

k— oo

1 v
N + 1I<j\_/0f ’(ON)) () dp(x)

.. 1
> légligf/ml(O(kH)N)(x) dp(x)

> 1iminf/k]\71ﬁ (—logu (X(kH)N(x))) du(x)

k—>—+oo0
k+1)NP, —S —logC
> liminf (k+1)NPy — S(r1)n9(x) —log £ ()
k——o0 (k+1)N
.. 1
=Py —légigfm /S(k+1)N¢(x) du(x)
— B [odu,

where the last equality comes from (0.3) and the identity [wo fdu = [ydu for
each y € C(S?) which is equivalent to the fact that u is f-invariant. Since Oy is a
finite measurable partition, the condition that H, (Oy) < +ee in (3.3) is fulfilled. By

3D, we get that
hy(f) > hu(f,0n) ZPy—/q)d/.t.

Therefore, Py, < hy(f)+ [¢du. O

Definition 5.9. Let f: S* — S? be an expanding Thurston map and u € #(5?) a
Borel probability measure on S2. A Borel function J: §2 — [0, o) is a Jacobian
(function) for f with respect to u if for every Borel A C S? on which f is injective,
the following equation holds:

ulra) = [ Jau (5.12)

Corollary 5.10. Let f: S> — S be an expanding Thurston map. For each y € C(S?)
and each Borel probability measure L € 2 (S?), if £y (1) = cu for some constant
¢ > 0, then a Jacobian J for f with respect to L is given by
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J(x)

c

= 2
~ degg(x)exp(y(x)) forxe - (5.13)

Proof. We fix some ¢, d, L, A that satisfy the Assumptions.
By Lemma[3.2] for every Borel A C 52 on which f is injective, we have that f(A)
is Borel, and L)
L)) / 1
HA) = == W TS T T (5.14)
for the function J given in (3.13).

Since f is injective on each 1-tile X! € X'(f, %), and both X! and f(X') are
closed subsets of S by Proposition[2.6} in order to verify (3.12), it suffices to assume
that A C X for some 1-tile X € X!(f,%). Denote the restriction of u on X by uyx,
i.e., iy assigns U (B) to each Borel subset B of X.

Let 1 be a function defined on the set of Borel subsets of X in such a way that
[L(B) = u(f(B)) for each Borel B C X. It is clear that [ is a Borel measure on X. In
this notation, we can write (3.14) as

1
Hx (4) :/Am dfi, (5.15)

for each Borel A C X.

By (313), we know that pix is absolutely continuous with respect to f. On the
other hand, since J is positive and uniformly bounded away from +oo on X, we
can conclude that i is absolutely continuous with respect to . Therefore, by
the Radon-Nikodym theorem, for each Borel A C X, we get u(f(A)) = fi(A) =

Jud|x dux = [,Jdu. u

Lemma 5.11. Let f: S> — S? be an expanding Thurston map, and € C S* be a Jor-
dan curve containing post f. Then there exists a constant M € N with the following
property:

For each m € N with m > M, each n € Ny, and each n-tile X" € X"(f,€), there
exist a white (n+ m)-tile X € X0t"(f,€") and a black (n+ m)-tile X €
X3 f,€) such that X' UX) ™ C inte(X").

Proof. We fix some d, L, A that satisfy the Assumptions.

By Lemma[2.13(v), there exists a constant C > 1 depending only on f, %, and d
such that for each k € Ny, each k-tile Z¥ € X¥(f, %), there exists a point g € Z* such
that

By(q,.C 'A% C Z* C B,(q.CA™5).

We set M = [log, (4C?)] + 1. We fix an arbitrary n € Ny and an n-tile X" €
X"(f,€). Choose a point p € X" with B;(p,C~'A~") C X" C B;(p,CA™"). Then

for each m € N with m > M, we have 4CA~(mtm) C'A~" and we can choose

xntm yntm e Xntm( £ 4) in such a way that X" is the (n+ m)-tile containing p

and Y HM O X" = gt ¢ B f 67). Thus diamg (X ") < 2CA~ 07 diam, (Y"+") <
2CA=(m) and
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XUy C By (p,4CA*(”+’">) C By (p,C'A™") Cinte(X").

Moreover, exactly one of X" and Y™ is a white (n+ m)-tile and the other one
is a black (n+ m)-tile. 0

Theorem 5.12. Let f: S*> — S? be an expanding Thurston map, and d be a visual
metric on S? for f. Let ¢ € CO%(S?,d) be a real-valued Holder continuous function

with an exponent o € (0,1]. Then there exists a Borel probability measure my €
P(S?) such that
Ly (my) = cmy, (5.16)

where ¢ = (£ (my), 1). Moreover, any mg € P(S?) that satisfies (5186) for some
¢ > 0 has the following properties:

(i) A Jacobian for f with respect to my is

J(x) = cexp(—9(x)).

(ii) mg ( U;f*-" (postf)> =0.
~

(iii) The map f with respect to my is forward quasi-invariant (i.e., for each Borel
set A C 8%, if my(A) =0, then my(f(A)) = 0), and nonsingular (i.e., for each
Borel set A C 8%, my(A) = 0 if and only if mg (f~'(A)) = 0).

We will see later in Corollary [5.32] that my € 92(S?) satisfying (5.16) is unique.
We will also prove in Corollary [3.42|that m, is non-atomic.

Proof. We fix a Jordan curve ¥ C S that satisfies the Assumptions (see Theo-
rem [2.16] for the existence of such %).
Z5 (W)
0

Define 7: 2(8%) — 22(5%) by t(u) = FZAmEY Then 7 is a continuous trans-

formation on the nonempty, convex, compact (in the weak™ topology, by Alaoglu’s
theorem) space Z(S?) of Borel probability measures on S>. By the Schauder-
Tikhonov Fixed Point Theorem (see for example, Theorem 3.1.7]), there
exists a measure my € Z(S?) such that t(my) = my. Thus Zg(mg) = cmy with
c= <$$(m¢), 1).

By Corollary[5.10] the formula for a Jacobian for f with respect to my is

J(x) = c(deg;(x)exp(¢(x))) "',  forx €S> (5.17)

oo
Since |J f~/(postf) is a countable set, the property (ii) follows if we can prove
J=0

that mg ({y}) =0 foreach y € U £~/ (postf). Since for each x € S2,
j=0
mo ({()}) —srme({), (5.18)

~ deg, (x)exp(¢(x))
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it suffices to prove that mg ({x}) = 0 for each periodic x € post f.

5 Equilibrium states

Suppose that there exists x € postf such that f'(x) = x for some / € N and

my({x}) # 0. Then by (ZI8), Z2), and induction,

o) = G exp oty ™ ()

where S;¢ is defined in (@.3). Thus ¢! = deg ;i (x) exp (S0 (x)).
Similarly, for each k € N and each y € £~ (x), we have

kl

mot)) = G yexp Gaol)) ™ O
s degu (3) exp(Su0())
mo({y}) = LD ()

(deg i (x)) ‘ exp(Su ¢ (x))

(5.19)

(5.20)

(5.21)

Fig. 5.1 A (kl)-flower W*! (x), with card(post f) = 3.

Note that for each k € N, we have x € V¥ (f,%). The closure of the (kl)-flower

k
WK (x) of x contains exactly 2 (deg 1l (x)) distinct (kl)-tiles whose intersection is
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{x} (see [BMI7, Lemma 5.28(i)]). By Lemma [5.11] there exists m € N that only
depends on f, %, and d such that for each k € N, each (ki)-tile X¥ € X (f,%)

contained in W' (x), there exists a ((k+m)I)-tile X ! ¢ X(+m)! (£ ) such that
X(k+ml C inte (X¥). So there exists a unique y € X C inte (X*') such that
fUtml(y) = x by Proposition Z.6(i), see Fig.[5.1l For each k € N, we denote by Tj
the set consisting of one such y from each (k)-tile X* C wh (x). Note that

card(Ty) = 2 (deg " (x))k . (5.22)

Then {7} }ren is a sequence of subsets of U f~/(postf). Since f is expanding, we
Jj=0
can choose an increasing sequence {k; };cn of integers recursively in such a way that
i
Wkt (x) N ( U Tkj) = 0 for each i € N. Then {7}, };cn is a sequence of mutually
j=1

disjoint sets. Thus by Lemma[5.3| there exists a constant D that only depends on f,
%, d, ¢, and o such that

~+oo
m¢<Uf wostf)) = ¥, ¥ ma(03)
i:1y€Tk

+oo deg (k,-+m)z(y)eXP( (k; ml‘P( )
:Z Z ! ki+m -

i=1y€T, (degfl (x)) eXp(S(k m)i @ (%))
>m¢ {x} Zm Z exp Sk1¢ Skil¢(x)) —

i=1y€T], (degf, x))

o (0]) Z y exp(D —2ml |¢]].)

i= lyGTk (degfl( )) (degfl(x))

Combining the above with (5.22)), we get

x})exp(D —2ml
m¢<Uf o)) > meiDxoD =211, 22 .
(degp ()"
This contradicts the fact that my is a finite Borel measure.
Next, in order to prove the formula for the Jacobian for f with respect to mg in

property (i), we observe that by Lemma[3.2]and (5.17), for every Borel set A C §?
on which f is injective, we have that f(A) is a Borel set and

my (f(A)) = mg (f(A) \ postf) = my(f(A\ (postf Ucritf)))

A\(postfquf)CeXP( ¢)dmg Acexp( ¢)dmy

my ({x})

( 2ml|9]l..)
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Finally, we prove the last property. Fix a Borel set A C §? with my(A) = 0.
For each I-tile X' € X'(f,%), the map f is injective both on AN X' and on
f1(A)NX" by Proposition Z.6i). So it follows from the formula for the Jaco-
bian that my (f (ANX")) =0and my (f~'(A)NX") = 0. Thus my(f(A)) = 0 and
o(f~'(A)) = 0. It is clear now that f is forward quasi-invariant and nonsingular
with respect to my. a

Proposition 5.13. Let f, d, ¢, o satisfy the Assumptions. Let my be a Borel probabi-

lity measure defined in Theorem[S.I2with £ (my) = cmg where ¢ = (£ (my), 1).

Then for every Borel set A C S2, we have

1
deg f

where J = cexp(—@).

/A.ldm¢ <my(f(A)) < /A.ldm(p.

Proof. We fix a Jordan curve ¢ C S that satisfies the Assumptions.

The second inequality follows from Definition[5.9]and Theorem[5.12]

Let B = f(A)NXY and C = f(A) Ninte(X)), where X0, X € X°(f,%) are the
white O-tile and the black O-tile, respectively. Then BNC =0 and BUC = f(A). For
each white 1-tile X} € X!, (f,%4) and each black 1-tile X! € X} (f,%), we have

Jd = B s / .]d == C 5
/f*'(B)ﬁXJ, "o m¢() FHC)ninte(X})) "o m¢()

by Proposition [2.611), Definition and Theorem [3.12] Then the first inequality
follows from the fact that card (X1(f,%)) = card (X} (f,%€)) = deg f (see @A).
O

Proposition 5.14. Let f, €, d, ¢, o satisfy the Assumptions. Let my be a Borel
probability measure defined in Theorem[S. 12l which satisfies £ (my) = cmg where
¢ =(Z; (my),1). Then my is a Gibbs state with respect to f, ¢, and ¢, with

o1 "
Pn, =loge= nng - log Z§ (1) (y), (5.23)

foreachy € S°.

In particular, since the existence of mg in Theorem[5.12]is independent of %, this
proposition asserts that my is a Gibbs state with respect to f, %, and ¢, for each
% that satisfies the Assumptions. In general, it is not clear that a Gibbs state with
respect to f, %1, and ¢ is also a Gibbs state with respect to f, %>, and ¢, even though
the answer is positive in the case when f has no periodic critical points as shown in
Corollary[5.22

Proof. We first need to prove that u = my satisfies (3.8).
We observe that
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mo(f(8)) = [ exp(iloge —S:9(x)) drmo x) (5.24)

forn € N, i € {0,1,...,n}, and each Borel set B C S? on which f" is injective.
Indeed, by the formula for the Jacobian in Theorem for a given Borel set
A C S? on which f is injective, we have

ﬁwg (x)dmy (x) = /A (g0 f)(x)exp(loge — ¢ (x)) dmg (x)

for each simple function g on $2, thus also for each integrable function g. We es-
tablish (3.24) for each n € N and each Borel set B C S on which f" is injective
by induction on i. For i = 0, equation (3.24) holds trivially. Assume that (5.24) is
established for some i € {0,1,...,n— 1}, then since f' is injective on f(B), we get

my(f!(B)) = ./f(mexp(i loge =S¢ (x)) dmg (x)

= [ exp((i-+ 1)loge — S:.16(x)) dmg ().

The induction is now complete. In particular, by Proposition 2.6(i),

ma (" (X")) = [ explnloge —5,(x))dmo (2).

forn e Nand X" € X" (f,%).
Thus by Lemma[3.3] there exists a constant C > 1 such that for each n € Ny, each
X" e X"(f,¢), and each x € X",

mg(f"(X")) = C~'exp(nloge — $,0 (x))mg (X")

and
mo (£ (X")) < Cexp(nloge — S, (x))mq (X").

Note that f"(X") is either the black 0-tile X € X°(f,%’) or the white 0-tile X} €
XO(f,%). Both X and X, are of positive my-measure, for otherwise, suppose that
my(X%) = 0 for some X° € X°(f, %), then by Proposition5.13] my (f/ (X)) = 0, for
each j € N. Then by Lemma[5.11] m (5?) = 0, a contradiction. Hence (3.8)) follows,
and my is a Gibbs state with respect to f, ¢, and ¢, with Py =loge.

To finish the proof, we note that by (3.8) and Lemma[5.4] for each x,y € S? and
each n € Ny, we have

L 25 (1)(x)

— <0 <o, 525
G =z - o

where C; is a constant depending only on f, %, d, ¢, and o from Lemma[5.4] Since
(my, 25 (1)) = (L))" (mg), 1) = (c"mgy, 1) = ", by (3.8) and (5.23), we have that
for each arbitrarily chosen y € S2,
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logc = lim —log/.fq) (x)dmy (x)

n—-+4oco

= lim —log/.fq) (v)dmy (x) (5.26)

n—-+4oco

= lim —log.fqg’(]l)(y).

n—-+4oco 1

Corollary 5.15. Let f, d, ¢, « satisfy the Assumptions. Then the limit

lim 1log.,iﬂqﬁ’(]l)(x)

n—-+4oco
exists for each x € S* and is independent of x € S°.
We denote the limit as Dy € R.

Proof. By Theorem [5.12], there exists a measure mg such as the one in Proposi-
tion [5.14l The limit then clearly only depends on f, d, ¢, and @, and in particular,
does not depend on ¢’ or the choice of . a

Let f, ¥, d, ¢, a satisfy the Assumptions. We define the function
¢ =¢—DycC"(S%d). (5.27)

Then
Ly=e 0, (5.28)
If my is a Gibbs state from Theorem then by Proposition 3.14] and Corol-
lary we have
Ly (my) = ePo my = e mg, (5.29)
and

fa* (m¢) == m¢, (530)

since for each u € C(S?),
(L5 (mg),u) = (my, L5(u)) = =P (my, Ly (u)) = =P (L (mg) ,u) = (mg,u).

We summarize in the following lemma the properties of fa that we will need.

Lemma 5.16. Let f, €, d, L, A, ¢, o satisfy the Assumptions. Then there exists a
constant C3 = C3(f,%¢,d, ¢, a) depending only on f, €, d, ¢, and o such that for
each x,y € §? and each n € N the following equations are satisfied

)
<exp(4CiLd(x,y)%) < G, (5.31)
y
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1

— <)) <O, (5.32)
G

¢
L5 (1)(x) = ZZ(1) ()| < Gy (exp (4CiLd(x,y)*) = 1) < Cad(x,y)*,  (5.33)

where Cy,C, are constants in Lemma 3.3 and Lemmal3.4 depending only on f, €,
d, ¢, and 0.

Proof. Inequality (3.31) follows from (3.28), (3.8), and Lemma[3.4
To prove (5.32), we choose a Gibbs state mg with respect to f, ¢, and ¢ from

Theorem[3.12] Then by (3.3Q) and (3.31), we have

L)) < Comg, L2(1)) = (L) (), 1) = Calmg, 1) = C.

The first inequality in (3.32)) can be proved similarly.
Applying (3.31) and (5.32)), we get

221 (1 = fa"(]l)(X) 1|21
5( )(x) = 5( ) = m— 5( )(x)
< G (exp(4CiLd(x,y)*) —1)
§C3d(x,y)a,
for some constant C3 depending only on L, Cy, C>, and diamd(Sz). O

We can now prove the existence of an f-invariant Gibbs state.

Theorem 5.17. Let f: S?> — S? be an expanding Thurston map and € C S* be a
Jordan curve containing post f with the property that f"¢ (€¢) C € for some ngy € N
and f1(€) ¢ € for eachi € {1,2,...,ny — 1}. Let d be a visual metric on S* for
f with expansion factor A > 1. Let ¢ € C%%*(82,d) be a real-valued Hélder conti-
n—1 .
nuous function with an exponent o € (0,1]. Then the sequence {% Y faj(]l)} .
j=0 ne

converges uniformly to a function ugy € C*%(S?,d), which satisfies
fa(ugp) == I/l¢, (534)

and

1
oA <up(x) <Gy, for each x € §?, (5.35)
2

where Cy > 1 is a constant from Lemmal[5.4) Moreover, if we let my be a Gibbs state
from Theorem|5. 12| then

/ updmy = 1, (5.36)

and Uy = ugmy is a Gibbs state with respect to f, €, and ¢, with

= Pn, =Dy = lim llog.,?‘;’(]l)(y), (5.37)

n——+eop
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for eachy € $?, and
fie(lg) =t (5.38)

Proof. In order to prove this theorem, we first establish (3.34), (3.33), and (3.36)
for a subsequential limit of the sequence {%nil faj(]l)}neN, then prove the above
sequence has a unique subsequential limit, anjd: (f)inally justify (3.37) and (3.38).
Define, foreachn € N, u,, = %ni;i%’(]l) Then {u, },¢n is a uniformly bounded
j=

sequence of equicontinuous functions on S? by (3.32) and (3.33). By the Arzela-
Ascoli Theorem, there exists a continuous function uy € C (5?) and an increasing
sequence {n;};cry in N such that u,, — uy uniformly on $? as i —» oo

To prove (5.34), we note that by the definition of u,, and (3.32), we have that for

eachie N,
1

oo ni

fl‘f(]l)—]le iy

o n;

Hza(uni) — Un

By letting i — +oo, we can conclude that "25('4‘?) — Uy

‘ — 0. Thus (334) holds.

By (3.32), we have that C{l < u,(x) < Gy, for each n € N and each x € §2. Thus
([&-33) follows.

By (5.30) and definition of u,, we have [u,dmy = [1dmy = 1 for each n € N.
Then by the Lebesgue Dominated Convergence Theorem, we can conclude that

/u¢ dmgy = I_Erfm/u,,i dmg =1,

proving (3.36).

Next, we prove that u is the unique subsequential limit of the sequence {u, } nen
with respect to the uniform norm. Suppose that v, is another subsequential limit of
uy,n € N, with respect to the uniform norm. Then vy is also a continuous function

on S? satisfying (3.34), (5.33), and (5.36) by the argument above. Let
t = sup{s € R |uy(x) — svy(x) > 0 for all x € §?}.

By (5.33), € (0, +c0). Then there is a point y € S? such that ug (y) — tv4(y) = 0. By
(3.8) and the equation
fa(ugp —tV¢) =up —1tvy,

which comes from (5.34), we get that uy(z) —tvy(z) =0 forall z € £~ (y). Inducti-
vely, we can conclude that uy (z) — vy (z) =0 forallz€ |J f*(y). By LemmalZ.12]
ieN

the set |J f7/(y) is dense in S%. Hence uy = tvy on S%. Since both uy and vy sa-
ieN
tisfy (5.36), we get r = 1. Thus uy = vy. We have proved that u, converges to iy

uniformly as n — +-oo.
We now prove that uy € C%%(S?,d). Indeed, for each & > 0, there exists n € N
such that H”" —ug ||m < €. Then by (3.33), for each x,y € 5%, we have
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g (x) — 1t (v)] < J1ag (x) — tn ()] + 14 (%) = en (V)] + [ten (v) — 105 (v)

n-l . .
§28+% Z ’fé(]l)(x) —fé(]l)(y)‘ <2e+Csd(x,y)%,
=0

where C; is a constant in (3.33) from Lemma[3.16 By letting € — 0, we conclude
that uy € C**(52,d).

Since my is a Gibbs state by Proposition[5.14] then by (5.33), py = ugmy is also
a Gibbs state with Py, = Py, = Dy = ngrfm % log Zj(1)(y) foreachy € §2, proving
E3D.

Finally we need to prove that i, is f-invariant. It suffices to prove that (ug,g o
f) = (ug,g) for each g € C(S?). Indeed, by (530D, (3:34), and (39), we get
(1,80 f) = (mg,ug(g 0 f)) = (L5 (my),us(g0 f))
= (mg, Lg(ug(go f))) = (my,8L5(ug)) = (mg,gus) = (Ko, 8)-
O

Remark 5.18. By a similar argument to that in the proof of the uniqueness of the
n—1 .

subsequential limit of {% Y 92%’( ]l)} N one can show that uy is the unique ei-
j=0 ne

genfunction, upto scalar multiplication, of .,2”5 corresponding to the eigenvalue 1.

We now get the following characterization of the topological pressure P(f, ¢) of
an expanding Thurston map f with respect to a Holder continuous potential ¢.

Proposition 5.19. Let f, d, ¢, a satisfy the Assumptions. Then for each x € S, we
have |
P(f,¢)= lim ~log ) degu(y)exp(Si@(y))=Dy.  (5.39)

n—+teon .
yef—(x)

Recall that Dy = P, = Py, = logc = log [ £ (1) dmy, using the notation from
Proposition[5.14 and Theorem[3.171

Proof. We fix a Jordan curve ¥ C S that satisfies the Assumptions (see Theo-
rem[2.16] for the existence of such %).

By Corollary[5.13land (3.8), for each x € §2, the limit in always exists and
is equal to Dy, independent of x. Moreover, for an f-invariant Gibbs measure [ty
from Theorem .17 with P, = Dy, we get from Proposition 5.8 that

Dy = Py, < P(f,9). (5.40)

Now it suffices to prove Dy > P(f,9).

Note that by Lemma[2.13(ii), there is a constant C > 1 depending only on f, €,
and d such that for each n € Ny and each n-tile X" € X"*(f, %), we have c 'A<
diamy(X") < CA™".
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Fix m € N, let € = CA~™. For each n € Ny, let F,(m) be a maximal (n,€)-
separated subset of S.

We claim that if y;,y, € F,(m) and y,y, € X" for some (m + n)-tile X" in
X" (£,6), then y; = y2.

Indeed, for each integer j € [0,n — 1], we have that

d(f/ (1), f/(2)) < diamy (f/(X™")) < CA="T=D) <6, (5.41)

So suppose that y; # y», then yi,y, would not be (n, €)-separated, a contradiction.

We fix x € inte(X?)) and y € inte(X))) where X and X are the white 0-tile
and black O-tile in X°(f,%), respectively. We can now construct an injective map
in: Fy(m) — =0 (x) U £~ m41) (y) for each n € N by demanding that z € Fy,(m)
and i,(z) € ") (x) U £~ (y) be in the same (m + n)-tile. Since for each
xmtn e Xmtn(f <€), by Proposition2.6(v), card (X’”*” A (f ) (x)u £ lmtn) (y))) =
1, it follows that i, is well-defined (but not necessarily uniquely defined) for each
n € N. Thus by Lemma[3.3]and Lemma[3.4] we have that for each n € N,

Z exp(Sn9(2)) <Cy Z exp(S.9(z))

Zan<m) Zef—(ern)(x)Uf—(ern)(y)

§C4emH¢H°° ( Z exp(Sm+n¢(Z)) + Z eXP(Sern‘P(Z)))

zef~mn) (x) zef~mn (y)
<Ci(1+GC)exp(m||o].) Y exp(Smind(2)),

ef~ (m-+n) (x)

where Cy = exp (Cl (diamd(Sz)) a), and C;,C, are constants from Lemma[3.3 and

Lemma[5.4] By taking logarithm and next dividing by n on both sides, then taking
n — o0 and finally taking m — o0 to make € — 0, we get from (3.I) that

P(f,0) = lim liminfllog Y exp(S,o(w))

—y+o00 —3+foo
mrtee nrtee weFy,(m)

1
<limsupliminf—log Y exp(Snin¢(z))

o Nt 1
m—+ Zef,(mﬂ,)(x)

IOg Z eXp(Sm+n¢(Z))

zef~mm) (x)

. . 1
= limsupliminf
Mmoo N3t M+N

1
= limsupliminf—log Y exp(S,0(z))

Mmoo NFFe N €1 (x)
= D¢7

where the last equality follows from Corollary 313, (3.8), and the fact that x ¢
post f. a

The following corollary gives the existence part of Theorem[3.1}
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Corollary 5.20. Let f: S* — S? be an expanding Thurston map and d be a visual
metric on S? for f. Let ¢ € CO%(S?,d) be a real-valued Holder continuous function
with an exponent a € (0, 1]. Then there exists an equilibrium state for f and ¢. In
fact, any measure iy defined in Theorem5. 17 is an equilibrium state for f and ¢.

Proof. We fix a Jordan curve ¥ C S that satisfies the Assumptions (see Theo-
rem for the existence of such ¥). Consider an f-invariant Gibbs state fy
with respect to f, €, and ¢ from Theorem [5.17]1 Then by Theorem [5.17] and Pro-
position we have Py, = Dy = P(f,¢). Then by Proposition [5.8] we have
Pu, = hy, + [@dpy = P(f, ). Therefore, [y is an equilibrium state for f and ¢.
O

We end this section by proving in Proposition [5.21] that the concept of a Gibbs
state and that of a radial Gibbs state coincide if and only if the expanding Thurston
map has no periodic critical point. The proof of the forward implication relies on
the existence of Gibbs states for f, €, and ¢ that satisfy the Assumptions proved in
Proposition 3.14

Proposition 5.21. Let f, €, d, ¢, a satisfy the Assumptions. Then a radial Gibbs
state WL with respect to f, d, and ¢ must be a Gibbs state with respect to f, ¢, and
@, with Py = Py. Moreover, the following are equivalent:

(1) f has no periodic critical point.

(2) A Borel probability measure . € 2 (S?) is a Gibbs state with respect to f, €,
and ¢ if and only if it is a radial Gibbs state with respect to f, d, and ¢.

(3) There exists a radial Gibbs state for f, d, and ¢.

The implication from (1) to (2) generalizes Proposition 18.2 in [BM17], which
states that for an expanding Thurston map f with no periodic critical point and with
the measure of maximal entropy u and a visual metric d, the metric measure space
(S2,d, 1) is Ahlfors regular.

Proof. By Lemma[2Z.13(v), there exists a constant C > 1 such that for each n € Ny,
and each n-tile X" € X", there exists a point p € X" with

By(p,C'A™") C X" C By(p,CA™").

Thus there exists m; € N such that for each n € Ny, each X" € X", there exists p € X"
such that
By (poa= ) € X" C By (pa 0. (5.42)

On the other hand, by Lemma[2.13(iv), there exists nm, € N such that for each x € 52
and each n € Ny, we have

U™ (x) C By(x,A™") CU" ™ (x), (5.43)

where the sets U’ (x) for [ € Ny and x € S are defined in 2.7).
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Note that for each n € Ny and each y € U"(x), by choosing z € YN X" with
X" Y" e X"andx € X",y € Y", and applying Lemma[5.3] we get

S0 (x) = $u0 ()] < 1S40 (x) =S4 (2)] +Sa () — Su (y)| < 2C1 (diamg(5%)),

where C; is a constant from Lemmal[5.3

If u is a radial Gibbs state with constants 13“ and E“, then for each n € Ny and
each n-tile X" € X", there exists p € X" such that

(") < p (Ba (A=) ) < Cuexp (Sum 9(0) = (n—mi)B)
< Cuexp (mi [|@]l.. +miPu) exp (S:9(x) —nPy),

and

1 ~
RO 21 (B (A7) ) 2 enp (S0 = mR)
1

> - S (x) —nPy).
= Cuexp (m1]|@]|.. +miPy) xP (Snf (1) —nFu)

Thus g is a Gibbs state for f, €, and @, with P, = P,.

To prove the equivalence, we start with the implication from (1) to (2).

We have already shown above that any radial Gibbs state for f, d, and ¢ must be
a Gibbs state for f, €, and ¢.

If we assume that f has no periodic critical point, then there exists a constant
K € N such that for each x € §? and each n € Ny, the set U"(x) is a union of at most
K distinct n-tiles, i.e.,

card{Y" € X" |there exists an n-tile X" € X" withx € X" and X"NY" # 0} < K.

Indeed, if f has no periodic critical point, then there exists a constant N € N such
that deg (x) <N for all x € §? and all n € N ([BMI7, Lemma 18.6]). Since each
n-flower W"(p) for p € V" is covered by exactly 2deg (p) distinct n-tiles ([BMI7,
Lemma 5.28(1)]), U"(x) is covered by a bounded number of n-flowers and thus
covered by a bounded number, independent of x € §? and 1 € Ny, of distinct n-tiles.

If u is a Gibbs state with constants P, and Cy, then by (3.43) and Lemma [5.3]
for each n € Ny and each x € §2, we have

H(Ba(x,A™™) 2 (U"72(x)) = Cp ' exp(Smy 9 (x) — (n+m2)Pu)

1
> exp(Sp @ (x) —nPy),
2 Cnexpm o]l ¥ o) P S0 () = nby)

and moreover, if n > my, then
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H(Ba(x,A™M) <p(U"™x) < ), uX)
Xexn*nlz
XCU™™ (x)

<KCyexp (2C1 (diamd(Sz))a) exp(Sn—m, @ (x) — (n—ma)Py)
<KCyexp (201 (diamg (57)) +m2 (19 ].. +Pu)) exp(Sud (x) —nPy),
and if n < my, then

1(By(x, A7) < 1 <exp (ma(]|9]l.. + [Pul)) exp(Sug (x) — nPu).

Thus u is a radial Gibbs state for f, d, and ¢.

Next, we show that (2) implies (3).

We assume (2) now. Let 4 = my, where my is from Theorem Then by
Proposition[3.14] ut is a Gibbs state for f, ¢, and ¢. Thus u is also a radial Gibbs
state for f, d, and ¢.

Finally, we prove the implication from (3) to (1) by contradiction.

Assume that f has a periodic critical point x € §? with a period / € N, and let
u be a radial Gibbs state for f, d, and ¢ with constants P, and Cy;. So u is also a
Gibbs state for f, ¢, and ¢ with constants P, = 13“ and Cy, as shown in the first part
of the proof.

We note that x € post f C V" for each n € Ny. By 2.3), (277, and (5.43)), for each
neN,

Wnlerz (x) C Unl+m2 (x) C Bd(x,/\inl).

Recall that the number of distinct (nl + my)-tiles contained in W" " (x) is

2deguim (x). Denote these (nl + my)-tiles by X e Xl e {1,
2,...,2deg i m (x)}. Then by Lemmal[5.T1] there exists an (nl + my +M)-tile ¥; €
Xrtm M gych that ¥; C inte (Xi”lJr'"2 .Here M € N is a constant from Lemma5.11}

We fix x; € ¥; for each i € {1,2,...,2degfn1+m2(x)}. Note that ¥;NY; = 0 for
1 <i<j<2degpmim (x). Thus
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Cuexp(Swd(x) —nlPy) > p(Ba(x,A™™"))
Zdegfnl+m2 (x)

—nl+m) _
> (W2 () = Yo s

1
>2deg nimy (x) &P (Sut+my+219 (xi) — (nl +mo+ M)Py)
‘ u

N 2 (degfz (x))”

“Cuexp(M|[¢]|.. +MPy)
2 (degr (1)) " exP(Sit 4y (3) — (nl +m2)Py)

= Cuexp(M||9||.. +MP, + C; (diam,(52))%)

§ (degyr(x)) " exp(Sw @) —niPy)

~Cuexp ((ma+M) (9]l + (ma+M)Py + Ci (diamy($2))%)

eXP(Suttm, @ (Xi) — (nl +m2)Py)

where the second-to-last inequality follows from Lemma and the fact that
X, XE X;’Hmz forie {1,2,..., 2deg prmy (x)},and Cy is a constant from Lemma[5.3]
So

(degyr(1))" < CuCyexp ((mz+M)(]L+Pu) +C (diama (7))

for each n € N. However, since x is a periodic critical point of f, we have deg (x) >
1, a contradiction. O

As an immediate consequence, we get that if the expanding Thurston map does
not have periodic critical points, then the property of being a Gibbs state does not
depend on the choice of the Jordan curve @ C $? that satisfies the Assumptions.

Corollary 5.22. Let f, d, ¢, a satisfy the Assumptions. We assume that f does not
have periodic critical points. Let 6| and 6> be Jordan curves on S? that satisfy the
Assumptions for €, and u € P (8%) be a Borel probability measure. Then [ is a
Gibbs state with respect to f, 6\, and ¢ if and only if 1 is a Gibbs state with respect
to f, 6>, and ¢.

Proof. By Proposition 3.2} since f does not have periodic critical points, (& is a
Gibbs state with respect to f, 6}, and ¢ if and only if u is a radial Gibbs state with
respect to f, d, and ¢ if and only if y is a Gibbs state with respect to f, %>, and

0. 0
5.3 Uniqueness

To prove the uniqueness of the equilibrium state of a continuous map g on a compact
metric space X, one of the techniques is to prove the (Gateaux) differentiability of
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the topological pressure function P(g,-): C(X) — R. We summarize the general
ideas below, but refer the reader to Sect. 3.6] for a detailed treatment in the
case of forward-expansive maps and distance expanding maps.

For a continuous map g: X — X on a compact metric space X, the topologi-
cal pressure function P(g,-) : C(X) — R is Lipschitz continuous ([PUI0, Theo-
rem 3.6.1]) and convex ([PUI0] Theorem 3.6.2]). For an arbitrary convex continuous
function Q: V — R on a real topological vector space V, we call a continuous linear
functional L: V — R tangentto Q at x € V if

O(x)+L(y) <QO(x+y), foreachy e V. (5.44)

We denote the set of all continuous linear functionals tangent to Q at x € V by
V. o- It is known (see for example, Proposition 3.6.6]) that if u € .Z(X,g)
is an equilibrium state for g and ¢ € C(X), then the continuous linear functional
u— fudu for u € C(X) is tangent to the topological pressure function P(g,-)
at ¢. Indeed, let ¢,y € C(X) and u € .#(X,g) be an equilibrium state for g and
¢. Then P(g,¢ +7Y) > hu(g) + [¢ + ydu by the Variational Principle (3.3), and
P(8.0) = hy(g) + [¢ d. Tt follows that P(g,¢) + [ydit < P(g,¢ +7).

Thus in order to prove the uniqueness of the equilibrium state for an expanding
Thurston map f: S — $? and a real-valued Holder continuous potential ¢, it suf-
fices to prove that card (Vg P f,-)) = 1. Then we can apply the following fact from
functional analysis (see i Theorem 3.6.5] for a proof):

Theorem 5.23. Let V be a separable Banach space and Q: V — R be a convex
continuous function. Then for each x € V, the following statements are equivalent:

1. card (V;Q) =1
2. The function t — Q(x+1ty) is differentiable at O for eachy € V.

3. There exists a subset U C 'V that is dense in the weak topology on'V such that
the functiont — Q(x+ty) is differentiable at 0 for each'y € U.

Now the problem of the uniqueness of equilibrium states transforms to the pro-
blem of (Gateaux) differentiability of the topological pressure function. To investi-
gate the latter, we need a closer study of the fine properties of the Ruelle operator
Zp.

¢Let (X,d) be a metric space. A function A: [0,+e0) — [0,+o0) is an abstract
modulus of continuity if it is continuous at 0, non-decreasing, and #(0) = 0. Given
any constant b € [0, 4|, and any abstract modulus of continuity %, we define the
subclass C?((X,d),C) of C(X,C) as

Ci((X,d),C) = {u e C(X,C)| |lull., < b and for x,y € X, [u(x) — u(y)| < h(d(x,y))}.

We denote C/(X,d) = CP((X,d),C)NC(X).

Assume now that (X,d) is compact. Then by the Arzela-Ascoli Theorem, each
CY((X,d),C) (resp. C(X,d)) is precompact in C(X,C) (resp. C(X)) equipped with
the uniform norm. It is easy to see that each C/((X,d), C) (resp. C/ (X, d)) is actually
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compact. On the other hand, for u € C(X,C), we can define an abstract modulus of
continuity by
h(t) = sup{|u(x) —u(y)[x,y € X,d(x,y) <1} (5.45)

for 7 € [0,4-c0), so that u € C,lf((X,d),(C), where f§ = ||ul|..
We will need the following lemma in this section.

Lemma 5.24. Let (X,d) be a metric space. For each pair of constants by,by > 0
and each pair of abstract moduli of continuity hy,h,, there exist a constant b > 0
and an abstract modulus of continuity h such that

{uluz ‘ up e CZII ((Xud)u(c)uuz € CZ;((Xud)u(C)} < Cll;((de)v(C)v (546)

and for each ¢ > 0,
{l
u

More precisely, we can choose b = byby and h = b1hy + byh;.

ue C;ill ((X,d),C),u(x) > c for each x EX} - Cg:zlhl ((X,d),C). (547

Proof. For u; € C;ill ((X,d),C),up € CZ;((X,d),(C), we have [[ujuz||,, < b1b, and
forx,y € X,

Jur (x)uz (x) — g (Y)uz ()| < |uy (x)] Jua (x) — w2 (y)] + [u2 (v)] |u1 (x) — 1 ()]
<bihy(d(x,y)) +bahi(d(x,y)).

Forc>0andu € CZ}I((X,d),(C) with u(x) > ¢ for each x € X, we have H%Hw <1
and forx,y € X,

1 1’
———|<

u(x)  u(y)

u(x) —u(y)
u(x)u(y)

< )
O
Let f,d, ¢, a satisfy the Assumptions. Recall that by (3.27) and Proposition[5.19]
o=9—P(f.9).
We define the function
0 =0 —P(f,9)+loguy —log(ug o f), (5.48)

where 1, is the continuous function given by Theorem[5.17) Then for u € C(S?) and
x € 82, we have
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= ) deg;(y)u(y)exp(9(y) — P(f, ) +loguy (y) —loguy (f(»)))

yef 1)
1 T, s OMus0)exo00) = 7.9)
u¢(x yef!
1
mea(”%)( )
and thus 1
fé’(u)(x) = mfg(uu(p)(x), forn e N. (5.49)

Recall my from Theorem[5.12] Then we can show that jy = ugmg satisfies
fg(w) = Up- (5.50)
Indeed, by (5.49) and (3.30), for u € C(S?),
/ud(Z~ Ko)) /ip u)ugdmy = /Z ung)dmyg
:/W¢d (L5 (mg)) :/W¢dm¢ :/“CW-
By(lﬁ)and@)f() $¢(u¢)—11e

Z deg,(y) (y)expo(y) =1 for x € §2. (5.51)
yef=()
Lemma 5.25. Let f, d, ¢, « satisfy the Assumptions. Then the operator norm of fq;
acting on C(8?) is given by Hfaﬂ = 1. In addition, fq;(]l) =1

Proof. By (5.51), for each x € S? and each u € C(§?), we have

W[ =] L degutexnd()
yef 1)
<lufl Y, degy(v)expo(y)
ye/ 1)
= [|ullo -
Thus H.,?Q;H < 1. Since .£(1) = 1 by &30, H.,?Q;H =1. 0

Lemma 5.26. Let f, d, ¢, « satisfy the Assumptions. Then
¢ € CO%(S%.d). (5.52)

Proof. We fix a Jordan curve % C S? that satisfies the Assumptions (see Theo-
rem [2.16 for the existence of such €). By Theorem 517 uy € C**(S?,d) and
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C{l < ugy(x) < G, for each x € $2, where C, > 1 is a constant from Lemma 5.4
So loguy € CO%(S2,d). Note that ¢ € C**(S52,d), so by (5.48) it suffices to prove
that ug o f € C%%(S%,d). But this follows from the fact that f is Lipschitz with re-
spect to d (Lemma[Z13) and uy € CO%(S?,d). 0

Theorem 5.27. Let f, €, d, A, L satisfy the Assumptions. Then for each o € (0, 1],
each b >0, and each 6 > 0, there exist constants b > 0 and C > 0 with the following
property:

For each abstract modulus of continuity h, there exists an abstract modulus of
continuity h such that for each ¢ € C**(S2,d) with ||, < 6, we have

{L2(u) u e CY(s%.d).n € No} C CL(S%,d), (5.53)
{zg(u)mec,’;(sz,d),neNo} CC(s?,d), (5.54)

where h(t) = C(t% + h(2CoLt)) is an abstract modulus of continuity, and Cy > 1 is
a constant depending only on f, €, and d from Lemmal2.19]

Proof. Fix arbitrary a € (0,1], b > 0, and 6 > 0. By Lemma [5.16 for n € Ny,
u€Ch(S%,d), and ¢ € CO%(S%,d) with ||, < 6, we have

[w]. <. | Zw], <l

where C; is the constant defined in (3.7) in Lemma[5.4] So we can choose b = Cyb.
Note that by (3.77) the constant C; only depends on f, €, d, 0, and o.

Let X° be either the white 0-tile X € X°(f, ") or the black 0-tile X € X°(f,%).
If X™ € X"(f,%) is an m-tile with f™(X™) = X° for some m € Ny, then by Propo-
sition 2.6(i), the restriction f™|ym of f™ to X™ is a bijection from X" to X°. So for
each x € XY, there exists a unique point contained in X”* whose image under f is
x. We denote this unique point by x,,(X™). Note that for each z = x,,,(X™), the num-
ber of distinct m-tiles X € X" (f,%) that satisfy both f"(X) = X and x,,(X) = z is
exactly degm(z).

Then for each x,y € X°, we have
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L2 )~ L))
(1exp($u)) (n(X")) — (uexp($49)) (a(X™))

- ulbw (X)) (exp(S26 (xa(X"))) — exp(Sx@ (yn(X")))) ‘

+

Y. enp(SBOn ) (o (X)) ~ un(X") |
X"eX"(f,%)

Vi (X"):XO
The second term above is

< GI(GA™"d(x,y)) < Ch(Cod (x,y)),

due to (3.32) and the fact that d(x,(X"),y,(X")) < CoA™"d(x,y) by Lemma2.1T9
where the constant Cy comes from.
In order to bound the first term, we define

={X"eX"(f,E) | £ (X") = X°, 8,0 (xa(X")) > Su® (va(X"))},
and
Ay ={X"eX (£, )| £ (X") = X°, 820 (xa(X")) < Su (va(X"))}-

Then by (3.8), Lemma[3.3] and Lemma[5.16] the first term is

< Y lulle (exp(Su@ (xn(X™))) — exp($49 (ya(X"))))

X"EA;S

+ 2 Nl (exp($29 (ya(X"))) — exp(829 (xa(X"))))

X"eA,

T exp($,9(x(X")
s|u||m<<" S ) Y o

Y exp(Sn(ya(X™)))

Xreat XnEA;;
¥ eXP(Sna(yn( "))
n X"eA, _ Z oS
(5 e ) .~
X"eA;,

<2bC>(exp(Cid(x,y)%) —1)
<2bC3d(x,y)%,
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for some constant 63 > 0 that only depends on Cy, C, and diamd(Sz), where C; > 0
is the constant defined in (5.3) in Lemma[5.3] and C, > 1 is the constant defined
in (37) in Lemma[3.4] Note that the justification of the second inequality above is
similar to that of (3.33) in Lemma[5.T6 We observe that by (5.3) and (5.7), both C,
and C; only depend on f, ¥, d, 0, and a, so does Cs.

Hence we get

L2(w)(x) ~ L) )| < 26Cod(x,)% + Co(Cod (x,).

Now we consider arbitrary x € X0 and y € X}? Since the metric space (S?,d)
is linearly locally connected with a linear local connectivity constant L > 1, there
exists a continuum E C §? with x,y € E and E C By(x,Ld(x,y)). We can then choose
z € €NE. Note that max{d(x,z),d(y,z)} <2Ld(x,y).

Hence we get

L))~ Z3@o)|
< |22 () - L3 @) +] L)) - L2 W)
<2bC3d(x,2)% 4+ Coh(Cod (x,2)) + 2bC3d (2,)* + Coh(Cod(z,))
<8bLC3d(x,y)* 4 2C2h(2CoLd(x, ).

By choosing C = max {8bL53,2C2}, which only depends on f, %, d, 0, and «, we
complete the proof of (3.33).

We now prove (5.34).
We fix an arbitrary ¢ € C%*(S? d) with |¢|, < 6. Then by (5.33) in Theo-

rem[3.17]and (3.7) in Lemma[5.4] we have
o], <1,
where b = exp (4179%L( diam(Sz)) a) . By Theorem[3.17]and (5.33) in Lemma[5.16

for each x,y € S2, we have

-1 .
Jugx) g ()| = | tim_~ Y (M0 —%’(I)(x))‘
=
nel, .
< limsup - ‘zé(n)(x)—gé(n)(x)}
n—y+oo nj:()

< Cy (exp(4CiLd(x,y)%) —1).

So
up € G (8%.d), (5.55)

where A is an abstract modulus of continuity given by



5.3 Uniqueness 109
hi(t) = Cy (exp (4C Lt%) — 1), fort € [0,+oo).

Thus by Lemma[5.24] there exist a constant b, > 0 and an abstract modulus of
continuity s, such that

{uug |ue Cp(S%,d), ¢ € CO*($%,d), |9, < 0} € C2(S.d). (5.56)

Then by (5.49), (5.36), (3.33), and Lemma[5.24] we get that there exist a constant
b3 > 0 and an abstract modulus of continuity % such that

{zg(u)yuec,’;(sz,d),neNo} gcg»*(sz,d), (5.57)

for each ¢ € C%%(S?,d) with ||, < 6.
On the other hand, by Lemma [5.25 Hiﬂf(u)

C’(S,d), each n € Ny, and each ¢ € C%%(S?,d). Therefore, we have proved (5.54).
O

< ||lull, < b for each u €

As a consequence, both .,2”5 and fa are almost periodic.

Definition 5.28. A bounded linear operator L: B — B on a Banach space B is almost
periodic if for each z € B, the closure of the set {L"(z)|n € Ny} is precompact in
the norm topology.

Corollary 5.29. Let f, d, ¢, and o satisfy the Assumptions. Let C(S*) be equipped
with the uniform norm. Then both Z: C(8?) — C(8?) and Za: C(8?) — C(5?)

are almost periodic.

Proof. Fix a Jordan curve ¢ C S? that satisfies the Assumptions (see Theorem[2.16]

for the existence of such %). For each u € C(S%), we have u € CP (52,d) for
B = ||ul|., and some abstract modulus of continuity & defined in (5.43). Then the
corollary follows immediately from Theorem[5.27 and Arzela-Ascoli theorem. O

Lemma 5.30. Let f and d satisfy the Assumptions. Let g be an abstract modulus of
continuity. Then for a € (0,1],K € (0,4o), and 8; € (0,+c0), there exist constants
& € (0,400) and n € N with the following property:

For eachu € C;r“’(Sz,d), each ¢ € C%%(S2,d), and each choice of my from The-
orem5.12) if || 9| co.« <K, [uugdmy =0, and ||u||,, > 8, then

|2z < ul..~ &

Note that at this point, we have not proved yet that my from Theorem [53.12] is

unique. We will prove it in Corollary|3.32l Recall that u is the continuous function
defined in Theorem[3.17 that only depends on f and ¢.

Proof. Fix arbitrary constants o € (0,1], K € (0,+00), and 8; € (0,+e0). Fix € >0
small enough such that g(e) < 2. Fix a choice of my, an arbitrary ¢ € C%%(5%,d),
and an arbitrary u € C; (8%, d) with ||¢]|co.a <K, [uugdmgs =0, and [[ul|,, > 8.
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We pick a Jordan curve % C S? that satisfies the Assumptions (see Theorem2.16
for the existence of such %).

By Lemmal2Z.13(iv), there exists n € N depending only on f, €, d, g, and §; such
that for each z € S?, we have U"(z) C By(z,€), where U"(z) is defined in 2.7). We
may assume that " was chosen in such a way that n is minimal for given f, d, g,
and 8;. Thus we can choose n as abve that only depends on f, d, g, and §;.

Since [uuy dmy = 0, there exist points y1,y» € S? such that u(y;) < 0and u(y,) >
0.

We fix a point x € 2. Since f"(U"(y;)) = S2, there exists y € f~"(x) such that
y€U"(y1) CBy(y1,€). Thus

o o1
u(y) <ulyi) +g(e) < = < llufl, — -
So by Lemma[5.23]and (3.8) we have
22

=degyn (Nu(y)exp (Sud () + Y, degp(whu(w)exp (Suo(w))
wef "\ )

6 -
< (|u|m— —1) degn(3)exp (S00) 4l Y degyu(w)exp (Sub(w))
2 wef TN}

Sl X degp(n)exp (:90) — o exp (S,60)

wef " (x)
& ~
= lull. = 5 exp (S,6.(5))-

Similarly, there exists z € f~"(x) such that z € U"(y2) C By(y2,€) and

220002 ~ o+ 2 exp (5,6(2).

Hence we get
0. ~
| 2o <l - Lint{exp(s.60m) we s} 6.58)

Now it suffices to bound each term in the definition of ¢ in (5.48).
First, by the hypothesis, [|¢||., < [|¢||co.« <K (see (0.2).
Next, for each fixed x € $2, by Proposition[5.19] we have
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P(f.0)= lim ~log ¥ degm(y)exp(S,:0(»))

n—-+4oco 1 -
yEfTM(x)

1
< lim —log Z deg n (v) exp(nK)

nten yef"(x)
1
=K+ lim —log Z degn (y)
YEFT'(X)
= K +log(deg f).

Similarly, P(f,¢) > —K + log(deg /). So [P(f,9)| < K + [log(deg f)].
Finally, by Theorem[5.17]and (3.7) in Lemma[5.4] we have

lug|l.. < C2 < exp (Cs),

where

KCy
1-A—¢
and Cy > 1 is a constant from Lemmal[2.19depending only on f, €, and d.

Therefore, by (3.48) and (5.38), } fg(u)H < ||u||.. — &2, where

Cs=4 L (diamy (%)%,

5 = %exp(—n (2K + flog(deg )] +2C5)).

which only depends on f, d, «, K, 8, g, and n. O

Theorem 5.31. Let f: S* — S? be an expanding Thurston map. Let d be a visual
metric on S* for f with expansion factor A > 1. Let b € (0,+0) be a constant and
h: [0,400) — [0,4c0) an abstract modulus of continuity. Let H be a bounded subset
of C%%(S%,d) for some o € (0,1]. Then for each u € C(S*,d), each ¢ € H, and
each choice of mg from Theorem[5.12] we have

. . -
ngrfm Za(u) — U /udm¢ = 0. (5.59)
If, in addition, [uuydmgy =0, then
) . B
Jim |25, =o (550

Moreover, the convergence in both (3.39) and (3.60) is uniform in u € C,';(Sz,d),
¢ € H, and the choice of my.

The equation (5.60) demonstrates the contracting behavior of Z; on a codimen-
sion-1 subspace of C(S?).

Proof. Let L be a linear local connectivity constant of d. We can assume that H # (.
Define a constant K = sup{||¢||co« | € H} € [0,+o0).
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We fix a Jordan curve % C S? that satisfies the Assumptions (see Theorem 2.16
for the existence of such %).
Let My be the set of possible choices of my from Theorem[5.12 i.e.,

My ={me 9(52)|$$(m) = c¢m for some ¢ € R}. (5.61)

We recall that 14 defined in Theorem[5.17]by py = ugmgy depends on the choice
of mg.
Define for each n € Ny,

ay = sup{ Hfé’(w)Hm ‘qb €H,ue Cg(Sz,d),/udu(p =0,my €M¢}.

By Lemmal[5.23] Hiﬂaﬂ =1,s0 H.Zf(u)

u € C(S%,d). Note that ag < b < +oo. Thus {ay, } e, is a non-increasing sequence
of non-negative real numbers.
Suppose now that lirJrrl a, = a > 0. By Theorem [5.27] there exists an abstract
n——oo

is non-increasing in n for fixed ¢ € H and

modulus of continuity g such that
{zg(u) |ne€No.¢ € H,ueCp(S*,d)} CCL(S*.d).

Note that for each ¢ € H, each n € Ny, and each u € C?(8?,d) with [uusdmy =0,
we have j.fg(u)u(p dmy = f.fg(u) dug = 0 by (5.50). So by applying Lemmal[5.30]
with g, a, K, and 6; = 5, we find constants ngp € N and & > 0 such that

— &, (5.62)

=

o ()< 0

foreach n € Ny, each ¢ € H, eachmy € My, and eachu € C2(S?,d) with [uuy dmy =
0 and Hff(u)‘
am < a+ % Then for each ¢ € H, each my € My, and each u € C,'j(Sz,d) with

> % Since liI}Ll an, = a, we can fix m > 1 large enough such that
n—s—+oo

Juduy =0 and Hfam(u) _ > 5, we have
L) < |22 (w) —52§61m—52§a—§- (5.63)
|7l < | Z ). ;

On the other hand, since Hfg(u) H is non-increasing in n, we have that for each
¢ € H, eachmy € My, and each u € C}(S?,d) with [udus =0 and Hfé"(u)Hw <94,
the following holds:

o< gl <5
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Thus Ang-m < MaX {a— %, ¢t <a, .contradict.ing the fact thé.lt {an}nen, is a non-
increasing sequence and the assumption that hT an = a. This proves the uniform
n—s—oo

convergence in (3.60).
Next, we prove the uniform convergence in (5.59). By Lemma [5.25 and (5.49),
for each u € C2(8?,d), each ¢ € H, and each my € My, we have

Hf;@:) ~ / wdmy (5.65)

oo

1
< ug|., ﬁfa”(u) - /udm¢

oo

U u
ol 22 (55 ) = /o ame

_ n( M _ g [2
ol |2z (-1 [ o)

=)

oo

By (3.33) and (3.7), we have
exp(—Cs) < Hu(pHm <exp(Cs), (5.66)

where KC
o 0 . 27\ &
C5 = 4mL (dlamd (S )) s

and Cy is a constant from Lemma depending only on f, ¥, and d. Let v =

ﬁ -1 fﬁ dpg. Then v satisfies

vl szHi
Uy

<2bexp(Cs). (5.67)

Due to the first inequality in (5.66) and the fact that uy € C*%(S2,d) by Theo-
rem 317, we can apply Lemma and conclude that there exists an abstract
modulus of continuity g of ﬁ such that g is independent of the choices of u €

Ch(S%,d), ¢ € H,andmy € My. Thusv € CE(SZ, d), where b = 2bexp(Cs). Note that

Jvugdmg = [vduy = 0. Finally, we can apply the uniform convergence in (5.60)

with u = v to conclude the uniform convergence in (3.39) by (3.63) and (3.66). O
Theorem[5.31limplies in particular the uniqueness of my and fy.

Corollary 5.32. Let f, d, ¢, o satisfy the Assumptions. Then the measure my €
3”(52) defined in Theorem 3. 12]is unique, i.e., mgy is the unique Borel probability
measure on S* that satisfies f‘; (mg) = cmy for some constant ¢ € R. Moreover,

Uy = ugmy is the unique Borel probability measure on S? that satisfies f(’;(“‘?) =
Uy In particular, we have mg = Ho.

Proof. Let my,ity € Z(S?) be two measures, both of which arise from Theo-
rem 512} Recall that for each u € C(S?), there exists some abstract modulus of
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continuity A such that u € Cf (82,d), where B = ||u|... Then by (539) and (E.33),
we see that [udmg = [udiniy for each u € C(S?). Thus my = .

By (330D, Zf (Mg) = Hg. Since ¢ € C™%(S2, d) by Lemma526] we get that Uy =

mg and L1, is the only Borel probability measure on S? that satisfies ‘Z{; (Hg) = Ug.
O

Lemma 5.33. Let f and d satisfy the Assumptions. Let b > 0 be a constant and h an
abstract modulus of continuity. Let H be a bounded subset of C*%*(8%,d) for some
a € (0,1]. Then for each x € S?, each u € C}(S%,d), and each ¢ € H, we have

Loy degpn(v) (Suu(y) exp(S.9(»))

) _ / uduy. (5.68)
e b ) degn (y) exp(Su9(v)) "
yestx

Moreover, the convergence is uniform in x € S, u € C/(S?,d), and ¢ € H.

Proof. We fix a Jordan curve % C S? that satisfies the Assumptions (see Theo-
rem [Z.16 for the existence of such %). By (3.8) and (Z.2), for x € §%, u € C;:(Sz,d),
¢pcH,andneN,

Ly degp(y) (Suu(y))exp(Su0(y))
yef " (x)

Y. degp(y)exp(Sn9(y))
yef"(x)

VY Y degn()ulf () exp(S:6(3))

J=0yef—"(x)

Zy(1)(x)

PX X Y degpuj(z)degp (y)u(z)eSi?0)H5n-00)
i=0zef i @yef ) |
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By Theorem[3.27] {Za"(]l) |lneNg} C C%(Sz,d), for some constant b > 0 and some

abstract modulus of continuity h, which are independent of the choice of ¢ € H.
Thus by Lemma[3.24]

{ugg(1)[neNo,ue Ch(s*d)} C c”l ($%,d), (5.69)
for some constant »; > 0 and some abstract modulus of continuity /;, which are
independent of the choice of ¢ € H.

Hence, by Theorem[3.31]and Corollary[3.32} we have

H'Zé(]l) —up

’ 0, (5.70)

and
Hfé (ufaj(]l)) —ug /u.i%j(]l)qu,

—0, (5.71)

as [ — +oo, uniformly in j € No,¢ € H, and u € C}(5%,d).
Fix a constant K € (0, o) such that for each ¢ € H, ||¢|c0.« < K. By (3.33) and
(&7, we have that for each x € S2,

exp(—Cs) < ugp(x) < exp(Cs), (5.72)
where KC
0 . 20\ &
Cs :41 _AiaL(dlamd(S ),

and Cp > 1 is a constant from Lemma 2.19] depending only on f, %, and d. So by
(5.69), we get that for j € No, u € C2(5%,d), and ¢ € H,

Uy /ufé(]l) dm(pHm <||ug |, Hu.,?aj(]l)Hm < by exp(Cs). (5.73)

By (5.33) in Theorem[3.27]and (5.69), we get some constant b, > 0 such that for all
j,1 € Ny, eachu € C2(S?,d), and each ¢ € H,

Hzl (u,sff )H < by (5.74)

Hence we can conclude from (5.73), (3.74), and (5.71)) that
1
ZZ” J(MZJ ) Zu¢ /MZJ )dm¢'—0,

lim -
n—+eop iz

uniformly in u € C;:(Sz,d), ¢ € H, and x € S?. Thus by (5.70) and (5.72)), we have
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Y
Jj=0

g ug(x) /uofaj(]l)qu,
70 e

:I'—

lim
n—y—+oo

:O,

uniformly in u € C(S?,d),¢ € H, and x € S>. Combining the above with (5.69),
@G70), (372D, and the calculation at the beginning of the proof, we can conclude,
therefore, that the left-hand side of (5.68)) is equal to

1n71 n—1
. : J _ z _
nglfmn ; /MZ¢(]l)dm¢ nglfmn Z /uu¢ dmgy = /udu¢,

and the convergence is uniform in u € C/(S%,d) and ¢ € H. O
We record the following well-known fact for the convenience of the reader.

Lemma 5.34. For each metric d on S* that generates the standard topology on S*
and each o € (0,1], C**(82,d) is a dense subset of C(S?) with respect to the uni-
form norm. In particular, C%%(S?,d) is a dense subset of C(S?) in the weak topology.

Proof. The lemma follows from the fact that the set of Lipschitz functions are dense
in C(S?) with respect to the uniform norm (see for example, Theorem 6.8]).
O

Theorem 5.35. Let f: S? — S? be an expanding Thurston map, and d be a visual
metric on 82 for f. Let ¢,y € CO%(S?,d) be real-valued Hélder continuous functions
with an exponent o, € (0, 1]. Then for eacht € R, we have

EP(fAP +1y) = / Ydie-ry- (5.75)

Proof. We will use the well-known fact from real analysis that if a sequence
{gn }nen of real-valued differentiable functions defined on a finite interval in R con-
verges (1‘)01ntw1se to some function g and the sequence of the corresponding deriva-
tives { } cpy converges uniformly to some function A, then g is differentiable and

dg
x =h

Fix a point x € S? and a constant / € (0, +). Forn € N and r € R, define

1
Fa(r) = ~log Y degp(y)exp(Sa(¢ +17)(v)). (5.76)
YEfT(X)

Observe that there exists a bounded subset H of C%%*(S? d) such that ¢ +1y € H
foreach ¢ € (—1,1). Then by Lemmal[5.33]

1 xp(S,
B, yefZ( )deg,m( Y)(Sn¥(y)) exp(Sa(9 +17)(v))

?( )= fz( )degf,, (v)exp(Sa(¢ +17)(y))
yefn(x

(5.77)
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converges to [yYdpy sy as n — +oo, uniformly in ¢ € (—/,1).
On the other hand, by Proposition[3.19] for each t € (—/,[), we have
lim P,(r) = P(f,9 +1Yy). (5.78)

n—r—+oo

Hence P(f, ¢ +ty) is differentiable with respect to ¢ on (—I,/) and

d . dP,
gP e +ry)= lim —=(r) = ./Yd“wty-

Since I € (0,+o0) is arbitrary, the proof is complete. a

Theorem 5.36. Let f: S* — S% be an expanding Thurston map and d be a visual
metric on S? for f. Let ¢ € C*%(S?,d) be a real-valued Holder continuous function
with an exponent o € (0,1]. Then there exists a unique equilibrium state iy for f
and ¢. Moreover, the map f with respect to Uy is forward quasi-invariant (i.e., for
each Borel set A C S2, if 11y (A) = 0, then iy (f(A)) = 0), and nonsingular (i.e., for
each Borel set A C S%, uy(A) = 0 if and only if py (f~(A)) = 0).

Proof. The existence is proved in Corollary 5200
We now prove the uniqueness.
Since ¢ € C%%(S?,d), by Theorem[5.33the function

t— P(f, ¢ +17)

is differentiable at 0 for y € C%%(S2 d). Recall that by Lemma [5.34] C%%(S52,d)
is dense in C(S?) in the weak topology. We note that the topological pressure
function P(f,-): C(S?) — R is convex continuous (see for example, The-
orem 3.6.1 and Theorem 3.6.2]). Thus by Theorem 5.23] with V = C(S?), x = ¢,
U =C"%(8%d), and Q = P(f,-), we getcard (V; ) = L.

On the other hand, if y is an equilibrium state for f and ¢, then by (3.4) and
G,

)+ [odu=P(r.9)

and for each y € C(5?),

() + [(@+7)du < P9 +7).

So [ydu < P(f,¢ +7v)— P(f,9). Thus by (5.44), the continuous functional y+—
[ydu on C(S?) is in Vi p(y.)- Since ty = ugmg defined in Theorem 517 is an
equilibrium state for f and ¢, and card (V; P f--)) = 1, we get that each equilibrium
state u for f and ¢ must satisfy [ydu = [ydus for y € € (%), i.e., = .

The fact that the map f is forward quasi-invariant and nonsingular with respect
to gy follows from the corresponding result for my in Theorem[5.12] Lemma[5.26]
and the fact that mg = p1y from Corollary[3.32 0
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Remark 5.37. Since the entropy map p —— hy(f) for an expanding Thurston map
f is affine (see for example, [Wal82| Theorem 8.1]),i.e.,if u,v € .# (S, f) and p €
[0,1], then Ay 4 (1—pyv(f) = phu(f) + (1 — p)hy(f), so is the pressure map p —
Py (f,¢) for f and a Holder continuous potential ¢ : §? — R. Thus the uniqueness
of the equilibrium state [y and the Variational Principle (3.3) imply that p, is an
extreme point of the convex set . (S, f). It follows from the fact (see for example,
Theorem 2.2.8]) that the extreme points of .# (52, f) are exactly the ergodic
measures in .7 (S, f) that Uy is ergodic. However, we are going to prove a much
stronger ergodic property of Ly in Sect.[5.4l

The following proposition is an immediate consequence of Theorem[3.31]

Proposition 5.38. Let f, d, ¢ satisfy the Assumptions. Let Ly be the unique equili-
brium state for f and ¢. Then for each Borel probability measure u € P (S?), we
have

(fg)n(u) LN Ug as n — +oo. (5.79)

Proof. Recall that for each u € C(S?), there exists some abstract modulus of con-

tinuity 4 such that u € Cf (5,d), where B = ||ul|.,. By Theorem 536 and Theo-
rem[3.17] we have uy = uymy as constructed in Theorem[3.17 Then by Lemmal[3.23
and (5.60) in Theorem[3.31]

lim <($§)”(u),u>: lim (<u,$§(u—<u¢,u>11)>+<u,$§(<y¢,u>1)>)

n—+oo0 n—>+o0

=0+ (i, (g, u)1) = (ug,u),

for each u € C(S?). Therefore, (3.79) holds. O

5.4 Ergodic properties

In this section, we first prove that if f, ¢, d, and ¢ satisfies the Assumptions, then
any edge in the cell decompositions induced by f and % is a zero set with respect
to the measures mgy or py. This result is also important for Theorem [5.43] We then
show in Theorem [5.41] that the measure-preserving transformation f of the proba-
bility space (S2, Ug) is exact (Definition [5.40), and as an immediate consequence,
mixing (Corollary 5.44). Another consequence of Theorem [5.41]is that 14 is non-
atomic (Corollary 5.42).

Proposition 5.39. Let f, €, ng, d, ¢, « satisfy the Assumptions. Let [y be the
unique equilibrium state for f and ¢, and my be as in Corollary|3.321 Then

oo 40
mg (U f’(%) = Uy (U f’(%”)) =0. (5.80)
i=0 i=0
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Proof. Since py € #(S?,f) is f-invariant, and ¢ C f~ ¢ (%) for each i € N, we
have g ("¢ (¢)\ €) = 0 for each i € N. Since f is expanding, by Lemma[5.11]
there exist m € N and an (mny)-tile X € X" such that X 1€ = 0. Then dX C
f7me(€)\ €. So ug(9X) = 0. Since py = ugmgy, where uy is bounded away from
0 (see Theorem[5.17), we have mg (dX ) = 0. Note that /"¢ | ;x is a homeomorphism
from dX to € (see Proposition- Thus by the information on the Jacobian for f
with respect to my in Theorem[5.12] we get my (%) = 0.

Now suppose there exist k € N and a k-edge e € EF such that mg(e) > 0. Then
by using the Jacobian for f with respect to my again, we get my (%) > 0, a contra-

400 ) oo .
diction. Hence ( U f’(%)) =0. Since py = ugmey, we get Ly ( U f’(%)) =
=0 i=0
O

For each Borel measure 1 on a compact metric space (X,d), we denote by I the
completion of 1, i.e., T is the unique measure defined on the smallest c-algebra Z
containing all Borel sets and all subsets of p-null sets, satisfying (E) = u(E) for
each Borel set £ C X.

Definition 5.40. Let ¢ be a measure-preserving transformation of a probability
space (X,u). Then g is called exact if for every measurable set E with y(E) >0
and measurable images g(E), g (E),. .., the following holds:
. n
Tim_p(g"(E) = 1.

Note that in Definition we do not require 1 to be a Borel measure. In the
case when g is a Thurston map on S? and y is a Borel measure, the set g"(E) is a
Borel set for each n € N and each Borel set E C S2. Indeed, a Borel set E C S2 can
be covered by n-tiles in the cell decompositions of S> induced by g and any Jordan
curve ¢ C S? containing postg. For each n-tile X € X"(f, %), the restriction g"|x of
g" to X is a homeomorphism from the closed set X onto g"(X) by Proposition 2.6
It is then clear that the set g"(E) is also Borel.

We now prove that the measure-preserving transformation f of the probability
space (Sz,uq,) is exact. The argument that we use here is similar to that in the
proof of the exactness of an open, topologically exact, distance-expanding self-
map of a compact metric space equipped with a certain Gibbs state ([PUT0, Theo-
rem 5.2.12]).

Theorem 5.41. Let f: S> — S? be an expanding Thurston map and d be a visual
metric on S? for f. Let ¢ € C¥%(S?,d) be a real-valued Holder continuous function
with an exponent o € (0,1]. Let iy be the unique equilibrium state for f and ¢, and
Wy its completion.

Then the measure-preserving transformation f of the probability space (S, Ho)
(resp. (S2,Tig)) is exact.

Proof. We fix a Jordan curve ¥ C S that satisfies the Assumptions (see Theo-
rem [2.16] for the existence of such &).
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Since pg = ugmy, by (3.33), it suffices to prove that
. 2 7 _
Tim_my (82 1(4)) = 0

for each Borel set A C S? with my(A) > 0.

Let A C §? be an arbitrary Borel subset of S? with my(A) > 0. Then there exists a
compact set E C A such that my (E) > 0. Fix an arbitrary € > 0. Since f is expanding,
by Lemma [3.11] n-tiles have uniformly small diameters if n is large. This and the
outer regularity of the Borel measures enable us to choose N € N such that for each
n > N, the collection

P' = (X" € X"(f,€)|X"NE # 0}

of n-tiles satisfies my (UP") < my(E) + €. Thus for each n > N, we have
m¢( U X”\E) <e&.So Y my(X"\E)< e by Proposition[5.39] Hence
xnepn

Xnepr
LMo (KU\E)
Dm0 me(E) o
Thus for each n > N, there exists some n-tile Y € P" such that
mo("\E) _ & (5.82)

me(Y") = my(E)

By Proposition2.6(i), the map f" is injective on Y. So by Theorem[3.12} Lemma[5.3]
&1, and (3.82), we have

my (f"(Y")\["(E)) _ mg (f"(Y"\E))

my (f*(Y") T my (f(Y"))
/I/n\Eexp(_Sn¢) drmg _@MeY"\E) _ G
/exp(—S”¢)dm¢ = me(Yn) T mg(E)
Jyn

where C; > 1 is the constant defined in (3.7) that depends only on f, €, d, ¢, and
a. By Lemma [5.11] there exists k € N that depends only on f and % such that
(X2 = f5(X?) = S%, where X0 and X} are the white O-tile and the black 0-tile,
respectively. Since f"(Y") is either X0 or X}, by Proposition [5.13 and (5.23), for
eachn >N,

mo (S\/HE)) < mg (£ S(E))
Cie
my(E)

<

exp(kPp, — Sk¢) dmg < exp(kPy, +k |9 ]]..)
/f”(Y”)\f”(E) ¢ ’ ’
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Since € > 0 was arbitrary, we get
: 2 n—+k _
lim_mg (5 \ f (E)) ~0. (5.83)

Thus
s n s n
Tim_mg ('(4)) > Tim_my (/"(E)) = 1.
Hence the measure-preserving transformation f of the probability space ($2, Ug) is
exact.

Next, we observe that since f is Ug-measurable, and is a measure-preserving
transformation of the probability space (Sz,/.t(p), it is clear that f is also fiy-
measurable, and is a measure-preserving transformation of the probability space
(52, Hg)-

To prove that the measure-preserving transformation f of the probability space
(Sz,u_q,) is exact, we consider a [Iy-measurable set B C S? with Ty (B) > 0. Since
Uy is the completion of the Borel probability measure fy, we can choose Borel
sets A and C such that A C B C C C 8% and Jig(B) = [ig(A) = Ty (C) = Hg(A) =
Uy (C). For each n € N, we have f"(A) C f"(B) C f*(C) and both f"(A) and f"(C)
are Borel sets (see the discussion following Definition 3.40). Since f is forward
quasi-invariant with respect to {1 (see Theorem[5.3@), it is clear that s (f"(A)) =

t (/7(C))- Thus
to (f"(A)) = Fo (f"(A)) = Ho (f"(B)) = Iy (/" (C)) = Ko (f"(C))-
Therefore, ngr}rlmu_(p(f”(B)) = ngl}rlm[iq) (f"(A) =1. O

Let u be a measure on a topological space X. Then u is called non-atomic if
u({x}) =0 foreachx € X.
The following corollary strengthens Theorem[3.12

Corollary 5.42. Let f, d, ¢, o satisfy the Assumptions. Let [1y be the unique equi-
librium state for f and ¢, and my be as in Corollary|5.32] Then both [y and my as
well as their corresponding completions are non-atomic.

Proof. Since iy = ugmgy, where ug is bounded away from 0 (see Theorem [5.17), it
suffices to prove that g is non-atomic.
Suppose there exists a point x € SZ with Ug ({x}) >0, then forall y 52, we have

to ({y}) < max{p ({x}), 1 = ko ({x})}-

Since the transformation f of (2, Ug) is exact by Theorem 541l we get that
Ho({x}) = 1 and f(x) = x.

We fix a Jordan curve & C S? that satisfies the Assumptions (see Theorem 2.16]
for the existence of such ). It is clear from Lemma[5.11]that there exist n € N and
an n-tile X" € X"(f,%’) with x ¢ X". Then py(X") = 0, which contradicts with the
fact that 14 is a Gibbs state for f, ¢, and ¢ (see Theorem[5.17]and Definition [5.3).

The fact that the completions are non-atomic now follows immediately. a



122 5 Equilibrium states

Let f, d, ¢, a satisfy the Assumptions. Let [ty be the unique equilibrium state
for f and ¢, and Tiy its completion. Then by Theorem 2.7 in [Ro49], the complete
separable metric space (S,d) equipped the complete non-atomic measure Ly is a
Lebesgue space in the sense of V. Rokhlin. We omit V. Rokhlin’s definition of a
Lebesgue space here and refer the reader to Sect. 2], since the only results
we will use about Lebesgue spaces are V. Rokhlin’s definition of exactness of a
measure-preserving transformation on a Lebesgue space and its implication to the
mixing properties. More precisely, in [Ro61]], V. Rokhlin gave a definition of exact-
ness for a measure-preserving transformation on a Lebesgue space equipped with
a complete non-atomic measure, and showed Sect. 2.2] that in such a con-
text, it is equivalent to our definition of exactness in Definition 5.40l Moreover, he
proved Sect. 2.6] that if a measure-preserving transformation on a Lebesgue
space equipped with a complete non-atomic measure is exact, then it is mixing (he
actually proved that it is mixing of all degrees, which we will not discuss here).

Let us recall the definition of mixing for a measure-preserving transformation.

Definition 5.43. Let ¢ be a measure-preserving transformation of a probability
space (X, ). Then g is called mixing if for all measurable sets A,B C X, the fol-
lowing holds:

. n B '
Jim i (e7"(A)NB) = p(A) - u(B).

We call g ergodic if for each measurable set E C X, g~ !(E) = E implies either

U(E)=0oru(E)=1.

It is well-known and easy to see that if g is mixing, then it is ergodic (see for
example, ).

Corollary 5.44. Let f, d, ¢, « satisfy the Assumptions. Let [1y be the unique equili-
brium state for f and ¢, and [iy its completion. Then the measure-preserving trans-
formation f of the probability space (S?, l1y) (resp. (S°,Tig)) is mixing and ergodic.

Proof. By the discussion preceding Definition [3.43] we know that the measure-
preserving transformation f of (Sz,u_q,) is mixing and thus ergodic. Since any fiy-
measurable sets A, B C S are also Hy-measurable, the measure-preserving transfor-
mation f of (S%, ity) is also mixing and ergodic. O

5.5 Co-homologous potentials

The goal of this section is to prove in Theorem that two equilibrium states
are identical if and only if there exists a constant K € R such that K1 and the
difference of the corresponding potentials are co-homologous (see Definition [3.46).
We use some of the ideas from in the process of proving Theorem[3.43 We
establish a form of the closing lemma for expanding Thurston maps in Lemma .30
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Theorem 5.45. Let f: S*> — S? be an expanding Thurston map, and d be a visual
metric on S for f. Let ¢,y € C¥%(S?,d) be real-valued Holder continuous functi-
ons with an exponent o, € (0,1]. Let [y (resp. [Ly) be the unique equilibrium state
for fand ¢ (resp. y). Then Uy = Wy if and only if there exists a constant K € R
such that ¢ —y and Klg are co-homologous in the space C(S?) of real-valued
continuous functions.

Definition 5.46. Let g: X — X be a continuous map on a metric space (X,d). Let
A C C(X,C) be a subspace of the space C(X,C) of complex-valued continuous
function on X. Two functions ¢, y € C(X,C) are said to be co-homologous (in ')
if there exists u € % such that ¢ —y =uog—u.

Remark 5.47. As we will see in the proof of Theorem[3.43at the end of this section,
if L1y = Wy then the corresponding u can be chosen from C%%(S2,d).

Lemma 5.48. Let f and € satisfy the Assumptions. If f(€') C €, then for m,n € N
with m > n and each m-vertex v € V" (f,€) with W" (V™) C W™ "(f"(v")), there
exists x € W" (V") such that f"(x) = x.

ere W' (v enotes the closure of the open set v,
Here W' (v") d he cl f the op W (ym

Proof. Since v € W™ "(f"(v™")) and (%) C €, depending on the location of v",
there are exactly three cases, namely, (i) V" = f"(v"); (ii) v is contained in the
interior of some (m — n)-edge; (iii) v is contained in the interior of some (m — n)-
tile. We will find a fixed point x € Wm(vm) of f in each case.

Case 1. When v" = (™), we can just set x = V.

Case 2. When V" € inte(e™ ") for some (m — n)-edge " " € E™ " with
inte(e™ ") C W™ (f"(v™)), it is clear that W™ (v") C X; UX, when X|,Xs €
X" form the unique pair of distinct (m — n)-tiles contained in W (f"(v'™))
with X; N X, = €. We can choose a pair of distinct m-tiles Y1,Y> € X" with
YUY, CW"(V), f1(11) = X1, f"(Y2) = X,, and Y} N Y, = ¢™ for some m-edge
" e E". If either Y| C X| or ¥» C X, say ¥» C X», then since X is homeomorphic
to the closed unit disk in R?, and f" maps ¥>» homeomorphically onto X, (Pro-
position 2.6(i)), we can conclude by applying Brouwer’s Fixed Point Theorem on
((f™)|y,) " that there exists a fixed point x € ¥> of f". (See for example, Fig.[5.2))
So we can assume without loss of generality that Y1 C X, and Y¥> C X;. Suppose
now that inte(e™) C inte(X;), then ¥, UY, C X;, fori € {1,2}. So €™ C ¢™". Since
/™ maps €™ homeomorphically onto ¢”~" by Proposition2.6{i), and " is home-
omorphic to the closed unit interval in R, it is clear that there exists a fixed point
x € e™ of f". (See for example, Fig.[5.3])

Case 3. When v € inte(X" ") for some (m —n)-tile X" € X" " contained in
W (f1(v™), itis clear that W™ (") € X", Let X € X" be an m-tile contained
in W"(»") such that f"(X™) = X", Since X""~" is homeomorphic to the closed
unit disk in R?, and f” maps X" homeomorphically onto X"~ (Proposition2.6l1)),
we can conclude by applying Brouwer’s Fixed Point Theorem on ((f")|x=)~! that
there exists a fixed pointx € X" of f". ad
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X2
i %
Vl( m) ‘ m—n
o e
X
Fig. 5.2 An example for Case 2 when ¥, C X5.
T Xo
n( r") t m m—n
v )2 ’ e
X

Fig. 5.3 An example for Case 2 whenY; € X, Y> € Xo.
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Lemma 5.49. Let f and € satisfy the Assumptions. Then there exists a number K €
No such that the following statement holds:

For each x € S%, each n € Ny, and each n-tile X" € X" (f,€), if x € X", then there
exists an n-vertex V' € V'(f,€)NX" with

U™ (x) CW" (V™). (5.84)

Proof. We will first find x € Ny such that the statement above holds when n = 0.
We will then show that the same k works for arbitrary n € Np.

We fix a visual metric d on S? for f with expansion factor A > 1.

Note that the collection of 0-flowers {W°(+0)[v? € V°} forms a finite open co-
ver of $2. By the Lebesgue Number Lemma ([Mu00, Lemma 27.5]), there exists a
number € > 0 such that any set of diameter at most € is a subset of W°(»°) for some
W € V9. Here ¢ depends only on f, €, and d. Then by Proposition 2.13[iii), there
exists k € Ny depending only on f, €, and d such that diam,(U*(x)) < € for x € S2.
So for each x € §2, there exists a 0-vertex V) € V9 such that U*(x) € WO(»9). Let
X9 € X be a 0-tile with x € X°, then clearly ¥ € X°.

In general, we fix x € %, n € Ny, and X" € X" with x € X". Set A = V"N
X". By Proposition [2.6] we have f"(W"(y")) = Wo(f”( ")) and f”(aW”( ") =
IWO(f"(v")) for each v* € A. Suppose U""¥(x) € W"(v") for all v* € A. Since
x € X" and U""¥(x) is connected, we have U”*"( )n QW”( ") # 0, and thus by
Proposition 2.6{1)

UR(f" () NawO(f"(v")) 2 (U™ () N " (@W" (V")) # 0,

for each v" € A. Since f"(A) = V° by Proposition[2Z.6] it follows that U (f"(x)) ¢
WO(»0) for all v! € VO, contradicting the discussion above for the case when n = 0.

Finally, we note that (3.84) holds or fails independently of the choice of d. The-
refore, the number x depends only on f and €. O

The following result can be considered as a form of the closing lemma for expan-
ding Thurston maps. It is a key ingredient in the proof of Proposition which
will be used to prove Theorem 5.43] Note that Lemma [5.30] is more technical and
in some sense slightly stronger than the closing lemma for forward-expansive maps
(see Corollary 4.2.5]). We need it in this slightly stronger form, since the
distortion lemmas (Lemma[5.3] and Lemma[3.4) cannot be applied in the proof of
Proposition[3.321

Lemma 5.50 (Closing lemma). Let f, €, d, A satisfy the Assumptions. If f(€) C
€, then there exist M € Ny, & € (0, 1), and By > 1 such that the following statement
holds:

For each § € (0,8), if x € $? and | € N satisfy | > M and d(x,fl(x))
there exists y € S? such that f'(y) =y € UN*!(x) and d(f(x), f1()) < Bo
foreachie {0,1,...,1}, where N = [—logA (50715ﬂ € Np.

<6 then
OA

Proof. Define
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& = (2K) 1A, (5.85)
Bo = 4K>A*T! = 2K 8, !, (5.86)
M = [log, (10K?) | + Kk € Ny, (5.87)

where K > 1 and x € Ny are constants depending only on f, ¢, and d from
Lemma[2.13]and Lemma[5.49] respectively.
We fix § € (0,d] and set

B = Bod. (5.88)
Note that N = [ —log, (8, '8) | = [ —logy %] € Ny by (5.88) and (5.86). So
2KA™N < B <2KANTL, (5.89)
and by (3.88) and (3:86), we have
8 < (2K)TA- WK, (5.90)

Recall that by Lemma . 13(iii), for z € $? and n € Ny, we have
By(z, K 'A™") <U"(z) < By(z, KA™). (5.91)

Fix x € §? and [ € N as in the lemma. Let X" € X" be an N-tile containing f"(x).
By Lemmal[5.49] there exists an N-vertex vV € VN N X" such that

yNix (fl(x)) cwh (W), (5.92)

There exist XV € XN and vV € VN N XN+ such thatx € XN, 1 (XNT) =
XN, and f! (WH) =N, Since I > M and WV (VW) C UNT(x), we get from
(5:90), (591D, and (5.87) that if z € WVH! (VV*1), then

4 (110),2) < (£109,5) +dlx,0) < 6+26A -0
A*(N‘FK') 2KA7(N+K)
= +
- 2K 10K2
Thus by (3.91) and (5.92), we get

AR (VNH) c yN+x (fl (x)) cwhN (VN) :

< K*lAf(NwLK‘)'

By Lemma[S48] there exists y € W ' (WH) C UNT!(x) such that f!(y) = y.
It suffices now to verify that d (f7(x), fi(y)) < BoSA~U=D for i € {0,1,...,1}.
Indeed, since by Proposition[2.6]

L@, ey WY (W) ot (p (W)
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forie {0,1,...,1}, we get from (5.91)), (5.89), and (5.88)) that
d (fi(x),fi(y)) < 2KA7(N+17i) < ﬁAf(lfi) _ [305/\7(171')'
O

The next lemma follows from the ropological transitivity (see Defini-
tion 4.3.1]) of expanding Thurston maps and Lemma 4.3.4 in [PU10]. We include a
direct proof here for completeness.

Lemma 5.51. Let f: S* — S? be an expanding Thurston map. Then there exists a
point x € §? such that the set { f"(x)|n € N} is dense in S°.

Proof. By Theorem 9.1 in [BM17], the topological dynamical system (S2, f) is a
factor of the topological dynamical system (J®, X) of the left-shift X on the space J*
of all infinite sequences in a finite set J of cardinality cardJ = deg f. More precisely,

~+oo
if we equip J® = [ J with the product topology, where J = {1,2,...,deg f}, and
i=1

let the left-shift operator X map (ij,i,...) € J? to (i2,i3,...), then there exists a
surjective continuous map & : J® — S? such that Eo X = fo&.
It suffices now to find y € J® such that the set {Z"(y)|n € N} is dense in J©.

foo

Indeed, if we let {w;};cy be an enumeration of all elements in the set |J J' of all
i=1

finite sequences in J, and set y to be the concatenation of wy,w»,..., then it is clear

that {£"(y) |n € N} is dense in J©. O

Following a similar argument as in the proof of Proposition 4.4.5 in [PUI0],
we get the next proposition. Note that here we do not explicitly use the distortion
lemmas (Lemma[3.3land Lemma [5.4)).

Proposition 5.52. Let f, €, d, A satisfy the Assumptions. Let ¢,y € C%%((5?,d),C)
be complex-valued Holder continuous functions with an exponent o € (0,1]. If
J(€) CE, then the following conditions are equivalent:

() If x € $? satisfies f"(x) = x for some n € N, then S,¢(x) = S, y(x).
(ii) There exists a constant C > 0 such that |S,¢ (x) — S,w(x)| < C for x € S? and
n € Np.
(iii) There exists u € CO%((8%,d),C) such that ¢ —y = uo f —u.

Moreover, if ¢,y € CO%(S?,d) are real-valued, then we can also choose u in (iii)
to be real-valued.

Proof. The implication from (iii) to (ii) holds since |S,¢(x) — S,y (x)| = |(uo
£ (x) —u(x)| < 2|lul|., forx € S> and n € N.

To prove that (ii) implies (i), we suppose that f"(x) = x and D = S,¢(x) —
S,¥(x) # 0 for some x € S? and some n € N. Then |S,;¢ (x) — S,y (x)| =i|D| > C
for i large enough, contradicting (ii).
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We now prove the implication from (i) to (iii).

Let x € % be a point from Lemma[5.51so that the set A = { f/(x)|i € N} is dense
in $2. Set x; = fi(x) for i € N. Note that x; # x; for j > i > 0. Denote = ¢ — y.
Then 1 € CY%(S?,d). We define a function v on A by setting v(x,,) = S,7 (x). We will
prove that v extends to a Holder continuous function u € C%%((S?,d),C) defined on
52 by showing that v is Holder continuous with an exponent ¢ on A.

Fix some n,m € N with n < m and d (x,, ) < 58, where & € (0, 1) is a constant
depending only on f, ¢, and d from Lemma[5.30 Set € = d(x,,, x;,). We can choose
k € N such that d(x,,x;) < € and k > m + M, where M € Ny is a constant from
Lemma [5.500 Note that d(x,,x;) < d(xXn,Xm) + d(xm,x) < 26 < & and k > n+
M. Thus by applying Lemma 530 with § = 2¢, there exist periodic points p,q €
§% such that ¥ (p) = p, f*"™(q) = q. d (f'(xa), f'(p)) < BoSA~ k== for j €
{0,1,...,k—n}, and d (f/(xm), f7(q)) < BoSA~—="=)) for j € {0,1,....k —m},
where [y > 0 is a constant depending only on f, ¢, and d from Lemma[.49] Then
by (i), we get that

V() = v(em)| = [8a1 (%) = S ()] < [k (o) |+ [Sk—m (2m) |

:|Sk7nrl(xn) - Skfnn(p” + |Sk7mn(xm) - Skfmn(q”
k—n—1 k—m—1

< Y In(fiea) -n(fip)|+ Z 1 (7 (xm)) =1 (F(9))]

i=0
k—n—1

kfmfl
§|n|aﬁ0a6a< Z A~ o(k—n—i) Z Aa(kmz))
=0

§21+a |n|a ﬁ()aga ZAiai = Cd(x,,,xm)a,
i=0

where C =217%(1 —A=%)"!|n|, B¢ is a constant depending only on f, ¢, d, 1,
and o. It immediately follows that v extends to a Holder continuous function u €
C%%((8%,d),C) with an exponent « defined on A = S2. Note that if ¢ and y are
real-valued, so is u. Since u|4 = v and

(vo ) i) =v(xi) = v(xis1) —v(xi) = Sp 1M (x) =S (x) = (1 (x)) = ¢ (x:) — ¥ (x1),
for i € N, we get that (uo f)(y) —u(y) = ¢(y) — w(y) fory € S? by continuity. O

Lemma 5.53. Let f, d satisfy the Assumptions. Let ¢, y,u € C((S?,d),C) be conti-
nuous functions. Then the following are equivalent:

(1) ¢ —y =uo f—u-+ K for some constant K, € C.

(ii) For all n € N, there exists a constant K, € C such that Sy¢ — S,y = uo f" —
u+ K.

(iii) There exist constants n € N and K3 € C such that Sy¢ — S,y = uo f" —u+Kj.

Proof. Tt is clear that (i) implies (ii) and that (ii) implies (iii). To verify that (iii)
implies (i), we assume that
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Sn(x) = SnW(x) = wo f'(x) —u(x) + K3 (5.93)

for x € §2.
Fix an arbitrary point y € $2. By subtracting (5.93) with x = y from (5.93) with
x=f(y), we get

(o ") (y) = (uo f) () + (uo f)(y) — u(y)
=(@of")y)—0) — (wo ")) +w(y),

or equivalently,

O ) = v 3) = (we A 3) +ulf () = 0 () = w(y) = (ue £) () Jg%
Let z € S? be a point from Lemma[5.51]so that the set A = { /" (z)|i € N} is de;nse
in $2. By replacing y in with f(z) for i € Ny and induction, we get that

O(f"(2) = y(f"(2) — (wo £)(F"(2) + u(f"(z) = Ky

fori € N, where K; = ¢(z) — y(z) — (uo f)(z) + u(z). Since A is dense in $%, we get
that ¢ (x) — w(x) — (uo f)(x) +u(x) = K, for x € 5. 0
We are now ready to prove Theorem|5.45

Proof (Proof of Theorem [5.43). We fix a Jordan curve ¢ C S that satisfies the
Assumptions (see Theorem[2.T6l for the existence of such %).
We first prove the backward implication. We assume that

O —y—Klp =uof—u (5.95)
for some u € C(S?) and K € R. It follows immediately from Proposition[5.19] that

P(f,¢)=P(f,y¥)+K. (5.96)

By Theorem[3.17] Proposition[5.19] Corollary[5.20] and Theorem[5.36] the measure
Uy (resp. Ly) is a Gibbs state with respect to f, &, and ¢ (resp. W) with constants

Py, = P(f,9) and Cy, (resp. Py, = P(f,y) and Cy,). Then by (5.8), (5.95), and
(5.96), for i € Ny and X' € X/(f, %),

Ho(X) _ o o exp(Siy(x) —iP(f,y)
y(X7) — TR exp(Sig (x) —iP(f,9))
= Cpiy Cpy exp(u(x) — (o f)(x)) < Cy Cpy exp(2|lull..),  (5.97)

=

where x € X'. Let E C S? be a Borel set with ty(E) = 0. Fix an arbitrary number
€ > 0. We can find an open set U C $2 such that E C U and Uy (U) < €. Set

V:U{inte(X)‘X € DQVi(f,%),XﬁE#(D,X C U}.
i=0
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qoo

Then E C V UA, where A = |J f~'(%). By Proposition we have 14 (A) =

i=0

Hy(A) = 0. So by (5.97), we get
Ho(E) < o (V) < Dy (V) < Dty (U) < De,

where D = Cy,Cy,, exp(2|[ul|.,). Thus iy is absolutely continuous with respect to
Wy. Similarly Ly is absolutely continuous with respect to ly. On the other hand,
by Corollary 5.44] both g and p, are ergodic measures. So suppose Uy 7# My,
then they must be mutually singular (see for example, [Wal82] Theorem 6.10(iv)]).
Hence iy = Ly

We will now prove the forward implication. We assume [y = Ly
Denote F = f", where n = ny is a number from the Assumptions with f"(%) =
F(%) C %. By Remark[2.11] the map F is also an expanding Thurston map.

For the rest of the proof, we recall S,,n = mzl n o f! and denote §mn = m):1 NoF!
i=0 i=0

for n € C(S?) and m € Ny.

Denote ¢, = S,¢ and y,, = S,y. It follows immediately from Lemma 2.13] that
O, Y € CO4(S%,d).

Note that since Uy is an equilibrium state for f and ¢, it follows that t is also an
equilibrium state for F and ¢,. Indeed, by (3.4) and the fact that hy, (f") = nhy, (f)
(see for example, Theorem 4.13]), we have

Pﬂq)(Fv(Pn):hﬂ¢(fn)+/sn¢du¢ :nhﬂ¢(f)+n/¢du¢ :nP(fv(P) :P(Fa(pn)a

where the last equality follows immediately from Proposition Similarly, the
measure [y = Uy is an equilibrium state for F and ;.

Thus by Theorem[5.17] Proposition[5.19] Corollary[5.20] and Theorem[3.36] the
measure Uy = [y is both a Gibbs state with respect to F, &, and ¢,, and with
constants P(F, ¢,) and C, as well as a Gibbs state with respect to F, €, and vy, and
with constants P(F, y,) and C’, for some C > 1 and C’ > 1. By (5.8), we have

% < exp (§m¢n(x) - gmwn (x) - mP(F, ‘Pn) +mP(F, Wn)) <cc

for x € §? and m € Ny. So }gman(x) —§mT/n(x)} < log(CC') for x € §? and m €
No, where @,,(x) = ¢, (x) — P(F,¢,) € C**(S?,d) and ¥, (x) = w,(x) — P(F, y,) €
C%%(5%,d). By Proposition[5.52] there exists u € C%*(S%,d) such that

(o f1)(x) —u(x) = 9,,(x) =W, (x) = Su(x) — Sy y(x) — &

for x € §2, where § = P(F, ¢,) — P(F, y,,). By Lemmal[5.33 we get ¢ —y =uo f—
u+ K for some constant K € R. O
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5.6 Equidistribution

In this section, we will discuss equidistribution results for preimages. Let f, d, ¢,
o satisfy the Assumptions and let [y be the unique equilibrium state for f and ¢
throughout this section. We prove in Proposition [5.34] three versions of equidistri-
bution of preimages under f" as n — oo with respect to ty and my as defined
in Corollary 3.32] respectively. Proposition 3.534] partially generalizes Theorem [.2]
where we established the equidistribution of preimages with respect to the measure
of maximal entropy.

Proposition 5.54. Let f, d, ¢, a satisfy the Assumptions. Let [y be the unique equi-

librium state for f and ¢, and mg be as in Corollary[5.32land ¢ as defined in (523).
For each sequence {x, },cn of points in S?, we define the Borel probability measures

&n= degn (v) exp (Sp9(y)) &y, (5.98)
ZON
S~
&= 7 ¢)yef2 )degfn( y)exp (S0 (y Z 8i(y)» (5.99)
- 1 -
&= ——= deg () exp (S0 (y)) by, (5.100)
700 27"
for each n € No, where Z,(y) = ¥ degu(y)exp(S.y(y)), for w € C(S?).
€f 7" (xn) !
Then *y
&~ my as n — +oo, (5.101)
En £> Uy as n —> +oo, (5.102)
&0 5 g asn —s +oo. (5.103)

We note that when ¢ = 0 and x,, = x,,, | for each n € N, the versions (3.101)) and
(5.103) reduce to #.2) of Theorem .2

Proof. We note that follows directly from Lemma[3.33]

The proof of (3.I0T) is similar to that of Lemma [5.33] For completeness, we
include it here in detail.

For each sequence {x,},en of points in S?, and each u € C(5%,d), by (3.8) and

([3.28) we have
Z3()(x)

(Enou) = gg(]l)(xn) N gg(l)(xﬂ)'

By Theorem[3.31]

| Z2(1) — uo|_— 0ana Hzg(u) — /uqu, —0

=
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as n — +o0. So by (3.33),

L2 (u) (xp)
. ) B
. e ~ e

Hence, (3.101) holds. N
Finally, (5.103) follows from (Z.101) and the fact that ¢ € C%%(5?,d) (Lemma[5.26)

and mg = Hg (Corollary|[5.32)). O

5.7 A random iteration algorithm

In this section, we follow the idea of [HT03] to prove that for each p € S?, the equi-
librium state (s for an expanding Thurston map f and a given real-valued Holder
continuous potential (with respect to a visual metric) is almost surely the limit of

1}1716
pp LY

as n — +oo in the weak* topology, where go = p, and g; is one of the points x in
S (gi-1). chosen with probability deg s (x) exp (¢ (x)). for each i € N. Here ¢ is de-
fined in (3.48). Note that when ¢ = 0, we have that 1, is the measure of maximal en-

tropy of f and that ¢ = —/op(f) = —log(deg f), thus deg(x) exp (¢ (x)) = dZ‘Z?).
To give a more precise formulation, we will use the language of Markov process
from the probability theory (see for example, for an introduction).

Let (X, d) be a compact metric space. Equip the space (X)) of Borel probability
measures with the weak* topology. A continuous map X — &?(X) assigning to each
x € X a measure [, defines a random walk on X. We define the corresponding
Markov operator Q: C(X) — C(X) by

06(x) = [0()dus(y): (5.104)
Let O* be the adjoint operator of Q, i.e., for each ¢ € C(X) and p € Z(X),
Jeodp= [oaep) (5.109)
Consider a stochastic process (2,.7, P), where

~+oo
1. @ ={(wp,m,...)|w; € X,i € Ng} = [ X, equipped with the product topo-
i=0

logy,
2. .7 is the Borel o-algebra on Q,

3. Pe Z(Q).
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This process is a Markov process with transition probabilities { L, } vex if
Pl 1 EA[@) =20,01 =21,..., 00 =20} = Uz, (A) (5.106)

for all n € Ny, Borel subsets A C X, and zg,z21,...,2, € X.
The transition probabilities { L} rex are determined by the operator Q and so we
can speak of a Markov process determined by Q.

Let f, d, ¢, o satisfy the Assumptions. Set Q = fa. Then for each u € C(S5?),

Qulx) = [uly)duly)

where

=Y, degy(z)exp(9(2))8..
zef~1(x)

By (5.51), we get that u, € Z2(S?) for each x € S2. We showed that the Ruelle
operator in (3.7) is well-defined, from which it immediately follows that the map
x> L, from $? to Z2(S?) is continuous with respect to weak* topology on 22 (S?).

Fix an arbitrary z € S?. Then there exists a unique Markov process (2,.%,P,)
determined by Q with

~+oo
1. Q = [I $2, equipped with the product topology,
i=0

2. .7 being the Borel o-algebra on £,
3. P, being a Borel probability measure on £2 satisfying

Pl €Al =2,01=21,...,0, =2, } = U, (A)

for all n € N, Borel subset A C S2, and 21,22,-+,2n € S2.

The existence and uniqueness of P, follows from Theorem 1.4.2]. Since the
Markov process (,.%,P,) is determined by f and ¢ as well, we will also call
(Q,.7,P.) the Markov process determined by f and ¢.

Now we can formulate our main theorem for this section.

Theorem 5.55. Let f: S> — S? be an expanding Thurston map and d be a visual
metric on S? for f. Let ¢ € CO%(S?,d) be a real-valued Holder continuous function
with an exponent & € (0, 1]. Let iy be the unique equilibrium state for f and ¢. Let
(Q,.7 ,P,) be the Markov process determined by f and ¢. Then for each z € S?, we
have that P,-almost surely,

1n71

D

Jj=0

8oy~ Hg asn —> +oo. (5.107)

In other words, if we fix a point z € S? and set it as the first point in an infi-
nite sequence, and choose each of the following points randomly according to the
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Markov process determined by f and ¢, then P.-almost surely, the probability mea-
sure equally distributed on the first n points in the sequence converges in the weak”®
topology to Ly as n — +oo.

In order to prove Theorem[5.33] we need a theorem of H. Furstenberg and Y. Ki-
fer from [FK83].

Theorem 5.56 (H. Furstenberg & Y. Kifer). Ler Q = {w, € X |n € Ny} be the
Markov process determined by the operator Q. Assume that there exists a unique
Borel probability measure [ that is invariant under the adjoint operator Q* on
P (X). Then for each axy € X, we have that Py,-almost surely,

n—1 .

=) 0o, s pasn —s oo (5.108)

n -
j=0

Theorem 15.53] follows immediately from Theorem and the fact that the
equilibrium state Wy is the unique Borel probability measure on S? that satisfies
fé‘ (tg) = g (see Corollary[5.32)).



Chapter 6
Asymptotic #-Expansiveness

Chapter[@lis devoted to the investigation of the weak expansion properties of expan-
ding Thurston maps. The main theorem for this chapter is the following.

Theorem 6.1. Let f: S* — S? be an expanding Thurston map. Then f is asymptoti-
cally h-expansive if and only if f has no periodic critical points. Moreover, f is not
h-expansive.

As an immediate consequence of this theorem and J. Buzzi’s result on the asymp-
totic s-expansiveness of C*-maps on compact Riemannian manifolds [Buz97[], we
get the following corollary, which partially answers a question of K. M. Pilgrim (see
Problem 2 in Sect. 21]).

Corollary 6.2. An expanding Thurston map with at least one periodic critical point
cannot be conjugate to a C”-map from the Euclidean 2-sphere to itself.

Remark 6.3. Corollary[6.2] can also be proved using an elementary argument which
we include here. Suppose that a C*-map f: C — C is an expanding Thurston map
with a periodic critical point p. We can assume that p = 0. By Theorem[2.16] there
exists N € N such that the C*-map F = f" is an expanding Thurston map with a
fixed critical point O such that there exists a Jordan curve 4 C S2 with F (¢)C¥
and postF C %. Then there exists r > 0 such that the Jacobian determinant detDF
satisfies |detDF(z)| < % for all z € B, (0,r). Here p is the Euclidean metric on C.
Since F is an expanding Thurston map, there exists n € N such that the n-flower
W"(0) € W' (F, %) is a subset of B,(0,r). Note that F(W"(0)) = W"~1(0). Thus
m(W"=1(0)) < Jwn()|detDF [dm < Im(W"(0)), where m is the Lebesgue measure
on C. On the other hand, it is clear that W"(0) C W"~1(0) since F is an expanding
Thurston map. Since flowers are open, we get that m(W"(0)) < m(W™=1(0)), a
contradiction.

The next corollary follows from Theorem and M. Misiurewicz’s result in
(see also the discussion in Chap.[T)).

135
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Corollary 6.4. Let f: S* — §? be an expanding Thurston map without periodic cri-
tical points. Then the measure-theoretic entropy hy(f) considered as a function of
w on the space . (S, f) of f-invariant Borel probability measures is upper semi-
continuous. Here ./ (8%, f) is equipped with the weak* topology.

Recall that if X is a metric space, a function h: X — [—eo, 40| is upper semi-
continuous if limsup,_,  h(y) < h(x) for all x € X.

Note that Corollary 6.4/ implies a partially stronger existence result than the one
obtained in Theorem[5.11

Theorem 6.5. Let f: S* — S? be an expanding Thurston map without periodic cri-
tical points and w € C(S?) be a real-valued continuous function on S* (equipped
with the standard topology). Then there exists at least one equilibrium state for the
map f and the potential .

See the end of Sect. 6.3 for a quick proof of Theorem[6.3]

In Sect. we prove three lemmas that will be used in the proof of the asymp-
totic h-expansiveness of expanding Thurston maps without periodic critical points.
Lemma [6.6 states that any expanding Thurston map is uniformly locally injective
away from the critical points, in the sense that if one fixes such a map f and a vi-
sual metric d on S for f, then for each § > 0 sufficiently small and each x € 52,
the map f is injective on the §-ball centered at x as long as x is not in a 7(5)-ball
of any critical point of f, where 7(8) can be made arbitrarily small if § tends to
0. In Lemma [6.7] we prove a few properties of flowers in the cell decompositions
of §? induced by an expanding Thurston map and some special f-invariant Jordan

curve. Lemmal6.§] gives a covering lemma to cover sets of the form rn] f{(W;) by
i=0
(m + n)-flowers, where m € Ny, n € N, and each W, is an m-flower.

We review some basic concepts from graph theory in Sect. and provide sim-
ple upper bounds of the numbers of leaves of certain trees in Lemmal6.9] Note that
we will not use any nontrivial facts from graph theory in this monograph.

Section consists of the proof of Theorem [6.] in the form of three separate
theorems. Namely, we show in Theorem the asymptotic h-expansiveness of
expanding Thurston maps without periodic critical points. The proof relies on a
quantitative upper bound of the frequency for an orbit under such a map to get close
to the set of critical points. Lemma[6.9] and terminology from graph theory is used
here to make the statements in the proof precise. We then prove in Theorem[6.1land
Theorem[6.13] the lack of asymptotic h-expansiveness of expanding Thurston maps
with periodic critical points and the lack of h-expansiveness of expanding Thur-
ston maps without periodic critical points, respectively, by explicit constructions of
periodic sequences {v;};cy of m-vertices for which one can give lower bounds for

n—1 .
the numbers of open sets in the open cover \/ f~/ (W™) needed to cover the set
Jj=0
n—1 X
N f/(W"(vu_j)), for [,m,n € N sufficiently large. Here W”(v,_;) denotes the
j=0
m-flower of v,_; (see (2.3)), and W™ is the set of all m-flowers (see (2.6)). These
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lower bounds lead to the conclusion that the topological tail entropy and topologi-
cal conditional entropy, respectively, are strictly positive, proving the corresponding
theorems (compare with Definition 3.3 and Definition [3.6)). The periodic sequence
{vi}ien of m-vertices in the proof of Theorem [6.11] shadows a certain infinite bac-
kward pseudo-orbit in such a way that each period of {v;},cny begins with a bac-
kward orbit starting at a critical point p which is a fixed point of f, and approaching
p as the index i increases, and then ends with a constant sequence staying at p. The
fact that the constant part of each period of {v;},cn can be made arbitrarily long
is essential here and is not true if f has no periodic critical points. The periodic
sequence {v;}icn, of m-vertices in the proof of Theorem shadows a certain
infinite backward pseudo-orbit in such a way that each period of {v;};cn, begins
with a backward orbit starting at f(p) and p, and approaching f(p) as the index i
increases, and then ends with f(p). In this case p is a critical point whose image
f(p) is a fixed point. In both constructions, we may need to consider an iterate of
f for the existence of p with the required properties. Combining Theorems
and[6.13] we get Theorem [6.1] This chapter ends with a quick proof of The-
orem [6.3] which asserts the existence of equilibrium states for expanding Thurston
maps without periodic critical points and given continuous potentials.

6.1 Some properties of expanding Thurstons maps

We need the following three lemmas for the proof of the asymptotic h-expansiveness
of expanding Thurston maps with no periodic critical points.

Lemma 6.6 (Uniform local injectivity away from the critical points). Let f,
d satisfy the Assumptions. Then there exist a number & € (0,1] and a function
7: (0,80] — (0,+00) with the following properties:
i) lim 7(8) = 0.
(@) lim 7(5)
(ii) For each 6 < &), the map f restricted to any open ball of radius & centered
outside the t(08)-neighborhood of crit f is injective, i.e., f|p L (x,8) IS injective
foreachx € S? \N;(ﬁ) (crit f).

This lemma is straightforward to verify, but for the sake of completeness, we
include the proof here.

Proof. We first define a function r: 2\ crit f — (0, +o) in the following way
r(x) = sup{R > O|f|Bd(X’R) is injective},

for x € 82\ critf. Note that r(x) < d(x,critf) < +oo for each x € §2\ crit f. We
also observe that the supremum is attained, since otherwise, suppose f(y) = f(z)
for some y,z € B;(x,r(x)), then f is not injective on the ball By4(x,Ro) containing y
and z with Ry = 1 (r(x) + max{d(x,y), d(x,z)}) < r(x), a contradiction.
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We claim that r is continuous.

Indeed, we observe that for each pair of distinct points x,y € S2, we have r(x)
r(y) —d(x,y). This is true since if r(y) —d(x,y) > 0, then By(x,r(y) — d(x,y))
By(y,r(y)). Now by symmetry, r(y) > r(x) — d(x,y). So |r(x) — r(y)| <d(x,y), and
the claim follows.

Next, we fix a sufficiently small number fy > 0 with 2\ N'¢ (crit f) # 0. We define
a function 6: (0,79] — (0, +e0) by setting

o(t) = inf{r(x) |x € S\ N} (crit )}

for 1 € (0,7p]. We observe that o is continuous and non-decreasing. Since r(x) <
d(x,crit f) for each x € S\ crit f, we can conclude that limo o(t) = 0. By the defini-
11—
tion of &, we get that f|p, (. 5() is injective, for 7 € (0,7] and x € $*\ N (crit f).
Finally, we construct 7: (0, 8] — (0, +e0), where &y = min{1, (1))} by setting
7(0) =inf{r € (0,%]| o(¢) > 8} (6.1)

for each 6 € (0, 8. We note that éimo 7(6) =0.
—

For 6 € (0,80 and ¢ € (7(8),79], we have o(r) > & by (6.I) and the fact that
o is non-decreasing. Since ¢ is continuous on (0,7, we get 6(7(d)) > §. For

each x € §? \N;(‘s) (crit ), we know from the definition of ¢ that fg, (v 5(z(5))) 18
injective. Therefore f|p L (x,5) 1s injective. a

Lemma 6.7. Let [ and € satisfy the Assumptions. Fix m,n € Ny with m < n. If
f(€) C € and no 1-tile in X' (f,%) joins opposite sides of €, then the following
statements hold:

(i) For each n-vertex v € V'(f,6) and each m-vertex w € V"(f,€), if v ¢
W" (w), then W™(w) "W" (v) = 0.
(ii) For each n-tile X" € X"(f,€), there exists an m-vertex v € V"(f, %) such
that X" CW™(W™).
w7n+1 7+l

(iii) For each pair of distinct m-vertices p,g € V' (f,€), W " (p)NW" " (q) =0.

Recall that W" is defined in @23) and W" (p) is the closure of W”(p). Note that a
flower is an open set (see [BM17, Lemma 5.28]) and by definition a tile is a closed
set.

Proof. We first observe that in order to prove any of the statements in the lemma,
it suffices to assume n = m+ 1. So we will assume, without loss of generality, that
n=m+1.

(i) Since v ¢ W"(w), by @3) we get that v ¢ ¢ for each m-cell ¢ € D™ with
w € c. Since (%) = €, for each n-cell ¢ € D" and each m-cell ¢ € D™, if
cNinte(c’) # 0, then ¢’ C ¢ (see Lemma 4.3 and the proof of Lemma 5.7 in
[BM17]]). Thus cNinte(c’) =0 forc € D" and ¢’ € D" withw € cand v € .
So W™ (w)NW"(v) =0 by 2.3).
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(i) Let X € X" be the unique m-tile with X" C X"™. Depending on the location
of X" in X™, it suffices to prove statement (ii) in the following cases:

(1) Assume that X" C inte(X™). Then X" C W™ (v") for any v"* € X" NV™.

(2) Assume that @ # X" Ne C inte(e) for some m-edge ¢ € E™ with e C X™.
Then since no 1-tile joins opposite sides of 4", by Proposition[2.6(i), either
X"NdX™ Cinte(e) or there exists ¢’ € E™ such that X" NdX" C inte(e) U
inte(e’) and eNe’ = {v} for some v € V”. In the former case, choose any
V™" € eN'V™; and in the latter case, let v™ = v. Then X" C W™ (y™).

(3) Assume X" N'V™ £ (. Since no 1-tile joins opposite sides of %, by Pro-
position 2.6(1), there exists some m-vertex v € V™ such that X" N'V" =
{V"}. Let e,e’ € E" be the two m-edges that satisfy eUe’ C X™ and
ene = {v"}. Then by Proposition[2.6(i) and the assumption that no 1-
tile joins opposite sides of €, we get that X" NdX™ C {v"} Uinte(e) U
inte(e’). Thus X" C W™ (V™).

(iii) We observe that since no 1-tile in X' joins opposite sides of ¢’ and f(¢") C €,
by Proposition2.6(i), each (k+1)-tile X k+1 contains at most one k-vertex, for
k € Np. Let p,q € V" be distinct. Then by Remark [2.7] and the observation
above, we know ¢ & W" (p). So by part (i), we get W (p) NW"+1(q) = 0.

Since flowers are open sets, we have W"(p nwt! q) = 0. Tt suffices to
P

prove that W”H(p) C W"(p). Indeed this inclusion is true; for otherwise,

there exist an (1 + 1)-tile X1 C W""'(p) and a point x € W"(p) \ W"(p)
such that {x,p} C X"*!. By (@.3) and applying Proposition 2.6li), we get a
contradiction to the assumption that no 1-tile in X' joins opposite sides of %.

O

Let f: S — S? be an expanding Thurston map, and ¥ C S? a Jordan curve
containing post f such that f(%) C €. We denote, for m € Ny, n € N, ¢ € §2, and
gi € V"(f,%) fori e {0,1,...,n—1},

En(qo,q1;--,qn-1:9) :{xe " (q) }fi(x) eW"(g),ic{0,1,....n— 1}}

n—1
=f"(q)N < O (W"(a) ) : (6.2)
=0

where W (g;) is the closure of the m-flower W”(g;) as defined in Sect.

Lemma 6.8. Let f: S* — S? be an expanding Thurston map, and € C S* a Jordan
curve containing post f such that f(¢) C €. Then

n

(S W™ (pi) € U W (x), (6.3)

i=0 XEEm(PO;P1 s+ Pn—15Pn)

form e Ny, n €N, and p; € V*(f,€) fori € {0,1,...,n}. Here E,, is defined in
(6.2).
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Proof. We prove the lemma by induction on n € N.
For n = 1, we know that for all pg, p; € V"(f, %),

W™ (po) N f W™ (p1) W™ (%) [x € £ (p1),x € W (po) }
_ U Wm+l(x)

XEEm(poip1)

by (62) and the fact that W1 (x) "\W™(py) = 0 if both x € V"1 (f,€) and x ¢
W" (po) are satisfied (see Lemma[6.7)1)).

We now assume that the lemma holds for n = [ for some / € N.

We fix a point p; € V"(f,¢) foreachi € {0,1,...,I,/+ 1}. Then

1+1 ) 1+1 )
N7 " () = W(po) ! ( ﬂf(’”(W’”(pi))) |

i=0 i=1

By the induction hypothesis, the right-hand side of the above equation is a subset of

W (po) N f~! ( U W’"*’(x))

XEEm(P15P2 s PIPI41)

= U (moeonr! (ww))

XEEm(P15P2ssPIPI1)

c U (Uwmolyer @y e W (po)})

XEEm(P15P2s s PIPI1)

_ U U Wm+l+1 (y)7

XEEm(P1,p255P1P1+1) YEEm (Po3x)

where the last two lines are due to (6.2) and the fact that W41 (y) NW™ (py) = 0
if both y € V"HH1(f.%) and y ¢ W™ (po) are satisfied (see LemmalGZ\(1)).
We claim that

U En(po;x) = En(po,P1- - P13 Pi+1)-
XEEm (1,025 P11 1)

Assuming the claim, we then get

I+1
N W™ (pi)) < U W ).
i=0 XEEm(PO:P1y+sPI3PI+1)

Thus it suffices to prove the claim now. Indeed, by (6.2),
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U Em(POQX)
XEEm(P1,025-5P13P1+1)
1
—{y €10 |y e W (po)x e £ (pra) <ﬂf"“ " (1) )}
i=1

—{y € pi)

I

YW o) S0) € (17 (") |
i=1

=En(po,P1;---, P13 Pi+1)-

The induction step is now complete. O

6.2 Concepts from graph theory

We now review the notions of a simple directed graph and of a finite rooted tree that
will be used in the proof of Theorem[6.10} Since the only purpose of such notions is
to make the statements and proofs precise, and we will not use any nontrivial facts
from graph theory, we adopt here a simplified approach to define relevant concepts
as quickly as possible (compare [BJG09]).

A simple directed graph ¢ = (V' (9),&(¥)) is made up from a set of vertices
¥ (¥) and a set of directed edges

EG) SV (G) x V(@) \{ () [ve V (D)}

A simple directed graph ¢ is finite if card ¥ (¢) < 4-eo. Two vertices v,w € ¥ (¥)
are connected by a directed edge (v,w) if (v,w) € &(9). If e = (v,w) € £(¥), then
we call v the initial vertex of e, denoted by i(e), and w the terminal vertex of e, deno-
ted by #(e). The indegree of a vertex v € ¥ (4) is d~ (v) = card{w € ¥ (¥) | (w,v) €
&(9)}, and the outdegree of v is d* (v) = card{w € ¥ (4) | (v,w) € &(¥)}. A path
from a vertex v € ¥ (%) to a vertex w € ¥ (¥) is a finite sequence of vertices v =
V0, V1, V2y ey Vy—1,Vy = w such that (v;,v;1) € &(¥) foreachi € {0,1,...,n—1}.
The length of such a path is n. The distance from v to w is the minimal length of all
paths from v to w. By convention, the distance from v to v is 0, and if there is no
path from v to w for v # w, then the distance from v to w is . If the distance of v to
w is n € Ny, then we say that w is at a distance n from v.

A finite simple directed graph .7 is a finite rooted tree if there exists a vertex
r€ ¥ (7) such that for each vertex v € ¥'(7) \ {r} there exists a unique path from
r to v. We call such a simple directed graph a finite rooted tree with root r, and r
the root of 7. Note that a finite rooted tree has a unique root. A vertex v of a finite
rooted tree .7 is called a leaf (of 7) if d*(v) = 0. If (v,w) € &(7), then w is said
to be a child of v.
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Lemma 6.9 (A bound for the number of leaves). Let .7 be a finite rooted tree
with root r whose leaves are all at the same distance from r. Assume that there exist
constants c,k € N with the following properties:

(i) d* (x) < ¢ for each vertex x € V' (T),

(ii) for each leaf v, the number of vertices w with d™(w) > 2 in the path from r to
v is at most k.

Then number of leaves of 7 is at most c*.

Proof. Let N € Ny be the distance from r to any leaf of 7. For each n € Ny, we
define ¥, as the set of vertices of .7 at distance n from r. It is clear that a vertex
ve ¥ (T)isaleaf of J if and only if v € ¥y.

We can recursively construct a function h: ¥ (7) — . by setting h(r) = 1, and

(w)

for each v € ¥ (.7), defining h(v) = dh+—<w), where w € ¥/(.7) is the unique vertex
with (w,v) € &(.7). See Fig.[6.11l

1 1 11 411 1
Fig. 6.1 The function A for a finite tooted tiee. © 2424 M 24

By the two properties in the hypothesis, we have h(v) > ¢~ for each leaf v €
¥ (7) of 7. On the other hand, it is easy to see from induction that Y, h(w) =1

weYy
foreach n € {0,1,...,N}. In particular, we have Y 7(w) = 1. Thus card #y < ck.
WG'VN
Therefore, the number of leaves of .7 is at most c¥. O

6.3 Proof of Theorem

We split Theorem[6.T]into three parts and prove each one separately here.

Theorem 6.10. An expanding Thurston map f: S* — S? with no periodic critical
points is asymptotically h-expansive.
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Proof. We need to show h*(f) = 0. By (3.16), it suffices to prove that f? is asymp-
totically h-expansive for some i € N. Note that by @.2), f’ has no periodic critical
points for each i € N if f does not. Thus by Lemma2.17] we can assume, without
loss of generality, that there exists a Jordan curve ¢ C S? containing post f such that
J(%) C %, and no 1-tile joins opposite sides of &. We consider the cell decompo-
sitions of 2 induced by f and % in this proof.

Recall that W’ defined in (Z.6)) denotes the set of all i-flowers W(p), p € V', for
each i € Ny.

Since f is expanding, it is easy to see from Lemma[2.13| Proposition2.6, and the
Lebesgue Number Lemma ([Mu00, Lemma 27.5]) that {W'},cy, forms a refining
sequence of open covers of S? (see Definition[3.1). Thus it suffices to prove that

n—1
K (f)= lim lim lim lH(\/fi (Wl)
i=0

m—+00 [y tocon—r+oo

n—1
\ (W’”)) =0. (6.4

J=0

See (B.14) for the definition of H.

We now fix arbitrary n,m,[ € N that satisfy m+n > [ > m.
The plan for the proof is the following. We will first obtain an upper bound
for the number of (m+ n — 1)-flowers needed to cover each element A in the

cover n\/l £~/ (W™) of 2. By Lemma it suffices to find an upper bound
j=0
for cardE,,,(po, p1,--- s Pn—2;Pn—1) for po,p1,...,pn—1 € V". We identify E,,(po,
Ply---sPn2; Pu—1) with the set of leaves of a certain rooted tree. By Lemmal6.9] we
will only need to bound the number of vertices with more than one child in each path
connecting the root with some leave. This can be achieved after one observes that
for an expanding Thurston map with no periodic critical points, the frequency for
an orbit getting near the set of critical points is bounded from above. After this main
step, we will then find an upper bound for the number of (I +n)-tiles needed to cover

n—1 i
A. By observing that each (I + n)-tile is a subset of some element in \/ f~/ (W’ ),
j=0

n—1 . n—1 .
we will finally obtain a suitable upper bound for H < VWY (W”’))
i=0 j=
which leads to (6.4).
n—1 .
LetAe \/ f~/(W™),say
j=0
n—1 )
A= (17 W"(pi) 6.5)
i=0

where po, p1,...,pp—1 € V™. By Lemmal[6.8]

AC U W (x), (6.6)
XEEm(P0sP15+sPn—2:Pn—1)
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where E,, is defined in (6.2).
We can construct a rooted tree  from E,,(po,p1,---,Pn—2;Pn—1) as a simple
directed graph. The set #'(.7) of vertices of .7 is

n—1
V(T)=J{(f(x),n—1—i) €S> xNo|x € En(po,P1,--- Pn2:Pn-1)}
i=0

Two vertices (x,i), (v, j) € ¥ (7) are connected by a directed edge ((x,i), (y,j)) €
&(.7) if and only if f(y) =x and j =i+ 1. Clearly the simple directed graph .7
constructed this way is a finite rooted tree with root (p,—1,0) € ¥ (7).

Observe that if a vertex (x,i) € ¥ (.7) is a leaf of 7, thenx € f~"*!(p, ) and
i=n—1.

® (pn1,0)

(»3)

Fig. 6.2 An example of .7 with n =35 and ¢(v,3) = 4.

For each (x,i) € ¥ (.7), we write ¢(x,i) = d " ((x,i)), i.e.,
c(x,i) =card{(y,i+ 1) e ¥ ()| f(y) = x}. (6.7)

We make the convention that for each x € $? and each i € Z, if (x,i) ¢ 7 (7), then
c(x,i) = —1. See Fig.[6.2 for an example of .7.
Recall that by (©.2)),

Em(Poapla---aPnfz;Pnfl)
:{y ef " pa1) ‘f’(y) eW"(p),ic {0,1,...,n—2}}.

So if (x,i) € ¥ (.7), then c¢(x,i) is at most the number of distinct preimages of x
under f contained in W (p;1). Thus

0 <c(x,i) <degf for (x,i) € ¥ (7). (6.8)
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Fix a visual metric d on S? for f with expansion factor A > 1. The map f is
Lipschitz with respect to d (see Lemma[2.13). Then there exists a constant K > 1
depending only on f and d such that d(f(x), f(y)) < Kd(x,y) for x,y € S*. We may
assume that K > 2.

Define

N, = max{min{i € N| f/(x) ¢ crit f if j > i} |x € crit f}.

The maximum is taken over a finite set of integers since f has no periodic critical
points. So N, € N. Note that by definition, if x € crit f, then fi(x) € post f \ crit f
for each i > N,. Denote the shortest distance between a critical point and the set
post f\ crit f by

D, = min{d(x,y) |x € postf\ critf,y € critf}.

Then D, € (0,4-o0) since both post f \ crit f and crit f are nonempty finite sets.

We now proceed to find an upper bound for
card {i € {0,1,...,n—1}|c(f'(z),n— 1 —i) > 2}

for each (z,n— 1) € ¥ (7), uniform in (z,n — 1). Recall that z € f"*!(p,_;) for
each (z,n—1) € ¥ (.7). We fix such a point z.
In order to find an upper bound, we first define, for each i € N sufficiently large,

_ D —t(3CAT\ |
M,_{logK< TBCA ) )J 2, (6.9)

where the function 7 is from Lemmal6.6] and C > 1 is a constant depending only on
f, ¢, and d from Lemma[2.13] Note that 7(3CA~") — 0 as i — +oo (Lemmal6.6),
thus M; is well-defined for i sufficiently large, and

lim M; = +oo. (6.10)

i—o00

We assume that m is sufficiently large such that the following conditions are both
satisfied:

(i) m>logy, (%),
(ii) My > N,

where & € (0,1] is a constant that depends only on f and d from Lemma
Note that by Lemma[2.13] each m-flower is of diameter at most 2CA . Thus con-
dition (i) implies that for each v € V", each pair of points x,y € Wm(v) satisfy
d(x,y) <3CA™™ < .

Fix k € {0,1,...,n— 1} with ¢ (f*(z),n— 1 —k) > 2. Then k # 0 and the num-
ber of distinct points in W" (p;_;) that are mapped to f*(z) under f is at least
¢(f*(z),n—1—k) > 2. Thus f is not injective on W"(pi_1). See Fig. By
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w" (Pn-1)

’ Wm(pn 2)

W (paea)

Fig. 6.3 #1,%2,%3 € critf, r = T(3CA™™), and ¢(f*(z),n— 1 —i) = 2.

Lemma[2.13] diam, (W" (px_1)) < 2CA ™. Since f*~1(z) € W" (px_1), the map f
is not injective on By (f*~!(z),3CA~™). Then since 3CA™"™ < &, by Lemmal6.6]

d (" @)eritf) <T(3cA™).
Choose w € crit f that satisfies d (f*!(z),w) < 7(3CA™™). Then for each j € Ny,
d (f"“’l (z),f/(w)) <Kit(3cA™). 6.11)

We will show that in the sequence f*(z), f**!(z),..., ff*Mn(z), the number of
terms f¥/(z), 0 < j < M,,, for which the vertex
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(FH@mn—1-k=j)e#(7)
has at least two children is bounded above by N,, i.e.,
card {j € {0,1,...,Mp}|c (fk+f(z),n— 1 —k—j) >2} <N.. (6.12)

Note that M,, is defined in (6.9). Here we use the convention that for each x € §2
and each i € Z, if (x,i) ¢ ¥/ (.7), then ¢(x,i) = —1.

Indeed, for each j € {N;,N, + 1,...,min{M,,,n — 1 —k}}, we have f/(w) €
post f\ critf. Note that here M,, > N, by condition (ii) on m. Thus by (6.11)) and

)

d (£ @),eritf) = d (eritf, £ () = d (7 (), /971 (2)
>D.—K/t(3CA™™)
> D, — KMng(3CA™™)

D.—1(3CA™™)
>0 (2
=1(3CA™™).

) T(3CA™™)

Hence by Lemma [6.6] the restriction of f to By (f**/~(z),3CA™™) is injective.
Note that f*"/~1(z) € W" (pxyj—1), and by Lemma 2.13] diamy (W (pesyj—1)) <
2CA~"™. So f is injective on W (py j—1). Thus

c(f"+-"(z),n— 1 —k—j) —1

foreach j € {N.,N.+1,...,min{M,,;,n— 1 —k}}. Hence

c(fk+'i(z),n— 1 —i—j) e{1,-1}

for each j € {N.,N.+1,...,M,,}. Then (6.12) holds.
Thus we get that

card{i € {0,1,....n—1}|c(f'(z),n—1—i) > 2} <N, {Miw (6.13)

foreach (z,n—1) € ¥ (.7).
Hence by (6.13), (6.8), and Lemma we can conclude that the number of
leaves of 7 is at most (deg f )M’(A;?+1), or equivalently,

cardEy(po, P1s-- - Pn—2:Pn—1) < (degf)N”(ﬁ“)- (6.14)

We have obtained an upper bound for the number of (m + n — 1)-flowers needed
to cover A. Next, we will find an upper bound for the number of (m +n — 1)-tiles,
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and consequently, an upper bound for the number of (I + n)-tiles, needed to cover
A.

Denote the maximum number of i-tiles contained in the closure of any i-flower,
overall i € Ng, by Wy, i.e.,

Wy = sup { card {X' € X' | X' CW/(v)} | j € No,v € V/}.

Observe that Wy = sup{2degi(v) |i € No, v € V'}. Since f has no periodic critical
points, it follows from [BM17, Lemma 18.6] that W is a finite number that only
depends on f.

Thus we can cover A in (6.3) by a collection of (m+ n — 1)-tiles of cardinality at
most Wf'(degf)M’(ﬂ;W+l).

On the other hand, we claim that each (1+n)-tile X'"* € X" is a subset of at

least one element in the open cover \/ F7I(W!) of 2. To prove the claim, we first

fix an (I + n)-tile X'+ € X/*". By Proposmon 2-6lii) and Lemma[6.7]ii), for each
i€{0,1,...,n— 1}, there exists an [-vertex v; € V' such that f7 (X"*") C W!(v;).
Thus

Xt c ﬂ £ (W)
i=0
The proof for the claim is complete.
Note that for each (m+n — 1)-tile X"~ € X"~1 the collection

{Xl+n c Xl+n |Xl+n C Xm+n71}

forms a cover of X" 1t"~! and has cardinality at most (2deg f )l —m+1 \which follows
immediately from Proposition 2.6

n—1 X
Hence, we get that for each element A of \/ f~/(W"), we can find a cover of A
Jj=0
n—1 .
consisting of elements of \/ f~/(W') in such a way that the cardinality of the cover
i=0

is at most (2deg f)! "W, (deg )" (1)
We conclude that

W) < im_ tim Tim g ((2deg )Wy (deg ) (1))

Mm—r+00 [ 4ocon—r+oo

1
— lim lim lim -N, (Miﬂ)log(degf)

m—+0 [ foon—r+oo 11 m

_ iy Nelog(degf)
m—r+-oo Mm
=0.

The last equality follows from (6.10). Therefore i*(f) = 0. 0
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Recall that a point x € 2 is a periodic point of f: > — §? with period n if
f"(x) =xand fi(x) # x foreachi € {1,2,...,n— 1}.

Theorem 6.11. An expanding Thurston map f: S*> — S* with at least one periodic
critical point is not asymptotically h-expansive.

Proof. We need to show A*(f) > 0. By (&.16), it suffices to prove that f is not
asymptotically h-expansive for some i € N. Note that by (Z2), if a point x € §?
is a periodic critical point of f’ for some i € N, then it is a periodic point of f
and there exists j € Ny such that f/(x) is a periodic critical point of f. Thus each
periodic critical point of f7 is a fixed point of 7 if T € N is a common multiple of
the periods of all the periodic critical points of f. Hence by Lemma[2.17} we can
assume, without loss of generality, that there exists a Jordan curve 4’ C S? containing
post f such that (%) C €, and no 1-tile joins opposite sides of ¢, and each periodic
critical point of f is a fixed point of f.

Let p be a critical point of f that is fixed by f.

In addition, we can assume, without loss of generality, that f~!(p)\ € # 0. In-
deed, by Lemma[2Z.12] there exists j € N such that £~/ (p)\ € # 0. We replace f by
f7, and observe that by (Z.2) and the fact that each periodic critical point of f is a
fixed point of f, the set of periodic critical points of f and that of f/ coincide. Note
that for the new map and its invariant curve %, no 1-tile joins opposite sides of &,
and each periodic critical point is a fixed point.

From now on, we consider the cell decompositions of S? induced by f and % in
this proof.

Recall that for i € Ny, we denote by Wi as in (2.6) the set of all i-flowers Wi(p)
where p € V.

Since f is expanding, it is easy to see from Lemma[2.13] Proposition[2.6] and the
Lebesgue Number Lemma ([Mu00, Lemma 27.5]) that {W"}ieN0 forms a refining
sequence of open covers of S? (see Definition 3.I). Thus it suffices to prove that

n—1
K (f)= lim lim lim lH(\/ £ (Wl)
i=0

Mm—r+o | foon—-+oo

n—1 )
Y (W’”)) > 0.
j=0
See (B.14) for the definition of H.

Our plan is to construct a sequence {v;};cny of m-vertices in such a way that

n—1 X
for each n € N, the number of elements in \/ f~' (W’) needed to cover B, =
i=0

n—1 X
N f/(W"(v,—j)) can be bounded from below in such a way that 2*(f) > 0 fol-
j=0

lows immediately. More precisely, we observe that the more connected components
B, has, the harder to cover B,. So we will choose {v;};c as a periodic sequence
of m-vertices shadowing an infinite backward pseudo-orbit under iterations of f in
such a way that each period of {v;};cry begins with a backward orbit starting at p
and approaching p as the index i increases, and then ends with a constant sequence
staying at p. By a recursive construction, we keep track of each B, by a finite subset
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n—1 .
V,, C B, with the property that card(ANV,) < 1 foreachA € \/ f~(W'). A quan-
i=0

titative control of the size of V,, leads to the conclusion that 2*(f) > 0. The fact that
the constant part of each period of {v;},cn can be made arbitrarily long is essential
here and is not true if f has no periodic critical points.

For this we fix m,l € N with [ > m+ 100.

Letk =deg,(p). Then k > 1.

Define gg = p and choose ¢; € f~'(p)\ €. Then g, is necessarily a 1-vertex, but
not a 0-vertex, i.e., ¢; € V!'\ V. Since ¢; ¢ ¢, we have q; € W°(p). By Z.3), the
only 2-vertex contained in W (p) is p. So g1 € WO(p) \ W?(p). Since f (Wi(p)) =
Wi~1(p) for each i € N (see Remark 27), we can recursively choose g; € V/ for
j€{2,3,...,m} such that

i) flgj)=gqj-1,
(i) g; € W1 (p) \ W/t (p).
We define a singleton set Oy, = {q }-
We set g}, = qum.
Next, we choose recursively, for each j € {m +1m+2,...,1— 2_}, a set Q; with
cardQ; = k/~" consisting of distinct points ¢; € V/, i € {1,2,...,k/~™}, such that

i) f(Qj) =01,
(i) Q; CW/=H(p) \W/*! (p).
Note by Remark [27] it is clear that these two properties uniquely determines Q;
from Q; ;.
Finally, we construct recursively, for j € {/ —1,[,I+ 1}, aset Q; with cardQ; =
k'=2=™ consisting of distinct points q;eViie {1,2,...,k"=27™}, such that

() f(d) =4}y
(i)) Qj W/ (p) \W/*!(p).
We will now construct recursively, for each n = (I + 1)s +r, with s € Ny and

re{0,1,...,1}, an m-vertex v, € V" and a set of n-vertices V,, C V" such that the
following properties are satisfied:

(1) V, CSW™(v,) forn € Ny;
2) f(Vy) =V, forneN;
(3) For s € Ny, and

(@) for r =0, V1) S W(p).
(i) forr € {1,2,....m} Vi iysrr SWH (vis1)51r)s
(iii) forre {m+1,m+2,...,1—2}, there exists, foreachi € {1,2,... ,kK"~™},

a subset V(il+l)s+r of V(j41)54 such that



6.3 Proof of Theorem 151

nv/

(I+1)s+r — Oforl <i<j<k™",

@V (I4+1)s+r

kr—m

(b) U (i tysr = Virtystr

© V cw(qr),
(iv) for r € {I— 1,1}, there exists, for each i € {1,2,...,k'"27"}, a subset

V(il+l)s+r of V(,H)H, such that

(2) V1+1 )str
kl 2—m

(b) U V(l+1)s+r Vit nstr

(I41)s+r =

nv’

Uiy, =0for 1 <i< j<k2m,

I+1 (0.
© Vl+1 errCVV+ (qi‘)’

(4) forne Ng,A e \/ £~ (W'), and x,y € V, with x # y, we have {x,y}  A.

We start our construction by first defining v, € V" for each n € N. For s € Ny
andr € {0,1,...,m},set v, 1y, =g, Fors € Noand r € {m+1,m+2,...,1}, set
V(i+1)s+r = P-

We now define V,, recursively.

Let Vo = {qo}. Clearly V) satisfies properties (1) through (4).

Assume that V,, is defined and satisfies properties (1) through (4) for each
ne{0,1,...,(I4+1)s+r}, where s € Npand r € {0, 1,...,/}. We continue our con-
struction in the following cases depending on .

Case 1. Assume r € {0,1,...,m—1}.Then v ) = qrand v 1)op i1 = qrit-
Since f (W1 (g,41)) = W' (q/) (see Remark2.7), and Vi, 1)51» € W'(g,) by the
induction hypothesis, we can choose, for each x € V(; ), a point X eWt (g, 1)

such that f(x') = x. Then define Vit 1)s+r11 to be the collection of all such chosen
x' that corresponds to x € Vi 41)s+r- Note that

card Vi i 1)spp1 = card Vi pyss

All properties required for V(; )54 ,41 in the induction step are trivial to verify.
We only consider the last property here. Indeed, suppose that x,y € V(;, 1),y sa-

(I+1)s+r
tisfy that x # y and {x,y} CA forsomeA € \/  f~'(W'). Then by construction
i=0

f(x),f(y), and f(A) satisfy

(I41)s+r—1

(a) f(A) C B forsome B € \/ f ( )

(b) f( )7 ()EVH-l)s—&-r’andf( )#f( )’
© {fx),f}cra)cs
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This contradicts property (4) for V(; 1,4, in the induction hypothesis.

Case 2. Assume r € {m,m+1,...,1 =3}. Then v, 1)s4ri1 = P> V(i41)s4m = Gm>
and when r # m, we have v, 1y, = p.

If r = m, we define V(ll+1)s+r = V(14 1)s+,- Recall that g}, = g

Note that for each i € {1,2,....k""'""}, (W2 (4,,)) = W’“( ) for

some j € {1,2,...,k"~™} (see Remark 2.7)), and V(l+1)s+r Cc whtl (qi) by the in-

duction hypothesis. For each j € {1,2,...,k"™}, each x € V(l+1)s+r’

{1,2,.. kM with f (W2 (ql,,)) = Wit ( ) we can choose a point X' €

W2 (gl ) such that f(x') = x. Then define V(l+1) el

and each i €

to be the collection of all
. kr+l —m

/ J — i
such chosen x' that corresponds to x € V(l+1)s+r Set Vi tysri1 = U V(l+1)s+r+1

Since Q11 C VI NW™(p), re {mm+1,....1-3},1>m+ 100 and no 1-tile
joins opposite sides of €, we get that

(a) fori,je{1,2,.... k" 17"} with i # j, by Lemmal6.7iii),
W2 (gp,) nw' (‘Iiﬂ) =0,

nv/

(I+1)s+r+1 =0,

and so V(l+l)s+r+l

®) Vistysarr SW"(p).
Thus
card Vi 1)syrp1 = kcard Vg pys

We only need to verify property (4) required for V(; 15,1 in the induction step
now. Indeed, suppose that x,y € V(;, 154,41 With x # y and {x,y} C A for some A €

(I41)s+r
\/ f~*(W'). Then A C W'(v') for some v/ € V'. By construction, there exist

i,j €{1,2,...,k"T="} such that x € W'*2 (¢ ) and y € W'*2 ( ) Note that
dal €V re{mm+1,...,1—-3},and > m+100.S0 ¢ ,q/ , € V2,
Since x € W/(V)NW2 (4L, ), we get ¢l € Wl(vl') by Lemma[6.7(i), and thus
ql,, € V'"? and no 1-tile joins
opposite sides of ¢, we get from Lemmal[6.7]iii) that qi = q 1»1.e., i=j. Thus
f(x) # f(y) by construction. But then f(x), f(y), and f(A) satisfy

(I41)s+r—1

(a) f(A) C B for some B € \/ fa (W’),

(b) f(x)vf( ) € Vl+1)s+r9 and f( ) #f(y)’
© {fx),f}cra)cs

v eW'(¢i,,). Similarly v/ € W' (¢, ). Since ¢’ ,
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This contradicts property (4) for V(; 1,4, in the induction hypothesis.
Case 3. Assume r € {1 —2,1— 1,1}, then v, 1y i1 = V(i1)s4r = P-
Note that for each i € {1,2,....k'=27"}, f (W2 (41, |)) = W' (gl) (see Re-

mark 2.7), and V(il hesr € W't (gL) by the induction hypothesis. For each j €

{1,2,...,k'=2=™} and each x € V(il+1)s+r’

such that f(x’) = x. Then define V(il+1)s+r+1

we can choose a point X' € W2 (¢, )

to be the collection of all such chosen
kl*27m
/ i o i
X' that corresponds to x € V(l+1)s+r‘ Set Vg 1)sri1 = IEJI V(l+1)s+r+1‘

Since Q11 C VAW (p), r€ {I—2,1—1,1},and [ > m+ 100, we get that
(a) fori,je€{1,2,....k!=27"} with i # j,

f(v(ll+1)s+r+1) mf(v(jl+l)s+r+l) = V(ll+1)s+rﬁv(jl+l)s+r =0
(by the induction hypothesis), and so

vi

Vi (+1)s+r+1

11)s4r1 0] 0,

(b) V(l+1)s+r+1 CW™(p),
(c) if r =1, then Vi; )51 € W (p).
Thus
card Vi 1)s4ry1 = card Vi, pysqp

We only need to verify the last property required for V(;, 1)s, in the induction
step now. Indeed, suppose that x,y € V(. 1)s4 41 Withx #y and {x,y} C A for some

(+)s+r
A€ '\  f7'(W'). Then by construction f(x), f(y), and f(A) satisfy
i=0

(I4-1)s+r—1 )
(a) f(A)CBforsomeBe \/  f(W),
i=0
(b) f(x)vf(y) € V(l+1)s+r’ and f(-x) # f(y)’
© {f(x),f)} € f(A) CB.
This contradicts property (4) for V(; 1,4, in the induction hypothesis.

The recursive construction and the inductive proof of the properties of the con-
struction are now complete.
Note that by our construction, we have

cardV ), =k seN. (6.15)

For each s € N, we consider

(+1)

1)s—1 S
Buins= [) £ (wn (Vis1ys—j)) € fwm.
Jj=0 j=0
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Then V(1 1); € B(;41)s by properties (1) and (2) of the construction. On the other

(I+1)s—1
hand, by property (4), if .o/ C _\/ 77 (W') satisfies

U 2 Bsiys 2 Vg

So card @ > cardV{; ).
Thus by (13D, (314), and (€13,

n—1
K(f)= lim lim lim lH(\/ T (w’

Mm—~+00 [—4ocon—r+0 f i—0

n—1
) v (W >>

7
log (k(l m=2)s )

> liminfliminfliminf
m—rtoo |spoo st (I4+1)s

[—m—2
— liminfliminf — = logk

m—+oo [t [+ 1
=logk

> 0.
Therefore, the map f is not asymptotically s-expansive. a

Lemma 6.12. Ler g: X — X be a continuous map on a compact metric space (X,d).
If g is h-expansive then so is g" for eachn € N.

The converse can also be easily established, i.e., if g" is h-expansive for some
n € N, then so is g. But we will not need it in this paper.

Proof. We first observe from Definition 3.1 that if {&;},cn, is a refining sequence
n—1 .
of open covers, then so is {/'} /ey, foreachn € N, where §' = \/ ¢ (&;). We also

note that given an open cover A of X, we have

mn—1 m—1
Ve'@)=\ @)’ o
i=0 Jj=0

for n,m € N, where 1" = \/g k(a).

Assume that g is h- expanswe then A(g|A) = 0 for some finite open cover A of
X. Thus foreachn € N,
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mn—1
h(g|A) = lim lim iH( \/ g (&)

[—+o0m—s—+oo MmN

i=0 j=0
1 1 m—1 ) m—1 )
_ . - n\—l1 n n\—J n
=l (V@) ED | V@) R

1 niqn

where &', A" are defined as above. Note that A" is also a finite open cover of X.
Therefore i1 (g"|A") =0, i.e., g" is h-expansive. O

The proof of the following theorem is similar to that of Theorem|[6.11] and slig-
htly simpler. However, due to subtle differences in both notation and constructions,
we include the proof for the convenience of the reader.

Theorem 6.13. No expanding Thurston map is h-expansive.

Proof. Let f be an expanding Thurston map.

By Theorem[6.11land the fact that if f is ~-expanding then it is asymptotically A-
expansive (see Corollary 2.1]), we can assume that f has no periodic critical
points.

Note that by @.2), if a point x € S? is a periodic critical point of f for some
i € N, then there exists j € Ny such that f/(x) is a periodic critical point of f. So f'
has no periodic critical points for i € N.

By Lemma [6.12] it suffices to prove that there exists i € N such that f' is not
h-expansive. Thus by Lemma[2.17] we can assume, without loss of generality, that
there exists a Jordan curve % C S? containing post f such that (%) C € and no
1-tile joins opposite sides of 4.

In addition, we can assume, without loss of generality, that there exists a critical
point p € crit f\ € with f2(p) = f(p) # p. Indeed, we can choose any critical point
po € crit £, then £ (po) = f'(po) # po for some i € N since f has no periodic critical
points. By Lemma[2.12] there exist j € N and p € £~/ (pg) \ €. We replace f by
FiU+1) Note that for this new map f, we have p € critf \ €, f2(p) = f(p) # p.
S (%) C € and no 1-tile joins opposite sides of %

Letk =deg;(p). Then k > 1.

From now on, we consider the cell decompositions of S? induced by f and % in
this proof.

Recall that W' defined in (2.6) denotes the set of all i-flowers W(v), v € V', for
each i € Ny.

Since f is expanding, it is easy to see from Lemma [2.13] Proposition 2.6l and
the Lebesgue Number Lemma ([Mu00, Lemma 27.5]) that {W'}c, forms a refi-
ning sequence of open covers of S? (see Definition 3.I). Thus by Remark 3.4] and
Definition 3.1] it suffices to prove that

[—+Hoon—+o

n—1
A(F[W™) = lim lim lH(\/ £ (Wl)
i=0
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for each m € N sufficient large. See (3.14) for the definition of H.
Our plan is to construct a sequence {v;}cn, of m-vertices in such a way that

n—1 .
for each n € Ny, the number of elements in \/ f~* (W’) needed to cover B, =
i=0

n—1 .
N f/ (W™ (v,—j)) can be bounded from below in such a way that i(f|W™) > 0 fol-
j=0

lows immediately. More precisely, we observe that the more connected components
B, has, the harder to cover B,,. So we will choose {v,-}ieNo as a periodic sequence
of m-vertices shadowing an infinite backward pseudo-orbit under iterations of f in
such a way that each period of {v;}cn, begins with a backward orbit starting at f(p)
and p, and approaching f(p) as the index i increases, and then ends with f(p). By
a recursive construction, we keep track of each B, by a finite subset V,, C B, with

n—1 .

the property that card(ANV,) < 1foreachA € \/ f! (W’ ) A quantitative control
i=0

of the size of V,, leads to the conclusion that i(f|W™) > 0 for each m sufficiently

large.

For this we fix m,/ € N with [ > 2m+ 100 > 200.
Define g¢; = p. Then ¢, is necessarily a 1-vertex, but not a 0-vertex, i.e., g €
VI\ V0. Since g; = p ¢ €, we have g € WO(f(p)). By 3D, the only 2-vertex con-

tained in W(f(p)) is f(p). So g1 € WO(f(p)) \W?(f(p)). Since f(W'(f(p))) =
Wi=1(f(p)) foreach i € N (see Remark[2.7), we can recursively choose g; € V/ for

each j € {2,3,...,m+2} such that

0 f(gj) =aqj-1,

(i) q; € W (F(p) \ W/ (f(p))-
Set qo = Qm+2: .

Since f(Wi(p)) = Wi=!(f(p)) for each i € N, and k = deg/(p) > 1, we can
choose distinct points p; € V"*3 i€ {1,2,... k}, such that

@) f(Pi) = g2
(i) pi € W2 (p) \W™*(p).
We will now construct recursively, for each n = (m+2)s+ r with s € Ny and

re{0,1,...,m+ 1}, an m-vertex v, € V" and a set of n-vertices V,, C V" such that
for each n € Ny, the following properties are satisfied:

(1) v, C Wm(Vn);
) f(Vn) =V, 1ifn#0;
(3) () V, SW™HHr(g,) if n = (m+2)s+ r for some s € Ny and some r €
(1,2,...,m+1},
(i) V,, CWmHHm2(40) if n = (m+2)s for some s € No;
4) cardV, = k(m%ﬂ;
(5) forA e "l\i/lf”' (W) and x,y € V,, with x # y, we have {x,y} Z A.

i=0
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We start our construction by first defining v, € V" for each n € Ny. For s € Ny and
re{1,2,...,m}, set v, 2)syr = qr. For s € No and r € {0,m + 1}, set v, 12)54r =
f(p)-

We now define V,, recursively.

Let Vo = {gm+2}- Clearly V; satisfies properties (1) through (5) in the induction
step.

Assume that V,, is defined and satisfies properties (1) through (5) for each n €
{0,1,...,(m+2)s+r}, where s € Ny and r € {0,1,...,m+ 1}, we continue our
construction in the following cases depending on r.

Case 1. Assume r = 0. Then v, 2)54., = f(p) and v(42)51r11 = g1 = P-

Note that Vi, 0y, C C W?"3(g,) by the induction hypothesis, ¢, = g2 €
Wt (f(p). f(pi) = 4r. andf(W2m+4( i) = W23 (g,) foreachi € {1,2,...,k}
(see Remark 27). Fix an arbitrary i € {1,2,...,k}. We can choose, for each
X € Viia)s4r a point ' € W2m+4(p;) such that f(x ) = x. Then define V(m+2)s+r+1
to be the collection of all such chosen x” that corresponds to x € Vimi2)s+r Set

k

Vim+2)s4r1 = U V(Im+2)s+r+1'
i=1

Since p; € W"2(p) and V(m+2)s+r+l W24 (p;), we get that V(m+2)s+r+l C
W2 (p). So Vim+2)s+r1 € W™+2(p) C W™(p). Since V(m+2)s+r+1 = 41 = P, Pro-

perties (1) and (3) are verified. Property (2) is clear from the construction.

To establish property (4), it suffices to show that V< 251 N V(m F2)strtl =0
2m+4
for 1 <i < j < k. Indeed, since V(m+2)s+r+1 C W2t (p;) and V(m+2)s+r+1 -

W2m+4(p ), it suffices to prove that W-""*(p;) NW-""*(p,) = 0. Suppose that

WzmM( i) N W2m+4( i) # 0, then since no 1-tile joins opposite sides of ¢, and
pi,pj € V"3, we get from Lemma [67iii) that p; = p;, ie.,i=j. Buti< j, a
contradiction.

We only need to verify property (5) now. Indeed, suppose that distinct points
(m+2)s+r
%,y € Vinia)ssr satisfy {x,y} C A for some A € \/ (W ) Then A C

W!(v!) for some v/ € V. By construction, there exist l,J E {1,2,...,k} such that
xe WZ’”H( ;) andy € W?4(p;). Since I > 2m+100and x € W/ (v\)NW"4(p;),

we get v/ € W2m+4(p,) by Lemma [6.7(i). Similarly v/ € W2m+4( ;j)- Then by the
argument above, we get that p; = p;, i.e., i = j. Thus f(x) # f(y) by construction.

But then f(x), f(y), and f(A) satisfy

(m+2)s+r—1
(a) f(A) C B forsome B € VoW,
a=0

(b) f( )7 ( )evm+2)s+rv andf( )#f(y),
© {f(x), /) fA)CB
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This contradicts property (5) for V(,,,2),,, in the induction hypothesis.

Case 2. Assume r #£0,ie.,r€ {1,2,....m—+1}.

Note that Vi, 20, € W™ (q,), f(gr+1) = gr. and by Remark 27
S (WmHE (g, 1)) = W™ (). We can choose, for each x € Viyi0)51 @
point X' € W71 (g, 1) such that f(x') = x. Then define V,, )4, to be the
collection of all such chosen x’ that corresponds to x € Vimi2)s+r- Properties (2),
(3), and (4) are clear from the construction. To establish property (1) in the case
when r € {1,2,...,m — 1}, we recall that v(,;2).,41 = gr+1. For the case when
re {m7m+ 1}’ we note that V(m+2)x+r+1 c Wt (Qr+1) and g4 € Wr(f(p))’
)

Vim+2)s+r+1 & war (@r+1) SW"(f(p)) =W" (V(m+2)s+r+l) .

We only need to verify property (5) now. Indeed, suppose that distinct points
(m+2)s+r
%,Y € Vimi2)siri1 satisfy {x,y} CAforsomeA€ \/  f~'(W'). Then by con-
i=0

struction f(x), f(v), and f(A) satisfy

(m+2)s+r—1 )
(a) f(A)CBforsomeBe \/  f (W),
i=0

(b) f(x)vf(y) € V(m+2)s+r’ and f(-x) # f(y)’
© {f(0),f)} € fA) CB.

This contradicts property (5) for V|, 2), , in the induction hypothesis.

The recursive construction and the inductive proof of the properties of the con-
struction are now complete.

For each s € N, we consider

(m+2)s—1 . (m+2)s—1 4
B(m+2)s - m fﬁj (Wm (V(m+2)s7j)) € \/ fﬁj (Wm) :
=0 =0

Then V(,,,12)s € By 12)s by properties (1) and (2) of the construction. On the other

(m+2)s—1 )
hand, by property (5), if o7 C [/ (W’ ) satisfies
Jj=0

U"Z{ 2 B(m+2)s 2 V(m+2)s'
So card @ > cardV{,,,;2); = k', where the equality follows from property (4).

Thus by (3.14),

n—1
A(FIW™) = lim lim ~H <\/ £ (W’)
i=0

[—+4oon—+oco

n—1
Y (W’”)>
j=0
logk
m—+2

>liminfliminf > 0.

I ) =
|—+4oo S—>oo (m+ )S Og( )
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Therefore, the map f is not h-expansive. O

Proof (Proof of Theorem [6.3). By Alaoglu’s theorem, the space .# (S, f) of f-
invariant Borel probability measures equipped with the weak™ topology is compact.
Since the measure-theoretic entropy u — hy (f) is upper semi-continuous by Corol-
lary[6.4] so is u — Py (f, y) by B4). Thus u — Py, (f, ¥) attains its supremum over
(S, f) at a measure [y, which by the Variational Principle (3.3) is an equili-
brium state for the map f and the potential y. a






Chapter 7
Large deviation principles

This chapter is devoted to the study of large deviation principles and equidistribu-
tion results for periodic points and iterated preimages of expanding Thurston maps
without periodic critical points. The idea is to apply a general framework devised
by Y. Kifer to obtain level-2 large deviation principles, and to derive the
equidistribution results as consequences. The main theorem is the following.

Theorem 7.1. Let f: S* — S? be an expanding Thurston map with no periodic cri-
tical points, and d a visual metric on S? for f. Let 2(S%) denote the space of Borel
probability measures on S* equipped with the weak* topology. Let ¢ be a real-valued
Holder continuous function on (S*,d), and Uy be the unique equilibrium state for
the map f and the potential ¢.

For eachn €N, let Wy, : S — 22(8?) be the continuous function defined by

1 n—1
Wa(x) =~ ;)5.f"(x)’

n—1 .
and denote Sy¢p(x) =Y, ¢ (f’ (x)) for x € S2. Fix an arbitrary sequence of functions
i=0

{wn: S? = R} e satisfying wy(x) € [1,deg g (x)] for each n € N and each x € 52,
We consider the following sequences of Borel probability measures on 2(S?):
Iterated preimages: Given a sequence {x,}ncn of points in S?, for each n € N,
put
wn(y)exp(Sp¢ ()
Qu(xn) = S, (y)-
T Teer e @) xp(8,0 )

Periodic points: For eachn € N, put

o nep(S,00) 5
x=1"(x) Zy:f” (y) Wn (y) exp(S,,q) (y)) 8W” %

161



162 7 Large deviation principles

Then each of the sequences {2,(xy)}nen and {Qy}nen converges to 5% in
the weak® topology, and satisfies a large deviation principle with rate function
19: P(S?) — [0,+0] given by

_[P(f,0)— [odu—hu(f) if u e #(S f);
e ={ 1 pe sy, OV

Furthermore, for each convex open subset & of 2 (S?) containing some invariant
measure, we have

1 1
—igfl‘p = lim —logQ,(x,;)(®) = lim —logQ,(&) (7.2)
n

n—y+oo n—-+oo
and ({Z2) remains true with & replaced by its closure ®.

See Sect.[Z1]for a brief introduction to large deviation principles in our context.
As an immediate consequence, we get the following corollary. See Sect. [Z.4]for the
proof.

Corollary 7.2. Let f: S*> — S? be an expanding Thurston map with no periodic
critical points, and d a visual metric on S? for f. Let ¢ be a real-valued Holder
continuous function on (S*,d), and Uy be the unique equilibrium state for the map
f and the potential ¢. Given a sequence {x,}nen of points in S?. Fix an arbitrary
sequence of functions {w,: S* = R},en satisfying wy(x) € [1,deg (x)] for each
n € Nand each x € §°.

Then for each p € .4 (S%, f), and each convex local basis Gy, of (S?) at W, we

have

®ec Gu}. (7.3)

_ . $190)
h(f) + /¢du—mf{ngg og Y wabe

T e () Wa(y)€®

1
=inf{ lim —log Y Wy (x) 510
{ TR () W)€ ®

Here W, and S, ¢ are as defined in Theorem[Z1]

Equidistribution results follow from corresponding level-2 large deviation prin-
ciples.

Corollary 7.3. Let f: S*> — S? be an expanding Thurston map with no periodic
critical points, and d a visual metric on S* for f. Let ¢ be a real-valued Holder
continuous function on (S*,d), and Uy be the unique equilibrium state for the map
f and the potential ¢. Fix an arbitrary sequence of functions {w,: S* = R} ,en
satisfying wy(x) € [1,degm(x)] for eachn € N and each x € 52,

We consider the following sequences of Borel probability measures on S*:

Iterated preimages: Given a sequence {x,},cn of points in S, for each n € N,
put
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Vy = Z ( )exp( Z sz

yefn Zzef " (x) Wn (Z) ex

Periodic points: For eachn € N, put

W () eXP(Sy (¥ 1”21 5y

M=
x=f"(x) Zy:f” ) W”( )exp

Then as n — oo,

w* w*
Vo — Wy and Ny — Uy.
Here S, is defined as in Theorem [/

Remark 7.4. Since S,¢(f(x)) = S,¢(x) fori € Nif f*(x) = x, we get

Swn) 58,0 (x))

n

L T D) (5,000

O,

M =

for n € N. In particular, when w, () = 1,

Xp(SO() s
x=/"(x Zy—j” (») exp(S ¢( ))

M =

when wy, (x) = deg (x), since deg (f'(x)) = degu (x) for i € Nif f"(x) = x, we

have
deg n (x)exp($n9 (x))
) Ly=pn(y) degpn (v) exp(Sa9 (¥))

See Sect.[Z4for the proof of Corollary[Z.3l Note that the part of Corollary[Z.3]on
iterated preimages generalizes and in Proposition[3.34]in the context
of expanding Thurston maps without periodic critical points. We also remark that
our results Corollary through Corollary [Z3] are only known in this context. In
particular, the following questions for expanding Thurston maps f: % — $? with at
least one periodic critical point are still open.

M = Oy.

Question 7.5. Is the measure-theoretic entropy i — iy (f) upper semi-continuous?

Question 7.6. Are iterated preimages and periodic points equidistributed with re-
spect to the unique equilibrium state for a Holder continuous potential?

Note that regarding Question 2, we know that iterated preimages, counted with
local degree, are equidistributed with respect to the equilibrium state by in
Proposition[3.54 If Question 1 can be answered positively, then the mechanism of
Theorem[7.7] works and we get that the equidistribution of periodic points from the
corresponding large deviation principle. However, for iterated preimages without
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counting local degree (i.e., when w,(-) 7 deg x (-) in Corollary[Z.3] and in particular,
when wy,(+) = 1), the verification of Condition (2) mentioned earlier for Theorem[Z.7]
to apply still remains unknown. Compare (Z.8) and (Z.7) in Proposition[Z.8l

In Sect. [Z.1] we give a brief review of level-2 large deviation principles in our
context. We record the theorem of Y. Kifer [Ki90||, reformulated by H. Comman
and J. Rivera-Letelier , on level-2 large deviation principles. This result,
stated in Theorem[Z.7] will be applied later to our context.

We generalize some characterization of topological pressure in Sect. in our
context. More precisely, we use equidistribution results for iterated preimages in
Proposition[5.34] to show in Proposition[7.8 and Proposition[Z.9] that

.1

P(f,¢) = lim ~log} wn(y)exp($,9(»)); (7.4)
where the sum is taken over preimages under f" in Proposition[Z.8] and over perio-
dic points in Proposition[Z.9] the potential ¢ : S> — R is Holder continuous with re-
spect to a visual metric d, and the weight wy(y) € [1,deg(y)] forn € Nandy € s2.
We note that for periodic points, the equation (Z.4) is established in Proposition[7.9]
for all expanding Thurston maps, but for iterated preimages, we only obtain (Z.4)
for expanding Thurston maps without periodic critical points in Proposition[Z.8]

In Sect. by applying Theorem[Z7]to give a proof of Theorem[Z.1] we finally
establish level-2 large deviation principles in the context of expanding Thurston
maps without periodic critical points and given Holder continuous potentials.

Section [74] consists of the proofs of Corollary [Z.2] and Corollary [Z.3l We first
obtain characterizations of the measure-theoretic pressure in terms of the infimum of
certain limits involving periodic points and iterated preimages (Corollary[Z.2). Such
characterizations are then used in the proof of the equidistribution results (Corol-

lary [7.3).

7.1 Level-2 large deviation principles

Let X be a compact metrizable topological space. Recall that &?(X) is the set
of Borel probability measures on X. We equip &?(X) with the weak® topology.
Note that this topology is metrizable (see for example, Theorem 5.1]). Let
I: P(X)— [0,+| be a lower semi-continuous function, i.e., I satisfy the condition
that liminf,_, I (y) > I(x) for all x € Z(X).

A sequence {2, },cn of Borel probability measures on &2 (X)) is said to satisfy a
large deviation principle with rate function I if for each closed subset § of Z(X)
and each open subset & of (X ) we have

lim sup ! log Q,(F) < —inf{I(x)|x € F},

n—s+oeo 1

and
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1
N S
1/113£}ofn log2,(6) > —inf{l(x) |x € &}.

We will apply the following theorem due to Y. Kifer [Ki90l Theorem 4.3], refor-
mulated by H. Comman and J. Rivera-Letelier [CRL11, Theorem C].

Theorem 7.7 (Y. Kifer; H. Comman & J. Rivera-Letelier). Ler X be a compact
metrizable topological space, and let g: X — X be a continuous map. Fix ¢ € C(X),

and let H be a dense vector subspace of C(X) with respect to the uniform norm. Let
19: P(X) — [0, +o0] be the function defined by

I(p(.LL): {P(g,(]))—f(])d,u—hﬂ(g) ifu GJ/Z(X,g);
o0 ifue2X)\A(X.g).

We assume the following conditions are satisfied:

(i) The measure-theoretic entropy hy(g) of g as a function of u defined on
M (X,g) (equipped with the weak* topology), is finite and upper semi-
continuous.

(ii) For each y € H, there exists a unique equilibrium state for the map g and the
potential ¢ + y.

Then every sequence {2, },en of Borel probability measures on & (X) such that
foreach y € H,

1
lim - log /@(X)exp < / wdu) Q1) = P(g.0+ )~ P(g.0),  (7.5)

n——+oop

satisfies a large deviation principle with rate function I®, and it converges in the
weak™® topology to the Dirac measure supported on the unique equilibrium state
for the map g and the potential ¢. Furthermore, for each convex open subset & of
P (X) containing some invariant measure, we have

o1 o1 — . .
lim —logQ,(&) = nngzloan(ﬁ) = —uéfl"’ = —%fl").

n—r+oo p1

Recall that P(g,¢) is the topological pressure of the map g with respect to the
potential ¢.

In our context, X = S2, the map g = f where f: S — S is an expanding Thur-
ston map with no periodic critical points. Fix a visual metric d on S for f. The
function ¢ is a real-valued Holder continuous function with an exponent o € (0, 1].
Then H = C%%(§2,d) is the space of real-valued Holder continuous functions with
the exponent o on (52,d). Note that C*%(S? d) is dense in C(S?) (equipped with
the uniform norm) (Lemma[5.34). Condition (i) is satisfied by Corollary [6.4] Con-
dition (ii) is guaranteed by Theorem [3.1] Thus we just need to verify (Z.3) for the
sequences that we will consider in this chapter.
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7.2 Characterizations of the pressure P(f,¢)

Let f, d, ¢, a satisfy the Assumptions. Recall that m is the unique eigenmeasure of
.qu , i.e., the unique Borel probability measure on S that satisfies 92”‘; (mg) = cmy
for some constant ¢ € R (compare Theorem[5.12]and Corollary 5.32)).

We now prove a slight generalization of Proposition[5.19]

Proposition 7.8. Let f, d, ¢, a satisfy the Assumptions. Then for each sequence
{Xn}nen in S%, we have

P(f.0)= lim ~log ¥ degpm(y)exp(S,6(y)). (7.6)

n—-+4oco 1
YEL T (xn)

If we also assume that f has no periodic critical points, then for an arbitrary
sequence of functions {wy,: §* — R},cn satisfying w,(x) € [1,deg g (x)] for each
n € N and each x € §?, we have

P(f.0)= lim Slog ¥ wa(y)exp(Sud(y)). 7.7)

n——+eop .
YEST(xn)

Proof. We fix a Jordan curve % C S? that satisfies the Assumptions (see Theo-
rem for the existence of such &). By Proposition for each x € §% we
have 1
P(f,¢)= lim —log Y degum(y)exp(S.0(y)).
n——+eop
YEfT(x)

Combining this equation with (3.6) in Lemma[3.4] we get (Z.6).

Assume now that f has no periodic critical points. Then there exists a finite
number M € N that depends only on f such that deg (x) <M forn € Npand x € §?
Lemma 18.6]. Thus for eachn € N,

Y degp(y)exp(S,9(y))

1< yef " (xn) < M.

B Y owa(y)exp(Sn0(y)) —

YES T (xn)

Hence (7Z.7) follows from (7.6). O

While Proposition[Z.8lis a statement for iterated preimages, the next proposition
is for periodic points. Recall that Py g = {x € §?| f"(x) = x} forn € N.

Proposition 7.9. Let f, d, ¢, o satisfy the Assumptions. Fix an arbitrary sequence
of functions {w,: §* — R}, satisfying wy(x) € [1,degm (x)] for each n € N and
each x € S%. Then

P(f,0) = lim l1og Y wa(x)exp(Sa9(x)). (7.8)

n—-+oo p xEP, '
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Proof. We fix a Jordan curve ¥ C S that satisfies the Assumptions (see Theo-
rem[2.16] for the existence of such %).

By Proposition[Z.8] it suffices to prove that there exist C > 1 and z € S? such that
for each n € N sufficiently large,

Y wa(x)exp(Sa¢(x))

l < xEPl,fn < C (7 9)
C~ Y degu(x)exp(Sud(x)) = '
xef"(z)

We fix a 0-edge ep C % and a point z € inte(ep).
By Proposition [5.39] my(%¢) = 0. By the continuity of my, we can find § > 0
such that L 1
N3(%)) < —.
Note that deg (y) = 1 if f"(y) = z for n € N. We define, for each n € Ny, the
probability measure

(7.10)

degpn(x)exp(Snd(x)) o _ exp (Sn¢ (%))
xefn(z) Zyef*”(z) degf" ()’) exXp (SH‘P (y)) ) xefn(z) Zyef*”(z) exXp (SH‘P (y))
(7.11)
Let Ny € N be the constant from Lemma By (3.101) in Proposition

Vi — mgy as n — +oo. So by Lemma[.T9 we can choose N > Ny such that for
each n € N with n > Ny, we have

Vn =

X

— 1
Vi (N2 (%)) < o (7.12)
By Lemma 2,13 it is clear that we can choose N, > Nj such that for each n € N
with n > N,, and each n-tile X" € X",

diamg (X") < (7.13)

E .

We observe that for each i € N, we can pair a white i-tile X/, € X/, and a black
i-tile X; € X whose intersection X/, N X, is an i-edge contained in f~*(eg). There
are a total of (deg f)' such pairs and each i-tile is in exactly one such pair. We denote
by P; the collection of the unions X}, UX; of such pairs, i.e.,

P, = {X UX]|X X X/ c X X NX/Nfi(e) €E'}.

We denote PO = {A € P;|[A\NS(%) # 0}.

We now fix an integer n > N.

Then P? forms a cover of 52\ N (). For each A € P, by (Z13) we have AN
% =0.SoAC inter?, or A C inteX,?, where Xv?, and X,? are the white O-tile and
the black 0-tile in XY, respectively. So by Brouwer’s Fixed Point Theorem (see for
example, Theorem 1.9]) and Lemma[4.9] we can define a function p: PS —
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Py s in such a way that p(A) is the unique fixed point of f" contained in A. (For
example, if A € P? is the union of a black n-tile X} and a white n-tile X} and is a
subset of the interior of the black O-tile, then there is no fixed point of f” in X,
and by applying Brouwer’s Fixed Point Theorem to the inverse of f" restricted to
X, we get a fixed point x € X} of f", which is the unique fixed point of f" in X;!
by Lemma B-91) Moreover, for each A € PS, p(A) € intA, so degm(p(A)) =1=
wy(p(A)). In general, by Lemma[d9] each A € P, contains at most 2 fixed points of
I

We also define a function ¢: P, — f~"(z) in such a way that ¢(A) is the unique
preimage of z under f that is contained in A, for each A € P, (see Proposition 2.6)).
We note thatif X} € X and X;} € X, are the n-tiles that satisfy X|] UX; =A € P, and
en = X;,N X}, then g(A) € e,. Thus in particular, deg (q(A)) = 1 for each A € P,.

Hence by construction, we have

y S (x) — Yy Sn9(a(4)) 4 Y eSn9(a4)) (7.14)
xef(2) AcP$ AcP,\PS
and
Z eSnfp(p(A))S Z Wn(x)eSnd)(x) < Z eSn9(p(4)) Z Z S0
Acp? XEP) pn Acp? A€P,\PS XEANP| pn
(7.15)

The last inequality in (ZI3) is due to the fact that if x € Py g« satisfies degm (x) > 2,
then x € V" with x ¢ [JP?, and the number of A € P, that contains x is at least
deg n (x) (and at most 2deg s (x)).

By (3.4) in Lemma[3.3] we get

5 S0l
1 AcP?
G STy e = (7.16)

AcP?

and since in addition, card(AN Py =) <2 for A € P, by Lemma[4.9] we have

y Yy S0

AEP, \Pg XEANP, g
Yy eSi9(d(4)
A€P,\P$

<26, (7.17)

where
Cs =exp (Cl (diamd(sz))a) )

and C; > 0 is a constant from Lemma[5.3] Both C; and C3 depend only on f, ¢, d,
¢, and .

By (Z14), (Z11), and (Z12), we get
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Y S0 s Y S0 > 9 Y S0, (7.18)
xef(2) = 10 e
Hence, by (Z.13), (Z16), and (Z.18), we have
y W”(x)eSn¢(x) Yy Sno(p(4)
XEP| fn < AeP? - 9
Z degfn (x)e5n¢(x) - % Z gSn¢((J(A)) - 1OC3.
xef(z) AeP?

On the other hand, by (Z.14), (Z13), (Z16), (Z17), and [Z.18), we get
) w,,(x)eSnﬁb(X) Yy Str@) 4y YS90

xEPl,fn AEPQ AEPn\PQXEAmPl,f"
Y degfn(x)esn‘P(x) - Yy eSno)
xef"(z) xef"(z)
Y eSn9(p(4)) Y Yy  S0W
Acp? A€P,\PS XEANP gn 2
< J—

ST S T 10y eselmy =BT
AcP? AcP,\P$

Thus (Z.9) holds if we choose C = 2C5 and n > N,. The proof is now complete.
O

7.3 Proof of large deviation principles

Proof (Proof of Theorem[Z.1). Let ¢ € C*%(S?,d) for some a € (0, 1].

We apply Theorem [7.7] with X = S, g = f, and H = C%*(5?,d). Note that
C%%(S?,d) is dense in C(S?) with respect to the uniform norm (Lemmal[5.34). The-
orem [5.1] implies Condition (ii) in the hypothesis of Theorem [Z.7 Condition (i)
follows from Corollary (36, and the fact that hp(f) = log(deg f)
Corollary 17.2].

It now suffices to verify (Z.3) for each of the sequences {€,(x,)}qen and
{9, },en of Borel probability measures on 2 (S?).

Fix an arbitrary y € C*%* (5%, d).

By (Z.2) in Proposition[7.8]
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Jim_~ log / exp( / wdu) A, () (1)
1 W (EXP(S:00))  srty(ricy)
nkrfmnl"g)ef et Wn(2) eXP(S10(2))

= lim —<10g Y w0 —1og Y wn(z)es"(¢)(z)>
yef

nben 1 (xp) ZEf7(xy)

Similarly, by (Z.8) in Proposition[Z.9] we get

n—s+teo 1y

P(f,0+ ) —P(f,¢) = lim —1og/ exp( /wdu> a2

The theorem now follows from Theorem[7.7] O

7.4 Equidistribution revisited

Proof (Proof of Corollary[Z2). We prove the first equality in (Z3) now.
Fix u € .#(S?,f) and a convex local basis G at u. By (ZI) and the upper
semi-continuity of 1, (f) (Corollary[6.4), we get

—I(u)= inf (sup(—1¢)) = inf (—inf1¢).

BeGy ® BeGy &
Then by (Z.I) and [Z.2)),
P(F.0)+ [9du () = ~1°(w) = inf <—igfl¢>
u
= inf { lim llog Y wn(y)exp(Sn9(y)) }7
GeGy | noten T S)es Z,(0)

where we write Z,(¢) = Y wyu(z)exp(S,9(z)). By (Z7) in Proposition[Z.8] we
zef™" (xn)
have P(f,9) = liI}Ll 110gZ,(¢). Thus the first equality in (Z3) follows.
n—y—o0
By similar arguments, with (Z.6) in Proposition[Z8]replaced by (Z.8)) in Proposi-
tion [7.9] we get the second equality in [Z3). O

Proof (Proof of Corollary[Z3). Recall that W, (x) = 1 ¥ /iy € P(8%) forx € §?
i=0
and n € N as defined in (@.4). We write



7.4 Equidistribution revisited 171

Z,(8) = Y deg s (v) exp(S.9 ()

and
z, (8) = )y deg,n (v) exp(Su9 ()
YEFT" (), Wa ()¢ &
for each n € N and each open set & C 22(S?).

Let Gy, be a convex local basis of P(5?) at Uy Fix an arbitrary convex open set
&G € Gy,.

By the uniqueness of the equilibrium state in our context and Corollary [7.2] we
get that for each t € 2(5?)\ {y}, there exist numbers a, < P(f,¢) and N, € N
and an open neighborhood tl, C 22(S8?)\ {1y} containing u such that for each
n> Ny,

Z5(4y) <exp(nay). (7.19)

Since 2(S?) is compact in the weak* topology by Alaoglu’s theorem, so is Z2(S?)\
®. Thus there exists a finite set {g;|i € I} € Z2(S?)\ & such that

P(SH\ 6 C | Jtly,. (7.20)

icl

Here I is a finite index set. Let a = max{ay, |i € I'}. Note that a < P(f,¢). By
Corollary [Z.2| with yt = py, we get that

P(f,¢) < lim l1ogz,,+(®). (7.21)

T n—toeon

Combining (Z.21) with {Z.6) in Proposition [Z8] we get that the equality holds in
(Z.21). So there exist numbers b € (a,P(f,9)) and N > max{N;|i € I} such that for
eachn > N,

Z1(®) > exp(nb). (7.22)

We claim that every subsequential limit of {Vn}nen in the weak™ topology lies in
the closure & of &. Assuming that the claim holds, then since & & G% is arbitrary,
we get that any subsequential limit of {Vv,},cn in the weak™ topology is py, i.e.,

W*
Vi — Mg as n — oo,

We now prove the claim. We first observe that for each n € N,

wa(y)exp(S.9(»))

Vn = - Wn()’)
YES T (xn) Zi (®) +2: (%)
Z+ Qj " Sn¢(y)
= n ( )7 v’/1—|— —:V (y)e — Wn(y)u
Zi(®)+2u(8) " yepniay e Zn (8) 20 (©)
where v/ — v m(ﬁglzg;wmwn ().

YELTM(xn), Wn(y)€®

Note that since a < b, by (Z20), (Z19), and (Z.22),
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- .
0< tim 2(®) _ yyy BigZe M) - cardU)explna)

=0.
T n—roo Zj(@) T n—roo Zj(@) T n—too exp(nb)

. 7 (®) - ..
So nLHEm A 1, and that the total variation
W () exp(S,9 () (y)H
— n
yer e 4 (6)+Zr(6)

)y wa(y)exp(S, 9 () [[Wa(y) ||
<y€f7"(xy,),Wy,(y)¢Q5

- 7 (8)+7Z, (8)
Z, ()
T Zi(8)+ 7, (6)

—0

as n —» +oo. Thus a measure is a subsequential limit of {V, },cx if and only if it is
a subsequential limit of {V}, } ,en. Note that v, is a convex combination of measures
in &, and & is convex, so Vv, € &, for n € N. Hence each subsequential limit of
{Vy}nen lies in the closure & of &. The proof of the claim is complete now.

By similar arguments as in the proof of the convergence of {V,,},cn above, with

(ZD) in Proposition[Z.8 replaced by (Z.8) in Proposition[7.9] we get that 1,, LN Mo
asn — +oo, O
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