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ABSTRACT. In this paper, we use the thermodynamical formalism
to show that there exists a unique equilibrium state pg for each
expanding Thurston map f: 5% — S? together with a real-valued
Holder continuous potential ¢. Here the sphere S? is equipped with
a natural metric induced by f, called a visual metric. We also prove
that identical equilibrium states correspond to potentials which are
co-homologous upto a constant, and that the measure-preserving
transformation f of the probability space (52, ug) is exact, and in
particular, mixing and ergodic. Moreover, we establish versions of
equidistribution of preimages under iterates of f, and a version of
equidistribution of a random backward orbit, with respect to the
equilibrium state. As a consequence, we recover various results
in the literature for a postcritically-finite rational map with no
periodic critical points on the Riemann sphere equipped with the
chordal metric.
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1. INTRODUCTION

Ergodic theory has been an important tool in the study of dynamical
systems. The investigation of the existence and uniqueness of invari-
ant measures and their properties has been a central part of ergodic
theory. The realization of the connection between the orbit structure
and the existence of a finite invariant measure can be traced back to
H. Poincaré.

However, a dynamical system may possess a large class of invariant
measures, some of which may be more interesting than others. It is
therefore crucial to examine the relevant invariant measures.

The thermodynamical formalism is one such mechanism to produce
invariant measures with some nice properties under assumptions on the
regularity of their Jacobian functions. More precisely, for a continuous
transformation on a compact metric space, we can consider the topolo-
gical pressure as a weighted version of the topological entropy, with the
weight induced by a real-valued continuous function, called a potential.
The Variational Principle identifies the topological pressure with the
supremum of its measure-theoretic counterpart, the measure-theoretic
pressure, over all invariant Borel probability measures [Bo75l, [Wa76].
Under additional regularity assumptions on the transformation and the
potential, one gets existence and uniqueness of an invariant Borel pro-
bability measure maximizing the measure-theoretic pressure, called the
equilibrium state for the given transformation and the potential. Of-
ten the Jacobian function for the transformation with respect to the
equilibrium state is prescribed by a function induced by the potential.
The study of the existence and uniqueness of the equilibrium states
and their various properties such as ergodic properties, equidistribu-
tion, fractal dimensions, etc., has been the main motivation for much
research in the area.

This theory, as a successful approach to choosing relevant invariant
measures, was inspired by statistical mechanics, and created by D. Ru-
elle, Ya. Sinai, and others in the early seventies [Do68, [Si72, Bo75,
Wa82]. Since then, the thermodynamical formalism has been applied
in many classical contexts (see for example, [Bo75, Ru89, [Pr90, [KH95,
7196, MauU03, [BS03, (0103, Yu03| [PU10, MayU10]). However, beyond
several classical dynamical systems, even the existence of equilibrium
states is largely unknown, and for those dynamical systems that do
possess equilibrium states, often the uniqueness is unknown or at least
requires additional conditions. The investigation of different dynami-
cal systems from this perspective has been an active area of current
research.
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In this paper, we apply the theory of thermodynamical formalism
to study the equilibrium states for a class of non-uniformly expanding
dynamical systems that are not among the classical dynamical systems
studied in the works mentioned above, namely, the class of expan-
ding Thurston maps on the sphere S?. Thurston maps are branched
covering maps on the sphere S? that generalize rational maps with
finitely many postcritical points on the Riemann sphere. More preci-
sely, a (non-homeomorphic) branched covering map f: S* — S? is a
Thurston map if it has finitely many critical points each of which is
preperiodic. These maps arose in W. P. Thurston’s characterization
of posteritically-finite rational maps (see [DH93|). For a more detailed
introduction to Thurston maps, see Section [3.

In order to obtain the existence and uniqueness of the measure of
mazximal entropy (i.e., the equilibrium state for the constant potential
0) for a Thurston map, some condition of expansion had to be impo-
sed. P. Haissinsky and K. M. Pilgrim introduced such a notion for any
finite branched coverings between two topological spaces that are Haus-
dorff, locally compact, and locally connected (see [HPQ9, Section 2.1
and Section 2.2]). M. Bonk and D. Meyer formulated [BM17] an equi-
valent definition of expansion in the context of Thurston maps. We
will discuss the precise definition in Section 8l We call Thurston maps
with such an expansion property expanding Thurston maps. We refer
to [BM17, Proposition 6.4] for a list of equivalent definitions.

As a consequence of their general results in [HP09], P. Haissinsky and
K. M. Pilgrim proved that for each expanding Thurston map, there ex-
ists a measure of maximal entropy and that the measure of maximal
entropy is unique for expanding Thurston maps without periodic cri-
tical points. M. Bonk and D. Meyer, on the other hand, proved the
existence and uniqueness of the measure of maximal entropy for all
expanding Thurston maps in [BM17] using an explicit combinatorial
construction.

Actually the notion of expansion on a Thurston map f: S? — 52
is sufficient for us to establish the existence and uniqueness of the
equilibrium state, denoted by p4, for a Holder continuous potential
¢: S? — R. Here the sphere S? is equipped with a natural metric called
a visual metric (see Lemma [3.8 and the preceding discussion). This
generalizes the existence and uniqueness of the measure of maximal
entropy of an expanding Thurston map in [HP09] and [BMI17]. We also
prove that the measure-preserving transformation f of the probability
space (S?, py) is ezact (see Definition [[2), and in particular, mixing
and ergodic (Theorem [73 and Corollary [[.6]). This generalizes the
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corresponding results in [BM17] and [HP09] for the measure of maximal
entropy to our context.

In [HP09] and [Lil6], various versions of equidistribution of prei-
mage, periodic, and preperiodic points of an expanding Thurston map
with respect to the measure of maximal entropy were established. In
Section [@, we prove some versions of equidistribution with respect to
the equilibrium state in our context. These results generalize the cor-
responding equidistribution results in [HP09] and [Lil6].

In this paper, we use the framework set by M. Bonk and D. Meyer
in [BM17] to study expanding Thurston maps, but our approach to
the investigation of equilibrium states is different from the treatment
of measures of maximal entropy in [BM17] and [HP09]. We use the
thermodynamical formalism to establish the existence and uniqueness
of the equilibrium states and their various properties.

In order to state our results more precisely, we quickly review some
key concepts.

For an expanding Thurston map f: S? — S? and a continuous
function : S? — R, each f-invariant Borel probability measure pu
on S? corresponds to a quantity

PAL0) =)+ [vdn

called the measure-theoretic pressure of f for 1 and ¢, where h,(f) is
the measure-theoretic entropy of f for u. The well-known Variational
Principle (see for example, [PUL0, Theorem 3.4.1]) asserts that

(11) P(f7¢) :Suppﬂ(f7¢)7

where the supremum is taken over all f-invariant Borel probability
measures p, and P(f,v) is the topological pressure of f with respect
to ¢ defined in (5I)). A measure p that attains the supremum in (1))
is called an equilibrium state for f and .

We assume for now that 1 is Holder continuous (with respect to a gi-
ven visual metric for f on S?). One characterization of the topological
pressure in our context is given by the following formula (Proposi-

tion [B.17):
12)  P(f¢)= lim Slog Z 1) 5p(S64)

n—-+oo N,
yef—n

for each z € S?, independent of z, where deg . (y) is the local degree
n—1 )
of f™ at y and S, (y) = 20 W (y)-
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An important tool we use to find the equilibrium state and to es-
tablish its uniqueness, is the Ruelle operator L, on the Banach space
C(S?) of real-valued continuous functions on S?, given by

Lyw)(x)= > degp(y)uly) exp(t(y)),

yef~1(z)

for u € C(S?) and x € S2.

The Ruelle operator plays a central role in the thermodynamical for-
malism, and has been studied carefully for various dynamical systems
(see for example, [Bo75l [Ru89l [Pr90;, [Zi96, MauU03], PUL0, MayU10]).
Some of the ideas that we apply in this paper for its investigation
are well-known and repeatedly used in the literature, see for example
[PU10l [Zi96].

A main difficulty of our analysis comes from the lack of uniform
expansion property that arises from the existence of critical points (i.e.,
branch points of a branched covering map). As an example, identities
of the form (I2)) that are usually easy to derive for classical dynamical
systems (see for example, [PUL0, Proposition 4.4.3]) become difficult
to verify directly in our context.

We remark on the subtlety of our notion of expansion by pointing out
that each expanding Thurston map without periodic critical points is
asymptotically h-expansive, but not h-expansive; on the other hand, ex-
panding Thurston maps with at least one periodic critical point are not
even asymptotically h-expansive [Lil5]. Asymptotic h-expansiveness
and h-expansiveness are two notions of weak expansion introduced by
M. Misiurewicz [Mi73] and R. Bowen [BoT72|, respectively. Note that
forward-expansiveness implies h-expansiveness, which in turn implies
asymptotic h-expansiveness |[Mi76]. Both conditions guarantee that
the measure-theoretic entropy as a function on the space of invariant
Borel probability measures (equipped with the weak* topology) is up-
per semi-continuous [Mi76]. We do not use the last fact in this paper,
but we remark here that the upper semi-continuity of the measure-
theoretic entropy implies the existence of at least one equilibrium state
for a general real-valued continuous potential. So we can get a stron-
ger existence result for equilibrium states for expanding Thurston maps
without periodic critical points than that in the Main Theorem below
(see |Lil5L Theorem 1.3)).

The following statement summarizes the main results of this paper.
Theorem 1.1 (Main Theorem). Let f: S? — S? be an expanding

Thurston map and d be a visual metric on S? for f. Let ¢ be a real-
valued Hélder continuous function on S? with respect to the metric d.
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Then there exists a unique equilibrium state pi4 for the map f and the
potential ¢. If 1 is another real-valued Holder continuous function on
S? with respect to the metric d, then g = py if and only if there exists
a constant K € R such that ¢ — 1 and K1g2 are co-homologous in the
space of real-valued continuous functions on S?, i.e., p — 1 — Klg =
wo f —u for some real-valued continuous function u on S2.

Moreover, g is a non-atomic f-invariant Borel probability measure
on S% and the measure-preserving transformation f of the probability
space (S?, piy) is forward quasi-invariant, exact, and in particular, miz-
ing and ergodic.

In addition, the preimages points of f are equidistributed with respect
to g, i.e., for each sequence {,}nen of points in S?, asn — +o0,

n—1

1 1 w*
13) 75 D degpW)ep(Sudv) 1 D dra) < be,

" yefn(wn) i=0

1 ~ o

(1.4) — ) degpu(y) exp (Sud(y))d, > pgs

Zn(#) yef (e
where Z,(v) = >, degm(y)exp (Sptp(y)), for each n € N and

yEfin(xn)

each 1) € C(S?).

Here the symbol w* indicates convergence in the weak* topology,
deg s (7) denotes the local degree of the map f" at z, S,¥(y) =

n—1 —
S"¥(f(y)), and ¢ is a potential related to ¢ defined in (6.5]).
i=0

The Main Theorem above combines Theorem [(.14] Theorem [7.3]
Corollary [.4], Corollary [.6], Theorem RB.2] and Proposition [@.11

As a quick consequence of the proof of the uniqueness of the equili-
brium state, we show in Proposition that under the assumptions
in the Main Theorem, the images of each Borel probability measure p
under iterates of the adjoint of the Ruelle operator Eg converge, in the
weak™ topology to the unique equilibrium state fi4, i.e.,

(1.5) (L%)n(,u) SN [ty @S n — +00.

A rational Thurston map is expanding if and only if it has no periodic
critical points (see [BM17, Proposition 2.3]). So when we restrict to
rational Thurston maps, we get the following corollary as an immediate
consequence of Theorem [LLI] and Remark

Corollary 1.2. Let f be a postcritically-finite rational map on the
Riemann sphere C with no periodic critical points and with degree at
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least 2. Let ¢ be a real-valued Holder continuous function on C equipped
with the chordal metric.

Then there exists a unique equilibrium state 15 for the map f and the
potential ¢. If ¢ is another real-valued Holder continuous function on
C, then pgy = py if and only if there exists a constant K € R such that
¢— and K1g are co-homologous in the space of real-valued continuous

functions on C, i.e., ¢ — 1 — Klg = uo f —u for some real-valued

continuous function u on C.

Moreover, g is a non-atomic f-invariant Borel probability measure
on S? and the measure-preserving transformation f of the probability
space (5%, py) is forward quasi-invariant, exact, and in particular, miz-
ing and ergodic.

In addition, both (1.3) and (1.4]) hold as n — +oc.

The postcritically-finite rational maps (with degree at least 2) is
another name for the rational Thurston maps, used by many authors
in holomorphic dynamics.

Most of the results in Corollary [I.2] sometimes in the context of
larger classes of rational maps on the Riemann sphere, are known in the
literature. We direct the interested readers to [CRLI11, TRRL12, [SUZ15]
and references therein for recent developments.

The existence and uniqueness of the equilibrium state for a general
rational map R on the Riemann sphere and a real-valued Holder conti-
nuous potential ¢ can be established under the additional assumption
that sup{¢(z)|z € J(R)} < P(R,¢), where J(R) is the Julia set of
R and P(R, ¢) is the topological pressure of R with respect to ¢ (see
[DU91L [Pr90, DPU96]). This assumption can sometimes be dropped:
one can either restrict to certain subclasses of rational maps, such as
topological Collet—Eckmann maps, see [CRL11], or hyperbolic rational
maps (more generally, distance-expanding maps), see [PUL0]; or one
can impose other conditions on the function ¢, such as hyperbolicity of
¢, see [IRRL12]. It is easy to check that a rational expanding Thurston
map is topological Collet—Eckmann.

We will now give a brief description of the structure of this paper.

After fixing some notation in Section 2, we review Thurston maps
in Section Bl A few key concepts and results from [BMI17|, which
are going to be used in this paper, are recorded or generalized. In
Lemma B.I3] we prove that an expanding Thurston map locally ex-
pands the distance, with respect to a visual metric, between two points
exponentially as long as they belong to one set in some particular par-
tition of S? induced by a backward iteration of some Jordan curve on
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S2. This observation, generalizing a result of M. Bonk and D. Meyer
[BM17, Lemma 15.25], enables us to establish the distortion lemmas
(Lemma [5.J] and Lemma [5.2]) in Section [, which serve as cornerstones
for the mechanism of thermodynamical formalism.

In Section M we state the assumptions on some of the objects in this
paper, which we are going to repeatedly refer to later as the Assump-
tions. Note that not all assumptions are assumed in all the statements
in this paper. In fact, we have to gradually remove the dependence on
some of the assumptions before proving our main results. This makes
the paper more technically involved.

In Section [ following the ideas summarized in [PUL0] and [Zi96],
we use the thermodynamical formalism to prove the existence of the
equilibrium states for expanding Thurston maps and real-valued Hélder
continuous potentials. We first recall briefly some concepts from dyna-
mical systems, such as the measure-theoretic pressure, the topological
pressure, the equilibrium state, and others. We then establish two
distortion lemmas (Lemma [5.1] and Lemma [5.2), which will be used
frequently throughout this paper. Next, we define Gibbs measures and
radial Gibbs measures. Later in Proposition [5.19, we prove that for an
expanding Thurston map the notion of a Gibbs measure is equivalent
to that of a radial Gibbs measure if and only if the map does not have
periodic critical points.

We then introduce the Ruelle operator £,, on the Banach space C'(5?)
of real-valued continuous functions on S? for ¢ € C(S?), which is the
main tool for our investigation. By applying the Schauder—Tikhonov
Fixed Point Theorem, we establish in Theorem 5. 11l the existence of an
eigenmeasure my, of the adjoint £ of the Ruelle operator Ly, for a real-
valued Holder continuous potential ¢. We also show in Theorem [5.11]
that the Jacobian function J for f with respect to my is

J = cexp(—¢),

where c is the eigenvalue corresponding to mg, which is proved to
be equal to exp(P(f,)) later in Proposition 5.I7. We establish in
Proposition that my is a Gibbs measure. The measure my is
usually not f-invariant. In Theorem [5.16] we adjust the potential ¢ to
get a new potential ¢ such that there exists an eigenfunction wug of L3
with eigenvalue 1. The positive function u,4 constructed as the uniform
limit of the sequence

{r )

neN
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is shown to be bounded away from 0 and +o00, and Holder continuous
with the same exponent as that of ¢. Then we demonstrate that the
measure [ly = UpMyg is an f-invariant Gibbs measure. Finally, by com-
bining Proposition (5.6l and Proposition [5.17, we prove in Corollary 518
that p, is an equilibrium state for f and ¢.

In Section [6, we establish the uniqueness of the equilibrium state
for an expanding Thurston map f and a real-valued Hélder continuous
potential ¢. We use the idea in [PUI0] to apply the Gateaux diffe-
rentiability of the topological pressure function and some techniques
from functional analysis. More precisely, a general fact from functional
analysis (recorded in Theorem [6.1]) states that for an arbitrary convex
continuous function (): V' — R on a separable Banach space V', there
exists a unique continuous linear functional L: V' — R tangent to Q) at
x € V if and only if the function t — Q(z+ty) is differentiable at 0 for
all y in a subset U of V that is dense in the weak topology on V. One
then observes that for each continuous map g: X — X on a compact
metric space X, the topological pressure function P(g,-): C'(X) — Ris
continuous and convex (see [PUL0, Theorem 3.6.1 and Theorem 3.6.2]),
and if p is an equilibrium state for g and ¢ € C(X), then the continu-
ous linear functional u — [udy, for u € C(X), is tangent to P(g,-)
at ¢ (see [PULQ, Proposition 3.6.6]). So in order to verify the unique-
ness of the equilibrium state for an expanding Thurston map f and a
real-valued Holder continuous potential ¢, it suffices to prove that the
function t — P(f, ¢ + tvy) is differentiable at 0, for all v in a suitable
subspace of C(S?). This is established in Theorem

Following the procedures in [PU10] to prove Theorem [6.13] we in-
troduce a new potential ¢ induced by ¢, and establish some uniform
bounds in Theorem and Lemma [6.6, which are then used to show
uniform convergence results in Theorem and Lemma In some
sense, Theorem exhibits a uniform version of the contracting beha-
vior of E(;; on a codimension-1 subspace of C(S?). As a by-product, we
demonstrate in Corollary that for each expanding Thurston map
J and each real-valued Hélder continuous potential ¢, the operator L7
has a unique eigenmeasure mg. Moreover, the measure ji4 is the unique
eigenmeasure mg of Ez; with the corresponding eigenvalue 1. Another

consequence is Proposition which implies (LE) mentioned earlier.

In Section [7, we prove that the measure-preserving transformation
f of the probability space (S?, uy) is exact (Theorem [[.3), where the
equilibrium state p4 is non-atomic (Corollary [Z.4]). It follows in parti-
cular that the transformation f is mixing and ergodic (Corollary [.6]).
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To establish these results, we first show in Proposition [Z.1] that
me <U f_’(c)) = [ig <U f_z(c)) =0
i=0 i=0

for each Jordan curve C C S? containing the postcritical points of f
that satisfies f/(C) C C for some [ € N. This proposition is also used
in the proof of Theorem

Theorem [B.2] the main result of Section [8 asserts that if ¢ and
are two real-valued Holder continuous functions with the corresponding
equilibrium states p, and p,, respectively, then p, = py if and only
if there exists a constant K € R such that ¢ — ¢ and K1lg2 are co-
homologous in the space C(S?) of real-valued continuous functions, i.e.,
¢—1—Klg: = uo f—u for some u € C(S?). For Theorem B2 we first
formulate a form of the closing lemma for expanding Thurston maps
(Lemma [B.6). For such maps, we then include in Lemma B.7] a direct
proof of the existence of a point whose forward orbit is dense in S2.
Finally, we give the proof of Theorem at the end of the section.

In Section [ we first establish in Proposition versions of equi-
distribution of preimages with respect to the equilibrium state, using
results we obtain in Section [fl These results partially generalize Theo-
rem 1.2 in [Lil6] where we treated the case for the measure of maximal
entropy. At the end of this paper, we include in Theorem a genera-
lization of Theorem 7.1 in |Lil6], following the idea of J. Hawkins and
M. Taylor [HT03]. Theorem states that the equilibrium state p4
from the Main Theorem above is almost surely the limit of

as n — 400 in the weak* topology, where ¢q is an arbitrary fixed
point in S2%, and for each i € Ny, the point ¢, is randomly chosen
from the set f~!(g;) with the probability of each x € f~!(g) being
¢i+1 conditional on ¢; proportional to the local degree of f at x times
exp (qb(:c)) This theorem is an immediate consequence of a theorem
of H. Furstenberg and Y. Kifer in [FK83|] and the fact that the equi-
librium state is the unique Borel probability measure invariant under
the adjoint of the Ruelle operator L3 (Corollary [6.I0). A similar re-
sult for certain hyperbolic rational maps on the Riemann sphere and
the measures of maximal entropy was proved by M. Barnsley [Ba8§].
J. Hawkins and M. Taylor generalized it to any rational map on the
Riemann sphere of degree d > 2 [HT03].
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2. NOTATION

Let C be the complex plane and C be the Riemann sphere. We use
the convention that N = {1,2,3,...} and Ny = {0} UN. As usual, the
symbol log denotes the logarithm to the base e, and log;, the logarithm
to the base b for b > 0.

The cardinality of a set A is denoted by card A. For z € R, we define
|z] as the greatest integer < z, and [z] the smallest integer > x.

Let g: X — Y be a function between two sets X and Y. We denote
the restriction of g to a subset Z of X by ¢|z.

Let (X, d) be a metric space. For subsets A, B C X, weset d(A, B) =
inf{d(z,y) |z € A,y € B}, and d(A,z) = d(z,A) = d(A,{z}) for
xr € X. For each subset Y C X, we denote the diameter of Y by
diam,(Y') = sup{d(z,y) | z,y € Y}, the interior of Y by int Y, and the
characteristic function of Y by 1y, which maps each x € Y to 1 € R
and vanishes otherwise. We use the convention that 1 = 1y when the
space X is clear from the context. The identity map idyx: X — X
sends each z € X to z itself. For each r > 0, we define Nj(A) to be
the open r-neighborhood {y € X |d(y, A) < r} of A, and Nj(A) the
closed r-neighborhood {y € X |d(y,A) < r} of A. For x € X, we
denote the open (resp. closed) ball of radius r centered at x by By(x,r)
(resp. By(z,7)).

We set C'(X) (resp. B(X)) to be the space of continuous (resp. boun-
ded Borel) functions from X to R, by M(X) the set of finite signed
Borel measures, and P(X) the set of Borel probability measures on X.
For p € M(X), we use ||u]| to denote the total variation norm of p,
supp i the support of y, and

(.0 = [uds

for each u € C(S?). If we do not specify otherwise, we equip C(X)
with the uniform norm |-|| . For a point € X, we define §, as the
Dirac measure supported on {z}. For g € C'(X) we set M(X, g) to be
the set of g-invariant Borel probability measures on X.
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The space of real-valued Holder continuous functions with an ex-
ponent a € (0,1} on a compact metric space (X,d) is denoted as

C"*(X,d). For each ¢ € C"*(X,d),
(

[9(x) — o(y)] ‘ }
2.1 =supy ———— |,y e X, v ,
21 o= {2y ey
and the Holder norm is defined as
(2.2) 1]l coa = 19l + 1@l -

For given f: X — X and ¢ € C(X), we define
n—1
(2.3) Spp() = o f(x))
5=0
for x € X and n € Ny. Note that when n = 0, by definition, we always
have Syp = 0.

3. THURSTON MAPS

In this section, we quickly go over some key concepts and results on
Thurston maps, and expanding Thurston maps in particular. For a
more thorough treatment of the subject, we refer to [BM17]. We end
this section by generalizing a lemma in [BMI17].

Most of the definitions and results here were discussed in [Lil0,
Section 3|, but for the convenience of the reader, we record them here
nonetheless. We will use the same formulation as in [Lil6, Section 3]
whenever possible.

Let S? denote an oriented topological 2-sphere. A continuous map
f: 8% — S%is called a branched covering map on S? if for each point
x € S?, there exists a positive integer d € N, open neighborhvods U
of z and V of y = f(x), open neighborhoods U’ and V' of 0 in C, and
orientation-preserving homeomorphisms ¢: U — U’ and n: V. — V’
such that p(x) =0, n(y) =0, and

(no fop™)(z) =2
for each z € U’. The positive integer d above is called the local degree
of f at x and is denoted by deg;(x). The degree of f is

(3.1) deg f = Z deg ()

zef~1(y)
for y € S? and is independent of y. If f: S? — S? and ¢: S? — S? are
two branched covering maps on S?, then so is f o g, and

(3.2) deg ., (7) = deg, () deg,(g(x)), for each z € S?,
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and moreover,

(3.3) deg(f o g) = (deg f)(deg g).

A point x € 5% is a critical point of f if deg;(z) > 2. The set of
critical points of f is denoted by crit f. A point y € S? is a postcritical
point of f if y = f™(x) for some x € crit f and n € N. The set of
postcritical points of f is denoted by post f. Note that post f = post f"
for all n € N.

Definition 3.1 (Thurston maps). A Thurston map is a branched co-
vering map f: S% — S? on S? with deg f > 2 and card(post f) < +oc.

We now recall the notation for cell decompositions of S? used in
[BM17] and [Lil6]. A cell of dimension n in S?, n € {1,2}, is a subset
¢ C S? that is homeomorphic to the closed unit ball B* in R”. We define
the boundary of ¢, denoted by Oc, to be the set of points corresponding
to OB" under such a homeomorphism between ¢ and B*. The interior
of ¢ is defined to be inte(c) = ¢\ dc. For each point x € S?, the set
{z} is considered a cell of dimension 0 in S%. For a cell ¢ of dimension
0, we adopt the convention that dc = () and inte(c) = c.

We record the following three definitions from [BM17].

Definition 3.2 (Cell decompositions). Let D be a collection of cells
in S%2. We say that D is a cell decomposition of S? if the following
conditions are satisfied:

(i) the union of all cells in D is equal to S?,
(ii) if ¢ € D, then Jc is a union of cells in D,
(ili) for ¢1,c2 € D with ¢; # ¢;, we have inte(cq) Ninte(cz) = 0,
)

(iv) every point in S? has a neighborhood that meets only finitely
many cells in D.

Definition 3.3 (Refinements). Let D’ and D be two cell decompo-
sitions of S%. We say that D’ is a refinement of D if the following
conditions are satisfied:

(i) every cell ¢ € D is the union of all cells ¢ € D" with ¢ C c.
(ii) for every cell ¢ € D' there exits a cell ¢ € D with ¢ C ¢,

Definition 3.4 (Cellular maps and cellular Markov partitions). Let
D’ and D be two cell decompositions of S?. We say that a continuous
map f: S? — S%is cellular for (D', D) if for every cell ¢ € D', the
restriction f|. of f to ¢ is a homeomorphism of ¢ onto a cell in D. We
say that (D', D) is a cellular Markov partition for f if f is cellular for
(D’/,D) and D’ is a refinement of D.
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Let f: S? — S? be a Thurston map, and C C S? be a Jordan
curve containing post f. Then the pair f and C induces natural cell
decompositions D"(f,C) of S?, for n € Ny, in the following way:

By the Jordan curve theorem, the set S? \ C has two connected
components. We call the closure of one of them the white 0-tile for
(f,C), denoted by X2, and the closure of the other one the black 0-tile
for (f,C), denoted by XP. The set of 0-tiles is X°(f,C) = {X?, X°}.
The set of 0-vertices is VO(f,C) = post f. We set Vo(f, C)={{z}|x €
VO(f,C)}. The set of 0-edges E°(f,C) is the set of the closures of the
connected components of C \ post f. Then we get a cell decomposition

D°(f,C) = X°(f,C) UE(f,C) UV'(£,C)

of S? consisting of cells of level 0, or 0-cells.

We can recursively define unique cell decompositions D"(f,C), n €
N, consisting of n-cells such that f is cellular for (D"TL(f,C), D"(f,C)).
We refer to [BM17, Lemma 5.12] for more details. We denote by
X™(f,C) the set of n-cells of dimension 2, called n-tiles; by E™(f,C)
the set of n-cells of dimension 1, called n-edges; by V' (f,C) the set of
n-cells of dimension 0; and by V"(f,C) the set {z |{z} € V'(f, C)},
called the set of n-vertices. The k-skeleton, for k € {0, 1,2}, of D"(f,C)
is the union of all n-cells of dimension k in this cell decomposition.

We record Proposition 5.16 of [BM17] here in order to summarize
properties of the cell decompositions D™(f,C) defined above.

Proposition 3.5 (M. Bonk & D. Meyer). Let k,n € Ny, let f: S* —
S? be a Thurston map, C C S? be a Jordan curve with post f C C, and
m = card(post f).

(i) The map f* is cellular for (D"**(f,C),D"(f,C)). In particular,
if ¢ is any (n + k)-cell, then f¥(c) is an n-cell, and f*|. is a
homeomorphism of ¢ onto f¥(c).

(ii) Let ¢ be an n-cell. Then f~*(c) is equal to the union of all
(n + k)-cells ¢ with f*() = c.

(iii) The 1-skeleton of D™(f,C) is equal to f~™(C). The 0-skeleton
of D"(f,C) is the set V*(f,C) = f~"(post f), and we have
V*(f,€) S V'E(£,0).

(iv) card(X"(f,C)) = 2(deg f)", card(E"(f,C)) = m(deg f)", and
card(V"(f,C)) < m(deg f)".

(v) The n-edges are precisely the closures of the connected com-
ponents of f~"(C) \ f~"(post f). The n-tiles are precisely the
closures of the connected components of S*\ f~"(C).
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(vi) Every n-tile is an m-gon, i.e., the number of n-edges and the
number of n-vertices contained in its boundary are equal to m.

We also note that for each n-edge e € E"(f,C), n € Ny, there exist
exactly two n-tiles X, X' € X"(f,C) such that X N X' =e.
For n € Ny, we define the set of black n-tiles as
Xp(f,C) ={X € X"(f,0)| f"(X) = X} },
and the set of white n-tiles as
X5 (f,0) ={X e X"(f.0)| f"(X) = X, }.
It follows immediately from Proposition that
(3.4) card (X3 (f,C)) = card (X[,(f,C)) = (deg f)"

for each n € Nj.

From now on, if the map f and the Jordan curve C are clear from
the context, we will sometimes omit (f,C) in the notation above.

If we fix the cell decomposition D"(f,C), n € Ny, we can define for
each v € V" the n-flower of v as

(3.5) W (v) = | J{inte(c)|c € D", v € c}.
We denote for each x € S?
(3.6) U"(z) = U{Y" € X" | there exists X" € X"

with z € X™, X" N Y™ # 0},

and for each integer m < —1, set U™(z) = S?. We define the n-
partition O, of S? induced by (f,C) as

(3.7) 0,, = {inte(X") | X" € X"} U {inte(e")|e" € E"} UV ".
We can finally give a definition of expanding Thurston maps.

Definition 3.6 (Expansion). A Thurston map f: S? — S? is called
ezpanding if there exist a metric d on S? that induces the standard
topology on S? and a Jordan curve C C S? containing post f such that
liIP max{diam,(X) | X € X"(f,C)} = 0.
n——+00
By [BM17, Lemma 6.1}, card(post f) > 3 for each expanding Thurs-
ton map f.

Remarks 3.7. It is clear that if f is an expanding Thurston map, so
is f™ for each n € N. We observe that being expanding is a topologi-
cal property of a Thurston map and independent of the choice of the
metric d that generates the standard topology on S2. By Lemma 6.2
in [BM17], it is also independent of the choice of the Jordan curve C
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containing post f. More precisely, if f is an expanding Thurston map,
then

1_1)111 max{diamg(X) }X € X"(f, 5)} =0,

for each metric d that generates the standard topology on S? and each
Jordan curve C C S? that contains post f.

P. Haissinsky and K. M. Pilgrim developed a notion of expansion
in a more general context for finite branched coverings between topo-
logical spaces (see [HP09, Section 2.1 and Section 2.2]). This applies
to Thurston maps and their notion of expansion is equivalent to our
notion defined above in the context of Thurston maps (see [BM17, Pro-
position 6.4]). Such concepts of expansion are natural analogs, in the
contexts of finite branched coverings and Thurston maps, to some of
the more classical versions, such as expansive homeomorphisms and
forward-expansive continuous maps between compact metric spaces
(see for example, [KH95, Definition 3.2.11]), and distance-expanding
maps between compact metric spaces (see for example, [PUIL0, Chap-
ter 4]). Our notion of expansion is not equivalent to any such classical
notion in the context of Thurston maps. In fact, as mentioned in the
introduction, there are subtle connections between our notion of ex-
pansion and some classical notions of weak expansion. More precisely,
one can prove that an expanding Thurston map is asymptotically h-
expansive if and only if it has no periodic points. Moreover, such a
map is never h-expansive. See [Lil5] for details.

For an expanding Thurston map f, we can fix a particular metric d
on S? called a wvisual metric for f . For the existence and properties
of such metrics, see [BMI17, Chapter 8]. For a visual metric d for f,
there exists a unique constant A > 1 called the expansion factor of
d (see [BM17, Chapter 8] for more details). One major advantage of
a visual metric d is that in (S?,d) we have good quantitative control
over the sizes of the cells in the cell decompositions discussed above.
We summarize several results of this type ([BMI17, Proposition 8.4,
Lemma 8.10, Lemma 8.11]) in the lemma below.

Lemma 3.8 (M. Bonk & D. Meyer). Let f: S* — S? be an expanding
Thurston map, and C C S? be a Jordan curve containing post f. Let d
be a visual metric on S? for f with expansion factor A > 1. Then there
exist constants C' > 1, C" > 1, K > 1, and ng € Ny with the following
properties:

(i) d(o,7) > C'A™™ whenever o and T are disjoint n-cells for
n e NQ.
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(i) C7PA™ < diamy(7) < CA™ for all n-edges and all n-tiles T

forn € Ng.
(iii) By(z, K~'A™™) C U™(z) C By(z, KA™) for x € S? and n €
Np.

(iv) U™ (x) C By(z,r) C U "™ (z) where n = [—logr/logA| for
r>0 and x € S°.
(v) For every n-tile X™ € X"(f,C), n € Ny, there ezists a point
p € X" such that Bq(p, C7'A™™) C X™ C By(p, CA™).
Conversely, if d is a metric on S? satisfying conditions (i) and (i)
for some constant C' > 1, then d is a visual metric with ETPANSIon
factor A > 1.

Recall U™ (z) is defined in (3.6]).

In addition, we will need the fact that a visual metric d induces the
standard topology on S? ([BM17, Proposition 8.3]) and the fact that
the metric space (52, d) is linearly locally connected ([BMIT, Proposi-
tion 18.5]). A metric space (X, d) is linearly locally connected if there
exists a constant L > 1 such that the following conditions are satisfied:

(1) For all z € X, r > 0, and x,y € By(z,r) with = # y, there
exists a continuum £ C X with 2,y € E and E C By(z,rL).
(2) For all z € X, r > 0, and x,y € X \ By(z,7) with = # v,
there exists a continuum £ C X with z,y € E and E C X \
By(z,7/L).
We call such a constant L > 1 a linear local connectivity constant of d.
Remark 3.9. If f: C — C is a rational expanding Thurston map,

then every visual metric is quasisymmetrically equivalent to the chordal
metric on the Riemann sphere C (see [BM17, Lemma 18.10]). Here

. . . o 2|z—w|
the chordal metric ¢ on C is given by o(z,w) = T for
z,w € C, and 0(00,2) = 0(z,00) = —=2— for z € C. We also

v/ 14|22

note that a quasisymmetric embedding of a bounded connected metric
space is Holder continuous (see [He01, Section 11.1 and Corollary 11.5]).
Accordingly, the classes of Holder continuous functions on C equipped
with the chordal metric and on 52 = C equipped with any visual metric
for f are the same (upto a change of the Holder exponent).

A Jordan curve C C 5% is f-invariant if f(C) C C. We are interested
in f-invariant Jordan curves that contain post f, since for such a Jordan
curve C, we get a cellular Markov partition (D*(f,C), D%(f,C)) for f.
According to Example 15.11 in [BM17], such f-invariant Jordan curves
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containing post f need not exist. However, M. Bonk and D. Meyer
[BM17, Theorem 15.1] proved that there exists an f"-invariant Jordan
curve C containing post f for each sufficiently large n depending on f.

Theorem 3.10 (M. Bonk & D. Meyer). Let f: S? — S? be an expan-
ding Thurston map. Then for each n € N sufficiently large, there exists
a Jordan curve C C S? containing post f such that f*(C) C C.

The following lemma was proved in [Lil6, Lemma 3.14].

Lemma 3.11. Let f: S? — S? be an expanding Thurston map. Then

+00
for each p € S?, the set |J f~"(p) is dense in S?, and
1

n=

(3.8) lim card(f™"(p)) = +oc.

n—-4o0o

Expanding Thurston maps are Lipschitz with respect to each visual
metric.

Lemma 3.12. Let f: S? — S? be an expanding Thurston map, and d
be a visual metric on S? for f with expansion factor A > 1. Then f is
Lipschitz with respect to d.

Proof. Fix a Jordan curve C C S? containing post f. Let z,y € S? and
we assume that

(3.9) 0<d(r,y) < KA

where K > 1 is a constant from Lemma [3.8 depending only on f, C,
and d.

Set m = max {k € Ny |y € U*(z)}, where U*(z) is defined in (B.6).
By Lemma B.8(iii), the number m is finite. Then y ¢ U™"!(z). Thus
by Lemma [B.8[(iii),

1
?A—m—1 <d(z,y) < KA™™,

By B9) we get m > 1. Since f(y) € f(U™(x)) € U™ '(f(x)) by
Proposition B3], we get from Lemma B.8[(iii) that

d(f(x), f(y)) < KA

Therefore,
—m+1
d(f(z), f(y)) < II(A — K2A2,
d(l’, y) EA_m_l
and f is Lipschitz with respect to d. O

We now establish a generalization of [BMI17, Lemma 15.25]. It
is an essential ingredient for the distortion lemmas (Lemma [l and
Lemma [5.2]) that we will repeatedly use later.
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Lemma 3.13. Let f: S? — S? be an expanding Thurston map, and
C C S? be a Jordan curve that satisfies post f C C and f*(C) C C
for some ne € N. Let d be a visual metric on S* for f with expansion
factor A > 1. Then there exists a constant Cy > 1, depending only on
f, d, C, and n¢, with the following property:

If k,n € Ng, X"tk € X"+*(f,C), and x,y € X"**, then

Co An
Proof. In this proof, we set a constant K = 2max{1,[;}, where [ is
the Lipschitz constant of f with respect to d. Let N = ne.

By Remark 3.7, the map fV is an expanding Thurston map. It is
easy to see from Lemma [3.8 that the metric d is a visual metric for
the expanding Thurston map fV with expansion factor AY. So by
Lemma 15.25 in [BMI17], there exists a constant D > 1 depending only
on fV, C, and d such that for each k,l € Ny, each X € XUHON(f C),
and each pair of points z,y € X, we have

(3.11) Late.y) < WO T0) < pagay),

Fix m,l € Ny, s,t € {0,1,...,N — 1}, X € XMmN+s)+(N+t)(¢ ),
and z,y € X.

We prove the second inequality in (3.I0) with n = mN + s and
k = IN + t by considering the following cases depending on whether
[=0o0rl>1.

If [ =0, then by Lemma and the fact that K > [y,

d (f (@), fy)) < K'd(z,y) < K*Nd(z,y) AN
If I > 1, then by Lemma B12], (811]), and the fact that K > [y,

d (le+t(x>’ le—I—t(y)) —d (f(l—l)N+(N—s) (f** (), f FU-DN+(N=s) (F*()))
<KN-sq (f(l—l)N (f*(2)) | FU=DN (F*(y)))
<KNDd (75 (x), 1 (y)) AU-DN
<KN-sD (K**d (x,y)) AN+
<K Dd(z, y) AN+,

We consider the first inequality in (3.10) with n = mN + s and k =

IN +t now. By Proposition B.5(i), we can choose Y € XM+ +2N(f )

and two points 2/,y’ € Y such that f2¥N=574(Y) = X, f2N=57(a/) = x,
and f2V=57(y') = y. Note that 2N — s —t > 2. Then by Lemma [3.12,
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(B.11)), and the fact that K > Iy,
d (FN (), PN (y)) =d (FN (N a)) (PN )
—d (fINFIN3 (o), fINEN (1))
>R (NN (o), NN ()
>K=*Dld(2!, ) AN 2N
> K¢ D K- CN=s=0 (5, ) ANV
> K2V D=1 (, y) AN+,

The lemma is proved with Cy = K" D which depends only on f, d, C,
and N = ne. O

4. THE ASSUMPTIONS

We state below the hypotheses under which we will develop our the-
ory in most parts of this paper. We will repeatedly refer to such as-
sumptions in the later sections. We emphasize again that not all as-
sumptions are assumed in all the statements in this paper, and that
in fact we have to gradually remove the dependence on some of the
assumptions before proving our main results.

The Assumptions.
(1) f: S? = S? is an expanding Thurston map.
(2) C C S?% is a Jordan curve containing post f with the property
that there exists ne € N such that f"¢(C) C C and f™(C) € C
for each m € {1,2,...,nc — 1}.
(3) d is a visual metric on S? for f with expansion factor A > 1
and a linear local connectivity constant L > 1.

(4) ¢ € C%*(S?,d) is a real-valued Holder continuous function with
an exponent « € (0, 1].

Observe that by Theorem B.I0] for each f in (1), there exists at least
one Jordan curve C that satisfies (2). Since for a fixed f, the number
ne is uniquely determined by C in (2), in the remaining part of the
paper we will say that a quantity depends on C even if it also depends
on ngc.

Recall that the expansion factor A of a visual metric d on S? for f is
uniquely determined by d and f. We will say that a quantity depends
on f and d if it depends on A.

Note that even though the value of L is not uniquely determined by
the metric d, in the remainder of this paper, for each visual metric d
on S? for f, we will fix a choice of linear local connectivity constant
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L. We will say that a quantity depends on the visual metric d without
mentioning the dependence on L, even though if we had not fixed a
choice of L, it would have depended on L as well.

In the discussion below, depending on the conditions we will need,
we will sometimes say “Let f, C, d, ¢, « satisfy the Assumptions.”,
and sometimes say “Let f and d satisfy the Assumptions.”, etc.

5. EXISTENCE

We start this section with a brief review of some necessary concepts
from the ergodic theory and dynamical systems. We then establish two
distortion lemmas (Lemma 5.1l and Lemma [5.2)) before giving the defi-
nitions of a Gibbs measure and a radial Gibbs measure. Next, we define
the Ruelle operator L,;: C(S?) — C(5?) and show that any eigenmea-
sure my, for its adjoint L3 is a Gibbs measure. We will eventually see
in Corollary that there is exactly one eigenmeasure my for £3. In
Theorem [5.16, we construct an f-invariant Gibbs measure j, which is
absolutely continuous with respect to mg. Finally, we prove that fi4 is
an equilibrium state in Proposition [5.17 and Corollary 5181 We end
this section by proving in Proposition that the concept of a Gibbs
measure and that of a radial Gibbs measure coincide if and only if the
map has no periodic critical point.

We first review some concepts from dynamical systems. We refer the
readers to [PUL0, Chapter 3], [Wa82, Chapter 9] or [KH95, Chapter 20]
for a more detailed study of these concepts.

Let (X, d) be a compact metric space and g: X — X a continuous
map. For n € Nand x,y € X,

i (x,y) = max {d(¢"(z), ¢"(v)) |k € {0,1,...,n— 1}}

defines a new metric on X. A set F' C X is (n, €)-separated, for some
n € N and ¢ > 0, if for each pair of distinct points x,y € F', we have
dy(z,y) > €. Fore > 0and n € N, let F},(¢) be a maximal (in the sense
of inclusion) (n, €)-separated set in X.

For each ¢ € C(X), the following limits exist and are equal, and we
denote the limits by P(g, ) (see for example, [PUL0, Theorem 3.3.2]):

P(g.¥) = limlmsup ~log Y exp(S,(x)

n
oo x€Fy(€)

(5.1) :limliminfllog Z exp(S,v(x)),

e—~0 n—>+oco N
xEFn(€)
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where S,(z) = Z ¥(g’(x)) is defined in (Z3)). We call P(g,v) the

topological pressure of g with respect to the potential ). The quantity
hiop(g) = P(g,0) is called the topological entropy of g. Note that
P(g,1) is independent of d as long as the topology on X defined by d
remains the same (see [PUL0], Section 3.2]).

A measurable partition & of X is a countable collection £ = {4;]j €
J} of mutually disjoint Borel sets with | J§ = X, where J is a countable
index set. For z € X, we denote by £(z) the unique element of £ that
contains z. Let u € M(X, g) be a g-invariant Borel probability mea-
sure on X. The information function I maps a measurable partition
¢ of X to a p-a.e. defined real-valued function on X in the following
way:

(5.2) I(&)(z) = —log u(&(x)), for z € X.

Let £ ={A;|j € J} and n = {By | k € K} be measurable partitions
of X, where J and K are the corresponding index sets. We say £ is
a refinement of 7 if for each A; € £, there exists By € n such that
A; C By,. The common refinement EVn={A;NBy|j€J ke K} of
¢ and n is also a measurable partition. Set ¢g7*(&) = {g7"(A;)|j € J},
and denote for n € N,

&=V =¢vg (V- vg "I,

+00
and let £7° be the smallest o-algebra containing J ;. The entropy of

. n=1
& is

== u(A;)log (u(4y)),

jeJ

where 0log 0 is defined to be 0. One can show (see [Wa82, Chapter 4])
that if H,(£) < 400, then the following limit exists:

hu(g,€) = lim —H,(£7) € [0, +00).

n—-+oo M

The measure-theoretic entropy of g for p is given by

5.3 h g) = sup h g,g 5 is a measurable parlil ion of X
I i
with HM(&) < —l—oo}.
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For each ¢ € C(X), the measure-theoretic pressure P,(g,) of g for
the measure ;1 and the potential v is

(5.4) P(g,) = hu(g) + / ¥ da.

By the Variational Principle (see for example, [PUI0, Theorem 3.4.1}),
we have that for each ¢ € C(X),

(5.5) P(g,¢) =sup{P.(g,¥) | n € M(X, g)}.
In particular, when 1 is the constant function 0,
(5.6) hiop(9) = sup{hu(g) | 1 € M(X, g)}.

A measure p that attains the supremum in (5.5]) is called an equilibrium
state for the transformation g and the potential ). A measure p that
attains the supremum in (5.0) is called a measure of mazimal entropy
of g.

Now we go back to the dynamical system (S?, f) where f is an ex-
panding Thurston map.

By the work of P. Haissinsky and K. M. Pilgrim [HP09], and M. Bonk
and D. Meyer [BM17], we know that there exists a unique measure of
maximal entropy ps for f, and that

htop(f) = log(deg f)

In this section, we generalize the existence part of this result to equi-
librium states for real-valued Hoélder continuous potentials. We prove
the uniqueness in the next section.

We first establish the following two distortion lemmas that serve as
the cornerstones for all the analysis in the thermodynamical formalism.

Lemma 5.1. Let f, C, d, A, ¢, a satisfy the Assumptions. Then there
exists a constant C depending only on f, C, d, ¢, and « such that

(5.7) [Snd(x) — Sud(y)| < Crd(f" (), ["(y))7,
for n,m € Ny withn <m, X™ € X"(f,C), and x,y € X™. Quantita-
tively, we choose
16l Go
1— A’

where Cy > 1 is a constant depending only on f, C, and d from
Lemma 313

(5.8) e

Note that due to the convention described in Section [, we do not
say that C; depends on A or ne.
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Proof. For n = 0, inequality (5.7) trivially follows from the definition
of S,.
By Lemma B.I3, we have that for each m € Ny, each m-tile X™ €
X™(f,C), each z,y € X™ and for 0 < j <n <m,
d(f(x), f(y)) < CoA~"d(f*(x), [ ().
So [¢(f/(2)) = &(f(y)] < |¢l, CoA—*"=d(f"(x), f"(y))*. Thus for

each n € N with n < m, we have

1S,6() |<Z\¢ fi(x Fi(y))]
< ¢l Cod(f" (), f*( ZA““’

<‘¢| Cad(fn n ZA ak

<L i), )
~Cudl @) S
U

Lemma 5.2. Let f, C, d, L, A, ¢, a satisfy the Assumptions. Then
there exists Co > 1 depending only on f, C, d, ¢, and « such that for
each x,y € S?, and each n € Ny, we have

> degyn(a’) exp(Sno(a))
'€ f~n(x)

> degp(y) exp(Snd(y))
yef~"(y)
where Cy is the constant from Lemmali 1. Quantitatively, we choose
(5.10)

Cy = exp (4C L (diamy(S?))") = exp < 191 G L (diamgy(S?))" )

(59) S €xXp (401Ld($a y)a) S 027

A

where Cy > 1 is a constant depending only on f, C, and d from
Lemma 313

Proof. We denote X(x,n) = Y,  degm(2) exp(Spp(z')) for z € S?
o'efm(x)
and n € Ng.
We start with proving the first inequality in (5.9).
Let X° be either the black O-tile X or the white O-tile X in

XO(f,C). For n € Ny and X" € X"(f,C) with f*(X") = X° by
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Proposition B.5i), f*|x» is a homeomorphism of X™ onto X". So for
x,y € X° there exist unique points 2/, € X™ with 2/ € f~"(z) and
y' € f7"(y). Then by Lemma [5.1], we have

exp (Snd(2') = Suep(y)) < exp (Crd(f" ("), ()%
= exp (Chd(z,y)?) .

Thus exp (S,¢(2')) < exp (Chd(x,y)*) exp (Sno(y')) -

By summing the last inequality over all pairs of 2,3 that are con-
tained in the same n-tile X™ with f*(X") = X°, and noting that each
o' (resp. y') is contained in exactly deg. (') (vesp. deg.(y’)) distinct
n-tiles X™ with f*(X") = X% we can conclude that

X(z,n)

X(y,n)

Recall that f, C, d, L, A, ¢, « satisfy the Assumptions. We then

consider arbitrary x € X° and y € X}. Since the metric space (52, d)

is linearly locally connected with a linear local connectivity constant

L > 1, there exists a continuum £ C S? with z,y € E and E C
By(z, Ld(z,y)). We can then fix a point z € C N E. Thus, we have

YX(xz,n) _X(x,n)X(z,n) . o
Son) S5 Sy m) = O (@7 +dy)?)

<exp (2C (diamy(E))*) < exp (4C, Ld(z,y)”) .
Finally, (5.10) follows from (5.8) in Lemma [5.11 O

< exp (Crd(z,y)%) .

Let f,C, d, L, A, ¢, a satisfy the Assumptions. We now define the
Gibbs measures with respect to f, C, and ¢.

Definition 5.3. A Borel probability measure u € P(S?) is a Gibbs
measure with respect to f, C, and ¢ if there exist constants P, € R
and C,, > 1 such that for each n € Ny, each n-tile X" € X"(f,C), and
each x € X", we have

1 n(X")

(5.11) Cy = exp(Sud() — nb,)

<C,.

Compare the above definition with the following one, which is used
for some classical dynamical systems.

Definition 5.4. A Borel probability measure u € P(S?) is a radial
Gibbs measure with respect to f, d, and ¢ if there exist constants
P, € Rand C, > 1 such that for each n € Ny, and each x € S?, we
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have

1 Bg(x, A= -
(5.12) 1 p(BalmA) C,.
C. — exp (S,o(z) —nP,)
One observes that for each Gibbs measure p with respect to f, C,
and ¢, the constant P, is unique. Similarly, the constant P, is unique
for each radial Gibbs measure with respect to f, d, and ¢.

Example 5.5. Let f: S?2 — S? be an expanding Thurston map.
There exists a unique measure of maximal entropy pug of f (see [HP09,
Section 3.4 and Section 3.5] and [BM17, Theorem 17.13]), which is an
equilibrium state for the potential ¢ = 0. We can show that pg is a
Gibbs measure for f, C, ¢ = 0, whenever C is a Jordan curve on S?
containing post f.

Indeed, we know that there exist constants w,b € (0,1) depen-
ding only on f such that for each n € Ny, each white n-tile X €
X" (f,C), and each black n-tile X7* € X} (f,C), we have uo(X]) =
w(deg f)™" and uo(X]) = b(deg f)~" ([BMI17, Proposition 17.12 and
Theorem 17.13]). Thus o is a Gibbs measure for f, C, ¢ = 0, with
P,, = log(deg f) = hiop(f) (see [BM17, Corollary 17.2}).

As we see from the example above, Definition [5.3lis a more appropri-
ate definition for expanding Thurston maps. Moreover, we will prove in
Proposition that the concept of Gibbs measure and that of radial
Gibbs measure coincide if and only if f has no periodic critical point.

Proposition 5.6. Let f, C, ne, d, ¢ satisfy the Assumptions. Then
for each f-invariant Gibbs measure p € M(S?, f) with respect to f, C,
and ¢, we have

(5.13) Py < ho(f) + / bdu < P(f.0).

Proof. Note that the second inequality follows from the Variational
Principle (5.5) (see for example, [PUL0, Theorem 3.4.1] for details).

Let N = Nne.

Recall measurable partitions O,,,n € N, of S? defined in (3.7)). Since
fN(C) C C, it is clear that O;y is a refinement of O,y for i > j > 1.
Observe that by Proposition B.5(i) and induction, we can conclude that
for each k € N,

(5.14) OnV FN(ON) V-V F(Oy) = Oganyy.

kN+m~—1 )
So for m, k € N, the measurable partition \/ f77(Oy) is a refine-
=0

ment of Ogq1)n.
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By Shannon-McMillan-Breiman Theorem (see for example, [PU10,
Theorem 2.5.4]), h,(f,On) = [ fz du, where

(\/ f7(On ) p-a.e. and in L'(p),

and the information function I is defined in (5.2)).

Note that for n € N, ¢ € O,,, and X™ € X"(f,C), either cN X" =
orcC X"

For n € Ny and = € S?, we denote by X"(z) any one of the n-
tiles containing z. Recall that O, (z) denotes the unique set in the
measurable partition O, that contains x. Note that O,(z) C X"(z).

By (5.14) and (5.11]) we get

/ﬁm“wgk kN+1<yf ON) du(z)

.
= liminf [+ N+1

Ot 1)N N) () du(z)

Zliminf/kN (—log pu (X*TIN(2))) dp(z)

k——+4o00
o (k+ 1)Npu — Sp+nng(z) —log C,
>
—%ﬂg/, (k+1)N du(z)

. 1
=P, - 1}?_{22{? m /S(k+1)N¢(ZE) dp(z)

Z&—/Mm

where the last equality comes from (2.3) and the identity [¢ o fdu =
[ dp for each ¢p € C(S?) which is equivalent to the fact that g is

f-invariant. Since Oy is a finite measurable partition, the condition
that H,(On) < 400 in (5.3) is fulfilled. By (5.3), we get that

hu(f) = hu(f,On) > P, — /(;Sd,u.
Therefore, P, < h,(f) + [¢du. ]

Let f: S? — S? be an expanding Thurston map and ¢ € C(S?) a
continuous function. We define the Ruelle operator L, on C(S?) as
the following

(5.15) z:d%f y) exp(v(y)),

yef1
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for each u € C'(S?). To show that L, is well-defined, we need to prove
that Ly (u)(z) is continuous in z € S? for each u € C'(S?). Indeed, by
fixing an arbitrary Jordan curve C C S? containing post f, we know
that for each z in the white 0-tile X2,

Lou)@) = ulyx) exp(¥(yx)),

XeXl,

where yx is the unique point contained in the white 1-tile X with the
property that f(yx) = = (Proposition B.5(i)). If we move = around
continuously within X2, then yx moves around continuously within X
for each X € X!. Thus L, (u)(x) restricted to X is continuous in .
Similarly, £y (u)(z) restricted to the black 1-tile X} is also continuous
in 2. Hence Ly (u)(x) is continuous in z € S2.

Note that by a similar argument as above, we see that the Ruelle
operator Ly: C(S?) — C(5?) has a natural extension to the space of
real-valued bounded Borel functions B(S?) (equipped with the uniform
norm) given by (5.I5) for each u € B(S?).

It is clear that L, is a positive, continuous operator on C'(S?) (resp.
B(S?)) with the operator norm sup{L,(1)(x) |z € S*}. Moreover, we
note that by induction and (3.2)) we have

(5.16) L) (z)= Y degs(y)uly) exp(Spto(y)),
)

yef~"(z
and
Ly(u(vo )(x)= D degs(y)uly)(vo f)(y)exp(i(y))
yef~1(z)
(5.17) = v(x)Ly(u)(z),

for u,v € B(S?), x € S?, and n € N. Recall that the adjoint operator
Ly C*(S?) — C*(5?) of Ly acts on the dual space C*(S?) of the
Banach space C'(S%). We identify C*(S?) with the space M(S?) of
finite signed Borel measures on S? by the Riesz representation theorem.
From now on, we write (u,u) = [udp whenever v € B(S?) and p €

M(S?).

Lemma 5.7. Let f: S? — S? be an expanding Thurston map, ¢ €
C(S?), and p € C*(S?). Then

(1) (L3 (n), u) = (p, Ly(u) for u € B(S?).
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(i) For each Borel set A C S? on which f is injective, we have that
f(A) is a Borel set, and

518 L) = [ GesOepw) o () dn

Recall that a collection P of subsets of a set 2 is a w-system if it
is closed under intersection, i.e., if A/ B € P then AN B € P. A
collection £ of subsets of 2 is a A-system if the following are satisfied:
(1H)Qel 2)IfB,CeLand BCC,thenC\Be £ (3)If A4, €L,
n € N, with A, C 4,41, then |J A, € £.

neN

Proof. For (i), it suffices to show that for each Borel set A C 52,

(5.19) (L), La) = (1, Lyy(1a))-

Let £ be the collection of Borel sets A C S? for which (5.19) holds.
Denote the collection of open subsets of S? by &. Then & is a 7-system.

We first observe from (B.150) that if {w, },en is a non-decreasing se-
quence of real-valued functions on S?, then so is {Ly(uy,) }nen.

By the definition of £}, we have

(5.20) (L), u) = (i, Lop(u))

for v € C(S?). Fix an open set U C S? then there exists a non-
decreasing sequence {g, nen of real-valued continuous functions on 52
supported in U such that g, converges to 1y pointwise as n — +oc.
Then {Ly(gn)}nen is also a non-decreasing sequence of continuous
functions, whose pointwise limit is £, (1y). By the Lebesgue Monotone
Convergence Theorem and (5.20), we can conclude that (5.19) holds
for A=U. Thus & C £.

We now prove that £ is a A-system. Indeed, since (5.20) holds for
u=1lg2, we get S € £. Given B,C € £ with B C C, then 1o — 1p =
Levg and Ly(1c) — Ly(lp) = Ly(le — 1) = Ly(leys) by G.I5).
Thus C'\ B € £. Finally, given 4, € £ n € N, with 4, C 4,1, and

let A= [J A,. Then {14, }ren and {Ly(14,)}nen are non-decreasing
neN
sequences of real-valued Borel functions on S? that converge pointwise

to 14 and L,(14), respectively, as n — +oo. Then by the Lebesgue
Monotone Convergence Theorem, we get A € £. Hence £ is a A-system.

Recall that Dynkin’s 7-A theorem (see for example, [Bi95, Theo-
rem 3.2]) states that if P is a 7-system and £ is a A-system that
contains B, then the o-algebra o(B) generated by B is a subset of £.
Thus by Dynkin’s 7-A theorem, the Borel o-algebra o(®) is a subset
of £, i.e., equality (5.19) holds for each Borel set A C S2.



30 ZHIQIANG LI

For (ii), we fix a Borel set A C S? on which f is injective. By
(B.15)), we get that L,(14)(x) # 0 if and only if x € f(A). Thus f(A)
is Borel. Then (5.I8) follows immediately from (5.19) and (5.13]) for
u € B(S?). O

Definition 5.8. Let f: S? — S? be an expanding Thurston map
and pu € P(S?) a Borel probability measure on S?. A Borel function
J: 5% — [0,+00) is a Jacobian (function) for f with respect to p if
for every Borel A C S? on which f is injective, the following equation
holds:

(5.21) u(f(A)) = / Jdp.

Corollary 5.9. Let f: S? — S? be an expanding Thurston map. For
each v € C(S?) and each Borel probability measure u € P(S?), if
QZ(;L) = cp for some constant ¢ > 0, then a Jacobian J for f with
respect to p is given by

(5.22) J(z) ¢

~ deg,(x) exp(¢())

Proof. We fix some C, d, L, A that satisfy the Assumptions.
By Lemma 5.7, for every Borel A C S? on which f is injective, we
have that f(A) is Borel, and

CLy(m4) 1
e /f(A) Jo(fla)~! I

for the function J given in (5.22).

Since f is injective on each 1-tile X! € X!(f,C), and both X! and
f(X1) are closed subsets of S? by Proposition 3.5, in order to verify
(5.21)), it suffices to assume that A C X for some 1-tile X € X!(f,C).
Denote the restriction of g on X by ux, i.e., ux assigns p(B) to each
Borel subset B of X.

Let 1 be a function defined on the set of Borel subsets of X in
such a way that u(B) = u(f(B)) for each Borel B C X. Being the
pushforward of the restriction of x on f(X) by (f|x)~', the function
i is clearly a Borel measure on X. In this notation, by (5.23]) and the
change of variable formula, we get

(5.24) i (A) = / ﬂ% a7,

for x € S%.

(5.23) p(A)

for each Borel A C X.
By (B.24]), we know that uy is absolutely continuous with respect to
1t. On the other hand, since J is positive and uniformly bounded away
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from 400 on X, we can conclude that j is absolutely continuous with
respect to pux. Therefore, by the Radon—Nikodym theorem, for each
Borel A C X, we get pu(f(A)) = u(A4) = [,J|x dux = [,J du. O

Lemma 5.10. Let f: S? — S? be an expanding Thurston map, and
C C S? be a Jordan curve containing post f. Then there exists a con-
stant M € N with the following property:

For each m € N with m > M, each n € Ny, and each n-tile X" €
X"(f,C), there exist a white (n + m)-tile X7t € X0+ (f,C) and a
black (n 4+ m)-tile X7™™ € X3 (f,C) such that X™ U X+ C
inte(X").

Proof. We fix some d, L, A that satisfy the Assumptions.

By Lemma [B.§|(v), there exists a constant C' > 1 depending only on
f, C, and d such that for each k € Ny, each k-tile Z* € X*(f,C), there
exists a point ¢ € Z* such that
By(q, CT'A™F) C Z% C By(q, CA™").

We set M = [log,(4C?)] + 1. We fix an arbitrary n € Ny and an

n-tile X™ € X"(f,C). Choose a point p € X" with By(p, C~'A™") C

X" C By(p,CA™™). Then for each m € N with m > M, we have
4CA~Fm) < C=1A™ and we can choose X"+™ Y+ ¢ Xn+m(f C)

in such a way that X" is the (n + m)-tile containing p and Y™™ N

Xntm = entm ¢ Ertm(f C). Thus diamg(X"+H™) < 2CA~0F™) diamg(Y"+™) <
2CA~(+m) and

X" U y™m C By (p, ACA™ ™) C By (p, C7'A™") C inte(X™).

Moreover, exactly one of X"t and Y™™ is a white (n + m)-tile and
the other one is a black (n + m)-tile. U

Theorem 5.11. Let f: S? — S? be an expanding Thurston map, and
d be a visual metric on S? for f. Let ¢ € C**(S% d) be a real-valued
Hélder continuous function with an exponent o € (0,1]. Then there
exists a Borel probability measure my € P(S?) such that

(5.25) L (mg) = cmy,

where ¢ = (L} (my), 1). Moreover, any mg € P(S?) that satisfies (7.23)
for some ¢ > 0 has the following properties:

(i) A Jacobian for f with respect to my is
J(z) = cexp(—¢(z)).

(i) w(ff Fipost 1)) 0.



32 ZHIQIANG LI

(iii) The map f with respect to my is forward quasi-invariant (i.e.,
for each Borel set A C S?, if my(A) =0, then my(f(A)) =0),
and nonsingular (i.e., for each Borel set A C S?, my(A) =0 if
and only if my(f~'(A)) =0).

We will see later in Corollary [6.101 that mg € P(S?) satisfying (5.25])
is unique. We will also prove in Corollary [T.4] that m, is non-atomic.

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions
(see Theorem B.10 for the existence of such C).

Define 7: P(S?) — P(S?) by 7(n) = ﬁ%. Then 7 is a continu-

ous transformation on the nonempty, convex, compact (in the weak*
topology, by Alaoglu’s theorem) space P(S?) of Borel probability mea-
sures on S?. By the Schauder-Tikhonov Fixed Point Theorem (see for
example, [PUI0, Theorem 3.1.7]), there exists a measure m, € P(S?)
such that 7(mg) = mg. Thus L (my) = cmy with ¢ = (L5(mg), 1).

By Corollary .9 the formula for a Jacobian for f with respect to
me 18

(5.26) J(z) = c(deg () exp(p(x))) ™, for z € S2.

400 .
Since |J f~7(post f) is a countable set, the property (ii) follows if
=0

400 .
we can prove that my({y}) = 0 for each y € |J f~/(post f). Since for
=0
each x € S?,
c

621w = g s mala))

it suffices to prove that my({x}) = 0 for each periodic = € post f.
Suppose that there exists z € S? such that f!(z) = x for some [ € N

and my({z}) # 0. Then by (£.27), [B2), and induction,

Cl

(528) m¢({x}) = degfl(l') exp (S[QS(ZL’))md)({I})’

where S;¢ is defined in 23). Thus ¢ = degy(x) exp (Si(x)).
Similarly, for each k € N and each y € f~*(z), we have

Ckl

(5.29) maltey) = deg i (y) exp (Skz¢(y))m¢({y})'

Thus

530 mo{y)) = e W) PO

(deg ()" exp(Swo(z))

mg({}).
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FIGURE 5.1. A (kl)-flower W*(x), with card(post f) = 3.

Suppose that there exists € post f such that f!(z) = x for some
I € N and my({z}) # 0. Note that for each k € N, we have z €
VH(f,C). The closure of the (kl)-flower W*(x) of z contains ex-
actly 2 (degfz(a?))k distinct (kl)-tiles whose intersection is {x} (see
[BM17, Lemma 5.28(i)]). By Lemma (.10, there exists m € N that
only depends on f, C, and d such that for each k£ € N, each (kl)-tile
Xk e XHM(f C) contained in Wk (x), there exists a ((k + m)l)-tile
X(ktm)l g Xtml(f C) such that X*®+™! C inte (X*). So there ex-
ists a unique y € X*™! C inte (X*) such that f*T™I(y) = z by
Proposition B.5((i), see Figure 5.1l For each k € N, we denote by T}, the

set consisting of one such y from each (kl)-tile X* C W*I(x). Note

(5.31) card(T},) = 2 (degu(x))"

400 .
Then {7} }ren is a sequence of subsets of |J f~7(post f). Since f is
§=0
expanding, we can choose an increasing sequence {k;}ien of integers
recursively in such a way that W%i+1(z) N Uj—1 Tk, = 0 for each i €
N. Then {T},}ien is a sequence of mutually disjoint sets. Thus by
Lemma [5.1] there exists a constant D that only depends on f, C, d, ¢,
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and « such that

m¢(©:f_j(p05t f)) > io > my({y})

i=1 yeTy,

= deg p;+m (y) exp(Se, +mud(y))
- Z ki+m
im1 yery, (degpi(2))™ " exp(Siwrmud(w))

>mo({z}) Z Z exp( S0y Skl¢(x))kef£(_2ml 9ll.)
=1 yeTj, (degfl ))

exp(D —2ml ||¢|| )
>m oS .
Aed ZZ (et ()" (Ao ()"

Combining the above with (5.3]), we get

m¢>< U f_j(post f)) m¢({x}) exp(D — le 191 ) 22 — oo

ms({})

(degfz (

This contradicts the fact that m, is a finite Borel measure.

Next, in order to prove the formula for the Jacobian for f with
respect to mg in property (i), we observe that by Lemma [5.7 and
(5.26)), for every Borel set A C 5% on which f is injective, we have that
f(A) is a Borel set and

mg(f(A)) = me(f(A) \ post f) = my(f(A\ (post f U crit f)))

:/ cexp(—¢) dm, :/cexp(—gb) dmy.
A\ (post f Ucrit f) A

Finally, we prove the last property. Fix a Borel set A C S? with
my(A) = 0. For each 1-tile X' € X!(f,C), the map f is injective
both on AN X! and on f~'(A) N X! by Proposition B5(i). So it
follows from the formula for the Jacobian that my (f (AN X')) = 0
and my (f1(A)NX') = 0. Thus mg(f(A)) = 0 and ¢(f~1(A)) = 0.
It is clear now that f is forward quasi-invariant and nonsingular with
respect to m. U

Remark. Following the ideas of the proof of Theorem B.I1[ii), we can
actually prove the fact that m, is non-atomic (c.f. Corollary [7.4]) right
after establishing Lemma In fact, my(y) = 0 for each nonperi-
odic y € S? follows from (5.27), (5.106), and (5.41). Let x € S? be a
periodic point of f. If x € post f, then my(x) = 0 is established in
Theorem B.I1(ii). If « ¢ post f, then my(z) = 0 follows from a similar
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argument to that of the proof of Theorem B.11(ii), where deg:(z) = 1
for all 7 € N, and x is in the interiors of a nested sequence of tiles.

Proposition 5.12. Let f, d, ¢, o satisfy the Assumptions. Let my be a
Borel probability measure defined in Theorem 211 with L}(mg) = cmyg
where ¢ = (L} (mgy), 1). Then for every Borel set A C S, we have

1

where J = cexp(—9).

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions.
The second inequality follows from Definition 5.8 and Theorem [E.111
Let B = f(A) N X2 and C = f(A) Ninte(X}), where X2 X? €

XO(f,C) are the white O-tile and the black 0-tile, respectively. Then

BNC =0 and BUC = f(A). For each white 1-tile X! € X (f,C)

and each black 1-tile X} € X}(f,C), we have

/ Jdmg = my(B),
fmHB)N Xy,

/ Jdm¢ = m¢(C’),
F~HC) Ninte(X})

by Proposition B.5](i), Definition 5.8, and Theorem [5.11l. Then the first
inequality follows from the fact that card (X} (f,C)) = card (X} (f,C)) =

deg f (see (B.4)). O

Proposition 5.13. Let f, C, d, ¢, « satisfy the Assumptions. Let my
be a Borel probability measure defined in Theorem [5.11 which satisfies
Li(mg) = cmg where ¢ = (L%(mg), 1). Then my is a Gibbs measure
with respect to f, C, and ¢, with

1
(5.32) P, =logc= lim —logLy(1)(y),

n—+oo N,

for each y € S2.

In particular, since the existence of my in Theorem [B.11]is indepen-
dent of C, this proposition asserts that my is a Gibbs measure with
respect to f, C, and ¢, for each C that satisfies the Assumptions. In
general, it is not clear that a Gibbs measure with respect to f, C;, and
¢ is also a Gibbs measure with respect to f, Cy, and ¢, even though
the answer is positive in the case when f has no periodic critical points
as shown in Proposition [5.19.

We also note that it will follow from Proposition (.17 that P, =

P(f,9).



36 ZHIQIANG LI

Proof. We first need to prove that p = my satisfies (5.11]).
It follows immediately from Theorem [B.1TI(i) that

(5.33) m¢(fi(B)) = /Bexp(ilogc — Sip(x)) dmy(x)

forn e N, 7 €{0,1,...,n}, and each Borel set B C 5% on which f™ is
injective. Thus by Lemma [5.1], there exists a constant C' > 1 such that
for each n € Ny, each X" € X"(f,C), and each z € X™,

mg(fH(X™)) > C™ exp(nlog e — Snug(x))ms(X™)
and

mg(f"(X")) < Cexp(nlogc— Spo(z))me(X™).
Note that f"(X™) is either the black 0-tile X € X°(f,C) or the white
0-tile X2 € X°(f,C). Both X} and X are of positive my-measure,
for otherwise, suppose that m4(X°) = 0 for some X° € X°(f,C),
then by Proposition 512, m4(f7(X?)) = 0, for each j € N. Then by
Lemma B.I0, m4(S?) = 0, a contradiction. Hence (5.I]) follows, and
my is a Gibbs measure with respect to f, C, and ¢, with P,,, = logc.

To finish the proof, we note that by (5.16) and Lemma [5.2], for each

x,y € S? and each n € Ny, we have

1 L) o
Cy — Ly(1)(y)
where C5 is a constant depending only on f, C, d, ¢, and a from
Lemma [5.21 Since (mgy, L3(1)) = ((L})"(my), 1) = (c"my, 1) = c", by
(5.16) and (5.34), we have that for each arbitrarily chosen y € S?,

loge— lim llog/w )(z) dimg ()

(5.34)

n—+oo M,

n—4oco N,

(5.35) = lim —log/E" y) dmg(x)

= lim —logE"( )(y).

n—+oo N

O

Corollary 5.14. Let f, d, ¢, « satisfy the Assumptions. Then the
limit lim +log L3(1)(x) exists for each x € S* and is independent of

n—-+o0o
z €S2
We denote the limit as D, € R.

Proof. By Theorem [5.111, there exists a measure my such as the one in
Proposition (.13l The limit then clearly only depends on f, d, ¢, and
«, and in particular, does not depend on C or the choice of m. O
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Let f, C, d, ¢, a satisfy the Assumptions. We define the function

(5.36) ¢ =¢— Dy C"(S? d).
Then
(5.37) Ly=e"oL,.

If m, is a Gibbs measure from Theorem [5.1T] then by Proposition
and Corollary (5.14] we have

(5.38) Li(mg) = e omy = emomy,
and

We summarize in the following lemma the properties of Ly that we
will need.

Lemma 5.15. Let f, C, d, L, A, ¢, a satisfy the Assumptions. Then
there exists a constant Cs depending only on f, C, d, ¢, and a such

that for each x,y € S* and each n € Ny the following equations are
satisfied

£2(1)(x) .
(5.40) m <exp (4C1 Ld(z,y)*) < Oy,
(5.41) Ci < £2(1)(x) < G,

(5.42)
L3(1)(z) — LE(1)(y)| < Ca (exp (401 Ld(z,y)") — 1) < Csd(z, )%,

where Cy,Cy are constants in Lemma [51 and Lemma [5.2 depending
only on f, C, d, ¢, and «.

Proof. Inequality (5.40) follows from (5.37), (5.16), and Lemma (5.2
To prove (541]), we choose a Gibbs measure m, with respect to f,
C, and ¢ from Theorem 511l Then by (5.39) and (5.40]), we have

£2(1) (@) < Co{mg, £2(1)) = Co{ (£3)" (), 1) = Cofim, 1) = C.
The first inequality in (5.41]) can be proved similarly.
Applying (5.40) and (5.400), we get
L3(1)(x) = LE(1)(y) = (M - 1) L3(1)(z)
¢ ¢ oo )5
< Gy (exp (4C1 Ld(z, y)*) — 1)
< Csd(z,y)*,
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for some constant C3 depending only on L, Cy, Cs, and diamy(S?). O
We can now prove the existence of an f-invariant Gibbs measure.

Theorem 5.16. Let f: S? — S? be an expanding Thurston map and
C C S? be a Jordan curve containing post f with the property that
fe(C) CC for some ne € N and f'(C) € C for eachi € {1,2,...,nc—
1}. Let d be a visual metric on S* for f with expansion factor A > 1.
Let ¢ € C%(S?,d) be a real-valued Holder continuous function with

n—1
an exponent o € (0,1]. Then the sequence {% > Eé(]l)} converges
=0 neN

uniformly to a function uy, € C%*(S? d), which satisfies

(5.43) Ly(ug) = ug,

and

(5.44) Ci < uy(z) < Oy, for each x € S?,
2

where Cy > 1 is a constant from Lemmal5.2 Moreover, if we let my
be a Gibbs measure from Theorem[5.11], then

Gi45) /ﬂU¢dﬂ@¢::1,
and py = ugmey 1s a Gibbs measure with respect to f, C, and ¢, with
1
4 P, =P, =Dy= lim —1 21
(5.46) [ me ¢ n_lffoo 0 og £¢( )W),

for each y € S?%, and

(5.47) filpe) = po-

We will show in Corollary [5.18 that an measure y, as defined above
is in fact an equilibrium state for the map f and the potential ¢. We
will also show in Proposition 517 that Dy = P(f, ¢).

Proof. In order to prove this theorem, we first establish (5.43), (5.44),
n—1

and (5.45)) for a subsequential limit of the sequence {% > E%(]l)} :
=0 neN

then prove the above sequence has a unique subsequential limit, and

finally justify (5.46) and (5.47).

n—1 .
Define, for each n € N, u,, = £ 3 E%(]l). Then {uy,}nen is a uni-
j=0

formly bounded sequence of equicontinuous functions on S? by (5.41))
and (0.42). By the Arzela—Ascoli Theorem, there exists a continuous
function ug € C(S?) and an increasing sequence {n; };cn in N such that
U, — Uy uniformly on S? as i — +o0.
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To prove (5.43)), we note that by the definition of u, and (5.41), we
have that for each 7 € N,
1 1+ Cy

Ll <22

By letting i — +00, we can conclude that Hﬁg(u(b) — u¢Hoo = 0. Thus
(543) holds.

By (5.41)), we have that C; ' < u,(x) < O, for each n € N and each
z € §%. Thus (5.44) follows.

By (5.39) and definition of u,, we have [u,dmys = [1dm, = 1 for
each n € N. Then by the Lebesgue Dominated Convergence Theorem,
we can conclude that

i——4o0

/ updmy = lim [ u,, dmy = 1,

proving (5.45)).

Next, we prove that wu, is the unique subsequential limit of the se-
quence {uy, }neny With respect to the uniform norm. Suppose that vy is
another subsequential limit of u,,n € N, with respect to the uniform
norm. Then vy is also a continuous function on S? satisfying (5.43),

(5.44), and (5.45) by the argument above. Let
t = sup{s € R|uy(x) — svy(x) > 0 for all z € S*}.

By (544), ¢t € (0,+00). Then there is a point y € S? such that
ug(y) — tvy(y) = 0. By (B10) and the equation

Ea(u(ﬁ — tU¢) = u¢ — tv¢,

which comes from (5:43), we get that ue(z) — tvg(z) = 0 for all z €
f7'(y). Inductively, we can conclude that u,(z) — tvg(z) = 0 for all
ze J f7(y). By Lemmal3II] the set |J f~%(y) is dense in S?. Hence
ieN ieN

uy = tv, on S Since both u, and v, satisfy (5.45), we get ¢t = 1.
Thus uy = vs. We have proved that u,, converges to us uniformly as
n — 400.

It now follows immediately from (5.47), (5.42), and the uniform con-
vergence of u,, that us, € C%*(S5?,d).

Since my is a Gibbs measure by Proposition [.13] then by (5.44),
[ig = tgMy is also a Gibbs measure with P, = P,,, = Dy = lim +log L}(1)(y)

n—-+o0o
for each y € S?, proving (5.46]).
Finally we need to prove that p, is f-invariant. It suffices to prove

that (ug, go f) = (ug, g) for each g € C(S?). Indeed, by (539), (543),
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and (B.17), we get
(tg: g o f) = (mg,ug(g o f)) = (L5(my), ug(g o f))
= (mg, L (qu go ) = (ms, 9L5(us))
= (Mg, gug) = (Ko, 9)-
U

Remark. By a similar argument to that in the proof of the uniqueness of
n—1 .

the subsequential limit of {% > L%(]l)} | one can show that u, is the
j=0 ne

unique eigenfunction, upto scalar multiplication, of L3 corresponding
to the eigenvalue 1.

We now get the following characterization of the topological pressure
P(f,¢) of an expanding Thurston map f with respect to a Holder
continuous potential ¢.

Proposition 5.17. Let f, d, ¢, a satisfy the Assumptions. Then for
each x € S?, we have

(548 P(7,6)= lm “log Y desu(y) exp(S.0(n)) = D

n—+oo N
yef"(x)

Recall that Dy = P, = P,, = logc = log f£¢> ) dmy, using the
notation from Proposition lﬂlﬁi and Theorem

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions
(see Theorem B.I0l for the existence of such C).

By Corollary 514 and (5.I6), for each x € S?, the limit in (5.4])
always exists and is equal to D,, independent of z. Moreover, for an
f-invariant Gibbs measure p, from Theorem with P,, = Dy, we
get from Proposition that

(5.49) Dy =P, < P(f,0)

Now it suffices to prove D, > P(f, ¢).

Note that by Lemma [B.8(ii), there is a constant C' > 1 depending
only on f, C, and d such that for each n € Ny and each n-tile X" €
X"(f,C), we have C7*A™™ < diamgy(X™) < CA™".

Fix m € N, let e = CA~™. For each n € Ny, let F,,(m) be a maximal
(n, €)-separated subset of S2.

We claim that if 1,y € F,,(m) and yy,y2 € X™ " for some (m+n)-
tile X™*™ in X™*(f C), then y; = ys.

Indeed, for each integer j € [0,n — 1], we have that

(5.50)  d(f (1), f(y2)) < diamy(f7(X™™)) < CA™M=0) < ¢,
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So suppose that y; # yo, then yi, yo would not be (n, €)-separated, a
contradiction.

We fix z € inte(X?) and y € inte(X}) where X? and X} are the
white 0-tile and black 0-tile in X°(f,C), respectively. We can now
construct an injective map i, : F,(m) — f~m)(z) U f~0m)(y) for
each n € N by demanding that z € F,(m) and i,(z) € f~m+)(z) U
f~m+1)(y)) be in the same (m+n)-tile. Since for each X" € X" (f,C),
by Proposition B5(v), card (X™ N (f~m)(z) U f=m(y))) = 1,
it follows that 4, is well-defined (but not necessarily uniquely defined)
for each n € N. Thus by Lemma 5.1l Lemma (.2, (5.16), (5.37), and
(541]), we have that for each n € N,

Z eSn9(2) <Oy Z end(2)

zE€Fn(m) zef~(mtn) (z)uf—(m+n)(y)
<Cyemlol ( T e Y esm+n¢<z>)
z€f=(mtn)(2) z€f=(mtn)(y)

§C4(1 + Cz)em”¢||oo Z €Sm+n¢)(z)

zEf~ (m+n) (Z‘)

304(1 + 02)C2em||¢||oo 6(m+n)D¢ ’

where C; = exp (Cl ( diamd(52))a), and C;,Cy are constants from
Lemma [5.1land Lemma [5.2] By taking logarithm and next dividing by
n on both sides, then taking n — +o00 and finally taking m — +oo
to make € — 0, we get from (5.1)) that

P(f,¢)= lim liminfllog Z exp(Spo(w)) < Dy.

m—-+o0o0 n—-+oo N,
wEFn(m)

The following corollary gives the existence part of Theorem [Tl

Corollary 5.18. Let f: S? — S? be an expanding Thurston map and
d be a visual metric on S* for f. Let ¢ € C%*(S?,d) be a real-valued
Hélder continuous function with an exponent o € (0,1]. Then there
exists an equilibrium state for f and ¢. In fact, any measure py defined
in Theorem[5.108 is an equilibrium state for [ and ¢.

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions
(see Theorem B.I0l for the existence of such C). Consider an f-invariant
Gibbs measure j14, with respect to f, C, and ¢ from Theorem[5.16l Then
by Theorem and Proposition B.I7, we have P,, = Dy = P(f,¢).
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Then by Proposition 5.6, we have P,, = h,, + [¢duy, = P(f,¢).
Therefore, j14 is an equilibrium state for f and ¢. U

We end this section by proving in Proposition[5.19that the concept of
a Gibbs measure and that of a radial Gibbs measure coincide if and only
if the expanding Thurston map has no periodic critical point. The proof
of the forward implication relies on the existence of Gibbs measures for
f, C, and ¢ that satisfy the Assumptions proved in Proposition [5.13l

Proposition 5.19. Let f, C, d, ¢, « satisfy the Assumptions. Then
a radial Gibbs measure p with respect to f, d, and ¢ must be a Gibbs
measure with respect to f, C, and ¢, with P, = P,. Moreover, the
following are equivalent:

(1) f has no periodic critical point.

(2) A Borel probability measure 1 € P(S?) is a Gibbs measure with
respect to f, C, and ¢ if and only if it is a radial Gibbs measure
with respect to f, d, and ¢.

(3) There exists a radial Gibbs measure for f, d, and ¢.

If, in addition, we assume that f does not have periodic critical
points, and let C; and Cy be Jordan curves on S? that satisfy the As-
sumptions for C, and v € P(S?) be a Borel probability measure, then
v is a Gibbs measure with respect to f, Ci, and ¢ if and only if v is a
Gibbs measure with respect to f, Ca, and ¢.

The implication from (1) to (2) generalizes Proposition 18.2 in [BM17],
which states that for an expanding Thurston map f with no periodic
critical point and with the measure of maximal entropy i and a visual
metric d, the metric measure space (S?,d, ) is Ahlfors regular.

Proof. By Lemma B.8(v), there exists a constant C' > 1 such that for
each n € Ny, and each n-tile X™ € X", there exists a point p € X"
with

By(p, C~'A™™) C X™ C By(p,CA™).

Thus there exists m; € N such that for each n € Ny, each X" € X",
there exists p € X" such that

Bd (p7 A—(n+m1)) g X" g Bd (p7 A_(n_m1)> .

On the other hand, by Lemma B.8(iv), there exists my € N such that
for each € S? and each n € Ny, we have

(5.51) U™t (x) C By(z,A™™) C U ™ (),
where the sets U'(x) for | € Ny and z € S? are defined in (3.6)).
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Note that for each n € Ny and each y € U"(x), by choosing z €
Y* N X" with X Y" € X" and x € X", y € Y", and applying
Lemma (5.1 we get
(5.52)  [Sno(z) = Snd(y)| < [Snd(2) — Snd(2)| + [Snd(2) — Sno(y)]

<20 (diamd(SQ))a,
where (] is a constant from Lemma 5.1

If p is a radial Gibbs measure with constants ﬁu and 5,“ then for
each n € Ny and each n-tile X™ € X", there exists p € X such that

((X™) < By (p, A7)
< Gy oxp (S 9(z) — (n —m1)B,)
< 5M exp (m1 ||¢], + m1ﬁu) exp (Spo(z) — ”ﬁu)>

and

u(X™) > By (p, A=)

> ~i exp (Sn+m1¢($€) —(n+ ml)Pu)
Ch

1

> — —exp (5, —nP)).
=z C’MeXp (ml ||gz5||oo+m1Pu) € p( ¢(I) n u)

Thus 4 is a Gibbs measure for f, C, and ¢, with P, = ﬁu-

To prove the equivalence, we start with the implication from (1) to
(2).

We have already shown above that any radial Gibbs measure for f,
d, and ¢ must be a Gibbs measure for f, C, and ¢.

If we assume that f has no periodic critical point, then there exists
a constant K € N such that for each x € S? and each n € Ny, the set
U"(x) is a union of at most K distinct n-tiles, i.e.,

card{Y" € X" |there exists an n-tile X" € X" with
reX"and X"NY" #£ 0} < K.

Indeed, if f has no periodic critical point, then there exists a constant
N € N such that deg.(z) < N for all z € 5* and all n € N ([BMI7,
Lemma 18.6]). Since each n-flower W"(p) for p € V" is covered by
exactly 2deg;.(p) distinct n-tiles ([BM17, Lemma 5.28(i)]), U"(x) is
covered by a bounded number of n-flowers and thus covered by a boun-
ded number, independent of z € S? and n € Ny, of distinct n-tiles.
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If 1 is a Gibbs measure with constants P, and C),, then by (5.51)),
(5.52), and Lemma [5.1], for each n € Ny and each z € S?, we have

u(Balw, A7) 2 (U™ (2)) > C' exp(Supmy(x) — (n -+ ma) )

1
> Sn - P 9
2 G exp(ma [0l mapy) P = nh)

and moreover, if n > mo, then

p(Ba(z, AT) <p (U ™@) < Y w(X)

XeXn—mz
XCU™™ ™2 (z)

<KCexp (2Cy (diamd(SQ))a) exp(Sn—my@(x) — (n — myo)F,,)
<KC} exp (201 (diamd(SQ))a +mo (|||, + Pu)) exp(Spo(x) — nPb,),

and if n < mq, then
H(Bale, A7) < 1< exp (ma((|6]. + |P)) exp(Su6(2) — nP,).

Thus p is a radial Gibbs measure for f, d, and ¢.

Next, we show that (2) implies (3).

We assume (2) now. Let u = my, where my is from Theorem [5.11]
Then by Proposition B.13] i is a Gibbs measure for f, C, and ¢. Thus
1 is also a radial Gibbs measure for f, d, and ¢.

Finally, we prove the implication from (3) to (1) by contradiction.

Assume that f has a periodic critical point z € S? with a period
[ € N, and let p be a radial Gibbs measure for f, d, and ¢ with
constants P, and C),. So p is also a Gibbs measure for f, C, and ¢ with
constants P, = ﬁu and C),, as shown in the first part of the proof.

We note that = € post f C V™ for each n € Ny. By (B8.3), (8:6), and
(5.51)), for each n € N,

Wbz (z) C UM+™m2 (1) C By(a, A~™).

Recall that the number of distinct (nl+msy)-tiles contained in Wni+mz(z)
is 2deg nitm, (7). Denote these (nl + my)-tiles by Xphme ¢ xnltme
i€ {1,2, -y 2deg pniemy (x)} Then by Lemma 510, there exists an
(nl +my + M)-tile Y; € Xnitm2+M gych that Y; C inte (XZ."Hm?). Here
M € N is a constant from Lemma (.10, We fix z; € Y, for each
i€ {1,2,...,2degmi+m, (x)}. Note that ;NY; =@ for1 <i<j <
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2 deg pnitmg (7). Thus
C, exp(Sud(x) — nlP,) > p(Ba(z, A™™))

2 degfnl+m2 (z)

(W) = Y )

1=1

1
>2 deg pnitms, (x)C— exp (Sni4mo+m@(x;) — (nl +mg + M)P,)
m

2 (deg (x))n
= Crop (M [0l + MP,)
2 (deg ()" exp(Snigmyd(2) — (Rl + ma)P,)
~ Cuexp (M| o], + MP, + Cy (diamg4(5?))”)
- (degfi(z))" exp(Suo(x) — niP,)
~Cexp ((ma + M) |9l + (m2 + M) B, + Cy (diamy(5?))")’

where the second-to-last inequality follows from Lemma [5.1] and the
fact that z;, 2 € X" for i € {1, 2,...,2deg mitmy (x)}, and C is a
constant from Lemma 5.1l So

(degi(2))" < C,Cyexp ((ma + M)(||¢]| + P) + Oy (diamg(S?))%)

for each n € N. However, since x is a periodic critical point of f, we
have deg ;i (z) > 1, a contradiction.

exp(Sni+my @(@i) — (0l + ma2) F,)

Finally, if we assume that f does not have periodic critical points,
then the last part of this proposition follows from statement (2). [

6. UNIQUENESS

To prove the uniqueness of the equilibrium state of a continuous map
g on a compact metric space X, one of the techniques is to prove the
(Gateaux) differentiability of the topological pressure function P(g,-): C'(X) —
R. We summarize the general ideas below, but refer the reader to
[PUI0, Section 3.6] for a detailed treatment in the case of forward-
expansive maps and distance expanding maps.

For a continuous map ¢g: X — X on a compact metric space X, the
topological pressure function P(g,-) : C(X) — R is Lipschitz continu-
ous ([PU10, Theorem 3.6.1]) and convex ([PUL0L Theorem 3.6.2]). For
an arbitrary convex continuous function ¢): V' — R on a real topolo-
gical vector space V', we call a continuous linear functional L: V — R
tangent to Q) at x € V if

(6.1) Q(z)+ L(y) < Q(x +y), for each y € V.
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We denote the set of all continuous linear functionals tangent to () at
x € V by V. Tt is known (see for example, [PUL0, Proposition 3.6.6])
that if p € M(X,g) is an equilibrium state for g and ¢ € C(X), then
the continuous linear functional u — [udp for u € C(X) is tangent
to the topological pressure function P(g,-) at ¢. Indeed, let ¢,y €
C(X) and p € M(X,g) be an equilibrium state for g and ¢. Then
P(g,¢+7) > hu(g)+ [¢+~du by the Variational Principle (5.5)), and
P(g,¢) = h,(g)+ [¢dp. It follows that P(g, )+ [vdu < P(g, d+7).

Thus in order to prove the uniqueness of the equilibrium state for
an expanding Thurston map f: S? — S? and a real-valued Holder
continuous potential ¢, it suffices to prove that card ( (C’(Sz));P(ﬁ.) )=
1. Then we can apply the following fact from functional analysis (see

[PU10, Theorem 3.6.5] for a proof):

Theorem 6.1. Let V' be a separable Banach space and QQ: V — R
be a convex continuous function. Then for each x € V', the following
statements are equivalent:

(1) card (V) = 1.
(2) The function t — Q(z + ty) is differentiable at 0 for each
yeV.

(3) There exists a subset U C V' that is dense with respect to the
weak topology on V' such that the function t — Q(x + ty) is
differentiable at O for each y € U.

Now the problem of the uniqueness of equilibrium states transforms
to the problem of (Gateaux) differentiability of the topological pressure
function. To investigate the latter, we need a closer study of the fine
properties of the Ruelle operator L.

A function h: [0,+00) — [0,+00) is an abstract modulus of con-
tinuity if it is continuous at 0, non-decreasing, and h(0) = 0. Given
any metric d on S? that generates the standard topology, any constant
b € [0,400], and any abstract modulus of continuity h, we define the

subclass C?(S?,d) of C(S?) as
Cr(S?,d) = {ue C(S?* | ||lull,, <band for z,y € S?,
lu(z) —u(y)| < h(d(z,y))}.
Note that by the Arzela—Ascoli Theorem, each C? (52, d) is precompact
in C(S?) equipped with the uniform norm. It is easy to see that each

C?(S?,d) is actually compact. On the other hand, for u € C(S?), we
can define an abstract modulus of continuity by

(6.2) h(t) = sup{lu(z) — u(y)|| =,y € S* d(z,y) < t}
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for t € [0, +00), so that u € C}(S?,d), where 8 = ||ul|
We will need the following lemma in this section.

Lemma 6.2. Let (X, d) be a metric space. For each pair of constants
bi,by > 0 and each pair of abstract moduli of continuity hy, ho, there
exist a constant b = biby > 0 and an abstract modulus of continuity
h = bghl + bth such that

6.3)  {wus|w € CY (X, d),us € CR2(X,d)} C Ch(X,d),
and for each ¢ > 0,

(6.4) {% ‘u € C',Iﬁ(X, d),u(x) > ¢ for each x € X} - C’g:;hl(X, d).

Proof. For uy € C)'(X,d),us € C}2(X,d), we have [[ujus||, < bibs,
and for z,y € X,

Jur (w)ua(x) = ua (y)ua(y)] < fua (2 )HU2( ) — ua(y )|+\U2(y)Hul(x) —w(y)|

Forc > 0 and u € C’bl(X d) with u(z) > ¢ for each x € X, we have
HUHOOS% and for z,y € X,

1 1
ul@) u<y>' =

Let f, d, ¢, « satisfy the Assumptions. Recall that by (5.36]) and
Proposition .17,
¢=9¢—P(f 9)
We define the function

(6.5) &= ¢ — P(f,¢) +loguy — log(ug o f),

where uy is the continuous function given by Theorem [5.16l Then for
u € C’(Sz) and = € S?, we have

Z degf ¢(y P(f,9)+logug(y)—logug(f(y))
yef
== (I Z degf ( ) #(y)—P(f,0)
N yef1(z)
L L(uug) (@),
= UU¢
T ug(r) ¢
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and thus

J _ “(uu or n
(6.6) L5(u)(r) = e )E (uug)(z),  forneN.

Recall m, from Theorem (.11l Then we can show that pgs = ugmy
satisfies

(6.7) L5(1o) = po.
Indeed, by (6.6) and (5.39), for u € C(S?),

/ /,C u¢dm¢ = /E uu¢ d7Tl¢
= /uu¢d(£(’;(m¢)) = / uty dmy = /ud,ud,.

By (B43) and [8), £5(1) = ,-L5(ug) = 1, ie

(6.8) Z deg;(y) exp oly)=1  forx e 5%

yef~Hx)

Lemma 6.3. Let f, d, ¢, « satisfy the Assumptions. Then the operator
norm of L5 is given by ||L5|| = 1. In addition, L5(1) = 1.

Proof. By (6.8), for each z € S? and each u € C(S?), we have

Y degs(y)uly) expd(y)

<ullye > degy(y)expo(y)
yef~1(x)

= [lull.

Thus |[£5]| < 1. Since £5(1) = 1 by ([6.8), |[£5]| = 1. O
Lemma 6.4. Let f, d, ¢, a satisfy the Assumptions. Then

(6.9) ¢ € C%(S2,d).

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions
(see Theorem B.I0l for the existence of such C). By Theorem (.10,
ug € C%(S% d) and Cy' < uy(x) < Oy for each z € S?, where Cy > 1
is a constant from Lemma So logu, € C%(S% d). Note that
¢ € C%(S?,d), so by (6.9) it suffices to prove that ugo f € C%(S52, d).
But this follows from the fact that f is Lipschitz with respect to d
(Lemma B12) and u, € C%%(S?,d). O
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Theorem 6.5. Let f, C, d, A, L satisfy the Assumptions. Then for
each o € (0,1], each b > 0, and each 0 > 0, there exist constants b >0
and C > 0 with the following property:

For each abstract modulus of continuity h, there exists an abstract
modulus of continuity h such that for each ¢ € C**(S2,d) with 6], <
0, we have

(6.10) {£2(u) [u € C}(S%, d),n € No} C C2(52,d),
(6.11) {£%u) |u € Cy(S* d),n € No} € CR(5%,d),

where h(t) = C(t*+h(2C,Lt)) is an abstract modulus of continuity, and
Co > 1 is a constant depending only on f, C, and d from Lemma 313

Proof. Fix arbitrary a € (0,1], b > 0, and # > 0. By Lemma [5.15] for
n € Ny, u € C}(5?%,d), and ¢ € C**(S?,d) with |¢|, < 6, we have

lez| < el ||| <.,

where Cy is the constant defined in (5.10) in Lemma So we can
choose b = Cyb. Note that by (5.10)), the constant Cy only depends on
f,C,d, 0, and a.

Let XY be either the white O-tile X° € X%(f,C) or the black 0-tile
XP e XO(f,C). If X™ e X™(f,C) is an m-tile with f™(X™) = X for
some m € Ny, then by Proposition B.5(i), the restriction f™|xm of f™
to X™ is a bijection from X™ to X°. So for each z € X, there exists a
unique point contained in X™ whose image under f™ is x. We denote
this unique point by z,,(X™). Note that for each z = z,,(X™), the
number of distinct m-tiles X € X™(f,C) that satisfy both f™(X) = X°
and z,,(X) = z is exactly degn(2).

Then for each z,y € X°, we have

£a(u)(@) ~ £3(w)(y)|

X"eX™(f,C)
f”(X”):XO

[e.e] ‘

<| Y wln(X) (p(Sudlan(X7)) — exp(S,5(3(X")))) \
pF
AT eS8 (X)) (ulwn(X7) — w(pn(X7) '
X"eX"(f,C)

fn(Xn):XO
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The second term above is
S Cgh(CQA_nd(l’, y)) S CQh(Cod(l’, y)),

due to (5.4T)) and the fact that d(z,(X™), y.(X")) < CoA™"d(z,y) by
Lemma B.13], where the constant Cj comes from.

In order to bound the first term, we use the following general ine-
quality for s,t € R,

lexp(s) — exp(t)| < (exp(|z — y|) — 1)(exp(z) + exp(y)).
So by (5.16), Lemma [5.1], and Lemma the first term is

< Z | <e|5n$(wn(X"))—Sna(yn(X"))| _ 1) (€Sn$(mn(xn)) +65n$(yn(xn))>
X”EX”(f,C)
= > blexp(Crd(z,y)*) = 1) (es"g(x"(X”” +esn$<yn<X”>>)

XneXn(f,C)
f” (X" ):XO

<2bC5(exp(Chd(z,y)*) — 1)
§2b6’3d(x7 y)aa

for some constant Cs > 0 that only depends on C1, Cs, and diamgy(S?),
where C > 0 is the constant defined in (5.8]) in Lemma[B.dland Cy > 1
is the constant defined in (5I0) in Lemma Note that the justi-
fication of the second inequality above is similar to that of (.42]) in
Lemma We observe that by (5.8) and (5.10), both C} and Cj
only depend on f, C, d, #, and «, so does C}.

Hence we get

L2(u)(x) — L2(u)(y)| < 2bCsd(x, y)* + Coh(Cod(x, y)).

Now we consider arbitrary z € X? and y € X}. Since the metric
space (S?,d) is linearly locally connected with a linear local connecti-
vity constant L > 1, there exists a continuum £ C S? with z,y € E
and E C By(x, Ld(x,y)). We can then choose z € C N E. Note that
max{d(z, z),d(y,2)} < 2Ld(z,y).

Hence we get

£3(u)(z) — L3(u)(y)|

£2(u)(x) — L2(u)(2)| + |£2() () — L2w)(y)

<2Csd(x, 2)* + Coh(Cod(x, 2)) + 2bCsd(z, y)* + Coh(Cod(z, 1))
<8bLCsd(z,y)* + 2C5h(2C Ld(z, y)).

<
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By choosing C = max {8bL53, 202}, which only depends on f, C, d,
0, and o, we complete the proof of (G.10).

We now prove (6.11]).
We fix an arbitrary ¢ € C%*(S5?,d) with |¢|, < 6. Then by (5.44) in
Theorem and (5.I0) in Lemma 5.2, we have

[ug]l o < b1,

where b = exp (47252, L(diam(5?))®). By Theorem 5.16] and (5.42)
in Lemma [5.15], for each z,y € S?, we have

us() — (o) = | Jim 23" (£30)(2) - ﬁ;;(ﬂ)(a:))\
<timowp 3 |£0) () - £5(0)(x)
< Cy (exp (4C1 Ld(z,y)*) — 1).
So
(6.12) uy € Cp1(S?,d),

where h; is an abstract modulus of continuity given by
hy(t) = Cy (exp (4C1 Lt*) — 1), for t € [0, +00).

Thus by Lemma [6.2] there exist a constant by > 0 and an abstract
modulus of continuity hy such that

(6.13) {uug|u € CJ(S? d), 6 € CO°(52,d), |g], <0} C CP2 (5% d).

Then by (6.6), (6.13), (6.10), and Lemma [6.2] we get that there exist
a constant b3 > 0 and an abstract modulus of continuity h such that

(6.14) {£%(u) |u € Cp(S?, d),n € No} C (5%, d),

for each ¢ € C%*(S?,d) with |¢|, < 6.
On the other hand, by Lemma [6.3] ) Eg(u)H < |lu||,, < b for each

u € CP(S?%,d), each n € Ny, and each ¢ € C**(S? d). Therefore, we
have proved (G.ITJ). O

Lemma 6.6. Let f and d satisfy the Assumptions. Let g be an ab-
stract modulus of continuity. Then for a € (0,1], K € (0,4+00), and
01 € (0,+00), there exist constants 0y € (0,400) and n € N with the
following property:
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For each u € CF>(S?% d), each ¢ € C**(5?,d), and each choice of
mg from Theorem [511, if ||¢]|coe < K, [uugdmg =0, and ||ul, >
01, then

Remark 6.7. Note that at this point, we have not proved yet that
mg from Theorem [B.11] is unique. We will prove it in Corollary 6.100
Recall that u, is the continuous function defined in Theorem that
only depends on f and ¢.

x| < el — 6

Proof. Fix arbitrary constants a € (0,1], K € (0,400), and §; €
(0,+00). Fix € > 0 small enough such that g(e) < %. Fix a choice
of mgy, an arbitrary ¢ € C**(S?,d), and an arbitrary u € C;7>°(5?,d)
with [|¢]| 0. < K, [uugdmg =0, and ||ul| > 6.

We pick a Jordan curve C C S? that satisfies the Assumptions (see
Theorem B.I0 for the existence of such C).

By Lemma [B.8(iv), there exists n € Z depending only on f, C, d,
g, and ¢; such that for each z € S?, we have U"(2) C By(z,¢€), where
U™(z) is defined in (3.6). Since [uu,dmg = 0, there exist points
y1,y2 € S? such that u(y;) <0 and u(yy) > 0.

We fix a point z € S?. Since f*(U"(y;)) = S?, there exists y €
f~™(z) such that y € U"(y1) C By(y1,€). Thus

)
u(y) < u(yr) + g(e) < 51 < lullo = 5
So by Lemma [6.3 and (5.16) we have

L£2(u) () = deg (y)uly) exp (Snd(y))
Y degg(w)u(w) exp (Sud(w))
wef~™(x)\{y}
< <y|uy|w - %) deg; () exp (Sn6(y))

+ JJull o, Z deg n (w) exp (Sng(w))
we f~(z)\{y}

- oy -
<ullo D degfn(w>exp(5n¢(w))—5exp(5n¢(y))
we f=m(x)

5 -
=Jull, — 51 exp (Snd(y))-
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Similarly, there exists z € f~"(x) such that z € U"(y2) C Bgy(yz, €) and

£2u)(x) > ~Jull, + D exp (S.(2).

Hence we get

615  [|es) <l - %inf {exp (Sd(w)) | w € 2.

Now it suffices to bound each term in the definition of ¢ in (6.5).

First, by the hypothesis, ||¢||, < [[¢]lco.. < K (see (Z2)).

Next, by (5.4]), the Variational Principle (5.5), and the fact that
[Pl < K, we get

_K S Puo(.fa ¢)_huo(f) S P(.fa ¢)_htop(f) S PM¢(f>¢)_hM¢(f) S K7
<

where p is the measure of maximal entropy of f. Thus |P(f,¢)
K + hiop(f) = K + log(deg f) (see [BM17, Corollary 17.2]).
Finally, by Theorem and (5.I0) in Lemma 5.2, we have

|ugll . < C2 < exp(Cs),

where KC
Cs = 47— AO_aL (diamy(S?))",

and Cy > 1 is a constant from Lemma depending only on f, C,
and d.

Therefore, by (6.5) and (6.159),

E%(u)”oo < ||ul|, — 02, where

)
0y = 5 exp (—n (2K + [log(deg f)] +2C5))
which only depends on f, d, a, K, 91, g, and n. O

Theorem 6.8. Let f: S? — S? be an expanding Thurston map. Let
d be a visual metric on S? for f with expansion factor A > 1. Let
b € (0,400) be a constant and h: [0,+00) — [0,+00) an abstract
modulus of continuity. Let H be a bounded subset of C%*(S?,d) for
some a € (0,1]. Then for each u € C?(S% d), each ¢ € H, and each
choice of my from Theorem 511, we have

(6.16) lim

e ,C%(’UJ) — Uy /u dm¢Hoo =0.
If, in addition, [uugsdmg =0, then
cg(u)Hm —0.

(6.17) lim

n—+o00
Moreover, the convergence in both (6.18) and (6.17) is uniform in u €
C(S%,d), ¢ € H, and the choice of my.
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Remark 6.9. The equation (6.I7) demonstrates the contracting be-
havior of £3 on a codimension-1 subspace of C'(S 2).

Proof. Let L be a linear local connectivity constant of d. Fix a constant
K € (0,400) such that ||¢||so. < K for each ¢ € H.

We fix a Jordan curve C C S? that satisfies the Assumptions (see
Theorem [B.10] for the existence of such C).

Let My be the set of possible choices of m, from Theorem [B.11] i.e.,

(6.18) My = {m € P(S?| L (m) = em for some c € R}.

We recall that py defined in Theorem B.16 by 15 = ugmg depends
on the choice of m.
Define for each n € Ny,

an:sup{‘ﬁn H )QSEHuECh(SQ d),/udu¢:0,m¢€M¢}.

By Lemma 6.3, |[£5]| =1, so ‘

¢ € H and u € C?(S?%,d). Note that ag < b < +00. Thus {a, }nen, is
a non-increasing sequence of non-negative real numbers.
Suppose now that lim a, = a > 0. By Theorem [6.5], there exists

n—-+o0o
an abstract modulus of continuity g such that

{L£%(u)|n €Ny, ¢ € Houe Cy(S?,d)} C Cg(S°,d).

Eg(u) H is non-increasing in n for fixed

Note that for each ¢ € H, each n € Ny, and each u € C}(S?,d) with
Juuydmyg = 0, we have fﬁg( Jugdmy = fﬁ” u) dug = 0 by (6.7). So

5, we find constants

by applying Lemma with g, a, K, and 51 =
no € N and 9, > 0 such that

(6.19) ‘ c (cg(u)) H

for each n € Ny, each ¢ € H, each my € My, and each u € C?(S?, d)
with [uugdmg = 0 and ’

Liw)|_ -

=zl

Eg(u)H > §. Since lim a, = a, we can fix
0o n—-+0o00

m > 1 large enough such that a,, <a+ %2. Then for each ¢ € H, each
mg € My, and each u € CP(S?,d) with [udp, = 0 and HE?(U)H > 5

we have

o] < ezt <o bza-

oo

(6.20) ‘

On the other hand, since ’
that for each ¢ € H, each my € My, and each u € C}(S? d) with

£%(u)H is non-increasing in n, we have
o
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Judpy =0 and Hﬁg(u)H < 3, the following holds:

o
no+m m a
(6.21) HL (u)H < H£~ (u)H <2
¢ 0o ¢ o 2
Thus a4+ < max {a—%, %} < a, contradicting the fact that {a, }nen,
is a non-increasing sequence and the assumption that lim a, = a.

n——+o0o
This proves the uniform convergence in (G.1I7).

Next, we prove the uniform convergence in (G.I6). By Lemma
and (6.6)), for each u € C2(S?,d), each ¢ € H, and each my € My, we
have

n 1 n
20~ up [udmg| < luall |50~ [t
AU u
ol ez () - / L]
6.22 — (= 11 d
(6.22) = [Jugllo ¢ u—¢— — Ale
By (5.44) and (5.I0), we have
(6.23) exp (=C5) < ugll,, < exp (C5),
where KC
Cs = 4ﬁ (diamg(S%))”,
and Cj is a constant from Lemma depending only on f, C, and d.
Letv==2—1[X = dpg. Then v satisfies
(6.24) o]l <2 HUEH < 2bexp (Cs) .
¢ lloo

Due to the first inequality in (6.23)) and the fact that u, € C%*(S?,d) by
Theorem [5.16], we can apply Lemma and conclude that there exists
an abstract modulus of continuity g of u—“¢ such that ¢ is independent of
the choices of u € C?(5?,d), ¢ € H, and my € M. Thusv € CE(SQ, d),

where b = 2bexp(Cs). Note that [vugdmg = [vdu, = 0. Finally, we
can apply the uniform convergence in (6.I7) with v = v to conclude

the uniform convergence in (6.16]) by (6.22) and ([6.23]). O

Theorem implies in particular the uniqueness of my and fu4.

Corollary 6.10. Let f, d, ¢, a satisfy the Assumptions. Then the
measure my € P(S?) defined in Theorem[5.11l is unique, i.e., my is the
unique Borel probability measure on S? that satisfies E;(mqb) = cmy



56 ZHIQIANG LI

for some constant ¢ € R. Moreover, 1y = ugmy is the unique Borel
probability measure on S? that satisfies EZ;(!%) = pg. In particular, we

have mg = pg.

Proof. Let my, my € P(S?) be two measures, both of which arise from
Theorem [B.I1l Recall that for each u € C(S?), there exists some
abstract modulus of continuity A such that u € C?(S?,d), where 8 =
|ul|.- Then by ([6.I6) and (5.44), we see that [udmy = [udmy for
each u € C(5?%). Thus my = M.

By (6.7), E%(/@) = lip. Since b€ C%(S? d) by Lemma [6.4], we get
that py = my and pg is the only Borel probability measure on .5 2 that
satisfies EZ:(,ud)) = lLg. O

Lemma 6.11. Let f and d satisfy the Assumptions. Let b > 0 be a
constant and h an abstract modulus of continuity. Let H be a bounded
subset of C**(S?,d) for some a € (0,1]. Then for each v € S*, each
u € CP(S?,d), and each ¢ € H, we have

15 degpm(y) (Sau(y)) exp(Sao(y))

6.5 lim yef—(z) = /ud .
( ) n——+o00 Z( ) degfn(y) eXp(Sn¢(y)) e
yef—m(z

Moreover, the convergence is uniform in x € S?, u € C?(S% d), and
o€ H.

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions
(see Theorem [B.I0] for the existence of such C). By (5.10) and (3.2),
for v € S?, u € C2(S?,d), p € H, and n € N,

LS degpa(y) (Swul(y)) exp(Saé(y))

yef—m(x)

Y. degpa(y) exp(S,9(y))

yef~(z)
n—1
. EO fZ( )degfn(y)U(fj(y))eXp(Sncb(y))
J=0yef—"(x
L£3(1)(x)
% nil Z Z degfnfj (Z) degfj (y)u(z)esj¢(y)+5n—j¢>(z)

=0 ze f~(n3) () ye S (2)

L£5(1)(x)
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: z 2 Ao (UL (S 0(:)
HEE
1 Oﬁg—j(uﬁg(ﬂ))(x)
L))
LS e (uhn) o)
Toow

By Theorem [6.5] {E" )In€eNy} C CA S? d), for some constant b > 0

and some abstract modulus of continuity h, which are independent of
the choice of ¢ € H. Thus by Lemma [6

(6.26) {ulz(1)|n € No,u € C(S*,d)} € C31(S?,d),

i
L

<.
Il

for some constant b; > 0 and some abstract modulus of continuity h;,
which are independent of the choice of ¢ € H.
By Theorem and Corollary [6.10, we have

(6.27) HE{E(H) . U¢“w 0,

as | — +oo, uniformly in ¢ € H. Moveover, by (6.26), the indepen-
dence of by and hy on ¢ € H in (6.26)), Theorem 6.8} and Corollary [6.10,

we have

— 0,

[e.e]

(6.28) ‘

£5 (weh(n)) — ug / wli(1) dm,

as | — +oo, uniformly in j € Ny, ¢ € H, and u € C%(S?,d).
Fix a constant K € (0, 400) such that for each ¢ € H, ||¢[/ 0. < K.
By (5.44)) and (5.10), we have that for each z € S?,

(6.29) exp(—C5) < ug(z) < exp(Cs),
where

KCy . o

Cs —41 e (dlamd(SQ)) ,

and Cy > 1 is a constant from Lemma B.I3] depending only on f, C,
and d. So by (6.26]), we get that for j € Ng, u € C?(S?%,d), and ¢ € H,
Ug /uﬁi(ﬂ)dr@,

(6.30) < Jlusl. [ci]| < brexp(Cy)




58 ZHIQIANG LI

By (6.10]) in Theorem [6.5 and (6.26]), we get some constant by > 0 such
that for all 5,1 € Ny, each u € C?(S?,d), and each ¢ € H,

(6.31) Hﬁl (uﬁ’ )H < by,

Hence we can conclude from (6.30), (6.31)), and (G28)) that

! ZE" J (uﬁj Zu¢ /uﬁj ) dmy
7=0

:0’

lim —
n—-+oo 1

uniformly in u € CP(S% d) and ¢ € H. Thus by (6.27) and (6.29), we
have

n—1 n—1
1 n—j J 1 J
e (uch)) 1 3 s [ulh()dm,

=0,

o0

uniformly in u € C?(S?,d) and ¢ € H. Combining the above with
[6.26), [6.27), ([6.29), and the calculation at the beginning of the proof,
we can conclude, therefore, that the left-hand side of (6.23]) is equal to

Z J = - =
nl_l)r_{loo - Z / uE 1)dmg = nl_l)r_{loo - Z / uug dmy = / u dpig,

and the convergence is uniform in u € 02(52, d) and ¢ € H. O

We record the following well-known fact for the convenience of the
reader.

Lemma 6.12. For each metric d on S? that generates the standard
topology on S* and each a € (0,1], C**(S?,d) is a dense subset of
C(S?) with respect to the uniform norm. In particular, C%*(S? d) is
a dense subset of C(S?) in the weak topology.

Proof. The lemma follows from the fact that the set of Lipschitz functi-
ons are dense in C'(S?) with respect to the uniform norm (see for ex-
ample, [HeO1, Theorem 6.8]). O

Theorem 6.13. Let f: S? — S? be an expanding Thurston map, and
d be a visual metric on S* for f. Let ¢,y € C*(S% d) be real-valued
Hélder continuous functions with an exponent o € (0,1]. Then for each
t € R, we have

d
(6.32) GPE0+ 1) = [1din
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Proof. We will use the well-known fact from real analysis that if a se-
quence { g, }nen of real-valued differentiable functions defined on a finite
interval in R converges pointwise to some function g and the sequence

d .
of the corresponding derivatives { Son ey converges uniformly to some

function h, then g is differentiable and dg = h.
Fix a point * € 5% and a constant l € (0,+00). For n € N and
t € R, define

(6.33) P, log Z deg s (y) exp(Sn(6 + t7) (1))
yef~m(z)

Observe that there exists a bounded subset H of C%*(S? d) such
that ¢ + ty € H for each ¢t € (—[,1). Then by Lemma [G.TT]

L% deg (1) (Suv(y)) exp(Sa(¢ + ) (y))
dp, () = 2@
dt f;( )degfn(y) exp(Sn (¢ +t7)(y))

converges to [y dpgi, as n — +oo, uniformly in ¢ € (=1, 1).
[

(6.34)

On the other hand, by Proposition 517, for each t € (—1,1), we have
(6.35) Jim B(t) = P(f, 6+ 1).
Hence P(f, ¢ + tv) is differentiable with respect to t on (—I,[) and
GPGo+0) = tim SO = [,
Since [ € (0, +00) is arbitrary, the proof is complete. O

Theorem 6.14. Let f: S? — S? be an expanding Thurston map and
d be a visual metric on S* for f. Let ¢ € C**(S?,d) be a real-valued
Hélder continuous function with an exponent o € (0,1]. Then there
exists a unique equilibrium state pg for f and ¢. Moreover, the map
[ with respect to i, is forward quasi-invariant (i.e., for each Borel set

AC 82, if j1(A) = 0, then pg(f(A)) = 0).

Proof. The existence is proved in Corollary G.18|
We now prove the uniqueness.
Since ¢ € C%*(S?,d), by Theorem [6.13] the function

is differentiable at 0 for v € C%*(5?% d). Recall that by Lemma
C%(S2,d) is dense in C'(S?) in the weak topology. We note that the
topological pressure function P(f,-): C(S?) — R is convex continuous
(see for example, [PUL0, Theorem 3.6.1 and Theorem 3.6.2]). Thus by
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Theorem GBIl with V = C(S?), 2 = ¢, U = C**(5%,d), and Q = P(f, "),
we get card ((C(S?))g psy) = 1.
On the other hand, if p is an equilibrium state for f and ¢, then by

(54) and (5.5,
half) + / bdp = P(f,0),
and for each v € C'(S?),

hu(f)+/(¢+v)du§P(f,¢+v)-

So [vdp < P(f,¢ +v) — P(f,¢). Thus by (61]), the continuous
functional v — [ydu on C(S?) is in (C(S?)), p(s.)- Since py =
ugmy defined in Theorem is an equilibrium state for f and ¢, and
card ( (C’(SQ));P(LV)) = 1, we get that each equilibrium state p for f
and ¢ must satisfy [ydu = [ydu, for v € C(5?), ie., u = py.

The fact that the map f is forward quasi-invariant with respect to
e follows from Lemma [6.4] Theorem [5.11] with ¢ replaced by ¢, and
the fact that mg = pe from Corollary U

Remark. Since the entropy map p — h,,(f) for an expanding Thurston
map [ is affine (see for example, [Wa82, Theorem 8.1)), i.e., if y,v €
M(52> f) and p € [0,1], then hpu—i—(l—p)u(f) = phu(f) + (1 =p)h(f),
so is the pressure map p — P,(f,¢) for f and a Hélder continuous
potential ¢: S? — R. Thus the uniqueness of the equilibrium state p4
and the Variational Principle (5.5) imply that ;4 is an extreme point
of the convex set M(S?, f). It follows from the fact (see for example,
[PUT0, Theorem 2.2.8]) that the extreme points of M(S?, f) are exactly
the ergodic measures in M(S?, f) that p, is ergodic. However, we are
going to prove a much stronger ergodic property of p4 in Section [

The following proposition is an immediate consequence of Theo-
rem [6.8

Proposition 6.15. Let f, d, ¢ satisfy the Assumptions. Let ji4 be the
unique equilibrium state for f and ¢. Then for each Borel probability
measure (1 € P(S?), we have

(6.36) (Efz)n(u) SN [ty as n — +00.

Proof. Recall that for each u € C(S?), there exists some abstract mo-
dulus of continuity h such that u € CJ(S% d), where 8 = ||lul| . By
Theorem [6.14] and Theorem [5.16, we have py = ugmy as constructed
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in Theorem 516 Then by Lemma 6.3 and (6.17)) in Theorem [6.8
lim ((£5)" (s U> = lim ((p, L5 — (g, ) 1)) + (s L5((pg >11>>)

n——+0oo
:0 + <:U’7 </J’¢>7 >]1> = <:U’¢>7u>7
for each u € C(S?). Therefore, (6.36) holds. O

7. ERGODIC PROPERTIES

In this section, we first prove that if f, C, d, and ¢ satisfies the
Assumptions, then any edge in the cell decompositions induced by f
and C is a zero set with respect to the measures my or 4. This result
is also important for Theorem B2 We then show in Theorem [7.3|
that the measure-preserving transformation f of the probability space
(S% ug) is exact (Definition [.2), and as an immediate consequence,
mixing (Corollary [7.6)). Another consequence of Theorem is that
[ty is non-atomic (Corollary [7.4)).

Proposition 7.1. Let f, C, ne, d, ¢, « satisfy the Assumptions. Let
e be the unique equilibrium state for f and ¢, and my be as in Corol-
lary[6.10. Then

(7.1) mg (U f‘i(C)> = 1 (U f‘i(C)> -

Proof. Since uy € M(S?, f) is f-invariant, and C C f~"¢(C) for each
i € N, we have g, (f~™¢(C)\C) = 0 for each i« € N. Since [ is
expanding, by Lemma [5.10] there exist m € N and an (mne)-tile X €
X™ne guch that X NC = (. Then 0X C f~™¢(C)\ C. So ps(0X) = 0.
Since puy = uymy, where uy is bounded away from 0 (see Theorem [5.16),
we have my(0X) = 0. Note that f™"¢|yx is a homeomorphism from
0X to C (see Proposition3.5). Thus by the information on the Jacobian
for f with respect to mg in Theorem G110 we get m,(C) = 0.

Now suppose there exist & € N and a k-edge e € E* such that
mg(e) > 0. Then by using the Jacobian for f with respect to m,

400 .
again, we get m,(C) > 0, a contradiction. Hence m, ( U f"(C)) =0
i=0

400 .
Since 1y = upMmey, we get fiy (U f"(C)) =0. O
i=0

For each Borel measure p on a compact metric space (X,d), we
denote by 1 the completion of u, i.e., i is the unique measure defined
on the smallest o-algebra B containing all Borel sets and all subsets of
p-null sets, satisfying 7i(F) = pu(E) for each Borel set F C X.
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Definition 7.2. Let g be a measure-preserving transformation of a
probability space (X, u). Then g is called ezact if for every measura-
ble set £ with u(E) > 0 and measurable images ¢g(FE), g*(E), ..., the
following holds:

Jim p(g"(E) = 1.

Note that in Definition[7.2], we do not require p to be a Borel measure.
In the case when g is a Thurston map on S? and y is a Borel measure,
the set ¢"(F) is a Borel set for each n € N and each Borel set E C
S2. Indeed, a Borel set £ C S? can be covered by n-tiles in the
cell decompositions of S? induced by g and any Jordan curve C C S?
containing post g. For each n-tile X € X"(f,C), the restriction ¢g"|x
of g" to X is a homeomorphism from the closed set X onto ¢"(X) by
Proposition 3.5l It is then clear that the set ¢"(F) is also Borel.

We now prove that the measure-preserving transformation f of the
probability space (S?, ug) is exact. The argument that we use here is
similar to that in the proof of the exactness of an open, topologically
exact, distance-expanding self-map of a compact metric space equipped
with a certain Gibbs measure ([PUL0, Theorem 5.2.12]).

Theorem 7.3. Let f: S? — S? be an expanding Thurston map and
d be a visual metric on S* for f. Let ¢ € C**(S?,d) be a real-valued
Hélder continuous function with an exponent o € (0,1]. Let u, be the
unique equilibrium state for f and ¢, and i, its completion.

Then the measure-preserving transformation f of the probability space

(5%, 1g) (resp. (S*,1g)) is exact.

Proof. We fix a Jordan curve C C S? that satisfies the Assumptions
(see Theorem B.10 for the existence of such C).
Since fy = ugymy, by (5.44)), it suffices to prove that
: 2 n _
i mg(S7\ S4(4)) = 0
for each Borel set A C S? with my(A) > 0.

Let A C S? be an arbitrary Borel subset of S? with my(A) > 0.
Then there exists a compact set £ C A such that mg(E) > 0. Fix an
arbitrary € > 0. Since f is expanding, by Lemma [5.I0] n-tiles have
uniformly small diameters if n is large. This and the outer regularity

of the Borel measures enable us to choose N € N such that for each
n > N, the collection

P" = {X" € X"(f,C)| X" NE # 0}
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of n-tiles satisfies m,, ((JP"™) < my(E) + €. Thus for each n > N, we
have md)( U X"\ E) <e So Y, my(X"\E) < e by Proposi-

Xnepn Xnepn
tion [T.1l Hence
X me(X"\E)
(7.2) £ < :
> My (X™) me(E)
Xnepn

Thus for each n > N, there exists some n-tile Y™ € P™ such that
oY \E) _ e
me(Y") T my(E)
By Proposition B.5(i), the map f™ is injective on Y. So by Theo-
rem 517, Lemma 5.0, (510), and (Z3), we have
me (Y \[(E)) _me (f"(Y"\ E)) _ /Y”\E
o (2 (V) T T (s

pmelY\B) e

mg(Y") T my(E)
where Cy > 1 is the constant defined in (5.I0) that depends only on
f, C, d, ¢, and . By Lemma [E.I0 there exists k£ € N that depends
only on f and C such that f*(X?) = f*(X?) = S?, where X2 and X}
are the white 0-tile and the black 0-tile, respectively. Since f"(Y™") is
either X° or X?, by Proposition and (5.32), for each n > N,

me (S*\ f"H(E)) <mg (F* (f"(Y")\ f1(E)))
S/ exp(k P, — Sko) dmy
SN (E)

C2e
me(E)

(7.3)

<exp(kbn, +k|¢ll.)

Since € > 0 was arbitrary, we get
(7.4) lim m (S*\ f"TH(E)) = 0.
Thus
lim g (f(A)) > Tim_m ("(E)) = 1
n—-+0oo

n—+o0o
Hence the measure-preserving transformation f of the probability space
(8%, ug) is exact.
Next, we observe that since f is py-measurable, and is a measure-
preserving transformation of the probability space (S?, u14), it is clear
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that f is also [zp-measurable, and is a measure-preserving transforma-
tion of the probability space (S, 7).

To prove that the measure-preserving transformation f of the proba-
bility space (S%, i) is exact, we consider a fiz-measurable set B C 52
with 7i,(B) > 0. Since fiy is the completion of the Borel probability me-
asure i, we can choose Borel sets A and C' such that A C B C C' C S?
and 7ig(B) = fig(A) = [5(C) = pe(A) = pue(C). For each n € N, we
have f*(A) C f"(B) C f*(C) and both f™(A) and f"(C) are Borel
sets (see the discussion following Definition [[.2]). Since f is forward
quasi-invariant with respect to ps (see Theorem [6.14)), it is clear that

po (f"(A)) = po (f"(C)). Thus

pio (f"(A)) = Tig (f"(A)) = Tig (f"(B)) = Tg (f*(C)) = s (f*(C)) -
Therefore, nl—l>r-£looﬂ_¢(fn(3)) = nl—l>r-|I-100 we (f"(A)) = 1. O

Let p be a measure on a topological space X. Then pu is called
non-atomic if pu({x}) = 0 for each = € X.
The following corollary strengthens Theorem [5.111

Corollary 7.4. Let f, d, ¢, « satisfy the Assumptions. Let g be the
unique equilibrium state for f and ¢, and my be as in Corollary 610
Then both p1s and my as well as their corresponding completions are
non-atomic.

Proof. Since pgs = ugymg, where uy is bounded away from 0 (see Theo-
rem [5.16]), it suffices to prove that i, is non-atomic.

Suppose there exists a point x € S? with ugs({z}) > 0, then for all
y € S?%, we have

po({y}) < max{puy({2}), 1 = ps({z})}-

Since the transformation f of (52, 11,) is exact by Theorem [T.3] we get
that us({zr}) =1 and f(z) = =.

We fix a Jordan curve C C S? that satisfies the Assumptions (see
Theorem for the existence of such C). It is clear from Lemma [5.10]
that there exist n € N and an n-tile X" € X"(f,C) with ¢ X™.
Then ps(X™) = 0, which contradicts with the fact that p, is a Gibbs
measure for f, C, and ¢ (see Theorem and Definition [5.3)).

The fact that the completions are non-atomic now follows immedia-
tely. U

Let f, d, ¢, « satisfy the Assumptions. Let p, be the unique equili-
brium state for f and ¢, and 1z, its completion. Then by Theorem 2.7
in [Ro49], the complete separable metric space (S?,d) equipped the
complete non-atomic measure 1z, is a Lebesgue space in the sense of
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V. Rokhlin. We omit V. Rokhlin’s definition of a Lebesgque space here
and refer the reader to [Ro49, Section 2], since the only results we will
use about Lebesgue spaces are V. Rokhlin’s definition of exactness of a
measure-preserving transformation on a Lebesgue space and its impli-
cation to the mixing properties. More precisely, in [Ro61], V. Rokhlin
gave a definition of exactness for a measure-preserving transformation
on a Lebesgue space equipped with a complete non-atomic measure,
and showed |[Ro61l, Section 2.2] that in such a context, it is equivalent
to our definition of exactness in Definition [[.2l Moreover, he proved
[Ro61], Section 2.6] that if a measure-preserving transformation on a
Lebesgue space equipped with a complete non-atomic measure is ex-
act, then it is mizing (he actually proved that it is mizing of all degrees,
which we will not discuss here).

Let us recall the definition of mixing for a measure-preserving trans-
formation.

Definition 7.5. Let g be a measure-preserving transformation of a
probability space (X, ). Then g is called mizing if for all measurable
sets A, B C X, the following holds:

lim 1 (g7"(A) N B) = u(A) - w(B).

n—-+4o00

We call g ergodic if for each measurable set £ C X, g~!'(E) = F implies
either u(E) =0 or u(E) = 1.

It is well-known and easy to see that if ¢ is mixing, then it is ergodic
(see for example, [Wa82]).

Corollary 7.6. Let f, d, ¢, o satisfy the Assumptions. Let py be the
unique equilibrium state for f and ¢, and iy its completion. Then the
measure-preserving transformation f of the probability space (S?, )
(resp. (S?,115)) is mizing and ergodic.

Proof. By the discussion preceding Definition [T.5] we know that the
measure-preserving transformation f of (52, i) is mixing and thus er-
godic. Since any u4-measurable sets A, B C S? are also fig-measurable,
the measure-preserving transformation f of (S?, pu,) is also mixing and
ergodic. 0

8. CO-HOMOLOGOUS POTENTIALS

The goal of this section is to prove in Theorem that two equili-
brium states are identical if and only if there exists a constant K € R
such that K1g2 and the difference of the corresponding potentials are
co-homologous (see Definition B.1]). We use some of the ideas from
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[PU10] in the process of proving Theorem B2 We establish a form of
the closing lemma for expanding Thurston maps in Lemma

Definition 8.1. Let g: X — X be a continuous map on a metric space
(X,d). Let £ C C(X) be a subspace of the space C'(X) of real-valued
continuous function on X. Two functions ¢, € C(X) are said to be
co-homologous (in K) if there exists u € K such that ¢ —¢ = uog—u.

Theorem 8.2. Let f: S? — S? be an expanding Thurston map, and
d be a visual metric on S* for f. Let ¢, € C**(S? d) be real-valued
Hélder continuous functions with an exponent o € (0,1]. Let py (resp.
fy) be the unique equilibrium state for f and ¢ (resp. ). Then py = iy
if and only if there exists a constant K € R such that ¢ — 1 and
Klg2 are co-homologous in the space C(S?) of real-valued continuous
functions.

Remark 8.3. As we will see in the proof of Theorem at the end of
this section, if ps = py then the corresponding u can be chosen from

C0a(S2, d).

Lemma 8.4. Let f and C satisfy the Assumptions. If f(C) C C
then for m,n € N with m > n and each m-vertex v™ € V™(f,C
with Wm(vm) C W™= (f"(v™)), there exists x € Wm(v™) such that
f(a) = .

Here W™ (v™) denotes the closure of the open set W™ (v™).

Proof. Since v™ € W™ (f"(v™)) and f(C) C C, depending on the
location of v™, there are exactly three cases, namely, (i) v™ = f"(v™);
(ii) v™ is contained in the interior of some (m — n)-edge; (iii) v™ is
contained in the interior of some (m — n)-tile. We will find a fixed
point x € Wm(v™) of f™ in each case.

Case 1. When v™ = f™(v™), we can just set x = v™.

Case 2. When v™ € inte(e™~") for some (m —n)-edge ¢ " € E™"
with inte(e™™™) C W™= (f™(v™)), it is clear that W™ (v™) C X3 U X,
when X7, Xy € X™" form the unique pair of distinct (m—n)-tiles con-
tained in W™= (f™(v™)) with X; N Xy = €™~ ". We can choose a pair
of distinct m-tiles Y7, Yy € X™ with Y; UYy C Wm(v™), (Y1) = Xy,
f(Ys) = Xs, and Y NY, = €™ for some m-edge €™ € E™. If either
Y1 C X orYs C X, say Yo C Xy, then since X, is homeomor-
phic to the closed unit disk in R?, and f* maps Y5 homeomorphically
onto X» (Proposition B.5(i)), we can conclude by applying Brouwer’s
Fixed Point Theorem on ((f™)|y,)™" that there exists a fixed point
x € Yy of f. (See for example, Figure Bl) So we can assume wit-
hout loss of generality that Y7 C X, and Y, C X;. Suppose now that
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Xo
s
4
fn(vm) ‘ 6m—n
X1

FIGURE 8.1. An example for Case 2 when Y C Xo.

inte(e™) C inte(X;), then Y} UY, C X, for ¢ € {1,2}. This contra-
diction shows that e™ C ™™™, Since f™ maps €™ homeomorphically
onto ™" by Proposition B.5[i), and e™~™ is homeomorphic to the clo-
sed unit interval in R, it is clear that there exists a fixed point z € €™
of f". (See for example, Figure 82)

Case 3. When v™ € inte(X™ ") for some (m—n)-tile X"~ " € X"
contained in Wm=n (f7(v™)), it is clear that W™(v™) C X™ ™. Let
X™ € X™ be an m-tile contained in W™(v™) such that f*(X™) =
X™ ", Since X™ " is homeomorphic to the closed unit disk in R?, and
f™ maps X™ homeomorphically onto X™~"™ (Proposition[3.5(i)), we can
conclude by applying Brouwer’s Fixed Point Theorem on ((f™)|xm)™!
that there exists a fixed point x € X™ of f™. O

Lemma 8.5. Let f and C satisfy the Assumptions. Then there exists
a number k € Ny such that the following statement holds:

For each x € S%, each n € Ny, and each n-tile X" € X"(f,C), if
x € X", then there exists an n-vertex v € V*(f,C) N X" with

(8.1) Ut (z) C W(v™).
Proof. We will first find k € Ny such that the statement above holds

when n = 0. We will then show that the same x works for arbitrary
n e NQ.
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FIGURE 8.2. An example for Case 2 when Y; ¢ X3, Y5 € X,.

We fix a visual metric d on S? for f with expansion factor A > 1.

Note that the collection of O-flowers {W°(1%) [v° € V°} forms a
finite open cover of S?. By the Lebesgue Number Lemma ([Mu00,
Lemma 27.5]), there exists a number € > 0 such that any set of diameter
at most € is a subset of W°(vY) for some v° € V°. Here € depends only
on f, C, and d. Then by Proposition B.8[iii), there exists x € Ny
depending only on f, C, and d such that diamg(U"(z)) < € for x € S2.
So for each z € S?, there exists a 0-vertex v € V° such that U"(z) C
WOo(vY). Let X° € X° be a 0-tile with x € X°, then clearly v° € X°.

In general, we fix x € S%, n € Ny, and X" € X" with x € X™. Set
A =V"NX" By Proposition B we have f*(Wm"(v")) = WOo(f*(v"))
and f*(OW™(v™)) = OW°(f™(v™)) for each v™ € A. Suppose U™ (z) €
Wn(v™) for all v™ € A. Since x € X™ and U™ "%(x) is connected, we
have U™ (z) N OW™(v™) # (), and thus by Proposition 3.5(1)

US(f"(2)) N OWO(f" (")) 2 fH (U™ () N [ (W™ (")) # 0,

for each v™ € A. Since f*(A) = V° by Proposition 3.5, it follows
that U*(f"(x)) € W°(v°) for all v° € V°, contradicting the discussion
above for the case when n = 0.

Finally, we note that (81]) holds or fails independently of the choice
of d. Therefore, the number x depends only on f and C. U
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The following result can be considered as a form of the closing lemma
for expanding Thurston maps. It is a key ingredient in the proof
of Proposition RB.8 which will be used to prove Theorem B.2. Note
that Lemma is more technical and in some sense slightly stron-
ger than the closing lemma for forward-expansive maps (see [PUIL0,
Corollary 4.2.5]). We need it in this slightly stronger form, since the
distortion lemmas (Lemma [5.1] and Lemma [5.2) cannot be applied in
the proof of Proposition 8.8

Lemma 8.6 (Closing lemma). Let f, C, d, A satisfy the Assumptions.
If f(C) CC, then there exist M € Ny, dp € (0,1), and 5y > 1 such that
the following statement holds:

For each 6 € (0,0)], if v € S? and | € N satisfy | > M and
d(z, fl(z)) < 6, then there exists y € S* such that f'(y) =y € UN'!(x)
and d(fi(z), fi(y)) < BoSA~ for each i € {0,1,...,1}, where N =
[ —log, (65'9) | € No.

Proof. Define

(8.2) 6o = (2K)TIA-(HD,
(8.3) By = 4KEAT = 2K 5,
(8.4) M = [log, (10K?) | 4+ k € Ny,

where K > 1 and k € Ny are constants depending only on f, C, and d
from Lemma 3.8 and Lemma B3] respectively.
We fix § € (0, o] and set

(8.5) B = Bud.

Note that N = [ —log, (6,"6) | = [ — log, %w € Ny by (BH) and
®3). So

(8.6) KA < B <2KA N
and by (8X) and (8.3]), we have
(8.7) 6 < (2K)TATWER),
Recall that by Lemma B.8[(iii), for z € 5% and n € Ny, we have
(8.8) By(z, KT'A™™) < U"(2) < By(z, KA™).

Fix x € S? and | € N as in the lemma. Let X" € X" be an N-
tile containing f!(z). By Lemma [R5 there exists an N-vertex v €
VY N XY such that

(8.9) UNT (fH(x) < W (o).
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There exist XV € XV and vVt € VN N XN quch that = €
XNH (XN = XN and ff (M) = oM. Since | > M and
WA (M) C UNT(z), we get from BT), (B), and (84) that if
z € WNH (vN+l), then
d(f'(z),z) <d(f'(z),z) +d(v,2) <6+ 2KA"NHD
A—(N—I—n) 2KA—(N+H)
< < K_IA_(N—i—K).
- 2K + 10K72 -
Thus by (88) and (89), we get
WNH (pN+) C N (fl(2)) € WY (o).
By Lemma R4l there exists y € WN+ (pN+1) C UN*(x) such that
f'y) =y
It suffices now to verify that d (f'(x), fi(y)) < BodA~(=9 for i €
{0,1,...,1}. Indeed, since by Proposition 3.3,
{f'(2), f'(y)} € WNH(f (oNH)) C U (f (07))
fori € {0,1,...,1}, we get from (B.g), (B.6), and (BH) that
d(f'(2), f'(y)) < 2KA"H0 < BA-070 = 56A~07),

U

The next lemma follows from the topological transitivity (see [PULQ,
Definition 4.3.1]) of expanding Thurston maps and Lemma 4.3.4 in
[PU10].

Lemma 8.7. Let f: S? — S? be an expanding Thurston map. Then
there exists a point x € S* such that the set {f"(x)|n € N} is dense
in S2.

Following a similar argument as in the proof of Proposition 4.4.5 in
[PUTL0], we get the next proposition. Note that here we do not explicitly
use the distortion lemmas (Lemma [5.11 and Lemma [5.2).

Proposition 8.8. Let f, C, d, A satisfy the Assumptions. Let ¢, €
C%(S2,d) be real-valued Holder continuous functions with an exponent
€ (0,1]. If f(C) CC, then the following conditions are equivalent:

(i) If x € S? satisfies f"(x) = x for some n € N, then S,¢(x) =
St ().

(ii) There exists a constant C' > 0 such that |S,¢(x) — S, (x)] < C
for x € S? and n € Ny.

(iii) There exists u € C%*(S? d) such that ¢ — 1 =uo f — u.
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Proof. The implication from (iii) to (ii) holds since |S,¢(z) — S, (z)| =
[(uwo f")(z) — u(x)| < 2|ull, for z € S* and n € N.

To prove that (ii) implies (i), we suppose that f"(z) = z and D =
Sno(x)—S,1(x) # 0 for some z € S? and some n € N. Then |S,,;¢(x)—
Spitv(z)| = i|D| > C for i large enough, contradicting (ii).

We now prove the implication from (i) to (iii).

Let x € 5% be a point from Lemma[R.Tso that the set A = {f*(z) |7 €
N} is dense in S?. Set x; = f%(z) for i € N. Note that z; # x; for
j >4 > 0. Denote n = ¢ — 1. Then n € C**(S?% d). We define
a function v on A by setting v(x,) = S,n(z). We will prove that v
extends to a Holder continuous function u € C%*(S?, d) defined on S?
by showing that v is Holder continuous with an exponent o on A.

Fix some n,m € N with n < m and d(x,,z,) < %50, where 0y €
(0,1) is a constant depending only on f, C, and d from Lemma B0l
Set € = d(zy, ). We can choose k € N such that d(z,,,zx) < € and
k > m+ M, where M € Ny is a constant from Lemma B.6. Note that
d(xn, xp) < d(Tp, Tm) + d(Xm, xp) < 26 < & and k > n + M. Thus by
applying Lemma with 0 = 2¢, there exist periodic points p,q € 52
such that f*"(p) = p, f*"(q) = ¢, d(f(xn), f(p)) < BodA~ "D
for i € {0,1,....k —n}, and d(f7(x,,), f7(q)) < BodA~*=m=9) for
j€40,1,...,k—m}, where 5y > 0 is a constant depending only on f,
C, and d from Lemma Then by (i), we get that

[v(zn) = v(@m)| =[Sun(x) = Spun(@)] < [Sk—nn(@n)| + [Sk—mn(Tm)]
=[Sk—n(Tn) = Sk—nN(P)| + [Sk—mN(Tm) — Sk—mn(q)|

<3 () —n e+ X () (o)

k—n—1 k—m—1

< |77|a 58‘50‘( Z A—elk—n—i) + Z A—a(k—m—z‘))
0 =

<2 ||, Bye ZA * = Cd(wn, Tm)*,

where C' = 2'*(1 — A=*)71|n|, 55 is a constant depending only on
f,C, d, n, and «. It immediately follows that v extends to a Holder
continuous function u € C%*(S? d) with an exponent « defined on
A =52, Since u|4 = v and

(vo f)(@:) = v(x:) = v(wirs) — v(x:) = Sppan(x) — Sin(x)
=n(f'(2)) = ¢a:) — ¥(x),
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for 1 € N, we get that (uo f)(y) — u(y) = ¢(y) — ¥(y) for y € S? by
continuity. 0

We are now ready to prove Theorem

Proof of Theorem[8.4. We fix a Jordan curve C C S? that satisfies the
Assumptions (see Theorem B.I0 for the existence of such C).
We first prove the backward implication. We assume that

¢p—1Y—Klg=uof—u

for some u € C(S?) and K € R. Thus for every f-invariant Borel pro-
bability measure € M(S?, f) we have [¢du = [¢du+ K. It follows
immediately now from the Variational Principle (5.5) that an equili-
brium state for f and ¢ is also an equilibrium state for f and ), and
vice versa. By the uniqueness of the equilibrium state (Theorem [6.14]),
we conclude that py = .

We will now prove the forward implication. We assume jiy = fiy.

Denote F' = f", where n = n¢ is a number from the Assumpti-
ons with f"(C) = F(C) C C. By Remark 31 the map F is also an
expanding Thurston map.

m—1
For the rest of the proof, we recall S,,n = >_ no f* and denote
i=0
- m—1 )
Sun =Y. noFiforne C(S% and m € Ny.
i=0

Denote ¢, = S,¢ and ¢, = S,1. It follows immediately from
Lemma 312 that ¢,, 1, € C%*(S2,d).

Note that since p4 is an equilibrium state for f and ¢, it follows that
e s also an equilibrium state for F' and ¢,,. Indeed, by (5.4]) and the
fact that h,, (") = nh,,(f) (see for example, [Wa82, Theorem 4.13]),
we have

PuulF.60) = by () + [ Subdp = b (5) 40 [,

=nP(f,¢) = P(F,¢,),

where the last equality follows immediately from Proposition 517 Si-
milarly, the measure py = 1y is an equilibrium state for F' and ,,.

Thus by Theorem [5.16], Proposition [5.17] Corollary [5.18], and Theo-
rem [6.14] the measure y, = 1y is both a Gibbs measure with respect
to F', C, and ¢, and with constants P(F, ¢,) and C, as well as a Gibbs
measure with respect to F', C, and v, and with constants P(F, )
and ', for some C' > 1 and ¢’ > 1. By (5I1), we have

< exp (Smén (@) = Smibn(x) = mP(F, ¢,) + mP(F,,)) < CC’

1
cer
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for z € 5% and m € Ny. So |Spo, () — S, (z)| < log(CC’) for

x € §? and m € Ny, where ¢,(z) = ¢n(x) — P(F,¢,) € C”*(S?,d)
and 1, (z) = ¥, (z) — P(F,,) € C**(5?% d). By Proposition 8.8, there
exists u € C%*(S?% d) such that

(8.10) (uo f")(z) — u(x) = ¢,(x) — ¥y(x) = Sud(w) — Swi(w) — 0
for z € S?, where § = P(F, ¢,) — P(F,1,).

Fix an arbitrary point y € S%. By subtracting (8I0) with z = y
from [BI0) with x = f(y), we get

(wo [P M) (y) — (wo f") (y) + (uo f)(y) —u(y)
=(¢po f")(y) — oly) — (o [")(y) +¥(y),

or equivalently,

(8.11) o(f"(y) — (" (y) — (wo [)(f"(y) +ulf"(y))
=¢(y) — ¥(y) — (wo f)(y) + u(y).

Let z € S? be a point from LemmalR.7so that the set A = {f"(z)|i €
N} is dense in S%. By replacing y in (8I1]) with f™(z) for i € Ny and
induction, we get that

BU™(2) = W™ (=) = (wo () +ulf™ () = K

for i € N, where K = ¢(2) —¢(2) — (uo f)(z) +u(z). Since A is dense
in S%, we get that ¢(z) —¥(z) — (uo f)(z) +u(x) = K for z € S?, ie.,
the functions ¢ — 1) and K1g: are co-homologous in C%*(5% d). [

9. EQUIDISTRIBUTION

In this section, we will discuss equidistribution results for preima-
ges. Let f, d, ¢, o satisfy the Assumptions and let p4 be the unique
equilibrium state for f and ¢ throughout this section. We prove in Pro-
position three versions of equidistribution of preimages under f" as
n — 400 with respect to p4s and m, as defined in Corollary [6.10, re-
spectively. Proposition partially generalizes Theorem 1.2 in [Lil6],
where we established the equidistribution of preimages with respect
to the measure of maximal entropy. In Theorem 0.2 we generalize
Theorem 7.1 in [Lil6] following the idea of J. Hawkins and M. Taylor
[HT03], to show that for each p € S?, the equilibrium state 11, is almost
surely the limit of
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as n — 400 in the weak* topology, where ¢y = p, and for each ¢ € Ny,
the point ¢, is one of the points x in f~1(g;), chosen with probability
proportional to deg,(z)exp ¢(r), where ¢ is defined in (6.3]).

Proposition 9.1. Let f, d, ¢, o satisfy the Assumptions. Let 14 be the
unique equilibrium state for f and ¢, and my be as in Corollary [6.10

and gg as defined in (6.3). For each sequence {x,}nen of points in S?,
we define the Borel probability measures

9.1) v, ( > degga(y) exp (Suo(y))

"N yefr(an)
5 1

(9.2) Un, Z @) Z deg s (y) exp (Sno(y Z(Sﬂ(y
" ye e (an)

(9.3) Uy, = Z Z deg s (y) exp (Snﬁg(y))ay
"(¢ yef"(zn)

for each n € Ny, where Zn(w) = Z( )degfn(y) exp (Sn(y)), for

y€f77l Tn

€ C(S?). Then

(9.4) v, s me as n — +00,

(9.5) D s He as n — 400,

(9.6) Un 5 1y as n — +00.

We note that when ¢ = 0 and x,, = x,,1 for each n € N, the versions
(@4) and ([@6]) reduce to (1.2) of Theorem 1.2 in [Lil6].

Proof. We note that ([@.5]) follows directly from Lemma

The proof of (@.4)) is similar to that of Lemmal6.11l For completeness,
we include it here in detail.

For each sequence {x,}nen of points in S?, and each u € C(S?%,d),

by (£.16) and (5.37) we have

(Vn,u) = =

By Theorem [6.8]

|

3 — 0

£o(1) — “¢Hoo — 50 and Hﬁg(u) g /udm¢

oo
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as n —» +00. So by (5.44),

£2(u)(,)
e W = / u dmy.

Hence, (0.4) holds. N
Finally, (0.6)) follows from (@.4]) and the fact that ¢ € C%%(S?, d)
(Lemma [6.4) and mj = p14 (Corollary [6.10). O

For the rest of this section, we prove that almost surely,

~1

13 .

- E g — Hg aS N — 400,
i=0

where ¢; € S?, i € Ny, is the location of the i-th step of a certain
random walk on S? induced by Eq; starting from an arbitrary fixed
starting position gy € S?. This result generalizes Theorem 7.1 of |Lil6],
which is Theorem in the case when ¢ = 0.

More precisely, let () = L3. Then for each u € C(S 2),

Qu(x) = / ul(y) dua(y),

where
Z deg(2) exp (gb( ))5Z
zef~1(z)

By (6.8), we get that p, € P(S?) for each x € S?. We showed that the
Ruelle operator in (5.15)) is well-defined, from which it immediately fol-
lows that the map x — p, from S? to P(S?) is continuous with respect
to weak* topology on P(S?). The operator @ (or equivalently, the me-
asures /i, * € S?) and an arbitrary starting point ¢y € S? determine a
random walk {¢; }ien, on S? with the probability that ¢;.; € A is equal
to p14,(A) for each i € Ny and each Borel set A C S?. In the language
of [Lil6l Section 8], this random walk is a Markov process determined
by the operator (). We refer the reader to [Lil6l, Section 8] for a more
detailed discussion.

Theorem 9.2. Let f, d, ¢, a satisfy the Assumptions. Let i, be the
unique equilibrium state for f and ¢, and ¢ be as defined in (63).
Suppose that qo € S? and {q;}ien, is the random walk determined by
Q= E(;; described above. Then almost surely,

n—1
1 w*
— E 0g; — Mg @S M — +00.
n

1=0
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Proof. By Corollary [6.10] the equilibrium state p, is the unique Borel
probability measure on S? that satisfies Q* (1) = 4. Then the theo-
rem follows directly from a theorem of H. Furstenberg and Y. Kifer in
[FK83] formulated as Theorem 7.2 in [Lil6]. O
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