Singular Perturbation of a class of Non-convex functionals^{∗ †}

Xinwei Yu^{a,b} Zhiping Li^a Lung-an Ying^a

aSchool of Mathematical Sciences, Peking University, P.R.China

bApplied & Computational Mathematics, California Institute of Technology, USA

February 10, 2002

Abstract

Models involving singular perturbation to a non-convex potential energy play a very important role in describing phase transitions, e.g. the celebrated Cahn-Hillard model where a two-well potential energy functional (i.e., the potential has two zeros) is perturbed by the L^2-norm of the gradient.

Many variants of this model have been studied. In this paper, we perturb a general multi-well energy functional by the L^2-norm of a higher gradient Hessian of arbitrary order and study its Γ(L^1)-limit. As expected, the limit functional assigns different surface energy densities to interfaces between different phases and computes the total energy.

Keywords: phase transition, singular perturbation, non-convex functionals, Γ-limit

1 Backgrounds

The singular perturbation of non-convex, multi-well integral functionals appears in many fields of material science and engineering, such as the higher strain-gradient theory of plasticity, the magnetic domain theory of ferromagnetic materials, the surface energy theory of crystalline materials, etc. For example, in the classical theory of the phase transition of non-interacting mixture of fluid(see [14, 15]), the stable constitution of the fluid solves the following problem: min � Ω W (u) dx : u ∈ L^1(Ω; R^d), � Ω u dx = |Ω|( r� i=1 θ_ia_i) � , where Ω is the domain containing the fluid. Non-negative function W stands for the unit Gibbs free energy, which is related to some properties (e.g. density) of the fluid,

∗ Corresponding author: Xinwei Yu. Mailing Address: Caltech 217-50, Pasadena, CA91125, USA. Email: xinweiyu@acm.caltech.edu. Fax: (626)578-0124.

†This research is supported by the State Key Project of Basic Researches of China(G19990328), RFDP of China

and {u : W (u) = 0} = {a_1, · · · , a_r} ⊂ R^d, where {a_i} are the value of those properties in stable states (see Figure 1 for a picture of W when d = 1, r = 2). The constraint � Ω u = constant shows the conservation of those characteristic values. The solution to the above problem shows the stable state distribution of the components of the mixture.

Figure 1: Picture of W (u) when d = 1, r = 2

It is easy to see that the solutions to the above problem are far from unique. It is believed that this non-uniqueness is due to the negligence of some small effects in the mathematical model. Following the idea of the celebrated Van Der Waals-Cahn-Hilliard model ([15]), we try to restore the uniqueness by adding some perturbation terms, which serve as penalties. In general, the perturbation term, which stands for the energy cost of the formation of interfaces between different phases, involves some higher order derivatives. Let J_ϵ(u) = � Ω � W (u) + h^2(ϵ, x, Du, D^2u, · · · ) � dx be the perturbed functional, where h → 0 when ϵ → 0. We hope that a proper limit of J_ϵ(u) can select a unique and reasonable solution from an infinite number of minimizers of the original problem. It turns out that the so-called ”Γ-limit” is the right idea to serve this purpose.

Following the above ideas, many results appeared in the past two decades (see e.g. [4, 6, 11, 12, 16, 17, 19]). All these results proved that the Γ-limit of J_ϵ should be the minimizer of a functional of the following type: � i≠j 1≤i,j≤r

S_{ij} m_{ij} : u is a solution to the un-perturbed problem.,

where S_{ij} is the area of the interface–the boundary shared by any two domains, in which u takes a_i and a_j respectively, and m_{ij} is the ”unit surface energy” related to that interface.

In this paper, following the ideas of [11] and [4] , we generalize the results to d > 1, r > 2, with the perturbation term being ϵ^{2k} � Ω |D^ku|^2 dx.

2 Preliminaries

2.1 The Space of BV Functions Here we list the definition and some properties of BV functions, which we will need in the following sections of this article.

Definition 2.1.1. Let Ω ⊆ R^N be open, and f ∈ L^1(Ω). Define � Ω |Df| = sup

‖g(x)‖_{L∞(Ω; R N )}≤1 � � Ω f Div g dx � ,

where g = (g_1, · · · , g_n) ∈ C^1_0 (Ω; R^N ).

Definition 2.1.2. A function f ∈ L^1(Ω) is called having bounded variation in Ω, if � Ω |Df| < ∞ as defined above. We call the space of all L^1(Ω) functions which have bounded variation BV (Ω).

Definition 2.1.3. Let E be a Borel set in R^N , Ω an open set in R^N . We define as follows the perimeter of E in Ω: Per_Ω (E) = � Ω |Dχ_E|,

where χ_E is the characteristic function of E.

Definition 2.1.4. If a Borel set E has locally finite perimeter, i.e. Per_Ω (E) < +∞ for any bounded open set Ω, then E is called a Caccioppoli set.

Let E be a Caccioppoli set, then there exists a subset ∂^∗E of ∂E, which has the following property:

For any open set Ω ∈ R^N , we have Per_Ω (E) = H^{N−1} (∂^∗E ∩ Ω) where H^{N−1} denotes the N − 1 dimensional Hausdorff measure. Later we will use the following important theorem about BV functions.

Theorem 2.1.5. For any Caccioppoli set E, there exist a series of C^∞ sets E_j, such that � |χ_E − χ_{Ej} | dx → 0, � |Dχ_{Ej} | → � |Dχ_E|.

For detailed theory of BV functions and boundary of sets, see e.g. [13].

2.2 Γ-limit The theory of Γ-limit provides a good frame for the study of the asymptotic behavior of the minimizers of a series of functionals. For the details of this theory, see [8].

Now we state the definition of Γ(L^1)-limit.

Definition 2.2.1. Suppose F_n : L^1(Ω; R^d) → [−∞, ∞], u ∈ L^1(Ω; R^d). Define Γ-upper limit and Γ-lower limit as the following:

Γ(L^1) − lim inf F_n(u) := inf � lim inf n→∞ F_n(u_n) : u_n → u in L^1(Ω; R^d) � ,

Γ(L^1) − lim sup F_n(u) := inf � lim sup n→∞ F_n(u_n) : u_n → u in L^1(Ω; R^d) � . If Γ(L^1) − lim inf F_n(u) = Γ(L^1) − lim sup F_n(u), then the common limit is called the Γ(L^1)-limit of F_n at u, and is denoted as Γ(L^1) − lim F_n(u).

Moreover, for a set of functionals F_ϵ : L^1(Ω; R^d) → [−∞, ∞], ϵ > 0, for u ∈ L^1(Ω; R^d), we say Γ(L^1) − lim F_ϵ(u) = F (u), if for all ϵ_n → 0^+, F (u) = Γ(L^1) − lim F_{ϵn} (u).

Here we should state an important observation. i.e., any minimizer u_ϵ of the functional F_ϵ is also a minimizer of λ_ϵF_ϵ for any λ_ϵ > 0. According to this observation, we can say that any minimizer of the Γ-limit of each {λ_ϵF_ϵ} reveals some asymptotic properties of {u_ϵ}. It turns out that there exists a ”best” {λ_ϵ}, in the sense that the Γ-limit of this λ_ϵF_ϵ reveals the most.

3 Main Result

Consider the following problem:

Let Ω ∈ R^N be a bounded open set, Let the functions u : Ω → R^d and W : R^d → R satisfy the following properties:

(H1). W (u) ≥ 0, W (u) = 0 ⇐⇒ u ∈ {a_1, · · · , a_r}, where a_i ∈ R^d, i = 1, · · · , r. (H2). W (u) continuous, has no less of order one growth at infinity, i.e., there exist C, R > 0, such that when |u| > R, W (u) > C|u| − 1/C.

We will develop the Γ-limit of the following series of functionals:

F_ϵ(u) = � Ω � W (u) ϵ + ϵ^{2k−1} |D^ku|^2 � dx. where |D^ku|^2 ≡ � {i_1,··· ,i_k}|

∂^ku ∂x_{i1} ···∂x_{ik} |

2 with the summation taken over all ordered subsets with cardinal k of {1, 2, · · · , N}.

3.1 Preparative Lemmas

Lemma 3.1.1. Let φ : (0, +∞) → R be non-decreasing and convex, J a interval with integer or infinite length, then for any u ∈ L^1_{loc}(J, R^d), u^{(k)} ∈ L^1_{loc}(J, R^d), (k ≥ 2, k ∈ N), there exists C = C(k) > 0, such that the following holds, if all the involved integrals are well defined: � J φ � |u^{(l)}(t)| (1 + C)d � dt ≤ C C + 1 � J � φ (|u|(t)) + φ � |u^{(k)}(t)| � dt, ∀1 ≤ l ≤ k − 1.

Proof. First we consider the case d = 1.

For u(t) ∈ W^{k,1}(0, 1), we devide (0, 1) equally into 2^{l+1} − 1 intervals I_1, · · · , I_2l+1_{−1} . Fix 2^l points θ^0_i ∈ I_{2i−1} , i = 1, · · · , 2^l.

Denote θ^j_i to be the point satisfying

u^{(j)}(θ^j_i ) = u(θ^{j−1}_{2i} ) − u(θ^{j−1}_{2i−1} ) θ^{j−1}_{2i} − θ^{j−1}_{2i−1}

, i = 1, · · · , 2^{l−j} ,

where j = 1, 2, · · · , l. Given the positions of θ^0_i , the absolute value of each divider has a common lower bound, which depends only on k. Using the mean value theorem, we have: there exists η ∈ (0, 1), C = C(k) > 0, such that

|u^{(l)}(η)| ≤ C

2^l�

i=1 |u(θ^0_i )|, i = 1, · · · , 2^l,

then for any x ∈ (0, 1), we have

|u^{(l)}(x)| ≤ C

2^l�

i=1 |u(θ^0_i )| +

�_1 0 |u^{(l+1)}(t)| dt.

Note that this inequality holds for all θ^0_i ∈ I_{2i−1} . Then we integrate θ^0_i on each I_{2i−1} . We have:

|I_{2i−1} |^{2l} |u^{(l)}(x)| ≤ C · |I_{2i−1} |^{2l−1}

2^l�

i=1 � I_{2i−1}

|u(θ^0_i )| dθ^0_i + |I_{2i−1} |^{2l}

�_1 0 |u^{(l+1)}(t)| dt.

Note that_{2l} � i=1 � I_{2i−1}

|u(θ^0_i )| dθ^0_i =

2^l�

i=1 � I_{2i−1}

|u(t)| dt ≤

�_1 0 |u(t)| dt.

We have |u^{(l)}(x)| ≤ C

�_1 0 |u(t)| dt +

�_1 0 |u^{(l+1)}(t)| dt.

Applying the above argument to u^{(l+1)}, we have:

|u^{(l+1)}(x)| ≤ C

�_1 0 |u(t)| dt +

�_1 0 |u^{(l+2)}(t)| dt.

Putting it into the former formula, we have

|u^{(l)}(x)| ≤ C

�_1 0 |u(t)| dt +

�_1 0 |u^{(l+2)}(t)| dt.

Repeating the above process, we can find a constant C, depending only on k, such that

|u^{(l)}(x)| ≤ C

�_1 0 |u(t)| dt +

�_1 0 |u^{(k)}(t)| dt

holds for any 1 ≤ l ≤ k − 1. So we have: 1 C + 1

|u^{(l)}(x)| ≤ C C + 1

�_1 0 |u(t)| dt + 1 C + 1

�_1 0 |u^{(k)}(t)| dt.

Due to the Embedding Theorem, u^{(l)} is continuous. So the above holds almost everywhere.

Because φ is convex and non-decreasing, we have φ � 1 C + 1

|u^{(l)}(x)| � ≤ φ � C C + 1

�_1 0 |u(t)| dt + 1 C + 1

�_1 0 |u^{(k)}(t)| dt �

≤ C C + 1 φ � �_1 0 |u(t)| dt � + 1 C + 1 φ � �_1 0 |u^{(k)}(t)| dt �

≤ C C + 1

�_1 0 φ(|u(t)|) dt +

�_1 0 φ(|u^{(k)}(t)|) dt �

for all x ∈ (0, 1). Integrating on x from 0 to 1, we have �_1 0 φ � |u|^{(l)}(t) C + 1 � dt ≤ C C + 1

�_1 0 � φ(|u(t)|) + φ(|u^{(k)}(t)|) � dt. Dividing J into intervals with length 1, using the above result on each interval, and then adding them together, we prove the case d = 1. For d ≥ 2, let u(t) = (u_1(t), · · · , u_d(t)), we have � J φ � |u^{(l)}(t)| (1 + C)d � dt ≤ � J φ �_d � i=1 |u^{(l)}_i (t)| (1 + C)d � dt

≤ 1 d d� i=1 � J φ � |u^{(l)}_i (t)| C + 1 � dt

≤ C (C + 1)d d� 1 � J � φ(|u_i(t)|) + φ(|u^{(k)}_i (t)|) � dt

≤ C (C + 1)d d� 1 � J � φ(|u(t)|) + φ(|u^{(k)}(t)|) � dt

= C C + 1 � J � φ(|u(t)|) + φ(|u^{(k)}(t)|) � dt .

Definition 3.1.2. We define auxiliary functions G_i : R^{kd} → R, i ∈ {1, · · · , r}, sets A_{ij}, ~A_{ij} and constants m_{ij}, ~m_{ij} for later use:

G_i(z_0, · · · , z_{k−1} ) := inf_g

� �_1 0 � W (g(t)) + |g^{(k)}(t)|^2 � dt � , where g(t) ∈ C^k([0, 1]; R^d), g(0) = z_0, · · · , g^{(k−1)} (0) = z_{k−1} ; g(1) = a_i, g^{(l)}(1) = 0, l = 1, · · · , k − 1.

A_{ij} := � f ∈ W^{k,2}_{loc} (R; R^d) : ∃C > 0, f(t) = a_i for t < −C, f(t) = a_j for t > C, i ≠ j � , ~A_{ij} := � f ∈ W^{k,2}_{loc} (R; R^d) : lim_{t→−∞} f(t) = a_i, lim_{t→+∞} f(t) = a_j � ,

m_{ij} := inf_f � � R � W (f) + |f^{(k)}|^2 � dt : f ∈ A_{ij} � , and ~m_{ij} := inf_f � � R � W (f) + |f^{(k)}|^2 � dt : f ∈ ~A_{ij} � . Remark 3.1.3. Using polynomials as test functions, we can easily see that when z_0 → a_i and z_l → 0, l = 1, · · · , k − 1, there holds G_i(z_0, · · · , z_{k−1} ) → 0.

Lemma 3.1.4. For any 1 ≤ i, j ≤ r, i ≠ j, we have m_{ij} = ~m_{ij} > 0, and ~m_{ij} is attained.

Before proving this lemma, we cite a result of Nirenberg in [18].

Theorem 3.1.5. Let Ω ∈ R^n, suppose u ∈ L^q(Ω), its m-th derivative D^mu ∈ L^r(Ω), 1 ≤ q, r ≤ ∞. Then for D^ju, 0 ≤ j < m, the following inequality holds:

|D^ju|_p ≤ C(|D^mu|^α_r |u|^{1−α}_q + |u|_q),

where 1 p = j n + α( 1 r − m n ) + (1 − α) 1 q for all α satisfying^j_m ≤ α ≤ 1. where C depends on n, m, j, q, r, α, Ω. There are two exceptions:

1. If j = 0, rm < n, q = ∞, then we should suppose further either u tends to 0 at infinity, or u ∈ L^{q̃}, holds for some finite q̃ > 0.

2. If 1 < r < ∞, and m − j − n/r a non-negative integer, then α should satisfy j/m ≤ α < 1.

Remark 3.1.6. We would like to make the following explanations:

1. The original theorem deals with the case Ω = R^n, the result we cite here is in fact its 5th remark.

2. There is also a slight change in notations, in [18] the semi-norm |D^ku|_p is defined as the maximum of the |·|_p norms of all jth order derivatives of u, but obviously this change won’t affect the result, as long as we take a larger constant C.

3. The above theorem holds for all p ∈ R^1/ {0}, as is stated in [18], with the norms for p < 0 suitably defined as some Hölder norm. We won’t go into the details here since all we need in the following is the p > 0 case.

4. Although we won’t need it, it’s worth mentioning that since for any measurable function u : Ω → R, when Ω is bounded, we have

‖u‖_L∞ = lim_{p→+∞} ‖u‖_Lp

so the case p = +∞ needs no special treatment, just let α tend to some α_0 which causes p to be +∞ would do.

Now we proceed to prove Lemma 3.1.2.

Proof. First we prove m_{ij} > 0. Suppose this is not true, that is m_{ij} = 0. If f_n is a minimizing sequence, then f^{(k)}_n → 0 in L^2. Using Sobolev Embedding Theorem, we have f_n ∈ C^{k−1} (R; R^d).

Let S = � y : y ∈ R^d, |y − a_i| = |a_i − a_j|/2 � , then from the definition of A_{ij} we have:

∃M_n > 0, such that � f_n = a_j, for t > M_n f_n = a_i, for t < −M_n .

So there exists t_n ∈ R such that f_n(t_n) ∈ S. It’s easy to see that we can take t_n = 0.

Take α =^j_m , r = 2, q = 1, m = k in theorem 3.1.3, we have p =^{2m}_{2m−j} . So ‖f_n‖_W k,2m/(2m−1) are uniformly bounded on any interval J. Using again the Embedding Theorem, we know that there exists a subsequence ( still denote as f_n) converges on J under the W^{k−1,∞} norm to some f ∈ W^{k,2m/(2m−1)}_{loc} (R; R^d), which satisfies f^{(k)} = 0 in J, f(0) ∈ S. now,

m_{ij} = lim_{n→∞} � R � W (f_n) + |f^{(k)}_n |^2 � dt

≥ lim sup n→∞ � J � W (f_n) + |f^{(k)}_n |^2 � dt

≥ � J W (f) dt > 0 .

This leads to a contradiciton. So we have m_{ij} > 0. Next we prove m_{ij} = ~m_{ij} .

Obviously m_{ij} ≥ ~m_{ij} .

Now we prove the opposite direction. Fix δ > 0 and f ∈ ~A_{ij} satisfying ~m_{ij} + δ > � R � W (f) + |f^{(k)}|^2 � dt. Now we will construct a sequence of functions in A_{ij} , which approaches ~m_{ij} + δ.

Fix τ < |a_j − a_i|/2, consider a non-decreasing convex function φ : R → [0, +∞), satisfying φ(t) < t^2, ∀t ∈ R,

φ(|y|) < W (y + a_j), ∀y ∈ B(0, τ)\ {0} ⊂ R^d,

φ(t) = 0 ⇐⇒ t = 0.

It’s easy to prove that such φ exists.

Take R > 0, such that |f(t) − a_j| < τ, ∀t > R. Using Lemma 3.1 on f − a_j we have

�_{+∞} R φ � |f^{(l)}| (C + 1)d � < C C + 1

�_{+∞} R � W (f) + |f^{(k)}|^2 � ≤ C C + 1

(m̃_{ij} + δ),

thus

�_{k−1}

l=1 φ

�_{|f (l)|}

(C+1)d � is integrable on (R, +∞). So there exist x_n → +∞ such that

lim_{n→∞}

�_{k−1} � l=1 φ � |f^{(l)}(x_n)| (C + 1)d � + |f(x_n) − a_j| � = 0.

Since φ is monotone, and is 0 only at x = 0, we have

k−1� l=1 |f^{(l)}(x_n)| + |f(x_n) − a_j| → 0.

Similarly, we can prove that there exist y_n → −∞ such that

k−1� l=1 |f^{(l)}(y_n)| + |f(y_n) − a_i| → 0.

Take g_m(t) = g̃_m(t − x_m), h_m(t) = h̃_m(t − y_m + 1), where g̃_m, h̃_m are admissible functions to G_j(f(x_m), · · · , f^{(k−1)} (x_m)) and G_i(f(y_m), · · · , f^{(k−1)} (y_m)), respectively, satisfying �_1 0 � W (g̃_m) + |g̃^{(k)}_m |^2 � dt ≤ G_j(f(x_m), · · · , f^{(k−1)} (x_m)) + δ,

�_1 0 � W (h̃_m) + |h̃^{(k)}_m |^2 � dt ≤ G_i(f(y_m), · · · , f^{(k−1)} (y_m)) + δ.

Let f̃_m(t) =

� � � � � a_j t ≥ x_m + 1 g_m(t) t ∈ [x_m, x_m + 1] f(t) t ∈ (y_m, x_m) h_m(t) t ∈ [y_m − 1, y_m] a_i t ≤ y_m − 1

, we have

~m_{ij} + δ > � R � W (f) + |f^{(k)}|^2 � dt

> �_{ym}

x_m � W (f) + |f^{(k)}|^2 � dt

= � R � W (f̃_m) + |f̃^{(k)}_m |^2 � dt −

�_{xm+1}

x_m � W (g_m) + |g^{(k)}_m |^2 � dt

− �_{ym}

y_m−1 � W (h_m) + |h^{(k)}_m |^2 � dt

≥ m_{ij} − G_j(f(x_m), · · · , f^{(k−1)} (x_m)) − G_i(f(y_m), · · · , f^{(k−1)} (y_m))

→ m_{ij} .

Thus we proved ~m_{ij} ≥ m_{ij} .

Finally, we prove that the minimum is attained.

Suppose {f_n} is a minimizing sequence of m̃_{ij}. We can safely assume that f_n(0) ∈ S, and {f_n} converges to f ∈ W^{k,2}_{loc} (R, R^d) in W^{k−1,∞} . It’s easy to see that f(0) ∈ S. If f is admissible, due to Fatou’s Lemma and the convexity of L^2 norm, f is a minimizer. Now we prove that f is indeed admissible, i.e., f ∈ ~A_{ij}.

Let L = � l ∈ R^d | l is a limit point of f(t) as t → +∞ � , since W (f) is integrable, we know that either a_i or a_j, or both, are in L. No harm to let a_j ∈ L. If there is another l ≠ a_j in L, we can suppose l ≠ a_i. ( If a_i ∈ L, then using the continuity of f_n, and the compactness of S, we know that there exists a l ∈ S, such that l ∈ L. ) Consider two increasing sequences {x_i}, {z_i}, satisfying x_{i+1} − x_i ≥ 3, z_i ∈ [x_i + 1, x_{i+1} − 1], f(x_i) → a_j, f(z_i) → l. For any 0 < δ < min {|l − a_i|, |l − a_j|} we define

m̂ = inf

� �_y x � W (g) + |g^{(k)}|^2 � dx : y − x ≥ 3, ∃z ∈ [x + 1, y − 1], |g(z) − l| ≤ δ � , where g ∈ W^{k,2}((x, y); R^d). Now we prove m̂ = 0.

Suppose the reverse is true, i.e., m̂ > 0. From the definition of z_n there must exist a n_0, such that ∀n > n_0, |f(z_n) − l| < δ, so � R � W (f) + |f^{(k)}|^2 � dx ≥ +∞� n_0

�_{xi+1}

x_i � W (f) + |f^{(k)}|^2 � dx = +∞.

A contradiction!

Suppose g_n ∈ W^{k,2}((x_n, y_n); R^d) minimize m̂, no harm to suppose z_n = 0, so x_n ≤ −1, y_n ≥ 1. Then there exists a subsequence (denoted again by {g_n}), such that g_n → g in W^{k−1,∞} (−1, 1). Now we have

�_1 −1 W (g) + |g^{(k)}|^2 dx = 0 and |g(0) − l| < δ at the same time, a contradiction!

So, when t → +∞, f_n → a_j.

Using similar induction, if a_i ∈ L, then f(t) → a_i, t → +∞. For t → −∞ we can argue similarly. Now we only need to show that the following does not happen: f(t) → a_i, t → ±∞ or f(t) → a_j, t → ±∞.

Suppose lim_{±∞} f(t) = a_i, no harm to assume f(0) ∈ S. Then there exists x_n → +∞, such that

�_{k−1} i=1 |f^{(l)}(x_n)|+|f(x_n)−a_i| → 0, so we can find a subsequence of the minimizing sequence {f_n}(denoted again by {f_n}), such that

�_{k−1}

i=1 |f^{(l)}_n (x_n)| + |f_n(x_n) − a_i| → 0 and f_n(0) → f(0). Now we have

m_{ij} = � R � W (f) + |f^{(k)}|^2 � dt

= lim_{n→∞} � R � W (f_n) + |f^{(k)}_n | � dt

= lim_{n→∞}

� �_{xn} −∞ � W (f_n) + |f^{(k)}_n |^2 � dt +

�_{+∞}

x_n � W (f_n) + |f^{(k)}_n |^2 � dt �

≥ lim sup n→∞ � �_{xn} −∞ � W (f_n) + |f^{(k)}_n |^2 � + m̃_{ij} − G_i(f_n(x_n), · · · , f^{(k−1)}_n (x_n)) �

= lim sup n→∞ �_{xn} −∞ � W (f_n) + |f^{(k)}_n |^2 � + m̃_{ij} .

Since f_n(0) → f(0) ∈ S, it’s easy to know that the first term on the right side is greater than 0. A contradiction.

Remark 3.1.7. Energy Balance:

Suppose f is the minimizer in the above theorem, define f_λ (t) = f(λt), then � R � W (f) + |f^{(k)}|^2 � dt ≤ � R � W (f_λ ) + |f^{(k)}_λ |^2 � dt holds for all λ ∈ R, let I(λ) = � R � W (f_λ ) + |f^{(k)}|^2 � dt, then λ = 1 is a critical point of I(λ), so we have � R W (f) = (2k − 1) � R |f^{(k)}|^2.

Thus we see that in the transition layer between two phase domains, the Gibbs free energy and the surface energy can be roughly said ”equal”.

3.2 Compactness Result In this section we will establish the compactness of the minimizing sequence. Theorem 3.2.1. Let I be a bounded open interval in R, if u_ϵ ∈ W^{k,2}(I; R^d) satisfies lim inf_{ϵ→0}+ F_ϵ(u_ϵ) < +∞, then there exists a subsequence {u_{ϵn} } and u ∈ BV (I; {a_1, a_2, · · · , a_r}), such that u_{ϵn} → u in L^1(I; R^d).

Proof. Let lim inf F_ϵ(u_ϵ) = K < +∞, and its subsequence {u_{ϵn} } satisfy lim F_{ϵn} (u_{ϵn} ) = K, then it’s easy to know that {u_{ϵn} } satisfies the condition of the theorem in [5], so there is a subsequence (denoted again by u_{ϵn} ) and a Young measure ν_t(y), such that for any continuous function f, we have

f(t, u_n(t))^∗⇀ f̄ = � R^d

f(t, y) dν_t(y) in L^∞(I).

Let f(y) = min {W (y), 1}, then it’s easy to see that

ν_t(y) = r� i=1 θ_i(t)δ_{y=ai}

Next we prove θ_i ∈ {0, 1} , i = 1, · · · , r. Define X_{ij} = � t ∈ I; 1 2δ �_{t+δ} t−δ θ_k(s) ds ∈ (0, 1), k = i, j, ∀δ > 0 � , we will prove the finiteness of the above set.

Suppose there are l > 1 distinct points {s_1, s_2, · · · , s_l} in X_{ij}, and set δ_0 = min {|s_m − s_{m+1}|}. Take δ_1 < δ_0/2, such that for all δ < δ_1 and all m ∈ {1, · · · , l}, �_{sm+δ}

s_m−δ

θ_i(s) ds > 0,

�_{sm+δ}

s_m−δ

θ_j(s) ds > 0.

Fix 0 < η < |a_j − a_i|/2, suppose φ_η , ψ_η and γ_η : R^d → R are smooth functions, satisfying:

supp φ_η ⊂ B(a_i, η), φ_η (a_i) = 1,

supp ψ_η ⊂ B(0, η), ψ_η (0) = 1, supp γ_η ⊂ B(a_j , η), γ_η (a_j) = 1.

From the uniform boundedness of F_{ϵn} (u_{ϵn} ), we have the uniform boundedness of u_{ϵn} and ϵ^{2k−12}_n u^{(k)}_{ϵn} in L^1(I) and L^2(I) respectively. For any i ∈ {1, · · · , k − 1}, Let n_i = 2i, and take α = i/k, r = 2, q = 1 in theorem 3.1.3, we have ϵ^{ni}_n u^{(i)}_{ϵn} → 0 in L^1(I), so ψ_η (ϵ^{ni}_n u^{(i)}_{ϵn} ) → ψ_η (0) in L^1(I). Then from the theorem in [5], φ_η (u_{ϵn} ) converges weak ∗ in L^∞(I) to θ_iφ_η (a_i) + θ_jφ_η (a_j) = θ_i, and γ_η (u_{ϵn} ) converges weak ∗ in L^∞(I) to θ_j. It’s easy to see that for each m ∈ {1, · · · , l} and each n, there exist x^+_{n,m}, x^−_{n,m} ∈ (s_m − δ_1, s_m + δ_1), x^−_{n,m} < x^+_{n,m}, such that

u_{ϵn} (x^+_{n,m}) ∈ B(a_j, η), u_{ϵn} (x^−_{n,m}) ∈ B(a_i, η);

|ϵ^{ni}_n u^{(i)}_{ϵn} (x^+_{n,m})| < η, |ϵ^{ni}_n u^{(i)}_{ϵn} (x^−_{n,m})| < η; Define g_{n,m}(t) = ^g_{n,m} � t − x^+_{n,m} ϵ_n � , h_{n,m}(t) = ^h_{n,m} � t − x^−_{n,m} ϵ_n + 1 � , where ^g_{n,m}, ^h_{n,m} are respectively the admissible functions of G_j(u_{ϵn} (x^−_{n,m}), ϵ^{n1}_n u^′_{ϵn} (x^−_{n,m}), · · · ϵ^{nk−1} u^{(k−1)}_ϵ (x^−_{n,m})) and G_i(u_{ϵn} (x^+_{n,m}), ϵ^{n1}_n u^′_{ϵn} (x^+_{n,m}), · · · , ϵ^{nk−1} u^{(k−1)}_{ϵn} (x^+_{n,m})), satisfying

�_1 0 � W (^h_{n,m}) + |^h^{(k)}_{n,m}|^2 � < G_i(u_{ϵn} (x^+_{n,m}), ϵ^{n1}_n u^′_{ϵn} (x^+_{n,m}), · · · , ϵ^{nk−1} u^{(k−1)}_{ϵn} (x^+_{n,m})) + ϵ_n, �_1 0 � W (^g_{n,m}) + |^g^{(k)}_{n,m}|^2 � < G_j(u_{ϵn} (x^−_{n,m}), ϵ^{n1}_n u^′_{ϵn} (x^−_{n,m}), · · · , ϵ^{nk−1} u^{(k−1)}_ϵ (x^−_{n,m})) + ϵ_n.

Now change u_{ϵn} as follows:

v_{n,m}(t) =

� � � � � � � a_j t ≥^{x+n,m}_{ϵn} + 1 g(t) t ∈ [^{x+n,m}_{ϵn} ,^{x+n,m}_{ϵn} + 1] u_{ϵn} (ϵ_nt) t ∈ [^{x−n,m}_{ϵn} ,^{x+n,m}_{ϵn} ] h(t) t ∈ [^{x−n,m}_{ϵn} − 1,^{x−n,m}_{ϵn} ] a_i t ≤^{x−n,m}_{ϵn} − 1 ,

From the value of n_i we know that v_{n,m} ∈ W^{k,2}_{loc} (R), so

K ≥ lim inf_{ϵn→0+} l� m=1 �_x+_{n,m}

x^−_{n,m} � 1 ϵ_n

W (u_{ϵn} ) + ϵ^{2k−1}_n |u^{(k)}_{ϵn} |^2 � dt

= lim inf

ϵ_n→0^+ l� m=1 �^{x+}n,m_{ϵn}

x−n,m ϵn � W (v_{n,m}) + |v^{(k)}_{n,m}|^2 � dt

≥ min {m_{ij}} l − lim sup_ϵ

n→0^+ l� m=1 [G_j(u_{ϵn} (x^−_{n,m}), ϵ^{n1}_n u_{ϵn} (x^−_{n,m}), · · · )+

G_i(u_{ϵn} (x^+_{n,m}), ϵ^{n1}_n u_{ϵn} (x^+_{n,m}), · · · )] .

Let η → 0^+, we have K ≥ min {m_{ij}} l, and the finiteness of X follows. So we have u ∈ BV and u_{ϵn} → u in L^1.

Theorem 3.2.2. If u_ϵ ∈ W^{k,2}(Ω; R^d) satisfy lim inf_{ϵ→0}+ F_ϵ(u_ϵ) ≤ +∞, then there exists a subsequence {u_{ϵn} } and u ∈ BV (Ω; {a_1, · · · , a_r}), such that u_{ϵn} → u in L^1(Ω; R^d).

First we introduce the concept of δ-closeness and a lemma ([3, 11]):

Definition 3.2.3. Two function sequences {u_ϵ}, {v_ϵ} are called δ-close, if ‖u_ϵ − v_ϵ‖ < δ.

We take u(y, z) : I × J → R as an example to define the ”slice function” as follows, where I, J are open intervals. For any y ∈ I we define u^y(z) := u(y, z), and for any z ∈ J we define u^z(y) := u(y, z), then we call u^y and u^z the one dimensional slices of u.

Lemma 3.2.4. Suppose {u_n} are equiintegrable([7]), and for any δ > 0 there exists sequences {v_n}, {w_n} δ-close to {u_n}, and {v^y_n} precompact for almost every y ∈ I in L^1(J; R^d), {w^z_n} precompact for almost every z ∈ J in L^1(I; R^d). Then {u_n} is precompact in L^1(Ω; R^d).

Now we proceed to prove the theorem.

Proof. No harm to assume N = 2. Assume first that Ω = I × J, where I, J are open intervals. We define the following one-dimensional functional F^1_ϵ (u, A):

F^1_ϵ (u, A) := � � A �_{W (u)} ϵ + ϵ^{2k−1} |u^{(k)}|^2 � dt If u ∈ W^{k,2}(A; R^d), +∞ If u ∈ L^1(A; R^d)\W^{k,2}(A; R^d) ,

where u ∈ L^1(A; R^d) and A is an open interval.

Since u ∈ W^{k,2}(Ω; R^d), by approximating it with C^∞ functions, we know that for almost every y ∈ I, u^y ∈ W^{k,2}(J), and for almost every z ∈ J, u^z ∈ W^{k,2}(I). Furthermore,

∂^ku ∂z^k

(x) = d^ku^y dz^k

(z),

∂^ku ∂y^k

(x) = d^ku^z dy^k

(y), for a.e. x ∈ Ω.

From this we can easily see that:

F_ϵ(u) ≥ � I F^1_ϵ (u^y, J) dy, F_ϵ(u) ≥ � J F^1_ϵ (u^z, I) dz.

Now consider a family of functions {u_ϵ}, satisfying F_ϵ(u_ϵ) < C < +∞. Thus � Ω W (u_ϵ)dx < Cϵ, then we have W (u_ϵ) → 0 in L^1. So from (H2)(see the beginning of this section) we get the equiintegrability of u_ϵ. Now fix δ > 0, take δ^′ ∈ (0, δ) satisfying

|S| < δ^′|J| =⇒ sup_{ϵ>0} � S (|u_ϵ(x)| + |a_1|) dx < δ.

For ϵ > 0, we define as follows v_ϵ : Ω → R^d:

v^y_ϵ (z) := � u^y_ϵ (z) = u_ϵ(y, z) If F^1_ϵ (u^y_ϵ , J) < C/δ^′ a_1 Else where .

Suppose Z_ϵ := {x : v^y_ϵ ≠ u^y_ϵ }. Since

C > sup_{ϵ>0} � I F^1_ϵ (u^y_ϵ , J) dy, we have |Z_ϵ| ≤ | � F^1_ϵ (u^y_ϵ , J) > C/δ^′ � | ≤ δ^′ C � I F^1_ϵ (u^y_ϵ , J) dy ≤ δ^′, so ‖u_ϵ − v_ϵ‖_1 < � Z_ϵ×J

|u_ϵ(x) − a_1|dx < � Z_ϵ×J

(|u_ϵ(x)| + |a_1|) < δ

holds for any ϵ > 0. We have that {v_ϵ} and {u_ϵ} are δ-close. We can easily get the precompactness of {v^y_ϵ } ([7]). Similarly, we can construct {w_ϵ} δ-close to {u_ϵ}, and for any z ∈ J, {w^z_ϵ } is precompact in L^1(I; R^d). Using Lemma 3.2.4, we have the precompactness of u_ϵ in L^1(Ω, R^d).

3.3 The proof of Γ-limit Proposition 3.3.1. If u_ϵ ∈ W^{k,2}(I; R^d), lim inf_{ϵ→0}+ F_ϵ(u_ϵ) < +∞, then there exists a subsequence {u_{ϵn} } and u ∈ BV (I; {a_i}), such that u_{ϵn} → u in L^1(I; R^d), and moreover,

lim inf

ϵ→0^+

F_ϵ(u_ϵ) ≥ � i,j m_{ij}P er_I ({u = a_i} ∩ {u = a_j}).

Proof. The first half of the theorem has already been proved in the above section, and the rest is just an easy corollary of the proof of the theorem in the last section.

Theorem 3.3.2. If u ∈ BV (I; {a_1, · · · , a_r}), then

Γ − lim sup_{ϵ→0+} F_ϵ(u) ≤ � i,j m_{ij} Per_I ({u = a_i} ∩ {u = a_j}).

Proof. Denote the jump point of u by S(u) = {s_1, · · · , s_l} ⊂ I = (α, β), α < s_1 < · · · < s_l < β. Let δ_0 = min {s_{j+1} − s_j : j = 0, · · · , l}, where s_0 = α, s_{l+1} = β, and I_i = [^{si−1 +si}_2 ,^{si+si+1}_2 ], i = 1, · · · , l. Fix δ ∈ (0, δ_0), and take f_{ij} ∈ A_{ij} satisfying � R (W (f_{ij} ) + |f^{(k)}_{ij} |^2)dt ≤ m_{ij} + δ.

Take ϵ_n → 0^+, and n sufficiently large, such that^{δ0}_{2ϵn} > max M_{ij} , where M_{ij} is the constant in the definition of A_{ij}. Define

u_n(t) = � � � f_{ij}(^{t−s i}_{ϵn} ) t ∈ [^{si−1 +si}_2 ,^{si+si+1}_2 ], [u](s_i) = a_j − a_i f_{ij}(−^{t−s i}_{ϵn} ) t ∈ [^{si−1 +si}_2 ,^{si+si+1}_2 ], [u](s_i) = a_i − a_j u(t) elsewhere , where [u](s_i) := u(s_i) − u(s_{i−1} ). Now we have

lim sup n→∞ F_ϵ(u_n) ≤ � i,j m_{ij} Per_I ({u = a_i} ∩ {u = a_j}) + lδ.

Take δ_n → 0^+, and construct a {u_n} for each δ_n, we can prove the desired result.

Theorem 3.3.3. Suppose u ∈ L^1(Ω; R^d). If Γ − lim inf_{ϵ→0}+ F_ϵ(u) < +∞, then u ∈ BV (Ω; {a_1, · · · , a_r}), and

Γ − lim inf_{ϵ→0+} F_ϵ(u) ≥ � 1≤i<j≤r

m_{ij} H^{N−1} (∂^∗S_i ∩ ∂^∗S_j ∩ Ω).

Before we prove this theorem, some preparation is needed. Define

A_{ξ1,ξ2} := � g(t) | g ∈ W^{k,2}_{loc} (R), ∃M > 0, g(t) = ξ_2 for t > M; g(t) = ξ_1 for t < −M �

and the geodesic distance

d(ξ_1, ξ_2) := inf � � R � W (r(t)) + |r^{(k)}(t)|^2 � dt, r(t) ∈ A_{ξ1,ξ2} � . We notice that d(a_i, a_j) = m_{ij} with the latter defined by Definition 3.1.2. Then we define φ_i(ξ) = d(ξ, a_i) as the distance function to a_i.

Suppose μ, ν are two positive regular Borel measure, we follow [4] by defining as folllows their maximum μ ∨ ν:

(μ∨ν)(A) = sup � μ(A^′) + ν(A^{′′}) : A^′ ∩ A^{′′} = ϕ, A^′ ∪ A^{′′} ⊂ A, A^′, A^{′′} is an open set in Ω � , where A ∈ Ω is an arbitrary open set.

Suppose that u(x) makes W (u(x)) = 0 a.e.in Ω, then u(x) =

�_r i=1 a_iχ_{Si} (x), where S_1, · · · , S_r ⊂ Ω with no intersection between any two of them, and |Ω\ ∪^r_1 S_i| = 0. Now we cite a lemma from [4].

Lemma 3.3.4. Suppose φ_i ∘ u ∈ BV (Ω), denote μ_i to be the following Borel measure: μ_i : E → � E|D(φ_i ∘ u)|, then we have the fact that Per_Ω (S_i) < +∞ holds for i = 1, · · · , r, and (∨^r_{i=1}μ_i)(Ω) = � 1≤i<j≤r

d(a_i, a_j)H^{N−1} (∂^∗S_i ∩ ∂^∗S_j ∩ Ω).

By the definition of d(a_i, a_j), we have

(∨^r_{i=1}μ_i)(Ω) = � 1≤i<j≤r

m_{ij} H^{N−1} (∂^∗S_i ∩ ∂^∗S_j ∩ Ω).

Now we are going to prove the theorem.

Proof. Suppose ϵ_n → 0^+, u_n → u in L^1(Ω; R^d) and F_{ϵn} (u_n) converges to Γ−lim inf_{ϵ→0}+ F_ϵ(u) < +∞. Fix an unit vector ν ∈ S^{N−1} , we take no danger to suppose that u_n|_{Ly,ν ∩Ω} → u|_{Ly,ν ∩Ω} in L^1(L_{y,ν} ∩ Ω) holds for almost every L_{y,ν} := {y + sν : s ∈ R} and y ∈ R^N . Let

u^{y,ν}_n (t) := u_n(y + tν) for H^{N−1} a.e.y ∈ ν^⊥.

From the above one-dimensional result, we know that for any i ∈ {1, · · · , k},

|D(φ_i ∘ u)^{y,ν} (L_{y,ν} ∩ Ω)| ≤ lim inf_{n→∞} � L_{y,ν} ∩Ω � W (u^{y,ν}_n ) ϵ_n

+ ϵ^{2k−1}_n | d^ku^{y,ν}_n dt^k | � dt .

Let v_i = φ_i ∘ u, then from Fatou’s lemma and the slicing property of BV functions we have:

|D(v_i)|(Ω) = � y∈ν^⊥

|Dv^{y,ν}_i |(L_{y,ν} ∩ Ω)dH^{N−1} (y)

≤ � y∈ν^⊥

lim inf n→∞ � L^{y,ν} ∩Ω � W (u^{y,ν}_n )

ϵ_n

+ ϵ^{2k−1}_n | d^ku^{y,ν}_n dt^k | � dt dH^{N−1}

≤ lim inf_{n→∞} � y∈ν^⊥ � L_{y,ν} ∩Ω � W (u_n)

ϵ_n

+ ϵ^{2k−1}_n |D^ku_n|^2 � dt dH^{N−1}

= lim inf n→∞ � Ω � W (u_n) ϵ_n

+ ϵ^{2k−1} |D^ku_n|^2 � dx

= Γ − lim inf_{ϵ→0+} F_ϵ(u) .

From this we can see that φ_i ∘ u ∈ BV (Ω). We know from the definition of ∨ that ∨^r_{i=1}μ_i is the minimum of all measures that are bigger than all μ_i, thus

∨^k_{i=1}v_i ≤ Γ − lim inf F_ϵ(u).

Now we know from Proposition 3.4 that

Γ − lim inf_{ϵ→0+} F_ϵ(u) ≥ � 1≤i<j≤r

m_{ij} H^{N−1} (∂^∗S_i ∩ ∂^∗S_j ∩ Ω).

Theorem 3.3.5. For any u ∈ BV (Ω; {a_1, · · · , a_r}), we have

Γ − lim sup_{ϵ→0+} F_ϵ(u) ≤ � 1≤i<j≤r

m_{ij} H^{N−1} (∂^∗S_i ∩ ∂^∗S_j ∩ Ω).

First we prove the case r = 2, and take it as a lemma. Denote a = a_1, b = a_2, m = m_{12}, E = S_1.

Lemma 3.3.6. For any u ∈ BV (Ω; {a, b}), we have

Γ − lim sup_{ϵ→0+} F_ϵ(u) ≤ m Per_Ω ({u = a}).

Proof. Suppose u ∈ BV (Ω; {a, b}), i.e., u = aχ_E + b(1 − χ_E ), where E satisfies Per_Ω (E) = |Dχ_E|(Ω) < +∞. First we consider the case E = ~E ∩ Ω, where ~E is a smooth set in R^N .

Denote ∂ ~E = M. Since M is a smooth surface, there exists δ_0 > 0, such that for any δ < δ_0, there exists a smooth projection from U_δ := � x ∈ R^N : dist(x, M) < δ � to M. Let ϵ_n → 0, take v_n ∈ W^{k,2}_{loc} (R; R^d) satisfying

v_n(t) = � a t < −δ_n/ϵ_n b t ≥ δ_n/ϵ_n

and lim_{n→∞} � R(W (v_n) + |v^{(k)}_n |^2) dt = m. Define as follows u_n : Ω → R^d:

u_n(x) := � � � v_n(^{~dM (x)}_{ϵn} ) x ∈ U_n ∩ Ω a x ∈ E\U_n b x ∈ Ω\(E ∪ U_n)

where ~d_M : R^N → R is the signed distance function of M. ~d_M is less than 0 in ~E, and U_n := U_{δn} . We select δ_n by the following condition:

δ_n → 0, δ_n/ϵ_n → 0.

It’s easy to see that the above u_n are in W^{k,2}(Ω). So we have:

lim sup n→∞ ~F_{ϵn} (u_n) = lim sup n→∞ � Ω � W (u_n)

ϵ_n

+ ϵ^{2k−1}_n |D^ku_n|^2 � dx

= lim sup n→∞ � � U_n

W (v_n( ~d_M (x)/ϵ_n)) ϵ_n dx

+ � U_n

ϵ^{2k−1}_n |v^{(k)}_n ∇ ~d_M · · · ∇~d_M /ϵ^k + k−1� i=1 1 ϵ^i v^{(i)}_n P_i|^2 dx � .

Where P_i is the sum of the multiplication of some derivatives of ~d_M of order less than k.

Now we take the following variable transform: x := F (y, t), where F : M×(−δ_0/2, δ_0/2) → U_{δ0/2} is a differential homotopy, F (y, t) := y + tν(y), ν(y) is the outer normal respect to ~E at y of M. We denote the Jacobi of F (y, t) by J(y, t).

Now lim sup F_{ϵn} (u_n)

≤ lim sup n→∞ � M �_{δn}

−δ_n � W (v_n(t/ϵ_n)) ϵ_n

+ ϵ^{2k−1}_n

|v^{(k)}_n (t/ϵ_n)|^2

ϵ^{2k}_n � J(y, t) dt dH^{N−1} �

+ C lim sup n→∞ �_{δn}

−δ_n

ϵ^{2k−1}_n � i+j<2k 1≤i≤k 1≤j≤k

|v^{(i)}_n (t/ϵ_n)||v^{(j)}_n (t/ϵ_n)| 1 ϵ^{i+j}_n dt dH^{N−1} (y)

= lim sup n→∞ I^{(n)}_1 + lim sup n→∞ I^{(n)}_2 .

Here we have used the fact that the norm of the gradient of the distance function is 1, and its higher order derivatives are bounded due to the compactness of M. Now we estimate I^{(n)}_1 and I^{(n)}_2 respectively.

I^{(n)}_1 (u) = � M �_{δn}

−δ_n � W (v_n(t/ϵ_n)) ϵ_n + |v^{(k)}_n (t/ϵ_n)|^2 ϵ_n � J(y, t) dt dH^{N−1} (y)

= � M �_{δn/ϵn}

−δ_n/ϵ_n � W (v_n(s)) + |v^{(k)}_n (s)|^2 � J(y, sϵ_n) ds dH^{N−1} (y)

≤ � sup y∈M,t∈(−δ_n,δ_n)

J(y, t) � � M � R � W (v_n(s)) + |v^{(k)}_n (s)|^2 � ds dH^{N−1} (y) .

Note that since M is compact, we have that J(y, t) converges uniformly to 1 when t → 0, so we can easily know that lim sup I^{(n)}_1 ≤ m Per_Ω (E).

Next let us prove that I^{(n)}_2 → 0. We only need to prove that any term in I^{(n)}_2 �_{δn}

−δ_n

ϵ^{2k−1−i−j} n |v^{(i)}_n (t/ϵ_n)||v^{(j)}_n (t/ϵ_n)| dt

tends to zero when n tends to infinity.

The above = � R ϵ^{2k−i−j} n |v^{(i)}_n (s)||v^{(j)}_n (s)| dt

≤ ϵ^{2k−i−j}_n � �v^{(i)}_n (s) � �_{L2} � �v^{(j)}_n (s) � �_{L2} .

Now let w_n(t) := v_n(t/ϵ_n) ∈ W^{k,2}(−δ_n, δ_n), then

lim sup n→∞ �_1 −1 � 1 ϵ_n

W (w_n) + ϵ^{2k−1}_n |w^{(k)}_n |^2 � dt

= lim sup n→∞ �_{δn}

−δ_n � 1 ϵ_n

W (w_n) + ϵ^{2k−1}_n |w^{(k)}_n |^2 � dx

= lim_{n→∞} � R � W (v_n) + |v^{(k)}_n |^2 � dt = m .

Here we use Theorem 3.1.3 to get: � �w^{(i)}_n � �_{Lp(−1,1)} ≤ C � �w^{(k)}_n � �^{i/k}_{L2} · ‖wn‖^{1−i/k}_L1

≤ Cϵ^{− 2k−12k i} n · ϵ^{1− ik}_n ,

where p =^{2k}_{2k−i} . We have � �w^{(k)}n � �_{Lp} ≤ Cϵ^{− 2k−12}n · o(1). Using the Sobolev Embedding W^{1,p}(−1, 1) → L^∞(−1, 1), we have � �w_{(i)n} � � L^2(−1,1)

< Cϵ^{− 2k−12}_n · o(1),

so that

ϵ^{k−i}_n ( � R |v^{(i)}_n |^2)^{1/2}

= ϵ^{k−i}_n ϵ^{i−1/2}_n (

�_{δn}

−δ_n

|w^{(i)}_n |^2)^{1/2}

= o(1) → 0 .

Thus the proof for the case when E is smooth is complete.

Next let us prove the case when E is not smooth. From Theorem 2.6, there exist a sequence of smooth subsets E_i = ~E_i ∩ Ω, where ~E_i are bounded smooth sets in R^N , satisfying χ_{Ei} → χ_E in L^1(Ω), |Dχ_{Ei} |(Ω) → |Dχ_E|(Ω).

We can construct u^n_i for each E_i, then by using a diagonal argument, the proof for nonsmooth case is also complete.

Now we prove the theorem.

Proof. First we prove the case N = 2. The following result is given in [4]:

Lemma 3.3.7. Suppose u(x) =

�_k i=1 a_iχ_{Si} (x), and S_i ⊂ Ω doesn’t intersect each other, with finite perimeter, and |Ω\ ∪^k_{i=1} S_i| = 0. Then there exist a sequence of division of Ω: {S^n_1 , · · · , S^n_k }, satisfying

(i) S^n_i is polygonal regions, and H^{N−1} (∂S^n_i ∩ ∂Ω) = 0 for any i = 1, · · · , k. (ii) Let u_n(x) =

�_k i=1 a_iχ_Sk_i (x), then u_n → u in L^1(Ω).

(iii) � Ω u_n(x)dx = � Ω u(x)dx = m for any n ∈ N.

(iv) lim_{n→+∞} ∨^k_{i=1} � Ω |D(φ_i ∘ u_n)| = ∨^k_{i=1} � Ω |D(φ_i ∘ u)|.

From this we can easily construct a family of divisions of Ω: {E^n_1 , · · · , E^n_k }, satisfying (i’) For any 1 ≤ i < j ≤ k, L_{ij} := ∂E^n_i ∩ ∂E^n_j is a smooth curve, and at the two ends L_{ij} are straight.

and conditions (ii), (iii), (iv) in the above lemma.

It’s easy to see that if we prove the theorem for {E_1, · · · , E_n} satisfying (i’), then by using a diagonal argument we can prove the general case. So now we just prove the case which satisfies (i’).

Let x ∈ Ω be the intersection point of two different L_{ij} and suppose further that the curves with one end at x are {L_{i1j1} , · · · , L_{imjm} }. Let

U^l_δ = {y : dist(y, L_{iljl} ) < δ} ,

where dist is the unsigned distance function. Let d_δ be the maximum of all dist(y_i, x), where {y_i} are the set of all corner points of ∪^m_{l=1}U^l_δ, which is a star shaped region.

It’s easy to see that there exists δ_0 sufficiently small, such that we can construct a smooth neighbourhood M_{δ0} of x, such that:

1. dist(x, ∂M_{δ0} ) > 2d_{δ0} .

2. ∂M_{δ0} ∩ U^l_{δ0} is a straight line for any l.

By noting that the number of x of the above type is finite, we can take a uniform δ_0 to satisfy the above conditions. For other δ ∈ R^+, we define M_δ by the following scaling: M_δ = δ δ_0

(M_{δ0} − x) + x

Now we can see that, after cut off a neighborhood described above at each intersection point, we can do the same con- Figure 2: An Illustration of M^δ struction as in the r = 2 case. So we just need to prove that, after extending u_n to M_{δn} , we have

lim_{n→∞} � M_{δn} � W (u_n) ϵ_n

+ ϵ^{2k−1}_n |D^ku_n|^2 � dx = 0.

Now we extend it. Take any M_{δn} . Since outside it we have already constructed u_n, we just need to construct u_n ∈ W^{k,2}(M_{δn} ) under the following conditions:

u_n|_{∂Mδn} ∈ W^{k,2}(∂M_{δn} ) takes known value,

∂^lu_n ∂ν^l

= 0, where l = 1, · · · , k − 1, ν is the outer normal vector of M_{δn} , and ‖u_n‖_L∞ is uniformly bounded in n.

From the construction method of M_δ, we can just solve this problem for M_1, then transform it to M_{δn} by scaling. Now we begin the construction in M_1. Denote by ~v_n : ∂M_1 → R^d the boundary value, which is known, after scaling to ∂M_1.

Since M_1 is a smooth open set, there exists R > 0, such that B_{x,2R} ⊂⊂ M_1. Define U := M̄_1\(B_{x,R} ∪ L), V := (0, 1) × [0, 1], where L is a line connecting ∂B_{x,R} and ∂M_1. It’s easy to know that there exists a one-to-one mapping φ : U ∪ L → V , such that φ ∈ C^∞, φ^{−1} ∈ C^∞, which maps ∂B_{x,R}\L and ∂M_1\L to (0, 1) × {0} and (0, 1) × {1}, respectively, and at the same time maps the normal on L to a direction parallel to the direction (1, 0), such that the derivatives of any order of φ and φ^{−1} are bounded.

Define f(x) : [0, 1] → R^d as f(x) := ~v ∘ φ^{−1} (x, 1). Note that f can be extended to R with period 1, and f ∈ W^{k,2}[0, 1].

Next we take g(y) : [0, 1] → R to be C^∞, satisfying

g(0) = 0, g(1) = 1,

g^{(l)}(0) = g^{(l)}(1) = 0, ∀l ∈ N.

Obviously such a function exists.

Now we construct ~u : M_1 → R^d as follows:

~u(x) = � � � (g · f) ∘ φ(x) x ∈ M_1\B_{x,R} extend by continuity x ∈ L 0 x ∈ B_{x,R} .

It’s easy to see ‖~u_n‖_L∞_{(M1)} ≤ ‖~v_n‖_L∞_{(∂M1)} ,

‖~u_n‖_W k,2_{(M1)} ≤ C(φ, g) ‖~v_n‖_W k,2_{(∂M1)} ,

i.e., such ~u_n after extension satisties our conditions.

Using scaling, we have: � M_{δn} � W (u_n)

ϵ_n

+ ϵ^{2k−1}_n |D^ku_n|^2 � dx

= � M_1 � W (~u_n)

ϵ_n

+ ϵ^{2k−1}_n |D^k ~u_n|^2 1 δ^{2k}_n � δ^2_n dx

= � M_1 � δ^2_n ϵ_n

W (~u_n) + ϵ^{2k−1} δ^{2k−2}

|D^k ~u_n|^2 � dx .

Thus, by taking δ_n = o(ϵ^{1/2}_n ), we have proved that the first term tends to zero.

Now we estimate the second term. � M_1

|D^k ~u_n|^2 dx ≤ C � ∂M_1

|~v^{(k)}_n |^2 ds

= C � l � ∂M_1∩U^l_1

|~v^{(k)}_n |^2 ds

≤ C � l � R δ^{2k}_n ϵ^{2k}_n

|v^n_{ij}^{(k)}|^2 ϵ_n δ_n ds^′

≤ C δ^{2k−1}_n ϵ^{2k−1}_n , where v^n_{ij} is the v^n in the r = 2 case, just replacing a, b with a_i, a_j.

Thus it’s easy to see that the second term tends to zero too. This ends the proof. Note that in [4], the lemma 3.3.7 here applies to any Ω ∈ R^N , so we can prove the same result similarly in cases N ≥ 3.

References

[1] R.A.Adams, Sobolev Spaces, Academic Press, New York, 1975.

[2] G.Alberti, Variational models for phase transitions, an approach via Γ-convergence, in L.Ambrosio, N.Dancer: Calculus of Variations and Partial Differential Equations, G.Buttazzo, A.Marino, M.K.V.Murthy Eds. , Springer, 1999.

[3] G.Alberti, G.Bouchitté, P.Seppecher: Phase transitions with line tension effect, Arch.Rat.Mech.Anal., V.144, No.1, 1–46.

[4] S.Baldo, Minimal interface criterion for phase transitions in mixtures of Cahn- Hilliard fluids, Ann.Inst.H.Poincaré, Ann.Non Linéaire, 1990, 7, 37–65.

[5] J.M.Ball, A version of the fundamental theorem for Young measures, in PDE’s and Continuum Models of Phase Transitions, (M.Rascle, D.Serre, and M.Slemrod eds.), Lecture Notes in Physics, 1989, Vol.344, 207–215.

[6] Ana Cristina Barroso, Irene Fonseca, Anisotropic singular perturbations, the vectorial case, Proc.Roy.Soc.Edin., 1994, Vol.124A, 527–571.

[7] Bernard Dacorogna, Direct Methods in the Calculus of Variations, Springer- Verlag, 1989.

[8] G.Dal Maso, An Introduction to Γ-Convergence, Birkhäuser, Boston, 1993.

[9] Irene Fonseca, Phase Transitions of Elastic Solid Materials, Arch.Rat.Mech.Anal., 1989, V.107, No.3, 195–223.

[10] Nikan B.Firoozye, Robert V.Kohn, Geometric Parameters and the Relaxation of Multiwell Energies, in Microstructure and Phase Transition, IMA 54, 1994, 85–109.

[11] Irene Fonseca, Carlo Mantegazza Second Order Singular Perturbation Models For Phase Transitions, Carnegie Mellon University, Center of Nonlinear Analysis, Preprint, 1999.

[12] Irene Fonseca, Luc Tartar, The gradient theory of phase transitions for systems with two potential wells, Proc.R.Soc.Edin,1989, Vol.111A, 89–102.

[13] Enrico Giusti, Minimal Surfaces and Functions of Bounded Variation, Birkhäuser, 1984.

[14] Morton E.Gurtin, On Phase transitions with bulk, interfacial, and boundary energy, Arch.Rat.Mech.Anal., 1986, Vol.96, 243–264.

[15] Morton E.Gurtin, Some Results and Conjectures in the Gradient Theory of Phase Transitions, in Metastability and Incompletely Posed Problems, S.Antman, J.L.Ericksen, D.Kinderlehrer, I.Müller eds., IMA Vol.3, Springer-Verlag, 1987, 135– 146.

[16] Robert V.Kohn, Peter Sternberg, Local minimisers and singular perturbations, Proc.

R. Soc. Edin. , 1989, Vol.111A, 69–84.

[17] Luciano Modica, The Gradient Theory of Phase Transitions and the Minimal Interface Criterion, Arch. Ration. Mech. Analysis, 1987, Vol.98, 123–142.

[18] L. Nirenberg, On Elliptic Partial Differential Equations, Annali della Scuola Norm.

Sup. Pisa, 1959, Vol.13, 116–162.

[19] Peter Sternberg, The Effect of a Singular Perturbation on Nonconvex Variational Problems, Arch. Ration. Mech. Analysis, 1988, Vol.101, 209–260.