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§1. Introduction

The main purpose of this paper is to discuss a numerical method, of which
a truncation method is a special case, for computing singular minimizers of
integrals in the calculus of variations. The idea of trying to find a particu-
lar method for detecting singular minimizers is motivated by the so called
Lavrentiev phenomenon [1 — 5.

Consider the problem of minimizing

1
I(u) = / (W — 2)2(u/)S da (1.1)
0
in the set of admissible functions
A ={uecW"0,1) : u(0) = 0,u(l) =1} (1.2)

It is easy to see that the unique minimizer of I in A is & = /% and that
I(@) = 0. It was shown by Mania [2] that the Lavrentiev phenomenon occurs
in the problem, i.e.

inf I > inf =71(4) =0 1.3
wennitho g [ > jnf = 1(@) (1.3)

Furthermore, Ball & Mizel [3] showed that if p > 3/2

lim I(u;) = 00 (1.4)

71— 00
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for any sequence of functions u; € A N WP(0,1) converging almost every-
where to 4. It is easily seen from (1.3) and (1.4) that any numerical method
based on a sufficiently accurate computation of I(u;) for Lipschitz functions
u; will fail both to locate @ and to produce the correct minimum value of I
in A.

The existing numerical methods, which can avoid Lavrentiev phenomenon
and detect singular minimizers, can be found in [4,6]. To apply truncation
methods to compute singular minimizers was suggested by J.M.Ball.

In this paper, a numerical method with a more general form, which in-
cludes truncation methods as special cases, is described (§3). As a theoretical
base of the method, some lower semicontinuity theorems [7] are given in §2.
Approximation properties and convergence theorems of the method are es-
tablished in §3. In §4, I describe 2 truncation methods as examples of the
method given in §3. In §5, I show the results of a numerical example.

§2. Lower semicontinuity theorems
Let 2 C R™ be bounded and open.

Definition 2.1. A function f : Qx R™ x R* — R is a Carathéodory function
if

(1) f(-,u, P) is measurable for every u € R™, P € R*,

(2) f(z,-,-) is continuous for almost every x € (2.

Throughout the rest of this paper — denotes the weak convergence of
sequences. The following theorems are special cases, where u and P are
related by P = Du, of a general lower semicontinuity theorem given by Li

[7].

Theorem 2.1. Let f: Q x R™ x R™*™ — R satisfy
(1) f(xz,u,P) is a Carathéodory function;
(ii) f(z,u, P) > a(x),a(z) € L1(Q);
(iii) f(x,u,-) is convex.

Let far : Q2 x R™ x R™*"™ — R satisfy

(a) fam(x,u, P) are Carathéodory functions;
(b) far(z,u, P) > a(x), a(z) € LY (Q);
(c) There exists a sequence of compact subsets € in ) such that

llim meas (Q\ Q) =0

and
fv — f,  uniformly on Q; x G,
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for each I and any compact set G in R™ x R™*™,
Let {upr},u € WHP(Q; R™),1 < p < oo be such that

up — u, in WHP(Q; R™). (2.1)

Then
I(u) < limyy g Tar(unr), (2:2)

where
I(u) = / f(x,u, Du) dx,
Q
Ing(v) = / fu(x, v, Do) dx.

Q
Theorem 2.2. Let f satisfy (i) — (iii) in theorem 2.1. Let {fn} satisfy (a),
(b) in theorem 2.1 and

(') There exists a sequence of compact subsets € in Q such that
llim meas (2\ Q) =0

and

/ | far(z,v, Dv)— f(2,v, Dv)| dx — 0, uniformly in WP (€; R™),
Q\E(v,K)

for each | and any fired K > 0, where E(v,K) = {z € Q : |v| >
K, or |Dv|> K}.

Let {upr},u € WHP(Q; R™),1 < p < 00, satisfy

up — u, in WHP(Q; R™).

Then
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§3. The method and its properties

Assume for simplicity that 2 C R™ is a polyhedron and 9y C 02, where
0f) is the boundary of €2, consists of faces of the polyhedron. Let T} be
regular triangulations of {2 with h being the mesh size [8]. Let

Aug; 00) = {u € WHP(Q; R™) : u = ug, on 0Q};
Ay = {u € C(Q) : u is a polynomial of degree k on K,VK € Tj,};
Ap(uon; 0Q) = {u € Ap, : u=upp, on 0},

where ug, € Ay, satisfy
ugp, — ug, in WHP(Q; R™). (3.1)

Our method for computing the minimizers of I(u fQ x,u, Du) dx in
A(ug; 98p) is to solve the finite problem of mlnlmlzmg Ing(up) fQ fM
up, Dup) dx in Ap(uop; 0€) for properly chosen fy; and h.
Lemma 3.1. Let f:Q x R™ x R™*™ — R satisfy
(1) f(x,u, P) is a Carathéodory function;
(i) f(z,u, P) > a(z),a(z) € L'(Q);
Let far : Q2 x R™ x R™*"™ — R satisfy

(a) fam(z,u, P) are Carathéodory functions;

(b) a(x) < far(e.u P) < min{f(z,u, P), by (z) + ars(@)([ul? + |PP)),
where a(z), by (z) € LY (Q),an(z) € L(Q) and 1 < p < oo;

(") For any v € WHP(Q; R™)

fu(x,v, Dv) — f(x,v, Dv), in measure,
i.e. for any e >0

meas {x € Q: |fyp(x,v,Dv) — f(z,v,Dv)| > e} -0, as M — oo.

Let u € A(ug;00) be such that f(x,u(x), Du(x)) € LY(Q). Let up €
Ap (uon; 980)
be such that

up — u, in WHP(Q; R™). (3.2)

Then, for any € > 0, there exist M (e¢) > 0 and h(e, M) > 0 such that

[Ine(up) — I(w)| <€, for M > M(e) and 0 < h < h(e, M). (3.3)
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Proof.
Ing(up) — I(uw)
:/Q(fM(x,uh,Duh) — fu(z,u, D)) dz
+/(fM(:Jc,u, Du) — f(x,u, Du)) dx
=1 +sz

It follows from f(z,u(x), Du(z)) € L'(Q) and a(z) € LY(Q) that for any
€ > 0 there exists d(e) > 0 such that

|f(x,u(z), Du(z))| de < e,
Q

and

la(x)] dz < e,
Q/

for any ' C Q with meas(2') < d(e).
On the other hand, let

QM(E) =
{z € Q:|fu(z,u(z), Du(x)) — f(z,u(x), Du(x))| > €/(8 meas(2))}.

Then, by (¢), for any € > 0 and § > 0 there exists M(e,d) > 1 such that
meas(Qar(€)) <, VM > M(e, ).

Now, by taking M(e) = M(e/8,0(¢/8)) and by using the fact (see (b))
that
|fa (2, u(z), Du())] < |a(x)] + [f (2, u(z), Du(z))],

we have

| I2| S/Q ()(!a(l‘)|+2 | (z, u(x), Du(x))|) dx

s [ e Do) = fou, D) da
2\ (e)
<4-€¢/8=¢€/2, VM > M/ e). (3.4)
We claim that for any e > 0 and M > 0 there exists h(e, M) > 0 such that

1| < €/2, VYO < h<h(e, M). (3.5)
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Suppose otherwise. Then, there would be ¢; > 0, My > 0 and a decreasing
sequence {h;} with lim; .., h; = 0 such that

‘/(fMo(x7uhj7Duhj)_fMo(mv'UﬂDu)) d:l?’ 260/27 vj
Q

By (3.2), we may assume

up; — u, almost everywhere in {2,

Dup; — Du, almost everywhere in €.
Thus by (a)
It (z,uny, Dup;) — fu,(x,u, Du), almost everywhere in (2. (3.6)
On the other hand, by (b)

| fato (2, un,, Dup,) — fa, (2, u, Du)l
<bary (7) + angy (z)(Jun, [P + [u? + [Dup, [P + [Dul?). (3.7)

By (3.2), the right hand side of (3.7) is uniformly integral continuous. Hence
by (3.6) and (3.7),
|I;| — 0, as j — oc.

This is a contradiction.
(3.3) now follows from (3.4) and (3.5). O

As a direct corollary of lemma 3.1, we have

Theorem 3.1. Let f, fyr satisfy the hypotheses in lemma 3.1. Then, for
any € > 0, there exist M (¢) > 0 and h(e, M) > 0 such that

inf Ing(up) < inf  I(u) +¢,
’u,hEAh(uOh;aﬂo) ueA(uo;aQo)
for M > M(€),0 < h < h(e, M).

Now, we can prove the following convergence theorem for the method.

Theorem 3.2. Let 1 <p < oo. Let f:Q x R™ x R™*™ — R satisfy

(i) f(x,u, P) is a Carathéodory function;
(ii) f(z,u, P) > a(x),a(x) € LY(NQ);

(iii) f(x,u,-) is convez.
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Let far : Q2 x R™ x R™*"™ — R satisfy
(a) fam(x,u, P) are Carathéodory functions;
(b) a(x) < fu(x,u, P) < min{f(z,u, P),bar(x) + ar(2)(Julf + |P|P)},
where a(z), by (z) € LY (Q),apn(z) € L>®(RQ);
(') There exists a sequence of compact subsets € in Q such that

llim meas (Q\ Q) =0
and

/ [fat (2,0, Dv) — f (2,0, Do) dz — 0,
QU\E(v,K)

uniformly in WP (Q; R™)

for each | and any fized K > 0, where E(v,K) = {z € Q : |v| >
K, or |Dv|> K}.
Let {¢;} be a decreasing sequence satisfying lim;_,oc €; = 0. Let M; = M(e;)
and hj = h(ej, M;), where M(€;) and h(ej, M;) are valued by theorem 3.1.
Let up; € Ap;(uon,;00) be such that

Ii(u;) = /QfMj (xz,uj, Duj) do < inf Ii(v) + €, (3.8)

VEAR, (uOhj ;0Q0)

and

Uon, — ug, in WHP(Q; R™). (3.9)

Assume {u;} are uniformly bounded in WP(Q; R™), i.e. there is a constant
C > 0 such that
lujlhpy < €5 V5. (3.10)

Then, there exists a function u € A(ug;0€0) and a subsequence of {u;},
again denoted {u;}, such that

u; —u, in WHP(Q; R™), (3.11)

and

I(u) = I(v) =lm,_, I;(u;). (3.12)

222 —00

inf
vEA(uo;000)

Proof. Tt is a classical result that (3.11) holds for a function u € W1P(Q;
R™). From (3.9), it follows that u = ug on 09, i.e. u € A(ug;9).
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By theorem 2.2, we have
I(u) <lm; T (uy). (3.13)

It follows from (c¢’) that fj; also satisfy (¢”) in lemma 3.1. Hence by
theorem 3.1, we have

lim; I (u;) < ng(izﬁ{aQo)I(v)' (3.14)

Combining (3.13) and (3.14), we have (3.12). O

Remark. If (¢') is replaced by (c) in theorem 3.2, the conclusion of the
theorem still holds.

84. Truncation methods

To apply the results in §2 and §3, we need to find an appropriate sequence
of functions {far}. We may use the truncation method to construct such
sequences.

Let 1 < p < 0o and define

~ f(z,u, P), if lu| < M and |P| < M;
fM(xvua P) = D D .
Flasunt, Par) + cng(@) 0 (ful) + X5 (1P]), otherwise,
where
u, if |u| < M;
u = %u, if |u| > M,
. P, if [P| < M;
YT &P P> M,
0 if t <0;
P t — Y — )
Xar () {t _MP, ift>0,
and
apy € L, ap(z) >c>0, Ve e (4.1)
Define B
1w, P) = mind £z u, P), Far(a, u, P)}. (42)

Let {ays} be an increasing sequence satisfying
a1 >c¢>0, lim apy = o (4.3)
M—oo

Define
frr(,u, P) = min{ f(z,u, P),an (1 + |P|?)}. (4.4)
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Lemma 4.1. Let f:Q x R™ x R™*" — R satisfy
(i) f(z,u, P) is a Carathéodory function;
(i) f(z,u, P) > a(z),a(z) € L'(2);
(iii) f(=x,u,-) is conver.
(iv) Let QK( ) = supjy <k, p|<k |f(@,u, P)|. Then gk () € L'(Q).
Then, fi;,i=1,2, defined by (4.2) and (4.4) respectively, satisfy
(a) f}'w(ac,u,]?) are Carathéodory functions;
(b) a(z) < fy(z,u, P) < min{f(z,u, P), by (x) + an(@)(Jul’ + |P|P)},
where a(x),by(z) € LYQ),anm(z) € L>®(Q),anm(z) > ¢ > 0,
a.e. in Q.
and furthermore f1, satisfy
(c) There exists a sequence of compact sets Q in Q such that
lim meas (Q2\ ;) =0

l—o0

and
fir — f,  uniformly on Q x G

for each | and any compact set G € R™ x R™*™;
f3, satisfy
(") There exists a sequence of compact sets £ in Q such that

lim meas (2\ ;) =0

l—o0

and

| 1o Do) - f0 Do) de — o
QU\E(v,K)
uniformly in WP (Q; R™),

for each | and any fired K > 0 where E(v,K) = {x € Q : |v| >
K, or |Dv|> K}.

Proof. (a) is obvious.

For i = 1, take a(x) = a(x),by(x) = gum(z) (see (iv)) and ap(z) =
ap(z). For i = 2, take a(x) = min{a(x), a1}, and ap(x) = by (x) = an.
Then, it is easy to check that (b) holds.

It is obvious that (c) is satisfied by fi,, since fas(z,u, P) = f(z,u, P) for
all z € Q, |u| < M and |P| < M.

Now we show that () is satisfied by f2,.
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For any € > 0 and K > 1, it follows from (iv) that there exist C'(K) > 0
and d(e, K) > 0 such that

/QgK(x) < C(K), (4.5)

and
/ g (x) <e, VQ' CQ with meas (Q') < (e, K), (4.6)

where gk is defined as in (iv).
For any § > 0 and K > 1, it follows from (4.5) that there exists A(K,¢) >
1 such that
meas (G(K,A)) <o, VA> A(K,J), (4.7)

where G(K,A) = {z € Q: g (x) > A}.
By (4.3), for any A > 0 there exists M (A) > 1 such that

ay > A, VM > M(A). (4.8)
By (4.4) and (4.8),

(@, v(x), Dv(x)) = f(z,v(x), Dv(x)),
Ve e Q\ G(K,A), and VM > M(A).
(4.9)

Thus, by taking § = d(¢, K),A = A(e, K) = A(K,0(¢, K)), and M(e, K) =
M(A(e, K)) and by (4.4), (4.6), (4.7) and (4.9), we have

/ (2,0, Do) — f(z,0, Dv)| do
Q\E(v,K)

-/ 72 (2.0,Dv) = f(a,v, Do) da
(Q\E(v,K))NG(K,A)
<2 / |z, v, Dv)| da
(Q\E(v,K))NG(K,A)
<2 / gk (x) dx
G(K,A)
<2¢, VM > M(e, K) and ve WhHP(Q; R™). (4.10)

(4.10) implies that f3, satisfy (¢/). O

By lemma 4.1, we know that all the results in §2 and §3 remain valid if
far is substituted by f1, defined by (4.2) or f2, defined by (4.4).
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Let ©,09Q and T}, be the same as in §3. Let
A={uec WH(Q;R™) :u =0, on 00},

Ap ={u € C(Q) : uis a polynomial of degree < k on each element in T,
u=0 on 0}

Suppose @ € WLHP(Q; R™),p > 1, is a minimizer of

I(u) :/ f(z,u, Du) dx
Q
in A. Let
L=1+/af, (4.11)
Ap(L) = {u € Ay : / |Du|? dx < L}. (4.12)
Q

Theorem 4.1. Let f: Q) x R™ x R™*" — R satisfy

(1) f(z,u,P) is a Carathéodory function;

(ii) f(z,u, P) > a(x),a(x) € LY(Q);

(iii) f(xz,u,-) is convex.

(iv) Let gi(x) = supjy <k, p|<x /(2 u, P)|. Then gk(-) € LY(Q).
Let fi;,i = 1,2, be defined by (4.2) and (4.4) respectively. Let {¢;} be a
decreasing sequence with lim;_,. €; = 0. We have

(1) There exist a nonincreasing function M () > 0 and a function h(e, M )|}
with h(-, M) nondecreasing and h(e,-) nonincreasing such that

ilnf(L) I (v) < I(4) + €, for M > M(e;), 0 < h<h(e;, M), (4.13)
VvEAR

where

Iiy(v) = /Q Fiy(2,0, Do) da.

(2) Let Mj > M(e;), 0 < hy < h(ej, My). Letul € Ay, (L) be minimizers
of I}% in Ap,(L). Then there exsit functions a' € AN WP (Q; R™)

and subsequences of {u’}32,, again denoted by {u%}32,, such that

u; — @, in Wl’p(Q; R™),
and

1(@) = inf I(u) = lim, Ty, (i)

Proof. (1) follows from a similar argument as in lemma 3.1. (2) follows from
a similar argument as in theorem 3.2. [
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Remark. The arguments in the proof of lemma 4.1 show that the conclu-
sions in lemma 4.1 and theorem 4.1 for fi, hold without the hypothesis (iv).

Remark. Comparing the truncation method presented here with the element
removal method [6], we see that both methods replaced the fast growth part
of the integrand by certain slower growth functions so that the Lavrentiev
phenomenon can be avoided. The difference is that in the element remowval
method the substitution is taken to be zero, while in the truncation method
the truncation functions themselves, even though their growth is to a certain
degree under control, still grow fast.

§5. Numerical example

I now apply the truncation method to the following 2-D problem, which
is motivated by the 1-D problem of minimizing (1.1) in (1.2).
Take Q2 = (—1,1) x (0,1), and

Fla,y,u,ug,uy) = hz,y) (@ = 2)*(w))® + (u)?),

where 5
ay?lal*-", if y € (0,0.3);

h(z,y) =1 1, if y €10.3,0.7];
a(L—yPlaf*=P 0" i y e (0.7,1),
with @ = 100/9,b = 100/3. Here h(z,y) is so defined that for y near either

0 or 1 the value of h(z,y) goes to zero faster than x?. This guarentees that

the Lavrentiev phenonmenon still occurs in the problem.
Take

A={ucWh Q) u(£l,y) = £1;u(z,y) =z, ony =0and y = 1}.

Take fur = fi; defined by (4.4) with apy = 1073 M,p = 1.2.
For M = 10, devide €2 into rectangulars by introducing lines

7
i=—1+—,1<i<20;
T —1—10 1< 20

J .
=L 1<j<10.
Y; 10 =~J
Bilinear elements are used to construct the finite element function space
A;. The numerical results of the truncation method and the standard finite

element method are shown in Figure-1 and Figure-2 respectively.
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For M = 20, devide €2 into rectangulars by introducing lines

xi:—1+f—0, 1<i<8:

Trg = —0.13,1’10 = —0.08,.@11 = —0.04,1}12 = —0.02,
I3 = —0.01,@14 = 0.0,1‘15 = 0.0l,:lflg = 002,
17 = 004, T18 :0.08,$19 = 013,

17— 20 )
r; =024+ 0 20 <1 < 28;

v = 5, 1< j < 10.

13

Bilinear elements are used to construct the finite element function space
A ;. The numerical results of the truncation method and the standard finite
element method are shown in Figure-3 and Figure-4 respectively.
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