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ABSTRACT. A rotation transformation method and an incremental crystal-
lization method are developed to overcome some of the difficulties involved
in the computation of microstructures. The numerical method based on
these techniques is proved to converge. To increase further the accuracy of
the computation, a technique is applied to remove the boundary effect of
the numerical solutions. Numerical results for a double well problem are
given to show the efficiency of the techniques.

1. INTRODUCTION

In many physical problems, for example in material sciences and nonlinear
elasticity [1, 2], one is often lead to consider problems of minimizing an integral
functional

F(u; Q) = / f(Vu(x)) dx (1.1)
Q
in a set of admissible functions
U(ug; Q) = {u € WP(Q; R™) : u = ug, on 99}, (1.2)

where 2 € R" is a bounded open set with a Lipschitz continuous boundary,
and where the integrand f : R™ — R' is continuous, nonquasiconvex [3, 4]
and satisfies

(h1): max{0, a1 + b1 [€[} < f(§) < az + ba[E)7,
(h2): [f(&) = f(m)] < CA+ €7~ + InlP=)(IE = nl),
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where a; € R', ay > 0, by > b; > 0 and C > 0 are constants. It is well known
that, in general, such a problem fails to have a solution [3, 4, 5], and the mini-
mizing sequences of F'(-; Q) in U(ug; ), which develop finer and finer oscilla-
tions, can converge in the sense of Young measures and lead to microstructures
[1, 2, 6, 7]. To compute the microstructures , or more precisely, to find nu-
merically a minimizing sequence of F'(-; ) in U(ug; §2) consisting of finer and
finer oscillations, with finite element method for instance, involves many diffi-
culties (see [8] for a review). Many numerical methods have been developed to
compute the microstructures, for example gradient iterative methods [9, 10],
methods using simulated annealing and Monte Carlo techniques [11, 12] and
multilevel techniques [13].

It has long been realized that the local minimizers of the corresponding
discrete problems not only depend on the original problem but also depend
strongly on the mesh and the shape functions. A mesh which is not compat-
ible with the microstructure, i.e. the planes across which the finite element
deformation gradients can be discontinuous are not parallel to the interfaces
of the microstructure, may produce oscillations which do not converge to the
microstructures of the original problem and lead to a pseudo-microstructure
(see Sec. 3 for an example), in other words, the sequence with such oscillations
is not a minimizing sequence of the original problem. Thus, to choose the right
orientation of the mesh, or alternatively the right orientation of the reference
configuration is of crucial importance to the computation of microstructures
(see [8, 10]).

The purpose of the present paper is to develop an efficient high accuracy
numerical method for double well problems with linear boundary data. Double
well problems have important applications in material sciences [1], and an effi-
cient high accuracy numerical method for such problems with linear boundary
data will provide us a basic tool to study further the numerical computations
of microstructures for the double well problems in the general cases.

It is known that with a right orientation the corresponding numerical so-
lutions converge to the right microstructures for multiple well problems [14,
15, 16]. Hence, it makes sense to introduce the orientation as a unknown to
the discrete problem. This motivates the rotation transformation method in
which a finite element deformation v and a rotation transformation matrix



R € SO(n) are to be found to minimize the functional

/Q f(Vu(x)R™) dz,

where Q C R is such that Nresom) R(Q) D Q (see Sec.2 for details). It is
shown in Sec. 2 that the finite element solutions thus obtained can be used to
construct a minimizing sequence of F(+; Q) in U(ug; ).

One of the other main difficulties is that the patches of the numerical mi-
crostructures forms in the various parts of the domain may not be compatible
to each other and thus result in energy accumulation in the interface areas of
these patches (see Sec. 3 for an example). In other words, local minimizers are
usually obtained even if the mesh is well orientated. To overcome this diffi-
culty, the incremental crystallization method is introduced in Sec. 3. The idea
is to compute first on a small subset of the domain to produce a crystal core,
that is a numerical microstructure defined on the small subset, and then to let
the crystal grow in a neighborhood of the core incrementally until the whole
domain is covered. The method can be viewed as a simulated crystallization
procedure.

To satisfy the boundary conditions, a boundary layer usually forms in the
numerical solutions, this causes energy accumulation near the boundary. Such
a boundary effect is a factor that affects the accuracy of the computation of
microstructures. The effect reduces as the mesh refines. Thus, to obtain nu-
merical results with high accuracy usually needs the mesh to be sufficiently
fine. The following technique, which we call the boundary layer removal tech-
nique, can be used to reduce the boundary effect. In the discrete problems, €2
is replaced by a slightly bigger open set €’ D © and the boundary condition is

set to
u =y on 9, (1.3)

furthermore, a term of the form
uh_q/ |u — upl? dx, (1.4)

where h is the mesh size and p > 0, ¢ € (0, p) are parameters, is added to
the functional F'(u; Q') to be minimized. The extra term (1.4) guarantees that

any weakly convergent minimizing sequence {uy,} of the resulted functional

F(u; Q) = F(u; ) + uh_q/ |u — uplP dx

U
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in WP(Q; R™) must satisfy

up — Ug in WhP(Q'; R™), (1.5)
where ”—" means ”converges weakly to”. By Sobolev’s imbedding theorems
[17], (1.5) implies

up — U in LP(0SY; R™). (1.6)
That is the boundary condition is satisfied by the sequence {u;|q} in a weaker
sense. We take {up|q} as the numerical microstructure to the original prob-
lem. The technique removes the boundary layer, and thus can produce better
approximations. Furthermore, the technique can be used naturally in the ro-
tation transformation method to guarantee its convergence (see Sec. 2 and
Sec. 3).

In Sec. 2, the rotation transformation method is given and the convergence
of the method is proved. In Sec. 3, implementation of the rotation transfor-
mation method is discussed and the incremental crystallization technique is
introduced. Numerical results are given and compared in Sec. 3 which show
the efficiency of the techniques developed in this paper.

2. ROTATION TRANSFORMATION METHOD

Let Q C R™ be a bounded open set with a Lipschitz continuous boundary.
Let f : R™ — R! be a continuous function satisfying (h1l) and (h2) with
p > 1. Consider the problem of minimizing the functional

Flu: Q) = /Q F(Vu(z)) de 2.1)
in a set of admissible functions
U((A4,a);Q) = {u e WH(Q; R™) : u(z) = Az + a, on 9Q}. (2.2)
Without loss of generality, assume
Q C B(0;r), (2.3)
where B(0;7) = {z € R™: ||z|| < r} is a ball in R™. Define

Q= (—r, r)" (2.4)
We have obviously
QcBO;r)= () R, (2.5)
ReSO(n)



where SO(n) is the set of all n x n rotational transformation matrices with the

determinant det R = 1. Q will serve as the working domain for our numerical
computation.

Lemma 2.1. For any R € SO(n), we have

1 - 1
inf ———F(u; R(?)= inf —=F(u; Q), (2.6)
u€U((A,a);R(2)) meas(€?) u€l((A,a);2) meas((2)
where meas(-) is the Lebesgue measure in R™.
Proof. 1t is well known [3, 7, 18] that
1
OF(A) = b P )

u€lU((A,a):r) meas(2)

for all bounded open set ' C R™, where Qf(+) is the quasiconvex envelope of

f(-) [3, 4, 5]. Thus the lemma follows, since meas({2) = meas(R(§2)) for all
R € SO(n). O

Lemma 2.2. For any R € SO(n) andu € U((A, a); R(Q)), let iu(z) : @ — R™
be defined by
u(zr) =u(Rx) — ARz — a. (2.7)

Then @ € U((0,0);2) and

/Qf(A + Vi(z)R™ Y do = F(u; R(Q)) (2.8)

~

Proof. . € U((0,0); ) follows directly from (2.7) and (2.3). By a change of
integral variables, we have

f(vu(y))dy:/ﬂf(A+va(x)R1)dethx.

R(Q)
Since det R = 1, (2.8) follows. d
Lemma 2.3. Let R € SO(n). Define
F(u,R; Q) = / f(A+ Vu(zx)R™) du. (2.9)
O

Then

. 1 A , 1

inf. —F(u,R; Q) = inf —F(u; Q). (2.10)

weU((0,0);4) meaS(Q) u€l((Aa):2) meas(§2)
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Proof. The lemma is a direct corollary of lemma 2.1 and lemma 2.2. U

Let ), be regular triangulations of ) with mesh sizes h [19]. Let

Uy = {u € (C()™ : u|x is affine VK € T, and u = 0 on 9Q}, (2.11)

and
Un((A,a);Q) = {u(z) = Az +a+u'(z) : v € Uy} (2.12)

The key step of the rotation transformation method is to solve the following
discrete problem :

(2.13)

(DP) find (u, R) € U,((0,0); Q) x SO(n) such that
F(u, R; Q) =inf , pcu, 0.0); @) xsom) £ B Q).

Theorem 2.1. The problem (DP) has at least one solution.

Proof. Since (h1l) implies the boundedness of a minimizing sequence of (DP),

the continuity of f(-) and the relative compactness of bounded subset in

Un((0,0); ©2) x SO(n) give the theorem. O

Theorem 2.2. Let (uy,, Ry,) € Uy ((0,0); Q) x SO(n) be a sequence of min-

imizers of F(-,-; Q) in Uy, ((0,0); Q) x SO(n) with lim;_o h; = 0. Then

N A

lim F(up,, Rp,; Q)= inf  F(u, Q). (2.14)

1—00 u€U((A,a);Q2)

Proof. 1t follows from lemma 2.3 that

~ A ~

inf  F(u; Q)= inf  F(u, Ry,; Q) < F(up,, Rp;; §2). (2.15)

w€U((A,a);Q) w€U((0,0);Q)

On the other hand, for any fixed R € SO(n), we have

F(un, Rn; Q)< inf  F(u,R; Q). (2.16)

 u€l, ((0,0)2)

By the standard finite element approximation theory [19], we have

lim  inf  F(u,R; Q)= inf F(u,R; Q). (2.17)
hi—0 uely,, ((0,0);4) wel((0,0);02)
Combining (2.17) with (2.15), (2.16) and (2.10), we obtain (2.14). 0



Corollary 2.1. As a consequence of lemma 2.1 and theorem 2.2, we have
1
A= — inf  F(u;
Qf4) meas({2) uEU(l(rjl,a);Q) (u; )
1 .
= —— lim inf F(u, R; Q),
meas(§2) h—=0 (u,R)€U,((0,0); 2)xSO(n)

where Qf(-) is the quasiconvex envelope of f(-) [3, 4, 5].

Theorem 2.3. Let (up,, Rp,) € Uy ((0,0); Q) x SO(n) be a sequence of min-

imizers of F(-,-; Q) in Uy, ((0,0); Q) x SO(n) with lim;_.. h; = 0. Assume
that there exists a R € SO(n) such that

lim R, = R. (2.18)

Then {up,} is a minimizing sequence of F(-,R; Q) in U((0,0); Q), that is

~

{up,} € U((0,0); Q) and

lim F(u,,R; Q) = inf  F(u,R; Q). (2.19)

1—00 u€U((0,0);€2)

~

Proof. Since Uy, ((0,0); Q) € U((0,0);Q) for all h;, we only need to show
(2.19). In view of (2.17), it is sufficient to prove that

lim (F(up,, R; Q) — F(un,, Rp,; Q) = 0. (2.20)

Since, by (hl), wup, are uniformly bounded in Wl’p(Q; R™), VuhiR,:il and
Vuy, R~ are uniformly bounded in LP(€2; R™) and by (2.18), taking a subse-

quence if necessary, we have

Vup, (R =R, ') — 0, ae. in Q.
Thus, (2.20) follows from the inequality
[f(A+ Vup, R = f(A+ Vup By )| < LIV, PIR™ = Ry 1,

which is a consequence of (h2), the uniform boundedness of Vuy,, in LP(€2; R™)
and (2.18). O

As a consequence of theorem 2.3 and lemmas 2.1-2.3, we have
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Corollary 2.2. Let (up,, Ry,) € Uy ((0,0); Q) x SO(n) be minimizers of
F(-, - Q) in U, ((0,0); Q) x SO(n) with lim;_. h; = 0 such that (2.18) is

~

satisfied. Let Uy, : Ry, (€2) — R™ be defined by
Up,(x) = Az +a+ uhi(R;il(x)), (2.21)
Then i, € U((A,a); R, (Q)) and

lim F(ap,; Ry, ()= inf  F(u, Q). (2.22)

i—00 uwelU((4,a);Q)

Proof. Tt is obvious that i, € U((A,a); Ry (Q)) . By lemma 2.2, we have

A

F({Lhi; ha<Q)) - F<uhi7Rhi; Q)

Without loss generality, we assume that lim; .., R, = R for some R € SO(n).
Thus (2.22) follows from (2.6), (2.10), (2.19) and (2.20). O

It is well known that under the hypotheses (h1) and (h2), for any R € SO(n)
there exists a minimizing sequence {u;} such that [7]
ui(z) —Ax—a—0 in WH(R(Q); R™), (2.23)

and it is proved by Kinderlehrer and Pedredal [20, 21] that such a minimizing
sequence satisfies

(C): {|Vu;|P} are precompact [22] in W'P(R(2); R™).

To guarantee that the obtained numerical solutions satisfy (2.23) and thus
satisfy also the condition (C), we added a penalty term

/Lh_q/ |u(z)|P dx
O

to F(u, R; Q) in (DP) with > 0 and 0 < ¢ < p/2.
If the sequence w; = 1y, defined by (2.21) satisfies (2.23), then it can be

used to construct a minimizing sequence of F'(-; Q) in U((A4, a); Q) as follows.

Denote
9; = min{1, max{h;, / g, (2) = Az — alP dx}}, (2.24)
Ry, (2)
Q&) ={z € Q: dist(x,00) < £}. (2.25)



Let ¢; : R* — [0, 1] be such that ¢; € C§°(R"),
1, ifzeQ\Q@267);
pilx) = . n\ (20:°7) (2.26)
0, ifzeR"\(Q\QNh)),
where p > p is a constant and
Vil < 6,7 (2.27)
Define @, : Ry () — R™ by
ui(z) = Ax + a+ pi(x)(ap, (x) — Az — a). (2.28)
Theorem 2.4. Let (up,, Ry,) € Uy ((0,0); Q) x SO(n) be minimizers of
F(-, Q) in Uy, ((0,0); Q) x SO(n) with lim;_o h; = 0 such that (2.18) is
satisfied. Assume that u; = uy, defined by (2.21) satisfies (2.23) and the con-

dition (C). Let {u;} be given by (2.28). Then {u;lq} is a minimizing sequence
of F(+; Q) in U((A4,a); Q), that is

tilo € U((A,a); ), Vi (2.29)

and
lim F(u;; Q) = inf F(u; Q). 2.30
zir?o (U ) uGU(l(r/}l,a);Q) (U ) ( )

Proof. (2.29) follows directly from (2.26) and (2.28). Suppose that (2.30) is
not true, then we would have

lim F(u;; Q) — inf  F(u; Q) =06>0. 2.31

zirgo ('LL ) uEU(l(rjl,a);Q) (U ) B ( )
By (2.23) and (C), and by rescaling and periodic extension, we can show [7]
that there exists a minimizing sequence {v;} of F(-; Q) in U((4,a); ) such
that

vi(z) — Az —a—0 in Wh?(Q; R™), (2.32)
lim F(v;; Q) = inf  F(u; Q), 2.33
ZLIQD (U ) uEU(l(g,a);Q) (U ) ( )

and
(C"): {|Vv;|P} are precompact in WP(Q); R™).
It follows from (2.32) and Kondrachov compactness theorems [23] that
vi(r) — Az —a—0 in LP(Q; R™),
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Without loss of generality, we may assume that {v;} are such that
/ lvi(x) — Az —alPdx < 6; Vi, (2.34)
Q

where 0; is defined by (2.24). Let
& =307 (2.35)
Define w; : Ry, () — R™ by
wi(x) = (1= pi())tn, (x) + @i(z)vi(z).
Then, it is easily verified that w; € U((A,a); Ry () and

ol — 4 (), if z € Ry, (Q)\ Q,
i(z) {vi(x), if r e Q\ Q). (2:36)

Thus, noticing that i, [o\oe) = Uilo\ae,) and f(-) is nonnegative, we have
F(ws; Ry, (Q)) = Fiin; Ri,(Q))

=F(vi; Q\ Q&) + Fws; Q&) — F(ag; Q) + Fug; Q&) — Flan; Q&)

<F(vi; Q)+ F(wi; Q&) — F(ug; Q) + F(ui; Q&)

=F, + Iy + F3 + Fy. (2.37)
It follows from (2.33) that

lim /3= inf F(u, Q). (2.38)
1—00 u€U((A,a);Q)

Since
Vwi(z) =(1 = ¢i(2)) Vi, () + ¢i(2) Voi(z)
= (tn, () — Az — a) @ V() + (vi(z) — Az — a) @ Vi;(z),

it follows from (2.1) and 0 < ¢; < 1 that

0 < Fy <cymeas(2(&)) + 4p102/ (|Viip,
Q&)
+ [(n; () — Az —a) @ Vpil” + |(vi(2) — Az — a) @ Vi) di

=L+ L+ 13+ 1+ I

p+ |V1)i|p
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Since ay, satisfies (2.23), by Kondrachov compactness theorems [23], we have
lim; ., 9; = 0 (see (2.24)) and hence

lim I; = ¢; lim meas(Q(&;)) = 0.

1— 00 1— 00

Thus, by (C) and (C’), we have also

By (2.24), (2.34) and (2.27), we have

0< I <4vey5 P / in (2) — Az — afP do < 47 2ey5 7
Q&)

0< I §4p_1025i_p/ﬁ/ lvi(z) — Ax — alP do < 4”_102@%,
(&)

Thus, recalling that lim; .. d; = 0, we obtain

Since
Vi, () = (1 = @i(x) A + ¢i(2) Vi, (2) + (@, (1) — Az — a) @ Vipi(),
with similar arguments as in the proof of (2.39), we obtain

lim F = 0. (2.40)

1—00

Thus, as a result of (2.22) and (2.37)-(2.40), we see that (2.31) would lead to

lim F(w;; R(Q)) — inf  F(u; Ry,(Q) < -B<0.
i—00 u€U((A,a); Ry, ()
This is a contradiction, since w; € U((A, a); Ry, (Q)). O

Corollary 2.3. Let {ay,} be defined by (2.21). Let the assumptions of theo-
rem 2.4 be satisfied. Then

lim F(ap;; Q)= inf  F(u, Q). (2.41)

1—00 u€U((A,a);Q)

and

tp, — Az +a in LI1(0Q; R™), Vq € [1, (Z__lp)p), if p<mn;

Up, — Az +a in LY(0Q; R™), Vg € [l, +00), if p=mn; (2.42)
U, — Az +a in (C(Q)™, if p > n.
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Proof. Let uy, be defined by (2.28). Then, we have
Ftn; ) = F(an; Q) + F(an; Q&) — F(un; &)),

where Q(&;) is defined by (2.24), (2.25) and (2.35) as in theorem 2.4. With
similar arguments as in the proof of theorem 2.4, we get

I (F(an; Q&) = F(an; Q(&))) = 0.
Thus, (2.41) follows from (2.30). (2.42) is a consequence of
ap, — Ar+a in WHP(Q; R™)
and the Sobolev’s imbedding theorems [17]. O

3. IMPLEMENTATION OF THE ROTATION TRANSFORMATION METHOD
AND INCREMENTAL CRYSTALLIZATION

The key to the application of the rotation transformation method is to solve
the discrete problem

" i (3.1)

(DP) find (up, Rp) € Up((0,0); Q) x SO(n) such that
Fup, Rp; Q) = inf(u’,R’)eUh((0,0); 0)xSO(n) F(u,R'; Q).

Noticing that in the convergence analysis of the method (see theorem 2.4

and its proof), rather than the boundary condition

up =0 on 99, (3.2)
the condition

: P

}lLlir(l]/Qluhl dr =0 (3.3)

plays a key role, so instead of considering problem (3.1), we consider the fol-
lowing discrete problem:

find U ; Q h that
(DP) nd (up, Rh) € 'h((0,0), ) x SO(n) suc /a . (3.4)
Fu(un, Ry; Q) = lnf(u’,R’)eIUh((0,0); Q)xS0(n) Fu(u', R ),
where
F.(u,R; Q) = / f(A+ Vu(x)R™) dr + ,uh_q[ |u(x)|? de, (3.5)
9) 9)

and where in (3.5) © > 0 and ¢ € (0, p) are parameters. In general, the
minimizing sequences produced by the discrete problems (3.4) satisfies (3.3)

12



(see (1.5) and (1.6)). It is also natural for us to apply at this stage the boundary
layer removal technique described in Sec. 1 by taking a slightly bigger open

set (V' such that Q' S Q which we still denote by Q.

Remark 3.1. Convergence analysis and error estimates for the discrete prob-
lems in which the functional is added with an extra term

b /Q lu(z)|? dz (3.6)

can be found in [24] where the problem is considered in a more general setting.

Example. Let n =2, m = 2 and let Q = B(0; 1) be the unit ball centered at
the origin (0, 0). Let A =0 and a = 0. Let

f(P)=(P-B, P-B)Y{P+B, P+B) VPeR”>, (3.7)

where (D, E) = tr(DET) and

B= < _1 _% ) (3.8)

It is easily seen that f(P) is an energy density with double wells B and —B

which are not rank-one connected.
It is known [25] that

1
UGU&%); o F(u; ) = 4(det B)? meas(Q) = 2 meas ('), (3.9)
for all bounded open sets ' C R?, and it is also known [25] that the problem
of minimizing F(-; ©) in U((0,0); Q) has a laminated microstructure which is

the fine scaled oscillations between the two states C' and —C with C' € R?*?
uniquely determined by the solution of the linear equations

aC +adjC = 3B, (3.10)

where adj C' is the cofactor matrix of C' and

. (3.11)

«

7+ V45 VA5(T + \/45)
=5 > P= 2

13



It follows from (3.10) and (3.11) that

c _ B2a-1)
1= 3@z-1)
Ca2 = 2’6;(52__21)) ) (3- 12)
- By (2a—1)(a—2)
Ci2 = 1=~ gz -

Let 7i = (ng,n,)" be the unit normals of the interface between the two states
C and —C with n, > 0. It follows from C' = ¢® 7 and (3.12) that

Ny _ C1 oa—2

Ny C11 20— 1 )
Let ¢; be the angle between 7 and the unit vector (1,0)”, then

a—2
200 —1°

¢z = —arctg (3.13)

To solve the problem with the rotation transformation method, we take
[—1, 1)? and introduce on O regular triangulations €, for h = % with

O =
N > 2 by using the following lines

r = —1+%i, i=0,1,...,N;
y ~14+ 24,  j=0,1,...,N; (3.14)
= z—%k, k=-N+1,-N,...,N—-1

For the mesh introduced by (3.14), there are three groups of parallel planes,
with normal 77, = (1, 0)7, s = (0, 1)T and 73 = (‘/75, —g)T respectively,
across which the deformation gradients can be discontinuous. Suppose that
under the rotation transformation

cosf) —sinf

sinf  cos6
the planes corresponding to 7i3 are transformed to the planes with normal 77,
then we have

a— 2
200 —1°

0= % — arctg (3.15)

Hence, this is one of the rotation angles we can expect to obtain from the
numerical computations.
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In the numerical experiments, the discrete problems (3.4) were solved by the
conjugate gradient method with a linear search. The initial deformation was
a small random perturbation of the origin and the initial rotation angle was
set to 0. The parameters in (3.5) are set to p =1 and ¢ = 1.5. Figure 1 shows
a numerical result obtained by the conjugate gradient method without using
the rotation transformation method, where in figure 1 we have D ~ C'R(0)
and —D ~ —CR(0) with 6 given by (3.15). Figure 2 shows a numerical result
given by the rotation transformation method.

0.5F

. state D

. state -D

-0.5F

—i —0‘.5 6 015 i 115
FiGURE 1. Numerical pseudo-microstructure with N = 6 ob-
tained without using rotation transformation method

To increase further the accuracy, after the convergence criterion is satisfied,
the parameter p in (3.5) can be reduced gradually from the initial value to a
level of h?, as long as the inequality

/Q|u;;|pdx < L/Q|u‘,:°|pda: (3.16)

is satisfied for a given constant L > 1. The numerical results with N = 6 ob-
tained by the conjugate gradient method (C-G) and by the rotation transfor-
mation method combined with the conjugate gradient method (R-T) are com-
pared in table 1, where e,(F(u; Q)) and e,.(0) are relative errors for F(u; )
and 6 respectively, and where the results for (R-T-x) is obtained by further
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. state C

D state -C

l.‘5
FI1cUuRrRE 2. Numerical microstructure‘with N = 6 obtained by
the rotation transformation method

iterations, after the convergence is achieved in (R-T) method, in which p is
reduced gradually to 0.1 from the original value of 1.

method | e,(F(u; )) e-(0) lul|L2(0; mm)
C-G | 0.4448 x 10° | not applicable | 0.787251 x 10~!
R-T ]0.3605 x 107! [ 0.8628 x 10719 0.17100

R-T-p | 0.3668 x 1073 <1071 0.17570

TABLE 1. Comparison of numerical (N = 6) results.

As is shown, the rotation transformation method combined with the conju-
gate gradient method works very well for the coarse mesh. However, as the
number of the elements increases, local minimizers are usually obtained (see
figure 3).

In general, the rotation transformation method can be used together with
other techniques such as simulated annealing and Monte Carlo techniques
[11, 12] to overcome the difficulty. We present yet another approach: the
incremental crystallization method. The solution procedure is as follows.

For simplicity, we take N = kM, M =1,2,---, k > 2 and h = 2/N, where
k is the increment. Instead of solving problem (3.4) directly by the conjugate

16
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FiGURE 3. Numerical microstructurexwith N = 50 obtained by
the rotation transformation method

gradient method, 2M + 1 smaller problems

(DP!) find (u},, Rp) € Up((0,0); ©) x SO(n) such that

i A - A (3.17)
Fyuup, Riy; $4) = nf ey pen, 0,0y @yxsom) Fu(u', 75 €5).
fori=1,2,---,2M + 1 are solved. Where €; in (3.17) are defined by
(—1+ (i — Dkh, —1+ikh) x (=1, —1 + kh), if i < M,
Q=< (=1, 1) x (=1, 1), if i =2M +1,

(=1, 1) x (=14 (i— M — 1)kh, =1+ (i — M)kh), otherwise.

The subproblems (DP/) are solved by the conjugate gradient method. In the

solution procedure, the i-th subproblem is solved on Q); and thus u} () remains

unchanged for all nodes x, ¢ Q. The rotation transformation matrix R(0), or
rather the rotation angle 6, is a global variable and is inherited from one step
to the next. The step M + 1 and the step 2M + 1, in which QMH = Uf\il Q;

and Q2M+1 = U?ﬁ“ Q; respectively, are designed to coordinate further the

u}s obtained in the previous steps.
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To apply the incremental crystallization method to our example, the incre-
ment k = 3 is taken and the parameters p and ¢ in (3.5) are taken to be 1 and
1.5 respectively. A numerical result is shown in figure 4.

l |
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0.5
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D state -C
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4
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FITTIGIIGII TG TI TS
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FIGUR]IZ SIETEY pftelre with N = 50 obtained by
the rotation t WAL On method combined with the incre-
A
mental e

- -0. 0.5 15

X

In table 2, the numerical results with N = 50 obtained by the rotation trans-
formation method (R-T') and by the rotation transformation method combined
with the incremental crystallization method (R-T + INCR) are compared with
the analytical results, where the results for (R-T 4+ INCR-pu) is obtained by
further iterations, after the convergence in the last step (step 2M + 1) of the
(R-T + INCR) method is achieved, in which g is reduced gradually to 0.0085
from the original value of 1.

method e (F(u; Q)) e-(0) ||l 20 mm)
R-T 1.2701 0.2127 x 107! | 0.28177 x 10~*
R-T + INCR |0.3290 x 1072 0.1553 x 10~ | 0.20966 x 101
R-T + INCR-p | 0.9400 x 1077 < 10713 0.21146 x 101

TABLE 2. Comparison of numerical (N = 50) results.
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As is clearly shown by table 2, the rotation transformation method com-
bined with the incremental crystallization method, (R-T + INCR) and (R-T
+ INCR-u) in particular, produces very sharp numerical results for double
well problems. Numerical experiments show that the incremental crystalliza-
tion method not only provides sharper numerical results but also increases
further the efficiency of the rotation transformation method. In our numeri-
cal experiments for double well problems, the rotation transformation method
combined with the incremental crystallization method can easily converge to
the global minimizer without taking any other measure to aviod beeing traped
into a local minimizer.
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