LOWER SEMICONTINUITY OF MULTIPLE INTEGRALS
AND CONVERGENT INTEGRANDS

ZHIPING LI

ABSTRACT. Lower semicontinuity of multiple integrals [, f(#, ta, Po) dpand [, fo (2, ta, Pa) dp
are studied. It is proved that the two can derive from each other under certain general hypothe-
ses such as uniform lower compactness property and locally uniform convergence of f, to f.
The result is applied to obtain some general lower semicontinuity theorems on multiple integrals
with quasiconvex integrand f, while f, are not required to be quasiconvex.
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1. INTRODUCTION AND PRELIMINARIES

Let €2 be a measurable space with finite positive nonatomic complete measure p, let f, fg :
Qx R x RV — RU{+00} be extended real-valued functions satisfying certain hypotheses, and
let w:Q — R™, P:Q — RN be measurable functions in two linear topological spaces U and V/
respectively.

We consider integral functionals of the form

I.P) = [ flo.ut@). Pa) dn (1.1)
and
Io(u, P) = /Qfa(m,u(x),P(x)) dp. (1.2)

The main purpose of this paper is to study, under certain general hypotheses on U, V, f and
f3, lower semicontinuity theorems of the form

I(U, P) S ]-iimaﬂoo-[(uon POL)) (13)

I(u, P) <lim,_ . In(ta, Pn), (1.4)
and the relationship between them. The study of the relationship between (1.3) and (1.4) was
motivated mainly by the needs of convergence analysis for numerical solutions to some problems
in calculus of variations. For example, in many cases, we have lower semicontinuity theorems of
the form (1.3), however, for one reason or another, the sequence (uq, Py) obtained by numerical
methods is often a minimizing sequence with respect to I,(-) rather than with respect to I(-),
and a lower semicontinuity theorem of the form (1.4) is needed for convergence analysis (see Li

[1]). In some applications it is equally important to know under what conditions (1.3) can be
derived from (1.4) (see §3).
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Some useful results are established in this paper on the relationship between (1.3) and (1.4).
These results are then applied to establish some general lower semicontinuity theorems on multi-
ple integrals with quasiconvex integrands. It is worth noticing that in these theorems f, are not
required to be quasiconvex which allows us to choose f, more freely in numerical computations.

For better understanding of the background and relevant known results, and for the later use
of this paper, we first introduce some definitions and hypotheses.

Definition 1.1. A function f : Q x R™ x RN — R U {+o0} is called L ® B— measurable, if
it is measurable respect to the o-algebra generated by products of measurable subsets of £ and
Borel subsets of R™ x RV,

Definition 1.2. A function f: Q x R™ x RN — R is a Carathéodory function if

(1): f(-,u, P) is measurable for every u € R™ and P € RV,
(2): f(z,-,-) is continuous for almost every x € Q.

Definition 1.3. A function f : Q x R™ x RN — RU{+o0} has the lower compactness property
on U x V if any sequence of f~(z,un(z), Pa(x)) is weakly precompact in L'(2) whenever (1):
uq converge in U, P, converge in V; and (2): I(uq, Po) < C < oo foralla=1,2,---. f has the
strong lower compactness property on U x V' if any sequence of f~(x,uq(x), Py(x)) is weakly
precompact in L(£2) whenever (1) holds. Here f~ = min {f,0}.

The assumption of lower compactness property provide us more freedom in applications than
the nonnegative assumptions. For example, let U be L4(Q; R™), 1 < ¢ < 400, with strong
topology and V be LP(Q; RY), 1 < p < 400, with weak topology, let g : Q x R™ — RY be such
that

lg(z, W) < clul? + b(x)
for some constant ¢ > 0 and function b(-) € L'(Q), where p’ = p%l, andlet f: QxR™ xRN — R
satisfy
f(I,U,P) > <g(x,u),P> - C1|u’q + bl(‘T)
for some constant ¢; > 0 and function by (-) € L(Q), where (Q, P) = 2N | Q;P;, then it is easy
to verify that f has the strong compactness property on U x V.

Definition 1.4. A sequence of functions f5 : Q x R™ x RN — RU {+0oc} is said to have the
uniform lower compactness property, if fz (z,uq(x), Py(x)) are uniformly weakly precompact
in L1(£2), in other words (see [2, 3]), f5 (z,ua(z), Pa(x)) are equi-uniformly integral continuous
on {2, i.e. for any € > 0 there exists § > 0 such that

| o fﬁ_(x,ua(x),Pa(x)) dp| < e
for all o, 3 and any measurable subset ' C Q satisfying u(£2') < §, whenever uq(-) converge in
U, P,(-) converge in V and Ig(uqs, Py) < C < oo for all a and .

Definition 1.5. A sequence of functions f, : @ x R™ x RN — RU {+oc} is said to converge to
f:Qx R™ x RN — RU {400} locally uniformly in Q x R™ x RY, if there exists a sequence of
measurable subsets ; C Q with u(Q\ ;) — 0 as | — oo such that for each [ and any compact
subset G C R™ x RN

falz,u, P) — f(z,u, P), unifomly on ; x G, as o — oc.



Definition 1.6. A sequence of functions f, : 2 x R™ x RN — RU {+o0c} is said to converge to
[:Qx R™ x RN — RU {400} locally uniformly in the sense of integration on U x V, if there
exists a sequence of measurable subsets §; C Q with (2 \ ;) — 0 as | — oo such that

]/ fal, ulx), P(z)) du — f(@,u(w), P()) dp
QU\E(u,P,K) QU\E(u,P,K)

uniformly in U x V for each [ and any fixed K > 0, where
Eu,P,K)={x€Q:|u(z)|> K or |P(x)>K}.

Remark 1.1. In numerical computations of singular minimizers, truncation methods turned out
to be successful (see [1]). In such applications, f, can be as simple as

fa(z,u, P) = min{—«, max{a, f(x,u,P)}}

which converge to f locally uniformly in Q x R™ x RN if f is a Carathéo- dory function, and
which have the uniform lower compactness property on U x V if f has the lower compactness
property on U x V.

Remark 1.2. When (Q is a locally compact metric space, €2; in definition 1.5 and definition 1.6
can be taken to be compact subsets of €). In such a case, to say that f, converge to f locally
uniformly in Q x R™ x RN is equivalent to saying that f, converge to f uniformly on every
compact subset in Q x R™ x RN. Especially, if f, converge to f uniformly on every bounded
subset in  x R™ x RN then f, converge to f locally uniformly in Q x R™ x RN, if f,, f are
Carathéodory functions and f,, converge to f in measure on every bounded subset in Qx R™ x R
then f, converge to f locally uniformly in the sense of integration on U x V.

Remark 1.3. To cover more applications, we may consider f,, f as mappings from U x V to
{measurale functions ¢ : 2 — RU{+o0}}. This allows us to consider, for example, interpolations
of f(z,u(z), P(z)) in finite element spaces. In fact, definitions and results in this paper can be
extended parallely to such mappings without difficulty, as we will see that in the proofs of the
theorems f, are related to f only as such mappings.

Definition 1.7. (See [4, 5, 6]) A function f: R™*"™ — R is quasiconvex if
[ 5P+ Do) do = £(P) u(s)

for every P € R™ " ¢ € CL(Y; R™), and every open bounded subset Q' C R", where u is
the Lebesgue measure on R"™. Let 2 C R™ be open and bounded. A Carathéodory function
f:Qx R™x R™™ — R is quasiconvex in P if there exists a subset F C  with u(FE) = 0 such
that f(x,u,-) is quasiconvex for all x € Q\ E and v € R™.

Example 1. Let Q C R?, n = m = 2. Then the function
f(Du) = |Du|? — (tr Du)?

is quasiconvex (in fact it is polyconvex, see [6, 9, 10]) and is unbounded below. In addition, f
has the strong lower compactness property on LP(§; R2*?) with weak topology for all p > 2. If



V is taken to be L?(Q; R?*?) with weak topology then f has a slightly weaker lower compactness
property which can be described by Chacon’s biting lemma [5, 7, 8, 3] (see lemma 3.4)

Let
D(Q; R*) = {v: Q — R* | v is measurable }.

We assume that U C D(€; R™) and V C D(Q; RV) are decomposable, i.e. if v(-) belongs to
one of them, then x7(-)v(-) belongs to the same space whenever T' is a measurable subset of €2,
where x7(-) is the characteristic function of T":

w1 reer
XM=Y 0, i 24T

We assume that U and V' satisfy the following hypotheses on their topologies:

(H1): If va(:),a = 1,2,--- belong to one of the spaces and converge there to zero and if
wTy — 0, then x7, (1)ve(+) also converge to zero.

(H2): The topology in U is not weaker than the topology of convergence in measure; the
topology of V is not weaker than the topology induced in V' by the weak topology of
LY RY).

It is easy to see that if U is taken to be LI(Q2; R™), 1 < q < 400, with strong topology
and V is taken to be LP(§2; R™) with weak topology for 1 < p < 400 or weak* topology for
p = +00, then (H1) and (H2) are satisfied. This covers most applications in Sobolev spaces. For
applications concerning Orlicz spaces see for example [2].

Remark 1.4. Here and throughout this paper, assumptions and statements are referred to sets
with measure-negligible projections on §2, i.e. they hold on a subset ' C Q with p Q' = Q.

In Reshetnyak’s result ( see theorem 1.2 in [11]), 2 is taken to be a local compact metric
space, f, fa: Qx RN — R are nonnegative functions such that for any e > 0 there is a compact
set A C Q with u(Q\ A) < € and f(z,u), fo(x,u) being continuous on A x RN, f(z,-), fa(z,")
are convex for almost all z € Q, and f, — f locally uniformly in Q x RN as o — oo, and V is
taken to be L'(€2; RY) with weak topology.

In the case when f(z,u,-) is convex, (1.3) was proved (see Ioffe [2]) under the hypotheses that
f satisfies lower compactness property and U , V satisfy (H1) and (H2), and (1.4) was proved
(see Li [12]), by using (1.3) , under the hypotheses that f has the lower compactness property,
fa have the uniform compactness property and f, — f locally uniformly in Q x R™ x R,

The results of the type (1.3) concerning quasiconvexity of f(z,u,-) and P = Du can be found
in [5, 6]. The following theorem, which will be used in §3, was established by Acerbi and Fusco
[5, 6].

Theorem 1.1. Let 2 C R™ be bounded and open. Let
F(u) = / f(z,u, Du)dz, u€ WHP(Q;R™),
Q

where 1 < p < 00, and where f: Q x R™ x R™*"™ — R satisfies
(1): f(-,-,-) is a Carathéodory function;
(2): f(z,u,-) is quasiconvex;



(3): 0 < f(z,u, P) < a(x)+ C(|lulP + |PP) for every x € Q,u € R™ and P € R™*",
where C > 0 and a(-) € L(€).
Then, the functional u — F(u) is sequentially weakly lower semicontinuous on WP (2; R™), i.e.
(1.8) holds for P = Du and P, = Du,, with uq — u in WHP(Q; R™), where and in what follows
?—~” means ”converges weakly to”.

Ball and Zhang [6] generalized the above result to cover the case when
[f(z,u, P)| < a(@) + C ([u” + [ P[P),

and proved that (1.3) holds on each Q\ E}, where { E} } is a nonincreasing sequence of measurable
subsets of 2 with limg o pu Er = 0.

In §2, It is shown, under certain general hypotheses, such as uniform lower compactness
property and locally uniform convergence of f, to f (see theorem 2.1 for details), that (1.3)
and (1.4) can somehow be derived from each other, and the results are further developed into a
theorem concerning I'-limit (see theorem 2.3, for I'-limit, I'-convergence and their applications
in calculus of variations see for example [13, 14]). These results generalized the result of Li [12]
which was proved for the case when f(x,u,-) is convex. In §3, the results established in §2 are
applied to prove some lower semicontinuity theorems of the form (1.3) and (1.4) for quasiconvex
integrands, which generalize the results of Acerbi and Fusco [5], Ball and Zhang [6] and Li [12].

2. LOWER SEMICONTINUITY AND CONVERGENT INTEGRANDS

The following theorem establishes the relationship between the lower semicontinuity theorems
of the form (1.3) and those of the form (1.4).

Theorem 2.1. Let Q) be a measurable space with finite positive non- atomic complete measure

w. Let U and V satisfy (H1) and (H2). Let {uq},u € U and {P,}, P € V be such that
Uy — u, n U, (2.5)
and
P, — P, mn V. (2.6)
Let f,{fs}: Q2 x R™ x RN — RU {400} satisfy
(i): f.{fs} are L ® B- measurable;

(ii): [~ (z,u(z), P(2)), [~ (2, ua(®), Pa(z)), and f5 (2, ua(z), Pa(w))
are weakly precompact in L1 (2);

(iii): fo — f locally uniformly in Q x R™ x RN,
Then, we have (a):

[ Fw ) du <t [ Salouan Pa) dn (27)
Q Q
provided that
Foou P) du <l s [ f(00,Pa) dit (2.8)
Q/ Q
for all measurable subset Q' C Q;

and (b):
/ J(eyu, P) dp < lim, / J (@t Pa) dp, (2.9)
QO Q



provided that f,{fs} satisfy a further hypothesis
(iv): fF(z,ua(z), Po(x)) < a(z)+ f1(z,ua(7), Po(z)), where a(-) € L' () is nonnegative;

and

/ f(zyu, P) du < lima_,OO/ fa(x,uq, Py) du. (2.10)
Q Q

To prove the theorem, we need the following lemmas.
Lemma 2.1. Let {uq},u € U and {P,}, P € V satisfy (2.5) and (2.6) respectively. Let

Ey(K) ={z€Q:|ua(z) > K},
E2(K) ={zeQ:|P.,(z)] > K},

and
E.(K)=EL(K)uU F%(K). (2.11)
Then
wEL(K)— 0, wuniformly for « as K — oc.

PROOF. For any € > 0, since u € U, there exists Kj(e) > 1 such that
pl{r e Q:ju(x)] > K} <e/2, VK > Ki(e).
Thus, by (2.5) and (H2), there exists a(e) > 1 such that
pELK) <e€/2, Ya>a(e) and K > Ki(e) + 1. (2.12)
Since u, € U for each «, we have
Kliinoo pnEL(K) =0, for each .
Thus, for a € {1,2,--- ,a(e)}, there exists Ks(e) > 1 such that
pELK) <e€/2, Yae{l,2,---,a(e)} and K > Ks(e). (2.13)
Let K (¢) = max{K;(e) + 1, K2(€)}, then (2.12) and (2.13) give
pELK)<e€/2, Va>1 and K > K(e). (2.14)
On the other hand, it follows from (2.6) and (H2) that
| iP@ldu<c.
Q
for some constant C' > 0. Thus, for any € > 0 there exists K (€) > 1 such that
pFE2(K)<e€/2, YVa>1 and K > K(e). (2.15)

Hence the lemma follows from (2.14) and (2.15). O



Lemma 2.2. Let f,{f.} satisfy the hypotheses in theorem 2.1. Let f4: Q x R™ x RN — R be
defined by

fa(z,u, P) = min{A, f(z,u, P)}. (2.16)
Let {ug},u € U and {Py}, P € V satisfy (2.5) and (2.6) respectively. Let {§Y} be a sequence of
measurable subsets of Q, the existence of which is guaranteed by the hypothesis (iii) for fu, such

that

w2\ Q) —0, as l— oo, (2.17)
and
fo—f,  uniformly on ; x G, (2.18)
for each | and any compact set G C R™ x RN .
Suppose

/ Fals e, Pa) dp < C.
(9]

for some constant C > 0.
Then, for any € > 0, A > 1, there exist I(¢) > 1 and a(e, A,l) > 1 such that

le fA(x7ua7Pa) d/’L S fQ fa(x7uaapa) d,LL + € (2 19)
Vi>1(e) and o> aleAl). '

PROOF. )
le fA(J"a Ue, Pa) d/l
- fQ fa(x’ua’Pa) dp + fQ\Ql(_fa(xa Ue Pa)) du+
+ le(fA(x7u0” Pa) - fa(x, Uq, Pa)) d,u
= fQ fa(x,ua,Pa) d/l + I + Io.
By (2.5), (2.6), (2.17) and (ii), there exists I(¢) > 0 such that
I = fQ\Ql(_fa(xa Uqs Pa)) dp
< fQ\Ql(_ft;(:Eaua; Pa)) dp (2.20)
< €/2, if 1>1(e).
By (2.16), we have
I, < le\Ea(K)(f(l‘a Ua, Po) — folx, ua, Py)) du+
+ fEa(K)(A - fa(l', Ue, Pa)) d/l
= 91 + I22,

where E,(K) is defined by (2.11).
By lemma 2.1, E,(K) — 0 uniformly for a as K — oco. Thus it follows from (ii) that there
exists K (e, A) > 1 such that

Iy < fEa(K)(A—f(;(x,ua,Pa))du
< €/4, if K >K(eA).

Let K = K(e, A), then
GK)={ue R":|ju/ <K} x{PeR":|P <K}



is a compact set in R™ x RY. Tt follows from (2.18) that there exists a(e, A,1) > 0 such that
|I21] < €/4, Ya > al(e Al).

Thus, we have
|Io] <€/2, Va>aleAl). (2.21)
Thus (2.19) follows from (2.20) and (2.21). O

Lemma 2.3. Let f,{f.} satisfy the hypotheses in theorem 2.1. Let {uy},u € U and {Py},P € V
satisfy (2.5) and (2.6) respectively. Let

Fla,A) ={z € Q: f(x,uq(x), Py(x)) > A}.
Suppose
/ fa(2,u0, Po) dp < C, (2.22)
Q

for some constant C > 0.
Then, for any e >0 and K > 1, there exist A(e) > 1 and a(e, K) > 1 such that

HF(0, A) < pEa(K) + e,

2.23
if A> A(e) and o> ale K), (223)
where Ey(K) is defined by (2.11).
PROOF. By (iii), there is a sequence of measurable subsets {€;} in €2 such that
w2\ Q) — 0, asl— oo, (2.24)
and
fo — f, uniformly on ; x G, (2.25)
for each | and any compact set G C R™ x RV,
For any € > 0, by (2.24), there is [1(e) > 1 such that
p(Q\ Q) <e/2, ifl>1(e). (2.26)
By (2.22),
le\Ea(K) f(% U, Po) dp
le\Ea(K)(f(xauOu Py) — fa(ﬂU:Uou Py)) dp
 Jon@n\Ba 1)) (fa (@ ta, Pa)) dp + ©
= h+D+C,
It follows from (ii) that
L< (s Pa))
O\(U\Ea(K))
< /Q (= £ (@, s Pa)) d
< o, (2.27)

for some constant Cq > 0.



It follows from (2.25) that there exists a(l, K) > 1 such that
|Il| SfQL\Ea(K) |f(x)uouPa)_fa(%uaapa)‘d/i
<1, Va > a(l, K). (2.28)

Thus we have

/ f(z,uq, Po)dp < Coy, Ya>a(l,K), (2.29)
U\Ea(K)

where Cy = C + C1 + 1 is a constant.
Denote Q = {z € Q: f(z,uq(x), Po(z)) < 0} and f* = max{f,0}; then, by (2.29)

le\Ea(K) [z, ua, Py) dp
B le\Ea(K)(_fi(x’ Ua, Po)) dp + Co
- fmz\Ea(K))msz; (—f(@, ua, Pa)) dp + Co
- f(Ql\Ea(K))ﬁQ;(fﬂé(mvuaaPa) — f(z,uq, P)) du
+ JionBa (reyna; (—fal®, ta, Pa)) du+ Ca
Jou sy [ @t Pa) = ot o) dp
+ Jo(=f5 (2,10, Pa)) dp + Cs.
It follows from this and (2.27), (2.28) that

/ fT (@, ua, Py)dp < C3, Va>a(l,K), (2.30)
QU\Ea(K)

where C3 = C1 + C5 + 1 is a constant.
Now (2.30) implies that there exists A(e) > 0 such that

pwl{r € Y\ EQ(K): f(z,uq(x), Pa(z)) > A} < €/2,

if A> A(e) and a > a(l, K). (2.31)
Since
F(a,A) CE,(K)UQ\ ) UF(,K,a,A),
where
Fl,K,a,A) ={x € U\ Eo(K) : f(x,un(x), Pa(z)) > A},
we have

BP0, A) < g Eo(K) + 5 (Q\ ) + n F(, K, 0, A).
Taking [ = l1(¢) and a(e, K) = a(li(e), K), by (2.26) and (2.31), we conclude that (2.23) is
true. O

PrOOF OF THEOREM 2.1.
Without loss of generality, we assume that

/ foc(xyucwpa) dp < C,
Q

for some constant C' > 0. It follows from (iii) that there exists a sequence of measurable subsets
{1} of Q such that

Q C 4, VI, and llim w2\ Q) =0, (2.32)



and
fo — f, umiformly on Q; x G, (2.33)

for each | and any compact set G C R™ x RY.
Let E,(K) be defined by (2.11). It follows from lemma 2.1 that there exists an increasing
sequence {K;} such that

[e.9]

Z sup {pEq(K;)} < oo. (2.34)
i—1 1<a<oo
Let ¢, > 0,7 = 1,2,--- be a decreasing sequence of numbers satisfying lim; .., ¢; = 0. Let

Ai = A(EZ'/T), ll' = l(ﬁi), oy = max{a(li,Ki),
ale, Aiy 1)} and F; = F(ay, A;) = {m € Q: f(x,uq,(x), Py, (x)) > A;} where A(+), (-, -) are
defined by lemma 2.3 and I(-), «(-, ;) are defined by lemma 2.2. Then, by lemma 2.2, we have

Fauo o Po) 0 < [ Fou(otes Po)d i i (2.35)
o, Q

and by lemma 2.3, we have

ZMF <ZME ) +e/2h) < (2.36)

Let Hj = ((2\ ;) U (Ui>;Fi)) and G = Q\ H;. It follows from (2.28) and (2.32) that
Gj C Gj+1, V7, and .lim (Q \ G]) =0. (237)
j—00

Thus, by the definition of f4, and F;, we have

Jo, @, ua;, Po,) dps

lei\Fi f(z,ua,, Pay)dpn + f(Qli\Fi)\Gj(_f(x7 Uqys P;)) dp
fﬂli\Fi f(z,uq,, Pa,) du +fQ\Gj(*f_($7uai,Pai))du

lei\Fi fa, (7, U0, Pa,) du +fH]_(—f*(:c,uai,Pai))dﬂ, Vi > j.

It follows from this and (2.35) that

IN A

ijf(‘r7uai7Pai)d/J/
S foO&i(xquéiJPOéi)d/"L
+ij(*f_(£C,Uai,Pai)>dM +€ia \V/’LZJ (238)

Let ¢ — oo in (2.38). By (2.8), we have
fG (z,u, P)du

S himz—m)ofgfa, $7Uaiapai)dﬂ
+1im; oo ij(—f_(:z;, Uq,;, Pa;)) dpt. (2.39)

By (ii) and (2.37), we have

tm (sup [ (= (ot Pa)) i) = 0

J—00 i>1

10



It follows from this and (2.37), (2.39) that
Jo fz,u, P)dp = limj_ fG (z,u, P)du
< himz_wo fQ fal T, Uq,, Pai) dp.

This completes the proof of (a).
Next, we prove (b). Without loss of generality, we assume that

/ f(x,uq, P,)du < C < 0. (2.40)
Q
It follows from (ii), (iv) and (2.40) that
/ fa(z,ua, Py)du < Cp < o0.
Q

By (2.10), for any € > 0, there exists &(e) > 0 such that

/Qf(z:,u, P)du < /Qfa(:v,ua,Pa) du+e Va > a(e). (2.41)
By (ii), for any € > 0, there exists d1(e) > 0 such that
|/Q, I (z,ua, Py dul <€, YuQ < 8(e), (2.42)
\// o (z,ua, Py dul <€, YufY < 1(e). (2.43)
By (iv) and (ii), for any ei 0, there exists d2(€) > 0 such that
f (@, o, Po) dps
< N f+(x,ua,Pa)du+//a(x) dp
< f(x,ua, Po)dp+e€, VQ C Qand puQ < da(e). (2.44)

Q/
Let
Ey(K)={z€Q:|uq(z)| > K or |Py(z)| > K}.
By lemma 2.1, for any § > 0 there exists K(d) > 0 such that
pEL(K) <46, VK > K(9). (2.45)

By (iii), there exists a sequence of measurable subsets ; C € such that p(Q2\ €;) — 0 as
| — oo and f, — f uniformly on € x G for each fixed | and compact set G C R™ x RN. Thus,
for any ¢ > 0 there exists [(d) > 1 such that

w2\ Q) <o, VI>I6), (2.46)
and for any € > 0, [ > 1 and compact set G C R™ x R" there exists a(e, 1, G) > 0 such that
fal,0.Q) = flw 0, Q) < -5 (2.47)

for all a > a(e,l,G) and (x,v,Q) € O x G.
Now, by taking

d = min{dy (), d2(€)},

11



K = K(5),
I =1(3),
G={(v,Q) € R"x RN : || < K and |P| < K}

and
a(e) = max{a(e), ale, 1, G)},
we get from (2.41) — (2.47) that

/fqu

< /fa<x,ua,Pa) dj+e
Q

< / fa e, P du+/ S (10, Pa) dp+ ¢
Q\Ea(K) N\ (Q\Eo(K

< / f(x,ua, a dﬂ+/ («T uaaPoz) dp + 3e
QU\Ea(K) O\(QU\Ea (K

< / f(z,uq, Py) du+4e, Vo > afe).
Q
This and the arbitrariness of € imply (2.9). O

Corollary 2.1. If the hypothesis (iii) is replaced by the hypothesis
(iii)’: fo — f locally uniformly in the sense of integration on U X V,
in theorem 2.1, the conclusions of the theorem still hold.

PROOF. Since in the proof of theorem 2.1 the hypothesis (iii) was only used to show that there
exists a(e, [, K) > 0 such that

| f(x,ua,Pa)—fa(l',ua,Pa)d'u| <€/4
Q\Ea(K)

for a > a(e, 1, K), the result follows. O

Corollary 2.2. If the hypothesis (ii) is replaced by the hypothesis

(ii)’: f has the strong lower compactness property and {fo} have the uniform lower com-
pactness property,

in theorem 2.1, the conclusions of the theorem still hold.

PROOF. The proof of the part (a) of theorem 2.1 remains valid, since (ii)’ and the assumption
Jo fa(@, ua(x), Pa(z)) dp < C < oo give (ii).

The proof of the part (b) of theorem 2.1 still holds, because (ii)’, (iv) and the assumption
Jo [z, ua(x), Pa(z)) dp < C < oo imply

[ o), Palw) i < 1 < o

and hence (ii). O

12



Theorem 2.2. Let 2 be a measurable space with finite positive non-
atomic complete measure . Let U and V satisfy (H1) and (H2). Let f,{fa}: Qx R™ x RN —
R U {+o0} satisfy
(i): f,{fs} are L ® B- measurable;
(ii)”: f has the lower compactness property and fo have the uniform lower compactness
property.
(iii)’: fo — f locally uniformly in the sense of integration on U X V ;
(iv): f(z,v,Q) < a(z) + fH(x,v,Q) for all (v,Q) € R™ x RN, where a(-) € L*(Q) is
nonnegative.
Let {un},u € U and {P,}, P € V be such that

Uy — U, U,
and
P, — P, m V.
Suppose
/Qf(x,u,P) dp <lim,_, /Q fa(z,uq, Py) du.
Then

/ f($7 U,P) d/’[/ S hrna—»oo/ f(x7 uOHPOé) d/’l’
Q Q

ProoOF. Without loss of generality, we may assume

[ 1000 Pate) i < €1 < o

Thus (ii)”, (iv)’ give (ii). It is easily seen that (iv)’ imply (iv). Hence the theorem follows from
the same arguments as in the proof of the part (b) of theorem 2.1. O

So far, only individual sequence {(uqn, P,)} satisfying (2.5) and (2.6) is considered. If all
sequences {(uq, Pn)} satisfying (2.5) and (2.6) are considered at the same time, some I'-
convergence results can be obtained from the above theorems. First, recall that the I'-limit
of a sequence of integrals I,(-,-) can be defined by

DU, V) lima—oo Ia(u, P)
Iy (ua, Py) : (g, Py) — (u, P)in U x V'}

= inf{lim,,

provided it exists and the topologies of U and V are metrizable [13, 14]. We have the following
theorem as a consequence of theorem 2.1 and theorem 2.2.

Theorem 2.3. Let 2 be a measurable space with finite positive non-
atomic complete measure p. Let U and V' satisfy (H1), (H2) and be metrizable. Let f,{fa} :
Q x R™ x RN — RU {400} satisfy
(i): f,{fa} are L ® B- measurable;
(i1)": f has the lower compactness property and fo have the uniform lower compactness
property.
(iii)’: fo — f locally uniformly in the sense of integration on U x V.

13



Then, (a):

/ flz,u, P)dpu <T(U~,V7) lim I,(u,P), (2.48)
provided that I(u, P;Y) = [, f( x), P(x))du is lower semicontinuous at (u, P) € U xV for
all measurable subsets Q’ C Q;
and (b):

[ e P) d <t [ (o0 Pa) di (2.49)

Q Q

for all (ua, Po) — (u, P) in U x V, ie. [, f(x,u,P) du is lower semicontinuous at (u,P) €
U x V., provided that f,{fa} satisfy a further hypothesis
(iv): fH(x,0,Q) < alx) + fH(x,v,Q) for all (v,Q) € R™ x RN, where a(-) € LY(Q) is
nonnegative;
and

/ flz,u, P)dp <T(U™,V7) lim I,(u,P).
[¢) a—00

Corollary 2.3. Let Q) be a measurable space with finite positive non-
atomic complete measure p. Let U and V' satisfy (H1), (H2) and be metrizable. Let f,{fa} :
Qx R™ x RN — RU {400} satisfy

(i): f,{fa} are L ® B- measurable;

(i1)"”: f has the lower compactness property and fo have the uniform lower compactness

property.
(iii)’: fo — f locally uniformly in the sense of integration on U x V.
(iv): fH(x,v,Q) < alx) + fH(x,v,Q) for all (v,Q) € R™ x RN, where a(-) € L'(Q) is

nonnegative.
Then
/ f(z,u, P)duy=TU",V") lim I,(u,P), (2.50)
provided that I(u, P;Y) = [, f( x), P(x))dp is lower semicontinuous at (u, P) € U xV for
all measurable subsets Q' C €. In addztzon, we have in this case
LU, v7) lim I4(u, P) = limOHoo/ falz,u(x), P(x)) du. (2.51)
a—00 [¢)

ProOF. By theorem 2.3, we only need to show that
[ f ) dp =t | faleu(e), P) di (2.52)
Q Q
This can be easily verified by using the inequality
Jo f(@, u(x), P(X)) dpu
> fo falw,u(@), P(X)) du
+ Jopmo) (f (@, w(@), P(X)) = fa(z, u(z), P(X))) du

u(X), P(X))
(X), P(X))

fQ\(Ql\E () Ja (@
+ oy sy (@
for all Il > 1 and K > 0, where
E(K)={zeQ:|u(x)|> K or |P(x) > K},

dp
dp

)
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and by using lemma 2.1 and the hypotheses (ii)”, (iii)" and (iv)’. O

3. LOWER SEMICONTINUITY THEOREMS
FOR QUASICONVEX INTEGRANDS

In this section, some lower semicontinuity theorems in the form of (1.3) and (1.4) are estab-
lished for quasiconvex integrand f(z,u, P). In the following, U is taken to be LP(); R™) with
strong topology and V' is taken to be LP(€; R™*"™) with weak topology, where 1 < p < oo, and
w is taken to be the Lebesgue measure on R™.

Theorem 3.1. Let Q C R™ be open and bounded. Let f: Q x R™ x R™"™ — R satisfy
(i): f(-,-,-) is a Carathéodory function;
(ii): f(x,u, P) is quasiconvez in P;
(iii): f has the strong lower compactness property on U x V;
(iv): f(z,u,P) < a(z)+b(z)(|ulP + |P|P) for every x € Q, u € R™ and P € R™*", where
a(-),b(-) € LY(Q) are nonnegative functions.
Let {fz} : Q@ x R™ x R™*™ — R satisfy
(a): fs(:,-,-) are L ® B- measurable;
(b): fs have the uniform lower compactness property;
(c): fg — [ locally uniformly in @ x R™ x R™*™,
Let
Uo —u, in WHP(Q; R™). (3.53)
Then
[ . Dw) du <t [ ol 0, D) d (3.54)
Q Q

To prove the theorem, we begin with the following lemmas.

Lemma 3.1. Let Q C R™ be open and bounded. Let f : Q1 x R™ x R™*"™ — R satisfy (i) —(iv)
in theorem 8.1. For all integers 3 > 1, let functions fg: Q x R™ x R™*™ — R be defined by

fg(x,u, P) = max{—p3, f(z,u, P)}.
Let ug — u in WYP(Q; R™). Then, for each fized > 1,

[ Fatauta), Duta)) dp < tim . [ Faleuala), Dua(a) dn (3.55)
Q Q

PROOF. Let
Eb,K)={zeQ:|b(z)| < K}.
Denote x i (x) the characteristic function of the set E(b, K). It is easily verified that the functions
fox=xxfo+8, B>1, K>1

satisfy the hypotheses of theorem 1.1. Hence we have

Jo (@) fote, u(z), Du()) dy
< limg g Jo X () (2, a(2), Duta()) di

15



Since

o xxc(2) f( u(z), Du(x)) dp

> fo 5 (@, u(@), Du(x)) du+ [ xx(x)f5 (2, u(x), Du(x)) dp
and
Jo xx(x ) fa(2, ua(x), Dua(x)) du
< Jo s ua( ) Dua( ) du +
’fQ )fﬁ (7, ua(z), Dug(r)) dpl
< Jo Ia( m,ua( )aDua( ) dp+ I(K, a, B),
we have

/Q f5 (@ u(@), Du()) du + /Q vie (@) (@, u(2), Du(x)) du

< iy | F3(ota(0). Dua(0)) di+ Tt (K, 0,9)
for ﬁ)?ed K and g. (3.56)
By (iii) and the definition of fs, we know that for any e > 0 there exists K (¢) > 1 such that
I(K,o,0) <€, Va,B, and K > K(e),

since limg oo pt (2 \ E(b, K)) = 0.
Thus (3.55) is obtained by letting k — oo in (3.56) and passing to the limit. O

Lemma 3.2. Let Q C R™ be open and bounded. Let f : Q x R™ x R™*™ — R satisfy (i) —(iv)
in theorem 3.1. For all integers 3 > 1, let functions fg: ) x R™ x R™*™ — R be defined by

fa(w,u, P) = max{—B, f(z,u, P)}.
Let uq — u in WIP(Q; R™). Then

[ Fwuta), Dua)) dp < i . [ Falo. tal0), Dua(a)) (3.57)
Q Q
PRrROOF. Denote
F(8) =l | Fola, (o). Duao)) di. (3.59)
Q

Since fz > fay1 for all 3, F(f) is nonincreasing. On the other hand, it follows from (iii) that
F(3) is bounded from below. Hence limg_,», F'(3) exists. Denote the limit by F.
Since f < fﬁ for all 3, by lemma 3.1, we have

/f x,u(z), Du(z)) du < F. (3.59)
Given € > 0, by (3.58) and F(3) > F, there exists a(e, 3) > [ such that
/ f8(x,ua(x), Duo () du > F — €, Ya > ale, f). (3.60)
Q
Let
(e, B) = /Q(fa(fﬂ,ua($)7Dua($)) — fo(@,ua(@), Dua(2))) dp.

We have .

10,8) 2 [y Fal@ tale), Dua(w)) du

>

(e I~ (@ ua(@), Dua(2)) dp, Vo > 3,
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where E(a,3) = {x € Q: f(x,ua(z), Dua(z)) < —F}. Hence, by (iii), for any € > 0 there
exists B(e) > 0 such that

I(a, ) > —¢, VB >p(e) and a > . (3.61)
It follows from (3.60) and (3.61)
o fal@, ua(z), Dug(z)) dp

that

= Jo fs0(@ ua(x), Dua(x)) dp + I(e, B)
> F—2¢ VYa>al(eB(e).
Since € > 0 is arbitrary, this and (3.59) imply (3.57). O

Lemma 3.3. Let Q C R™ be open and bounded. Let f : Q2 x R™ x R™*"™ — R satisfy (i) —(iv)
in theorem 3.1. Let uq — u in WHP(Q; R™). Then

f (@ u(@), Du()) dj < limge | f(@,ta(), Dua(x)) dp, (3.62)
Q/ Q/
for all measurable subset ' C Q.

PROOF. Let yo be the characteristic function of . Let f = o f, fg =max{—0, xor f}. It is
easily verified that f satisfies the hypotheses (i) — (iv) in theorem 3.1 as well. Hence, by lemma
3.2, we have

f(x,u(z), Du(z)) dpp < limg oy | fal,ua(2), Dua(2)) du, (3.63)
Ql Q/
where f, = max{—a, f}.
By (iii) and the definition of f,, we know that f, have the uniform lower compactness property

and f, — f locally uniformly in Q x R™ x R™*". Thus (3.62) follows from (3.63) and the part
(a) of theorem 2.1. O

PROOF OF THEOREM 3.1. The conclusion follows directly from lemma 3.3 and the part (b) of
theorem 2.1. O

In theorem 3.1, the hypothesis that f has the strong compact property is not essential.
Actually, we have the following stronger result.

Theorem 3.2. Let Q2 C R™ be open and bounded. Let uq — u in W1P(§;
R™). Let f, fg : QxR xR™"™ — R satisfy (i), (ii), (iv) and (a), (c) in theorem 3.1 respectively,
and satisfy also the following hypothesis

(h): f5 (z,ua(x), Dua(z)) are weakly precompact in L'(Q).
Then
/ f(z,u, Du) dp < lima_,oo/ fa(z,ua, Dugy) dp.
Q Q
PROOF. Let fV = max{f,—N} and fY = max{f,, —N}. Then, for each fixed N > 0, f¥ and
I satisfy (i) — (iv) and (a) — (c) in theorem 3.1 respectively.
Thus, by theorem 3.1, we have, for each fixed N > 0,

[ YD) d < b [ £ 00 D) d (3.64)
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Let N — oo, by (h) and by passing to the limit in (3.64), we get the result. O
The following lemma is a version of Chacon’s biting lemma (see [5], see also [7, 8, 3]).

Lemma 3.4. Let Q) C R"™ be bounded and measurable, and let g, be a bounded sequence in
LY(2). Then there erist a subsequence Jo; Of go and a nonincreasing sequence of measurable
subsets Ey, with limy_,o p B, = 0 such that ga; are weakly precompact in LY(Q\ Ey) for each
fized k, i.e. for any € > 0 and fized k there exists d(e, k) > 0 such that

|l @l du< e, i,
provided that Q' C Q\ Ex and p(Y) < (e, k).

Lemma 3.5. Let Q C R™ be open and bounded. Let f,{fg} : Q2 x R™ x R™"™ — R satisfy
(L): f(z,u,P) and fg(x,u, P) are bounded below by —(a(x) + b(x)(|ul? + |P|P)), where
a(+),b(-) € LYQ) and a(z) > 0, b(z) >0, Vx € 0.
Let ug — u in WHP(Q; R™). Then there exist a subsequence Uq; Of Uq and a nonincreasing

sequence of measurable subsets Ej, with limy oo p Ey = 0 such that [~(x,uq,; (), Dug,(2)),
fa, (@, ua; (%), Duq, () are weakly precompact in LY (Q\ Ey) for each fized k.

PROOF. By lemma 3.4, there exist a subsequence u,; of u, and a nonincreasing sequence of
measurable subsets Ej, with limy_, p By = 0 such that ha,(w) = (Jua,; (z)[P + [Duq, (z)[P) are
weakly precompact in L'(Q\ Ej) for each fixed k.

Let B, = {x € Q : |b(z)| > k} and E, = Ej U Ej.Then Ej are nonincreasing with
limg oo p Ex = 0 and go,(7) = a(x) + b(z)(|ua, (2)|P + [Dua,; (z)[P) are weakly precompact
in L1(Q\ Ey) for each fixed k. This and the hypothesis (L) give the result. ]

Theorem 3.3. Let Q C R™ be open and bounded. Let f,{fz} : Q x R™ x R™*™ — R satisfy
(i): f,{fs} are Carathéodory functions;
(ii): f(x,u, P) is quasiconver in P;
(iii): [f(z,u, P)| < a(z) +b(z)([u’ +[P[P) and |f3(z,u, P)| < a(z) 4 b(z)(|ul’ + [P[P) for
everyz € Q, u € R™ and P € R™", where a(-),b(-) € L'(Q) are nonnegative functions;
(iv): fg — [ locally uniformly in @ x R™ x R™*™,
Let
Uo —u, in WHP(Q; R™). (3.65)
Then there exist a subsequence uq; of uo and a nonincreasing sequence of measurable subsets
Er with limg_o p B = 0 such that

fQ\Ek f(z,u, Du) dp < himj—wo fQ\Ek faj (x,uaj,Duaj) dp,

3.66
for each k. ( )

PROOF. By (iii), (3.65) and lemma 3.5, there exist a subsequence u,,; of u, and a nonincreasing
sequence of measurable subsets Ej, with limy_.oo p By = 0 such that fq (@, ua; (2), Duq,(z)) are
uniformly weakly precompact in L'(Q\ Ey).

Let fk = Xo\E,f and f(’)fj = Xo\Ey Jo;- Applying theorem 3.2 to f*, fgfj and u;, we obtain
(3.66). O
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