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§1 1�|mà�Ú>.^�

½ÂXe���ý��©�§

−4u(x, y) = (x2 + y2)sin(xy) (x, y) ∈ (0, 1)× (0, 1)

u(x, y) = 0 x = 0, 0 ≤ y ≤ 1,½y = 0, 0 ≤ x ≤ 1

∂u
∂ν = ycos(y) x = 1, 0 ≤ y ≤ 1

∂u
∂ν = xcos(x) y = 1, 0 ≤ x ≤ 1

(1)

Ù¥§¦)«�(0, 1) × (0, 1)P�Ω"8Ü{(x, y) : x = 0, 0 ≤ y ≤ 1½y =

0, 0 ≤ x ≤ 1}�Dirichlet>.§P�∂ΩD"8Ü{(x, y) : x = 1, 0 ≤ y ≤ 1½y =

1, 0 ≤ x ≤ 1}�Neumann>.§P�∂ΩN"ν�ü 	{�þ§Pf(x, y) =

(x2 + y2)sin(xy)§g(1)(x, y) = ycos(y)§g(2)(x, y) = xcos(x)"T¯K�°()

�sin(xy)"

�A�3Ú�h���þ(Ù¥J�!:�I8)��©%C�§P�

−LhUi,j = fi,j (i, j) ∈ J (2)

¿PLu = ∆u,�(x, y) ∈ Ω¶Lu = 0,�(x, y) ∈ ∂ΩD¶Lu = ∂u
∂ν ,�(x, y) ∈

∂ΩN"U��©�§�ê�ý)§Ũh��©�§�Ú��h�O�)§Ù¥§

¬kO�ÅO���\Ø��K�§¿Ø�uê�ý)"¿Peh = Ũh −
u,∀(i, j) ∈ J¶Th = Lhu − Lu,∀(i, j) ∈ J"eI�L«3(i, j)!:?��§

3ù
þe\e�Ii, jL«3(i, j)!:?�"

§1.1 �E�©�ª

kò«�y���"��BO§�3x§y��Ú�þ�h§PN = 1
h"

�N�I8�J = {(i, j) : (ih, jh) ∈ Ω} = {(i, j) : 0 ≤ i ≤ N, 0 ≤
j ≤ N}"U3(ih, jh)��P�Ui,j§�þ3(ih, jh)?��^\e�Ii, jL«"

duæ^��¥%�©�fCq�� �§�éu�KS:
◦
JΩ!��KS



:J̃Ω!Dirichlet>.:8JDkµ

◦
JΩ = {(i, j) : 1 ≤ i ≤ N − 1, 1 ≤ j ≤ N − 1}

J̃Ω = {(i, j) : i = N, 1 ≤ j ≤ N½j = N, 1 ≤ i ≤ N}

JD = {(i, j) : i = 0, 0 ≤ j ≤ N½j = 0, 0 ≤ i ≤ N}

(1)�(i, j) ∈
◦
JΩ§̂ ��¥%�©�fCq�f4§��Xe�©�ªµ

4Ui,j − Ui+1,J − Ui−1,j − Ui,j+1 − Ui,j−1 = h2fi,j (3)

(2)�(i, j) ∈ J̃Ω,©�e¡n«�¹µ

• ei = N, 1 ≤ j ≤ N − 1�§òx�����ò�h§P���:�I

�(N + 1, j)§¿3(N, j)?���¥%�©%C{��ê§��eªµ

UN+1,j − UN−1,j

2h
= g

(1)
N,j (4)

Ó��Ñ−4u = f3(N, j)!:��©�ª§kµ

4UN,j − UN+1,J − UN−1,j − UN,j+1 − UN,j−1 = h2fN,j (5)

üª(5),(6)éá§��UN+1,j§��3(N, j):��ªµ

4UN,j − 2UN−1,j − UN,j+1 − UN,j−1 = h2fN,j + 2hg
(1)
N,j (6)

• ej = N, 1 ≤ i ≤ N − 1�§aqu1�«�/§��3(i,N):��ªµ

4Ui,N − 2Ui,N−1 − Ui+1,N − Ui−1,N = h2fi,N + 2hg
(2)
i,N (7)

• ei = N, j = N�§��>.^�3d��"aq�§Eòx,y��ò�h§

©O��:��I�(N + 1, N), (N,N + 1)"

3x��þ§k

UN+1,N − UN−1,N

2h
= g

(1)
N,N (8)

3y��þ§k

UN,N+1 − UN,N−1

2h
= g

(2)
N,N (9)
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�|^−4u = f3UN,N��©�ªµ

4UN,N − UN+1,N − UN−1,N − UN,N+1 − UN,N−1 = h2fN,N (10)

nª(7),(8),(9)éá§��UN+1,N , UN,N+1§��¶

4UN,N − 2UN,N−1 − 2UN−1,N = h2fN,N + 2hg
(1)
N,N + 2hg

(2)
N,N (11)

(3)�(i, j) ∈ JD�§|^Dirichlet>.^�§��3ù
:?kµ

Ui,j = 0 (12)

§1.2 ïá�§|9¦)�{

du3Dirichlet>.þ§¼êu��´®��§Ïd�I�O�U3SÜ

Úx = 1, y = 1ùü^�þ�¼ê�§�(N − 1)2 + (2N − 1) = N2�§y3§ò

ù
¼ê�ü����þ§ü{Xeµ

U = [U1,1, U2,1, · · · , UN,1, U1,2, U2,2, · · · , UN,2, · · · , U1,N , U2,N , · · · , UN,N ]T

ò(4),(7),(8),(12)�n¤Ý
/ª§¿|^3x = 0, y = 0ùü^�þ�¼

ê��0§�±��XeÝ
/ªµ

T −I
−I T −I

−I T −I
. . .

. . .
. . .

−I T −I
−2I T


U =



F1

F2

F3

...

FN−1

FN


Ù¥§T, I�N ×NÝ
§I�ü 
§�

T =



4 −1

−1 4 −1

−1 4 −1

. . .
. . .

. . .

−1 4 −1

−2 4
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Fk = [h2f1,k, h
2f2,k, · · · , h2fN−1,k, h

2fN,k + 2hg
(1)
N,k]T 1 ≤ k ≤ N − 1

FN = [ h2f1,N + 2hg
(2)
1,N , h

2f2,N + 2hg
(2)
2,N , · · · , h2fN−1,N + 2hg

(2)
N−1,N ,

h2fN,N + 2hg
(1)
N,N + 2hg

(2)
N,N ]T

F����Ä�
3x = 0, y = 0ü^�þu���0"�±*	���

XêÝ
Øé¡§$�´TÑ´Øé¡§·�}ÁòÙC�é¡Ý
"Äk

¦�þ��TC�é¡
§�L3T����1¦±0.5=�§P�T̃§@o�

þ��−IC�
é���������-0.5§Ù{ØC�Ý
§P�Ĩ§mà

���¦±0.5§±�±�§|�d5"�
¦Ĩ�Ý
�1N + 1�12N1!

11�1N�é¡§ù� ��−I��L3���1¦±0.5§d�§1N+1�

12N1!1N + 1�12N��Ý
TC�T̃§1N + 1�12N1!12N + 1�

13N��Ý
−IC�Ĩ§· · · aq��e�§���N1"d�§�
�±
é¡5§−2IcN − 11I�¦±0.5§1N1¦±0.25C�Ĩ§�A�§TC�


0.5×T̃§d�§XêÝ
é¡"o�5`§Ò´Ý
�1N, 2N, · · · , N2−N1
¦±0.5§�1N2 −N + 1, N2 −N + 2, · · · , N2 − 11¦±0.5§1N2¦±0.25§

��
é¡�XêÝ
§Xeµ

T̃ Ĩ

Ĩ T̃ Ĩ

Ĩ T̃ Ĩ

. . .
. . .

. . .

Ĩ T̃ Ĩ

Ĩ 0.5T̃


U =



F̃1

F̃2

F̃3

...

F̃N−1

F̃N


Ù¥§T̃ , T̃1, Ĩ�N ×NÝ
§�Ĩ = diag(−1,−1, · · · ,−1,−0.5)

T̃ =



4 −1

−1 4 −1

−1 4 −1

. . .
. . .

. . .

−1 4 −1

−1 2



F̃k = [h2f1,k, h
2f2,k, · · · , h2fN−1,k, 0.5h2fN,k + hg

(1)
N,k]T 1 ≤ k ≤ N − 1
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F̃N = [ 0.5h2f1,N + hg
(2)
1,N , 0.5h2f2,N + hg

(2)
2,N , · · · , 0.5h2fN−1,N + hg

(2)
N−1,N ,

0.25h2fN,N + 0.5hg
(1)
N,N + 0.5hg

(2)
N,N ]T

Pù��§|�AU = F§duA�Ø��é�Ó`�é¡Ý
§�A�

½,æ^�ÝFÝ{¦)"3d§duk�Ø��O´±Ã¡�ê�O�§�

ò�ÝFÝ{S�ª�^�U�íþr = F −AŨ�Ã¡�êk‖r‖∞v
�"

§1.3 k�Ø��O(½Ú�h9�A�¦)�{

y3·���(½Ú�h§Ò�±¦)3TÚ�e��©%C)§�
�

�°Ý10−5§·��±lk�Ø��OÚ��Ø��O5(½��ºÝ"ù

Ü©k?ØXÛ^k�Ø��O(½��ºÝ"

k��
PÒ�5½"PJ̃Ω1 = {(i, j) : i = N, 1 ≤ j ≤ N − 1}§J̃Ω2 =

{(i, j) : j = N, 1 ≤ i ≤ N − 1}§J̃Ω3
= {(N,N)}§KJ̃Ω1

⋃
J̃Ω2

⋃
J̃Ω3

= J̃Ω§=

ùn�!:8�¤
��KS:8"d�§�A��©�§²�nXeµ

−LhUi,j =
4Ui,j−Ui+1,J−Ui−1,j−Ui,j+1−Ui,j−1

h2 = fi,j (i, j) ∈
◦
JΩ

−LhUi,j = − 4Ui,j−2Ui−1,j−Ui,j+1−Ui,j−1−h2fi,j
2h = −g(1)

i,j (i, j) ∈ J̃Ω1

−LhUi,j = − 4Ui,j−2Ui,j−1−Ui+1,j−Ui−1,j−h2fi,j
2h = −g(2)

i,j (i, j) ∈ J̃Ω2

−LhUi,j = − 4Ui,j−2Ui,j−1−2Ui−1,j−h2fi,j
2h = −g(1)

i,j − g
(2)
i,j (i, j) ∈ J̃Ω3

U(i, j) = 0 (i, j) ∈ JD

(13)

òþã�§�¤/X(3)��§§=

−LhUi,j = f̃i,j (i, j) ∈ J (14)

æ^k�Ø��O���L§Xeµ

• ^'�½n(½ max
(i,j)∈JΩ

|Ui,j | ≤ max
(i,j)∈JD

|Ui,j | + C max
(i,j)∈JΩ

|f̃i,j |¥C��"

d−Lhe = Lhu−LhŨ§aqu−LhU = f̃§�(i, j) ∈ J"¤± max
(i,j)∈JΩ

|ei,j | ≤

max
(i,j)∈JD

|ei,j |+C max
(i,j)∈JΩ

|Lhu−LhŨ |"3T¯K¥§ max
(i,j)∈JD

|ei,j | = 0§�

k

max
(i,j)∈JΩ

|ei,j | ≤ C max
(i,j)∈JΩ

|Lhu− LhŨ |

• d‖e‖∞ = max
(i,j)∈JΩ

|ei,j | ≤ C max
(i,j)∈JΩ

|Lhu − LhŨ | = C‖Lhu − LhŨh‖∞ ≤

C(‖Lhu − Lu‖∞ + ‖Lu − LhŨ‖∞)§ù´Ï�3JDþ§eÚLhu − LhŨÑ
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�0§��±lJΩþLÞ�Jþ�Ã¡�ê"=

‖e‖∞ ≤ C(‖Lhu− Lu‖∞ + ‖Lu− LhŨ‖∞)

1����äØ�Th��§1���‖f̃ −LhŨ‖∞´�©�§íþ�
�"©O�O�äØ�Th��Ú�©�§íþ��"d�O(½Ú�h�

��§2|^1�Ü©�SN¦)"

e¡ÒUù�Ú½§?1k�Ø��O"

(1)|^'�½n(½C��"

�'�¼ê�φ = 1
4 ((x + 2)2 + (y + 2)2)�A���¼ê§Kφ�K§e

wLhφ"

�(i, j) ∈
◦
JΩ�§́ �Lhφ = 1"

�(i, j) ∈ J̃Ω1�§Ï�l©Û3J̃Ω1�ÛÜ�äØ�(�¡äNÐm)�§

�äØ�´°()�ng�ê9±þ�¤§φ�k�g§�Lhφi,j = ∂φ
∂x"k

Lhφi,j =
4φi,j − 2φi−1,j − φi,j+1 − φi,j−1 + h24φi,j

2h

=
∂φ

∂x

=
1

4
× 2(jh+ 2) ≥ 1

�(i, j) ∈ J̃Ω2�§Ón��Lhφi,j ≥ 1"

�(i, j) ∈ J̃Ω3
�§l©Û3J̃Ω3

�ÛÜ�äØ�(�¡äNÐm)�§�ä

Ø�´°()�ng�ê9±þ�¤§φ�k�g§�Lhφi,j = ∂φ
∂x + ∂φ

∂y"k

Lhφi,j =
4φi,j − 2φi−1,j − 2φi,j−1 + h24φi,j

2h

=
∂φ

∂x
+
∂φ

∂y

=
1

4
× 2(ih+ 2) +

1

4
× 2(jh+ 2) ≥ 1

nÜþão��¡§�(i, j) ∈ JΩ�§Lhφ ≥ 1"d'�½n�

C = max
(i,j)∈JD

|φi,j | =
13

4

(2)©O�O�äØ���§Ú�©íþ��"

k�O�äØ���"3d§��O��e°()u��� ���§�u

y�k�óê�§|∂
ku
∂xk | = xksin(xy), |∂

ku
∂yk
| = yksin(xy)¶�k�Ûê�§|∂

ku
∂xk | =

xkcos(xy), |∂
ku
∂yk
| = ykcos(xy)§K3Ωþu�� �©ª�u1"
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�(i, j) ∈
◦
JΩ�§dê�¼ê�TaylorÐmª�§�3ξ1, ξ2 ∈ Ω§¦�µ

|Lhu− Lu|i,j

= | 1

12
h2(

∂4u(ξ1)

∂x4
+
∂4u(ξ2)

∂y4
)|

≤ 1

12
h2 max

(x,y)∈Ω
(|∂

4u(x, y)

∂x4
|+ |∂

4u(x, y)

∂y4
|)

≤ 1

6
h2

�(i, j) ∈ J̃Ω1
�§�3η1, η2, η3 ∈ Ω§¦�µ

|Lhu− Lu|i,j

= |4ui,j − 2ui−1,j − ui,j+1 − ui,j−1 − h2fi,j
2h

− ∂ui,j
∂x
|

= |
(4u− 2[u− ∂u

∂xh+ 0.5∂
2u
∂x2 h

2])i,j

2h
+

1

6

∂3u(η1)

∂x3
h2

−
(u+ ∂u

∂yh+ 0.5∂
2u
∂y2 h

2 + 1
6
∂3u
∂y3 h

3)i,j

2h
− 1

48

∂4u(η2)

∂y3
h3

−
(u− ∂u

∂yh+ 0.5∂
2u
∂y2 h

2 − 1
6
∂3u
∂y3 h

3)i,j

2h
− 1

48

∂4u(η3)

∂y3
h3

−∂ui,j
∂x
|

= |1
6

∂3u(η1)

∂x3
h2 − 1

48

∂4u(η2)

∂y3
h3 − 1

48

∂4u(η3)

∂y3
h3|

≤ 1

6
h2 max

(x,y)∈Ω
(|∂

3u(x, y)

∂x3
|+ 1

8
h|∂

4u(x, y)

∂x4
|+ 1

8
h|∂

4u(x, y)

∂y4
|)

≤ 1

6
h2(1 +

1

4
h)

�(i, j) ∈ J̃Ω2
�§Ón��µ

|Lhu− Lu|i,j

= |4ui,j − 2ui,j−1 − ui−1,j − ui+1,j − h2fi,j
2h

− ∂ui,j
∂y
|

≤ 1

6
h2 max

(x,y)∈Ω
(|∂

3u(x, y)

∂y3
|+ 1

8
h|∂

4u(x, y)

∂x4
|+ 1

8
h|∂

4u(x, y)

∂y4
|)

≤ 1

6
h2(1 +

1

4
h)

�(i, j) ∈ J̃Ω3
�§Ó�|^TaylorÐm§dê�¼ê�TaylorÐmª�§�
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3ζ1, ζ2 ∈ Ω§¦�µ

|Lhu− Lu|i,j

= |4ui,j − 2ui−1,j − 2ui,j−1 − h2fi,j
2h

− ∂ui,j
∂x
− ∂ui,j

∂y
|

= |
(4u− 2[u− ∂u

∂xh+ 0.5∂
2u
∂x2 h

2])i,j

2h
+

1

6

∂3u(ζ1)

∂x3
h2

−
2(u− ∂u

∂yh+ 0.5∂
2u
∂y2 h

2)i,j

2h
+

1

6

∂3u(ζ2)

∂y3
h2

−∂ui,j
∂x
− ∂ui,j

∂y
|

= |1
6

∂3u(η1)

∂x3
h2 +

1

6

∂3u(η2)

∂y3
h2|

≤ 1

6
h2 max

(x,y)∈Ω
(|∂

3u(x, y)

∂x3
|+ |∂

3u(x, y)

∂y3
|)

≤ 1

3
h2

nÜþ¡�o�©Û§(Ü3Dirichlet>.þvkØ�§�±��3��

mΩþ§�h < 4(ù´w,÷v�)§kXe��äØ��Oµ

‖Lhu− Lu‖∞ ≤
1

3
h2

2�O�©íþ��"

duæ^�ÝFÝ{�§́ ^íþ´Ä��ý½�9´Ä����S�

gê��S�ª�^�§K·��±ÀJS�ª�^��íþ‖r‖∞ < 5 ×
10−7"d�§ÏLÀ�Ü·�h§¦�Ø��u10−5"=

‖eh‖∞ ≤
14

3
(
1

3
h2 + 5× 10−7) ≤ 10−5

)�h ≤ 0.0022"K�Ú�h = 0.002§�÷v°Ý��10−5"

§1.4 ��Ø��O(½Ú�h9�A�¦)�{

l1nÜ©k�Ø��O'uÛÜ�äØ��í�§·��±w�Ø�

Ì�(¢�O(h2)§=kXeÐmªµ

Uh,(i,j) = ui,j + Ci,jh
2 + ◦(h2) ∀(i, j) ∈ Jh

KkXe���Ø��Oµ

Uh,(i,j) − ui,j =
4

3
(Uh,(i,j) − Uh

2 ,(i,j)
) + ◦(h4)

8



d�§kO�
‖Uh,(i,j)−Uh

2
,(i,j)

‖∞
‖Uh

2
,(i,j)

−Uh
4
,(i,j)

‖∞ ≈ 4§K@���ºÝhv
�§d�§

e 4
3‖Uh,(i,j) − Uh

2 ,(i,j)
‖∞ ≤ 10−5§K@�®��10−5�°Ý§ÄK§ò��º

ÝC��5� 1
2§��

4
3‖Uh,(i,j) − Uh

2 ,(i,j)
‖∞ ≤ 10−5"

§1.5 ê�Á�(J9©Û

éu|^k�Ø��O5(½��ºÝ§·��h = 0.002 ≤ 0.0022§�

�ÝFÝ{ª�S�^��‖r‖∞ ≤ 5× 10−7"Kk�A�êâXeµ

�m�d Ø�‖eh‖∞
Ú�h=0.002 45.59 s 3.3093×10−7

Ù¥§Ø�O�úª�‖eh‖∞ = ‖Ũh − u‖∞"
éu|^��Ø��O5(½��ºÝ§�hÐ��h0 = 0.5§Åg©�§

¿O�Uh, Uh
2
, Uh

4
§��

‖Uh−Uh
2
‖∞

‖Uh
2
−Uh

4
‖∞ ∈ (3.99, 4.01) §K@���ºÝhv
�§

d�§e 4
3‖Uh−Uh

2
‖∞ ≤ 10−5§K@�®��10−5�°Ý§ÄK§ò��ºÝ

C��5� 1
2§��

4
3‖Uh−Uh

2
‖∞ ≤ 10−5"�Ñ�÷v�¦�h��'êâ"

Ú� O�T��ºÝ� 4
3‖Uh − Uh

2
‖∞ (‖Uh − Uh

2
‖∞)/

�m�d (‖Uh
2
− Uh

4
‖∞)

h = h0 = 0.5 0.0025 s 0.0243 4.5022

h = 1
2h0 0.0006 s 0.0054 4.1312

h = 1
22h0 0.0021 s 0.0013 4.0313

h = 1
23h0 0.0066 s 3.2397× 10−4 4.0075

h = 1
24h0 0.0220 s 8.0841× 10−5 4.0019

h = 1
25h0 0.0775 s 2.0201× 10−5 4.0005

h = 1
26h0 0.5091 s 5.0496× 10−6 -

h = 1
27h0 5.0951 s - -

3h = 1
26h0�§

4
3‖Uh−Uh

2
‖∞ ≤ 10−5§�(‖Uh−Uh

2
‖∞)/(‖Uh

2
−Uh

4
‖∞)®

3Ú�� 1
23h0��
áu(3.99, 4.01)��¦§̀ ²Ú�®²v
�§�Ê�O

�"¿vkO���ºÝ�h = 1
28h0�ê�(J§�Ñy
�""

·��±wÑ§���ºÝ�h = 1
26h0 = 0.0078125�§Òk§�Ø�Ì

� 4
3‖Uh − Uh

2
‖∞/ ≤ 10−5§�@����ºÝ�h = 1

26h0 = 0.0078125�§

O�°Ý��
10−5"

·�ÒO�)´Ä��
10−5°Ý�¦!Ø�Ì���´Ä�2ü�¡�

�y"
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§1.5.1 'uO�)´Ä��
10−5�°Ý�¦"

éuk�Ø��O§l1��L�¥�±wÑ§O�)Ũh�°()u�Ø

�ehk‖eh‖∞ = 3.3093× 10−7 < 10−5§'�¦�°Ý10−5�C100�§(¢�

�
�¦�°Ý§��L«����ºÝ �"

éu��Ø��O§���ºÝ�h = 1
26h0 = 0.0078125�§O�)Ũh�

°()u�Ø�eh�Ã¡�ê§��eLµ

Ú� Ø�‖eh‖∞
h = 0.0078125 5.0496× 10−6

ã�Xeµ

ã 1 O�)�ã�

lTL¥�±wÑ§‖eh‖∞ ≤ 10−5§(¢´÷v�¦°Ý�O�)§�

y
��Ø����5"3��Ø��O¥§Ó��´��B�§·�=³

���O�)Ò�±��O�)�°()�Ð��O§Ó�§�;�
k�

Ø��O����ºÝ ��¯K§k�~�
$�þ"

§1.5.2 'uØ�Ì���´Ä�2"

3k�Ø��O¥§·�=O�
h = 0.002��O�)§ØU���O

Ø�Ì���êâ"Ïd§|^��Ø��O¥^�êâ5�OÌ���"

b½T�©�ª�Ø�Ì���α§Kkµ

Uh,(i,j) = ui,j + Ci,jh
α + ◦(hα)

Ù¥§Ci,j´�hÃ'���¼ê§α��½�Ø�Ì��"
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Ïd§�h¿©��§·�kµ

‖Uh − u‖∞ ≈ Ch2, ‖Uh − Uh
2
‖∞ ≈ (1− 2−α)Chα

Ù¥§C´�hÃ'�~ê"3±þ�1��ªfü>�éê�µ

lg‖Uh − Uh
2
‖∞ ≈ lg((1− 2−α)C)− αlgh−1

ù`²§�hªu0�§3±lgh−1�î�I§lg‖Uh − Uh
2
‖∞�p�I�V

éê�I¥§ê�(Jlg‖Uh−Uh
2
‖∞ìC�ªu�^�Ç�−α���§�å

�Ck'§Ïd§|^Åg~����º�h�lg‖Uh −Uh
2
‖∞A^���¦?

1[Ü"�
êâ���5§=æ^lÚ�� 1
23h0��êâ?1[Ü"[Ü

(JXeµ

lg‖Uh − Uh
2
‖∞ = −1.2050− 2.0011lgh−1

=α = 2.0011, C = 0.0831"�A�[ÜãXeµ

ã 2 [Üã

lã¥�±wÑ§[ÜêâÚê�(Jlg‖Uh−Uh
2
‖∞A�3�^��þ§

�²O�[ÜêâÚê�(Jlg‖Uh−Uh
2
‖∞�Ø����2.62×10−4�m§

`²3ºÝv
��§(¢�±�ÑØ�{�"Ó�§|^ê�)�O�Ø

�Ì���2.0011�2�©�C§lê�þ�y
Ø�Ì���(¢�2"
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§2 1�|mà�Ú>.^�

2½ÂXe���ý��©�§

−4u(x, y) = 0 (x, y) ∈ (0, 1)× (0, 1)

u(x, 0) = 0 0 ≤ x ≤ 1

u(x, 1) = exsin(1) 0 ≤ x ≤ 1

∂u
∂ν + u = 2sin(y)e x = 1, 0 ≤ y ≤ 1

∂u
∂ν = −sin(y) x = 0, 0 ≤ y ≤ 1

(15)

Ù¥§¦)«�(0, 1)× (0, 1)P�Ω§«�[0, 1]× 0
⋃

[0, 1]× 1�Dirichlet>

.§P�∂ΩD¶«�1×[0, 1]�Robin>.§P�∂ΩR¶«�0×[0, 1]�Neumann>

.§ P�∂ΩN" ν�ü 	{�þ" ÷^�c�PÒ§ Pg(1)(x, y) =

2sin(y)e§ g(2)(x, y) = −sin(y), g(3)(x) = exsin(1)" T¯K�°()

�exsin(y)"

�A�3Ú�h���þ(Ù¥J�!:�I8)��©%C�§P�

−LhUi,j = fi,j (i, j) ∈ J

¿PLu = ∆u,�(x, y) ∈ Ω¶Lu = u,�(x, y) ∈ ∂ΩD¶Lu = ∂u
∂ν +

u,�(x, y) ∈ ∂ΩR¶Lu = ∂u
∂ν ,�(x, y) ∈ ∂ΩN"U��©�§�ê�ý)§Ũh�

�©�§�Ú��h�O�)"¿Peh = Ũh − u,∀(i, j) ∈ J¶Th = Lhu −
Lu,∀(i, j) ∈ J"eI�L«3(i, j)!:?��§3ù
þe\e�Ii, jL«

§2.1 �E�©�ª

kò«�y���"��BO§�3x§y��Ú�þ�h§PN = 1
h"

�N�I8�J = {(i, j) : (ih, jh) ∈ Ω} = {(i, j) : 0 ≤ i ≤ N, 0 ≤
j ≤ N}"U3(ih, jh)��P�Ui,j§�þ3(ih, jh)?��^\e�Ii, jL«"

duæ^��¥%�©�fCq�� �§�éu�KS:
◦
JΩ!��KS

:J̃Ω!Dirichlet>.:8JDkµ

◦
JΩ = {(i, j) : 1 ≤ i ≤ N − 1, 1 ≤ j ≤ N − 1}

J̃Ω = {(i, j) : i = 0, 1 ≤ i ≤ N − 1½i = N, 1 ≤ j ≤ N − 1}

JD = {(i, j) : 0 ≤ i ≤ N, j = 0½0 ≤ i ≤ N, j = N}

e¡�Ñ3�!:8þ��©�ª(¿|^−4u = 0)"

(1)�(i, j) ∈
◦
JΩ§̂ ��¥%�©�fCq�f4§��Xe�©�ªµ

4Ui,j − Ui+1,J − Ui−1,j − Ui,j+1 − Ui,j−1 = 0 (16)

12



(2)�(i, j) ∈ J̃Ω,©�e¡ü«�¹µ

• ei = N, 1 ≤ j ≤ N − 1�§��3(N, j):��ªµ

(4 + 2h)UN,j − 2UN−1,j − UN,j+1 − UN,j−1 = 2hg
(1)
N,j (17)

• ei = 0, 1 ≤ j ≤ N − 1�§��3(0, j):��ªµ

4U0,j − 2U1,j − U0,j+1 − U0,j−1 = 2hg
(2)
0,j (18)

(3)�(i, j) ∈ JD�§|^Dirichlet>.^�§��3ù
:?kµ

Ui,0 = 0, Ui,N = g(3)(ih) ∀0 ≤ i ≤ N

§2.2 ïá�§|9¦)�{

du3Dirichlet>.þ§¼êu��´®��§Ïd�I�O�U3SÜ

Úx = 1, x = 0ùü^�þ�¼ê�§�(N − 1)2 + (2N − 2) = N2 − 1�§y

3§òù
¼ê�ü����þ§ü{Xeµ

U = [U0,1, U1,1, · · · , UN,1, U0,2, U1,2, · · · , UN,2, · · · , U0,N−1, U1,N−1, · · · , UN,N−1]T

ò(17),(18),(19)�n¤Ý
/ª§¿|^3x = 0, x = 1ùü^�þ�¼

ê�§¿òÝ
?1�n§¦�é¡§�n�{´3ª(18),(19)üà©O¤0.5"

��XeÝ
/ªµ

T̃ Ĩ

Ĩ T̃ Ĩ

Ĩ T̃ Ĩ

. . .
. . .

. . .

Ĩ T̃ Ĩ

Ĩ T̃



U =



F̃1

F̃2

F̃3

...

F̃N−1



Ù¥§T̃ , Ĩ�(N + 1)× (N + 1)Ý
§�Ĩ = diag(−0.5,−1, · · · ,−1,−0.5)
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T̃ =



2 −1

−1 4 −1

−1 4 −1

. . .
. . .

. . .

−1 4 −1

−1 2 + h


F̃k = [hg

(2)
0,k, 0, · · · , 0, hg

(1)
N,k]T 1 ≤ k ≤ N − 2

F̃N−1 = [hg
(2)
0,N−1 + 0.5g

(3)
0,N−1, g

(3)
1,N−1, · · · , g

(3)
N−1,N−1, hg

(1)
N,N−1 + 0.5g

(3)
N,N−1]T

Pù��§|�AU = F§duA�Ø��é�Ó`�é¡Ý
§�A�

½,æ^�ÝFÝ{¦)"3d§duk�Ø��O´±Ã¡�ê�O�§�

ò�ÝFÝ{S�ª�^�U�íþr = F −AŨ�Ã¡�êk‖r‖∞v
�"

§2.3 k�Ø��O(½Ú�h9�A�¦)�{

ùÜ©k?ØXÛ^k�Ø��O(½��ºÝ"

k��
PÒ�5½"PJ̃Ω1
= {(i, j) : i = 0, 1 ≤ j ≤ N − 1}§J̃Ω2

=

{(i, j) : i = N, 1 ≤ j ≤ N − 1}§J̃D1
= {(i, 0) : 0 ≤ i ≤ N}§J̃D2

=

{(i,N) : 0 ≤ i ≤ N}"KJ̃Ω1

⋃
J̃Ω2

= J̃Ω§=ùn�!:8�¤
��K

S:8"J̃D1

⋃
J̃D2 = J̃D§d�§�A��©�§²�nXeµ

−LhUi,j =
4Ui,j−Ui+1,J−Ui−1,j−Ui,j+1−Ui,j−1

h2 = 0 (i, j) ∈
◦
JΩ

−LhUi,j =
4Ui,j−2Ui+1,j−Ui,j+1−Ui,j−1

2h = g
(2)
i,j (i, j) ∈ J̃Ω1

−LhUi,j = − (4+2h)Ui,j−2Ui−1,j−Ui,j+1−Ui,j−1

2h = −g(1)
i,j (i, j) ∈ J̃Ω2

Ui,j = 0 (i, j) ∈ J̃D1

U(i, j) = g
(3)
i,j (i, j) ∈ JD2

(19)

òþã�§�¤/X(3)��§§=

−LhUi,j = f̃i,j (i, j) ∈ J (20)

Ó��§©ü�Ú½?1k�Ø��O"

(1)|^'�½n(½C��"
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�'�¼ê�φ = 1
4 ((x + 2)2 + (y + 2)2)�A���¼ê§Kφ�K§e

wLhφ"

�(i, j) ∈
◦
JΩ�§́ �Lhφ = 1"

�(i, j) ∈ J̃Ω1
�§Ï�l©Û3J̃Ω1

�ÛÜ�äØ�(aqu�c�?n

�{)�§�äØ�´°()�ng�ê9±þ�¤§φ�k�g§�Lhφi,j =

−(−∂φ∂x )"k

Lhφi,j =
∂φ

∂x

=
1

4
× 2(jh+ 2) ≥ 1

�(i, j) ∈ J̃Ω2�§��:

Lhφi,j =
∂φ

∂x
+ φ

≥ 1

4
× 2(jh+ 2) ≥ 1

nÜþãn��¡§�(i, j) ∈ JΩ�§Lhφ ≥ 1"d'�½n�

C = max
(i,j)∈JD

|φi,j | =
9

2

(2)©O�O�äØ���§Ú�©íþ��"

k�O�äØ���"3d§��O��e°()u��� ���§�

uy∂ku
∂xk = exsin(y)§�k�óê�§|∂

ku
∂yk
| = exsin(y)¶�k�Ûê�§|∂

ku
∂yk
| =

excos(y)§K3Ωþu�� �©ª�ue"

�(i, j) ∈
◦
JΩ�§aqu�c�?n�{§kµ

|Lhu− Lu|i,j

≤ 1

12
h2 max

(x,y)∈Ω
(|∂

4u(x, y)

∂x4
|+ |∂

4u(x, y)

∂y4
|)

≤ 1

6
h2e

�(i, j) ∈ J̃Ω1
�§kµ

|Lhu− Lu|i,j

≤ 1

6
h2 max

(x,y)∈Ω
(|∂

3u(x, y)

∂x3
|+ 1

8
h|∂

4u(x, y)

∂x4
|+ 1

8
h|∂

4u(x, y)

∂y4
|)

≤ 1

6
h2(1 +

1

4
h)e
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�(i, j) ∈ J̃Ω2
�§kµ

|Lhu− Lu|i,j

≤ 1

6
h2 max

(x,y)∈Ω
(|∂

3u(x, y)

∂x3
|+ 1

8
h|∂

4u(x, y)

∂x4
|+ 1

8
h|∂

4u(x, y)

∂y4
|)

≤ 1

6
h2(1 +

1

4
h)e

nÜþ¡�o�©Û§(Ü3Dirichlet>.þvkØ�§�±��3��

mΩþ§�h < 4(ù´w,÷v�)§kXe��äØ��Oµ

‖Lhu− Lu‖∞ ≤
1

3
h2e

2�O�©íþ��"

duæ^�ÝFÝ{�§́ ^íþ´Ä��ý½�9´Ä����S�

gê��S�ª�^�§K·��±ÀJS�ª�^��íþ‖r‖∞ < 5 ×
10−7"d�§ÏLÀ�Ü·�h§¦�Ø��u10−5"=

‖eh‖∞ ≤
9

2
(
1

3
h2e+ 5× 10−7) ≤ 10−5

)�h ≤ 0.0014"K�Ú�h = 0.001§�÷v°Ý��10−5"

§2.4 ��Ø��O(½Ú�h9�A�¦)�{

��Ø��OªXeµ

Uh,(i,j) − ui,j =
4

3
(Uh,(i,j) − Uh

2 ,(i,j)
) + ◦(h4)

d�§kO�
‖Uh,(i,j)−Uh

2
,(i,j)

‖∞
‖Uh

2
,(i,j)

−Uh
4
,(i,j)

‖∞ ≈ 4§K@���ºÝhv
�§d�§

e 4
3‖Uh,(i,j) − Uh

2 ,(i,j)
‖∞ ≤ 10−5§K@�®��10−5�°Ý§ÄK§ò��º

ÝC��5� 1
2§��

4
3‖Uh,(i,j) − Uh

2 ,(i,j)
‖∞ ≤ 10−5"

§2.5 ê�Á�(J9©Û

éu|^k�Ø��O5(½��ºÝ§·��h = 0.001 ≤ 0.0014§�

�ÝFÝ{ª�S�^��‖r‖∞ ≤ 5× 10−7"Kk�A�êâXeµ

�m�d Ø�‖eh‖∞
Ú�h=0.001 422.84 s 4.9818×10−8

Ù¥§Ø�O�úª�‖eh‖∞ = ‖Ũh − u‖∞"
éu|^��Ø��O5(½��ºÝ§�hÐ��h0 = 0.25§Åg©
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�§¿O�Uh, Uh
2
, Uh

4
§��

‖Uh−Uh
2
‖∞

‖Uh
2
−Uh

4
‖∞ ∈ (3.99, 4.01) §K@���ºÝhv


�§d�§e 4
3‖Uh −Uh

2
‖∞ ≤ 10−5§K@�®��10−5�°Ý§ÄK§ò�

�ºÝC��5� 1
2§��

4
3‖Uh −Uh

2
‖∞ ≤ 10−5"�Ñ�÷v�¦�h��'

êâ"

Ú� O�T��ºÝ� 4
3‖Uh − Uh

2
‖∞ (‖Uh − Uh

2
‖∞)/

�m�d (‖Uh
2
− Uh

4
‖∞)

h = h0 = 0.25 0.0024 s 0.0025 3.3955

h = 1
2h0 0.0024 s 7.3350× 10−4 3.8170

h = 1
22h0 0.0090 s 1.9217× 10−4 3.9601

h = 1
23h0 0.0142 s 4.8526× 10−5 3.9927

h = 1
24h0 0.0848 s 1.2154× 10−5 3.9982

h = 1
25h0 0.6389 s 3.0398× 10−6 -

h = 1
26h0 6.5373 s - -

3h = 1
25h0�§

4
3‖Uh−Uh

2
‖∞/ ≤ 10−5§�(‖Uh−Uh

2
‖∞)/(‖Uh

2
−Uh

4
‖∞®

3Ú�� 1
23h0?÷váu(3.99, 4.01)��¦§=��ºÝv
�§�Ê�O

�"��ºÝ�h = 1
27h0�ê�(J´Ø7��§�Ñy
�""

·��±wÑ§���ºÝ�h = 1
25h0 = 0.0078125�§Òk§�Ø�Ì

� 4
3‖Uh − Uh

2
‖∞/ ≤ 10−5§�@����ºÝ�h = 1

25h0 = 0.0078125�§

O�°Ý��
10−5"

·�ÒO�)´Ä��
10−5°Ý�¦!Ø�Ì���´Ä�2ü�¡�

�y"

§2.5.1 'uO�)´Ä��
10−5�°Ý�¦"

éuk�Ø��O§l1��L�¥�±wÑ§O�)Ũh�°()u�Ø

�ehk‖eh‖∞ = 4.9818× 10−8 � 10−5§'�¦�°Ý10−5�C500�§(¢�

�
�¦�°Ý§��L«����ºÝ �"

éu��Ø��O§���ºÝ�h = 1
25h0 = 0.0078125�§O�)Ũh�

°()u�Ø�eh�Ã¡�ê§��eLµ

Ú� Ø�‖eh‖∞
h = 0.0078125 3.0399× 10−6

ã�Xeµ
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ã 3 O�)ã�

lTL¥�±wÑ§‖eh‖∞ ≤ 10−5§(¢´÷v�¦°Ý�O�)§�

y
��Ø����5"3��Ø��O¥§Ó��´��B�§·�=³

���O�)Ò�±��O�)�°()�Ð��O§Ó�§�;�
k�

Ø��O����ºÝ ��¯K§k�~�
$�þ"

§2.5.2 'uØ�Ì���´Ä�2"

3k�Ø��O¥§Ó�|^��Ø��O¥^�êâ5�OÌ���"

b½T�©�ª�Ø�Ì���α§Kkµ

Uh,(i,j) = ui,j + Ci,jh
α + ◦(hα)

Ù¥§Ci,j´�hÃ'���¼ê§α��½�Ø�Ì��"

Ïd§�h¿©��§��c�?n�{��§kµ

lg‖Uh − Uh
2
‖∞ ≈ lg((1− 2−α)C)− αlgh−1

ù`²§�hªu0�§3±lgh−1�î�I§lg‖Uh − Uh
2
‖∞�p�I�V

éê�I¥§ê�(Jlg‖Uh−Uh
2
‖∞ìC�ªu�^�Ç�−α���§�å

�Ck'§Ïd§|^Åg~����º�h�lg‖Uh −Uh
2
‖∞A^���¦?

1[Ü"�
êâ���5§=æ^lÚ�� 1
23h0��êâ?1[Ü"[Ü

(JXeµ

lg‖Uh − Uh
2
‖∞ = −1.4311− 1.9983lgh−1
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=α = 1.9983, C = 0.0494"�A�[ÜãXeµ

ã 4 [Üã

lã¥�±wÑ§[ÜêâÚê�(Jlg‖Uh−Uh
2
‖∞A�3�^��þ§

�²O�[ÜêâÚê�(Jlg‖Uh − Uh
2
‖∞�Ø����2.1× 10−4�m§

`²3ºÝv
��§(¢�±�ÑØ�{�"Ó�§|^ê�)�O�Ø

�Ì���1.9983�2�©�C"lê�þ�y
Ø�Ì���(¢�2"

§3 §S`²

dukü|ØÓ�mà�Ú>.^�§�ò§S©�
code1Úcode2ü

�©�Y§p¡�§S�q§�ØU·^"

éuùü|§S§prior´^u3�½��ºÝe?1O�§¿O��°

()Ø��Ã¡�ê"posterior´^ul,���ºÝm©§Åg©�§��

��ºÝv
�§�Ø��uNN�"elliptic´��¼ê§3�½��ºÝe

Ò�±O��A�)§�â¯K�ØÓkØÓ�elliptic ¼ê"vertify´^u

�äØ�Ì��´Ä�2§I�3posterior$1�âU$1"CG´�ÝFÝ{

¦)�5�§|"
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