Numerical Solutions to

Partial Differential Equations

Zhiping Li

LMAM and School of Mathematical Sciences
Peking University




Finite Difference Methods for Hyperbolic Equations

L Finite Difference Schemes for the Advection Equation

L Performance of Difference Schemes on Initial Value Problems

Things to Check for the Overall Performance of a Scheme

Under the CFL condition,

o
(2]

Local truncation error and consistency;
Dissipation and global error on the amplitude;

Dispersion and relative error on the phase angle (dispersion
relation: w(k) = —ak, wp(k)T = arg Ak = —akr(1+--+));

The error on the group speed (C(k) = '(k),
Ch(k) = wj (k)), for large k;

Spurious modes must be under control.




Finite Difference Methods for Hyperbolic Equations

L Finite Difference Schemes for the Advection Equation

LStability Analysis of Numerical Boundary Conditions

Vertical Fourier Modes and Amplification Factors

© 066 © ©

e

Separation of variables of difference solutions: U™ = AT
Standard Fourier modes: U™ = Aelkih () = ekh)

Vertical Fourier modes: U™ = pREEG (0, = b
Fourier mode solutions of the advection equation: eFik(x—at),
The amplification factors of the advection equation: e¥ikh.

Substitute the vertical Fourier mode U™ = eTiamkT )J into 3
J k

difference scheme to get the amplification factor ,uf

For real solution modes, we expect ,uj{t f B
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LStability Analysis of Numerical Boundary Conditions

Strong Damping Effect of the Lax-Wendroff Scheme to Spurious Modes

In general, If the CFL condition is satisfied, the Lax-Wendroff
scheme has very strong damping effect to the reversely
propagating waves, so the additional numerical boundary
conditions will not cause too much error pollution to the
numerical results.
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LStability Analysis of Numerical Boundary Conditions

Amplification Factor of Vertical Fourier Mode of the Leap-frog Scheme

@ The leap-frog scheme: Uerl ur Ly /M= Umy)-

@ Substitute U" = )\k’”ujk = eila’"kﬁﬂk into the leap-frog
scheme yields the characteristic equation:

vps — (1= M)k — vAx = 0.

© The amplification factor of the vertical Fourier mode:

(1= X) % /(1= X +4y2)\2
22U\

(WF = £(1— (28)2)1/2 _3sinb g — takr = Lukh).

Q@ )\ = etk ~ 1 +iakr = 1 +ivkh.

Mk =
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Amplification Factor of Vertical Fourier Mode of the Leap-frog Scheme

@ For the two real solution modes Ujim = (Af)m (u,r(i)j:
1 — ikh ~ e~ ikh

) ~
)11 T ikh ~ eikh,

Nzi = pi(Ax

: : £m _ (\E\M (, s\,
© For the two spurious solution modes V=" = (A7) ™ (i)
st s(\E\ ~ _(1 +ikh) ~ _elkh;
Ky = /’Lk(Ak) ~ . —ikh
—(1 — ikh) = —e™ ",
@ The leap-frog scheme may also have no damp to some high
fl’eq uency Vel’tica| Spu riOUS mOdeS (In fact, whenever |sin vkh| < |v| holds. On
the other hand, if | sin vkh| > |v| holds, then [u7| > 1, then the corresponding frequency modes are

damped sharply. For example, if v = 1/2, then |sin vm| = 2|v|, and the highest frequency mode is

damped very sharply.);



Special Cares Needed to Limit Spurious Modes of the Leap-frog Scheme

@ General solution of the leap-frog scheme can be written as
U= O) | Rty 5 (i) O R (i) + (Y] -
k
@ Start up scheme at m = 0, the data on m = 1 and numerical
outflow boundary conditions should be properly provided and
coupled, so that SZF = h.o.t, 5, = h.o.t., for all k.

© The zero order extrapolation numerical boundary condition on
the outflow boundary is a non-reflection boundary condition,
which means no obvious new grid size spurious Fourier modes
will be produced at the boundary.

@ It is important that U contains as less as possible the
spurious component, while has a real component with
reasonable approximate accuracy.
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L Numerical Flux and Consistent Conservative Scheme

Conservation Law and Its Cell Average Form

@ Differential form of 1D first order scalar conservation law:
du(x, t) n Of (x, t,u(x,t))
ot 0x

@ Integral form of 1D first order scalar conservation law:

Xr Xr ta
/ u(x, ty) dx = / u(x, tp) dx — [/ f(xr, t, u(x,, t)) dt
X X t,

! 1 b

=0, xelCR, t>0,

ta
—/ f(x, t,u(x, t)) dt] , VX < X, 0 < tp < t,.
t

b

u™: the integral average of u on (x;_1,x;

J=3 .H-%) at tm;

S
u

1
; 21 the integral average of the flux f on (tm, tmy1) at
2

O R zmty  zmtg
O o' =u 5 [CJr; 1372 } Vj,Vm>0.
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Numerical Flux and Discrete Conservation Law

+2 _m+%.
01
iE Ji§
@ Numerical flux is of the following (transiation invariant) form:

_ X m m+1 i m+1
=F ([XJ—P7 Uj—p: Uj_p ]7 T [XJ-‘rCh J+q7 lJJ+q ] tm, tm+1) )
© Conservative difference scheme for the conservation law:

T, m+1 m+3
urtt = yr - = [F,+12 — F._lz} ;
hj | 7+3 J=3

@ U ~ 4", numerical flux F.

1
mti
[F." a2
J+3

@ Discrete conservation law: for all j; < j,, k> 1> 0,

+3 +3
Zﬂh Uk = Zﬂh Ul - Z Tm T+22—§;Tij/m2




Consistent Conservative Scheme

A difference scheme is said to be a consistent conservative scheme
for the conservation law

/Xr u(x, ty) dx = /Xr u(x, tp) dx — [/ta f(x, t, u(xy, t)) dt

X] X tp

fig
—/ f(x, t,u(x, t)) dt] , VX1 < X, 0< tp < t,.
tp

if its numerical flux is of the form

m+3 m m
Fj+%2 =F ([Xj—m U_,pip7 Uj_—;1]7 ) [Xj—i-qa Ufiq, U_/+q1] tm, tm—i—l)
and (1) F([x,u,u], -, [x,u,u];t, t) = f(x,t,u), ¥V (x,t,u);

(2) F is continuous, and is Lipschitz continuous with
respect to the unknown U.
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Conservative is Crucial to a Difference Scheme for a Conservation Law

@ Consider the initial value problem of the Burgers equation:

ou 10u? 1, if x<0;
— 4+ =—=0, u(x,0)=<"
ot 2 0x (x;0) 0, if x>0;
@ The upwind scheme based on the equivalent nonconservative
equation u; + uuy = O:

T m m H
ymtl — UJm EU (U Uf—l) , if UJm 20,
! Ur - LU (U, - U, if U <.

© Truncation error O(7 + h), and stable, in fact satisfies the
maximum principle, if CFL condition holds.
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L Numerical Flux and Consistent Conservative Scheme

Conservative is Crucial to a Difference Scheme for a Conservation Law

@ Numerical solution:
1, if § g
um=wo =) TI<Y s
0, if j=>0,

@ Numerical solution converges to U(x,t) = u(x,0), ¥Vt > 0, Vx.

@ 0= s[i] # [f] = 1/2, Rankine-Hugoniot jump condition is not
satisfied, therefore, &1 is not a weak solution.
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L Numerical Flux and Consistent Conservative Scheme

Conservative is Crucial to a Difference Scheme for a Conservation Law

For a nonlinear conservation law

@ Non-conservative schemes can converge to a function, which
is not a weak solution.

@ Consistency and stability of a finite difference scheme do not
necessarily lead to the convergence of the scheme.

@ On the other hand, it can be shown, for a consistent
conservative scheme to a conservation law, if the numerical
solutions converge in certain specified sense, then the limit
function must be a weak solution to the conservation law.
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L Finite Volume Schemes

Upwind Numerical Flux and Conservative Upwind Scheme

The finite volume method is a natural way to establish conservative
difference schemes. For simplicity, we consider u; + f(u)x = 0 with
f smooth, and uniform grids in tensor product form.

@ Rewrite the conservation law in the form uy + f/(u)uy = 0.

® The numerical characteristic on the cell interface x.

+3
F(Uz) — F(UM)

J+1 : m m.
am1: _Um ’ if UJ"H-#UJ"
J+3 J+1

0, if —um,

J+1

© CFL condition: max,ey |f'(u)| 7 < h, (U: the solution set).
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Upwind Numerical Flux and Conservative Upwind Scheme

@ Define the numerical flux by (the method of characteristics)
ot FUp), if an, =0,
.+l
j+ ( if ;,;HE <o.

N—=

j+1)

This leads to the upwind scheme for the scalar conservation law:

U"7+1 U %{ [(l—i-sign(aﬂ%)) f(U")+ (1 —sign(aj’.i%» f( JTH)}

— Kl%—sign(aj”i%)) f(UZ)+ (l—sign(aj ;)) f(U’")} }
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L Finite Volume Schemes

Upwind Numerical Flux and Conservative Upwind Scheme

@ For f(u) = au (a =constant), the scheme is upwind.

@ The scheme is a consistent conservative difference scheme.

@ The integral averages L’Jf’”’l and " are calculated by the

middle point quadrature rule.

Zm+1
Ci%
point (generally not the middle point) quadrature rule.

@ The integral averages of the flux are calculated by a one

© Consequently, the truncation error of the upwind scheme is
generally only first order.
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Middle Point Quadrature and a Conservative Lax-Wendroff Scheme

To achieve higher order accuracy, the middle point quadrature rule

can be used to calculate the integral averages of the flux, so that
FriE = f(Um+2)
j+3

with a properly defined finite difference operator Rj+; satisfying

2
m+% _ m m+% _ m 2 2
UH‘% _Rj+%(U Il UH_% —Rj+%(” )+ O(7° + h7).

@ The two steps Richtmyer scheme:
1

+3 m m m
UJZ%2 - (U + J+1) 2h [f( J+1) - f(U )] =R %(U )
m+l _ gym _ T ’"+2 _
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Middle Point Quadrature and a Conservative Lax-Wendroff Scheme

@ Let the integral averages L'ij"+1 and DJf" be calculated by the
2nd order accurate middle point quadrature rule.

© for piecewise constant U, U(x;j, t) = U, tm < t < tl
. m+% _,.m T m 2
@ by Taylor expansion, Uy = Ul 2f(uj+%)x + O(79).
f F(u
@ F(um )e="EVTD 4 042) = uTIE=R, 4 (MHOE2HR)
2 2

@ Consequently, the truncation error of the scheme is 2nd order.

@ For f(u) = au (a =constant), the scheme reduces to the
Lax-Wendroff scheme.
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Another Consistent Conservative Lax-Wendroff Scheme

There are many ways to extend the Lax-Wendroff scheme to a
conservative scheme for the scalar conservation law.

For example, if f is smooth, by u; = —f(u)x and
upr = —(F(u)e)x = (F(u)f(u)x)x, we can establish the
Lax-Wendroff scheme for the scalar conservation law
m+1 m m m
U " UJ " 2h [f( j+1) - f(UJ'—l)]
72
o7 [ (FUL) — F(UP) — &y (FUP) = F(U)]
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Another Consistent Conservative Lax-Wendroff Scheme

@ For f(u) = au (constant a), the scheme reduces to the
Lax-Wendroff scheme.

@ It is a consistent conservative scheme for the scalar
conservation law.

© The truncation error of the scheme is 2nd order.
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Numerical Initial-Boundary Conditions To Maintain Global Conservation

@ An initial-boundary value problem of a conservation law
(f" > 0):

du Of(u) u(x,0) = u®(x), xe€(0,1);
= =0, xe(0,1), t >0,
8t+ Ox x<(0.1) {U(O, t) =up(t), t=>0.

@ Global conservation (or balance) of weak solutions:

/Olu(x,t)dx:/o (x,0) dx— {/f (1,t)) dt—/f (0,1)) dt}

© Conservative scheme: Uf”“ = Th! [F-':; - ij_l]
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Numerical Initial-Boundary Conditions To Maintain Global Conservation

@ Numerical initial and boundary conditions (' > 0):

T

1 ',Jr% 1 tmt1

UF’:f/ W(x)dx, V1<j<N; Fi":f/ f(uo(t)) dt, Vm > 0.

J=3 ’ R

© We can also define the value of Uy" on the ghost node xp by
making use of the relation

1 tm+1
Fg, U = 7 = [ Flun(e) o
tm

T
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Numerical Initial-Boundary Conditions To Maintain Global Conservation

@ Global property of the numerical solution:
m+k

hy UJO—/O1 u®(x) dx, T;Fé —/w f(uo(t)) dt.

tm
@ Numerical boundary condition on outflow boundary —
construction of upwind numerical flux:
a i m — m
(1) 1st-order upwind numerical flux FN+% = f(UY).
(may also be viewed as resulted from the zero order extrapolation U,'\’,’Jr1 = U,'\T,'),
2 : rm  _ ([ /m m
(2) 2nd-order upwind numerical flux FN+% = F(UJ_4, UF).

(say the Beam-Warming Flux; may also be viewed as resulted from the 1st-order extrapolation.)
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Advection-Diffusion Equation — A Model Problem

@ An initial value problem of a 1D constant-coefficient
advection-diffusion equation (a > 0, ¢ > 0): u; + auy = Cuxx,
xER, t>0; u(x,0)=u'x), xeR.

o By a change of variables y = x — at and v(y, t) = u(y + at, t),
Vi =cvyy, yER, t>0; v(x,0)=u0x), x eR.
Characteristic global properties of the solution u:

@ There is a characteristic speed as in the advection equation,
which plays an important role to the solution, especially when
|a| > c (advection dominant).

@ Along the characteristic, the solution behaves like a parabolic
solution (dissipation and smoothing).

24 /37
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Central Explicit Scheme for the Advection-Diffusion Equation

The simplest difference scheme is the central explicit scheme

+1
urur gmoup, | gm, 2,
T 2h - h?

or equivalently (v = aT/h w=ct/h?)

1
m+1 _ m 7V) U_m
- T j—
U = (u ) j+1 (1- )U + (1 + > 1

@ Condition for the maximum principle: y = % < % h < %C

@ Amplification factor Ay = 1 — 2u(1 — cos kh) — iv sin kh.

Note: [2-stable < |\¢| < 1+ O(7); L?-strongly stable < |\| < 1.
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LCentral Explicit and Modified Central Explicit Schemes

IL? Strong Stability Conditions of the Central Explicit Scheme

O |[M\|?> =1—(1—coskh)[4u—4u>(1 — cos kh) — v%(1 + cos kh)].

@ Strongly stable < 4y — 41%(1 — cos kh) — v2(1 + cos kh) > 0
& by —20° + (V2 — 4u?)(1 — cos kh) > 0, if cos kh # 1.

© L2 strongly stable < 4y — 202 + (v? — 4u?)(1 — cos kh) > 0.

@ Take k = 7wh1, we are lead to a necessary condition:
Al —2p) = 4 — 202 +2(12 — 4p2) > 0 & p < 3.
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LCentral Explicit and Modified Central Explicit Schemes

IL? Strong Stability Conditions of the Central Explicit Scheme

Q@ letkh—-0=>12<2ue 1< i—c a necessary condition.

O g(&) = 4p— 2%+ (v — 4p2)€ is monotonic with respect to &,
and g(0) >0, g(2) > 0, if the two necessary conditions hold.

Q g(&) >0, V¢ €[0,2], if the two necessary conditions hold.

@ 1.2 strongly stable < p < % and 7 < %
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LCentral Explicit and Modified Central Explicit Schemes

Péclet Number and the Stability of the Central Explicit Scheme

Under the condition p < 1/2,

@ the maximum principal holds if and only if the Péclet number

|ac|h satisfies 127 | < 2.

& @ <2 = 7 < h?/(2c) < 4c?/(2ca®) = 2¢/a* = the second
condition for 1.2 strong stability holds automatically.

® When |a|h > 2, the scheme does not satisfy the maximum
prinC|p|e, and the condition 7 < 2; substantially restricts the
time step size for the scheme to be L2 strongly stable (see
Example 4.1).

Note: The truncation error of the Central Explicit Scheme is O(7 + h?)isg .
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Modified Central Explicit Scheme for the Advection-Diffusion Equation

By u; = —auy + Cli, Ugp = 3P lxy — 2ac8§u + C28§u, for ¢ < |al:
72 m
ujf"H:[u | T Ut +2Utt:| + O(T3)
J

a’t "
:[u —aruy + G‘ +2> TUXx:| + O(cr? + 7).
J

This leads to the modified central explicit scheme

m+1 m m m m m
Y —Uj’"+a - Y _ <c+1a27> [t —2U; +(jj71.

T 2h 2 h?
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Modified Central Explicit Scheme for the Advection-Diffusion Equation

@ Local truncation error O(c7 + 72 + h?).

@ By the results of the central explicit scheme (with & = c+ a°7):

1, T
C+§a7' ﬁg

1 2¢ + a*t
2
1 1 2 s
<c+ 2327'> T < 5 T < ﬂ, & L2 strong stability.

h <
al

9 =

, < maximum principle;

h? - 2

©® Compared with the central explicit scheme, to satisfy the
maximum principle, the condition on the spatial grid size is
relaxed, but the condition on the grid ratio is more restricted.
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Stability Conditions for the Modified Central Explicit Scheme

@ The second condition for the IL? strong stability holds
automatically.

@ The necessary and sufficient stability conditions:

1, 7T
C+53T ﬁg

c+ E327- 7
2 h?

2
, h§2C+aT
a

, < maximum principle;

& L2 strong stability.

VAN
NIl—= N =
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The Upwind Scheme for the Advection-Diffusion Equation

The upwind scheme (a > 0)

m+1
Yj —Ujm+an’"—Uj"ll:CUﬁ_l—2Ujm+UJﬁll7

T h h?

or equivalently (compare the central explicit scheme)

m+1
SR (o L) 2
T 2h 2 h?2 '
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The Upwind Scheme for the Advection-Diffusion Equation

@ Local truncation error O(7 + h).

@ By the results of the central explicit scheme (with & = c + 1ah):

2 h

(2c + ah)% <1, h< %, < maximum principle;
2 h

(2c + ah)% <1, 7< %, & L2 strong stability.

© The second condition for the maximum principle holds
automatically.
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LUpwind Scheme for Advection-Diffusion Equation

The Stability Condition for the Upwind Scheme

@ The second condition for the L2 strong stability is a
consequence of the first, since

a’t _ a’h? T

2c+ah  2c+ ah h?

(2c +ah)? T T
<€A T (2c+ ah)—=
= eran @ erail,

@ The necessary and sufficient stability condition:
(2c + ah)% <1, < maximum principle;

(2c + ah)% <1, < L2 strong stability.

34 /37



Finite Difference Methods for Hyperbolic Equations
L Finite Difference Schemes for Advection-Diffusion Equations

LA Crank-Nicolson Type Implicit Scheme

A Crank-Nicolson Type Scheme for the Advection-Diffusion Equation

The Crank-Nicolson scheme for the advection-diffusion equation:

+1 +1 +1
" _‘ij+a[%"l1—ujn11+‘jjﬂ1 - U4 ]
T 2

2h 2h
1 1 1
_cfum—2upeur, unt-aurt e uny
2 h? h? '

or

(L4 U = (1= U+ S = 2) (U + U7
1

v m
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LA Crank-Nicolson Type Implicit Scheme

A Crank-Nicolson Type Scheme for the Advection-Diffusion Equation

1 — (1 — cos kh) — itvsin kh
1+ u(1 — cos kh) + itvsin kh’

@ Amplification factor: Ay =

@ |\«| <1, for all k, unconditionally IL? strongly stable.

© Condition for the maximum principle 4 <1, h < ’ ’ i.e. the

condition on u is the same as for the diffusion equation,
provided h is less than the Péclet number lalh |h <2
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