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A Model Problem in a 2D Box Region

Let us consider a model problem of parabolic equation:
ur = a (U + uyy), (x,y)€Q, t>0,
u(x,y,0) = u(x,y,0), (x.y) €,
u(x,y,t) =0, (x,y) €09, t>0,
where a > 0 is a constant, Q = (0, X) x (0, Y) C R2.
@ For integers Ny > 1 and N, > 1, let hy = Ax = XN and
h, = Ay = YN, be the grid sizes in the x and y directions;
@ a uniform parallelopiped grid with the set of grid nodes
Jaxr, = {(Xj Yk tm) 1 0 < j < Ny, 0< k< Ny, m> 0},
where x; = j hy, yx = k hy, tm = m7 (7 > 0 time step size).
© the space of grid functions
U={U% = U,y tm) : 0 < j < Ny, 0< k <Ny, m>0}.
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The Forward Explicit Scheme in a 2D Box Region

The forward explicit scheme and its error equation
+1
U™ = Yk _ [Yhaw = 2Y7+ Ula | Yl = 2V + Uil

T N h2 h2

eJT/:rl = [1 - 2(.Ux + ,uy)] k+.ux ( i1k T e ~1 k)‘f'ﬂy ( ik+1 T e k— 1) T-',’LT,

where py = h2 ' Py = hQ are the grid ratios in x and y directions.

The truncation error is
1 a
Tu(vav t) = §utt(xaya t)T — E (8§U(X7y7 t)h)2< + a;}u(x7y7 t)h)z/)
+O(7° + b} + K).
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The Forward Explicit Scheme in a 2D Box Region

@ the condition for the maximum principle: g, + p, < %;

@ Fourier modes and amplification factors Ay (I = (/, /)):

U_/mk — Im 1(axxj+ayyk) _ )\m i(lxj7rN;1+ka7rN;l)

Qe =5T N+ 1< < Ny, oy =57 - N, +1< 1, <Ny

(Ix, Iy represent the frequency or wave number in x, y direction.)

© amplification factor Ay =1 — [,ux sin? 2xhe 1y i aéhy}
=1-4 [,ux sin? IX” + py sin? 2ly,\7lr]

@ L2 stable if and only if puy + py, < 1/2;

© Convergence rate is O(7 + hZ + h2).




The 6-Scheme in a 2D Box Region

unt - Uy 52 5 52 &2
i Lk = x 4 Y| ym x % +1
T =(1-0)a h_§+h_f, [T+ 0a h_)2<+h_}2, ™
=(1-0)a [Ujril,k - 2Uj2'r,nk + an117k i Ufk_,_l = 2ljJ2!’r7k e Uj’,nk—l}
h2 hy

m—+1 m=+1 Ll il i1 -

Ui — 2007 + U USda =200 + UN T

+ fa I
h2 n2

The error equation:
(2 +28) (st + 1, )] 5t = 0 0 (% + &0 ) + 1y (38 + 3 )]
11201 - 0)(ne + )] €l

1
+(1-0) [px (eﬁ-l,k + efil,k) + py (eJTk-Fl + eJTk—l)] - TTﬂﬂ’
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The 6-Scheme in a 2D Box Region

The truncation error
— O(r2 + h2 + h2), if =3,
O(t+h2+h2), if 6+3,
@ the condition for the maximum principle:
2jix + py) (L~ 0) < 1;

Ijm | lykm
+7
@ Fourier modes: U = Ael(®@tanyi) — \me G+ )

1= (I, ly), ax = &Tﬂ,ay: yT,axxj-: M,a Yk = Iy,\;:r;
© amplification factor
2 I 2 hm
1—-4(1-0) [,uxsm - T by Sin S }

1440 [,uxsm2 L +,uy5|n2 2/N }

Al =
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The 6-Scheme in a 2D Box Region

@ for 8 > 1/2, unconditionally L2 stable:
@ for 0 < 0 < 1/2, L2 stable iff 2(1 — 20)(ux + py) < 1;

@ the matrix of the linear system is still symmetric positive
definite and diagonal dominant, however, each row has now
up to 5 nonzero elements with a band width of the order

O(h™1);
@ if solved by the Thompson method, the cost is O(h~!) times

of that of the explicit scheme;

@ in 3D, ux + p1y = px + py + pz, and O(h~t) = O(h72), if
solved by the Thompson method, the cost is O(h~2) times of
that of the explicit scheme.
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Alternative Approaches for Solving n-D Parabolic Equations

To reduce the computational cost, we may consider to apply highly
efficient iterative methods to solve the linear algebraic equations,
for example,

@ the preconditioned conjugate gradient method;
@ the multi-grid method;

@ etc..

Alternatively, to avoid the shortcoming of the implicit difference
schemes for high space dimensions, we may develop

@ the alternating direction implicit (ADI) schemes;

o the locally one dimensional (LOD) schemes.
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A Fractional Steps 2D ADI Scheme by Peaceman and Rachford

@ in the odd fractional steps implicit in x and explicit in y, and
in even fractional steps implicit in y and explicit in x:

1 m+1 1 -
(1 - 2,LLX5)2(> (Jj,k 2 = (1 + 2#}/6}2/) j,k’
1 - 1 + 1
(1 - 2ﬂy5;2/> lJ_]k+1 = (1 + 2ﬂx5>2<> UJmk K
@ numerical boundary conditions are easily imposed directly by

- . m+% m+%_
those of the original problem, since Uj7k ~Uyt
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A Fractional Steps 2D ADI Scheme by Peaceman and Rachford

© one step equivalent scheme

1 1 - 1 1 -

@ Crank-Nicolson scheme
1 1 " 1 1 -
(1 - Eﬂxfsi - 2ﬂy5§) UJ/<+1 = (1 + §Mx5§ + 2My5§> Uik

m+i m-+1
@ Since uxuyéié}z,étuj’:z =a?73 [uXnyt]L;r2 + O(7 + 73(h: + h?)),
the truncation error of the scheme is O(72 + h2 + h}2,)
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Stability of the 2D ADI Scheme by Peaceman and Rachford

@ For the Fourier mode U7, = Ame(kmhs kN

b
) (1 — 24y sin W
i) (1 + 2 4y sin IT

(1 — 2 piy sin?

)
(1 + 2 f1y sin? ) ’
the scheme is unconditionally ]L2 stable;
@ the two fractional steps can be equivalently written as

(1+MX)Um+2 =(1 _Ny)UJTk + % (Um -1+ Y k+1) + M2X (Um+2 + U+1 k) )

m X m+3 m+ m m
A+ =@ - U+ (e o) + 4 (ot + ).

thus, the maximum principle holds if max{, p,} < 1;
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Cost of the 2D ADI Scheme by Peaceman and Rachford

@ order the linear system by (Nx —1)k+j and (N, — 1)+ k in odd
and even steps, the corresponding matrixes are tridiagonal,

@ the computational cost: 3 times of that of the explicit scheme.

2y48b
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The Idea of Peaceman and Rachford Doesn’t Work for 3D

In 3D, we can still construct fractional step scheme by

@ dividing each time step into 3 fractional steps;
. . m+L m+2 .
@ introducing U3 and U™"3 at tm+% and tm+%,

© in the 3 fractional time steps, applying schemes which are in
turn implicit in x-, y- and z-direction and explicit in the other

2 directions respectively.

However, the equivalent one step scheme is, up to a higher order
term, the same as the #-scheme with § = 1/3, which has a local
truncation error O(7 + hZ + h2) instead of what we expect to have
O(7% + h% + h?) for an ADI method.
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The Key Properties that Make an ADI Scheme Successful

@ Implicit only in one dimension in each fractional time step,

thus, if properly ordered, the matrix of the linear algebraic
equations is tridiagonal as well as diagonally dominant, hence
the computational cost is significantly reduced.

In the equivalent one step scheme, the implicit part is the
product of 1D implicit difference operators, the explicit part is
the product of 1D explicit difference operators (in a half time
step, + certain h.o.t. small perturbations), which guarantees
the scheme is unconditionally L2 stable:

The difference between the equivalent one step scheme and
the Crank-Nicolson scheme is a higher order term, which
guarantees that the local truncation error is O(72 + h?).
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Target Equivalent One Step Schemes of ADI Methods

For the 3D model problem, we aim to develop ADI finite difference
schemes which have a one time step equivalent scheme of the form

1 1
<1 - 2NX5>2<> <1 - Ny52> <1 - 2N25§> Ujmk—i_l:l
1 2 1 2 2
=1+ Euxdx 1+ Euy(sy 1+ MZ(S Uj,kl?
o 1 1 1
<1 2,ux<5 > <1 — 2,uy5y> <1 — Mz@) Ujmk+l1
1 1 2\ 1 im
1+ 2Mx5 1+ 2,uy5 1+ ,uzé 'k, + h.o.t.

5 /&5
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An Extendable ADI Scheme Proposed by D'yakonov

For the 3D model problem, the ADI Scheme of D'yakonov is
(1= 50%) Uy =1+ F85) 1+ ) (14 F82) Ul
(1 - %55) U= Ui
( - %53) Uf,nkfll - L{I{j’k-t_/**'
The scheme obviously has all the key properties. However, there is
one thing need to be taken care of: U™* U™** are not

approximate solutions, their boundary conditions may not be
directly derived from that of the original problem.

16 /35
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Numerical Boundary Conditions for U™t*, (Jm+**

Since U””r:l J’",f,l, Uerl ’"“ on the boundary (j = 0, N, or
k=0, Ny, or | =0,N, ). Thus, the boundary condition

(UM =0, N, 0< k<N, 0< /< Noyor k=0,Ny; 0<j <Ny, 0</<N}
can be obtained from U’"+** = (1-£42) U’"Jr:l

The boundary condition
{Ujmﬁ J=0,Ny, 0 <k <N, O</<Nz}.

can be obtained from Uj’"k+,* =(1- 52) U’"+** and the
m-x

boundary values for U kg on the nodeSJ = O7 N.
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An Extendable ADI Scheme Proposed by Douglas and Rachford

For the 3D model problem, the Scheme is of the form

* 1 *
U = U + 5 0% (Ujkarll + Uka) + 11y 83 Ul + 1202 Ufl .

Um-‘rl** Um+1* + My52 (Um+1** + Uf?k,/) — /J’yé)z/UJ{?k’/’

Uj,k / Um+1** 2#‘255 (Um+1+ U k l) - /‘253 Ujr,nk,/'

Since U™t1* and U™1** are approximate solutions at tp,41, their
boundary conditions can be directly derived from that of the
original problem.The scheme has all the key properties with the
h.ot.=— %uxuyuz(s)zﬁ}z,éf Uk
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The Idea of the ADI Scheme of Douglas and Rachford

The construction of the scheme may be viewed as a prediction-
correction process, which may also be explained as follows:

In the 1st fractional step, Crank-Nicolson to x, explicit to y, z

In the 2nd fractional step, to improve stability and accuracy in y,
the y-direction is corrected by the Crank-Nicolson scheme:

Um—l—l** Um I+ MX52 (Ujmk-l—ll* + UJ’Tk,I)

3 ¥ 2y (U 4 UTy) + 02U

Note, this minus the 1st equation gives the second in the scheme.

19/35
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The Idea of the ADI Scheme of Douglas and Rachford

In the 3rd, z-direction is corrected by the Crank-Nicolson scheme:
Uk = Uk -+ et (U7 + Uk
+ My52 (e + g ) + et (B + 07

Note, the 3rd equation in the scheme is simply the difference of
the above two equations.

Since U'"H* and U’"H** are approximations of UJ k, , numerical
boundary cond|t|ons can be directly derived from those of the
original problem.
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An Extendable Locally One Dimensional (LOD) Scheme

@ |In the ith fractional step, the problem is treated as a one
dimensional problem of the ith dimension.

@ 1D Crank-Nicolson scheme is applied to each fractional step.

© For the 3D model problem, the LOD scheme is given as

1 . 1 ~
(1 - 2uxéf> Uj'f',f), = <1 + 2Mx5§) i k15
1 2 m+sk il 2 m-+
L= Eﬂy(sy unrr o= 1+ Eﬂyéy Uner,
1 2 m-+1 1 2 m-skok
1- E:uz(;z Uj,kyl = 1+ Eluz(;z Uj, g

@ The scheme has all of the key properties.

21/35
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Impose Boundary Conditions for the LOD Scheme

However, U™, U™T** are nonphysical, their boundary conditions
must be handled with special care.

@ multiplying (1 — %,uzég) on the 3rd equation leads to
1 . 1
(1 0208 v = (1 - et + gu2et) Ui

Hence, by omitting the O(72) order terms, the boundary
condition for U™** can be given by:

JTka/** = (1 - uzéﬁ) f:qxj,/la
k=0,Ny,, 0<j< N, 0< /<N,

J:07NX7OSk§Ny,O<I<Nz
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Impose Boundary Conditions for the LOD Scheme

@ Similarly, multiplying (1 — 311,62) on the 2nd equation,
omitting the O(72) and higher order terms, the boundary
condition for U™"* can be given by:

m-*

_ 2 m-k*
ik (1 - Ny5y) Uj,k,l )

J=0,Ny, 0<k <N, 0</<N,.

2BYSH
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General Domain and Boundary Conditions

@ Approximate boundary conditions can be established with the
similar methods used in § 1.3.4 for elliptic problems.

@ Approximate boundary conditions can further restrict the
stability condition for explicit schemes, thus implicit schemes
are even more preferable.

©

ADI and LOD schemes are in more complicated forms.

@ Some special regions with non-planar boundaries can be
transformed into box regions by curvilinear coordinate
systems, say, the polar coordinate system can be used for a
circular region; and the cylindrical coordinate system can be
used for cylindrical regions, etc...
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Variable-coefficient and nonlinear Equations

@ ADI and LOD schemes can also be extended to high
dimensional variable-coefficient linear, and even certain
nonlinear problems.

@ In such cases, the difference operators (1 + 11:,62) and
(1+ %,uyéf,) are generally noncommutative, i.e.

1 1 1 1 5
(1 =l 2/,LX(5X> <1 Sl 2/,Ly(5y> # <1 St 2/,Ly(5y> <1 == EI,LX(SX ;
and this will introduce the so called splitting error.

© Boundary conditions are more difficult to handle.
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Implicit, Semi-implicit Schemes

For nonlinear problems, nonlinear algebraic equations derived from
implicit schemes need to be solved with iterative methods, such as
semi-implicit schemes.

The idea is to

@ apply an implicit scheme only to the principal linear part of
the nonlinear equation;

@ approximate the residual nonlinear part by an explicit scheme.
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Implicit, Semi-implicit Schemes and Elliptic Solver

To apply the implicit schemes to linear parabolic problems and the
semi-implicit schemes to nonlinear parabolic problems, it is a
sequence of linear algebraic systems corresponding to
certain elliptic problems we actually need to solve in
the end.

So, Fast solvers for elliptic problems play important roles in solving
parabolic problems.
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Asymptotic Analysis and Extrapolation Methods

The asymptotic analysis and extrapolation methods introduced in
§ 1.5 for elliptic problems can also be extended to analyze the
finite difference approximation error for parabolic problems.

In particular, the error bounds can be estimated by the numerical
solutions obtained on grids with different mesh sizes.

For example, for the explicit scheme of the heat equation, let
T = uh?, p < 1/2, then, we have Ul = Ul + O(h?) + O(h*),
qutm_ . — UM

()m a “~(h/2)2) (hj _ m 4
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Introduction to Hyperbolic Equations

n-D 1st Order Linear Hyperbolic Partial Differential Equation:
@ Scalar case (u € RY), 4, + Z ai Uy, + bu = vy,
i=1
where a;, b and v are real functions x = (x1,...,x,) and t.
@ Vector case (u= (u1,---,up)" €RP),

n
Ut+ZAiUXi+Bu:¢07

i=1
where A;, B € RP*P, 1), € RP are real functions of t and
x = (x1,...,xn), and Yae € R", A(x,t) = > 7_; ajAi(x, t) is
real diagonalizable, i.e. A(x,t) has p linearly independent
eigenvectors corresponding to real eigenvalues.

© If A(x,t) =Y " ; @jAi(x, t) has p mutually different real

eigenvalues, the system is called strictly hyperbolic.
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n-D 2nd Order Linear Hyperbolic Partial Differential Equation
o A general 2nd order scalar equation (u € RY),

n n n

U +2) aitge +bour— Y ajj g + Y bj iy + cu = vy,
i=1 ij=1 i=1

where a;, ajj, b;, ¢ and 1) are real functions x = (xi,...,Xp)

and t, (ajj) is real symmetric positive definite.

@ Define v = u, vy = u¢, vj = uy;, then the above 2nd order
scalar equation transforms into a first order linear system of
partial differential equations for v = (v, vo, v, ,v,)'

Av; + ZA;VX,- + Bv = 1),

i=1
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n-D 2nd Order Scalar Transforms to n-D 1st Order System (p = n+2)

1 o --- 0 0 O 0 0
o1 0 --- 0 0 23 —a; -+ —apn
A= 10 0 an - ain|, A=|0 —a; 0O - 0 |
_0 0 dnl - ann_ _0 —ani i
[0 -1 0 0] [0 ]
C bO bl bn lbo
B—=|0 0 O 0 ’ o = 0
0 0 0 0 | | 0 |
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n-D 2nd Order Scalar Transforms to n-D 1st Order System (p = n+2)

©

Let RTAR = I (A is real symmetric positive definite);
Introduce a new variable w = R~ 1v;

Denote A; = RTA;R, B = RTBR, ¥y = RT;

Alx, t) = ) @jAi(x, t) is a real symmetric matrix and thus
is real diagonizable for all real o, i =1,...,n;

The 2nd order scalar equation now transforms into a 1st order

linear hyperbolic system of partial differential equations for

w e R("2); n

w; + Zfz\iwx,- + Bw = 12’0-
i=1
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Standard Form of n-D 1st Order Linear Hyperbolic Equations

@ The standard form of 1st order linear hyperbolic equation:
n
Ut+zai ug =1, (=10 —bu).
i=1
@ The standard form of 1st order linear hyperbolic system:

ur+ > Aiug =, (= — Bu);
i=1

© The equation (system) is said to be homogeneous, if 1) = 0;
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Standard Form of n-D 1st Order Linear Hyperbolic Equations

@ In general, a higher order linear hyperbolic equation (system
of equations) can always be transformed into a first order
linear hyperbolic system of equations.

© An equation (system) is said to be nonlinear, if at least one of
the coefficients depends on the unknown or the right hand
side term is a nonlinear function of the unknown.
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Thank You!

SJER 2: 20, 21
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