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1-D Initial Boundary Value Problem of Heat Equation

The standard model problem: Homogeneous heat equation with
homogeneous Dirichlet boundary condition

Ut = Usx, 0<x<1, t>0, (1)
u(x,0)=u’(x), 0<x<1, (2)
u(0,t) =u(l,t) =0, t>0. (3)

@ A sequence of independent nontrivial special solutions:

ug(x,t) = e K™ tgin kmx, k=1,2,---
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Analytical Solutions of the Homogeneous Heat Equation

@ If the initial data u® has a Fourier sine expansion
o
uO(x) = Z ay sin krx,
k=1

1
WG ax = 2/ u®(x) sin kmrx dx, k=1,2,---,
0

© then, the solution to the model problem (1)-(3) can be
written as

o
K2a?t
u(x, t) = g axe K™t sin knx.
k=1
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Grid and Grid Function

@ Spatial grid: h=hy = Ax=1/N, and x; = j h,
jzovlv"'aN;

@ Temporal grid: 7= At, and tp, =m7, m=0,1,---;

© Grid function:
U:U(h,f):{UJ!":j:(),l,... ,N; m=0,1,---};

Next, we are going to discuss finite difference schemes of heat
equations and their analytical properties.
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An Explicit Scheme of the Heat Equation

@ Substituting /0t by Ai+/At;
o Substituting 92/9x? by 62/(/x)?;

leads to the explicit difference scheme

ymtl _ ym —2Um+ uUm,
J J J+1 . .
- - h2 ., 1<j<N-1, m>0; (4)
UV=uw, 0<j<N; (5)
U'=Uy=0, m>1 (6)

The explicit scheme (4) can be equivalently written as

|:A+t 6 :|Um_0

T h2




Finite Difference Methods for Parabolic Equations
L The Explicit Scheme and Its Stability and Convergence
L The Explicit Scheme for the Heat Equation

The Stencil of the Explicit Scheme of the Heat Equation

The scheme (4) is called an explicit scheme, since
U_jm+1 = (1 _ 2M)lj_jm + (anll + Uﬂ:—l) ) V,/a

where 1 = 7/h? is called the grid ratio of the heat equation, thus,
UJf"H can be explicitly calculated from U™ node by node.




Truncation Error of the Explicit Scheme

By comparing the expligit scheme and the heat equation

Ape  O02] . o *1
T _M}UJ_O’ {8t_3x2]u_0’

we introduce the truncation operator
A 52 2
T=Thn = [“ x:|_|:8 0 }

T ] |9t ox?

ot 0x?

For sufficiently smooth u, by Taylor series expansion,
1 1
A+tU(X, t) = Ut(X, t)At+§Utt(X, t)(At)2+6Uttt(X, t)(At)3+ te
2 2 1 4
deu(x, t) = us(x, t)(Ax)* + EUXXXX(X, (LX) + -+

Hence the truncation error can be written as

1 1
Tu(x,t) = Eutt(X’ t)T — EUXXXX(X, t‘)h2 + 0(7'2 + h4).
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Truncation Error of the Explicit Scheme

We can also use another form of the Taylor expansion of u at (x, t)

1
A—Hu(X’ t) = ut(X7 t)At + Eutt(x7 n)(At)2>
6)2<u(x, t) = uxx(x, 1_“)(Ax)2 + 1—12UXXXX(§, t)(Ax)4,

where ) € (t,t +7), £ € (x — h,x + h), to express the truncation
error in the form

1 1
Tu(x,t) = Eutt(x,n)T = Euxxxx(f, t)h2.
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Consistency and Order of Accuracy of the Explicit Scheme

Since, for smooth u, the truncation error satisfy

1 1
Tu(x,t) = Eutt(X, n)T — Euxxxx(fv t)hz,

O [T 1A, — h™252] is consistent with [0; — 02], since

Tu(x,t) -0, as h—0, 71— 0, V(x,t)€(0,1) x Ry.

@ The explicit scheme is of first and second order accurate with
respect to time and space, since Tu(x, t) = O(7) + O(h?).

@ ‘TU(X, t)’ S %Mtt’r_'_ %MXXXX h2, V(X, t) € thax'

where Q; = (0,1) x (0, tmax), Myt = SUP(x,¢)eq,,... |Utt(X, t)| and
Mo = SUP(x,t)thmax ‘uXXXX(Xa t)’ 2




[L>® Stability and Convergence of the Explicit Scheme

@ Error: eJ U'"—u ,Jj=01--- N, m=0,1,---
@ The error equation (compare 7 IAHUf" = h_26)2(Ujm + fjm):

e_m+1_efn @ —2em+em
g h i _ &h h12 _Tm 1<j<N-1, m>0; (7)
=0, 0<j<N; (8)
e =em =0 m>1, (9)

© Stability (uniformly well-posedness of (7)-(9), to be proved):

0
el < G (g 81+, _max 11+ 1620)) + el T,

@ A priori error estimate [le|s,0,,.. < C(Met T + Mo h?).

What remains to show is the stability.
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[L>° Stability of the Explicit Scheme

@ Define Q=Q, ., 00p = {(x,t) € 9, :t =0, orx =0,1},
62 A

m+l _ X o +t m fn

L) U] Bx? Bt ) Uf", then the conditions (1), (2)

of the maximum principle are satisfied, if 0 < p < 1/2

(Exercises 2.4).

@ Proper comparison function can also be found (Exercises 2.5).

© The explicit scheme and its error equation:

m+l _ rm m+1 __ m.
LU =7 L = =T

@ The stability then follows from the maximum principle.
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[L>° Stability of the Explicit Scheme

For parabolic problems, we have an alternative approach.

o The explicit scheme and its error equation (i = 7/h?):

m+1 m m m m
umtt = (=20 UP +p (U + UL + T £,
m+1 m
et = (1-2p)e +p(ely +efy) -7 T
1
oIf,uS%,|Jer|<oryax le"| +7T7, Vj=1,2,--- ,N—-1;
where T™ = max ]Tj’"| Therefore, for all m > 0, we have
1<j<N—1

m
max |e™] < max{ max |e?], max max (|e(l)|, |e,’v|) }—1—7' Z T!.
1<j<N—1'J 0<j<N ' 4" 1<i<m —
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IL>° Stability Condition of the Explicit Scheme

If the grid ratio satisfies 2 At/(/Ax)? < 1/2, then, the explicit
scheme has the following properties

(C-1) stability: for all m > 0,

1
1§Jr_r1§a,\>l<_1|UJ."’Jr | < max{omax \U l, max max(|U0| |U,\,)}—H?max||f||OQ,Qtmax7

lelloc.q,, < max [+ max max(|eg’],|ef])) + tmaxl| Tlloc. 0,

0<j<N 0<m7 <tmax
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IL>° Stability Condition of the Explicit Scheme

(C-2) convergence rate is O(7) (or O(h?)), more precisely

1 1
||e||OO7thax ST (2 + 12”) Mxxxx tmax-

(Recall | Tu(x, t)| < %Mtt’f 4k %MXXXX h?, = 72 and ur = )
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Refinement Path and Condition of IL*° Stability

7 = r(h) is said to give a refinement path, if r is a strictly
increasing function and r(0) = 0. (C-2) can be rewritten as

(C-3) Let {h;}22, satisfy lim;_,o hj = 0. Let the refinement path
T = r(h) satisfy p; = r(h;)/h? < 1/2. Suppose the solution u of
(1)-(3) satisfies that |uxux| < C on (0,1) x (0, tmax). Then the
solution sequence U() of (4)-(6), with grid sizes (h;, 7; = r(h;)),
converge uniformly on [0, 1] X [0, tmax] to u, and the convergence
rate is O(h?).
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Refinement Path and Condition of IL*° Stability

The convergence rate is optimal. However, for any fixed grid
spacing, as tmax — 00, we lost control on the error.

Recall that, if f = 0, the exact solution u(x,t) — 0, as
t — 00,

1 1 . .
le]loo,pn, ST <§ + m) M, tmax IS certainly not a
satisfactory error estimate for large t,ax.

Better results on error estimates can be obtained by applying
the maximum principle and choosing proper comparison
functions (Exercises 2.5 and 2.6).
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Fourier Analysis and IL? Stability of the Explicit Scheme

Similar as the model problem (1)-(3), the difference problem

urtt—um um —2Um + U
J J Jj+1 J 1717 1§j§N—1; >07
T h?
0 0 :
ljj _uj7 OSJSNv

Uy = Uy =0, m>1,

can also be solved by the method of separation of variables.
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Fourier Analysis and IL? Stability of the Explicit Scheme

In fact, any given general constant-coefficient linear homogeneous
difference equation defined on a uniform grid on [—1,1] x [0, c0)
admits a complete set of Fourier modes solutions:

U™ = Apelkmitx N+ 1<j<N, ~N+1<k<N,
Ax=1/N: the spatial grid size,
Ak = |Ax|et®8 e the amplification factor,

[ Ak relative change in the modulus
arg \x: the change in the phase angle
of the corresponding Fourier mode in one time step.

18 /37
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Fourier Modes and Characteristic Equations

Substituting the Fourier mode Um = )\;(”eik”ﬁ into the
homogeneous explicit difference scheme

+1 _
UMt = UM 4+ (U =200 + U
yields the characteristic equation of the explicit scheme
)\;(n+1eik7rﬁ _ )\Teikwﬁ |:1 + 1 (eikﬂ'% + e—ikw% _ 2)] ,

hich has a unique solution
whi uniqu uti kwa

A =1 — 4y sin?

19/37



A Necessary L2 Stability Condition: von Neumann condition

The stability of the computation requires that all Fourier modes
should be uniformly bounded, i.e. there exist a constant C
independent of N and k such that

‘Akm’§C7 Vm7 < thax, —N+1< k<N
Assume C > 1, 27— S tmax; and set ﬁ"] — [tmax/T]v hence

M > tmax/T — 1 > tmax/27. Since C? is a concave function of C if
0 < s < 1, the above condition implies

M| < CYP <14 (C—1)/ < 1+27(C — 1) /tmax;

which leads to the following necessary condition, usually called the
von Neumann condition, for the IL? stability: there exists a
constant K independent of N and k such that

M| <1+ KT, —N+1<k<N.
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A Necessary IL? Stability Condition of the Explicit Scheme

Take k = N, since \y = 1 — 4y, it follows from the von Neumann
condition for the IL? stability:
M| <1+ K, —N+1< k<N,
we obtain a necessary condition for the IL? stability of the explicit
scheme: —1 <1 —4pu <1, or more concisely (since ;1 > 0)
1
< —.
H=3
In fact, if u > 1/2, it follows from Ay =1 — 4 < —1 that the
modulus of A’,(}e”” will grow exponentially fast as m increases.
Thus the scheme is unstable for p > 1/2.

21/37



A Sufficient 1.2 Stability Condition of the Explicit Scheme

On the other hand, if u < % then 0 < 4 p sin? é‘—;{, < 2, thus
M| <1, —N+1<k<N.
(C-4) p <3 = the L? stability of the explicit scheme.
Proof: Let U = 2 Zk,_N . (U9), k™%, Then,
U' Z )\m UO lkTrN
! ‘[ k=—N-+1

Thus, it follows from |A\x| < 1, Vk and the Parseval relation that

Ju— i 2 LR
lmIB=IUmIB= > @)= X |0 =1us
k=—N+1 k=—N+1
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A Sufficient L2 Stability Condition of the Explicit Scheme

Rewrite the explicit scheme as U™ = A/ (U™), then, we have
shown that, for < 1/2, [[N(U™)|2 < [[U™ |2 < [|U°]|2.

The corresponding error equation is €1 = A(e™) — 7T™, thus
we have i emt i, — |IA(e™) — 7 T2 < le™[l2 + 7 T™|l2

m
<%+ 7D 1Tl
I=0

This shows that the dependence of the solution of the explicit
scheme on the right hand side as well as the initial data is
uniformly continuous in the L2 norm, therefore is .2 stable. [
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IL? Convergence of the Explicit Scheme

Since, for u < 1/2, the error of the explicit scheme satisfies

m
le™ 2 < 1%z +7 > Il
1=0
if the corresponding consistency holds, say limj_,q||€°||2 = 0 and

m
T“—r;nng ||TI||2 =0, Vm < tmax/Ta

then the difference solution is convergent. Note, if || Tu(:, t)||2 is a
uniformly continuous function of t, then
[tmax/7]

tmax
li T/, = li Tu(-, t)||2dt = 0.
Imr 3 Tl =0 & i, LIt 2 de = 0
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IL? Convergence of the Explicit Scheme

(C-5) Suppose
@ {h;}2, satisfies lim;_,o h; = 0;
@ the refinement path r satisfies y; = r(h;)/h? < 1/2;
© the solution u satisfies Uy € C((—1,1) X R4) and

Jom ||t (- B2 dt < o0

Dm), — O(K?
Then, 0<nﬂ'l?§tmax”e l2 = O(h7).

Remark: Here it is assumed that ||e()°||, = O(h?), i.e. the initial data is
approximated with second order accuracy.
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Summary of the 1st Order Forward Explicit Scheme

@ A sufficient and necessary condition for L? stability, also a
sufficient condition for L> stability: u = 7/h*> < 1/2,
a rather strict restriction on the time step;

@ Convergence rate O(7 + h?).
© Easy to solve, and the computational cost is low.
Question: is it possible to develop an explicit scheme so that the

stability condition is relaxed to say 7 = O(h), and the convergence
rate is O(72 + h?).
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The Richardson scheme

The Richardson scheme (with truncation error O(72 + h?)):

m+1l _ ;ym—1 m m m
Y; I e St R
27 h?
Substitute the Fourier mode U™ = )\k’"e‘k“JAX into the scheme, we
are led to the characteristic equation of the Richardson scheme:
kmAx
—1=0.

2

A2+ 8\ p sin?

The equation has two distinct real roots A, and for all k # 0,
kA
AF + AL = —8p sin® % <0, AAp=-1, = A, < -1,

Hence, the Richardson scheme is unconditionally unstable.
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The Du Fort-Frankel scheme

The Du Fort-Frankel scheme:
+1 -1 +1 -1
urtt ot up, - (U U + U
27 h? i
The characteristic equation of the Du Fort-Frankel scheme:
(1 +2p)A2 — 4)gpcos(kmAx) — (1 —2u) = 0, which has roots
A= 2p cos(km Ax)E£4/1—4p2? sin?(kn Ax)
= :

1+2u

If 442 sin?(knAx) > 1, )\f are conjugate complex roots, hence
el = AT =11 = 20)/(1+2u)| < 1

If 4% sin?(knAx) < 1, || < (2u] cos(kmAx)| +1)/(142p) < 1.

Consequently Du Fort-Frankel scheme is unconditionally IL? stable.
. . m T 7_4

The truncation error is T/" = O((5)?) + O(7* + h*) + O(%z).

consistent if 7 = o(h); convergence rate O(h?) only if T = O(h?).
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No Explicit Scheme Can Unconditionally Converge

Since the solution of the heat equation picks up information
globally on the initial and the boundary data, it is impossible to
develop an explicit scheme which is unconditionally stable and at
the same time unconditionally consistent.

In fact, to guarantee an explicit scheme to converge, 7 = o(h)
must hold on the refinement path.

Therefore, it is necessary to develop implicit finite difference
schemes for the parabolic partial differential equations.
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The 1st Order Backward Implicit Finite Difference Scheme

The initial-boundary value problem of the simplest implicit finite
difference scheme for the model problem (2.2.1)-(2.2.3):

Ujm+1 _ Ujm Um+1 _ 2U1(n+1 + anlﬁil

_ jtl : . .
— - = L 1<j<N—1; m>0;

o_ ,0 H .
U_j = Uj, 0 S_/ S N,
U'=Uy=0, m>1
The scheme can be equivalently rewritten as

(1 +2u)U7 = pUTE + UP + pURE

The truncation oeerator ‘

Ton = 22 - %] - [&- &

L _ % _ A m
(hr) = (&ax)2 ~ At .

Maximum principle holds for

Q=Q; ., 00 ={(x,t) € 0, :

x=0,1 or t=0}.
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Truncation Error and Order of Accuracy

2
The truncation operator T(j ;) = [A;t — %} — [% — 88722].

By the Taylor series expansion, the truncation error of the 1st
order backward implicit scheme is
1 1

Tu(x,t) = _Eutt(x’ t)T — EUXXXX(X, t)h? + O(7% + h%),

1 1
Tu(x,t) = —§utt(x, n)T — Euxxxx(g, t)h2.

Thus the 1st order backward implicit scheme is consistent with the
heat equation, and is of first and second order accurate with
respect to time and space respectively, i.e. Tu(x,t) = O(7 + h?).

31/37



Finite Difference Methods for Parabolic Equations
L The Implicit Schemes
LThe 1st Order Backward Implicit Finite Difference Scheme

IL>° Stability of the 1st Order Backward Implicit Scheme

The 1st order backward implicit scheme and its error equation can
be equivalently written as

@+2Urt = up (Ut U e
(+2me™ = o +u (i + ) =7 T,

(or (I + pAn—1) U™ = pUIT + U™ + 7™, eigenvalue(I + pAnx—1) > 1).

Thus, for any > 0 and for all m > 0,

m+1
max || < max{ max |e?|, max max (|e(l)\, |e,lv|> S Z T,
1<j<nN—1"'J 0<j<N ' IV 1<i<m+1 —

Hence, the 1st order backward implicit scheme is unconditionally
IL°° stable and satisfies the maximum principle. Better estimate
can be obtained by taking proper comparison functions.
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IL? Stability of the 1st Order Backward Implicit Scheme

Substituting the Fourier mode U/" = AP elhmAX into the
homogeneous 1st order backward implicit scheme, yields the
characteristic equations of the scheme

S [l 1 ap 1 2 ]l
)\Zﬂ-lelkﬂ'fﬁ {1 —u (elkﬂ'ﬁ + e kT _ 2)} _ )\Telkﬂjﬁ,
which has a unique solution

1
Ak

B 1+ 4psin

2 knAx
2

Hence, the 1st order backward implicit scheme is unconditionally
IL? stable.
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Efficiency of the 1st Order Backward Implicit Scheme

@ Unconditionally I.? and L stable, can use larger 7;
@ Convergence rate O(7 + h?), 7 = O(h?), for efficiency.

© Need to solve a tridiagonal and diagonally dominant linear
system, and the computational cost is about twice that of the
1st order forward explicit scheme if solved by the Thompson
method (forward elimination and backward substitution).

@ More efficient only if © > 1, the computational cost is about
1/p of that of the 1st order forward explicit scheme.

Better, but not good enough.

34 /37



The Crank-Nicolson scheme

The well known Crank-Nicolson scheme:
m+1 m-+1 m+1 m+1
urt—up [Ufil —2UP FURy | OB 20 4 U ] _
2 1

T h2 h?

m+1 m H m m+1 m+1
(l‘i‘M)UJ —(1—M)UJ +§<UJ,1+U+1+U17 UJ+1 )

.
(1) Tj 2= 12 [Uttt()(J’tm+ )T +Uxxxx(XJa m+1 )h21|+0(7' +h4)

Q )\ = [1 — 2 sin? %} / [1 + 2 1 sin? kWAX} thus
unconditionally L2 stable.

© The computational cost is about twice that of the explicit
scheme if solved by the Thompson method.

@ The maximum principle holds for p < 1.
© Convergence rate is O(72 + h?), efficient if 7 = O(h).
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LThe Crank-Nicolson scheme and 6-scheme

The 0-scheme (0 < 0 < 1,0 +#1/2)

m+1 m m m m+1 m+1 m+1
Ut —Up | URm2Ur e up, | URE —2urt g
T n n ’

(14+2u0) U = (1-2u(1—0)) U+ u(1—0) (UF"y + Uty)+u6 (U2 + U

.
T T2 O(r2 4+ hY), if 6 = 3 — 321 = O(7 + h?), otherwise.

Q )\ = [1 —4(1 — 0) p sin? k“AX} / [1 + 46 u sin? k”AX} thus
IL? stable for 24 (1 —20) < 1 (unconditional for 6 > 1/2).

© The maximum principle holds for 2(1 — 0) < 1.
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