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Mixed BVP of Poisson Equation on Polygonal Region in R?

@ Consider the boundary value problem of the Poisson equation

—Au="f, x € Q,

u=20, x € 09, @

= 012
81/ 8, X € 1,

where Q is a polygonal region in R?, 9Qq is a relative closed
subset in 02 with positive 1-dimensional measure,

00 = 0Q0 U 0, 9 N Oy = 0,
f e L2(Q), g € L2(09).
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Mixed BVP of Poisson Equation on Polygonal Region in R?

@ consider the standard weak form of the problem:

Find v € V such that
JoVu-Vvdx = [ofvdx+ [,o gvds, VveV,

where V= {v € H}(Q) : v|sq, = 0};

@ consider the conforming finite element method based on a
family of regular class C° type (1) Lagrange triangular
elements.




A Theorem on the Relation of Residual and Error of a FE Solution

@ Define the residual operator R : V — V* of the problem by
R(v)(w) = / f WdX—l—/ g wds—/ Vv-Vwdx, VweV.
Q IO Q

@ The dual norm of the residual of a finite element solution up:

IR(up)||v= = sup {/ fw dx +/ gw ds —/ Vuh-dex}
weV Q o Q

[lwll1,2,0=1

Theorem

Let u €V, u, € Vy, be the weak solution and the finite element
solution of the problem respectively. Then, there exists a constant
C(Q), which depends only on Q, such that

[R(un)llv+ < llu— unll12.0 < C(Q) ||R(un)|

V*-



Remarks on Residual Dual Norm Estimation

@ We hope to develop a formula, which is easily computed and
involves only available data such as f, g, u, and geometric
parameters of the triangulation and thus is usually called an a
posteriori error estimator, to evaluate the dual norm of the
residual.

@ Recall that in the a priori error estimates, the polynomial
invariant interpolation operator plays an important role. For
example, write w as (w — Myw) + Mpw can have some
advantage.

© However, the Lagrange nodal type interpolation operators
require the function to be at least in C°.

@ Here, we need to introduce a polynomial invariant
interpolation operator for functions in H.
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Notations on a Family of Regular Triangular Triangulations {%4(2)}s>0

O £(K), N(K): the sets of all edges and vertices of K € T4(Q).

@ Denote & := Uker, () E(K), N = Ukes, @) N (K).

© N(E): the sets of all vertices of an edge E € &,.
(%] Eh,,' = {E e&y: EC 8(2,-}, Nh,i =NyNOQ;, i = 0,1.

O Eha=En\(EroUEn1), Nng =Ni\ (NpoUNp1).
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Notations on a Family of Regular Triangular Triangulations {%4(2)}s>0

0O wk = U K', wg = U K, wy = U K'.
)

E(K)NE(K")£D EcE(K’ xeN(K')
0 ok = Upnpgwknze Ko 98 = Uneywirnzo K-

@ The corresponding finite element function space:

Vip={veCQ ):V|K€P1(K) VK € h(9), ():O,VXEN/L()}.
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The Clément Interpolation Operator [, : V — V,,

For any v € V and x € N, denote mxv as the L?(w,) projection
of v on P;(wy), meaning myv € P1(wx) satisfies

/vpdx—/(ﬂxv)pdx, Vp € P1(wx).

The Clément interpolation operator /I : V — V, is defined by

Ihv(x) = (mxv)(x), Vx € NpoUNpi1; Ihv(x) =0, ¥x € Nhpo.
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The Clément Interpolation Operator [, : V — V,,

@ The Clément interpolation operator is well defined on L1(Q).
@ If v € P1(wx), then (mx)v(x) = v(x), Vx € wx.
© If v € P1(@k), then Ihv(x) = v(x), Vx € K.

@ It is in the above sense that the Clément interpolation
operator is polynomial (more precisely IP1) invariant.
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Error Estimates of the Clément Interpolation Operator /,

Lemma

There exist constants C1(0min) and Co(Omin), which depend only
on the smallest angle O,in of the triangular elements in the
triangulation Tp(2), such that, for any given K € T4(Q2), E € &,
andv €V,

v —1thvloz,k < Ci(Omin) bk |v
026 < CoOmin) 2 |V

1,2,0k

lv—Ihvlloe :=||v — Inv] 1,2,0e-
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Error Estimates of the Clément Interpolation Operator /,

@ More general properties and proofs on the Clément
interpolation operator may be found in [8, 31].

@ The basic ingredients of the proof are the scaling techniques
(which include the polynomial quotient space and equivalent
quotient norms, the relations of semi-norms on affine
equivalent open sets), and the inverse inequality.
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An Upper Bound for the Dual Norm of the Residual R(uj)

There exists a constant C(Omin), where Oy is the smallest angle
of the triangular elements in the triangulation (), such that

/fwdx—l—/ gwds—/Vuh-dex
Q o Q

< Clmnwlhaa{ Y Wk IFI32x+ Y. hellg—ve-Vunle

KeZH(Q) E€&h,
1/2
+ Y hEH[VE~Vuh]EH%’E} . Ywev,
[
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Proof of the Lemma — An Upper Bound for the Residual R(up)

where in the theorem, vg is an arbitrarily given unit normal of E if
E € &,q, and is the unit exterior normal of Q if E € &1, [¢]e is
the jump of ¢ across E in the direction of vg, i.e.

[ele(x) = lim o(x +tvg) = lim o(x —tvg), Vx€E.

Proof:

@ Since uy is the finite element solution, we have
R(up)(vp) := / fvy, dx+/ gVh ds—/ Vup-Vv,dx =0, Vv, € V.
Q (5,931 Q

In particular, R(up)(w) = R(up)(w — Ipw), for all w € V.

13 /37



Error Control and Adaptivity of Finite Element Solutions
LA Posteriori Error Estimate
L The Residual and Error of Finite Element Solutions

Proof of the Lemma — An Upper Bound for the Residual R(up)

@ Applying the Green's formula on every element K, denoting
vk as the unit exterior normal of K, and noticing
up|lk € P1(K) and thus Aup = 0 on each element, we obtain

/Vuh-VvdX— /Vuh Vv dx
. KETH(Q)
= Z {—/Auhvdx+/ VK-Vuhvdx}
KeTh() K CLS
Z /I/E Vupvds+ Z /[l/E Vuplgvds, VveV.
E€&h E€&ha

14 /37
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Proof of the Lemma — An Upper Bound for the Residual R(up)

© Thus, recall R(up)(w) = R(up)(w — Ihw), we are lead to

/fwdx—l—/ gwds— /VuhVde— Z / w—Ilpw) dx
Q [0)931

KETH(Q)

+ Z/ g—VE: Vuh) w— /hW) ds— Z/[VE th]E w— IhW)

E€&p 1 Ec&n o

15 /37
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Proof of the Lemma — An Upper Bound for the Residual R(up)

@ By the Cauchy-Schwarz inequality and Lemma 8.1, we have

/ F (wlyw) dx < [IFlozkllw—twlozk < Cu b IFllozkl Wiz,
K

[ (eveVun)w—lw)ds < |g—ve-Vunlo.clw—lwloe
E

< C2h15/2||g —vg - Vup

0,E |W 1,2,0e5
/[VE-VUh]E(WIhW) ds < ”[I/E~Vuh]E 0,E |W*/hW||O,E
E
1/2
< G lve - Vunlelollwlh 2.
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Proof of the Lemma — An Upper Bound for the Residual R(up)

© The number of element in wy, fwx < C3 = 27 /Omin, Vx € Np.

@ Each element K has three vertices, each edge E has two
vertices.

@ Therefore, fiox < 3C3, VK € Ty, v < 2C3, VE € &p.
® Thus, we have

2
1,2,k
[[wll + [[wl

KeTH(Q) E€&pqUEh 1

1/2
iz,@E] <V5Gwliz0-

© The conclusion of the lemma follows as a consequence of (3),

@ and with C(Gm;n) = \/5T3max{C1(9m;n), C2(9min)}. [ |

17 /37



A Theorem on the a Posteriori Error Estimate

As a corollary of Theorem 8.1 and Lemma 8.2, we have the
following a posteriori error estimate of the finite element solution:

2 12
lu— upll12,0 < C{ E hi 11152,k +
KeZH(Q)

1/2
S helle —ve-Vunlie+ Y hellve - Vulelie)
E€hy Ecéhnq
where C = C(0min) C(Q) is a constant depending only on Q and
the smallest angle O, of the triangulation Tp(2).

@ The righthand side term above essentially gives an upper
bound estimate for the V*-norm of the residual R(up), which
can be directly used as a posteriori error estimator for the
upper bound of the error of the finite element solution.
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A Practical a Posteriori Error Estimator

@ For convenience of analysis and practical computations, f and
g are usually replaced by some approximation functions, say

by fk = k7 Jic f dx and g = he' [z g ds.

@ A practical a posteriori error estimator of residual type:
2 2 2
mri = { M lficlBak+ Y. hellge —ve- Vunllie
EGS(K)ﬂShJ
5 }1/2
0,E .

1

5 Z he ||[ve - Vup]g]
EcE(K)NEng

© In applications, fx and gg can be further replaced by the

numerical quadratures of the corresponding integrals.

19/37



Error Estimate Based on the Practical a Posteriori Error Estimator

For the constant C = C(Omin) C(Q2) in Theorem 8.2, the following
a posteriori error estimate holds:

u—unll1p0 < C{ > mrkt
KeZh(Q2)

Z i |f = ficll§ 2k + Z he |lg — g€
KeZh(Q2) E€€h71

5 11/2
0,E .

Remark: Generally speaking, for h sufficiently small, the first term
on the righthand side represents the leading part of the error.
Therefore, in practical computations, 7r k alone is often used to
estimate the local error, particularly in a mesh adaptive process.
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Reliability of an a Posteriori Error Estimator

@ The a posteriori error estimators given in Theorem 8.2 and 8.3
provide upper bounds for the error of the finite element
solution uy in the V-norm.

@ Such a property is called the reliability of the a posteriori error
estimator.

© In general, the reliability of an a posteriori error estimator can
be understood in the sense of a constant times

21/37
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Reliability of an a Posteriori Error Estimator

Definition

Let v and uy be the solution and the finite element solution of the
variational problem. Let 1, be an a posteriori error estimator. If
there exists a constant C independent of h such that

|u = unll120 < Cnp.

Then, the a posteriori error estimator 7y, is said to be reliable, or
has reliability.

@ Reliability guarantees the accuracy.

@ To avoid mesh being unnecessarily refined and have the
computational cost under control, efficiency is required. g
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Efficiency of an a Posteriori Error Estimator

Definition
Let u and uy be the solution and the finite element solution of the

variational problem. Let 7, be an a posteriori error estimator. If,
for any given hg > 0, there exists a constant C(hp) such that

Cho)lu — upll12.0 < nn < Clho) ||u — up|

1,2.Q; Vh e (07 hO)a

Then, the a posteriori error estimator 7, is said to be efficient, or
has efficiency. In addition, if the constant C(hp) is such that
lim C(ho) =1
ho—0+ (ho) =1,
Then, the a posteriori error estimator 7y, is said to be
asymptotically exact.
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a Posteriori Local Error Estimator and the Local Error

@ In applications, to efficiently control the error, we hope to
refine the mesh only on the regions where the local error is
relatively large.

@ Therefore, in addition to a good estimate of the global error
of a finite element solution, what we expect more on an a
posteriori error estimator is that it can efficiently evaluate the
local error.

24 /37
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a Posteriori Local Error Estimator and the Local Error

© Recall [, V(u— up)- Vwdx = R(up)(w), and the a posteriori
local error estimator of residual type is given as

mri = {Wk IfclBon+ Y hellee —ve- Vunle

EGE(K)I“IS;,J

1 1/2

+3 > hE||[VE'v”h]E|%,E}'
EcE(K)NEna

@ We hope, by choosing proper test functions w, to establish
relationship between the local error of u — up, and the three
terms in g k.

25 /37
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Relate Terms in 7g k to the Local Errors of u — up,

@ Notice that fi is piecewise constant, Vw € V, we have

/fK(wa)dx:|fK|2/ wdx = |K| ™ (/ de> Ifxl13 5k
K K K -

@ If we take a positive w € H}(K), called a bubble function on
K, then, the above equation will establish a relation between
||fx|13 5  and the local error of (u — up)|k through

/ V(u— up) - V(fkw) dx = R(up)(fxw) = / f (fxw) dx
K K

:/ fK(fKW)dX-l-/(f—fK)(fKW)dX.
K

K

26 /37
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Relate Terms in 7g k to the Local Errors of u — up,

© Similarly, by taking proper bubble functions, we can also
establish the relationship between the local error of u — up
and the terms

lge —ve - Vunllse,  llve - Vurleld e

which are also piecewise constant functions.

27 /37
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Triangular Element Bubble Functions and Edge Bubble Functions

@ Let Mg, i =1,2,3 be the area coordinates of K € T4(Q),
define the triangular bubble function by as

27 Ak 1(x) Ak 2(x) Ak 3(x), Vx € K;

b =
k(x) 0, Vx € Q\ K.

28 /37
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Triangular Element Bubble Functions and Edge Bubble Functions

@ For a given edge E € & q, let wg = K1 U Ky, let Ak, ,
Jj =1,2,3 be the area coordinates of K;, denote the vertex of
K; which is not on E as the third vertex of K;, define the edge
bubble function bg as

b ( ) 4)\K,-,1(X) )\KI.’2(X), Vx e K;, i=1,2;
X) =
£ 0, Vx € Q \ WE.

29 /37
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Triangular Element Bubble Functions and Edge Bubble Functions

© For a given edge E € & 59, let wg = K’, denote the vertex of
K’ which is not on E as the third vertex of K’, define the
edge bubble function bg as

4)\K/71(X) )\K/Q(X), Vx € K,;

b =
=1, Vx € Q\ K.

30/37
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Properties of the Bubble Functions

For any given K € T(Q2) and E € &, the bubble functions by and
be have the following properties:

supp by C K, 0<bk <1, max br(x) =1;

supp bg Cwg, 0<bg <1, max be(x)=1;
x€

2
beds = —hg;
/EE 3NE
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Properties of the Bubble Functions

Lemma

there exists a constant ¢;, i = 1,...,6, which depends only on the
smallest angle of the triangular triangulation T4(Q2), such that

9
elh%<</bde:\K|<ezh%<;
K 20
1
a3h2Eg/ bde:§|K’yga-4hZE, VK' C we;
K/

IVbkllozk < & hyl[bkllo2,k;

IVbello2k < & hg'l[belloa ks VK' Cwe.
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Proof of the Efficiency of ng x — Estimate of ||fx||o2,x

@ For any given K € T(Q), set wk := fxbk. Then, by the
properties of bk (see Lemma 8.3), we have

[ e dx = o KT = 55 el
K

@ Since supp wx C K, it follows

/ gWde—/Vuh-VWde:—Vuh|K/VWde:O.
oM Q K

33/37
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Proof of the Efficiency of ng x — Estimate of ||fx||o2,x

© Thus, by [ V(u— up) - Vwk dx = R(up)(wk), we obtain

/fKWKdX = /fWde—l—/(f—fK)WKdX
K K K
= /V(u—uh)-VWde—i-/(f—fK)Wde
K K

< lu = unlli2kIVwiklloz.k + [If = fillo2klIwkllo2,k-
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Proof of the Efficiency of ng x — Estimate of ||fx||o2,x

@ On the other hand, since fk is a constant, by the properties of
bk (see Lemma 8.3), we have

1/2 5
02,k = |fk| [1bkllo2,k < |fk] / bk dx =1/ == |Ifk
p V 20

HVWK

HWK 0,2,K

02k < & hitlwk

0,2,K-
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Proof of the Efficiency of ng x — Estimate of ||fx||o2,x

@ Combining the three inequalities obtained in 3) and @ with
Ji fc wi dx = 55 1|52,k (see (8.2.3)) leads to

20 . _ 20
[fxllo2.k <4/ 5 & htllu — upll12.k + Yary I|f — fx|

Similar techniques can be applied to estimate the other terms in
MR,K -

0,2,K-
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SRR 8: 4.

Thank You!
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