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The Relations Between the Errors in 1.2 and H! norms

@ It follows from the interpolation error estimates on regular
affine family of finite element function spaces (see
Theorem 7.7) that

k+1—
lv—Thv||ma < Ch +1l-m IV[k+1,0, m=0,1
@ In other words, under the same conditions, the error of the

finite element interpolation in the .2(Q)-norm is one order
higher than that in the H*()-norm.




Error Estimates of Finite Element Solutions
. . . . . 2
L Aubin-Nische technique and error estimates in L“-norm
L Dual Variational Problem

The Relations Between the Errors in 1.2 and H! norms

© By the Céa lemma, the error of the finite element solution uy,
in H'(Q)-norm is optimal. However, the error in I.2(Q)-norm
thus obtained

lu = unllo.o < llu = unllra < Cllu = Npul10,
is obviously not optimal.
@ Under certain additional conditions, optimal L?(2)-norm error

estimate for FE solutions can be obtained by applying the
Aubin-Nische technique based on the dual variational problem.
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Dual Variational Problem and Relations of Errors in .2 and H* norms

@ Consider the variational problem
Find v € V such that
{a(u, v)="f(v), Vvev,
where V C H(Q), the bilinear form a(-, -) and the linear form
f(-) satisfy the conditions of the Lax-Milgram lemma.
@ Let Vy, be a closed linear subspace of V, and uj € Vj, satisfy
the equation a(up, vp) = f(vp), VYvp €V
© Define the dual variational problem:
Find ¢ € V such that
{a(v,cp) =(u—up v), Vvev,
where (-, -) is the L?(Q) inner product.
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Lemma

Let ¢ € V be the solution of the dual variational problem, and let
pp € Vy, satisfy the equation

a(vh, on) = (U — up, va), Vvp € Vp.

Then, we have

lu— unllg.o < Mllu— upllalle — enllie.
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proof:

Take v = u — up in the dual variational equation, and by the facts
that a(u — up, vi) =0, Vv € V, and a(+, -) is bounded, we are
lead to

lu— unllg.o = a(u — un, ) = a(u — un, ¢ — ©n)
<Mlu— unllralle — enlio. B




An Optimal Error Estimate in L.-Norm

Let the space dimension n < 3. Assume that the solution o of the
dual variational problem (7.3.10) is in H?(Q) NV, and satisfies

el < Cllu— upllog-
Let {(K, Pk, ZK)}KGUI-,>0 () bea family of regular class C° type

(1) Lagrange affine equivalent finite elements. Then, the
IL2(2)-norm error of the finite element solutions of the variational
problem (7.1.1) satisfy

lu = unllo.a < Chllu— unllr-

Furthermore, if the solution u of the variational problem (7.1.1) is
in H2(Q) NV, then

lu — upllo,o < C h? |ul20,
Here C in the three inequalities represent generally different
constants which are independent of h.
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Proof of the Optimal Error Estimate in IL.2-Norm

@ By the Sobolve embedding theorem, Wm“’p(Q):i) C3(Q),
Vs >0, if m> n/p. In particular, H2(Q) — C(Q), if n < 3.

@ Thus, by applying the error estimates for finite element
solutions in H*(Q2) norm (see Theorem 7.10 with k = 1 and
s = 0) to the dual variational problem (7.3.10), we obtain

le — enllia < Chlplaa-
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Proof of the Optimal Error Estimate in IL.2-Norm

© Therefore, by the lemma on the dual problem and
el < Cllu— upllo,q, we have

lu—unllog < Chllu— usllia-

@ Applying again Theorem 7.10 with k =1 and s =0 to
|lu— upl|l1,0, we are lead to

lu— upllon < Ch?|ulz0. L
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Remarks on the Optimal Error Estimate in L.2-Norm

@ The key to increase the L?-norm error estimate by an order is
llell2.o < Cllu— unllo,q, which does hold, if the coefficients
of the second order elliptic operator are sufficiently smooth,
and €2 is a convex polygonal region or a region with
sufficiently smooth boundary.

@ In the general case, if we have ||¢ — @pll1,0 x h*||u — uplloa
and ||u — upll1,0 o< h®, then,

lu— unllo,0 o< H*.

© Generally, we expect the convergence rate of finite element
solutions in the LL2-norm is twice of that in the H-norm.
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LConsistency Error and the First Strang Lemma

Nonconformity and Consistency Error

@ The conformity of finite element methods is often broken, so
it is necessary to extend abstract error estimates accordingly.

@ Numerical quadratures break the conformity and introduce
consistency error.
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First Strang Lemma — Abstract Error Estimate Including Consistency Error

Theorem

Let Vi, C 'V, and let the bilinear form ap(-, -) defined on Vp, x V,
be uniform V p-elliptic, i.e. there exists a constant & > 0
independent of h such that

ah(vh, Vh) > &HVhH2, Vv, € V.
Then, there exists a constant C independent of h such that

lu—up| < C( inf {H“_Vh|’+ sup [3(vh, Wh) — an(Vh, Wh)|}
T WhEV [[whll

|f(wh) — fh(Wh)l)'

whEV ”WhH

+
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Proof of the First Strang Lemma

@ Since V, C Vand a(u, v) = f(v), Vv € V, we have
a(u—vp, up—vp)+a(vp, up—vp) —f(up—vp) =0, Vv, € V.

@ Since ap(up, vp) = fu(vh), Yvi € Vj, we have
ah(uh— Vh, Up— Vh) = fh(uh— vh)—ah(vh, up — Vh), VVh & Vh.

© Therefore, by the uniform V-ellipticity of ap(+,-) on Vj, we
have

&llvh — unl® < an(un — vh, up — Vi)
= a(u — vu, up — vu) + {a(vh, up — vh) — an(vh, up — vp)}
+{fh(uh — Vh) — f(uh - Vh)}-
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Proof of the First Strang Lemma

@ Hence, by the boundedness of the bilinear form a(-, -), and
[fo(uh = vi) = F(un = vi)| < sup,y, ey, TSI [y, — vy |

\a(Vh, Wh) - ah(Vh7 Wh)|

|a(vh, uh—vh)—ah(vh, uh—vh)| < sup ||uh—VhH,
wheVh [|wa |
we are lead to
allup — vall < Mlju— vl
4 sup |a(vh, whn) — an(va, Wh)\Jr sup |f(wh) = fa(wh)|
whEV HWhH whEV HWhH

@ Since ||u— up|| < ||u— vp|| + ||un — val|, the conclusion of the
theorem follows for C = max{a~1,1+ &1 M}.
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Use of Non-Conforming Finite Element Function Spaces

@ The conformity will be broken, if a non-conforming finite
element is used to construct the finite element function
spaces.

@ In such a case, V, € V, therefore, || - |, f(-) and a(-, -) must
be extended to || - |5, fa(+) and ap(-, -) defined on V 4 V.

© For example, if V. =H{(Q) and a(u, v) = [, Vu - Vvdx, we

may define 12
i vl = (0 wlde) s
KeZh(Q2)
(un, vi) = an(un, vn) Z /Vu;, Vv dx.
KET;,(Q)
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Error Bound of Non-Conforming Finite Element solution

The following abstract error estimate again bounds the error of the
finite element solution in the non-conforming finite element
function spaces by

@ the approximation error of the finite element function space;

@ and the consistency error of the approximation functionals
ap(-,-) and fp(-).
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Second Strang Lemma — Abstract Error Estimate for Non-Conforming FE

Let the bilinear form ap(-, -) be uniformly bounded on
(V4 Vp) x (V+Vy), and be uniformly Vp-elliptic, i.e. there exist
constants M and & > 0 independent of h such that

lan(up, vi)| < Mgl Vil Yun, vi € V4V,

an(vh, vh) > C’i||vh||%, Yvp € V.
Then, the error of the solution uy of the corresponding
approximation variational problem with respect to the solution u of
the original variational problem satisfies

o - an(u, wp) — fa(wp
||u—uh||h:( inf ||lu— vp|ln+ sup [2n(u, wh) ( )|)
VhEVH wpEV), HWhHh

Here Ap(u) = Bp(u) means that there exist positive constants C;
and C, independent of u and h s.t. CiBp(u) < Ap(u) < GBx(u),
for all h > Q sufficiently small.
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Proof of the Second Strang Lemma

@ Since ap(up, vp) = fa(vn), Yvu € Vi, we have

ah(uh — Vp, Up — Vh) = fh(uh = Vh) = ah(vh, up — Vh), Vvh S Vh.

@ Therefore, by the uniform Vp-ellipticity of ap(+,-) on Vj, we

have
&\ — upll® < an(un — Vi, up — vi)

= ap(u— vh,up — vp) + {fa(up — vi) — an(u, up — vp)}.
© Thus, the uniform boundedness of ap(-, -) and
lu = unlln < lu—=valln + [lun — valln
led to " <" part of the theorem for C; =max{a L1+ a 1M}
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Proof of the Second Strang Lemma

@ On the other hand, it follows from the uniform boundedness
of ap(-, -) that

ah(u, W/-,)—fh(Wh) = ah(u—uh, Wh) < MHU_UhHhHWhHha Ywy € V.

@ Thus, by the arbitrariness of wy, we have

N — 1
= wnlly = 7 sup 260 ) — (1)
wprEV ||Wh||h

@ This together with |[u — up||p > infy,cv, ||u— valln yield the
">" part of theorem with ¢; = 5 min{M~1, 1}. [ |

19 /27



In General V, € V for Non-Polygon Q

@ If Q is not a polygonal region, the region € covered by a
finite element triangulation is generally not equal to €2, this
will also lead to nonconformity Vj, ¢ V.

@ For a general case when there is nonconformity, it follows
from the first and second Strang lemmas that, to obtain the
error estimates for finite element solutions, in addition to the
interpolation error estimates, the consistency errors of the
approximate bilinear forms ap(+, -) and linear forms f,(-) must
also be properly estimated.

© It is usually required that the approximate operators are
uniformly continuous and stable (i.e. the approximate
bilinear forms ap(-, -) are uniformly bounded and uniformly
Vp-elliptic).



Error Estimates of Finite Element Solutions

LNoncc::nﬁ::rmity and the Consistency Error

The Basic Tools for the Analysis of Consistency Error

@ The basic tools for the analysis are still the equivalent quotient
norms in the polynomial quotient spaces and relations between
the Sobolev semi-norms on affine equivalent open sets.

@ Error estimates on polynomial invariant operators play a very
important role in the interpolation error estimates. The
following two lemmas are the counterparts in the consistency
error estimates for polynomial vanishing linear and bilinear
forms.
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The Bramble-Hilbert Lemma —

— An Abstract Estimate on Polynomial Vanishing Linear Forms

Theorem

Let Q be a bounded open set in R" with Lipschitz continuous
boundary. For some p € [1, oo] and some integer k > 0, let the
bounded linear form f defined on WXT1:P(Q) be such that

f(w) =0, Vw € Py ().
Then, there exists a constant C(2) such that
[F(V)] < CE Ifllkt1,p,0lVIir1p.0;

where || - [[ky1 »q is the norm on the dual space of WK1P(Q).
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LThe Bramble-Hilbert lemma and the bilinear lemma

Proof of the Bramble-Hilbert Lemma

@ For any v € WAHLP(Q), it follows from f(w) = 0,
Vw € Py(R), that

[F(W)] = [f(v+w)| < Ifllks1p0 IVEWlki1p0 YW € Pi(Q),
® Thus,
W) < [Ifllks1,p.0 Wiglgk v+ wllk+1,p.0-

© Since |- [k41,p,0 is an equivalent quotient norm in the
polynomial quotient space Wx+1:P(Q) /P (Q) (see
Theorem 7.2), the conclusion of the theorem follows. |
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The Bilinear Lemma —

— An Abstract Estimate on Polynomial Vanishing Bilinear Forms

Theorem
Let Q be a bounded open set in R" with Lipschitz continuous
boundary. For some p, q € [1, o], some integers k, | > 0 and a
subspace W which satisfies the inclusion relation
P)(Q) ¢ W C WHL9(Q) and is endowed with the norm
| - [141,q,0, let the bounded bilinear form b defined on
WHEHLP(Q) x W be such that

b(r,w) = 0, Vr e Pr(Q), Vw e W,

b(v, r) = 0, VveWLP(Q) VreP(Q).
Then, there exists a constant C(SQ) such that
1b(v, w)| < COIIBIIVIks1palWlisran, YvEWSLA(Q), YweW,

where ||b|| is the norm of the bilinear form b on WKt1.P(Q) x W.
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Proof of the Bilinear Lemma

@ For any given w € W, b(-, w), regarded as a bounded linear
form defined on WA+1P(Q) satisfies the conditions of the
Bramble-Hilbert lemma.

@ Hence, there exists a constant C;(Q2) such that
[b(v, w)| < G(Q)[16(, W)llit1p VIkiLpg, Vv € WHLP(Q).

© On the other hand, since for any v € Wx+1P(Q), b(v, r) =0,
Vr € Pi(Q2), we have

1b(v, w)| = [6(v, w0)| < [1Bl[Vllks1pallwtrlisngn, r € B
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Proof of the Bilinear Lemma

© Since |- |/41,p,0 is an equivalent quotient norm in the
polynomial quotient space W/t1P(Q)/P;(£2), 3 const. G(Q)
s.t.infrep, |w + rlli41,9.0 < Q(Q)|W|i41,9.0.
@ Therefore, for any v € Wk+1’p(Q), we have
1b(v, )] < C(@IBIIVIIks1p0Wlis10: YW € W.

@ This implies

|b(v, w)|
160 W)llks1p0 = sup i — < G(Q)||bl|w]i11,q.0-
vewktipe [[V[ k1,00

@ Combining this with (2) (see (7.4.11)) leads to the conclusion
of the theorem. [ |
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SJER 7: 9, 10

Thank You!
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