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Error Estimates of Finite Element Solutions

A Framework for Interpolation Error Estimation of Affine Equivalent FEs

@ The polynomial quotient spaces of a Sobolev space and their
equivalent quotient norms ((2) in the example);

@ The relations between the semi-norms of Sobolev spaces
defined on affine-equivalent open sets ((3), (4) in the exmp.);

© To estimate the constants appeared in the relations of the
Sobolev semi-norms by means of the geometric parameters of
the corresponding affine-equivalent open sets.

@ The abstract error estimates for the polynomial invariant
operators ((1) in the example);




The Semi-norm |v|ki1,.0 Is an Equivalent Norm of WkT1.,(Q) /P, ()

© The quotient space WA+1P(Q) /P, (Q) is a Banach space.
@ The quotient norm of a function v is defined by

v € WKHLP(Q)/Pr(Q) = 1Vllkt1p0 == inf_ [lv+wis1pa-
WGPk(Q)

@ v e WLP(Q)/Pu(Q) — |Vlki1pa = [VIkt1pa is a
semi-norm, and obviously |V|x+1p.0 < ||V|lk+1,p,0-

There exists a constant C(2) such that

Wlk+1p0 < CO@MWIiip, Vv € WHP(Q)/Pi(Q).



Error Estimates of Finite Element Solutions

Relations of Semi-norms on Open Sets Related by F(X) = BX + b

Theorem

Let Q and Q) be two affine equivalent open sets in R". Let

v € W™P(Q) for some p € [1, o] and nonnegative integer m.
Then, v = vo F € W™P({), and there exists a constant

C = C(m, n) such that

| < C||B[I™ | det(B)|7? [VImp,

v

where B is the matrix in the affine mapping F, || - || represents the
operator norms induced from the Euclidian norm of R". Similarly,
we also have

|Vimpa < CIB™H|™ | det(B)[*/? 9]

‘me

mp’




Error Estimates of Finite Element Solutions

Bound ||B|| and ||B7!|| by the Interior and Exterior Diameters

@ Denote the exterior and interior of a region € as

{hQ = diam (),

pq = sup{diam(S5) : S C Q is a n-dimensional ball}.

Theorem

Let Q and Q be two affine-equivalent open sets in R", let
F(X) = BX + b be the invertible affine mapping, and Q = F(2).
Then, A

0

h
1B} < 5 and |B7H| <

where h = hq, h = hs, p = pa, p = pg.




Error Estimates of Finite Element Solutions

Proof of ||B|| < 7’; and the Geometric Meaning of det(B)

@ By the definition of ||B||, we have

1
1Bl = = sup ||BE].
P ligl=p

@ Let the vectors X, y € Q) be such that Iy — X|| = p, then, we
have x = F(X) € Q, y = F(y) € Q.

© Therefore, |B(y —X)||=|F(7)— F(X)||<h = |B|| <% N

™Iz

The determinant det(B) also has an obvious geometric meaning:

meas(Q) 1 meas(Q)
det(B)| = ———== and |det(B =—=
der(B)] = ) and [der(87)] = He )




A Result on Affine Equivalent Family of Polynomial Invariant Operators

Theorem

Let nonnegative integers k, m and p, q € [1, co] be such that
Wkﬂ’p(fl) Wma(Q). Let the bounded linear operator
e gWktLr(Q); W™4(Q)) be Pr(Q) invariant, meaning

Nw = w, Viv e Pr(9).
Let Q = F(Q) be an arbitrary open set which is affine equivalent
to ), where F(X) = BX + b. Let the linear operator Tlg €
S(WHHLP(Q); W™9(Q)) be defined by

T = (ﬁ (vo F)) o F 1.

Then there exists a constant C = C(ﬁ,ﬁ, k, m, n) independent of
Q, such that, for all v € WKHLP(Q),

hist
v = Nqv|maa < C(meas())*/a-1/P) o MHLPQ



Proof of Error Estimate for Affine-Family of Polynomial Invariant Operators

@ By the polynomial Pk(ﬁ) invariant of 1, we have
00 =(-MO+w), Ve WTLPQ), Vi e Pi(Q).

@ By WKHLP(Q) — Wm9(Q), N € L(WKTLP(Q); Wm9($)),
and the semi-norm |- |, ., & is an equivalent quotient norm:

A

&l

ma S < |- I'IH Weinka) H\?—i—l?VHk_i_l’p’Q < C(H’Q)mkﬂ,p,fl'
© Since v —Nqv = (V — ﬁ\?) o F~1, by Theorem 7.3, we have

V= MVlmga < C(m,n)|B7H|™ det(B)"/9]0 — 19],, o,

V11 p0 < Clk+ 1, )| B det(B) ™7 |v]k+1,.0:

@ The estimate follows as a consequence of the above three
inequalities and Theorem 7.4. |



Error Estimates of Affine Family Finite Element Interpolations

Theorem

Let (K, P, Z) be a finite element, let s be the highest order of the
partial derivatives appeared in the set of the degrees of freedom T
Let nonnegative integers k and m, and p, q € [1, oo] be such that

WHHLP(K) — C5(K),
WHHLP(K) — W™9(K),
Pe(K) c P c W™I(K).
Then, there exists a constant C(K, P, f) such that, for all finite

elements (K, P, ) which are affine equivalent to (iA(, P, f) and
for all v € Wkt1P(K),

. k+1
v — Nk V]mak < C(K, P, £) (meas(K))L/ 7~ 1/p) f p K Vi1 pk-
K



Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Proof of Error Estimates for Affine-Family of Finite Element Interpolations

@ By the error estimates for affine-family of polynomial invariant
operators (see Theorem 7.5), we only need to verify that the
corresponding finite element interpolation operators
1= € WHLP(K); WmI(K)).

@ Let {W;}"V, be a set of basis of P, and {;}", C T be the
corresponding dual basis.

© {¢;}V, are also bounded linear functionals on C3(K), since s
is the highest order of partial derivatives in X.
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Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Proof of Error Estimates for Affine-Family of Finite Element Interpolations

Q By 10 = Zl’\’zl @i(V)w; € P c Wm™9(K), and
WktLP(K) — C5(K), we have, for all ¥ € WKtLP(K),

N

100k < S 1B 1l i <

=1

N
(Z ‘W"Hm,q,k> 170 0.k < C1”VH’<+1,pf<' u
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Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Relations Between Geometric Parameters of a Finite Element K

@ Denote 0, = meas{x € R" : ||x|| <1}, we have

onpi < meas (K) < hg.

@ In the finite element error analysis, the convergence speed can
be characterized by the powers of the element K's diameter
hg, if the finite elements satisfy certain geometric conditions,
for example, the regularity condition given below.
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Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Regular Family of Finite Element Triangulations

{Zh(Q2)} =0 is said to be a regular family of finite element
triangulations of €, if

(i) there exists a constant o independent of h such that

hkx <o pk, VK € U Th(2);
h>0

(i) 0 is the accumulation point of the parameter h.



Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Regular Affine Equivalent Family of Finite Element Triangulations

o Let {T4(Q)} ;0 be a regular family of finite element
triangulations of €.

o Let {(K, PK’ZK)}KEUh>O‘Ih(Q) be a family of finite elements,
each of which is affine equivalent to the reference finite
element (K, P, X).

Then, the finite elements {(K, Pk, ZK)}KGUh>oTh(Q) are called a
regular affine equivalent family of finite elements.
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Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Error Estimates of Regular Affine Family of Finite Element Interpolations

Theorem

Let {T4(2)} )~ be a regular family of finite element triangulations
of Q, let {(K, Pk, ZK)}KEUh>OTh(Q) be a regular affine equivalent
family of finite elements with respect to the reference finite
element (K, P, 5), which satisfies the conditions (7.2.11)~(7.2.13)
of Theorem 7.6 (Them. on interpolation error of affine equivalent
FEs). Then, there exists a constant C = C(K, P, %) such that

v = v llmqpi < € (meas (K))H9YP) o BEM ]y i,

Vv € WEP(K), VK € | Th(9),
h>0
where o is the constant in the definition of regularity.
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Error Estimates of Finite Element Solutions
L Error Estimates of Polynomial Invariant Operators

LError Estimation for Finite Element Interpolation Operators

Proof of Error Estimates for Regular Affine Family of Finite Elements

@ By the error estimates for affine equivalent family of finite
element interpolation operators (Theorem 7.6), we have that,
for all v € WrHLP(K),

AoaA o~ h
v=TkVImgk < C(K, P, T) (meas(K))(/71/P) - rv|k+1,p,
K

@ By the regularity of the triangulation, we have

Pt <oht, VK e | ThQ
h>0

© Thus, the conclusion of the theorem follows. [ |
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Error Estimates of Finite Element Solutions
L Inverse Inequalities of Finite Element Functions

LGeneral Remarks and Basic Tools

The Sobolev Embedding Theorem

Theorem

Let Q be a bounded connected domain with a Lipschitz continuous
boundary 0S2, then

WHRP(Q) < WRIQ), V1< g o k>0, if m<n/p,
WHRP(Q) S WRI(Q), V1< q< _"pmp, k>0, if m<n/p;
Wmtkr(Q) < WR9(Q), V1< g < oo, k>0, if m=n/p;
Wrthr(Q) S CK(Q), VY k>0, if m>n/p.
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Error Estimates of Finite Element Solutions
L Inverse Inequalities of Finite Element Functions

LGeneral Remarks and Basic Tools

The Sobolev Embedding Theorem

Remark:

By the theorem (see Theorem 5.5), a "lower" order norm of a
Sobolev function can be bounded by its " higher" order norms.

Generally speaking, the reverse inequalities do not hold. However,
we can prove the inverse inequalities on certain finite element
function spaces.
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Error Estimates of Finite Element Solutions

L Inverse Inequalities of Finite Element Functions

LThe Inverse Inequalities of Finite Element Functions

Family of Quasi-Uniform Finite Element Triangulations

Recall, {Th(Q2)} - is a regular family of FE triangulations of €, if
(i) there exists a constant o independent of h such that
hk <opk, YK e | Th(Q);

h>0
(ii) 0 is the accumulation point of the parameter h.

Definition
Let {Th(2)}h>0 be a regular family of finite element triangulations
of Q. If there exists a constant « such that

max hg: < v hg, VK € ‘Zh(Q), Vh > 0,
K’ET},(Q)

then, {Th(Q)}h>o is called a family of quasi-uniform finite element
triangulations of .

19/39



The Inverse Inequalities of Finite Element Functions

Theorem

Let {Th(Q2)}h=0 be a family of quasi-uniform finite element
triangulations of a bounded open set Q in R", V() be the FE
function spaces on %4(2), where the FEs (K, Pk, X k) are affine
equivalent to the reference FE (K P, Z) Let integers 1 </ < m
and p, g € [1, oc] satisfy P;_1(K) ¢ P c WP(K) N W™9(K).

Then, there exists a constant C(o,~, 1, m), where o and ~y are the
regularity and quasi-uniform constants, such that, for all g < oo,

1/q 1/p
( S, ) < C(0,, 1, m) h"’"_s( S v, K) Vv € Vi(Q),
Ke%h(Q) KeT,h(9)
where s = max{0,n(1/p —1/q)}, and for g = 0o

1/p
12 {[Vlmoo ) < Cloy m) A== 37 (7)) W € Vi(@).
€5h(@) KeZH(Q)

Remark: The conclusion of the Theorem can be extended to cover the case of
I = 0 (with the proof modified slightly here and there).



Error Estimates of Finite Element Solutions
L Inverse Inequalities of Finite Element Functions

LThe Inverse Inequalities of Finite Element Functions

Proof of the Inverse Inequalities of Finite Element Functions

@ It follows from the relations of semi-norms on affine equivalent
open sets (see Theorem 7.3, and 7.4 as well) and the
regularity of the triangulation that, there exists a constant Cy,
which depends only on a,, [, m, such that

|—
|VK|/,p7 < Cohy n/p’V|l,p,K7

< Co h;m—i—n/q“,}K

‘V’m,%K = ‘m,q,k’

where v = vo Fk, Fx : K — K are the corresponding affine
mappings.
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Error Estimates of Finite Element Solutions
L Inverse Inequalities of Finite Element Functions

LThe Inverse Inequalities of Finite Element Functions

Proof of the Inverse Inequalities of Finite Element Functions

@ It follows from the equivalent norm on the polynomial
quotient space (see Theorem 7.2) that, there exists a constant
G = C(K) such that the quotient norm [|wl|, | & of the
quotient space P/P;_;(K) satisfies

HWHIpK <G ’W|I K Yw € ﬁ’, (holds for / = 0 directly)

vAvhere WAls the equivalent class oi w irAl the qucitient space
P/P;_1(K). ( In fact, we have P = P/P;_1(K) & P/_1(K)).

© On the other hand, ’W|m,q,k =0, Vw € P/_l(f(), since | < m.
(for I =0, |wl, . x =0, Yw € Py(K), Vm > 1)

Q Let {W,} 71 C P be a basis of P with {#;}L i CP_ 1(K)
being a basis of ]P’,_l(K). (for I = 0, let g = 1 C Bo(K))
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Proof of the Inverse Inequalities of Finite Element Functions

@ Let {¢;}M, C 3 be the corresponding dual basis of {#;} M,
meaning ¢;i(W;) = 0j, i,j=1,..., M.

. . M .

O [|Wll,, & = Wl gk T 2iZi11 lei(w)| defines a norm on
P/P;_1(K), since w € P, HWquK =0 = g¢i(w)=0,
I:L+1,,M = WG]P’/ ]_(K) (for I =0, L =1, replace P;_; by Pp)

@ Since any two norms on a finite dimensional space are
equivalent, there exists a constant C; = C(/, m) such that

<Nl 5 < Collily 4 < LW, , g Fw P

W, q.& = Wl g i

@ By @, @ (see (7.21), (7.22) and (7.24)), and the
quasi-uniformness of the triangulation, we have

V|mgx < ChA=m=nQ/p=1/a)|y|, o Vv e Pk, VK € Th(Q).

qu



Error Estimates of Finite Element Solutions
L Inverse Inequalities of Finite Element Functions

LThe Inverse Inequalities of Finite Element Functions

Proof of the Inverse Inequalities of Finite Element Functions

© Hence, the conclusion of the theorem for g = oo follows.

@ For p < g < 00, the conclusion of the theorem follows as a
consequence of 8) and the Jensen's inequality

> W) < (X mEa)

KeT4(Q) Ke$h(Q)

@ If g < p < o0, it follows from the Holder's inequality that

1/q _ 1/p

( 3 |v|77p,,<) < C(TH(Q))V/a-1/P) ( S ﬁp,K) ,

KEZH(Q) KeTH(2)
where C(Tp(Q)) is the #Tx(Q).
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Error Estimates of Finite Element Solutions
L Inverse Inequalities of Finite Element Functions

LThe Inverse Inequalities of Finite Element Functions

Proof of the Inverse Inequalities of Finite Element Functions

& Since the triangulations are quasi-uniform, there exists a
constant C3 = C(a,7) such that C(T,(Q)) < GGh™".

® Hence, the conclusion of the theorem for g < p < oo follows
from ® and @ (see (7.25) and (7.26)).

@ For g < p = 00, the conclusion of the theorem follows as a
consequence of B (see (7.25)) and

1/
S k) < CERQNYT max |Vl W
Kesh(@) KeTh()
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We Restrict Ourselves to the Simplest Ideal Situations

@ The second order linear elliptic problems defined on polygonal
domains in R".

® The conditions in the Céa lemma are satisfied.

©

The domain 2 is exactly triangulated into polygonal finite
elements.

@ The Dirichlet boundary 09 consists exactly of some
(n — 1)-dimensional faces of the corresponding triangulation.

@ For further simplification, consider only the homogeneous
Dirichlet boundary value problems, so that the function space
of the corresponding variational problem is V = H().

@ Use only class C° conforming finite elements, so that the
finite element function spaces satisfy V, C V.



Interpolation Error Estimates on Finite Element Function Spaces

Let {(K, Pk, ZK)}KGUh>o () be a family of regular affine

equivalent finite elements with (K, P, 3) being the reference finite
element. Assume that there exist nonnegative integers k, | such
that — Pu(K) c PcH(K),  HFYK) < C3(K),

where s is the highest order of the partial derivatives appeared in
the set of degrees of freedom S. Then, there exists a constant C
independent of h such that, for all v € H*1(Q) NV,

lv - AT ke, 0 < m < min{l, 1},

( va—nhvumK) O |y, 2< m < min{ktL, 1},
KeZh(Q2)

where T, is the Vy, interpolation operator.



Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems

LError Estimates for Interpolations in FE Function Spaces

Proof of Interpolation Error Estimates on Finite Element Function Spaces

@ For p=q =2, P (K) c Pc H(K), H1(K) — C5(K) =
the conditions (7.2.11)—(7.2.13) of the theorem on error
estimates of affine family finite element interpolations (see
Theorem 7.6) hold for m < min{k + 1, /}.

@ Thus, by the theorem on error estimates of regular affine
family finite element interpolations (see Theorem 7.7), we
have

V=iVl < €A [Vliprk,  0< m < min{k+1, I}.
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Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems

LError Estimates for Interpolations in FE Function Spaces

Proof of Interpolation Error Estimates on Finite Element Function Spaces

© Since, by definition, (Myv)|x = MNk(v|k), hk < h,
VK € Tp(Q), this leads to

1/2
S v-Navll?, ) < CH*Ym |y |10, 0 < m < min{kHl, 1},

Ke%y, Q)

@ For class CO finite elements, and 0 < m < min{1,/}, we have

1/2
v=Mwvlima=( > Iv-Tavik,) . =
KeZh(Q2)
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Error Estimates for Regular Affine Family Finite Element Solutions

Theorem

Let {(K, Pk, ZK)}KGU;,>0 T,(Q) [ie aAfaTily of regular affine
equivalent finite elements with (K, P, X) being the reference finite
element. Assume that there exists an integer k > 1 such that

P«(K) c P c HY(K),

HY(K) = C3(K),

where s is the highest order of the partial derivatives appeared in
the set of the degrees of freedom ¥.. Assume that the solution u of
the variational problem is in H¥*1(Q) N'V. Then, there exists a
constant C independent of h such that

lu = unllie < Ch*Julki10,
where up, € Vi, C V is a finite element solution of the variational
problem.



Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems

L Error Estimation for Finite Element Solutions in H-Norm

Proof of Error Estimates for Regular Affine Family Finite Element Solutions

@ By the Céa lemma (see Theorem 7.1), we have
Ju—upllie < C inf Jlu—vpllie < Cllu —Mhull10.-
VhEV}
@ By the error estimates for regular affine family finite element

interpolations (see Theorem 7.9. in particular (7.3.5)), since
u € H1(Q) NV, we have

Ju— Mpullie < C A |uii10.

©® Thus, the conclusion of the theorem follows. [ |
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Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems

L Error Estimation for Finite Element Solutions in H-Norm

Proof of Error Estimates for Regular Affine Family Finite Element Solutions

Remark:

If the solution u of the variational problem has higher regularity,
i.e. smoother, then, we can obtain finite element solutions with
higher order of accuracy by selecting finite elements containing
higher order polynomial function spaces.
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Application of the General Result to u € H2(Q) NV and n < 3

@ By the Sobolve embedding theorem, W™+sP(Q) < C3(9Q),
Vs>0,if m>n/p.

@ Here, we have m =2, n <3 and p=2, so 2 > 3/2 implies
H2(Q) < CO(Q).

© For class C° type (1) Lagrange finite elements, we have s = 0,

k=1and P =Py (K).
@ Thus, the conditions of Theorem 7.10: Py(K) c P c H(K)
and Hx1(K) < C%(K) are satisfied for k = 1, s = 0.

© As a consequence, we have |y — uyll1 < Chlu|rq.

@ |In this case, the error estimate for the finite element solution is
optimal, meaning that the error estimate of the finite element
solution is of the same order as that of the interpolation of
the real solution in the finite element function space.



Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems
L Error Estimation for Finite Element Solutions in H-Norm

Application of the General Result to the Second Order Problem (n < 3)

@ For class CO affine equivalent finite elements or finite elements
which embed into an affine family, for example, the complete
or incomplete type (k) n-simplex, type (k) n-rectangle, etc.,
by taking / = 1, we are lead to the error estimates

[v—Tpv|[ma < CAF"M vy, m=0,1, Vv € H(Q)NV.

@ In particular, for type (1) Lagrange finite elements, we have
[v—T1pV|ma < Ch*™|v|2q, m=0,1, Yv e H*(Q)NV.

© In general, the finite element interpolation error in the L2(Q)
norm is an order higher than that in the H(Q) norm.
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Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems
L Error Estimation for Finite Element Solutions in H-Norm

Finite Element Solution u Is Not in H?(Q2) NV in General

@ For general variational problems, the condition u € H?(Q) is
not always satisfied. For example, the Poisson equation on a
Q shaped region.

@ Under the minimal assumption that the solution
u € H}(Q) NV, we can still prove the convergence of the
finite element solutions, even though the order of the
approximation accuracy is no longer available.
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Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems

L Error Estimation for Finite Element Solutions in H-Norm

Convergence of Finite Element Solutions When v Is Only in H}(Q) NV

Theorem

Let {(K, Pk, ZK)}KEUh>O () be a family of regular class C°
affine equivalent finite elements with the reference finite element
(K, P, ¥) satisfying: P1(K) C P C HY(K), and there is no partial
derivatives of order greater than or equal to 2 in .. Then,

li = = 0.
lim [l — upll10
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Proof of limy_o ||t — up|l1.0 = 0 When u Is Only in H}(Q) NV

@ Takek=1 m=1 qg=2, p=o00,s=0or1accordingly. We
have (see conditions (7.2.11)—(7.2.13) for Theorem 7.6, 7.7)
W2 (K) — C5(K), s=0,1
W2(K) — HY(K),
P« (K) c P c HY(K).
@ Thus, by the interpolation error estimates on regular affine

equivalent family of finite elements (see Theorem 7.7), for all
v E W22(Q) NV, we have

1/2
lv=vlisa ={ 3= Iv=Ticvi3 } < Chimeas ()2 vl .-
KeZ(Q)

This implies lim [lv—Mpv1o =0, Vve W2°(Q)NV.
ﬁ



Error Estimates of Finite Element Solutions
L Error Estimates of FEM for 2nd Order Problems

L Error Estimation for Finite Element Solutions in H-Norm

Proof of limp_0 ||u — upl|1.0 = 0 When u Is Only in H}Y(Q) NV

© Since u € HY(Q) NV and W2>°(Q) NV is dense in
H(Q) NV, for any given & > 0, there exists a
ve € W22(Q) NV such that

lu—vel10 <e/2.

@ For a fixed v., by ), there exists an h(¢) > 0 such that
[ve — Mpvell1a < /2, if 0 < h < h(e).

@ Consequently

lu—Mpvell10 < lu—vell10+]ve—Mavell1,0 <&, Yh e (0, h(e)).

@ Therefore, we conclude lim inf |lu— v4|l1.0 =0.
h—0 v,eVy
@ The conclusion of the theorem follows now from the Céa
lemma. |
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SJ@i 7: 5, 6, 8.

Thank You!
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