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General Abstract Definition of a Finite Element

A triple (K, Pk, X k) is called a finite element, if

@ K C R”, called an element, is a closed set with non-empty
interior and a Lipschitz continuous boundary;

@ Pk : K — R is a finite dimensional function space consisting

of sufficiently smooth functions defined on the element K;
© I is a set of linearly independent linear functionals {p;}V
defined on C*°(K), which are called the degrees of freedom of
the finite element and form a dual basis corresponding to a
"normalized” basis of Pk, meaning that there exists a unique
basis {p;} ., of Pk such that ¢;(p;) = d;.
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LType (k) n-Simplexes and Type (k) n-Rectangles

Type (k) n-Simplex — The Simplest Class of Lagrange Finite Elements

QO K'={x=Y""XNa :0<\<1,1<i<n+1, Y N =1}is
i=1

i=1
the convex hull of vertices a; = (aj)"_;, j =1,...,n+1, with

a11 d12 - din+l
al a2 - aznp+l
A= Lo : = (81,---,ap41) non-singular.
dnl dn2 ' dnn+l
1 1 ... 1

Q Let A\ = ()\1, Ao, ... ,)\n+1)T, X = (Xl, X2, ...y Xp, 1)T, if
AX = %, then A(x) = A% is called barycentric coordinates.

© By \(aj) = A~ 'a;, and &; is the jth column of A, we have
)\,-(aj):cS,-j, 1<i,j<n+1.
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Type (k) n-Simplex — Px = Px(K), x = K/, the Principal Lattice

@ Pk =Pi(K): polynomials of degree no greater than k for the
n variables xi, x2, ..., x, defined on K. dimPx(K) = Gl

@ For k=1, dimP;(K) = n+ 1. Since \;(x) € P1(K) and
)\,-(aj) = (5,‘1', if we take X = {p (a,-), 1<i<n+ 1}, then,
the barycentric coordinates A1(x), A2(x), ..., Apt1(x) form
the normalized dual basis of P;(K) with respect to Xk.

© In general, for kK > 1, the principal lattice

n+1 n+1 k—1
Kk—{er)\a, ZA_I)\E{Ok k1} 1</<n+1}

form a dual basis of Px(K").
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Y x = K/, the Principal Lattice, Form a Dual Basis of Px = Px(K")

For k = 0, denote K§ = {n+1 sy a,}' for k > 1, denote

n+1 n+1 k—1
{erAa, ZA_lAe{ i k,l},1§i§n+1},

and call them the kth order principal lattice of the n-simplex
K" C R". Then, the degrees of freedom given by

={p(x) : x € K} form a dual basis of P\ (K"), and are called
the kth order principal degrees of freedom of the n-simplex K.
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Proof of the Principal Lattice Form a Dual Basis of Px = Px(K")

The key points to the proof:
@ There are exactly dimPy(K") = C/_, points in K.
o If p € Py(K") satisfies p(x) = 0 on K/, then, p(x) = 0.

Proof:
@ o;=k\,i=1,2,...,nis 1-1 to the multi-index o =
(a1, 00,...,ap), aj >0, >0 1 a; < k. K = dim P (K").
@ For n =1, the conclusion of the theorem obviously holds for
all k > 0. We will prove by the principle of induction.

© Let n > 2, assume that, for all space dimensions less than n,
the conclusion of the theorem holds for all k > 0.
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Proof of the Principal Lattice Form a Dual Basis of Px = Px(K")

@ Since x = A\, p € P(K") can be written as p(x) =
D la|<k AT (X) At (x), and in particular, written as

P(X):zk:[Pki()\l( I < n(X)H< nt+1(x le)}v

where px_i(A1,...,Ap) is a polynomial of A1,..., A\, of
degree no greater than k — i.
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Proof of the Principal Lattice Form a Dual Basis of Px = Px(K")

O Let S\J':%/\j, éj:%aj—l—éanﬂ,j:l,z...,n, then
— n i e i 1 k—i .
KiZi = Xe;Ajaj+Ean+l.j_;Aj:]-_;’)\je O,E,...,—k , 1< i< ny,

. n . n . . 1
& Kioi= erAjaj:ZAjzl,Aje{o,k_i,...,l},lgjgn
j=1 j=1

@ K[! is the (k — i)th order principal lattice of the (n — 1)-
simplex K,-”k_1 ={x € K": Ap1(x) = i}
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Proof of Xx = K] Form a Dual Basis of Px = Px(K") — continue

@ p(x) =0o0n K/ = p(x) =0on K1

@ p(x) = pr(M(x),- -, An(x)) € Pi(KGRH), (x) =0on K; Y,
by the induction assumption = px(A1(x),...,An(x)) =0 =

Q p(x) = App1(x)pr—1(A1(x), ..., An(x)) € ]P’k(Klnjl), thus,
pk—1=0on R,f__ll = pr—1(A1(x), ..., An(x)) = 0. Similarly,

W pr—i(A1(x), .., An(x))=0,2<i <k, = p(x)=0. [ |
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Type (k) n-Simplex Finite Elements

@ A finite element (K, Pk, ) is called a type (k) n-simplex, if
K is a n-simplex, Px = Px(K), and Xk is the kth order
principal degrees of freedom %} of K.

@ Type (k) n-simplex finite elements are an affine family.

© The normalized dual basis of Px(K) corresponding to X of
the n-simplex K can be easily expressed in barycentric
coordinates.
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Type (k) n-Simplex Finite Elements

@ For example, for the type (2) n-simplex, the normalized dual
basis of P2(K) corresponding to ¥} is given by

Xi(x)(2Xi(x)—=1), i=1,2,...,n+1; 4Xi(x)N\j(x), 1 <i<j<n+l.

© In fact, denoting a;; = (a; + a;)/2, we have

n+1
=Y M(x)(@Xni(x)-1 + ) AN (¥)p(ag), Vp €Py(K).
i=1 1<i<j<n+1
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Type (k) n-Rectangle — Another Class of Lagrange Finite Elements

Q@ K" = [Xu1, Xio] X [Xo1, Xop] X - -+ x [Xn1, Xn2] is @ n-rectangle.
@ Pi = Qu(K") = {P(x) P (X) =2 ay<k PaganXq ‘Xr?"}-

1<i<n
© dimQu(K") = (k +1)".

Q Let h; = Xjp — Xj1, 1 < i < n, define the kth order principal
lattice of the n-rectangle K":

Rk":{x:(XnJr’;hl,...,X,,1+'I:hn)TeR”:ije{O,l,...,k}, 1§j§n},

Q tK! = (k+1)".
@ If pe Qx(K") and p=0on i_(,f, then, p = 0.
@ 27 ={p(x):x € K} form a dual basis of Qx(K").
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Type (k) n-Rectangle Lagrange Finite Elements

@ Type (k) n-rectangle finite element: K a n-rectangle K",
Pk = Qu(K™), and T =27 = {p(x) : x € K[}

@ The type (k) n-rectangles form a particular subset of an affine
family.

© Figures (a): a type (2) triangle; (b): a type (2) rectangle.

13 /36



Finite Element Methods for Elliptic Problems
LE><amp|es on Finite Elements

LType (k) n-Simplexes and Type (k) n-Rectangles

Incomplete Type (k) n-Simplex and Type (k) n-Rectangle

@ Finite elements can be obtained by removing some of the
principal degrees of freedom and the corresponding dual basis
functions from a type (k) n-simplex or a type (k) n-rectangle.

@ For example, by removing the nodal degree of freedom ag and
its corresponding basis function

16(h1h2) " (x1 — X11) (x1 — X12) (2 — X21) (%2 — X22)

from the type (2) rectangle, we obtain a finite element called
the type (2)’ rectangle, or incomplete biquadratic rectangle.

14 /36



Isoparametric Family Given by a Type (k) Simplex or Rectangle

o

o

©

Isoparametric families of finite elements can be constructed by
a complete or incomplete type (k) n-simplex or n-rectangle.

Let the reference finite element (K, Pk, X k) be a complete or
incomplete type (k) n-simplex or type (k) n-rectangle.

Let {p;}"; be the dual basis of Pk corresponding to the kth
order principal degrees of freedom of K.

Then, for any given invertible map F : K — F(K) € R", the
maps . N
P x=F(®) =YL abi®), o,
N S )
u= iy uipi(X),
define a finite element (F(K), Pr(k), ZF(k)), where
'DF(K) = span{f); o F_l, 1<i < N}, ZF(K) = {a,-, 1<i < N}

The finite elements so defined form an isoparametrically
equivalent family with (K, Pk, X k) as a reference FE.
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Isoparametric Family Given by a Type (k) Simplex or Rectangle

@ Computations are on the reference finite element, it is
unnecessary to calculate F~1.

@ u(x) is implicitly expressed by the same set of parameters.
@ Figures (a): type (2) curved triangle; (b): type (1)
quadrilateral.

a, 4
3

(@ (b)
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Finite Element of Class Ck

O A finite element is said to be of class CK, if all functions in a
finite element function space, which is composed of such type
of finite elements, are in CX(Q).

@ The Lagrange finite elements introduce above are all of class
CO, since the face value of a finite element function is
completely determined by its nodal values on the face.

© For 2nd order elliptic problems, finite elements of class C° are
sufficient, since the underlying function space is H*().

@ For 4th order elliptic problems, we need finite elements of class
C! to construct a conforming finite element function space.

@ To construct finite element of class CX, k > 1, we need to use
Hermite finite elements.
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An Example of Hermite Finite Element — The Argyris Triangle

@ K C R?: a triangle with vertices a;, i = 1,2,3; Px = P5(K);
sk = {p(ai), Gp(ar), 2p(ar), 1< i < 3,1<j < k<2,
B,p(az) 1< i <j < 3}.

@ dimPs(K) = C? =21, and f¥x = 21.

Need to show:

If p € Ps(K),

p=0on Xk, a, a,
then, p = 0.
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L_Finite Element of Class CK and Hermite Finite Element

Show p =0, if p € Ps(K) and p = 0 on Xk for the Argyris triangle

@ Let t be the coordinate on the edge
KL ={ai+t(ap—a;):0<t<1}={xe€K:Asx)=0}.

@ pcPs(K),p=0,dp=0 d’p=00na;,a = q(t)=
p!K112 €Ps(KL,), g=0,9g =0,¢"=00na;,aa= q=0.

© Similarly, 9,p € P4(K), d,p =0, on aj, ap, a1, and as a
function of ¢, (O,p); =0on a;, ax = 8,,p|K112 =0.

Q plki, =0, 0uplgy, =0 = Vplga =0 = plr,—0 =0 and
OrPlrs=0 =0 = )\g must be a factor of p.

© Similarly, A2 and A3 must also be factors of p.

@ Thus p=rIA\3)\3 = r =0, since p € P5(K). |
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Show p =0, if p € Ps(K) and p = 0 on Xk for the Argyris triangle

Remark:

The Argyris triangle is a class C! finite element, since the values of
the function and its first order derivatives on an edge are
completely determined by the nodal degrees of freedom there.

The Argyris triangles are not an affine family, since the normals are
not affine invariant.
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Another Type (5) Hermite Triangle — in an Affine Equivalent Family

@ K C R?: a triangle with vertices a;, i = 1,2,3; Px = P5(K);

k= {p(@) dep (@), BB p(ai) 1 <i<3,1<j<k<3,
i ¢ {j, kY Opyp(ag), 1<i<j<3, k¢ {ij}},
where fU = aj —aj, Nijk = a,-j — agk.
@ dimPs(K) = C? =21, and f¥x = 21.

© Let Mk and M) be the Px = P5(K) interpolation operators
defined by Yk and X respectively, then,

I_IKV = I_I/l{V’ VV < ]:|;D5(l<)7 (or equivalently I'I;<I'|Kv: Mgv, YK € C(K)).
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Finite Elements Embedded into an Affine Equivalent Family

Let (K, Pk, Xk) and (K, Pk, X¢) be finite elements, and the
latter is in an affine family. The former is said to embed into the

affine family of the latter, if the two finite elements satisfy

I_IKV = n;(V, VV € PK, (or equivalently I'I;<I'|Kv =nMNkv, VK € C>(K)).

Remak 1: On the finite element function space consists of Argyris triangles,
one can still compute the global stiffness matrix by working on reference finite
element using the degrees of freedom ¥} and the corresponding dual basis

functions expressed in barycentric coordinates.
Remak 2: Such an embedding property is useful in coding and error analysis of

i
finite element solutions, when a finite element which is not in an affine E

equivalent family is used in constructing the finite element function space. ﬁ
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A Class C! Type (3) Hermite FE — Bogner-Fox-Schmit Rectangle

@ K C R?: a rectangle with vertices {a;}1_;; Px = Q3(K);
Yk = {p(ai)7 ajp(ai)v a%ZP(ai)a 1<i<4, j= 172}7
@ dimQ3(K) = (3+1)? = 16, and X« = 16.

e &

Easily verified:
If p € Q3(K),
p=0on Xk,
then, p = 0.
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LFinite Element Equations of Elliptic Problems

An Example of Finite Element Equations of Elliptic Problems

@ The weak form w.r.t. the homogeneous Dirichlet boundary
value problem of the Poisson equation:

Find u € H3(Q), such that
a(u, v) = (f, v), VYveH}Q),

where a(u, v) = [ Vu-Vvdx, (f, v) = [, fvdx.

@ Let V,(0) C H}(Q) be a finite element space, then

Find up € V4(0) such that
a(uh, Vh) = (f, Vh), Vv € Vh(O),

is called the finite element problem of the original problem.
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LFinite Element Equations of Elliptic Problems

An Example of Finite Element Equations of Elliptic Problems

O Let {cp,-}l{vzhl be a set of basis functions of V,(0). Denote
Np,
Uh:ZujSOja Uh:(U1,...,UNh
j=1
Q@ Kuy = f} is called the finite element equation of the original
problem, where K = (k) = (a(j, ¢i)) is the stiffness matrix,
fn = () = ((f, ¢i)) is the external load vector.

)T

@ In general, a finite element method discretizes a problem of
partial differential equations to a finite dimensional algebraic
problem.

@ In particular, a finite element equation derived from a linear
problem is usually linear.

25 /36



Finite Element Methods for Elliptic Problems
L Remarks on Solving Finite Element Equations

LSome Popular Methods for Elliptic Finite Element Equations

Some Numerical Methods for Solving Finite Element Equations

@ For the Dirichlet boundary value problem of the Poisson
equation, the finite element equation is usually a symmetric
positive definite linear algebraic equation.

@ Classical numerical methods include: Cholesky decomposition,
the Gauss-Seidel iterative method, the successive over
relaxation iterative method, the conjugate gradient method,
the preconditioned conjugate gradient method, etc..

© In solving large scale symmetric positive definite finite element
equations, the preconditioned conjugate method with the
incomplete Cholesky decomposition method serving as a
preconditioner (ICCG) is a highly recommended method.
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The Multigrid Method for Solving Finite Element Equations

@ Observation: for classical iterative methods, (a): the highest
frequency modes of the initial error decay very fast; (b): the
smaller the grid size, the slower the final convergence speed.

@ Observation: after a very limited number of iterations, the
error 5uf7k) = up — gk) of the finite element solution and the
residual r( ) — Z ( )go,, where (r{k),--- ,r,(vi))T = rgk) =
fn— Ku&l ) will become very smooth.

® To increase the efficiency of the computation, one could
consider to restrict the residual error on a coarser grid.

Q A typical two-grid method consists of the following 5 parts:
pre-smoothing, restriction, coarse grid correction, prolongation
and post-smoothing.
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The Multigrid Method for Solving Finite Element Equations

Pre-smoothing Perform a few iterations using the Gauss-Seidel,
SOR etc., to smooth out the residual and obtain an
approxi lution u{¥) on the fine grid;

pproximate solution u,"’ on the fine grid;
Restriction Calculate the residual and restrict the information on
to the coarse grid by, say, interpolation, projection or
integral average, etc.;
Coarse grid correction Solve the error equation on the coarse grid;

Prolongation Inject the correction solution defined on the coarse
grid to the fine grid by, say, interpolation, etc., and
add it to uhk) to obtain a better approximation;

Post-smoothing Perform a few more smoothing iterations to
diminishing the high frequency errors possibly
introduced in the restriction and prolongation steps.
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The Domain Decomposition Method for Solving PDEs

@ In numerically solving large scale partial differential equations,
the domain decomposition method is a type of highly efficient
iterative methods, which are particularly suitable for parallel
computation.

@ Divide the domain € into subdomains Q;, i =1,2,..., M,
with or without overlapping.

© Decompose the problem into subproblems defined on the
subdomains ;.

@ Improve the current approximate solution iteratively using the
information exchanged between the subdomains.

@ The process could be coupled with some postprocessing
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Mixed Finite Element Problem

Typical mixed finite element problem:

Find pp € Xy, up € Yp, such that

a(Pn, dn) + b(an, up) = G(an), Yau € Xy,
b(ph, Vh) = F(Vh), Vvh € Yh.
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Existence Theorem of Mixed Finite Element Problem

Theorem

(Brezzi) Let a(p,q) and b(q, u) be bounded bilinear forms on
X x X and X x Y respectively, let G(q) and F(v) be bounded
linear forms on X and Y respectively. Denote

Vho = {ph € Xp: b(ph, Vh) =0, Vv, € Yh}. Suppose
(1) there exists ap, > 0, such that

a(pn, Pr) > anllps %, VPh € Vo,

(2)" there exists B, > 0, such that
b
sup (P, vh)
0#pp EXp ||ph ||X
Then, the mixed finite element problem has a unique solution.

> Bullvally, Vvh € Y.
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Finite Element Function Spaces X, and Y, Must be Properly Coupled

@ Condition (2)': Babu3ka-Brezzi condition or B-B condition.

@ To guarantee the convergence, the constants «y and S are
usually required to be independent of h.

© The B-B condition imposes restrictions on the choice of finite
element function spaces.

Q Let dim(Xp) = N, dim(Y,) = M, and {p;}; and {d)j}j’\il
be the normalized bases of X, and Y, respectively.
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Finite Element Function Spaces X, and Y, Must be Properly Coupled

@ A necessary condition for the finite element equation
A B\ (pPn) _ (8h
BT 0 up fr, )~
to have no more than one solution is rank(B) = M < N.

O If A is positive definite, then,
rank(B) = M < N <& B-B condition holds.
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Conforming: V,, C V; Non-Conforming: V, ¢ V

An example of the non-conforming finite element method.

@ Consider the variational problem on a polygon region Q C R?:

Find u € H3(Q), such that
JoVu-Vvdx = [, fvdx, VveHjQ).

@ K: triangle with vertices {a;}3_;, Px = P1(K), k = {a;}.

@ V= {ulr. € Py, VT; € T(Q), continuous on Q; € Qy},
Qh(O) = {U € @h : U(Q,') =0, VQ; € QN GQ}, where
Qn = Xk = {ajj} is the set of middle points of edges in
Th().
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Conforming: V,, C V; Non-Conforming: V, ¢ V

Q an(u, v) =X res, (@) J7Vu-Vvdx.
@ The nonconforming finite element problem:
Find uj, € V,(0) such

a(up, va) = (F, va), Vv, € ¥,(0).

@ Provide a lot of convenience, accompanied by additional
difficulties.
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Thank You!
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