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Lecture 9: Numerical Integration

Euler-Maclaurin úª9Ùy²!Gauss ¦Èúª!È©�§�ê�)

Euler-Maclaurin úª9Ùy²

EÜF/¦Èúª�äØ��ìCÐmª

½nµ (Euler-Maclaurin úª) � f ∈ Cm[a, b], m ≥ 3, KF/¦

Èúª Th(f ) ��äØ�
∫ b
a f (x)dx − Th(f ) �L«�

−
[m
2
]∑

j=1

b2jh
2j

(2j)!
[f (2j−1)(b)−f (2j−1)(a)]+(−1)mhm

∫ b

a
B̃m(

x − a

h
)f (m)(x)dx ,

Ù¥ [m2 ] � ≤ m
2 ����ê§b2j = (2j)!B2j(0) � Bernoulli

ê§B̃m(x) ´ Bernoulli õ�ª�±Ï*Ü"

5µ Euler-Maclaurin úª´ Romberg ¦È�{�nØÄ:��
£,��nØÄ:´ Richardson 	í\�ÂñEâ¤"�y²
Euler-Maclaurin úª, Äk0� Bernoulli õ�ª9Ù5�.
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Bernoulli õ�ª9Ù5�

½Âµ n g Bernoulli õ�ª Bn(x) ´�d±e4í'X{
B0(x) = 1,

B ′n(x) = Bn−1(x), �
∫ 1
0 Bn(x)dx = 0, n = 1, 2, · · ·

½Â�õ�ªS�. ¡bn = n!Bn(0) (n = 0, 1, · · · ) �Bernoulli ê.∫ 1
0 B ′n+1(x)dx=

∫ 1
0 Bn(x)dx=0 ⇒ Bn+1(0)=Bn+1(1), ∀n≥1.

é¡5µBn(x) = (−1)nBn(1− x), n = 0, 1, 2, · · · .
n = 0, 1 �§w,¤á¶�� n = k ≥ 1 �E,¤á§Kk

Bk+1(x)− Bk+1(0) =

∫ x

0
Bk(t)dt =

∫ x

0
(−1)kBk(1− t)dt

= (−1)k+1

∫ 1−x

1
Bk(s)ds = (−1)k+1(Bk+1(1−x)−Bk+1(1))
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Bernoulli õ�ª9Ù5�

Ïd§d Bk+1(0) = Bk+1(1), ∀k ≥ 1 �

Bk+1(x)− (−1)k+1Bk+1(1− x) = (1− (−1)k+1)Bk+1(0).


∫ 1
0 [Bk+1(x)− (−1)k+1Bk+1(1− x)]dx = 0, ¤±(

1− (−1)k+1
)
Bk+1(0) = 0.

u´§� Bk+1(x) = (−1)k+1Bk+1(1− x). d8B{�é¡5
é¤k n ¤á"AO/§B2m+1(0) = −B2m+1(1), ∀m ≥ 1.

B2m+1(0) = B2m+1(1) = 0, m = 1, 2, · · · . £>��àg5¤

B0(x) = 1, B1(x) = x − 1
2 , B2(x) =

1
2(x

2 − x + 1
6), · · · · · · ,

∀x ∈ x ∈ [0, 1].
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Bernoulli õ�ª�±Ï*Ü9Ù Fourier ?êÐmª

P B̃1(x) � B1(x) = x − 1
2 (B1(0) = B1(1) = 0) �±Ï*Ü§=

B̃1(x) = B1(x), ∀x ∈ [0, 1], B̃1(x + 1) = B̃1(x), ∀x ∈ R,

K B̃1(x) �Ðm¤ Fourier ?ê

B̃1(x) = −2
∞∑
k=1

sin 2kπx

2kπ
.

P B̃n(x) � Bn(x), n = 1, 2, · · · �±Ï*Ü§=

B̃n(x) = Bn(x), ∀x ∈ [0, 1], B̃n(x + 1) = B̃n(x), ∀x ∈ R,
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Bernoulli õ�ª�±Ï*Ü9Ù Fourier ?êÐmª

Kd B̃ ′2(x) = B̃1(x) �µ

B̃2(x) = 2
∞∑
k=1

cos 2kπx

(2kπ)2
+ c2.

q
∫ 1
0 B̃2(x)dx = 0, ¤± c2 = 0.

��/§d Bn(x) �4í'X´�µé m = 2, 3, · · ·

B̃2m−1(x)=(−1)m2
∞∑
k=1

sin 2kπx

(2kπ)2m−1
, B̃2m(x)=(−1)m−12

∞∑
k=1

cos 2kπx

(2kπ)2m
.

555µµµ AO/k|B̃2m(0)| ≤ 2
(2π)2m +

∫∞
1

2
(2πx)2m dx ≤ 4m

(2m−1)(2π)2m .
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Euler-Maclaurin úª�y²

y²µ é?�� g ∈ Cm[0, 1], d B1(x) = x − 1
2 �∫ 1

0
B1(x)g

′(x)dx =
1

2
[g(1) + g(0)]−

∫ 1

0
g(x)dx .

,��¡§d B ′k(x) = Bk−1(x) Ú Bk(0) = Bk(1), 2 ≤ k ≤ m,
²L m − 1 g©ÜÈ©�∫ 1

0
B1(x)g

′(x)dx=
m∑

k=2

(−1)kBk(0)
[
g (k−1)(1)−g (k−1)(0)

]
−(−1)m

∫ 1

0
Bm(x)g

(m)dx .

2d B2j+1(0) = 0, j = 1, 2, · · · , � (P bn = n!Bn(0))∫ 1

0
g(x)dx =

1

2
[g(0)+g(1)]−

[m
2
]∑

j=1

b2j
(2j)!

[
g (2j−1)(1)−g (2j−1)(0)

]
+ (−1)m

∫ 1

0
Bm(x)g

(m)(x)dx .
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Euler-Maclaurin úª�y²(Y)

y- x = xl + hz , l = 0, 1, · · · , n − 1, gl(z) = f (xl + hz), ¿3z
�f«m [xl , xl+1] þA^þª�∫ xl+1

xl

f (x)dx =
h

2
[f (xl)+f (xl+1)]−

[m
2
]∑

j=1

b2jh
2j

(2j)!

[
f (2j−1)(xl+1)−f (2j−1)(xl)

]
+ (−1)mhm

∫ xl+1

xl

Bm

(x − xl
h

)
f (m)(x)dx .

2é l = 0, 1, · · · , n − 1 ¦Ú§¿|^ B̃m(x) �½Â§=�
Euler-Maclaurin úª" �
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é f ∈ C∞2π EÜF/¦ÈúªäkÌ°Ý
��Euler-Maclaurin úª�A^, Ø
 Romberg ¦Èúª	§
·��k±e(Jµ

½nµ � f ∈ C∞2π, K�3E²¡þ��G«�
D , R× (−a, a) ⊂ C (a > 0), s.t. f �òÿ� D þ�)Û¼ê,
¿�EÜF/¦Èúª��äØ�÷v

|Eh(f )| ≤
4πM

e2πa/h − 1
.

ùp M = supx∈D |f (z)|.

½nL²§é?¿� f ∈ C∞ ±Ï¼ê, EÜF/¦Èúªäk
Ì°Ý, =ÙÂñ�Ý¯u?Û�½��ê�"
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Gauss ¦Èúª¯K�J{

d½n 3.3.2 �§^ n �È©!: {xi}ni=1 �E�ê�È©úª
In(f ) =

∑n
i=1 Ai f (xi ) ��ê°Ý�õ´ 2n − 1 ��"

¯Kµ �½«m [a, b], ´Ä�3�ê°ÝTÐ� 2n− 1 ��ê
�È©úª In(f ) =

∑n
i=1 Ai f (xi )?

¯Kµ ���/§�½«m [a, b] ÚÈ©�¼ê ρ(x) > 0, a.e.
x ∈ [a, b] ´Ä�3�ê°ÝTÐ� 2n − 1 ��ê�È©úª
In(f ) =

∑n
i=1 Ai f (xi )?

½Âµ ù«é�½�!:ê n, �ê°Ý����� 2n − 1 �
¦Èúª¡� Gauss ¦Èúª.

¯Kµ Gauss ¦Èúª´Ä�3ºe�3§kÛA�ºXÛ¦º
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Gauss ¦Èúª

«m [−1, 1] þ�¼ê ρ(x) ≡ 1 � Gauss ¦Èúª

Äk�	 n = 1 ��/§=�k��!:§�¦�ê°Ý
� 1. ©O� f (x) = 1 Ú f (x) = x , d∫ 1

−1
1 dx − A1 = 0,

∫ 1

−1
x dx − A1x1 = 0,

� A1 = 2 Ú x1 = 0. dd�∫ 1

−1
f (x) dx ≈ 2f (0).

é��«m [a, b], ÏLÈ©CþO� x = a+b
2 + b−a

2 t, �µ
��!:� Gauss ¦ÈúªÒ´¥:úª∫ b

a
f (x) dx ≈ f

(a+ b

2

)
(b − a).
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Gauss ¦Èúª

«m [−1, 1] þ�¼ê ρ(x) ≡ 1 � Gauss ¦Èúª

2�	 n = 2 ��/§=kü�!:§�¦�ê°Ý� 3.
©O� f (x) = 1, x , x2, x3, d

A1 + A2 =
∫ 1
−1 1 dx = 2,

A1x1 + A2x2 =
∫ 1
−1 x dx = 0,

A1x
2
1 + A2x

2
2 =

∫ 1
−1 x

2 dx = 2
3 ,

A1x
3
1 + A2x

3
2 =

∫ 1
−1 x

3 dx = 0.

ØJy²T�§|�3��)A1 = A2 = 1, −x1 = x2 =
1√
3
.

dd�
∫ 1
−1 f (x) dx ≈ f

(
−1√
3

)
+ f
(

1√
3

)
. é���«m [a, b],

ÏLÈ©CþO� x = a+b
2 + b−a

2 t, �µü�È©!:�
Gauss ¦Èúª∫ b

a
f (x) dx ≈ b − a

2

[
f
(a+ b

2
−b − a

2
√
3

)
+f
(a+ b

2
+
b − a

2
√
3

)]
.
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Gauss ¦Èúª

«m [a, b] þ���¼ê ρ(x) � Gauss ¦Èúª

éu���¯K§ÏL)��5�§|��ª¦ Gauss ¦Èú
ª�!:Ú�ê¿Ø{ü"

Äk5¿�½n 3.3.1 (In(f ) ���.⇔ d��õ�ª�Ñ) Ú½n 3.3.2 (In(f ) �ê

°Ý�n + k �¿�^�) �±í2�«m [a, b] þ���¼ê ρ(x) > 0,
∀x ∈ [a, b] �ê�È©úª(y²�{XÑ�õ) (555: ½n¥�n ��êõ�ª�gê).

� {lj(x)}nj=1 ´!:� {xj}nj=1 � n − 1 g Lagrange ��õ�

ªÄ.¼ê§- Aj =
∫ b
a ρ(x)lj(x) dx , j = 1, 2, · · · , n, K∫ b

a
ρ(x)f (x) dx ≈

n∑
j=1

Aj f (xj)

��ê°Ý��´n − 1.
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Gauss ¦Èúª

«m [a, b] þ���¼ê ρ(x) � Gauss ¦Èúª

P ωn(x) =
∏n

j=1(x − xj), Ké?¿ f (x) ∈ P2n−1, ·�k

f (x) = ωn(x)P(x) + Q(x), Ù¥ P(x),Q(X ) ∈ Pn−1,

u´k f (xj) = Q(xj), j = 1, 2, · · · , n, ±9∫ b

a
ρ(x)f (x) dx =

∫ b

a
ρ(x)ωn(x)P(x) dx +

∫ b

a
ρ(x)Q(x) dx .

Ïd§�A�ê�È©úª��ê°Ý� 2n − 1 ��¿�^�
´ ∫ b

a
ρ(x)ωn(x)P(x) dx = 0, ∀P(x) ∈ Pn−1.

�±y²ù��=� {xj}nj=1 ´ [a, b] þ n g�� ρ(x) ��õ

�ª�":�¤á£�½n 2.9.1¤.
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�~^� Gauss ¦Èúª—Gauss-Legendre úª

±þ©ÛL²§�E Gauss ¦Èúª�'�3u�Ñ�A��
��õ�ª�":Ú�A�È©�ê.

«m[−1, 1], � ρ(x) ≡ 1 ���õ�ª´ Legendre õ�ª,
±Ù":�È©!:�¦Èúª¡� Gauss-Legendre úª:

1 � n = 1 �, x1 = 0, A1 = 2, =
∫ 1

−1 f (x)dx ≈ 2f (0);

2 � n = 2 �, −x1 = x2 =
1√
3
, A1 = A2 = 1, =∫ 1

−1 f (x)dx ≈ f (−1√
3
) + f ( 1√

3
);

3 � n = 3 �, −x1 = x3 =
√

3
5 , x2 = 0, A1 = A3 = 5/9,

A2 = 8/9, =
∫ 1

−1 f (x)dx ≈
5
9 f
(
−
√

3
5

)
+ 8

9 f (0) +
5
9 f
(√

3
5

)
.

5µ ¢S¦^�õæ^EÜ Gauss-Legendre úª"
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Gauss ¦Èúª

~^� Gauss ¦Èúª—Gauss-Chebyshev úª

«m[−1, 1], � ρ(x) = 1√
1−x2 ���õ�ª´ Chebyshev

õ�ª, ±Ù":�È©!:�¦Èúª¡�
Gauss-Chebyshev úª:∫ 1

−1

f (x)√
1− x2

dx ≈ π

n

n∑
j=1

f (xj),

Ù¥ xj = − cos
(
2j−1
2n π

)
, j = 1, 2, · · · , n � n g Chebyshev

õ�ª Tn(x) �":.
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Gauss ¦Èúª

~^� Gauss ¦Èúª—Gauss-Laguerre úª

«m[0,+∞), � ρ(x) = e−x ���õ�ª´ Laguerre õ�
ª, ±Ù":�È©!:�¦Èúª¡� Gauss-Laguerre ú
ª.

~X, � n = 2 �, x1 = 2−
√
2, x2 = 2 +

√
2, A1 =

2+
√
2

4 ,

A2 =
2−
√
2

4 , =∫ +∞

0
e−x f (x)dx ≈ 2 +

√
2

4
f (2−

√
2) +

2−
√
2

4
f (2 +

√
2).
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Gauss ¦Èúª

~^� Gauss ¦Èúª—Gauss-Hermite úª

«m(−∞,+∞), � ρ(x) = e−x
2
���õ�ª´ Hermite

õ�ª, ±Ù":�È©!:�¦Èúª¡�
Gauss-Hermite úª.

~X, � n = 3 �, −x1 = x3 =
√
6
2 , x2 = 0, A1 = A3 =

√
π
6 ,

A2 =
√
π

24 , =∫ +∞

−∞
e−x

2
f (x)dx ≈

√
π

6
f
(−√6

2

)
+

√
π

24
f (0) +

√
π

6
f
(√6

2

)
.
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Gauss ¦Èúª

Gauss ¦Èúª��äØ�

½nµ � {xk}nk=0 ´«m [a, b] þ§È©� ρ(x) ≡ 1 � n + 1
g��õ�ª�":. P ωn+1(x) =

∏n
k=0(x − xk). K�

f (x) ∈ C2n+2[a, b] �, �3 ξ ∈ (a, b), ¦� Gauss ¦Èúª∫ b
a f (x)dx ≈

∑n
k=0 Ak f (xk) ��äØ��±L«�

E (f ) =
f (2n+2)(ξ)

(2n + 2)!

∫ b

a
[ωn+1(x)]

2dx .

y²µ P± {xk}nk=0 ���!:� f (x) � Hermite ��õ�
ª� Hn(x), = Hn(xk) = f (xk), H

′
n(xk) = f ′(xk), k = 0, 1, · · · , n.

Kk Hn(x) ∈ P2n+1, Ïk
∫ b
a Hn(x)dx =

∑n
k=0 AkHn(xk).
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Gauss ¦Èúª

Gauss ¦Èúª��äØ�£Y¤

Ïdk

E (f ) =

∫ b

a
f (x)dx −

n∑
k=0

Ak f (xk) =

∫ b

a
f (x)dx −

n∑
k=0

AkHn(xk)

=

∫ b

a
[f (x)− Hn(x)]dx =

∫ b

a

f (2n+2)(ξ(x))

(2n + 2)!
[ωn+1(x)]

2dx .

ùp|^
 Hermite ��õ�ª��äØ�£�SK 2.10¤. d
d9È©¥�½n=�½n(Ø"

5µ éÙ§��� Gauss È©úª�k��½naq�(Ø§
y²�{�´�Ó�§�IòÈ©���A���È©"
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È©�§�ê�)

È©�§�È©�§ê�)¯K�JÑ

È©�§µ�§¥kÈ©�§��È¼ê¥�¹��¼ê;

È©�§�)��´k�½1w5�¼ê;

È©�§�)��ØU)Û��Ñ;

È©�§3¢S¯K¥k2�A^, I�ê�¦)�{"

±'�{ü�1�a Fredholm È©�§�~µ

y(t) = λ

∫ b

a
k(t, s)y(s)ds + f (t), t ∈ [a, b],

Ù¥ f (t), k(t, s) �®�¼ê§λ �®�~ê§y ���¼ê"

555µµµ �±y²1�a Fredholm È©�§�)�(�k¤¢�J�5�, =

(1))�3��; (2)àg�§k�"), d��àg�§kÃ¡õ), λ−1 ¡�

È©�f
∫ b

a
k(t, s)y(s)ds �A��, �A�A��þ�m´k���.
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È©�§�ê�)

È©�§ê�)¯K��Ñ (=�u?Ø)�3����/)

È©�§ê�)¯Kµé��k��¼êY (t) ¦Ù3�½¿Â
eCq÷vÈ©�§.

È©�§�ê�¦)Ï~�)±eÚ½

È©�lÑz: ^·�ê�È©�OÈ©;

¼ê�m�lÑz: ^ {y(ti )}ni=0 �O y(t), t ∈ [a, b];

È©�§�lÑz: òÈ©�§z�k���ê�§;

lÑ¯K¦)µ ÏLê�¦)�ê�§�� {y(ti )}ni=0;

�ÑÈ©�§Cq)µ ÏLêâ[Ü (X©ã�5��).
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È©�§�ê�)

È©�§ê�)¯K��Ñ

y±1�a Fredholm È©�§�~¢y±þ�Ú.

�Ñ [a, b] ���¿© a ≤ t0 < · · · < tn ≤ b, ù��¡´
��ê�È©�!:§,��¡§��¼ê3ù
!:þ�
� {y(ti )}ni=0 ¤�
·�ê�¦)�8I;

^�A�ê�È©O�È©�§¥�È©��d�§

y(t) = λ

n∑
j=0

Ajk(t, tj)y(tj) + f (t) + Rn(t).

Ù¥Rn(t) , Rn(λk(t, ·)y(·)) ´ê�È©��äØ�¼ê.
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È©�§�ê�)

È©�§ê�)¯K��Ñ

Ø���äØ�´��þ§òÙ�ï��Cq�¼ê�§

Y (t) = λ

n∑
j=0

Ajk(t, tj)Y (tj) + f (t).

3T�§¥� t = ti , ¿P Yi = Y (ti ), ��5�ê�§|

Yi = λ

n∑
j=0

Ajk(ti , tj)Yj + f (ti ), i = 0, 1, · · · , n.

5¿È©�§�)3!:þ�� yi = y(ti ) ÷v�§|

yi = λ

n∑
j=0

Ajk(ti , tj)yj + f (ti ) + Rn(ti ), i = 0, 1, · · · , n,

Ù¥Rn(ti ) ´ê�È©��äØ�¼êRn(t) 3 ti ?��.
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Lecture 9: Numerical Integration

Euler-Maclaurin úª9Ùy²!Gauss ¦Èúª!È©�§�ê�)

È©�§�ê�)

È©�§ê�)¯K��Ñ

Ú\PÒ
D = λdiag(A0,A1, · · · ,An), K =

(
k(ti , tj)

)
(n+1)×(n+1)

,

Y = (Y0,Y1, · · · ,Yn)
T , F = (f (t0), f (t1), · · · , f (tn))T ,

K {Yi}ni=0 ��5�ê�§|�±�¤Ý
/ª

(I − KD)Y = F .

ùp I �ü Ý
. �1�a Fredholm È©�§�)�3
���, ��¤õ�lÑz�{AT÷v:

(1) �N5^�, = limn→∞max0≤i≤n |Rn(ti )| = 0;

(2) (I − KD) 'u n ���_§= ‖(I − KD)−1‖ ≤ C
(Ï~�¡�½5^�), Ù¥ C ´� n Ã'�~ê.

ggg���KKKµµµ �λ−1 ´È©�f
∫ b
a k(t, s)y(s)ds A���, ATXÛJ1�a Fredholm È©�§�ê�)¯K.
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Lecture 9: Numerical Integration

Euler-Maclaurin úª9Ùy²!Gauss ¦Èúª!È©�§�ê�)

È©�§�ê�)

È©�§ê�)¯K�J{�ê�)�Ø��O

�Ñ·��ê�È©úªÚ�A�ê�È©!:8 {ti}ni=0£~
XEÜF/úª¤, K��A�È©�§�ê�)¯K:{

é {Yi}ni=0 ¦�

(I − KD)Y = F .

P en = (Y0 − y0,Y1 − y1, · · · ,Yn − yn)
T , K en ÷v�§

(I − KD)en = −Rn,

Ù¥ Rn = (Rn,0,Rn,1, · · · ,Rn,n)
T , Rn,i = Rn(ti ) ´ê�È©��

äØ�. dd�
‖en‖ ≤ C‖Rn‖.

5µ �±æ^k�½���O��{�O ‖Rn‖.
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Euler-Maclaurin úª9Ùy²!Gauss ¦Èúª!È©�§�ê�)

È©�§�ê�)

È©�§ê�)�ê�½5 (=�u?Ø)�3����/)

È©�§ê�)�ê�½5Ì��6uÝ
 I − KD �^�ê
cond(I − KD) = ‖I − KD‖‖(I − KD)−1‖.

� I − KD kØ� δA, F kØ� δF �, ê�)��éØ�÷v

‖δY ‖
‖Y ‖

≤ cond(I−KD)

 ‖δA‖
‖I − KD‖

+
1

1− cond(I − KD) ‖δA‖‖I−KD‖

‖δF‖
‖F‖


È©�§ê�) Ỹ �Ø�÷v

‖y − Ỹ ‖ ≤ ‖y − Y ‖+ ‖Y − Ỹ ‖ ≤ C‖Rn‖+ ‖Y ‖
‖δY ‖
‖Y ‖

.
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SKnµ10, 11; þÅSKnµ8 (3), 11

Thank You!
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