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Lecture 8: Numerical Integration

Newton-Cotes úª!��.¦Èúª9Ù�ê°Ý!EÜ¦Èúª!Richardson 	í\�!Romberg ¦È�{

Newton-Cotes ¦Èúª

�å!:pgõ�ª��.ê�¦Èúª

� f (x) 3«m [a, b] þ½Â§- xk = a+ kh, k = 0, 1, · · · , n,
h = (b − a)/n, �«m [a, b] þ� n + 1 ��å!:"

P x = a+ th, � Lagrange ��õ�ª Pn(x) ∈ Pn

Pn(x) =
n∑

k=0

[ n∏
j=0
j 6=k

x − xj
xk − xj

]
f (xk) =

n∑
k=0

[ n∏
j=0
j 6=k

t − j

k − j

]
f (xk)

=
n∑

k=0

[ (−1)n−k

k!(n − k)!

n∏
j=0
j 6=k

(t − j)
]
f (xk).

5¿ dx = (b − a)dt/n, ½Â Newton-Cotes Xê

C
(n)
k =

(−1)n−k

k!(n − k)!n

∫ n

0

n∏
j=0
j 6=k

(t − j)dt, k = 0, 1, · · · , n.
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Newton-Cotes ¦Èúª

Newton-Cotes ¦Èúª

P Ak = (b − a)C
(n)
k , u´�� Newton-Cotes ¦Èúª∫ b

a
f (x) dx ≈ (b − a)

n∑
k=0

C
(n)
k f (xk) =

n∑
k=0

Ak f (xk).

� f (x) ≡ 1, KPn(x) ≡ 1, d�þª�äØ��""Ïdk
n∑

k=0

C
(n)
k = 1, ∀n.

� n ≤ 7 �§¤k� Newton-Cotes XêÑ´��"�� n = 8
½ n > 9 �§Xêk�kK§d�7k

∑n
k=0 |C

(n)
k | > 1. ¯¢

þ
∑n

k=0 |C
(n)
k | ´uÑS�, �A� Newton-Cotes ¦Èúª´

ê�Ø­½�"A^¥��Øæ^ n ≥ 8 � Newton-Cotes úª.
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��.¦Èúª9Ù�ê°Ý

��.¦Èúª�½Â

���ê�È©úª�±L«�

I =

∫ b

a
f (x) dx ≈

n∑
k=0

Ak f (xk) , In(f ),

Ù¥ xk , Ak ©O¡�¦È!:�¦ÈXê£�ê¤. ½Â

En(f ) , I (f )− In(f ),

¡Ù�ê�È©úª�£�ä¤Ø�"

½Âµ XJ En(f ) = 0, ∀f ∈ Pn, K¡ê�È©úª In(f ) ��
�.�"
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��.¦Èúª�A�

½nµ ±eü�·K´�d�µ

1 In(f ) ���.�ê�È©úª.

2 In(f ) �dé x0, x1, · · · , xn � n g��õ�ª�È©��.

y²µ (1) ⇒ (2): é?�� f (x), 3 x0, x1, · · · , xn þ� f (x)
� Lagrange ��õ�ª

Ln(f )(x) =
n∑

k=0

lk(x)f (xk) ∈ Pn.

d In(f ) ���.�È©úªk En(Ln(f )) = 0, =

I (Ln(f ))−In(Ln(f )) =
n∑

k=0

(∫ b

a
lk(x) dx

)
f (xk)−

n∑
k=0

Ak (Ln(f )(xk))

=
n∑

k=0

(∫ b

a
lk(x) dx − Ak

)
f (xk) = 0.
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��.¦Èúª9Ù�ê°Ý

��.¦Èúª�A�(Y)

d f �?¿5§=� Ak =
∫ b
a lk(x) dx , k = 0, 1, · · · , n.

(2) ⇒ (1): du Ln(f ) = f , ∀f ∈ Pn, Ïd, e Ak =
∫ b
a lk(x) dx ,

k = 0, 1, · · · , n, Kk

I (f )= I (Ln(f ))=

∫ b

a

n∑
k=0

lk(x)f (xk) dx=
n∑

k=0

Ak f (xk)= In(f ), ∀f ∈ Pn,

= En(f ) = 0. �
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��.¦Èúª9Ù�ê°Ý

äk n + k ��ê°Ý�¦Èúª�A�

½nµ é k ≥ 0, ê�È©úª In(f ) =
∑n

i=0Ai f (xi ) ��ê°
Ý� d = n + k ��¿©7�^�´µ

1 In(f ) ���.�ê�È©úª;

2 ωn(x)=
n∏

i=0

(x − xi ) ÷v

∫ b

a
ωn(x)P(x)dx = 0, ∀P(x) ∈ Pk−1;

3 ∃Q(x) ∈ Pk , s.t.

∫ b

a
ωn(x)Q(x)dx 6= 0.

íØµ ê�È©úª In(f ) =
∑n

i=0Ai f (xi ) ��ê°Ý�õ�

2n + 1 �, = 0 ≤ k ≤ n + 1, Ï�ok
∫ b
a ω2

n(x)dx > 0.
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��.¦Èúª9Ù�ê°Ý

n + k ��ê°Ý¦Èúª¿�^��y²

y²µ ky7�5. d In(f ) ��ê°Ý� d = n + k ≥ n �
En(f ) = 0, ∀f ∈ Pn, d½Â� (1) ¤á. é ∀P(x) ∈ Pk−1,
ωn(x)P(x) ∈ Pn+k , � ωn(xi )P(xi ) = 0, i = 0, 1, · · · , n, Ïd∫ b

a
ωn(x)P(x)dx = I (ωn(x)P(x)) =

n∑
i=0

Aiωn(xi )P(xi ) = 0.

= (2) ¤á. qd½Â� I (xn+k+1) 6= In(x
n+k+1). ò xn+k+1 L

«� xn+k+1 = ωn(x)Q(x) + R(x), Ù¥ Q ∈ Pk , R ∈ Pn, Kd
xn+k+1
i = R(xi ), 0 ≤ i ≤ n, � I (R) = In(R) = In(x

n+k+1), Ïd∫ b

a
ωn(x)Q(x)dx = I (xn+k+1)−I (R(x)) = I (xn+k+1)−In(xn+k+1) 6= 0.

= (3) ¤á.
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n + k ��ê°Ý¦Èúª¿�^��y²(Y)

2y¿©5. ∀P(x) ∈ Pn+k , P(x) = ωn(x)Q(x) + R(x), Ù¥
Q(x) ∈ Pk−1, R(x) ∈ Pn, u´d (2) � I (P(x)) = I (R(x)), qd
(1) � I (R(x)) = In(R(x)), 
 P(xi ) = R(xi ), 0 ≤ i ≤ n, Ïd

I (P(x)) = In(R(x)) =
n∑

i=0

AiR(xi ) =
n∑

i=0

AiP(xi ) = In(P(x)).

=ê�È©úª In(f ) ��ê°ÝØ$u n + k �.

,��¡§� P̂(x) = ωn(x)Q̂(x) ∈ Pn+k+1 \ Pn+k , Ù¥ Q̂(x)
Ä�Xê� 1, Q̂(x) ∈ Pk \ Pk−1 ÷v^� (3), u´k

I (P̂(x)) 6= 0 =
n∑

i=0

Aiωn(xi )Q̂(xi ) = In(P̂(x)).

Ïd

I (xn+k+1)= I (P̂(x))+I (xn+k+1−P̂(x)) 6= In(P̂(x))+In(x
n+k+1−P̂(x))= In(x

n+k+1).

ùÒy²
ê�È©úª In(f ) ��ê°Ý´ n + k ��. �
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��.¦Èúª9Ù�ê°Ý

Newton-Cotes ¦Èúª��ê°Ý

½nµ Newton-Cotes ¦Èúª��ê°Ý��´ n ��, 
�
n ´óê�, K��´ n + 1 ��.

y²µ du Newton-Cotes úª´��.�§ÏdÙ�ê°Ý�
�´ n ��. � n = 2k ´óê�, d½n 3.3.2 �§�Iy²∫ b

a

ω2k(x)dx = 0.

P h = (b − a)/(2k). - x = a+ th = a+ (u + k)h, Kk∫ b

a

ω2k(x)dx = h2k+2

∫ n

0

2k∏
i=0

(t−i)dt = h2k+2

∫ k

−k
u

k∏
i=1

(u+i)(u−i)du = 0,

�����ª´du�È¼ê´Û¼ê" �
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EÜ¦Èúª

|^©ã��¦ÈJpê�È©�°Ý

d±þ?Ø�§�ê°Ý≥ n �ê�È©úª7,´��.
�§�Ù�ê°Ý�õ´2n + 1. ,��¡§� n = 8 ½ n > 9
�, ��.ê�È©úªê�Ø­½"

«m [a, b] þê�È©�°Ý���6u«m��Ý"b − a �
�°Ý�p, �� b − a '���, °ÝKJ±�y"

�
Jp��«m [a, b] þê�È©�°Ý§��g,��{Ò
´|^¼ê�©ãõ�ª���Eê�È©úª"ù�´EÜ¦
Èúª�g�"
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EÜ¦Èúª

EÜ¥:úª!EÜF/úªÚEÜ Simpson úª

3 [a, b] þÚ?�å!: xi = a+ ih, i = 0, 1, · · · , n,
h = (b − a)/n, ¿P xi+ 1

2
= a+ (i + 1

2)h, 3z�f«m [xi , xi+1]

þ©O¦^¥:úª!F/úªÚ Simpson úª=�

EÜ¥:úª:

∫ b

a
f (x)dx ≈ h

n−1∑
i=0

f (xi+ 1
2
) , M(h);

EÜF/úª:

∫ b

a
f (x)dx ≈

h

2

n−1∑
i=0

[f (xi ) + f (xi+1)] , T (h);

EÜSimpson úª:

∫ b

a
f (x)dx ≈

h

6

n−1∑
i=0

[f (xi )+4f (xi+ 1
2
)+f (xi+1)] , S(h).

5µ M for Middle-point, T for Trapezoidal and S for Simpson.
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EÜ¦Èúª

EÜ¦Èúª��äØ�

��È¼ê¿©1w�§d��.È©úª��äØ�N´��
�AEÜ¦Èúª��äØ�"~X§d(3.3.3), (3.3.5), (3.3.7)
´�µ ∣∣∣ ∫ b

a
f (x)dx −M(h)

∣∣∣ ≤ h2

24
M2(b − a),

∣∣∣ ∫ b

a
f (x)dx − T (h)

∣∣∣ ≤ h2

12
M2(b − a),

∣∣∣ ∫ b

a
f (x)dx − S(h)

∣∣∣ ≤ h4

2880
M4(b − a),

Ù¥ M2 = maxx∈(a,b) |f ′′(x)|, M4 = maxx∈(a,b) |f (4)(x)|.
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EÜ¦Èúª

EÜ¦Èúª��äØ�

¯¢þ§��È¼ê¿©1w�§d(3.3.3), (3.3.5), (3.3.7) �±
��µ ∫ b

a
f (x)dx −M(h) =

h2

24

∫ b

a
f ′′(x)dx + O(h3),

∫ b

a
f (x)dx − T (h) = −h2

12

∫ b

a
f ′′(x)dx + O(h3),∫ b

a
f (x)dx − S(h) = − h4

2880

∫ b

a
f (4)(x)dx + O(h5).
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EÜ¦Èúª

EÜ¦Èúª�ê�­½5

é 0 ≤ k ≤ 7 ���.¦Èúª§¤k�È©�ê Ai > 0,
i = 0, 1, · · · , n. �¼ê�O���\Ø��� ε, Kk

∣∣∣ n∑
l=1

k∑
i=0

Ak [f (xl ,i )− f̂ (xl ,i )]
∣∣∣ ≤ n∑

l=1

k∑
i=0

hlCkε = (b − a) ε.

Ù¥ hl = xl − xl−1, xl ,i = xl−1 + ihl , 0 ≤ l ≤ n, 0 ≤ i ≤ k.

Ïd§Äu 0 ≤ k ≤ 7 ���.¦Èúª�EÜÈ©úªÑ´ê
�­½�"AO�§EÜ¥:úª!EÜF/úªÚEÜ
Simpson úªÑ´ê�­½�"

3¢SA^¥§�#NØ���u (b − a) εmach �§��â�
äØ�À�·��©: {xl}nl=0 Ú 0 ≤ k ≤ 7.
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EÜ¦Èúª

¢SO��XÛÀ� n —Äuk�Ø��O��{

e#NØ��10−5, Kd�äØ�L�ª§EÜ¥:úª!EÜ
F/úªÚEÜ Simpson úª� h A©O÷v

hM ≤

√
2.4

M2(b − a)
× 10−2 ½ nM ≥

√
M2(b − a)3

2.4
× 102,

hT ≤

√
1.2

M2(b − a)
× 10−2 ½ nT ≥

√
M2(b − a)3

1.2
× 102,

hS ≤ 4

√
288

M4(b − a)
× 10−1 ½ nS ≥

4

√
M4(b − a)5

288
× 10.

555µµµ ����Ó�Ø�, EÜF/úª�'EÜ¥:úªõ^ 40% �!:.
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EÜ¦Èúª

¢SO��XÛÀ� n —Äu��Ø��O��{

±EÜF/úª�~"d∫ b

a
f (x)dx − T (h) = −h2

12

∫ b

a
f ′′(x)dx + O(h3),

∫ b

a
f (x)dx − T (h/2) = −(h/2)2

12

∫ b

a
f ′′(x)dx + O(h3),

�
T (h/2)− T (h)

3
= −(h/2)2

12

∫ b

a
f ′′(x)dx + O(h3),

= ∫ b

a
f (x)dx − T (h/2) =

T (h/2)− T (h)

3
+ O(h3).
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EÜ¦Èúª

¢SO��XÛÀ� n —Äu��Ø��O��{

Ïd§� h ¿©��£XÛ�äº¤§T (h/2)−T (h)
3 ´Ø��Ì

Ü§�±^Ù5�O T (h/2) �Ø�"äNO�L§Xeµ

1 ��½°Ý�¦� ε, �Ð©Ú�� h = b − a;

2 O� T1 := T (h);

3 O� T2 := T (h/2);

4 XJ |T2 − T1| < ε, � T2 �È©�; ÄK§- h := h/2,
T1 := T2, �£ 3©.

Q, T (h/2)−T (h)
3 ´Ø��ÌÜ, @oò§\� T (h/2) ATU

�ÌÝJpO�°Ý"¯¢þ,

T (h/2) +
T (h/2)− T (h)

3
= S(h) = I (f ) + O(h4).

ù�´ Richardson 	í\��Ñu:"
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Richardson 	í\�

Richardson 	í\�{

�^���6uëCþ h ��{ Q1(h) O�,þ Q �k

Q − Q1(h) = c1h
p1 + c2h

p2 + · · ·+ ckh
pk + · · · ,

Ù¥ ci , pi ��"~ê§� 0 < p1 < p2 < · · · . u´k

Q − Q1(h/2) = 2−p1c1h
p1 + 2−p2c2h

p2 + · · ·+ 2−pk ckh
pk + · · · .

1�ª~� 2−p1 ��1�ª§,�Ø± (1− 2−p1) �

Q − Q1(h/2)− 2−p1Q1(h)

1− 2−p1
= c12h

p2 + c13h
p3 + · · ·+ c1kh

pk + · · · ,

Ù¥ c1k =
ck(2

−pk − 2−p1)

1− 2−p1
, k = 2, 3, · · · .
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Richardson 	í\�

Richardson 	í\�{

-
Q2(h) =

Q1(h/2)− 2−p1Q1(h)

1− 2−p1
,

K Q2(h) %C Q ��äØ��þ?ÒJp� O(hp2), =

Q − Q2(h) = c12h
p2 + c13h

p3 + · · ·+ c1kh
pk + · · · .

Ón§-
Q3(h) =

Q2(h/2)− 2−p2Q2(h)

1− 2−p2
,

K Q3(h) %C Q ��äØ��þ?ÒJp� O(hp3), =

Q − Q3(h) = c23h
p3 + c24h

p4 + · · ·+ c2kh
pk + · · · .

Ù¥ c2k =
c1k (2

−pk − 2−p2)

1− 2−p2
, k = 3, 4, · · · .
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Richardson 	í\�

Richardson 	í\�{

��/§-

Qi+1(h) =
Qi (h/2)− 2−piQi (h)

1− 2−pi
,

K Qi+1(h) %C Q ��äØ��þ?ÒJp� O(hpi+1), =

Q − Qi+1(h) = c ii+1h
pi+1 + c ii+2h

pi+2 + · · ·+ c ikh
pk + · · · ,

Ù¥ c ik =
c i−1k (2−pk − 2−pi )

1− 2−pi
, k = i + 1, i + 2, · · · .

ù«l$�°Ý�ª��äØ�ìCÐmªÑu§ÏL{ü�5
|Ü��p�°Ý�ª��{¡� Richardson 	í\�ÂñE
â"TEâ3ê�O�¥k�©2��A^"e¡�0��
Romberg ¦È�{Ò´Ù¥���"
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Romberg ¦È�{

EÜF/¦Èúª�äØ��ìCÐmª

½nµ (Euler-Maclaurin úª) � f ∈ Cm[a, b], m ≥ 3, KF/¦

Èúª Th(f ) ��äØ�
∫ b
a f (x)dx − Th(f ) �L«�

−
[m
2
]∑

j=1

b2jh
2j

(2j)!
[f (2j−1)(b)−f (2j−1)(a)]+(−1)mhm

∫ b

a
B̃m(

x − a

h
)f (m)(x)dx ,

Ù¥ [m2 ] � ≤ m
2 ����ê§b2j = (2j)!B2j(0) � Bernoulli

ê§B̃m(x) ´ Bernoulli õ�ª�±Ï*Ü"

5µ Bernoulli ê§Bernoulli õ�ª9Ù±Ï*Ü�½Â§±9
Euler-Maclaurin úª�y²ò3e!�0�"
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Romberg ¦È�{

Romberg ¦È�{

� f ∈ Cm[a, b], éF/¦Èúª Th(f ) ¦^ Richardson 	í\
�ÂñEâ§e f ′(a) 6= f ′(b), f ′′′(a) 6= f ′′′(b), -

T2(h) ,
T (h/2)− 2−2T (h)

1− 2−2
=

T (h/2)− 4−1T (h)

1− 4−1
, m > 2,

T3(h) ,
T2(h/2)− 2−2×2T2(h)

1− 2−2×2
=

T2(h/2)− 4−2T2(h)

1− 4−2
, m > 4,

��/§e f (2k−1)(a) 6= f (2k−1)(b), -

Tk+1(h) ,
Tk(h/2)− 2−2×kTk(h)

1− 2−2×k
=

Tk(h/2)− 4−kTk(h)

1− 4−k
, m > 2k .

ù«�Ep°Ý¦ÈúªS���{¡� Romberg ¦È�{"
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Romberg ¦È�{

Romberg ¦È�{�äØ��°Ý

� f ∈ Cm[a, b], Kd Euler-Maclaurin úªÚRichardson 	í\
�ÂñEâ� Romberg ¦È�{�äØ��°Ý�∫ b

a
f (x)dx − Tk+1(h) = O(h2k+1), m = 2k + 1,

∫ b

a
f (x)dx − Tk+1(h) = O(h2k+2), m ≥ 2k + 2.

5µ ���Ñ�´§d Euler-Maclaurin úª§e f ∈ Cm[a, b],
m ≥ 3, ´± b − a �±Ï�±Ï¼ê§KF/úª��äØ�
�°ÝÒ´ O(hm) £¡äkù«5���ªäkÌ°Ý. AO/, � f ´± b − a �±Ï�C∞ ¼

ê�, �äØ�≤ O(hm), ∀m¤. d�§ÃI�Ã{¦^ Romberg ¦È�{.
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Lecture 8: Numerical Integration

Newton-Cotes úª!��.¦Èúª9Ù�ê°Ý!EÜ¦Èúª!Richardson 	í\�!Romberg ¦È�{

Romberg ¦È�{

g·A¦È�{

±þEÜ¦Èúª�?Ø´3�å!:��¹eÐm�"¯
¢þ§EÜ¦ÈúªØ7ïá3�å!:þ;

�äØ��Ø7�N�Ä, ¯¢þ©ã�ÄÛÜ�äØ��
JøØ��©Ù�¹;

AO/§�âÛÜ��Ø��O��ÛÜ�äØ��ÌÜ,
3Ø��Ý£=ü �Ý«mþ�Ø��¤���f«mþ
V\#!:±Ï~�ÛÜØ��Ý.

��¤k/��ÛÜØ��ÝÑØ�L#N�"

±þ´g·A¦È�{�Ä�µe"äN¢y�§XÛÀ�ÛÜ
�¦Èúª§¿��A�ÛÜ��Ø��OÚ	í\�ÂñEâ
�§ég·A¦È�{��ÇÚ°Ý�'­�"
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SKnµ7, 8, 9; þÅSKnµ4

Thank You!
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