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Lecture 7: Numerical Differentiation and Numerical Integration

ê��©

ê��©¯K�J{

ê��©¯K�;.J{

� f (x) 3«m [a, b] þ½Â§a ≤ x0 < x1 < · · · < xn ≤ b ´«
m [a, b] ¥� n + 1 �!:"ê��©¯K�;.J{´µ|^
¼ê3¤�!:þ��

f (x0), f (x1), f (x2), · · · , f (xn),

¦
f ′(x0), f

′(x1), f
′(x2), · · · , f ′(xn),

f ′′(x0), f
′′(x1), f

′′(x2), · · · , f ′′(xn),

½���/, é 1 ≤ k ≤ n, ¦

f (k)(x0), f
(k)(x1), f

(k)(x2), · · · , f (k)(xn),

�Cq�"
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ê��©

ê��©� Taylor Ðm{

|^¼ê� Taylor Ðm9Ù{�úªCqO��û

�!:��å�, =xi = a+ i · h, h = (b − a)/n, i = 0, 1, · · · , n.
� f (x) k k ��û"éi = 1, 2, · · · , n− 1, dTaylor Ðmúªk

f (xi+1) = f (xi )+hf ′(xi )+
h2

2
f ′′(xi )+· · ·+

hk−1

(k − 1)!
f (k−1)(xi )+

hk

(k)!
f (k)(ξki1),

f (xi−1)= f (xi )−hf ′(xi )+
h2

2
f ′′(xi )+· · ·+

(−h)k−1

(k − 1)!
f (k−1)(xi )+

(−h)k

(k)!
f (k)(ξki2).

Ù¥ ξki1 ∈ (xi , xi+1), ξ
k
i2 ∈ (xi−1, xi ). AO/§� k = 2, �

f ′(xi ) =
f (xi+1)− f (xi )

h
− h

2
f ′′(ξ2

i1),

f ′(xi ) =
f (xi )− f (xi−1)

h
+

h

2
f ′′(ξ2

i2).
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ê��©

ê��©� Taylor Ðm{

|^¼ê� Taylor Ðm9Ù{�úªCqO��û

e� k = 3, K��

f ′(xi ) =
f (xi+1)− f (xi−1)

2h
− h2

6
f ′′′(ξ3

i3),

Ù¥ ξ3
i3 ∈ (xi−1, xi+1) s.t. 2f

′′′(ξ3
i3) = f ′′′(ξ3

i1) + f ′′′(ξ3
i2).

e� k = 4, K��

f ′′(xi ) =
f (xi+1)− 2f (xi ) + f (xi−1)

h2
− h2

12
f (4)(ξ4

i4),

Ù¥ ξ4
i4 ∈ (xi−1, xi+1) s.t. 2f

(4)(ξ4
i4) = f (4)(ξ4

i1) + f (4)(ξ4
i2).
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ê��©

ê��©� Taylor Ðm{

^�ûCq�û�ê��©úª

���c�ûµf ′(xi ) ≈
f (xi+1)− f (xi )

h
=: h−14+f (xi );

�����ûµf ′(xi ) ≈
f (xi )− f (xi−1)

h
=: h−14−f (xi );

��¥%�û:f ′(xi ) ≈
f (xi+1)− f (xi−1)

2h
=: (2h)−140f (xi );

f ′(xi ) ≈
f (xi+1/2)− f (xi−1/2)

h
=: h−1δf (xi );

��¥%�û:

f ′′(xi ) ≈
f (xi+1)− 2f (xi ) + f (xi−1)

h2
=: h−2δ2f (xi ).
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ê��©

ê��©� Taylor Ðm{

^�ûCq�û�ê��©úª��äØ�

���cÚ�����ûúª´©O�Ñ{� −h
2 f
′′(ξ2

i1) Ú
h
2 f
′′(ξ2

i2) ����. Ïd§§���äØ��þ?Ñ´ O(h).

��¥%�ûúª´�Ñ{� −h2

6 f ′′′(ξ3
i3) ����. Ïd§§

��äØ��þ?´ O(h2).

��¥%�ûúª´�Ñ{� − h2

12 f
(4)(ξ4

i4) ����. Ïd§§
��äØ��þ?´ O(h2).

��/`§¥%�ûúª£Ï�Ùé¡5¤' %��ûúªk
�p��äØ��",	§=l�äØ�5w, h ��§K�û
úª�%C°Ý�p"
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ê��©

ê��©� Taylor Ðm{

¼ê���\Ø�é�ûO�(J�K�

¢SO��§7L�Äê�­½5"�d·�©Û¼ê���\
Ø�é�ûO�(J�K�"

±��¥%�û�~"� f (xi−1) Ú f (xi+1) ©Ok�\Ø�
ε1 Ú ε2, - ε = max{|ε1|, |ε2|}, e�Ñ h ��\Ø�§-

f ′h(xi ) ,
f (xi+1)− f (xi−1)

2h
, f̃ ′h(xi ) ,

f̃ (xi+1)− f̃ (xi−1)

2h
,

Kd�\Ø��5�O�(J�Ø���

δ(f ′h(xi )) = |f ′h(xi )− f̃ ′h(xi )| ≤
|ε1|+ |ε2|

2h
≤ ε

h
.

��§h ��§K�\Ø�Úå�O�(J�Ø����¬�
�"ù�`²�ûúª� h é��´ê�Ø­½�"
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ê��©

ê��©� Taylor Ðm{

�äØ���\Ø��²ï—�û%C�nØ4�

�©Û�ûúª�¢S%C°Ý§nØþ`§·�ATÓ��Ä
�äØ���\Ø�é(J�K�"E±��¥%�û�~§P
eh(f

′(xi )) ��½ h ��ýéØ��§Kk

eh(f
′(xi )) = M

h2

6
+
ε

h
, Ù¥ M = max

x∈(xi−1,xi+1)
|f ′′′(x)|.

ØJy²µ� h = h∗ , 3

√
3ε
M �§ eh(f

′(xi )) �����

3
2

3

√
Mε2

3 , d� �äØ�Ú�\Ø�©O� 1
2

3

√
Mε2

3 Ú 3

√
Mε2

3 .

�éØ���kaq�(Ø"

o�§�û%C�nØ4�£�Z%C°Ý¤��/`�$uO
�Å�Åì°Ý"þ~� ∼ O(ε

2
3 ) (h ∼ O(ε

1
3 )), 
��¥%�

û� ∼ O(ε
1
2 ) (h ∼ O(ε

1
4 )).
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ê��©

Äu Taylor Ðm{�Ûªê��©�ª

|^ Taylor Ðmªïá f ′(x) �!:�m�'Xª

3�cÚ�� Taylor Ðmª¥� k = 6, ¦Ú��

f (x + h)− 2f (x) + f (x − h)

h2
= f ′′(x) +

h2

12
f (4)(x) + O(h4).

dd�

f ′′′(xi ) =
f ′(xi+1)− 2f ′(xi ) + f ′(xi−1)

h2
− h2

12
f (5)(xi ) + O(h4).

3�cÚ�� Taylor Ðmª¥� k = 7, ¦���

f ′(xi ) =
f (xi+1)− f (xi−1)

2h
− h2

6
f ′′′(xi )−

h4

120
f (5)(xi ) + O(h6).

2òÙ¥� f ′′′(xi ) ^cªmà�O�§�
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ê��©

Äu Taylor Ðm{�Ûªê��©�ª

|^ Taylor Ðmªïá f ′(x) �!:�m�Cq'Xª

f ′(xi ) =
f (xi+1)− f (xi−1)

2h
−h2

6

f ′(xi+1)− 2f ′(xi ) + f ′(xi−1)

h2
+O(h4).

Ñ� O(h4) �, Q� f ′(x) �!:�m�Cq'Xª

f ′(xi ) ≈
f (xi+1)− f (xi−1)

2h
− f ′(xi+1)− 2f ′(xi ) + f ′(xi−1)

6
,

½

f ′(xi−1) + 4f ′(xi ) + f ′(xi+1) ≈
3

h
(fi+1 − fi−1).

Ù¥ fi+1 = f (xi+1), fi−1 = f (xi−1).
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ê��©

Äu Taylor Ðm{�Ûªê��©�ª

f ′(x) �!:Cq�÷v��5�ê�§|

ùÒ�Ñ
 f ′(xj), j = 0, 1, · · · , n 3AÏ¿Âe�Cq� mj ,
j = 0, 1, · · · , n ¤÷v��5�ê�§|

mi−1 + 4mi +mi+1 =
3

h
(fi+1 − fi−1), i = 1, 2, · · · , n − 1.

5¿§·�kn+ 1 ���þ§
�kn− 1 �Õá��§"Ïd
�I�Ö¿ü�Õá�^�"~X§m0 = f ′(x0), mn = f ′(xn) ®
�§K�ÏL¦)±þ�5�§|�� {f ′(xi )}n−1

i=1 ��|Cq
� {mi}n−1

i=1 .

T�§|�XêÝ
 A ´Ø��î�Ìé�Ó`�é¡Ý
, �
^J`{¦)"�±y² ‖A−1‖∞ k� n Ã'�."
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ê��©

Äu Taylor Ðm{�Ûªê��©�ª

f ′(xi) �Cq� mi �Ø��§�%CØ���

d m0 = f ′(x0), mn = f ′(xn), ±9

f ′(xi−1)+4f ′(xi )+f ′(xi+1) =
3

h
(fi+1−fi−1)+O(h4), i = 1, 2, · · · , n−1,

mi−1 + 4mi +mi+1 =
3

h
(fi+1 − fi−1), i = 1, 2, · · · , n − 1,

�µ%CØ� ei = mi − f ′(xi ) ÷v�5�ê�§|{
ei−1 + 4ei + ei+1 = O(h4), i = 1, 2, · · · , n − 1,

e0 = en = 0.

dd�µ‖~e‖∞ ≤ ‖A−1‖∞ · O(h4) = O(h4).
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ê��©

Äu Taylor Ðm{�Ûªê��©�ª

f ′(xi) �Cq� mi �ê�­½5ÚnØ%C4�

f ′(xi ) �Cq� mi �ê�­½5Ì�Ny3�§|mà��ê
�­½5"
d�\Ø�Úå�T��Ø��� 6ε

h .

�ÄoØ� C1
6ε
h + C2h

4 �4�z"� h = 5

√
3C1ε
2C2

(h ∼ O(ε
1
5 )).

d�§%C��4�°ÝO(ε4/5).

��/`§Ûªê��©�ªk�p�%C°ÝÚ�Ð�ê�­
½5"3^�#N��¹e§Ûª�ª´��Ø��À�"
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ê��©

��.ê��©�ª

��.¦�úª

� f (x) 3«m [a, b] þ½Â§a ≤ x0 < x1 < · · · < xn ≤ b ´«
m [a, b] ¥� n + 1 �!:§®�¼ê3¤�!:þ��

f (x0), f (x1), f (x2), · · · , f (xn),

� f (x) ¿©1w, K·��±�E��õ�ª Pn(x), s.t.

f (x) = Pn(x) + Rn(x), Rn(x) =
f (n+1)(ξ(x))

(n + 1)!
ωn+1(x),

Ù¥ ωn+1(x) =
∏n

i=0(x − xi ). u´k

f ′(x) = P ′n(x) +
f (n+1)(ξ(x))

(n + 1)!
ω′n+1(x) +

d
dx f

(n+1)(ξ(x))

(n + 1)!
ωn+1(x).

14 / 29



Lecture 7: Numerical Differentiation and Numerical Integration

ê��©

��.ê��©�ª

��.¦�úª

AO/3!: xi þ ωn+1(xi ) = 0, ¤±k

f ′(xi ) = P ′n(xi ) +
f (n+1)(ξ(xi ))

(n + 1)!
ω′n+1(xi ).

~X§�n = 1 �§

f (x) =
x − x1

x0 − x1
f (x0) +

x − x0

x1 − x0
f (x1) +

f ′′(ξ(x))

2!
(x − x0)(x − x1),

¤±k
f ′(x0) =

f (x1)− f (x0)

x1 − x0
− f ′′(ξ(x0))

2!
h,

f ′(x1) =
f (x1)− f (x0)

x1 − x0
+

f ′′(ξ(x1))

2!
h,

ù©O�Ñ��´���û����cÚ���ûCq"
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ê��©

��.ê��©�ª

��.¦�úª

� n = 2§���å!:�§·�k

P2(x) =
(x − x1)(x − x2)

(x0−x1)(x0−x2)
f (x0)+

(x − x0)(x − x2)

(x1−x0)(x1−x2)
f (x1)+

(x − x0)(x − x1)

(x2−x0)(x2−x1)
f (x2),

P ′
2(x) =

2x − x1 − x2

2h2
f (x0)−

2x − x0 − x2

h2
f (x1) +

2x − x0 − x1

2h2
f (x2).

u´d f ′(xi ) = P ′
2(xi ) +

1
3! f

′′′(ξ(xi ))ω
′(xi ) �

f ′(x0) =
−3f (x0) + 4f (x1)− f (x2)

2h
+

2

3!
f ′′′(ξ(x0))h

2,

f ′(x1) =
f (x2)− f (x0)

2h
− 1

3!
f ′′′(ξ(x1))h

2,

f ′(x2) =
f (x0)− 4f (x1) + 3f (x2)

2h
+

2

3!
f ′′′(ξ(x2))h

2.
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ê��©

��.ê��©�ª

��.¦�úª

ùÒ�Ñ
���û�äk��%C°Ý��ûCqúª

f ′(x0) ≈
−3f (x0) + 4f (x1)− f (x2)

2h
,

f ′(x1) ≈
f (x2)− f (x0)

2h
,

f ′(x2) ≈
f (x0)− 4f (x1) + 3f (x2)

2h
,

Ù¥¥m����´��¥%�ûúª"
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ê��©

��.ê��©�ª

��.¦�úª

� Taylor Ðm�{�'§��.ê��©úª��E�\(
¹"!:©Ù�±´?¿�§%C���±�â�¦Ú^�3�
½���SÀJ"��±ÀJ�^����{±?�ÚJp%C
°ÝÚê�­½5"

,��¡§dupg��õ�ª� Runge y�§��.¦�ú
ª���À^$gõ�ª"

��±ÏL��õ�ª½���^ïá���ê��ûCqúª
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ê�È©

ê�È©¯K�J{

ê�È©�­�5

ê�È©�­�5´Øó
��"

ù��¡´Ï�§3¢SA^¥~~I�3���È¼ê3,

lÑ:���^�e�¦Ù½È©§$½�¦ò���È¼ê�
½È©^T¼ê3,
lÑ:?����CqLÑ¶

,��¡§=B´k)ÛL�ª��È¼ê§Ù�¼ê�  é
J§$�Ã{�Ñwª�^Ð�¼ê�Ñ�)ÛL�ª§ÏdI
�/Ïê��{�ÑÙ½È©�Cq�"
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ê�È©

ê�È©¯K�J{

ê�È©¯K�J{

� f (x) 3«m [a, b] þ½Â§a ≤ x0 < x1 < · · · < xn ≤ b ´«
m [a, b] ¥� n + 1 �®�½�½�!:"ê�È©¯K�;.
J{´µ|^¼ê3¤�!:þ��

f (x0), f (x1), f (x2), · · · , f (xn),

¦½È© ∫ b

a
f (x) dx

�Cq�"
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ê�È©

¥:úª!F/úªÚ Simpson úª

ê�È©�Ý/úª

� f (x) ∈ C[a, b], Kd½È©�AÛ¿Â�∫ b

a
f (x) dx

3ê�þ�Ñ�´ëY­� y = f (x), ü�� x = a, x = b �
x-�I¶¤�¤�£k�¤¡È"

?��: x̂ ∈ [a, b], ^~�� y = f (x̂) �O­>�Ý/úª∫ b

a
f (x) dx ≈ f (x̂)(b − a).

�±y², Ý/úª��äØ���´2��§=∫ b

a
f (x) dx = f (x̂)(b − a) + O((b − a)2).

21 / 29



Lecture 7: Numerical Differentiation and Numerical Integration

ê�È©

¥:úª!F/úªÚ Simpson úª

ê�È©�¥:úª

AO/§� x̂ = (a+ b)/2, �¥:úª∫ b

a
f (x) dx ≈ f

(
a+ b

2

)
(b − a).

¥:úª9����Ý/úªÑ´^~ê£"g��õ�ª¤�
O¼ê f (x) �È©���"|^�VÐmª

f (x) = f (x̂) + f ′(x̂)(x − x̂) +
1

2
f ′′(ξ(x))(x − x̂)2,

�±y², � f ∈ C2(a, b) �, ∃η1 ∈ (a, b) s.t.∫ b

a
f (x) dx = f

(
a+ b

2

)
(b − a) +

(b − a)3

24
f ′′(η1).
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ê�È©

¥:úª!F/úªÚ Simpson úª

ê�È©�F/úª

e^ x0 = a, x1 = b ��g��õ�ª

P1(x) =
x − b

a− b
f (a) +

x − a

b − a
f (b)

�O¼ê f (x) �È©, B��F/úª∫ b

a
f (x) dx ≈ f (a) + f (b)

2
(b − a).

|^�g���{�L�ª

R1(x) =
1

2
f ′′(ξ(x))(x − a)(x − b) = f [a, b, x ](x − a)(x − b)

�±y², � f ∈ C2(a, b) �, ∃η2 ∈ (a, b) s.t.∫ b

a
f (x) dx =

f (a) + f (b)

2
(b − a)− f ′′(η2)

12
(b − a)3.
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ê�È©

¥:úª!F/úªÚ Simpson úª

ê�È©� Simpson úª(�Ô�/úª)

e^ x0 = a, x1 = (a+ b)/2, x2 = b ��g��õ�ª

P2(x) =
(x − x1)(x − x2)

(x0−x1)(x0−x2)
f (x0)+

(x − x0)(x − x2)

(x1−x0)(x1−x2)
f (x1)+

(x − x0)(x − x1)

(x2−x0)(x2−x1)
f (x2),

�O¼ê f (x) �È©, B�� Simpson úª∫ b

a
f (x) dx ≈ b − a

6

[
f (a) + 4f

(a+ b

2

)
+ f (b)

]
.

P ω2(x) = (x − a)(x − a+b
2 )(x −b)§|^�g���{�L�ª

R2(x) =
f ′′′(ξ(x))

3!
ω2(x) = f

[
a,

a+ b

2
, b, x

]
ω2(x)

�±y², � f ∈ C4(a, b) �, ∃η3 ∈ (a, b) s.t.∫ b

a
f (x) dx =

b − a

6

[
f (a) + 4f

(a+ b

2

)
+ f (b)

]
− f (4)(η3)

2880
(b−a)5.
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ê�È©

¥:úª!F/úªÚ Simpson úª

ê�È©� Simpson úª(�Ô�/úª)

¯¢þ, P q(x) =
∫ x
a ω2(x)dx , P g(x) = f

[
a, a+b

2 , b, x
]
, Kd

∫ b

a
g(x)ω2(x)dx = g(x)q(x)|ba −

∫ b

a
g ′(x)q(x)dx ,

9 q(x) = 1
4(x − a)2(b − x)2 Ú(�(2.4.4), (2.4.5))

g ′(x) = lim
τ→0

f
[
a, a+b

2 , b, x + τ
]
− f
[
a, a+b

2 , b, x
]

τ

= lim
τ→0

f
[
a,

a+ b

2
, b, x+τ, x

]
= lim

τ→0

1

4!
f (4)(ξ(x , x+τ)) =

1

4!
f (4)(η(x)),

2dÈ©¥�½n§=�� Simpson úª�{�L�ª.
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ê�È©

¥:úª!F/úªÚ Simpson úª

¥:úª!F/úªÚ Simpson úª�o(

±þ¦ÈúªÑ´d��õ�ª�Ñ�§§�k±eA:

¦Èúª�L«�
∫ b
a f (x) dx ≈

∑n
i=0 Ai f (xi ), Ù¥ Ai , xi ,

i = 0, 1, · · · , n, � f Ã', ¡�¦Èúª��êÚ!:;

P h = b − a, K��È¼ê¿©1w�,

¥:úª��äØ��þ?� O(h3);

F/úª��äØ��þ?� O(h3);

Simpson úª��äØ��þ?� O(h5).

�±y²§��È¼ê¿©1w���å!:�§d n g��
õ�ª�Ñ�¦Èúª��äØ�

∫ b
a f (x) dx −

∑n
i=0 Ai f (xi ) �

O(hn+3) (e n �óê)§� O(hn+2) (e n �Ûê).
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ê�È©

¥:úª!F/úªÚ Simpson úª

ê�È©úª��ê°Ý

¥:úªÚF/úªéØpu�g�õ�ªî�¤á, 

Simpson úªKéØpung�õ�ªî�¤á"

¯¢þ�±y²§��È¼ê¿©1w���å!:�§d
n g��õ�ª�Ñ�¦Èúª§� n �óê�§éØp
u n + 1 g�õ�ªî�¤á§� n �Ûê�§éØpu
n g�õ�ªî�¤á"
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Lecture 7: Numerical Differentiation and Numerical Integration
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SKnµ3 4, 5; þÅSKnµ1, 2

Thank You!
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