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Lecture 6: Rational Interpolation and Approximation
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kn%C�7�5
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3k
�¹e§õ�ª£½©ãõ�ª¤��Ø´��Ð�À
J"~X§e¼ê f (x) k±e5�µ

limx→a−0 f (x) = +∞;

limx→+∞ f (x) = A �k��~ê,

?Ûõ�ª£½©ãõ�ª¤ÑØ�Uäk±þü^5�"
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�¹e§¼êkÂñ��?ê§�Ùkn%C%Âñ��
¯. ~X,

ln(1 + x) =
∞∑
k=1

(−1)k+1 xk

k
, ∀x ∈ (−1, 1],

Âñéú, ��yØ��� ≤ 10−4, 7L������¦Ú§
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ln(1 + x) =
x

1 +
1 · x
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3 +
22 · x

4 +
22 · x

5 + · · ·
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Lecture 6: Rational Interpolation and Approximation

kn���%C

kn���½ÂÚkn��¯K�J{

kn©ª¼ê�m

½Âkn©ª Rm,n(x) =
Pm(x)

Qn(x)
, Ù¥ Pm(x) ∈ Pm, Qn(x) ∈ Pn,

� P(x) Ú Q(x) p�, ò¤kù��kn©ª¼ê�8ÜP�
R(m, n). ØJy² Rm,n(x) k m + n + 1 �gdÝ"

5 1µ Pm Ú Pn �k m + 1 Ún + 1 �gdÝ. d ∀a 6= 0, k
a · Pm(x)/a · Qn(x) = Pm(x)/Qn(x). Ïd, Rm,n(x) gdÝ�êØ
�L m + n + 1.

5 2µ é?¿�½� Pm ∈ Pm, �Qn(x) ∈ Pn, Pm(x) Ú Qn(x)
p��^��¦ Qn(z) 3E²¡¥�":ØUá3 Pm(z) �"
:þ. 
ù¿vk~� Qn(x) �gdÝ, �´�½
ëê���
��. Ïd, Rm,n(x) �gdÝ�ê´ m + n + 1.

4 / 24



Lecture 6: Rational Interpolation and Approximation

kn���%C

kn���½ÂÚkn��¯K�J{

kn���½ÂÚkn��¯K�J{

½Âµ �½ m + n + 1 |êâ (xi , f (xi )), i = 0, 1, · · · ,m + n, e
�3 Rm,n(x) ∈ R(m, n) ¦�

Rm,n(xi ) = f (xi ), i = 0, 1, · · · ,m + n,

K¡ Rm,n(x) �¤�êâ| (xi , f (xi )), i = 0, 1, · · · ,m + n �k
n��"

kn��¯Kµ �½êâ| {(xi , f (xi ))}m+n
i=0 , 3 R(m, n) ¥é

kn©ªRm,n(x) =
Pm(x)

Qn(x)
, ¦�Rm,n(xi ) = f (xi ), 0 ≤ i ≤ m + n.

5µ Rm,n(x) Ø´���5�m, Ïd�Ø�UkÄ.¼ê.
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kn���%C

kn���½ÂÚkn��¯K�J{

kn��¯K)��3��5

ØJy², 3 Pm Ú Qn p��^�e, XJkn��¯K
�)�3§K7�� (Ï� Pm(xi )Q̂n(xi ) = P̂m(xi )Qn(xi ),
0 ≤ i ≤ m + n, ⇒ Pm(x)Q̂n(x) ≡ P̂m(x)Qn(x)).

du m + n ��©)� (m ± j) + (n ∓ j), ¤±d±þ(Ø
¿ØUy²Ø�3Ù§�kn��.

�Äêâ| (0, 0), (1, 0), (2, 1) 3 R(1, 1) ¥�kn��"

� R1,1(x) =
a1x + a0

b1x + b0
. Kd R1,1(0) = 0 � a0 = 0. qd

R1,1(1) = 0 � a1 = 0. u´§R1,1(x) ≡ 0, �¯KÃ)"
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kn��¯K)��3��5

¦+Xd, 3êâ|÷v�½^��, )´�3�. ~X§þ
~¥ò (1, 0) �� (1, t), t 6∈ {0, 1} �, d R1,1(0) = 0 �
a0 = 0; qdR1,1(1) = t ÚR1,1(2) = 1 ©O�Xê÷v�§

a1 = tb1 + tb0 Ú a1 = b1 + 1
2 b0, dd� b1 =

1
2
−t

t−1 b0. �

b0 = 1, � b1 = 2t−1
2(1−t) , a1 = t

2(1−t) . u´�¯K���)

R1,1(x) = tx
(2t−1)x+2(1−t) .

,	§eò R(1, 1) �� R(2, 0) ���3��)(d�, ¯
K=z�õ�ª��¯K)"

5µ ±þ~fL², kn��¼ê��35�¦êâ|÷v�½
��N5^�, ��/`, ØÓ� R(m, n), �N5^��ØÓ.
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kn���%C

kn��¯K){£1¤—��ûë©ª�{

k ���û

½Âµ é?¿(Ã­:):8 S = {x0, x1, · · · , } 9¼ê f (x), -v0(x) = f (x),

vk(x) =
x − xk−1

vk−1(x)− vk−1(xk−1)
, k = 1, 2, · · · ,

� vk(x) k½Â�§¡ vk(x) � f (x) 3 S þ� k ���û.

� f (x) 3 S þ� 0 ≤ k ≤ n + 1 ���û vk(x) Ñk½Â
�£d�7k vk(xk) 6= 0¤, d½Â·�k

v0(x) = v0(x0) +
x − x0

v1(x)
= v0(x0) +

x − x0

v1(x1) +
x − x1

v2(x)

· · · · · · · · · · · · · · · · · ·
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¼ê��«ë©ªL«Úë©ª%C�{

8B/k
v0(x) = v0(x0) +

x − x0

v1(x1) +
x − x1

v2(x2) +
· · ·

· · ·+
x − xn−1

vn(xn) +
x − xn

vn+1(x)

- Rn(x) = v0(x0) +
x − x0

v1(x1) +
x − x1

v2(x2) +
· · ·

· · ·+
x − xn−1

vn(xn)

5µ � vk(xk), 0 ≤ k ≤ n Ñk½Â�, Rn(x) é ∀x k½Â.
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d��ûë©ª�{�E�kn��¯K�)

Kdë©ªL�ª���

Rn(xi ) = f (xi ), i = 0, 1, 2, · · · , n.

dë©ªL�ªÚ Rn(x) �½Âk

R1(x) = v0(x0) +
x − x0

v1(x1)
=

x + (v1(x1)v0(x0)− x0)

v1(x1)
∈ R(1, 0);

R2(x) = v0(x0) +
x − x0

v1(x1) +
x − x1

v2(x2)

∈ R(1, 1);

��/§8B/��§� n = 2m �, Rn(x) ∈ R(m,m), 
�
n = 2m + 1 �, Rn(x) ∈ R(m + 1,m).
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��ûL

A^��ûë©ª�{�Ekn���'�3uO�����
û"ù�ÏLïá��ûL5�¤"

xi f (x) v0(x) v1(x) v2(x) v3(x) · · · vn(x)

x0 f0 v0(x0)

x1 f1 v0(x1) v1(x1)

x2 f2 v0(x2) v1(x2) v2(x2)

x3 f3 v0(x3) v1(x3) v2(x3) v3(x3)
...

...
...

...
...

...
. . .

xn fn v0(xn) v1(xn) v2(xn) v3(xn) · · · vn(xn)

Ù¥ v0(xj) = fj = f (xj), j = 0, 1, · · · , n,

vk(xj) =
xj−xk−1

vk−1(xj )−vk−1(xk−1) , 1 ≤ k ≤ j ≤ n,

^�: vm(xj) 6= vm(xm), 0 ≤ m < j ≤ n.
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kn���%C

kn��¯K){£1¤—��ûë©ª�{

¼ê��«·Üë©ª%C�{

�(é 0 ≤ k ≤ n − 1)d¼ê f (x) �¤õ/½Â

R̂k(x) = v0(x0) +
x − x0

v1(x1) +
x − x1

v2(x2) +
· · ·

· · ·+
x − xk−1

vk(xk) +
x − xk

vk+1(x)

=� 0 ≤ l ≤ k ≤ n − 1 �§kvl(xi ) 6= vl(xl), ∀l + 1 ≤ i ≤ n. K
k

R̂k(xi ) = f (xi ), i = 0, 1, · · · , n.
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kn���%C

kn��¯K){£1¤—��ûë©ª�{

¼ê��«·Üë©ª%C�{

5¿, eò vk+1(x) �¤��L {(xi , vk+1(xi ))}ni=k+1 �õ�ª
gn−k−1(x) ∈ Pn−k−1, ½Âkn¼ê

Rk,n(x) = v0(x0) +
x − x0

v1(x1) +
x − x1

v2(x2) +
· · ·

· · ·+
x − xk−1

vk(xk) +
x − xk

gn−k−1(x)

K�7,k Rk,n(xi ) = f (xi ), i = 0, 1, 2, · · · , n.
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kn���%C

kn��¯K){£1¤—��ûë©ª�{

¼ê��«·Üë©ª%C�{

Ïd§� vk+1(x) Ø÷v^� vk+1(xj) 6= vk+1(xk+1),
∀k + 1 < j ≤ n, �§�^ Rk,n(x) �� f (x) �kn��¼ê"

�½ n ≥ 2, d½Â, � k = 0 �, k R0,n(x) ∈ R(n − 1, n − 1);

� k = 1 �, k R1,n(x) ∈ R(n − 1, n − 2);

8B��: é k ≤ n − 2,

� k = 2m �, k R2m,n(x) ∈ R(n −m − 1, n −m − 1);

� k = 2m + 1 �, k R2m+1,n(x) ∈ R(n −m − 1, n −m − 2).

dd��§ØU��÷vë©ª��^��êâ|§E�±^�
ê�p�kn¼ê¢y��.
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kn���%C

kn��¯K){£1¤—��ûë©ª�{

,�«kn��¯K�J{

kn��¯Kµ �½êâ| {(xi , f (xi ))}Ni=0, é÷v m + n = N

��K�ê m, n, Ú R(m, n) ¥�kn©ªRm,n(x) =
Pm(x)

Qn(x)
,

¦�Rm,n(xi ) = f (xi ), 0 ≤ i ≤ N.

5 1µ ±þ©ÛL²§þã¯K�)o´�3�§�¯K�)
��Øä��5.

5 2µ ��±�Ñ vn(xn) ���ûL�, þã¯K�)o�±Ï
Lë©ª�{¦).

5 3µ ��±�Ñ {vk(xl)}nl=k , 0 ≤ k ≤ n − 2 ���ûL�, K
o�ÏL·Üë©ª�{¦)3�p��kn¼ê�m¥¦).
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kn���%C

kn��¯K){£1¤—��ûë©ª�{

©ãkn���kn�^��

5 1µ X~L²§¿�?��êâ|Ñ��)k¿Â���û
L"k
�¹e§�ÏLN�!:^SÚ�tkn¼êa.��
{Jpkn����15"

5 2µ �õ�ª��aq/§3¢SA^¥§�æ^©ãkn
���kn�^��§±Orkn����15!­½5!%C
5§±9�±,
�N½ÛÜ�AÛ5�"

5 3µ �õ�ª%Caq/§3¢SA^¥§��æ^���
.�kn%C"
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kn���%C

Padé %C

¼ê� Padé %Cª

éäk�?ê/ª�¼ê§~~�±ÏL�E·��kn%C�
�Âñ�¯�CqO�úª"¼ê� Padé %Cª´�«�Ed
a¼êkn%C��{"

½Âµ � f (x) �d±e/ª��?ê½Â�¼êµ

f (x) =
∞∑
j=0

ajx
j .

XJ�3kn©ª¼ê PL(x)/QM(x) ∈ R(L,M), Ù¥ PL(x) �
QM(x) p�, �QM(0) = 1, ÷v

f (x)− PL(x)

QM(x)
= O(xL+M+1),

K¡ PL(x)/QM(x) � f (x) 3 R(L,M) ¥� Padé %Cª§P
� [L/M]f (x).
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kn���%C

Padé %C

¦¼ê� Padé %Cª��{

d½Â§·��±ÏL'� x j , j = 0, 1, · · · , L + M ��Xê5
¦¼ê� Padé %Cª"P

PL(x) = p0 + p1x + p2x2 + · · ·+ pLxL,

QM(x) = q0 + q1x + q2x2 + · · ·+ qMLxM ,

Kk(P ak = 0, ∀k ≤ 0):
p0

p1

p2
...

pL

 =


a0 0 0 · · · 0
a1 a0 0 · · · 0
a2 a1 a0 · · · 0
...

...
...

. . .
...

aL aL−1 aL−2 . . . aL−M




q0

q1

q2
...

qM

 ,
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±9 
aL+1 aL aL−1 · · · aL−M+1

aL+2 aL+1 aL · · · aL−M+2

aL+3 aL+2 aL+1 · · · aL−M+3
...

...
...

. . .
...

aL+M aL+M−1 aL+M−2 · · · aL




q0

q1

q2
...

qM

 =


0
0
0
...
0


5¿ q0 = 1 ®�"þª�U�¤�5�§|
aL−M+1 aL−M+2 aL−M+3 · · · aL
aL−M+2 aL−M+3 aL−M+4 · · · aL+1

aL−M+3 aL−M+4 aL−M+5 · · · aL+2
...

...
...

. . .
...

aL aL+1 aL+2 · · · aL+M−1




qM

qM−1

qM−2
...

q1

 = −


aL+1

aL+2

aL+3
...

aL+M

 .
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kn���%C

Padé %C

¦¼ê� Padé %Cª��{

P±þ�5�§|XêÝ
�1�ª� CL,M = C (L/M). K�
CL,M = C (L/M) 6= 0 �, d Cramer {Kk

CL,M ·QM(x) = det



aL−M+1 aL−M+2 aL−M+3 · · · aL aL+1

aL−M+2 aL−M+3 aL−M+4 · · · aL+1 aL+2

aL−M+3 aL−M+4 aL−M+5 · · · aL+2 aL+3
...

...
...

. . .
...

...
aL aL+1 aL+2 · · · aL+M−1 aL+M

xM xM−1 xM−2 · · · x 1


.

dd� QM(x), òÙXê (q1, q2, · · · , qM) �\ ~p � ~q �'X
ª, Q�
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PL(x) =
(∑L

i=0 aix
i
∑L

i=1 ai−1x i · · ·
∑L

i=M ai−Mx i
)

1
q1
...

qM

 ,

½(5¿ (−1)jqj �ueªmà (M + 1) × (M + 1) Ý
¥
∑L

i=j ai−j x
i ¤éA��ê{fª)

CL,M · PL(x) =

det



aL−M+1 aL−M+2 · · · aL aL+1

aL−M+2 aL−M+3 · · · aL+1 aL+2

aL−M+3 aL−M+4 · · · aL+2 aL+3
...

...
. . .

...
...

aL aL+1 · · · aL+M−1 aL+M
L∑

i=M

ai−Mx i ∑L
i=M−1 ai−M+1x i · · ·

∑L
i=1 ai−1x i

∑L
i=0 aix

i


.
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kn���%C

Padé %C

¦¼ê� Padé %Cª��{

N´�y§� CL,M = C (L/M) 6= 0 �, d±þúª½Â�
PL(x), QM(x) ÷v QM(0) = 1, �k

QM(x)
∞∑
i=0

aix
i − PL(x) = O(xL+M+1).

½nµ � PL(x), QM(x) d±þúª½Â. K�
CL,M = C (L/M) 6= 0 �, f (x) �/ª�?ê� Padé %Cª�L
«�

[L/M]f (x) = PL(x)/QM(x).
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kn���%C

Padé %C

¦¼ê� Padé %Cª��{

±þ�Ñ
� CL,M = C (L/M) 6= 0 �, f (x) �/ª�?ê�
Padé %Cª�úª"�duù
úª�O�Ý
�1�ª§ù
Ï~¿�Xã��ó�þ±9ê�Ø­½5"Ïd¢S¦ Padé
%Cª�¿Ø^ù
úª"

�{ü¢^��{´ÏL¦)�5�ê�§|�� QM(x) �X
ê",	§�k�
Äu4í'Xª��{"

¼ê� Padé %CªS��Âñ5¯K�©E,§§Ø=�6u
f (z) �A5§��S� (L, M S�¤��{k'"
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Thank You!
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