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Lecture 4: B-Spline, Best Uniform Approximation
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B-�^¼ê

�k:� · · · < x−2 < x−1 < x0 < x1 < · · · < xj < · · · , ÷v
limj→±∞ xj = ±∞.

é?����ê k , ½Â

Mk(x ; y) , k(y − x)k−1+ =

{
k(y − x)k−1, ∀y ≥ x ,

0, ∀y < x .

ò x À�ëê, � Mn(x ; y) 'u y 3 y = x0, x1, · · · , xn ?
� n ��û§P� Mn(x) = Mn(x ; x0, x1, · · · , xn).

d n ��û�Ä�5�£�£2.4.2¤¤, Mn(x) �±��

Mn(x) = Mn(x ; x0, x1, · · · , xn) =
n∑

j=0

n(xj − x)n−1+

ω′n(xj)
,

Ù¥ ωn(x) =
∏n

i=0(x − xi ).
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B-�^

B-�^¼ê

B-�^¼ê

N´�y¼ê Mn(x) ÷v

1 Mn(x) = 0, ∀x ≥ xn;

2 Mn(x) = 0, ∀x ≤ x0, ∵ Mn(x ; y) = n(y − x)n−1, x ≤ x0 ≤ y ;

3 é?¿�−∞ < i <∞, Mn(x) ∈ Pn−1[xi , xi+1].

4 Mn(x) ∈ Cn−2(−∞,∞).

��¼ê Mn(x) ´|8� [x0, xn] � n − 1 g�^¼ê"

Mn(x) �kÙ§NõéÐ�5�§X�K5 (�±e½n),
ü 5£

∫ xn
x0

Mn(x ; x0 · · · , xn)dx = 1, �SK 14¤�.
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B-�^

B-�^¼ê

B-�^¼ê Mn(x) �5�

½nµ M
(i)
n (x), i = 0, 1, · · · , n − 2 3«m (x0, xn) STk i �

":"AO/k Mn(x) > 0, ∀x ∈ (x0, xn).

y²µ d Mn(x) �L�ª£2.5.23¤�

Mn(x) =
n(xn − x)n−1

ω′n(xn)
> 0, ∀x ∈ (xn−1, xn).

1 ∴ ∃ n: x0 < x∗ < xn, s.t. sign(Mn(x)) = 0, +, 0.

2 d¥�½n, ∃ o: x0 < x∗1 < x∗2 < xn, s.t. sign(M ′n(x)) =

0, +, −, 0 (CÒ�g). ∴ ∃ x†1 ∈ (x∗1 , x
∗
2 ), s.t. M ′n(x†1) = 0.
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B-�^

B-�^¼ê

B-�^¼ê Mn(x) �5�y²Y

3 d¥�½n, ∃ Ê: x0 < x \1 < x \2 < x \3 < xn, s.t.

sign(M ′′n (x)) = 0, +, −, +, 0 (CÒüg). ∴ ∃ x‡1 ∈ (x \1, x
\
2)

Ú x‡2 ∈ (x \2, x
\
3) s.t. M ′′n (x‡1) = M ′′n (x‡2) = 0.

4 �gaí, ∃ n + 1 �: x0 < x̄1 < · · · < x̄n−1 < xn, s.t.

sign(M
(n−2)
n (x)) = 0, +, −, +, · · · , 0 (CÒ n − 2 g).

∴ ∃ x♠i ∈ (x̄i , x̄i+1), s.t. M
(n−2)
n (x♠i ) = 0, i = 1, 2, · · · , n − 2.

5 ,��¡§d Mn(x) �L�ª£2.5.23¤�

M
(n−2)
n (x) = (−1)n−2n!

n∑
j=0

(xj − x)+
ω′n(xj)

,

ù´�^± {xi}ni=0 �º:î�I�ò�£�k n ã, �±
�yù
ò�ã��Çþ�"¤.
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B-�^

B-�^¼ê

B-�^¼ê Mn(x) �5�y²Y

6 dM
(n−2)
n (x0) = M

(n−2)
n (xn) = 0, �T n ãò�3 (x0, xn−1)

S�õk n− 2 gCÒ. qTò�3 (x0, x1] ∪ [xn−1, xn) SÃ
":§Ïd, 3 (x0, xn) S�õk n − 2 �":.

7 (Ü 4© Ú 6© � M
(n−2)
n (x) 3 (x0, xn) STÐk n − 2 �

£ü¤":.

8 ��§eé,� 0 ≤ i < n − 2, M
(i)
n (x) 3 (x0, xn) S�"

:�ê£Oê¤�u i§Kd¥�½nÚ Rolle ½n,
M

(i+1)
n (x) 3 (x0, xn) S�":�ê£Oê¤�u i + 1;

· · · ; M(n−2)
n (x) 3 (x0, xn) S�":�ê£Oê¤�u

n − 2. ù� 7© gñ"

9 dd§9 2© — 4© �ínL§�, M
(i)
n (x), 0 ≤ i ≤ n − 2,

3 (x0, xn) STk i �£ü¤":" �
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B-�^

B-�^¼ê

B-�^¼ê�~f

� xi = i − 1
2 , i ∈ Z, K (d½ÂMk (x ; y) , k(y − x)k−1

+ , Mk (x) =
k∑

j=0

k(xj − x)k−1
+

ω′
k
(xj )

)

M1(x ; y) =

{
1, ∀y ≥ x ;

0, ∀y < x ,

�
M1(x) =

M1(x ; x1)−M1(x ; x0)

x1 − x0
=

{
1, |x | ≤ 1/2;

0, |x | > 1/2.

d

M2(x) =
2∑

j=0

2(xj − x)+
ω′2(xj)

= (x0− x)+− 2(x1− x)+ + (x2− x)+ �

M2(x) =


3
2 − x , 1

2 ≤ x ≤ 3
2 ;

1
2 + x , −1

2 ≤ x ≤ 1
2 ;

0, x ≤ −1
2 ½ x ≥ 3

2 .
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B-�^

B-�^¼ê

B-�^¼ê�~f

d

M3(x) =
3∑

j=0

3(xj − x)2+
ω′2(xj)

=
1

2

[
−(x0−x)2++3(x1−x)2+−3(x2−x)2++(x3−x)2+

]
�

M3(x) =


1
2(x − 5

2)2, 3
2 ≤ x ≤ 5

2 ;
1
2(x − 5

2)2 − 3
2(x − 3

2)2, 1
2 ≤ x ≤ 3

2 ;
1
2(x + 1

2)2, −1
2 ≤ x ≤ 1

2 ;

0, x ≤ −1
2 ½ x ≥ 5

2 .

5µ P Schoenberg ^¥%�ûL«� B-�^� M̂n(x), Kk
M̂n(x) = Mn(x + (n − 1)/2).
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B-�^

d m g�^¼ê�¤�¼ê�m9Ù5�z� B-�^Ä¼ê

d m g�^¼ê�¤�¼ê�m

P«m [a, b] �¿© a = x0 < x1 < · · · < xn = b þ½Â�¤k
m g�^¼ê�¤��5¼ê�m� Sm(x0, x1, · · · , xn).

du Sm(x0, x1, · · · , xn) ¥�z�¼êÑ´©ã Pm �§Ïdk
(m + 1)n ��½ëê, ëY5^��Ñ
 m(n − 1) ��pÕ
á��å^�"Ïd§ Sm(x0, x1, · · · , xn) ��ê�õ´ n + m.

¯¢þ§ Sm(x0, x1, · · · , xn) ��êfÐ´ n + m, ��^¼ê

xk , k = 0, 1, · · · ,m; (x − xj)
m
+, j = 1, 2, · · · , n − 1,

�¤
 Sm(x0, x1, · · · , xn) ��|Ä¼ê"
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B-�^

d m g�^¼ê�¤�¼ê�m9Ù5�z� B-�^Ä¼ê

Sm(x0, x1, · · · , xn) ��ê´ n +m �y²

�Iy²þã n + m � m g�^¼ê3 [a, b] þ�5Ã'.

�
∑m

k=0 akx
k +

∑n−1
j=1 cj(x − xj)

m
+ ≡ 0, ∀x ∈ [a, b].

� x < x1 �§þªC�
∑m

k=0 akx
k ≡ 0 ⇒ ak = 0, ∀k.

u´k c1(x − x1)m ≡ 0, ∀x ∈ (x1, x2) ⇒ c1 = 0.

�gaí� cj = 0, j = 2, · · · , n − 1. �
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B-�^

d m g�^¼ê�¤�¼ê�m9Ù5�z� B-�^Ä¼ê

Sm(x0, x1, · · · , xn) �5�z B-�^Ä¼ê

�½!: x−m < x−m+1 < · · · < xn+m, Ù¥ x0 = a, xn = b.
éz�� −m ≤ j ≤ n − 1, ½Â5�z� B-�^¼ê

Bj ,m(x) ,
xj+m+1 − xj

m + 1
Mm+1(x ; xj , · · · , xj+m+1).

5¿ Bj ,m(x) �|8� [xj , xj+m+1], �±y²c¡¤��
Sm(x0, x1, · · · , xn) ��|Ä¼ê xk , 0 ≤ k ≤ m, (x − xj)

m
+,

1 ≤ j ≤ n− 1, �dù m + n � B-�^¼ê3 [a, b] þ�5
LÑ"¤±§§���¤
 Sm(x0, x1, · · · , xn) ��|Ä;

{Bj ,m(x)}n−1j=−m ¡�´5��§Ï�|8�¹«m [xi , xi+1]

�¤kÄ¼ê�Ú3T«mþT�u 1 (y²3�SK), =
i∑

j=i−m
Bj ,m(x) = 1, ∀x ∈ [xi , xi+1].
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B-�^

d m g�^¼ê�¤�¼ê�m9Ù5�z� B-�^Ä¼ê

Sm(x0, x1, · · · , xn) ¥¼ê� B-�^¼êL«

Sm(x0, x1, · · · , xn) ¥�z�� m g�^¼êÑ�±^5�
z� m g B- �^Ä¼êÏL�½Xê {aj}n−1j=−m L«�

Sm(x) =
n−1∑
j=−m

ajBj ,m(x).

UC aj �±N�«m (xj , xj+m+1) þ�¼ê�, �N��J
��CT«��¥%�²w.

��±ÏLéá¦){aj}n−1j=−m �E m g�^��¼ê.
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�Z��%Cõ�ª

�Z��%Cõ�ª¯K

�Z%Cõ�ª¯K�J{

� f (x) ´½Â3«m [a, b] þ���¼ê"

é?¿�½���ê n, é P0 ∈ Pn, ¦�

‖P0(x)− f (x)‖ = min
P∈Pn

‖P(x)− f (x)‖,

Ù¥ ‖ · ‖ �,��½� [a, b] þ�¼ê�m��ê"

~^�¼ê�m��êkµ

L∞-�ê: ‖f ‖∞ = max
x∈[a,b]

|f (x)| (�Z��%C¯K��ê);

L1-�ê: ‖f ‖1 =

∫ b

a

|f (x)| dx ;

L2-�ê: ‖f ‖2 =

∫ b

a

|f (x)|2dx (�Z²�%C¯K��ê).
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�Z��%Cõ�ª

õ�ª¼ê���%C5½n

õ�ª¼ê���%C5½n

Weierstrass ½nµ � f (x) ´4«m [a, b] þ�ëY¼ê"Ké
?�� ε > 0, �3 N(ε) > 0, �� n ≥ N(ε) > 0, Ò�±é�
n gõ�ª Pn(x) ¦�

‖f − Pn‖∞ = ‖f − Pn‖∞,[a,b] , max
a≤x≤b

|f (x)− Pn(x)| < ε.

5¿�?¿4«mþ�ëY¼ê�±ÏLº�C�Ú±Ïòÿ½
ÂëY±Ï¼ê§��Bå�§·��Ñ,��� Weierstrass
½n�d�n�õ�ª¼ê���%C5½nµ
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�Z��%Cõ�ª

õ�ª¼ê���%C5½n

n�õ�ª¼ê���%C5½n

½nµ � f (x) ´4«m [−π, π] þ±Ï�ëY¼ê"Ké?�
� ε > 0, �3 N(ε) > 0, �� N ≥ N(ε) > 0, Ò�±é� N �
n�õ�ª

TN(x) = A +
N∑

k=1

(ak cos kx + bk sin kx)

¦�

‖f − TN‖∞ = ‖f − TN‖∞,[−π, π] , max
−π≤x≤π

|f (x)− TN(x)| < ε.
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Weierstrass ½n�y²

1 Ø�� f ∈ C[0, 1]. ½Â f � n g Bernstein õ�ª

B f
n (x) =

n∑
k=0

f
(k
n

)
C k
n x

k(1− x)n−k .

2 Bernsteinõ�ª�Ä¼êλn,k(x)=C k
n x

k(1− x)n−k≥ 0, ÷v
n∑

k=0

λn,k(x) =
n∑

k=0

C k
n x

k(1− x)n−k = (x + (1− x))k ≡ 1,

n∑
k=0

kC k
n x

k(1− x)n−k = nx
n−1∑
k=0

C k
n−1x

k(1− x)n−1−k = nx ,

n∑
k=0

k(k−1)C k
n x

k(1−x)n−k=n(n−1)x2
n−2∑
k=0

C k
n−2x

k(1−x)n−2−k =n(n−1)x2,

n∑
k=0

(nx − k)2C k
n x

k(1− x)n−k = nx(1− x).



Weierstrass ½n�y²(Y)

3 ½Â εn = max
|y−x |≤n−

1
4

0≤x ,y≤1

|f (y)− f (x)| .

d f 3 [0, 1] þ���ëY5�, εn ↘ 0.

4 P M = maxx∈[0,1] |f (x)|. é?¿�½� x ∈ [0, 1], P

Kn = {0, 1, · · · , n}, K 1
n (x) = {k ∈ Kn : |k − nx | ≤ n3/4},

K 2
n (x) = Kn \ K 1

N . Kd 2© k

|f (x)− B f
n (x)| =

∣∣∣∣∣
n∑

k=0

[
f (x)− f

(k
n

)]
λn,k(x)

∣∣∣∣∣
≤

∑
k∈K1

n (x)

εnλn,k(x) + 2M
∑

k∈K2
n (x)

λn,k(x)

≤ εn + 2M
∑

k∈K2
n (x)

λn,k(x).



Lecture 4: B-Spline, Best Uniform Approximation

�Z��%Cõ�ª

õ�ª¼ê���%C5½n

Weierstrass ½n�y²(Y)

5 du3 K 2
n (x) þ, (k − nx)2 > n3/2, Ïdk

n3/2
∑

k∈K2
n (x)

λn,k(x) <
n∑

k=0

(nx−k)2C k
n x

k(1−x)n−k = nx(1−x) ≤ n

4
.

6 (Ü 4© Ú 5© �

|f (x)− B f
n (x)| ≤ εn + 2M · 1

4
n−

1
2 .

7 u´, � n→∞ �, B f
n (x) 3 [0, 1] þ��Âñu f (x). �

5µ dy²�±wÑ, � |x − k
n | > n−1/4 �, λn,k(x)� 1. ¦+

λn,k(x) vkÛ�;|8, �ÙK�Ì�8¥3 x ���¥.
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�Z��%Cõ�ª

õ�ª��Z��%C��Z��%Cõ�ª��35

õ�ª��Z��%C��Z��%Cõ�ª¯K

� f (x) ∈ C[a, b], é�½� P(x) ∈ Pn, ½Â

4(P) , max
x∈[a,b]

|f (x)− P(x)|,

¡Ù� P(x) � f (x) (3 [a, b] þ) � �.

-En, inf
P∈Pn

4(P), ¡� Pn é f (x) ��� �½�Z%C.

�Z��%C£{¡�Z%C¤õ�ª¯K:

1 ´Ä�3 P∗ ∈ Pn, ¦� 4(P∗) = En?

2 �Z%Cõ�ªe�3§§kwÍ�A�íºk��5íº

3 XÛ¦�Z%Cõ�ªº
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�Z��%Cõ�ª

õ�ª��Z��%C��Z��%Cõ�ª��35

�Z��%Cõ�ª��35½n

Borel �3½nµ é?�� f (x) ∈ C[a, b], �3 P∗ ∈ Pn, ¦�

4(P∗) = En.

y²µ

1 d En �½Â§é?¿��ê m, ∃Pm ∈ Pn ¦�

En ≤ 4(Pm) ≤ En +
1

m
.

2 �Iy² ∃{Pm}∞m=1 �f�, EP�{Pm}∞m=1, Ú P∗ ∈ Pn,
s.t. Pm(x) 3[a, b] þ��Âñ (L∞-�ê¿Âe) � P∗(x).
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�Z��%Cõ�ª

õ�ª��Z��%C��Z��%Cõ�ª��35

Borel �3½ny²£Y¤

3 ù´Ï�§e 2© ¤á§Kk

En ≤ 4(P∗) ≤ 4(Pm)+‖Pm−P∗‖∞ ≤ En+
1

m
+‖Pm−P∗‖∞ → En,

Ïd, 4(P∗) = En.

4 2© �y²:

Pn 3 L∞-�êe´��k��D��5�m¶

d ‖Pm‖∞ ≤ ‖f ‖∞ + E0 �§{Pm}∞m=1 ´ Pn ¥�k.8¶

k��D��5�m¥�?¿k.8Ñ´O�;�£=�3
Âñf�¤.

k��D��5�m´ Banach �m, ÏdÂñ�4�E3
T�m¥. �

22 / 23



SK�µ7, 14, 15 þÅSK�: 2(5)

Thank You!
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