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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã�5��

©ã�5��¯K�J{

� f (x) ´½Â3«m [a, b] þ�ëY¼ê"

��½�|��: a = x0 < x1 < x2 < · · · < xn−1 < xn = b,
Ú�A���^� yi = f (xi ), i = 0, 1, · · · , n.

¦��¼êφh(x), Ù¥�I h = max
1≤i≤n

(xi − xi−1), ÷v

1 φh(x) ∈ C[a, b];

2 φh(x) ∈ P1[xi−1, xi ], ∀1 ≤ i ≤ n;

3 φh(xi ) = f (xi ), i = 0, 1, · · · , n.

2 / 28



1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã�5��

©ã�5��¯K� Lagrange .��Ä¼ê

φh(x) 3z�f«m [xi , xi+1] þd�g��õ�ª�Ñ.

d 1 g Lagrange ��{§3 [xi , xi+1] þk

φh(x) = yi
x − xi+1

xi − xi+1
+yi+1

x − xi
xi+1 − xi

, ∀x ∈ [xi , xi+1], i = 0, 1, · · · , n−1.

Ïd©ã�5��¯Kk Lagrange .��Ä¼ê

ln,i (x) =


x − xi−1
xi − xi−1

, ∀x ∈ [xi−1, xi ] ∩ [a, b];

x − xi+1

xi − xi+1
, ∀x ∈ [xi , xi+1] ∩ [a, b];

0, ∀x ∈ [a, b] \ [xi−1, xi+1],

i = 0, 1, · · · n.
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã�5��

©ã�5��¯K)�L�ª

N´�y¼ê ln,i (x), 0 ≤ i ≤ n, ÷v

1 ln,i (x) ∈ C[a, b];

2 ln,i (x) ∈ P1[xj+1 − xj ], ∀0 ≤ j ≤ n − 1;

3 ln,i (xj) = δij , i , j = 0, 1, · · · , n.

¼ê ln,i (x), 0 ≤ i ≤ n ¡�´©ã�5��¯K��|Ä¼
ê§Ï�é?���|��^� yi = f (xi ), i = 0, 1, · · · , n

φh(x) =
n∑

i=0

yi · ln,i (x),

´©ã�5��¯K�)"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã�5��

©ã�5��¯K)��äØ��O

��O©ã�5��¯K)��äØ�, �Ò´��O¼ê

Rh(x) , f (x)− φh(x)

�����"du φh(x) ´©ã�5��§Ïd�Ié��f
«mA^�5���{��O=�"·�k±e(Jµ

½nµ �¼ê f (x) ∈ C2[a, b], Kk

|f (x)− φh(x)| ≤
Mh2

8
, ∀x ∈ [a, b].

Ù¥ M = maxx∈[a,b] |f ′′(x)|
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã�5��

©ã�5��¯K)��äØ��O�y²

Ø�� [a, b] 3 x 6= xj , 0 ≤ j ≤ n, u´7�3 1 ≤ i ≤ n ¦�
x ∈ (xi−1, xi ).

1 ©ã�5��¼ê φh(x) 3 [xi−1, xi ] =��5��¼ê

L1(x) = yi
x − xi+1

xi − xi+1
+ yi−1

x − xi
xi−1 − xi

.

2 d��õ�ª�{�L�ª(½n 2.3.1), ∃ξ ∈ (xi−1, xi ), s.t.

|f (x)−φh(x)| = |f (x)−L1(x)| =
1

2
|f ′′(ξ)| · |(x−xi−1)(x−xi )|.

3 d x ∈ (xi−1, xi ), xi − xi−1 ≤ h, � |(x − xi−1)(x − xi )| ≤ h2

4 .
�
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã$gõ�ª Lagrange ��

©ã$gõ�ª Lagrange ��¼ê

XJ3z�f«m (xi−1, xi ) þ\\ k − 1 �pØ�Ó��
�!: {xi ,j}k−1j=1§K·��±�Ä©ã k gõ�ª��¯

Kµ¦¼êφh(x), Ù¥�I h = max
1≤i≤n

(xi − xi−1), ÷v

1 φh(x) ∈ C[a, b];
2 φh(x) ∈ Pk [xi−1, xi ], ∀1 ≤ i ≤ n;

3 φh(xi ) = f (xi ), φh(xi,j) = f (xi,j), ∀0 ≤ i ≤ n, 1 ≤ j ≤ k − 1.

�¼ê f (x) ∈ Ck+1[a, b], Kk

|f (x)− φh(x)| ≤
Mhk+1

4 · (k + 1)!
, ∀x ∈ [a, b].

Ù¥ M = maxx∈[a,b] |f (k+1)(x)|. (�Ð�þ.�O� Mhk+1

4·(k+1)kk+1 )
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã$gõ�ª Lagrange ��

©ã$g (k ≤ 5) õ�ª Lagrange ��¼ê�`":

é k + 1 gëY�����¼ê§©ã k gõ�ª
Lagrange ��¼êS�� h→ 0 �§��Âñ���¼
ê§�Ù�äØ��þ?� O(hk+1).

©ã$g (k ≤ 5) õ�ª Lagrange ��¼êO�þ�§ê
�þ���'�½"

Ù��²w�":´¤���©ãõ�ª Lagrange ��¼
êØ
1w"¯¢þ§���¹e§©ãõ�ª Lagrange
��¼ê3z�f«mà:þÑkk:§=�m�êØ�
�§ÏØ��"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

Hermite ��¯KÚ Hermite ��õ�ª

��^���¹��¼ê!:¼ê����¯K¡�
Lagrange ��¯K§�A���õ�ª¡� Lagrange ��
õ�ª;

��^���¹��¼ê!:�ê����¯K¡�
Hermite ��¯K§�A���õ�ª¡� Hermite ��õ
�ª;

�©ã$gõ�ª Lagrange ��¯Kaq/§·��±½
Â©ã$gõ�ª Hermite ��¯K"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

ng Hermite ��¯K�J{

�½�«m [xi , xi+1], � f (x) ´½Â3Ùþ���¼ê;

�½��^�µ

yi = f (xi ), yi+1 = f (xi+1), mi = f ′(xi ), mi+1 = f ′(xi+1);

¦�½Â3 [xi , xi+1] þ�ngõ�ª H3(x), ÷vµ

H3(xi ) = yi , H3(xi+1) = yi+1, H ′3(xi ) = mi , H ′3(xi+1) = mi+1.

5µ ngõ�ª H3(x) ko�gdÝ§�±d±þo��pÕ
á���^���(½"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

ng Hermite ��õ�ª�Ä¼ê

aqu Lagrange ��{§dungõ�ª¼ê�m P3[xi , xi+1]
ko�gdÝ§·��±ÏL�Eo�÷v�|AÏ��pÕá
���^��ng Hermite ��õ�ª5�Ñng Hermite �
�¯K��|Ä¼ê"

=¦ P3[xi , xi+1]¥�¼ê αi (x), α̃i+1(x), βi (x), β̃i+1(x), ÷vµ

αi (xi ) = 1, α̃i+1(xi ) = βi (xi ) = β̃i+1(xi ) = 0;

α̃i+1(xi+1) = 1, αi (xi+1) = βi (xi+1) = β̃i+1(xi+1) = 0;

β′i (xi ) = 1, α′i (xi ) = α̃′i+1(xi ) = β̃′i+1(xi ) = 0;

β̃′i+1(xi+1) = 1, α′i (xi+1) = α̃′i+1(xi+1) = β′i (xi+1) = 0.

ØJÏL^�í�Ñù|Ä¼ê£3�öS¤"

11 / 28



1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

ng Hermite ��õ�ª�Ä¼ê

N´�yù|Ä¼ê�µ

αi (x) =

(
1 + 2

x − xi
xi+1 − xi

)(
x − xi+1

xi − xi+1

)2

,

α̃i+1(x) =

(
1 + 2

x − xi+1

xi − xi+1

)(
x − xi

xi+1 − xi

)2

,

βi (x) = (x − xi )

(
x − xi+1

xi − xi+1

)2

,

βi+1(x) = (x − xi+1)

(
x − xi

xi+1 − xi

)2

.
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

ng Hermite ��õ�ª�wªL�ª9Ù�äØ�

½Â3 [xi , xi+1] þ, ÷v��^�

H3(xi ) = yi , H3(xi+1) = yi+1, H ′3(xi ) = mi , H ′3(xi+1) = mi+1.

�ngõ�ª H3(x) �±wª/L«�

H3(x) = yiαi (x) + yi+1α̃i+1(x) +miβi (x) +mi+1βi+1(x).

½nµ ���¼ê f (x) ∈ C4[xi , xi+1], Ké?¿� x ∈ [xi , xi+1]
Ñ�3 ξ ∈ (xi , xi+1), ¦�

f (x)− H3(x) =
f (4)(ξ)

4!
(x − xi )

2(x − xi+1)
2.
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

2n + 1 g Hermite ��õ�ª9Ù�äØ�

�½ x0 < x1 < · · · < xn, ½Â3 [x0, xn] þ, ÷v��^�

H2n+1(xi ) = yi , H ′2n+1(xi ) = mi , i = 0, 1, · · · , n.

� 2n + 1 gõ�ª H2n+1(x) �3��"

½nµ ���¼ê f (x) ∈ C2n+2[x0, xn], Ké?¿� x ∈ [x0, xn]
Ñ�3 ξ ∈ (x0, xn), ¦�

f (x)− H2n+1(x) =
f (2n+2)(ξ)

(2n + 2)!

n∏
i=0

(x − xi )
2.

5µ � Lagrange {�aq/Ú\9Ï¼ê§ÏLy²T9Ï¼
ê 2n + 2 ��êk":��½n�(Ø£3�SK¤"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

Hermite ��¯KÚ Hermite ��õ�ª

(n + 1)(k + 1)− 1 g Hermite ��õ�ª9Ù�äØ�

�½ x0 < x1 < · · · < xn, ½Â3 [x0, xn] þ, ÷v��^�

H2n+1(xi ) = yi , H
(j)
2n+1(xi ) = mj

i , i = 0, 1, · · · , n, j = 1, · · · , k .

� (n + 1)(k + 1)− 1 gõ�ª H(n+1)(k+1)−1(x) �3��"

½nµ ���¼ê f (x) ∈ C(n+1)(k+1)[x0, xn], Ké?¿�
x ∈ [x0, xn] Ñ�3 ξ ∈ (x0, xn), ¦�

f (x)− H(n+1)(k+1)−1(x) =
f ((n+1)(k+1))(ξ)

((n + 1)(k + 1))!

n∏
i=0

(x − xi )
k+1.

5µ �~^�´©ã½Â� n = 1, k = 1, 2 �H3(x) ÚH5(x).
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã$g Hermite ��

©ãng Hermite ��¯K�J{

� f (x) ´½Â3«m [a, b] þ�ëY��¼ê"

��½�|��: a = x0 < x1 < x2 < · · · < xn−1 < xn = b,
Ú�A���^� yi = f (xi ), mi = f ′(xi ), i = 0, 1, · · · , n.

¦��¼êHh(x), Ù¥�I h = max
1≤i≤n

(xi − xi−1), ÷v

1 Hh(x) ∈ C1[a, b];

2 Hh(x) ∈ P3[xi−1, xi ], ∀1 ≤ i ≤ n;

3 Hh(xi ) = yi , H
′
h(xi ) = mi , i = 0, 1, · · · , n.
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã$g Hermite ��

©ãng Hermite ���Ä¼ê

|^ [xi , xi+1] þng Hermite ��õ�ª�Ä¼ê αi (x),
βi (x), α̃i+1(x) Ú β̃i+1(x), ·��±3 [a, b] þ½Â©ãng
Hermite ���Ä¼êµ

hi (x) =


α̃i (x), ∀x ∈ [xi−1, xi ] ∩ [a, b],

αi (x), ∀x ∈ [xi , xi+1] ∩ [a, b],

0, ∀x ∈ [a, b] \ [xi−1, xi+1],

i = 0, 1, · · · , n;

ĥi (x) =


β̃i (x), ∀x ∈ [xi−1, xi ] ∩ [a, b],

βi (x), ∀x ∈ [xi , xi+1] ∩ [a, b],

0, ∀x ∈ [a, b] \ [xi−1, xi+1],

i = 0, 1, · · · , n;
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã$g Hermite ��

©ãng Hermite ��¼êL�ªÚ�äØ��O

©ãng Hermite ��¼ê�±ÏLÙÄ¼êL��

Hh(x) =
n∑

i=0

(
yihi (x) +mi ĥi (x)

)
.

d«m [xi , xi+1] þng Hermite ���äØ��L�ª£½
n 2.5.2¤§N´y²©ãng Hermite ���äØ��Oµ

½nµ ���¼ê f (x) ∈ C4[a, b], Kk

‖f (x)− Hh(x)‖∞ ≤
M

384
h4,

Ù¥ ‖g(x)‖∞ = max
x∈[a,b]

|g(x)|, M = max
x∈[a,b]

|f (4)(x)|.
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

©ã$g Hermite ��

©ã$g Hermite ���`":

©ãng Hermite ��¼ê Hh(x) ∈ C1[a, b]§���¼ê
f ∈ C4[a, b] �§Ù�äØ��þ?� O(h4).

©ãÊg Hermite ��¼ê Hh(x) ∈ C2[a, b]§���¼ê
f ∈ C6[a, b] �§Ù�äØ��þ?� O(h6).

��^�Ø
I�¼ê��	§�I��ê�"

��Agê�©ã Lagrange ��¼ê�'§Ù�äØ��þ?
´�Ó�§�%k�Ð�1w5"��/§©ã 2k + 1 g
Hermite ��¼êáu Ck [a, b].

¯Kµ XÛ¦�U�Jp©ã$g��õ�ª�1w5ºcÙ
´��^�Ø¹�ê���¹e.

19 / 28



1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

k g�^��¯K�J{

*	µ XJ����^�mj
i = f (j)(xi ), j = 1, · · · , k − 1, ��±

1w5^� S (j)(x+i ) = S (j)(x−i ), Kz�!:þ��å^�Ò~
�
k − 1 �"ù¿�X�±^���gdÝ£�$g�õ�
ª¤5¢y�p�1w5"

� f (x) ´½Â3«m [a, b] þ�ëY¼ê"

��½�|��: a = x0 < x1 < x2 < · · · < xn−1 < xn = b,
Ú�A���^� yi = f (xi ), i = 0, 1, · · · , n.

¦��¼êSk(x), ÷v

1 Sk(x) ∈ Pk [xi−1, xi ], ∀1 ≤ i ≤ n;

2 Sk(xi ) = yi , i = 0, 1, · · · , n;
3 Sk(x) ∈ Ck−1[a, b].
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

k g�^��¯K�J{

du Sk(x) ∈ Pk [xi−1, xi ], ∀1 ≤ i ≤ n, ¤± Sk(x) �k
n(k + 1) �gdÝ"

k g�^��¯Kk 2n ���^� Sk(xi ± 0) = yi = f (xi ),
i = 0, 1, · · · , n Ú (n − 1)(k − 1) �SÜ!:�1w5^�

S
(j)
k (xi − 0) = S

(j)
k (xi + 0), i = 1, · · · , n− 1, j = 1, · · · , k − 1.

üö��� k − 1"Ïd§�
��(½ Sk(x), �AÖ¿
k − 1 �N\^�"

Ï~� k − 1 �óê"ù�§�±3üà:þé¡��ÑN
\^�"~X§ng£k = 3¤�^��§�±3üà:�
J��^�§Êg£k = 5¤�^��§K�±3üà:
�Jü�^�"�âI�§��±J±Ï>.^��"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

ng�^��¯K�){

Png�^��¼ê£{¡�^¼ê¤S3(x) 3 xi :��
��ê� mi (�½), i = 0, 1, · · · , n, K S3(x) �±^ng
Hermite ��Ä¼ê hi (x), ĥi (x) L«�

S3(x) =
n∑

i=0

(
yihi (x) +mi ĥi (x)

)
.

ù�L«� S3(x) é?¿� mi Ñ´÷v��^�� C1

�, Ïd�I(½ {mi}ni=0, ¦� S ′′3 (xi − 0) = S ′′3 (xi + 0),
1 ≤ i ≤ n − 1 =�. ùò�Ñ {mi}ni=0 ¤A÷v� n − 1 �
éá��5�§"

,	ü��§��d>.^��Ñ"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

ng�^��¼ê��!:�ê�¤A÷v��§|

dng Hermite ��Ä¼ê hi (x), ĥi (x) �L�ªØJ��

S ′′3 (xi + 0) = − 6

4x2i
yi +

6

4x2i
yi+1 −

4

4xi
mi −

4

4xi
mi+1,

S ′′3 (xi −0) =
6

4x2i−1
yi−1−

6

4x2i−1
yi +

4

4xi−1
mi−1−

4

4xi−1
mi ,

Ù¥ 4xi = xi+1 − xi .

P λi =
4xi−1

4xi−1+4xi
, µi = 3

[
(1− λi )4yi−1

4xi−1
+ λi

4yi
4xi

]
, K�

(1− λi )mi−1 + 2mi + λimi+1 = µi , i = 1, 2, · · · , n − 1.
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

ng�^��¯K�>.^�

n+ 1 ��½Xê {mi}ni=0, 8c®k n− 1 ��§",	ü�Ï
~d>.^��Ñ"

~^�>.^�ke�n«µ

�|>.^�µ m0 = f ′(x0), mn = f ′(xn);

g,>.^�µ S ′′3 (x0) = 0, S ′′3 (xn) = 0;

±Ï>.^�µ y0 = yn, m0 = mn, S
′′
3 (x0) = S ′′3 (xn);

5µ ng�^��¯K��d��^� yi = f (xi ), i = 0, · · · , n,
�½Xê S ′′(xi ) = Mi , i = 1, 2, · · · , n − 1, ëY5^�
S ′(xi − 0) = S ′(xi + 0), i = 1, 2, · · · , n − 1, 2\·�>.^��
/ªJÑ"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

ng�^��¼ê��äØ�

ng�^��¼êkéÐ��N%C5�"�±y²

½nµ ���¼ê f (x) ∈ C4[a, b], Kk

‖f (k)(x)− S
(k)
3 (x)‖∞ ≤ Ck‖f (4)(x)‖∞h4−k , k = 0, 1, 2,

Ù¥ Ck , k = 0, 1, 2, �~ê"

dd��§ng�^��¼êØ=éÐ�%C��¼ê§�é
Ð/%C
��¼ê���Ú���¼ê"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

ng�^��¼ê�4�5�

ng�^��¼ê�kÙ§éÐ��N5�"X±e4�5�"

½nµ � f (x) ���¼ê, S3(x) �ng�^��¼ê,
g ∈ C2[a, b], �÷v��^� g(xi ) = f (xi ), i = 0, 1, · · · , n.
e S3(x) ÷vg,>.^�§½ g ′(x0) = S ′3(x0) �
g ′(xn) = S ′3(xn), Kk∫ b

a
|g ′′(x)|2dx ≥

∫ b

a
|S ′′3 (x)|2dx ,

Ù¥ /=0��=� g(x) ≡ S3(x) �¤á"

5µ 3�5�5åÆ¥§eá�C/�� ��I´ g(x)§K

Ù�5U�'u
∫ b
a |g

′′(x)|2dx"½n`²3¤k÷v��^�
��gëY��¼ê¥§ng�^��¼êäk����5U"
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1nù: ©ã$�õ�ª��Ú�^��

©ã$gõ�ª��

�^��

ng�^��¼ê�4�5��y²

dð�ª

|g ′′(x)|2 − |S ′′3 (x)|2 = |g ′′(x)− S ′′3 (x)|2 + 2S ′′3 (x)
[
g ′′(x)− S ′′3 (x)

]
,

∫ xi+1

xi

S ′′3 (x)
[
g ′′(x)−S ′′3 (x)

]
dx=S ′′3 (x)

[
g ′(x)−S ′3(x)

]∣∣∣xi+1

xi
−
∫ xi+1

xi

S ′′′3 (x)
[
g ′(x)−S ′3(x)

]
dx ,



∫ xi+1

xi

S ′′′3 (x)
[
g ′(x)− S ′3(x)

]
dx = S ′′′3 (xi+ 1

2
)
[
g(x)− S3(x)

]∣∣∣xi+1

xi
= 0,

qd^� S ′′3 (x)
[
g ′(x)− S ′3(x)

]∣∣∣b
a
= 0. u´�

∫ b

a

|g ′′(x)|2 − |S ′′3 (x)|2dx =

∫ b

a

|g ′′(x)− S ′′3 (x)|2dx .

�
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SK�µ5, 9, 10 þÅSK�: 2(3), 2(4)

Thank You!
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