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Lecture 21: Monte Carlo Methods

Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

Metropolis �{¤�)�ê¼ó¤Aäk�5�

Metropolis �{�¦¤�)�ê¼ó�=£VÇÝ
P äkXe
5�µ

1 =£VÇÝ
P ÷v: (i) pij ≥ 0, ∀i , j = 1, · · · ,Nt ; (ii)∑Nt
j=1 pij = 1, ∀i = 1, · · · ,Nt .

2 =£VÇÝ
P ´��Ý
. d�±P �=£VÇÝ
�
ê¼ó´���£H{�¤.

3 �*� σ(i) �ÑyVÇ 1
ZM

exp{−βH(σ(i))} ü¤�Nt �1

�þ π ´=£VÇÝ
P �ØC©Ù.

4 d=£VÇÝ
P ½Â�ê¼ó÷v[�²ï^�, =

π(σ)P(σ → σ′) = π(σ′)P(σ′ → σ).

5µ þªüàé σ′ ¦Ú� π = πP. =d£4¤��£3¤.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

Metropolis �{�8I— �Ñ�y5� (1)-(4)��{

=£VÇÝ
P �k N2
t �©þ, 5� £1) Ú(4) ©OJÑ Nt

Ú Nt(Nt − 1)/2 �Õá��å^�. ��, �k��õ�gdÝ
5ÀJ=£VÇÝ
P, ØÓ�ÀJ�{éAØÓ��{.

Metropolis �{¿Ø���E=£VÇÝ
P, ´ÏLê��
[��A½�÷v[�²ï^��ê¼ó�uÐL§, l�)
��G�S� σ(1), σ(2), · · · , σ(n). uÐL§�z�g¢y©�
*dÕá�üÚµ1�Ú, �)��ýÀ� σ′; 1�Ú, �ä´
Ä�É£±õ��VÇ�É¤T#G�, XJ�É, K
σ(n+1) = σ′, ÄK, σ(n+1) = σ(n).

ØÓ�ýÀG���)�{�ÑØÓ��{, ù
�{O�E,
Ý�U¬�Ø�Ó. ·��Ñü«{ü�*�ýÀG��)�{.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

1�Úµü«{ü�*�ýÀG��)�{ (�� Ising �.)

�(�� Ising �.)�cG�� σ = (σ1, · · · , σM), U±e�{

�{ 1µlÙ{� Nt − 1 �G�¥Uþ!©Ù�Å�);

�{ 2µl M ���:¥Uþ!©Ù�Å]À����:,
¿òT�:��cg^G��= (= 1� −1);

�)��ýÀG� σ′.

5µ �{ 1 �)#G��, Uþ¼ê H(σ′) � H(σ) ÎÃ'X,
Ïd���#O�, Ïd, O�þ��; �{ 2 K�UC
�
�©þ, Ïd#G��Uþ¼ê�I3�G��Uþ¼ê�Ä:
þ���{ü?�, ~X, �=�´1 i ��:þ�g^G�, K
�I�#1 i − 1 Ú1 i + 1 Ò�:�1 i Ò�:��^Uþ�
Cz, l��!�
O�þ.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

ü«ýÀG��)�{¤½Â�ýÀê¼ó�=£VÇÝ


l?�Ð©G�Ñu, ü«ýÀG��)�{��)��ýÀG
�ê¼ó, §��=£VÇÝ
 G ∈ RNt×Nt ©O�µ

�{ 1 £��UýÀ(÷vG2 > 0)¤:

G (σ, σ′) =


1

Nt − 1
, σ 6= σ′,

0, σ = σ′;

�{ 2£ü:�=ýÀ(÷vGM > 0)¤µ

G (σ, σ′) =


1

M
, σ � σ′ Tk���:��ØÓ,

0, Ù§.

5µ ùü�ýÀ=£VÇÝ
G Ñ´é¡���Ý
, �÷v:
(1) G (σ, σ′) ≥ 0, ∀σ, σ′ ∈ Ω, (2)

∑
σ′∈Ω G (σ, σ′) = 1, ∀σ ∈ Ω.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

Metropolis �{�Ø%—1�Úµ�É#G��VÇ

�É#G��5K7L¦¤�)�ê¼ó÷v[�²ï^�, ù
�òÓ��y π ´=£VÇÝ
P �ØC©Ù.

� σ ´�cG�, σ′ ´ýÀ�. P 4H = H(σ′)− H(σ), -

R =
π(σ′)

π(σ)
= exp{−β4H}.

�É#G��5K:

XJ R > 1, K�É σ′ ��#G�, d�k 4H < 0, =ý
ÀG�äk�$�Uþ�;

XJ R ≤ 1, K±VÇ R �É σ′ ��#G�, d�k
4H ≥ 0, =ýÀG�äk�pUþ�, �R ��Uþ�p.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

Metropolis �{�=£VÇÝ
 P

ò Metropolis �{�1�ÚÚ1�Ú(Üå5, ¿5¿�üÚ�
m3VÇþ´�pÕá�, ·�Ò��
 Metropolis �{�=£
VÇÝ
 P �½Â

P(σ, σ′) =



G (σ, σ′)
π(σ′)

π(σ)
, σ 6= σ′ � π(σ′) < π(σ),

G (σ, σ′), σ 6= σ′ � π(σ′) ≥ π(σ),

1−
∑
τ 6=σ

P(σ, τ), σ = σ′.

w,, Ý
P ÷v: (i) pij ≥ 0, ∀i , j = 1, · · · ,Nt ; (ii)
∑Nt

j=1 pij =1,

∀i = 1, · · · ,Nt , �����£d G ����¤.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

Metropolis �{�=£VÇÝ
 P ÷v (1)–(4)

Metropolis �{�=£VÇÝ
 P w,÷v (1) Ú(2). qÏ�
(3) ´ (4) �íØ, Ïd�I�y (4), =[�²ï^�.

é?¿� σ 6= σ′, d½ÂÚG �é¡5k

π(σ)P(σ, σ′) = G (σ, σ′) min{π(σ), π(σ′)}
= G (σ′, σ) min{π(σ), π(σ′)} = π(σ′)P(σ′, σ),

= Metropolis �{�=£VÇÝ
 P ÷v[�²ï^�.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

Metropolis �{�Ø%— �)÷v[�²ï^�����ê¼ó

Metropolis �{�6§

Metropolis �{µ

1 �½Ð©� σ(1) ÚoO�Úê N.

2 �â�½�ýÀ5Kd σ(n) �)ýÀ� σ′.

3 O� 4H = H(σ′)− H(σ), O�

A = min{1,R} =

{
1, 4H ≤ 0,

exp{−β4H}, Ù§.

4 )¤�þ!©Ù�Åê r ∼ U [0, 1];

5 XJ r ≤ A, K- σ(n+1) = σ′; ÄK, -σ(n+1) = σ(n).

6 XJ n + 1 < N, =Ú 2; ÄKO� 1
N

∑N
i=1 H(σ(i)).

5: e31nÚ¥�A = (1 + exp{β4H})−1, K�A��{¡
�Glauber �{. T�{��)÷v[�²ï^����ê¼ó.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�5��à`z¯K9Ù�Å5�{

¢SA^¥k�þ�à`z¯K. DÚ�ê��{  Ãå)û
Ta¯K, cÙ´�¯K�5�é��. ±e´ü�²;�~f.

~ 1µÀ1²�û¯K£Traveling Salesman Problem, TSP¤
b�k N �ØÓ�¢½, üü�mk��´»�Ï£lij = lji¤,
ÁÏé�^0B¤k¢½�´», ¦�z�¢½7L�=ÏL�
g, �o´§�á. T¯K�Lã�|Ü`z¯Kµ

x = arg min
x∈X

{
H(x) =

N−1∑
i=1

lxixi+1

}
,

Ù¥ X =
{

(x1, · · · , xN) : x1, · · · , xN´ 1, · · · ,N���ü�
}

. X

¥�k N!
2 ^ØÓ�´», � N O\�, o´»ê¥�ê5O�,

�´»¼ê H(x) Ã5Æ�Ì. Ïd, ù´��;.� NP hard
problem.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�5��à`z¯K9Ù�Å5�{

~ 2µã��1¯K
��Ìã��k J ���:, z���:þk256 «ôÚ. P

X =
{

(x1, · · · , xJ) : xi ∈ {0, 1, · · · , 255}, 1 ≤ i ≤ J
}
.

�Ìk J ���:�ã� x ∈ X �1wÝ½Â�

H(x) , α
∑
〈s,t〉

(xs − xt)
2, α > 0�~ê,

ùp
∑
〈s,t〉 L«é����:¦Ú. é�½ã� y ∈ X ½Â

H(x|y) , α
∑
〈s,t〉

(xs − xt)
2 +

1

2σ2

J∑
s=1

(xs − ys)2, σ �~ê.

� y ∈ X ´�D(À/�ã�, ��D, ��Ä±e`z¯K:

x = arg min
x∈X

H(x|y).

� TSP aq, ù�´��;.� NP hard problem.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{¤�â�Ä�¯¢

éu`z¯K x = arg min
x∈X

H(x),

½Â H(x) ��Û4�:8 M = {x0 : H(x0) = minx∈X H(x)},
Ú\ëê β, ½ÂVÇ�Ý¼ê

Πβ(x) =
1

Zβ
exp{−βH(x)}, Zβ =

∑
x∈X

exp{−βH(x)},

�A©Ù¡� Πβ(x) ©Ù.

½nµ P |M| �8Ü M ¥����ê, K Πβ(x) k5�

lim
β→+∞

Πβ(x) = Π∞(x) ,

{
1
|M| , x ∈ M,

0, x 6∈ M,

�� β ¿©��, é?� x ∈ M, Πβ(x) �� β �¼êüNO;
é?� x 6∈ M, Πβ(x) �� β �¼êüN~.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{¤�â�Ä�¯¢�y²

y²µ P m = minx∈X H(x), Kd

lim
β→+∞

exp{−β[H(x)−m]} =

{
1, x ∈ M,

0, x 6∈ M,

Ú

Πβ(x) =
exp{−β[H(x)−m]}∑

z∈M exp{−β[H(z)−m]}+
∑

z 6∈M exp{−β[H(z)−m]}
,

�

lim
β→+∞

Πβ(x) =

{
1
|M| , x ∈ M,

0, x 6∈ M.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{¤�â�Ä�¯¢�y² (Y)

,��¡, e x ∈ M, Kk

Πβ(x) =
1

|M|+
∑

z 6∈M exp{−β[H(z)−m]}
,

Ïd, Πβ(x) ´ β �üNO¼ê.

e x 6∈ M, P Z̃β =
∑

z∈X exp{−β[H(z)−m]}, Kk
∂Πβ(x)

∂β
=

exp{−β[H(x)−m]}
Z̃ 2
β

[
(m − H(x))Z̃β

−
∑
z∈X

exp{−β[H(z)−m]}(m − H(z))
]
.


lim

β→+∞

[
(m − H(x))Z̃β −

∑
z∈X

exp{−β[H(z)−m]}(m − H(z))
]

= |M|[m − H(x)] < 0. �
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{�Ä�6§

��½�üNOS� {βn}∞n=0, limn→∞ βn = +∞.

�[ò»�{:

1 �½Ð©� n = 0, x0, β = β0, SÌ�ÚêK ÚS�ÚêN.

2 �â�½�ýÀ5Kd xk �)ýÀ� x′.

3 O� 4H = H(x′)− H(xk), O�

A = min{1,R} =

{
1, 4H ≤ 0,

exp{−β4H}, Ù§.

4 )¤�þ!©Ù�Åê r ∼ U [0, 1];

5 XJ r ≤ A, K- xk+1 = x′; ÄK, - xk+1 = xk .

6 XJ k + 1 < K , =Ú 2; ÄK, x0 := xK , k := 0.

7 XJ n < N, n := n + 1, β = βn, =Ú 2; ÄK, ÑÑ(J.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{�/ªÂñ5

±þ�[ò»�{�Ø%Ü©, =1��18Ú, ¢SþÒ´
Metropolis �{�Ø%Ü©. Ïd, �� K ¿©�, xK Ò¬�V
ÇÂñu Πβ(x) �ØC©Ù.

,��¡, d½n 7.5.1

lim
β→+∞

Πβ(x) = Π∞(x) ,

{
1
|M| , x ∈ M,

0, x 6∈ M,

=, � N ¿©��, PΠβN (x){x|x ∈ M} ≈ 1. Ïd�k

P{xN ∈ M} ≈ 1.

5: �[ò»�{/ªþ�[
�õ¥�ò»ó², nØÚ¢�
þL²Âñ5�'�3u�� βn ªuÃ¡��Ý.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{Âñ5�Ä�½n

�{üå�, SÌ�gê K $��±� 1. d�kÂñ5(Jµ

½nµ � X ��k�8, H(x) � X þ��~ê¼ê, G ´±
G(x, y) ����é¡Ø��ýÀ
, Pβ �d G Ú�A�ëê�
β �÷v[�²ï^��5K¤½Â�=£VÇÝ
. XJò»
�Ý βn ≤ C ln n, Ù¥ C = C (G,H) �~ê, Ké?¿Ð©©Ù
ν, k

lim
n→∞

‖νPβ1 · · ·Pβn − Π∞‖1 = 0.

5: ò»�Ý βn ≤ C ln n, ¿�Xe� βn ���½�N0 � 1 l
¦O�÷v�½�°Ý�¦, K7L� n ∼ exp(N0). ùÏ~´
Ã{=É�. ¢SO��, ~À βn ∼ p−n (p . 1 ~X0.999),  
 ����Ø��O��J(Ø�®¦Ùg).
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Metropolis �{!�[ò»�{![ Monte Carlo �{

[ Monte Carlo �{

[ Monte Carlo �{�9�Ä�Vg—�É

Äu Koksma-Hlawka ½nÚ[�ÅS�� I d = [0, 1]d þ d g
ëY��¼ê f �[ Monte Carlo È©�{�Âñ�Ý���
O(lnN)dN−1. Äk, 0�[Monte Carlo �{�9��Ä�Vg.

�É£discrepancy¤: élÑ:83 I d = [0, 1]d þ©Ùþ!5
��«Ýþ. é:� {xn}Nn=1 ⊂ I d Ú?¿�ÿ8 J ⊂ I d , ½Â

RN(J) ,
1

N
]{xn ∈ J} −m(J),

Ù¥ ]{xn ∈ J} L«:� {xn}Nn=1 ¥á3 J ¥�:��ê, m(J)
L« J � d-�ÿÝ. é x ≤ y, = xi ≤ yi , i = 1, · · · , d , ½Â

J(x, y) = {z|xi ≤ zi ≤ yi , i = 1, · · · , d},

w,, ù´��©O± x, y ��e�Ú�þ���Ý/«�.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

[ Monte Carlo �{

[ Monte Carlo �{�9�Ä�Vg—�É

P I d ¥�Ý/�N�8Ü� E , {J(x, y)|x, y ∈ I d , x ≤ y}. P
E ∗ , {J(0, y)|y ∈ I d , 0 ≤ y}.

½Âµ ��:� {xn}Nn=1 � L∞ �É½Â�

DN , sup
J∈E
|RN(J)|,

P 0 = (0, 0, · · · , 0), 1 = (1, 1, · · · , 1), {xn}Nn=1 � L2 �É½Â�

TN ,
{∫

0≤x≤y≤1
|RN(J(x, y))|2dxdy

}1/2
.

AO/, ½Â D∗N , supJ∈E∗ |RN(J)|, ±9

T ∗N ,
{∫

I d
|RN(J(0, x))|2dx

}1/2
.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

[ Monte Carlo �{

[ Monte Carlo �{�9�Ä�Vg—C�

é [0, 1] «mþ½Â���¼ê f (x), C�½Â�

V [f ] , sup
τ

∑
i

|f (xi+1)− f (xi )|,

Ù¥ τ � [0, 1] «m�¤k�U�k�¿©�8Ü. XJ f ëY

��, Kk V [f ] =
∫ 1

0 |df | =
∫ 1

0 |f
′(x)|dx .

±ep�¼êC��½Â´ Hardy ÚKrause ¿Âeé��¼ê
C�½Â�í2. é [0, 1]d þ½Â� d gëY��¼ê f (x),
C� (48/) ½Â�

V [f ] ,
∫
I d

∣∣∣ ∂d f

∂x1 · · · ∂xd

∣∣∣dx1 · · · dxd +
d∑

i=1

V [f
(i)

1 ],

ùp f
(i)

1 ´¼ê f 3>. xi = 1 þ���.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

[ Monte Carlo �{

[ Monte Carlo �{nØÄ:— Koksma-Hlawka ½n

½nµ é?ÛS� {xn}Nn=1 9?Ûk.C�¼ê f , ê�È©
Ø�÷v Koksma-Hlawka Ø�ªµ

E [f ] , |I (f )− IN(f )| =
∣∣∣ ∫

I d
f (x)dx − 1

N

N∑
n=1

f (xn)
∣∣∣ ≤ V [f ]D∗N ,

y²lÑ.

5 1µ d Koksma-Hlawka Ø�ª�, [ Monte Carlo È©�'
�3u)¤¦�U�� D∗N �[�ÅêS�.

5 2µ ®keZ«�{, U
�) DN ≤ Cd(lnN)kdN−1 �[�
ÅêS�, Ù¥ Cd , kd ´� d k'�~ê.
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Metropolis �{!�[ò»�{![ Monte Carlo �{

[ Monte Carlo �{

U
�) DN ≤ Cd(lnN)dN−1 �[�ÅêS��{�~

Van der Corput S� (d = 1): xn ��)�{µ

1 ò n L«� 2 ?�ê n = amam−1 · · · a1a0;

2 �) 2 ?�ê xn = 0.a0a1 · · · am−1am.

Halton S� (d > 1): xn = (x1
n , · · · , xdn ) ��)�{µ

1 ò n L«� pk ?�ê n = akmk
akmk−1 · · · ak1ak0 , 1 ≤ k ≤ d ,

Ù¥ pk �1 k ��ê;

2 �) pk ?�ê xkn = 0.ak0a
k
1 · · · akmk−1a

k
mk

.

5 1µ �±y² Halton S�÷v DN ≤ Cd(lnN)dN−1.

5 2 ([ Monte Carlo �{�Û�5)µ ��=·Üu�m�ê¥
�((ln N)d Ø��)!�È¼ê1w(V [f ] Ø��)!Ý/«�þ�È©.
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þÅSKÔµ6.

Thank You!
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