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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��Ä¼ê� Lagrange ��õ�ª

�gõ�ª��Ä¼ê��g��õ�ª

� n = 1 �§�½��!: x0, x1, 9��^� y0, y1, K
�A��g��õ�ª�±L«�

L1(x) = y0 ·
x − x1
x0 − x1

+ y1 ·
x − x0
x1 − x0

.

Q L1(x) ´|ÜXêT� y0, y1 �ü�AÏ�gõ�ª

l0(x) =
x − x1
x0 − x1

, l1(x) =
x − x0
x1 − x0

��5|Ü.

ùü�AÏ�gõ�ª�¤
�gõ�ª�m P1 ��|
Ä§�÷vµl0(x0) = 1, l0(x1) = 0, l1(x0) = 0, l1(x1) = 1,
QÙ¥z��õ�ª3���A��!:þ����§3
,	���!:þ���" (li (xj) = δij).
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��Ä¼ê� Lagrange ��õ�ª

n g Lagrange ��Ä¼ê� n g Lagrange ��õ�ª

ùéu·�Ïé�¤ n gõ�ª�m Pn ��|Ä� n + 1
�AÏ n gõ�ª {li (x)}ni=0§¦Ù÷vµ (li (xj) = δij).

é�½� n + 1 ���!: {xi}ni=0, ù��Ä.¼ê�

li (x) =

n∏
j=0,j 6=i

(x − xj)

n∏
j=0,j 6=i

(xi − xj)

, ¡� n g Lagrange ��Ä¼ê.

n g Lagrange ��õ�ª��� Ln(x) =
∑n

i=0 yi · li (x).
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��õ�ª�{� (�äØ�)

Lagrange ��õ�ª�{�L�ª

��O n g Lagrange ��õ�ª�Ø�, �Ò´��O¼ê

Rn(x) , f (x)− Ln(x)

�����" Rn(x) ¡�{�§§¢Sþ´^ Ln(x) %C f (x)
��äØ�§k±e�L�ªµ

½nµ �¼ê f (x) ∈ C(n+1)[a, b], ���!: {xi}ni=0 pØ�
Ó§Ké ∀x ∈ [a, b], Ñ�3 ξ ∈ (a, b), ¦�

Rn(x) =
f (n+1)(ξ)

(n + 1)!
(x − x0)(x − x1) · · · (x − xn).
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��õ�ª�{� (�äØ�)

Lagrange ��õ�ª�{�L�ª�y²

Ø�� x 6= xi , 0 ≤ i ≤ n, - Kn(x) =
Rn(x)

(x − x0) · · · (x − xn)
"

1 P ωn+1(t) = (t − x0)(t − x1) · · · (t − xn).

2 - E (t) = Rn(t)− Kn(x) · ωn+1(t). K E (t) ∈ C (n+1)[a, b].

3 d t = x , x0, · · · , xn � E (t) = 0, 9 Rolle ½n�, �3

ξ ∈ (a, b) ¦� E (n+1)(ξ) = 0, = K (x) =
f (n+1)(ξ)

(n + 1)!
.

4 u´k Rn(x) =
f (n+1)(ξ)

(n + 1)!
(x − x0)(x − x1) · · · (x − xn). �

5µ E (t) ´ Rn(t) � n + 1 g Lagrange ��õ�ª�{�.
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��õ�ª�Âñ5

Lagrange ��õ�ªS�

é�½�½Â3 [a, b] þ�¼ê f (x);

9��!:S�
{
x
(n)
j

}n

j=0
, n = 0, 1, 2, · · · ;

�½Â Lagrange ��õ�ªS�

Pn(x) = Ln(f ; x
(n)
0 , · · · , x (n)n ; x), ∀x ∈ [a, b];

Ù¥ Ln(f ; x
(n)
0 , · · · , x (n)n ; x) ´±

{
x
(n)
j

}n

j=0
���!:,

Pn(xj) = f (xj), j = 0, · · · , n ���^�� n gLagrange �
�õ�ª"
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��õ�ª�Âñ5

Lagrange ��õ�ª�Âñ5

½nµ éE¼ê f (z), XJ�3 r0 >
3
2(b − a), ¦� f (z) 3

Br0(a+b
2 ) S)Û, K Pn(x) 3 [a, b] S��Âñu f (x).

y²µ Ï� f (z) 3 Br0(a+b
2 ) S)Û, d Cauchy ½nk

f (n+1)(x) =
(n + 1)!

2πi

∮
∂Br0

f (z)

(z − x)(n+2)
dz , ∀x ∈ [a, b].

du |z − x | ≥ r0 −
∣∣x − a+b

2

∣∣ ≥ r0 − b−a
2 , ¤±k

|f (n+1)(x)| ≤ (n + 1)!
r0 max∂Br0

|f (z)|
(r0 − b−a

2 )n+2
, ∀x ∈ [a, b].
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

Lagrange ��õ�ª�Âñ5

Lagrange ��õ�ª�Âñ5½ny²£Y¤

q |ωn+1(x)| = |(x − x
(n)
0 ) · · · (x − x

(n)
n )| ≤ |b − a|n+1.

¤±k

|f (x)−Pn(x)| =

∣∣∣∣∣ f (n+1)(ξ)

(n + 1)!
ωn+1(x)

∣∣∣∣∣ ≤ r0(b − a)n+1 max∂Br0
|f (z)|

(r0 − b−a
2 )n+2

.

� r0 >
3
2(b − a) �§b − a < r0 − b−a

2 "Ïdk

|f (x)− Pn(x)|⇒ 0, ∀x ∈ [a, b].
�

5µ P γ = (b − a)/(r0 − b−a
2 ), d 0 < γ < 1 �Âñ´���.
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

�å!:pg Lagrange ��õ�ª�Ø½5

�å!:pg Lagrange ��õ�ª�Ø½5

¦+ Weierstrass ½n`�^¿©pg�õ�ª5?¿%C�½
�ëY¼ê§�ù��õ�ªØ�U^�å!:pg Lagrange
��õ�ª5¢y"

�Ï´�å!:pg Lagrange ��õ�ª�Ø½5"

�	�å��!:� {xi}ni=−n, xi = i · h = i/n, −n ≤ i ≤ n.

� x∗ = xn − h/2, O� |l0(x∗)|. d
U , |

∏
j 6=0(x∗ − xj)| = h2n|

∏
j 6=0(n − j − 1/2)| =

h2n

22n
∏n

j=1(2n + 2j − 1) ·
∏n

j=1(2n − 2j − 1) =
h2n

22n
∏n

j=1(4n− 2j + 1) ·
∏n

j=1(2n− 2j − 1) = h2n(4n−1)!!(2n−3)!!
22n(2n−1)!! ,

L, |
∏

j 6=0(x0 − xj)|=h2n(n!)2, d (4n − 1)!!= (4n)!
(4n)!! = (4n)!

22n(2n)!
,

±9 Sterling úª n! ∼
√

2πnn+
1
2 e−n, �
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

�å!:pg Lagrange ��õ�ª�Ø½5

�å!:pg Lagrange ��õ�ª�Ø½5

|l0(x∗)| = U
L ∼ 22n√

2πn(2n−1) →∞, � n→∞.

y�	ü|��^�µ {ȳi}ni=−n, {yi}ni=−n, Ù¥ yi = ȳi ,

∀i 6= 0, y0 = ȳ0 + ε0, Ù¥ ε0 ∼ n−k , k > 0.

P�A� (2n + 1) g Lagrange ��õ�ª©O�
P̄2n+1(x) Ú P2n+1(x). dd�, � n→∞ �

|P̄2n+1(x∗)−P2n+1(x∗)| = |ε0l0(x∗)| v 22n√
2πnk+1(2n + 1)

→∞.

ù`²� n é��§=BêâØ�é� (ε0 ∼ n−k , ?
¿k > 0), Lagrange ��õ�ªE,�Uk�~��Ø�"
Ïd§3¢SO����Ø^pg Lagrange ��õ�ª"
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1�ù: Lagrange ��� Newton ��

Lagrange ���{

�å!:pg Lagrange ��õ�ª�Ø½5

Lagrange ��õ�ª�`:

Ä¼êO�{ü§��q�!:©Ù�Ñ�q�Ä¼ê.

3�½��!:�§ Lagrange ��õ�ª´ Lagrange �
�Ä¼ê�±��!:þ�¼ê��Xê��5|Ü. Ïd,
éØÓ���^�§�é¯���A���õ�ª.

���¼ê���§Ù��õ�ª�{ü/^ Lagrange �
�õ�ªLÑ§l��§£�)�©�§!È©�§¤�
lÑz�5�B"

Lagrange ������õõõ���ªªª���"""ÃÃÃ: XJ3�kÄ:þO\�|��
^� (xn+1, yn+1), K�c���¤kO�(JÑÃ{\±|^.
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1�ù: Lagrange ��� Newton ��

Newton ���{

"g!�gÚ�g Newton ��õ�ª

"gÚ�g Newton ��õ�ª

"g Newton ��õ�ª N0(x)µ�½����!: x0, Ú
����^� P(x) = f (x0) = y0, KkN0(x) = y0.

�g Newton ��õ�ª N1(x)µ3"g^��Ä:þO\
����!: x1 6= x0, Ú����^� P(x) = f (x1) = y1.
·�F" N1(x) ´d N0(x) \þ���g¼ê�¤. du
N1(x0)=y0 =N0(x), Ïd, N1(x)=y0 + c1(x − x0). u´�:

N1(x) = y0 +
y1 − y0
x1 − x0

(x − x0) = f [x0] + f [x0, x1](x − x0).

Ón, N1(x) = y1 + y0−y1
x0−x1 (x − x1) = f [x1] + f [x1, x0](x − x1)

ùpÚ\
"�Ú���û�PÒ

f [x0] , f (x0), f [x0, x1] = f [x1, x0] ,
f (x1)− f (x0)

x1 − x0
.
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1�ù: Lagrange ��� Newton ��

Newton ���{

"g!�gÚ�g Newton ��õ�ª

�g Newton ��õ�ª

�g Newton ��õ�ª N2(x)µ3�g^��Ä:þO\
���!: x2 6∈ {x0, x1} Ú��^� P(x) = f (x2) = y2.
·�F" N2(x) ´d N1(x) \þ���g¼ê�¤. du
N2(x0) = N1(x0), N2(x1) = N1(x1), Ïd§
N2(x) = N1(x) + c2(x − x0)(x − x1). u´�µ

c2 =
f (x2)− f [x0]− f [x0, x1](x2 − x0)

(x2 − x0)(x2 − x1)
.

N´�y

c2 =
f [x0, x2]− f [x0, x1]

x2 − x1
=

f [x1, x2]− f [x0, x1]

x2 − x0
=: f [x0, x1, x2].

∴ N2(x) = f [x0] + f [x0, x1](x−x0) + f [x0, x1, x2](x−x0)(x−x1).

13 / 24



1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

k ��û�½ÂÚ n g Newton ��õ�ª

��/§é�½�!: xi , xi+1, · · · , xi+n, ·��±48/½Â
f (x) � 1 ≤ k ≤ n ��ûÚ�A� k g��õ�ª"

1 "��û: f [xj ] = f (xj), j = i , i + 1, · · · , i + n.

2 1 ≤ k ≤ n ��û:

f [xi , xi+1, · · · , xi+k ] ,
f [xi+1, xi+2, · · · , xi+k ]− f [xi , xi+1, · · · , xi+k−1]

xi+k − xi
.

3 ¼ê f (x) L n + 1 ���!: x0, x1, · · · , xn � n g��
õ�ª�±|^���ûL«�

Nn(x) = f [x0] + f [x0, x1](x − x0) + · · ·
+ f [x0, x1, · · · , xn](x − x0)(x − x1) · · · (x − xn−1),

¡� n g Newton ��õ�ª, ù«���{¡� Newton
���{"
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1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

k ��û�5�

½nµ f (x) 3!: x0, x1, · · · , xm þ� k ��ûke�5�:

1 f [x0, x1, · · · , xm] =
m∑
i=0

f (xi )∏
j 6=i (xi − xj)

.

2 �û��!:ü�^SÃ'"

3 XJ xm 6∈ {x0, x1, · · · , xk}, Kk

f [x0, x1, · · · , xk , xm] =
f [x0, x1, · · · , xk−1, xm]− f [x0, x1, · · · , xk ]

xm − xk
.

4 � f (x) � m ��ê�3, Kk

f [x0, x1, · · · , xm] =
f (m)(ξ)

m!
.

Ù¥ξ ∈ (min{x0, x1, · · · , xm},max{x0, x1, · · · , xm}).
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1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

k ��û�5�

1 k ��û�5�(1) �^8B{y² £3�SK¤"

2 k ��û�5�(2) ´5�(1) �{üíØ"

3 k ��û�5�(3) ´5�(2) Ú½Â�{üíØ"

4 k ��û�5�(4) ´±e½n�íØ"
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1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

n g Newton ��õ�ª�{�L�ª

½nµ � y = f (x) ´½Â3 [a, b] þ�¼ê, � x0, x1, · · · , xn
´ [a, b] þ� n + 1 �pØ�Ó���!:, Ké
∀x ∈ [a, b] \ {x0, x1, · · · , xn}, Ù n g Newton ��õ�ª�{�
�L��

Rn(x) , f (x)− Nn(x) = f [x , x0, x1, · · · , xn]
n∏

i=0

(x − xi ).

555: d��õ�ª��3��5, n g Newton ��õ�ª�{
�Ò´ n g Lagrange ��õ�ª�{�, Ïdd½n 2.3.1 Ú±
þ½n�(Ø=�

f [x , x0, x1, · · · , xn] =
f (n+1)(ξ)

(n + 1)!
.
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1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

n g Newton ��õ�ª�{�L�ª�y²

Ø�� x 6∈ {x0, · · · , xn}, d���û�½Â9Ù5�§·�kµ
f (x) = f (x0) + f [x , x0](x − x0),

f [x , x0] = f [x0, x1] + f [x , x0, x1](x − x1),

· · · · · · · · · · · · · · ·
f [x , x0, · · · , xn−2] = f [x0, x1, · · · , xn−1]+f [x , x0, x1, · · · , xn−1](x−xn−1),

f [x , x0, · · · , xn−1] = f [x0, x1, · · · , xn] + f [x , x0, x1, · · · , xn](x − xn).

�gò��ª�\c�ª§8B�

f (x) = Nn(x) + f [x , x0, x1, · · · , xn]
n∏

i=0

(x − xi ). �

5µ þªmà¢SþÒ´ f (z) 3 n + 2 �!: x0, · · · , xn, x þ
� n + 1 g Newton ��õ�ª3 x :���.
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1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

Newton ��{�Ú Newton ���{�`:

Newton ��{�ØI� f k n + 1 g�ê"¯¢þ§du
��õ�ª��3��5, ±?Û�ª�����õ�ª�
{�Ñ´�Ó�"

O\�|#���!:Ú��^� xn+1, yn+1 = f (xn+1)
�§Lagrange ��õ�ª7L�Ü�§ Newton ��
õ�ªK�I3�5Ä:þO\�� n + 1 gü�ªµ

Nn+1(x) = Nn(x) + f [x0, x1, · · · , xn, xn+1]
n∏

i=0

(x − xi ).

Ú\PÒµ fi = f (xi ) = f [xi ], i = 0, 1 · · · , n + 1,

f ki =
f k−1i − f k−1i−1
xi − xi−k

= f [xi−k , · · · , xi ], 1 ≤ k ≤ i ≤ n + 1. K��

�û��¤±e�ûL"
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1�ù: Lagrange ��� Newton ��

Newton ���{

n g Newton ��õ�ª

Newton ��L
(
f ki =

f k−1i − f k−1i−1
xi − xi−k

= f [xi−k , · · · , xi ], 1 ≤ k ≤ i ≤ n + 1
)

i xi f [xi ] f 1i f 2i f 3i · · · f ni f n+1
i

0 x0 f [x0]

1 x1 f [x1] f 11
2 x2 f [x2] f 12 f 22
3 x3 f [x3] f 13 f 23 f 33
...

...
...

...
...

...
. . .

n xn f [xn] f 1n f 2n f 3n · · · f nn
n + 1 xn+1 f [xn+1] f 1n+1 f 2n+1 f 3n+1 · · · f nn+1 f n+1

n+1

f [x0, x1, · · · , xk ] = f kk ,
Nj(x) = f [x0] + f [x0, x1](x − x0) + f [x0, x1, x2](x − x0)(x − x1) +
· · ·+ f [x0, x1, · · · , xj ](x − x0)(x − x1) · · · (x − xj−1).
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1�ù: Lagrange ��� Newton ��

�å!:þpg��õ�ª� Runge y�

�å!:þ��õ�ª��ØäkÂñ5

�å!:þ��õ�ª��ØäkÂñ5

3?¿�½�«m [a, b] þ§- h = (b − a)/n, -

xi = a + ih, i = 0, 1, 2, · · · , n,

é�½�ëY¼ê f (x), ± {xi}ni=0 ���!:���õ�
ª Pn(x) �¤
���å!:þ���õ�ªS�"

¦+¼ê f (x) �±�pgõ�ª?¿%C§���/`§
=B f (x) Ã¡g��§�ØU�ylimn→∞ Pn = f"£��
I�3E²¡¥����«�S)Ûâ��yÂñ5.¤

$��å!:þ���õ�ª Pn(x) �U´uÑ�"
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1�ù: Lagrange ��� Newton ��

�å!:þpg��õ�ª� Runge y�

�å!:þ���õ�ªuÑ�~f— Runge y�

�å!:þ���õ�ªuÑ�~f— Runge y�

1901c�IêÆ[ Runge Äk�Ñ
ù«uÑ�~f§¿
�âEC¼ê�nØ�Ñ
)º"

�Ä¼ê R(x) =
1

1 + x2
, x ∈ [−5, 5].

�Ä�å��!:µ xi = −5 +
10i

n
, i = 0, 1, 2, · · · , n.

�E Lagrange ��õ�ª Ln(x) (½ Newton ��õ�ª).

(J´ Ln(x) ´uÑ�.

d L10(x) Ú R(x) ã��é'£�ã 2.1¤��3�C«�
üà:?§Ø�®²é�§¿®¥yÑuÑ,�"
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1�ù: Lagrange ��� Newton ��

�å!:þpg��õ�ª� Runge y�

©ã$gõ�ª�� vs pgØ�å��

¯KµXÛ|^õ�ª��%C�½«mþ�¼ê?

�å!:þ���õ�ª��ØÂñ"�±��§��!:
©Ù§�Ø�Uk�oÐ�(J"

�
���Ð���%C�J§�±lü��¡�Ä¯Kµ

1 �E©ã$g��õ�ª5%C®�¼ê f (x).

2 Ïé·����!:©ÙS�§¦�A���õ�ªS�k
�Ð�Âñ5�"

1��¢yå5'�(J. ·�ò3�¡�?�ÚïÄ"

1��¢yå5%��{ü. ©ã$g��õ�ª�":´
Ù�N1w5��k���Û�5"

üöÑk��¤Ù�nØ(J§Ñk�©2��¤õA^"
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SK�µ2, 4, 6, þÅSK�: 2(1), 2(2)

Thank You!
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