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Lecture 19: Monte Carlo Methods
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Úó— �Å¯K!�Å�{�~

�Å¯K� Monte Carlo �{

Monte Carlo �{´�«?n�Å¯K��Å�{. Nõ�ÅX
Ú�±ÏL/VÇ�Ý¼ê0�x. l,«¿Âþ`, Monte
Carlo �{´éùaXÚ��«���lÑê��[�{.

~X, 3ÚOÔn¥, ®�XÚ¥�þâf�£±VÇ©Ù¼ê
�/ª�Ñ�¤$Ä©Ù5Æ, F"l¥J�dù
�þâf�
ÓLyÑ5�÷*ÚOÔnþ, 'X§Ý!'9�.

l�þâf�,«5��©Ù5ÆJ��A�÷*ÚOÔnþ,
��þ´3âf¤3���m¦,�ÅCþ�êÆÏ". duâ
fê8
�, Ïd��m��êg,�YÞEp.

ù�, Monte Carlo �{=�±@�´é�þâfXÚ���l
Ñê��[, ��±À�¦p�È©��«ê�È©�{.
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Úó— �Å¯K!�Å�{�~

�Å�{�~ — ê�È©� Monte Carlo �{

±��È©�~5`²^ Monte Carlo �{O�È©�g�. �
Ä

I (f ) =

∫ 1

0
f (x)dx .

·�kNõDÚ�ê�È©�{, ~XEÜF/úªµ

I (f ) =
[1

2
f (x0) +

N−1∑
i=1

f (xi ) +
1

2
f (xN)

]
h + O(h2),

Ù¥ h = 1/N, xi = ih, i = 0, 1, · · · ,N.

^ Monte Carlo �{¦È© I (f ), K´òÙÀ�,�3«m
[0, 1] þÑlþ!©Ù��ÅCþ X �¼ê f (X ) �êÆÏ"
I (f ) = Ef (X ).
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Úó— �Å¯K!�Å�{�~

�Å�{�~ — ê�È©� Monte Carlo �{

df�ê½Æ, éÕáÓ©Ù��ÅCþ Xi , i = 1, 2, · · · , XJ
E |Xi | < +∞, P SN =

∑N
i=1 Xi , K� N →∞ �, SN/N �VÇ

ÂñuEX1.

Ïd, �
O� I (f ) = Ef (X ), ��pÕá�ÓÑl«m [0, 1]
þþ!©Ù��ÅCþ Xi , i = 1, 2, · · · ,N, �Eê�È©úª

I (f ) ≈ IN(f ) ,
1

N

N∑
1

f (Xi ).

ùÒ´ê�È©� Monte Carlo �{.
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Úó— �Å¯K!�Å�{�~

ê�È©� Monte Carlo �{�Ø�

df�ê½Æ, IN(f ) �VÇÂñu I (f ). �, ���ÅCþ
IN(f ) ÷v

EIN(f ) = E
[ 1

N

N∑
i=1

f (Xi )
]

=
1

N

N∑
i=1

I (f ) = I (f ).

ê�È©� Monte Carlo �{�Ø� eN = |IN(f )− I (f )| E,´
���ÅCþ, Ù²��Ï"¡�þ�Ø�µ

E |eN |2 = E
[ 1

N

N∑
i=1

(f (Xi )− I (f ))
]2

=
1

N2

N∑
i ,j=1

E [(f (Xi )− I (f ))(f (Xj)− I (f ))]

=
1

N
E [f (X1)− I (f )]2 =

1

N
E [f (X1)− Ef (X1)]2 =

1

N
Var(f (X )).
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Úó— �Å¯K!�Å�{�~

ê�È©� Monte Carlo �{�Ø�

d Schwartz Ø�ªk

E |eN | ≤
√

E |eN |2 =

√
Var(f (X ))

N
.

dd�, XJ f (X ) kk����, Kê�È©� Monte Carlo
�{3Xþ¿Âek�� O(N−1/2) �Âñ5.

��Âñ5é$��m�È©�,�Øþ�oÐ�{. �´5¿
ù«Âñ5��m�êÃ', N ´O�¼ê�¿òÙ¦Ú�gê.

��é', ��m�ê´ d , z��I¶�����ºÝþ�
h = 1/n, �æ^EÜF/úª�, I�O��¼ê�9Ù¦Úg
ê´ N = nd , Âñ�´ O(n−2) = O(N−2/d). 3©fÄåÆ
½ÚOÔn¥, d = 6M, M �XÚ�âfê. ék¤Zþ�$�
�õâf�XÚ, Monte Carlo �{�ù´��Ün�ÀJ
.
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ê�È©� Monte Carlo �{�~

^ Monte Carlo �{O�È©

∫ π
2

0
sin x dx , k∫ π

2

0
sin x dx ≈

1

N

N∑
i=1

π

2
sin
(π

2
Xi

)
,

Ù¥� Xi , i = 1, · · · ,N, � i .i .d . U [0, 1] �ÅCþ.

�
~���éO�(J�K�, �Ð/3ã/þw«�{�Â
ñ5, Ï~¬�½���êm, éz�N, - eN = 1

m

∑m
i=1 e

i
N , =ò

m ���ê�N �Monte Carlo �{�ê�È©(J�Ø� e iN ,
i = 1, · · · ,m, �²þ�����ê� N �ê�È©(J�Ø�.

ã 7.1 �Ñ�´3 lnN ∼ ln eN �Ie, m = 100 ��Ø�ã, §
�Ù/w«
�{���Âñ�Ý.
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Úó— �Å¯K!�Å�{�~

��VÇ.È©ê�È©� Monte Carlo �{

é��VÇ.È©
∫

Ω f (x)p(x) dx , Ù¥ p(x) � Ω þ�VÇ�
Ý¼ê, ÷v p(x) ≥ 0 Ú

∫
Ω p(x) dx = 1. K Monte Carlo �{

�ê�È©úª�∫
Ω
f (x)p(x) dx ≈

1

N

N∑
i=1

f (Xi ),

Ù¥ Xi , i = 1, · · · ,N, ´± p(x) �Ù©Ù�Ý¼ê� i .i .d . �
�ÅCþ.

9 / 24



Lecture 19: Monte Carlo Methods

�Å¯K!�Å�{�~§�Åê��)

�Åê�)¤

�Åê���Åê

�3O�Åþ¢y Monte Carlo �{�Ä�?Ö´±�p��Ç
�)Ñl�½©Ù��Åê. 3O�Åþ�)nØ¿Âþ��Å
ê´J±¢y�, ¹�XJý�¢y
, @oê�¢��/�
E50ÒÃ{¢y
.

3¢SO�¥, Ï~´3O�Åþ�)¤¢�/��ÅêS�0
(pseudo random number sequence), =æ^,«(½5�{�)
mq/�Å0�ê�, ù«ê��5��±ÏL�A�ÚOu�,
l�±��ý��Åê��«O�, ���nØýÏ���ê
�O�(J.
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�Åê�)¤

U [0, 1] ��Åê��) — �5Ó{{

8c®²k�
��� U [0, 1] ��Åêu)ì. ïþ��Åê
u)ìÐ������I¤¢��Ì��Ý.

'�{ü� U [0, 1] ��Åêu)ì´d�5Ó{{

Xn+1 = aXn + b (mod m),

Ù¥ a, b, m ´¯k�½�g,ê, �Ñ�.

½nµ é�5Ó{{, XJ a, b, m ÷v

1 b � m p�;

2 (a− 1) ´m �?�ÛêÏf��ê;

3 e 4 ´ m �Ïf, K 4 �7½´ (a− 1) �Ïf,

KT��Åêu)ì���Ì��Ý� m, =÷�Ý.

~X, �� m = 2k , a = 4c + 1, b �Ûê.
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�Åê�)¤

U [0, 1] ��Åê��) —  Û�16807

�5Ó{{���AÏ~f´d Lewis, Goodman Ú Miller u
1969 cJÑ�±e��Åêu)ìµ

Xn+1 = aXn (mod m),

Ù¥ a = 75 = 16807, m = 231 − 1 = 2147483647. T��Åêu
)ì��Ì��Ý��2.1× 109. Shrage �Ñ
3O�Åþp�
¢yþã¦{Ó{��{.

� Û� Bays-Durham Wý�{ — L’Ecuyer �Ñ
ÄuT�{
���Ì��Ý��� 2.3× 1018 ���Åêu)ì.

���(�)�Åêu)ì´����Å�[�Ä��æ, ¤±, 3
�¢S�Å�[�AÀ^¤Ù��Åêu)ì§S�.
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�Åê�)¤

��©Ù��ÅCþ��)

k
 U [0, 1] �Åêu)ì, nØþ`, ·�Ò�±�Ñ��©Ù
��Åêu)ì.

·Kµ ��ÅCþ Y �©Ù¼ê� F (y), =

P{Y ≤ y} = F (y).

XJ�ÅCþ X ∼ U [0, 1], K�ÅCþ Y = F−1(X ) �©Ù¼
ê� F (y).

y²µ d X ∼ U [0, 1], Y = F−1(X ) k

P{Y ≤ y} = P{F−1(X ) ≤ y} = P{X ≤ F (y)} = F (y).

�
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�Åê�)¤

ÄuC�{���©Ù��ÅCþu)ì

XJF−1 ´¦, ^U [0, 1] �Åêu)ì�)S�Xi , i = 1, 2 · · · ,
KS� Yi = F−1(Xi ), i = 1, 2 · · · , Ò´©Ù¼ê� F (y) ��Å
êS�. ù«|^ U [0, 1] �Åêu)ìÚ F−1 ���Ñ©Ù¼
ê F (y) ��Åêu)ì��{¡�C�{.

~µ �ê©Ù�VÇ�Ý�

p(y) =

{
0, y < 0,

λe−λy , y ≥ 0,

Ù©Ù¼ê F (y) = 0, ∀y ≤ 0; F (y) =
∫ y

0 p(y)dy = 1− e−λy ,
∀y > 0, l F−1(x) = −λ−1 ln(1− x), ∀x ∈ (0, 1). dC�{,

Yi = −λ−1 ln(1− Xi ), i = 1, 2, · · · , Xi ∼ U(0, 1),

´Ñl�ê©Ù��ÅêS�.
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�Åê�)¤

ÄuC�{�IO��©Ù�ÅCþu)ì

��©Ù (VÇ�Ý� p(x) = 1√
2π
e−

x2

2 )�©Ù¼ê�_vk)

ÛL�ª, �vkp��{, ��A^C�{Ø´n��ÀJ.

Box-Muller �{µ|^ (
∫ +∞
−∞ e−x

2
dx)2 =

∫ +∞
0

∫ 2π
0 e−r

2
rdrdθ = π,

9È©CþO� (x1, x2) = (r cos θ, r sin θ), k

1

2π
e−

x2
1 +x2

2
2 dx1dx2 =

1

2π
e−

r2

2 rdrdθ =
( 1

2π
dθ
)
·
(
e−

r2

2 rdr
)
.

ùò������©Ù�Ý¼ê=z�ü���©Ù�Ý¼ê§
Ù¥���Ñ�´þ!©Ù U(0, 2π) �©Ù�Ý¼ê 1

2π , ,�

��Ñ�´©Ù¼ê F (r) =
∫ r

0 e−
s2

2 sds = 1− e−
r2

2 �©Ù�Ý

¼ê e−
r2

2 r . AOk F−1(x) =
√
−2 ln(1− x).
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�Åê�)¤

ÄuC�{�IO��©Ù�ÅCþu)ì

u´����©Ù�Åê (Y1,Y2) ��), �ÏLkÀ��pÕ
á��Åê X1, X2 ∼ U(0, 1), ,� |^C�{

Y1 =
√
−2 lnX1 cos(2πX2),

Y2 =
√
−2 lnX1 sin(2πX2)

5¢y. Ó� Y1 (½ Y2) �Ñ
����©Ù�Åê.

Äuù«�{�IO��©Ù��Åêu)ì�3Nõ§S�¥
é�.
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�Åê�)¤

���©Ù��ÅCþ��)— �À{

éu½Â3 [a, b] þVÇ�Ýk.�����©Ù, e¡0��
�À{ (acceptance-rejection method) ´��Ø��ÀJ.

�À{|^
±eÄ�¯¢: XJ�ÅCþ (X1,X2) �VÇ�Ý
� p(x1, x2), K X1 �VÇ�Ý�

∫ +∞
−∞ p(x1, x2) dx2.

�)¤½Â3 [a, b] þVÇ�Ý� p(x) (≤ d <∞) ��ÅCþ
X , Äk½Â8Ü

A , {(x , y)|x ∈ [a, b], y ∈ [0, p(x)]},

,�, ����ÅCþ (X ,Y ) ∼ U(A), KX ©þÑlVÇ�Ý�∫ d

0
χA(x , y)dy =

∫ p(x)

0
1dy = p(x)

�©Ù. ùÒò¯K=z����ÅCþ (X ,Y ) ∼ U(A) �)¤.
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�Åê�)¤

���©Ù��ÅCþ��)— �À{

�{:£^�À{)¤ [a, b] þVÇ�Ý≤ d �©Ù��ÅCþ¤

1 U©Ù U [a, b] )¤�Åê Xi ;

2 U©Ù U [0, d ] )¤�Åê Yi , ¡�ûüCþ;

3 ûüµXJ 0 ≤ Yi < p(Xi ), K�É Xi , ÄKáý;

4 =Ú 1.

±þ�{�)�S� Xj ´ÑlVÇ�Ý� p(x) ��ÅêS�.

é½Â�Ã.±9�ÝÃ.�©Ù, ��·�C�òÙ=z�k
.�/2A^�À{.

5µ �,, �k�
�����ÅCþ�)¤�{.
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~����E|

~���´Jp°Ý�I�

dc¤ã, Monte-Carlo �{¦È�Ø�d σ√
N
L�, ùp

σ =
√

Var(f (X )) �IO�, N ���êþ.

Ïd, �
Jp°Ý, kü�ÀJ, Ù�´O���êþ N, Ù�
´~��� Var(f (X )).

e¡Ò50�XÛ|^nØE|Úé¯K�k��£5~���
��
�{.
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~����E|

�5Ä�{

�O�È©
∫ 1

0 f (x) dx , Ä�� Monte Carlo �{´�)�Åê
� Xi ∼ i.i.d U [0, 1], ,�O�

I (f ) ≈ IN(f ) ,
1

N

N∑
i=1

f (Xi ).

·���±���À�5w I (f ):

I (f ) =

∫ 1

0
f (x) dx =

∫ 1

0

f (x)

p(x)
p(x) dx ,

Ù¥ p(x) ´ [0, 1] þ����VÇ�Ý. ù�·�Ò��
,
�«/ª� Monte Carlo �{:

I (f ) ≈
1

N

N∑
i=1

f (Yi )

p(Yi )
,

Ù¥ Yi , i = 1, 2, · · · ,N, ´VÇ�Ý� p(x) � i.i.d. �ÅCþ.
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~����E|

�5Ä�{��*)º

�*/`, �5Ä�{Ò´F"3 f (x) ���«�õ�
:,
3 f (x) ���«���
:. XJU����U'~��{,
�±��, ���ê�(Jò´é°(�.

Þ��4à�~f§� f (x) = 0, ∀x ∈ [0, 1/2), f (x) = 1,
∀x ∈ [1/2, 1]. XJUÄ�� Monte Carlo �{´�)�Åê�
Xi ∼ i.i.d U [0, 1], Kê�(J�:

IN(f ) ,
1

N

N∑
i=1

f (Xi ) =
N>
N
,

Ù¥N> ´≥ 1/2 �Xi ��ê. U/�5Ä�{0Kk

IN(f ) ,
1

2N

N∑
i=1

f (Xi ) =
1

2
= I (f ),

Ù¥�Åê� Xi ∼ i.i.d U [1/2, 1]. ���:ÒU��°(��
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~����E|

�5Ä�{���©Û

'�ü��ÅCþf (X ) Ú f (Y )/p(Y ) ���

VarX (f ) =

∫ 1

0
|f (x)− I (f )|2dx =

∫ 1

0
|f (x)|2dx − I 2(f ),

VarY

( f
p

)
=

∫ 1

0

∣∣∣ f (y)

p(y)

∣∣∣2p(y)dy − I 2(f ) =

∫ 1

0

f 2(y)

p(y)
dy − I 2(f ),

��, e� p(x) ¦
∫ 1

0

(
f 2(x)
p(x) − f 2(x)

)
dx < 0, K��~�. AO

/, � f > 0 �, e� p(x) = f (x)/I (f ), K VarY (f /p) = 0.
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~����E|

�5Ä�{�~

� f (x) = x2 Ú p(x) = 2x (½ p(x) = 4x3), Kk

VarX (f ) =

∫ 1

0
|f (x)|2dx − I 2(f ) =

1

5
− 1

9
,

VarY

( f
p

)
=

∫ 1

0

f 2(y)

p(y)
dy − I 2(f ) =

1

8
− 1

9
,

d�k, VarX (f ) > 6VarY (f /p).
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SKÔµ1, 2, 3; þÅSKÔµ1, 2, 3.

Thank You!
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