
Numerical Analysis

Zhiping Li

LMAM and School of Mathematical Sciences
Peking University



Lecture 18: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

Hamilton XÚ

Hamilton XÚ���L«�
dp

dt
= −Hq(p,q),

dq

dt
= Hp(p,q).

Ù¥p = (p1, · · · , pn) ¡�2ÂÄþ, q = (q1, · · · , qn) ¡�2Â
�I, ��¼ê H(p,q) ¡�XÚ� Hamilton ¼ê. eP

z =

(
p
q

)
, J2n =

(
0 In
−In 0

)
,

ùp In � n �ü Ý
, K Hamilton XÚq�L«�

dz

dt
= J−1

2n Hz = J−1
2n

(
Hp

Hq

)
.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

Ý
 J2n �5�

Únµ Ý
 J2n =

(
0 In
−In 0

)
äkXe5�:

1 J−1
2n = JT2n = −J2n, J2nJ2n = −I2n;

2 é?¿�þ v ∈ R2n, k vTJ2nv = 0;

3 XJ A ´é¡Ý
, B = J2nA, K BTJ2n + J2nB = 0.

N´�y ω(x, y) = xTJ2ny ½Â
�� R2n × R2n þ����
òz��é¡V�5/ª: P xT = (xT1 , x

T
2 ), yT = (yT1 , y

T
2 ),

xTJ2ny = xT1 y2 − xT2 y1 = −(xT2 y1 − xT1 y2) = −yTJ2nx.

555µµµ ω(x, y) �òz´�XJ x ∈ V ÷v ω(x, y) = 0, ∀y ∈ V, K x = 0.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

"�mÚ"N�£"(�½"SÈ¤

½Âµ � V ´½Â3¢ê� R þ��þ�m. XJ3 V × V
þ½Â�N� ω ÷ve�5�µ

1 V�5: ω(x, y) 'u x Ú y Ñ´�5�;

2 �òz: XJ x ∈ V ÷v ω(x, y) = 0, ∀y ∈ V, K x = 0;

3 �é¡: é?¿ x, y ∈ V k ω(x, y) = −ω(y, x),
K¡ (V, ω) ¡�"�m, ω �"N�½"(�½"SÈ.

P�þ�m Rn þ�î¼�mSÈ� (x, y) = xT Iny, K�þ�
m R2n þ�V�5/ª [x, y] = xTJ2ny =

∑n
i=1(xiyn+i − xn+iyi )

½Â
 R2n þ�"SÈ.

Hamilton XÚ���m3d J2n ½Â�"SÈ [x, y] = xTJ2ny e
´��"�m.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

Hamilton XÚ��mþ�AÛ — "AÛ

"�mþ�AÛ¡�"AÛ. du"SÈ��é¡5, "AÛ¥
vk�Ý£ål¤�Vg, ù´�î¼AÛ���«O.

� n = 1 �, "SÈ� [x, y] = x1y2 − x2y1, ùT��þ x Ú y
Ü¤�²1o>/�¡È. ��/`, "SÈ´¡È�Ýþ.

�î¼AÛ²1/, �±Ú\"�mþ��|��Ä
{e1, · · · , en, en+1, · · · , e2n}, ÷v

[ei , ej ] = [en+i , en+j ] = 0, [ei , en+j ] = [en+i , ej ] = δij , i , j = 1, · · · , n.

�±y², é?�� V ⊂ R2n, �3��Ö8

V⊥ = {x ∈ R2n : [x, y] = 0, ∀y ∈ V}.

��C�´��Ý£î¼(�¤ØC�§�A/�±Ú\�¡È
£"(�¤ØC�"C��Vg.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

"C� — "�mþ��"SÈ�5C�—— ½n 6.9.1

½Âµ XJ���5C� S : R2n → R2n ´�"SÈ�, =
[Sx,Sy] = [x, y], K¡Ù���"C�.

½Âµ �� 2n �Ý
 S ´"�, XJ

STJ2nS = J2n.

½nµ "�mþ����5C� S ´"�¿©7�^�´

STJ2nS = J2n.

¤k"Ý
|¤��+, ¡�"+, P� Sp(2n).
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

"C���5�—— ½n 6.9.2, ½n 6.9.3

½nµ XJ S ∈ Sp(2n), K

1 detS = 1; (d½Â� (det S)2 = 1. � (λi , xi )
2n
i=1 �S �A�é, �y�ÝEA��÷vλλ̄ = 1,

¢A��÷v: e [xi , xj ] 6= 0, Kλi = λ−1
j , ��AA��þ�m�ê�Ó(-1 kóê�A��þ�m).)

2 S−1 = −J2nSTJ2n = J−1
2n S

TJ2n; (∵ ST J2n = J2nS
−1 ⇒ S−1 = J−1

2n ST J2n .)

3 SJ2nST = J2n. (∵ SJ2nS
T J2nS = −S⇒ SJ2nS

T J2n = −I⇒ SJ2nS
T = J2n .)

½nµ Ý
 (
In B
0 In

)
,

(
In 0
D In

)
´"�, ��=� BT = B, DT = D. (�â½Â���y.)
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

Hamilton XÚ½Â
Ù��mþ��xüëê"C�

Hamilton XÚ�)k����5�, =§�Ñ
Hamilton XÚ
��mþ��xüëê��N�: (p(t0),q(t0)) 7→ (p(t),q(t)),
�TxN�´�"(��. (é'î¼�mþ��/N�)

o+Úo�ê´ïÄ Hamilton XÚ�kåóä��.

5 1µ {ü/`, o+Ò´k��£ng±þëY��¤ÛÜ�
IX�+, 3T�IXe+�ü �éAu�I�:.

5 2µ ��, eR þ� k ��þ�mV þ�é´$� [a,b] ÷v

1 V�55: [αa+ α′a′,b] = α[a,b] + α′[a′,b], and so to b;

2 �é¡5: [a,b] + [b, a] = 0;

3 Jacobi ^�: [a, [b, c]] + [b, [c, a]] + [c, [a,b]] = 0,

K¡±Té´$��¦{��þ�mV �R þ���o�ê.
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��m�o�êÚdÃ¡�"Ý
½Â�o�ê

� F Ú G ´½Â3��m R2n þ�¢�¼ê, ½Â Poisson )
Ò�

{F ,G} =
n∑

i=1

( ∂F
∂qi
· ∂G
∂pi
− ∂F

∂pi
· ∂G
∂qi

)
.

KPoisson )Ò´��÷v Jacobi ^�

{F , {G ,H}}+ {G , {H,F}}+ {H, {F ,G}} = 0,

�V�5�é¡C�. Ïd§½Â
��m R2n þÃ¡g��¢
�¼ê�m���o�ê. d	, Poisson )Ò$��÷v
Leibniz {K {F ,G · H} = {F ,G} · H + G · {F ,H}.

½Âµ 2n �Ý
B ¡�´Ã¡�"Ý
, XJ

BTJ2n + J2nB = 0.

Ã¡�"Ý
|¤��5�m�é´$� [A,B] = AB− BA �
å½Â
��o�ê, P� sp(2n).
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

^Ã¡�"Ý
)¤"Ý
—— Ún 6.9.2, ½n 6.9.4, ½n 6.9.5

d"C�|¤�"+´��;.�o+, Ùþ�é´$� [A,B]
= AB− BA qÏLÃ¡�"C�½Â
�A�o�ê.

����(Ø´: "Ý
�±dÃ¡�"Ý
)¤. o+�±
do�êÏLÃ¡�"C�)¤.

Únµ Ý
B ´Ã¡�"Ý
��=� B = J2nA, Ù¥ A ´
é¡Ý
.

y²µ - A = −J2nB, K AT = −BTJT2n = BTJ2n. dd�,
A = AT ⇔ BTJ2n + J2nB = 0. �

½nµ XJB ∈ sp(2n), K exp(tB) ∈ Sp(2n), ∀t ∈ R. e�k
|I2n + B| 6= 0, Kk F , (I2n + B)−1(I2n − B) ∈ Sp(2n).
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ§"AÛ�"�ê�Ä�Vg

Hamilton XÚ�"(�k��Ôn¿Â

Hamilton XÚ�"(�k��Ôn¿Â. ~X, é�5�©
Hamilton XÚ5`, �"(��duUþÅð.

Ïd, �O�"(��ê��{é�(�[ Hamilton XÚ�
�5´Øó��. cÙé��m�[.

"�{Ò´¦) Hamilton XÚ��"(��ê��{.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

�5 Hamilton XÚ9Ù)�Ã¡�"Ý
L«

�Ä�5 Hamilton XÚ, = Halmilton ¼ê H ´ z ��g.:

H(z) =
1

2
zTSz, ST = S.

3ù«�¹e, Hamilton XÚ�±�¤

dz

dt
= Bz, B = J−1

2n S.

du B ∈ sp(2n), ¤± exp(tB) ∈ Sp(2n). d�, Hamilton XÚ
Ð�¯K�)�±L«� z(t) = exp(tB)z(0), N´wÑù´�
�dÃ¡�"Ý
��êC�½Â���mþ�"(�N�.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

�5 Hamilton XÚ�\��ª—— ½n 6.9.6

�5 Hamilton XÚ��©�ª¡�´"�, XJ�©�ª½Â

l zm � zm+1 ��"C�.

½nµ �5 Hamilton XÚ�\��ª

zm+1 − zm
h

= B[αzm+1 + (1− α)zm]

´"�, ��=� α = 1
2 (= Euler ¥:úª½F/úª). d�,

l zm � zm+1 �C�´Ã¡�"C�
1
2hB � Cayley C�:

Fh = ψ
(1
2
hB
)
,
(
I2n +

1

2
hB
)−1(

I2n −
1

2
hB
)
.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

�5�© Hamilton XÚ�"�ª

e�5 Hamilton XÚ�´�©�, =

H(p,q) =
1

2
pTUp+

1

2
qTVq, = S =

(
U 0
0 V

)
, B =

(
0 −V
U 0

)
,

Ù¥ U é¡�½, V é¡, K Hamilton XÚ��¤

dp

dt
= −Vq, dq

dt
= Up.

d�, Euler ¥:úª�±�¤

pm+1 − pm
h

= −Vqm+1 + qm
2

,
qm+1 − qm

h
= U

pm+1 + pm
2

,

½ (
pm+1

qm+1

)
=

(
In

h
2V

−h
2U In

)−1(
In −h

2V
h
2U In

)(
pm
qm

)
.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

Cayley C��?�Úí2—— ½n 6.9.7

½n: �¼êψ(λ) 3λ = 0 ?UÐ¤�?ê, ψ(λ)ψ(−λ) = 1,
�ψ(0) = 1, ψ′(0) 6= 0. XJ B ∈ sp(2n), K ψ(hB) ∈ Sp(2n).
(d�¡ ψ(hB) �Ã¡�"
 hB � Cayley C�).

y²Ñ.

y�Ä ex �kn%C ex ≈ Pl (x)
Qk (x) , Ù¥ Pl(x), Qk(x) ©O´ x

� l Ú k gõ�ª, � Qk(0) 6= 0. é�½� l Ú k À Pl(x),

Qk(x) ¦�
Pl (x)
Qk (x) 3�:� Taylor Ðmª� ex k¦�Uõ�Ó

�Ì�. AO/, ex kXe/ª�kn%C:

ex =
Pk(x)

Pk(−x)
+ O(|x |2k+1),
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

Cayley C��?�Úí2—— ½n 6.9.8

Ù¥ P0(λ) = 1, P1(λ) = 2 + λ,

P2(λ) = 12 + 6λ+ λ2,

P3(λ) = 120 + 60λ+ 12λ2 + λ3,

· · · · · · · · · · · · · · · · · · · · ·
Pk(λ) = 2(2k − 1)Pk−1(λ) + λ2Pk−2(λ),

· · · · · · · · · · · · · · · · · · · · ·

P ψ(λ) = Pk (λ)
Pk (−λ) , KØJ�y¼ê ψ(λ) ÷v½n 6.9.7 �^�.

½nµ �5 Hamilton XÚ��©�ª

zm+1 = Pk(−hB)−1Pk(hB)zm, k = 1, 2, · · ·
´"�, äk 2k �°Ý. �k 1

2z
T
m+1Szm+1 = 1

2z
T
mSzm.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

Cayley C��?�Úí2—— ½n 6.9.8 �y²

y²µ�Iy zTSz ´�ª�ØCþ. d S = J2nB, �

zTm+1Szm+1 = zTm(Pk(−hB)−1Pk(hB))
TJ2nB(Pk(−hB)−1Pk(hB))zm.

dÝ
 B �Ý
Pk(hB) Ú Pk(−hB)−1 ���, �

zTm+1Szm+1 = zTm(Pk(−hB)−1Pk(hB))
TJ2n(Pk(−hB)−1Pk(hB))Bzm.

 Pk(−hB)−1Pk(hB) ´"Ý
, ½n�y.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

�5 Hamilton XÚ�"�©�ª

^kn%CÚ Cayley C��E"�ª�~

~ 1µ� ψ(λ) = P1(λ)
P1(−λ) , K�äk��°Ý� Euler ¥:úª

zm+1 = zm +
hB

2
[zm + zm+1].

~ 2µ� ψ(λ) = P2(λ)
P2(−λ) , K�äko�°Ý�"�ª

zm+1 = zm +
hB

2
[zm + zm+1] +

h2B2

12
[zm+1 − zm].

5µd½n 6.9.8 �, ±þ�ªÑ´"�, � 1
2z

T
mSzm Åð. 3�

©�/, ùÒ´XÚ�Uþ 1
2p

T
mUpm + 1

2q
T
mVqm Åð.
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~�©�§ê��{— Hamilton XÚ�ê��{!"�{

Hamilton XÚ�" Runge-Kutta �ª

Hamilton XÚ�" Runge-Kutta �ª

ò Hamilton XÚL«�
dz

dt
= f(z), f(z) =

(
−Hq

Hp

)
,

�ÄXe/ª� s ?Ûª Runge-Kutta �{{
zm+1 = zm + h

∑s
i=1 ci f(Ki )

Ki = zm + h
∑s

i=1 bij f(Kj), 1 ≤ i ≤ s.

éu��5 Hamilton XÚ�üÚÛªê��ª, -Sm=
∂zm+1

∂zm
,

XJSm∈Sp(2n), =ST
mJ2nSm=J2n, ∀m ≥ 0, K¡T�ª´"�.

5µ - S(t)=
∂z(t)

∂z(t0)
, K��5 Hamilton XÚ��"(�5�

´dS(t) ∈ Sp(2n), = S(t)TJ2nS(t) = J2n, ∀t, �x�.
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Hamilton XÚ�" Runge-Kutta �ª—— ½n 6.9.9

/Ï Poisson )Ò����\�©Û�±�EÑ Hamilton XÚ
�" Runge-Kutta �ª. ·�k±e(Jµ

½nµ ±þ/ª� Runge-Kutta �{´"�, XJ

cibij + cjbji = cicj , i , j = 1, 2, · · · , s.

÷v½n^�� Runge-Kutta �{kNõ, ��� 2s ���k
Gauss-Legendre �ª. ~X

�?���¥: Euler úªµzm+1 = zm + hf
(
zm+1+zm

2

)
;

�?o��ªµzm+1 = zm + h
2 [f(K1) + f(K2)], Ù¥

K1 = zm + h
[1
4
f(K1) +

(1
4
−
√
3

6

)
f(K2)

]
,

K2 = zm + h
[(1

4
+

√
3

6

)
f(K1) +

1

4
f(K2)

]
.



�©Hamilton XÚ�wª" Runge-Kutta �ª

é���Hamilton XÚ��3Ûª" Runge-Kutta �ª. �é
�©Hamilton XÚK�±�EÑwª" Runge-Kutta �ª. ~
XH(p,q) = U(p) + V (q), K±eU Runge-Kutta Nyström �{
�E�o?o�wª Runge-Kutta �ª´"�ªµ

p1 = pm + hc1f(qm), q1 = qm + hd1g(p
1),

p2 = p1 + hc2f(q
1), q2 = q1 + hd2g(p

2),

p3 = p2 + hc3f(q
2), q3 = q2 + hd3g(p

3),

pm+1 = p3 + hc4f(q
3), qm+1 = q3 + hd4g(pm+1),

Ù¥ f(q) = −Hq = −Vq, g(p) = Hp = Up, Xê ci Ú di ÷v:

c1 = 0, c2 = c4 =
1

3
(2 + α), c3 = −1

3
(1 + 2α),

d1 = d4 =
1

6
(2 + α), d2 = d3 =

1

6
(1− α), α = 21/3 + 2−1/3.
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~�©�§ê�)— >�¯K�ê�){

��~�©�§�ü:>�¯K

��~�©�§�ü:>�¯K

�Ä��~�©�§�ü:>�¯K
y ′′(t) = f (t, y(t), y ′(t)), t ∈ [a, b],

a0y(a)− a1y
′(a) = α,

b0y(b) + b1y
′(b) = β.

·�ob½¤�¯K�·½5£)�3���ëY�6>�¤.

5 1µ �±þb½´7��, �Ä�§ y ′′(t) + π2y = 0, �ü|
>�¯K: y(0) = 0, y(1) = 1, Ú y(0) = 0, y(1) = 0, KcöÃ
), �öKkü�)µy(t) ≡ 0 Ú y(t) = sin(πt). ùaqu�
5�§|: Ax − λx = b, � λ �A�����¹.

5 2µ 3¯� Fourier C��Ù·�Q^�©{lÑ~Xê�5
ü:>�¯K, ¿^ FFT ¦). e¡, ·�ò�é����ü:
>�¯K0��q{.
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~�©�§ê�)— >�¯K�ê�){

��~�©�§�ü:>�¯K��q{

�q{�Ä�g�

·�ÏL¦)±eÐ�¯K5ÁX¦)ü:>�¯K
y ′′(t) = f (t, y(t), y ′(t)), t ∈ [a, b],

a0y(a)− a1y
′(a) = α,

c0y(a)− c1y
′(a) = s,

Ù¥ü�Ð�^�AT´�5Ã'�, ~X�� c0, c1 ÷v
c0a1 − c1a0 = 1. d�, Ð�^���d/U��

y(a) = a1s − c1α, y ′(a) = a0s − c0α.

P�AÐ�¯K�)� y(t; s). ·��8I´À s∗, ¦�
φ(s∗) , b0y(b; s

∗) + b1y
′(b; s∗)− β = 0, =¦¼ê φ(s) ��.

5µ �O��g¼ê� φ(s), Ò�¦)�g��~�©�§Ð
�¯K. Ïd, A¦�UÀp��{. ~X Newton {.
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~�©�§ê�)— >�¯K�ê�){

��~�©�§�ü:>�¯K��q{

± Newton {¦)�q{

Newton {S��ª�
sn+1 = sn −

φ(sn)

φ′(sn)
.

Ïd, ·��I�O� φ′(sn) = b0ys(b; sn) + b1yst(b; sn). ùp

ys =
∂y
∂s , yst =

∂2y
∂s∂t . ò'u y �~�©�§Ð�¯K�ªéë

ê s ¦�, �'u ys �~�©�§Ð�¯Kµ{
y ′′s (t) = f2(t, y(t), y

′(t))ys(t) + f3(t, y(t), y
′(t))y ′s(t), t ∈ [a, b],

ys(a) = a1, y ′s(a) = a0,

Ù¥ f2(t, y , y
′) = ∂

∂y f (t, y , y
′), f3(t, y , y

′) = ∂
∂y ′ f (t, y , y

′).

Newton {S��ª�z�ÚÑI�¦)ü���~�©�§Ð
�¯K. ·��±r§�U�¤���d�ko�©þ���~
�©�§|�Ð�¯K.
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~�©�§ê�)— >�¯K�ê�){

��~�©�§�ü:>�¯K��q{

Newton {�¦)��d��~�©�§|Ð�¯K

- y1 = y , y2 = yt , y3 = ys , y4 = yst , K���~�©�§|:
y ′1 = y2,

y ′2 = f (t, y1, y2),

y ′3 = y4,

y ′4 = f2(t, y1, y2)y3(t) + f3(t, y1, y2)y4,

9�A�Ð� 
y1(a) = a1s − c1α,

y2(a) = a0s − c0α,

y3(a) = a1,

y4(a) = a0.
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~�©�§ê�)— >�¯K�ê�){

��~�©�§�ü:>�¯K��q{

A^ Newton {��q{�ê�¦)�6§

1 - n = 0, DÐ©� s0 Ú#NØ� ε;

2 - s = s0, ê�¦)��~�©�§Ð�¯K�Cq)
yi (b), i = 1, 2, 3, 4;

3 -φ(s0) = b0y1(b) + b1y2(b)− β, φ′(s0) = b0y3(b) + b1y4(b);

4 - s1 = s0 − φ(s0)/φ
′(s0);

5 XJS�÷vÂñ^� (~X |s1 − s0| < ε), =e�Ú, ÄK
- s0 = s1, �£1�Ú;

6 - s = s1, ê�¦)'u y1, y2 ���~�©�§Ð�¯K
�Cq) y1(t), y2(t), ÑÑ(J.

5µ Newton {���kÛÜÂñ5. Ïd, ~~I�^Âñ�
ú�Âñ�����{, ~X�©{, �Ñ���Ð�S�Ð�.
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SK8µ10, 11; þÅSK8µ3, 5.

Thank You!
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