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Lecture 17: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

~�©�§|�ê��{

��~�©�§|�Ð�¯K�ê��{

�Ä��~�©�§|�Ð�¯K:
dy

dx
= f(x , y), a ≤ x < b,

y(a) = η,

Ù¥

y(x) =


y1(x)
y2(x)

...
ym(x)

 , η =


η1(x)
η2(x)

...
ηm(x)

 , f(x , y) =


f1(x , y)
f2(x , y)

...
fm(x , y)

 .

·�3c¡�éü��§�Ñ�¤k�ª, /ªþÑ�±��A
^u�§|. nØ©Û9Ùy²�Ñaq.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

~�©�§|�ê��{

��~�©�§|�Ð�¯K�ê��{�~

�§|�o?o��; Runge-Kutta úª:

K1 = f(xn, yn),

K2 = f(xn + h
2 , yn + h

2K1),

K3 = f(xn + h
2 , yn + h

2K2),

K4 = f(xn + h, yn + hK3),

yn+1 = yn + h
6 (K1 + 2K2 + 2K3 + K4).

�§|�ý�-��U?� Euler úª:{
y∗n+1 = yn + hf(xn, yn),

yn+1 = yn + h
2 [f(xn, yn) + f(xn+1, y∗n+1)].
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

p�~�©�§ê��{

p�~�©�§Ð�¯Kê��{

�Ä m �~�©�§Ð�¯K

dmy(x)

dx
= f (x , y , y ′, · · · , y (m−1)), x ∈ [a, b)

y(a) = η(0),

y ′(a) = η(1),

· · · · · · · · · · · · · · ·
y (m−1)(a) = η(m−1).

ê�¦)�, �òÙkz�±e�d����§|Ð�¯K
dyi (x)

dx
= yi+1(x), i = 1, · · · ,m, x ∈ [a, b)

dym(x)

dx
= f (x , y1, y2, · · · , ym), x ∈ [a, b)

yi (a) = η(i−1), i = 1, · · · ,m.
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f5~�©�§|�ê��{

f5~�©�§|

�ü��§�ê�¦)�', �§|�AÏ(J��´¤¢�f
5¯K. ·�ÏL±e~f5@£�ef59Ù�U�5�(J.

�Ä�muÐ�§|(
y ′

z ′

)
=

(
−1000 999

0 −1

)(
y
z

)
+ f(t).

´�XêÝ
�A��� λ1 = −1 Ú λ2 = −1000, )���

y(t) = C1e
−t + C2e

−1000t + φ(t),

Ù¥ φ(t) ´)�Au�àg� f(t) �Ü©. � t � 1 �,
y(t) ≈ φ(t). ·�~~F"^ê��{��ìC) φ(t).
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f5~�©�§|�ê��{

A^wª Euler {ê�¦)����(¸

XJA^wª Euler {ê�¦)±þÐ�¯K, dwª Euler �
ª�ýé­½«� R = {µ ∈ C : |1 + µ| < 1}, ��y λ1h ∈ R,
= |1− h| < 1, �I h ∈ (0, 2); ���y λ2h ∈ R, =
|1− 1000h| < 1, KI h ∈ (0, 0.002). Ïd, �
�y�ªýé­
½, �mÚ�h A÷v�¦�p�^�, =7L� h ∈ (0, 0.002).

,��¡, e−t Âñu"��Ý�' e−1000t ú, ���£µþ�
m¤T ¦� e−T �u#NØ��, ��@�ê�)k^�k�
%CìC)
. ,
, du�mÚ����, ù  I�s¤�~
õ��mÚ, k�U���\Ø��È\�ÌO\, l
K�ê
�(J�¢S%C°Ý.
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f5~�©�§|�ê��{

f5�§|�½Â

½Âµ éu�5~�©�§| y′ = Ay + φ(t), XJ A �A�
� λi , ÷v Re(λi ) < 0, i = 1, · · · ,m, �
maxi |Re(λi )| � mini |Re(λi )|, K¡T�§|�f5�§|, ¡

S =
maxi |Re(λi )|
mini |Re(λi )|

�f5'. éu��5~�©�§| y′(t) = f(t, y(t)), � ȳ �
Ù°(), - J(t) = ∂f

∂y (t, ȳ), e�5�§| z′ = J(t)z ´f5

�, K¡T��5�§|�f5�.

(¸µ f5XÚ¥S¹�Oé���mºÝ, ­½5�¦��mÚ�

��d����mºÝ£XÚCz�¯�fL§¤û½, 
#NØ��

¦�µþ�mKd����mºÝ£XÚCz�ú�fL§¤û½.
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f5~�©�§|�ê��{

A ­½�ê��{

XÚ�µþ�m��dXÚ¤�[�¢SA^L§¤û½, 
�
mÚ�KØ
�6u¢SA^L§�	���{�ýé­½«�
k'. Ïd, �
k�¦)f5�§|, ��g,��{Ò´¦�
U*��{�ýé­½«�.

½Âµ XJ��ê��ª�ýé­½«��¹
����E²
¡ Re(λh) < 0, K¡T�ª´ A-­½�.

Ûª Euler �ª´ A-­½�. w,, ��ê��ª´ A-­½�,
KØØ�§|�f5kõ�, �ª�ýé­½5ÑØ¬��Ú�
h �À�, Ïd, Ú� h �À���d°Ý�¦û½.
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f5~�©�§|�ê��{

'u A-­½�ª��
nØ(J

½nµ 'u A-­½�ªk±e(J:

1 ?Ûwª�5õÚ{§±9?Ûwª Runge-Kutta �{§
ÑØ´ A-­½�.

2 Ûª�5õÚ{´A-­½�⇔ (i) σ(ξ) ��Ñ3ü �S;
(ii) 3ü �þ Re(ρ(ξ)/σ(ξ)) ≥ 0.

3 A-­½�Ûª�5õÚ{�°ÝØ�L��.

4 äk��Ø�~ê���A-­½Ûª�5õÚ{´F/{.

5 Gauss .� m ? 2m � (9,
 m ? 2m − 1 Ú 2m − 2
�) �Ûª Runge-Kutta �{´ A-­½�.

6 ��EÑA-­½�m ? q ��Ûª� Runge-Kutta �{.

�
�E°ÝpO�þ���¦)f5�§|�ê��{, k7�·�

�tA-­½���^�. ùÒÚÑ
A(α)-­½5Úf5­½5�Vg.
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f5~�©�§|�ê��{

A(α)-­½5Úf5­½5

½Âµ XJ�3~ê α > 0, ¦���ê��ª�ýé­½«�
R ÷v

R ⊃
{
µ ∈ C : Re(µ) < 0, arctan

|Im(µ)|
|Re(µ)|

≤ α
}
,

K¡T�ª´ A(α)-­½�.

½Âµ XJ�3~ê a > 0, c > 0, ¦���ê��ª�ýé­
½«� R ÷v

R ⊃
{
µ ∈ C : Re(µ) ≤ −a, ½ Re(µ) < 0, |Im(µ)| ≤ c

}
,

K¡T�ª´f5­½�.

5µ e��ê��ª´f5­½�, - α = arctan c
a , KT�ª

´ A(α)-­½�.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

f5~�©�§|�ê��{

A(α)-­½5Úf5­½5ê��{�~ — Gear �{

Gear �{´�« k Ú k �Ûª�5õÚ{. Ù/ª�:

yn+k +
k∑

j=1

αk,jyn+k−j = hβk f(xn+k , yn+k).

k αk,1 αk,2 αk,3 αk,4 αk,5 αk,6 βk

1 −1 1

2 −4
3

1
3

2
3

3 −18
11

9
11 − 2

11
6

11

4 −48
25

36
25 −16

25
3

25
12
25

5 −300
137

300
137 −200

137
75

137 − 12
137

60
137

6 −360
147

450
147 −400

147
225
147 − 72

147
10

147
60

147
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f5~�©�§|�ê��{

A(α)-­½5Úf5­½5ê��{�~ — Gear �{

�±y²: Gear �{´A(α)-­½Úf5­½� ⇔ k ≤ 6.

Table: k ? Gear �{�A(α)-­½5Úf5­½5~ê

k 1 2 3 4 5 6

αk 90◦ 90◦ 88◦27′ 73◦14′ 51◦50′ 18◦47′

ak 0 0 0.1 0.7 2.4 6.1

,��f5­½5~ê�d ck = ak tanαk �Ñ.

5 1µ Gear �{�Ø�~êÑØ�.

5 2µ �±�Ep��äk�ÐA(α)-­½5Úf5­½5~ê
�ê��{. X Jain �{ÚCryer �{(AÏ/ª��5ÛªõÚ{).
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f5~�©�§|�ê��{

A(α)-­½53¢SA^¥�¿Â

�f5XÚ�A��� λj = aj + ibj , aj < 0, bj ∈ R1,
j = 1, · · · ,m, �k |a1| ≤ |a2| ≤ · · · ≤ |am|. Kf5�§|�)�
�©þ�L«�

yk(t) =
m∑
j=1

C
(k)
j e(aj+ibj )t + φj(t), k = 1, · · · ,m,

Ù¥ C
(k)
j , k , j = 1, · · · ,m �dÐ�Ú�§|mà�û½�~ê.

eXÚ�f5' S � 1, �k |bj |/|aj | ≤ tanα, j = 1, 2, · · · ,
m, Kd�ÃØXÛÀ�mÚ� h, ξj = λjh, j = 1, · · · ,m,
Ñá3 A(α)-­½«�S.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

f5~�©�§|�ê��{

f5­½53¢SA^¥�¿Â

eXÚ�f5' S � 1, �k |bj |/|aj | ≤ tan c
a = tanα,

1 ≤ j ≤ m1, |aj | � 1, m1 < j ≤ m. Kd�ÃØXÛÀ�m
Ú� h, ξj = λjh, j = 1, · · · ,m1, Ñá3 A(α)- ­½«�S,
Ïd�á3f5­½«�S.

,��¡, éAu j = m1, · · · ,m �©þ�X t �O�×�
P~, Ïdù
©þé)��zC���Ù�. d�, ���
mÚ� h ÷v |aj |h ≥ a, = λjh á3f5­½«�S,
m1 < j ≤ m, K�A©þ�ê�)¦+�U�é°Ý¿Øp,
�ÙýéØ�£¹�\Ø�¤Ñò´��Ù��, Ïd§�
é�§|ê��N)�K��´é��.

14 / 27



Lecture 17: Numerical Solution for Ordinary Differential Equations
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f5~�©�§|�ê��{

A(α)-­½5Úf5­½5ÑØ·^��¹

eXÚ�f5' S � 1, �k |aj | ∼ O(1), �|bj | � 1,
1 ≤ j ≤ m1 ≤ m. K A(α)-­½5Úf5­½5ÑØ·^.
d�, �kæ^ A-­½�ê��ª.

3¢SA^¥, 3�U��¹e, AT¦�Uò�m£½�
m¤ºÝ�Oé��fXÚ)Í, ¦z�fXÚ�f5Ø�
�, ½ò�Ú, ¦z�fXÚ�±A^ A(α)-­½½f5­
½�ê��ª.

Nõf5¯K��lï��¡\Ã, ïáõºÝ�.Úõº
Ýê��{.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

N �©f�n��²;åÆNX

�ê�¦)ü�~�©�§�', ê�¦)~�©�§|�,�
�Ì�(J5gu¯K�5�. éu�5�~�©�§|�ê�
¦), O�þÚS�I¦þÑ¤�]Ô.

±©fÄåÆ�~. ò N �©f�$ÄNXÀ���äk N �
�:�n��²;åÆNX, �Äïá¿ê�¦) N �©f�
$Ä�§.

��k N ��:�²;åÆNX� Hamilton þ�uÙoUþ:

H(r,p) = K (p) + U(r) =
N∑
i=1

p2
i

2mi
+ U(r),

Ù¥ K (p) ´XÚ�oÄþ, U(r) ´XÚ�³U, pi , mi , ri , ©O
´âf i �Äþ!�þÚ �.
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©fÄåÆ¥�ê��{

N �©f�$Ä�§

N ��:�²;åÆNX�$Ä�§�^Ù Hamilton þL«�
dri
dt

=
∂H(r,p)

∂pi
,

dpi
dt

= −∂H(r,p)

∂ri
.

3n��m¥, ù´��k 6N ���þ���~�©�§|.

éu��k N ��:�²;åÆNX, ®�XÚ�³U U(r),
K�^3âf i þ�å� Fi = −∇iU(r), Ïd, dÚî1�½Æ
F = ma, ·���±��XÚ¥z�âf i �$Ä�§

mi
d2ri
dt2

= −∇iU(r), i = 1, · · · ,N.

3n��m¥, ù´��k 3N ���þ���~�©�§|.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

~^�©fÄåÆê��{— �a�ª

nØþ`, �Ù¥0���«~�©�§ê��{Ñ�A^u¦
)©fÄåÆ�§|. �� N � 1 �, �!�O�þÚS�, <
��´;��OÑ
�
·^u�5�~�©�§|�ê��
{. ~X, ~^uO�©fÄåÆ¯K� Verlet �{!�a�ª
Ú�Ý Verlet �{. Äk0��a�ª:rn+1 = rn + vn+ 1

2
4t,

vn+ 1
2

= vn− 1
2

+
Fn

m
4t,

Ù¥ vn+ 1
2
L« tn+ 1

2
����Ý|, Fn/m L«U©þ�Ø��

���þ. N´wÑ�a�ª'u £|Ú�Ý|Ñäk��°
Ý. du £|Ú�Ý|´3����þO��, Ïd, �Ó�¼
�âf3,��� £Ú�Ý�, I�éê�(J��?n, ù
  ¬O\$�þ¿��°Ý.
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©fÄåÆ¥�ê��{

F �~�þ��a�ª�­½5

P ern = rn − r(tn), ev
n+ 1

2

= vn+ 1
2
− v(tn+ 1

2
). P Rr

n Ú Rv
n+ 1

2

��

ª�Ø�£¹ÛÜ�äØ�Ú�\Ø�¤, Kd½Âk

en ,

(
ern

ev
n+ 1

2

)
=

(
I 4t · I
0 I

)(
ern−1

ev
n− 1

2

)
+

(
Rr
n

Rv
n+ 1

2

)
= Aen−1 + Rn,

Ù¥ I � 3N ��ü Ý
. u´, 8B/k

‖en‖∞ ≤ ‖Ane0‖∞ +
n−1∑
k=0

‖AkRn−k‖∞.

´y

Ak =

(
I k · 4t · I
0 I

)
.
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©fÄåÆ¥�ê��{

F �~�þ��a�ª�­½5£Y¤

Ïd, � n4t ≤ T �, P RT = maxk≤T/4t ‖Rk‖∞, k

‖evn‖∞ ≤ ‖ev0‖∞ + n max
k≤T/4t

‖Rv
k‖∞ ≤ ‖ev0‖∞ + (4t)−1TRv

T .

‖ern‖∞ ≤ ‖er0‖∞ + n4t‖ev0‖∞ +
n−1∑
k=0

(R r
T + k4tRv

T )

≤ ‖er0‖∞ + T‖ev0‖∞ + (4t)−1T (R r
T +

1

2
TRv

T ).

dd���ª´"­½�, ��Ã�\Ø��'u�ÝÚ £�
Âñ�þ� O(4t2). ��Ä�\Ø���ªØäk 4t/T → 0
��­½5. Ïd, ¢SO��I5¿�ª°Ý� (4t)−1T ��
�\Ø�m�²ï (éf5é��¯K§æ��
�).
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

~^�©fÄåÆê��{— Verlet �{

Verlet �{µ d Taylor Ðmk

rn+1 = rn + vn4t +
1

2

Fn

m
4t2 +

1

6

d3rn
dt3
4t3 + O(4t4),

rn−1 = rn − vn4t +
1

2

Fn

m
4t2 − 1

6

d3rn
dt3
4t3 + O(4t4),

üª©O�\Ú�~�

rn+1 = 2rn − rn−1 +
Fn

m
4t2 + O(4t4)

vn =
rn+1 − rn−1

24t
+ O(4t2).
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©fÄåÆ¥�ê��{

F �~�þ�Verlet �{�­½5

P ern = rn − r(tn). P Rr
n ��ª�Ø�£¹ÛÜ�äØ�Ú�

\Ø�¤, Kd½Â�Ø��§

ern+1 − 2ern + ern−1 = Rr
n,

T�©�§�A��§� λ2 − 2λ+ 1 = 0, ¤±k λ1,2 = 1. d
d��©�§�Ï)�±L«�

ern = c1 + c2(n − 1) +
n−1∑
k=1

(n − k)Rr
k ,

Ù¥ c1 = er0, c2 = (er1 − er0) , 4tev0 . dd�

‖ern‖∞ ≤ (‖er0‖∞ + n4t‖ev0 ‖∞) +
n−1∑
k=1

k ‖Rr
n−k‖∞.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

F �~�þ�Verlet �{�­½5£Y¤

� n4t ≤ T �, P R r
T = maxk≤T/4t ‖Rr

k‖∞, Kk

‖ern‖∞ ≤ (‖er0‖∞ + T‖ev0 ‖∞) +
1

2
(4t)−2T 2R r

T .

dd���ª´"­½�, �Ã�\Ø��'u £Ú�Ý�Â
ñ�©O� O(4t2), O(4t). �k�\Ø���ªØäk
4t/T → 0 ��­½5, Ïd, ¢SO��I5¿�ª°Ý�
(4t)−2T 2 ���\Ø�m�²ï. ùw,'�a�ª����.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

~^�©fÄåÆê��{— �ÝVerlet �{

Verlet �{��Ý|´^ £|�ê�(J�ê��©���,
Ïd¢SO��¬��O�°Ý£¿�k� ��ê¤. XJé
�Ý|�¥%�û%C, K¬k|uUõO�°Ý.

�ÝVerlet �{µ
rn+1 = rn + vn4t +

1

2

Fn

m
4t2,

vn+1 = vn + 1
2

(Fn

m
+

Fn+1

m

)
4t,

�ÝVerlet �{'u £|Ú�Ý|Ñäk��°Ý. ��a�
ªÚVerlet �{�'�ÝVerlet �{��?3uÙ�Ð�­½5
Ú�p��Ý|°Ý, Øv�?K´���O�þ.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

F �~�þ��ÝVerlet �{�­½5

P ern = rn − r(tn), evn = vn − v(tn). P Rr
n Ú Rv

n ��ª�Ø�
£¹ÛÜ�äØ�Ú�\Ø�¤, Kd½Âk

en+1 ,

(
ern+1

evn+1

)
=

(
I 4t · I
0 I

)(
ern
evn

)
+

(
Rr
n

Rv
n

)
= Aen + Rn.

u´k ‖en+1‖ ≤ ‖Ane1‖+
∑n

k=1 ‖AkRn−k‖. ØJ�y

Ak =

(
I k4t · I
0 I

)
.
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~�©�§ê��{— �§|9p��§ê��{!f5�§|Ú©fÄåÆ¥�ê��{

©fÄåÆ¥�ê��{

F �~�þ��ÝVerlet �{�­½5(Y)

Ïd, � n4t ≤ T �, P RT = maxk≤T/4t ‖Rk‖∞, k

‖evn‖∞ ≤ ‖ev0‖∞ + n max
k≤T/4t

‖Rv
k‖∞ ≤ ‖ev0‖∞ + (4t)−1TRv

T .

‖ern‖∞ ≤ ‖er0‖∞ + n4t‖ev0‖∞ +
n−1∑
k=0

(R r
T + k4tRv

T )

≤ ‖er0‖∞ + T‖ev0‖∞ + (4t)−1T (R r
T +

1

2
TRv

T ).

dd���ª´"­½�, ��Ã�\Ø��'u�ÝÚ £�
Âñ�þ�O(4t2). ��ªØäk4t/T → 0 ��ê�­½5,
Ïd, ¢SO��I5¿�ª°Ý� (4t)−1T ���\Ø�m
�²ï. T�ª'Verlet �{­½5�Ð, '�a�ª°Ý�p,
¢SO��(ê�)­½5Ú°Ý�(¢�Ð, cÙ´T é��.
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SK8µ9; þÅSK8µ2, 4.

Thank You!
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