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Lecture 16: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

�5õÚ{�Ä�Ñu:

XJ`üÚ{�Ä�g�3u|^c�Ú�&ECqO�e�Ú
�²þFÝ�½È©²þ�, KõÚ{Ã�´F"|^ceZÚ
�&E���p°Ý�%C. ±O�È©²þ��~.

� y(x) ´~�©�§Ð�¯K
dy

dx
= f (x , y), a ≤ x ≤ b,

y(a) = y0,

�°(), Ké!: xn+1, xn−p k

y(xn+1) = y(xn−p) +

∫ xn+1

xn−p

f (x , y(x)) dx .
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Lecture 16: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

Äuê�È©��5õÚ{

e^Äu!: xn, xn−1, · · · , xn−q �ê�È©CqÈ©∫ xn+1

xn−p
f (x , y(x)) dx , K���5õÚ{wª�ª

yn+1 = yn−p + h

q∑
j=0

αj f (xn−j , yn−j),

Ù¥ αj = 1
h

∫ xn+1

xn−p
lj(x) dx , lj(x), j = 0, · · · , q ´'u!:

xn, xn−1, · · · , xn−q � Lagrange ��Ä¼ê.

P r = max{p, q}, �®�!:¼ê� yn−r , · · · , yn �, B�d�
ª��¦� yn+1. d��ª� r + 1 Ú q + 1 ��.

~X, � p = 1, q = 2 �, ��3Ú3�wª�ª

yn+1 = yn−1 +
h

3
[7f (xn, yn)− 2f (xn−1, yn−1) + f (xn−2, yn−2)].
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

Äuê�È©��5õÚ{

e^Äu!: xn+1, xn, · · · , xn+1−q �ê�È©CqÈ©∫ xn+1

xn−p
f (x , y(x)) dx , K���5õÚ{Ûª�ª

yn+1 = yn−p + h

q∑
j=0

βj f (xn+1−j , yn+1−j),

Ù¥ βj = 1
h

∫ xn+1

xn−p
lj(x) dx , lj(x), j = 0, · · · , q ´'u!:

xn+1, xn, · · · , xn+1−q � Lagrange ��Ä¼ê.

P r = max{p, q − 1}, �®�!:¼ê� yn+1−r , · · · , yn �, B
�d�ªÛª)� yn+1. d��ª� r + 1 Ú q + 1 ��.

~X, � p = 2, q = 2 �, ��3Ú3�Ûª�ª

yn+1 = yn−2 +
h

4
[3f (xn+1, yn+1) + 9f (xn−1, yn−1)].
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

Äuê�È©��5õÚ{— Adams �{£p = 0¤

þã�{¥e p = 0, K�A��{Ú¡� Adams �{. d�,
�A�üÚ{, = q = 0, � Euler �ª; �A�üÚwª Adams
�ª£q = 1¤�

yn+1 = yn +
h

2
[3f (xn, yn)− f (xn−1, yn−1)];


�A�üÚÛª Adams �ª£q = 1¤(�¡�F/úª)�

yn+1 = yn +
h

2
[f (xn+1, yn+1) + f (xn, yn)].

�5õÚ{�ÛÜ�äØ��|^��õ�ª�{�§�,��
±^ Taylor Ðm©Û.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

Äuý�-����5õÚ{

�Óawª�ª�'§Ûª�ª��äk���ÛÜ�äØ�Ú
�Ð�­½5. �3Ûª�ª¥, yn+1   I�ÏLS�{¦).
ùÏ~¬¦O�þ�O, cÙ3"y��Ð�Ð���¹e.

ý�-���g�=�À��·��wª�ª¦Ñ yn+1 �ý��
��Ûª�ª���Ð�S�Ð�, 2ÏLÛª�ªéý���
�ÚS������äk�p°Ý�Ð­½5� yn+1.

Äuý�-��g��E��ª¡�ý�-���ª.

~X, ^ Euler �ª�ý�, F/úª��ÚS�����U?
� Euler �ª:{

y∗n+1 = yn + f (xn, yn),

yn+1 = yn + h
2 [f (xn, yn) + f (xn+1, y

∗
n+1)].
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Äuý�-����5õÚ{

~^�ý�-��úªµ

^ p = 3, q = 2 �oÚn�wª�ª�ý�, p = 1, q = 2 �ü
Ún�Ûª�ª��ÚS�����n: Milne úª:
y∗n+1 = yn−3 + h

3 [8f (xn, yn)− 4f (xn−1, yn−1) + 8f (xn−2, yn−2)],

yn+1 = yn−1 + h
3 [f (xn+1, y

∗
n+1) + 4f (xn, yn) + f (xn−1, yn−1)].

^ p = 0, q = 3 �oÚo�wª�ª�ý�, p = 0, q = 3 �n
Úo�Ûª�ª��ÚS�����o: Adams úª:

y∗n+1 =yn+ h
24 [55f (xn, yn)−59f (xn−1, yn−1)+37f (xn−2, yn−2)−9f (xn−3, yn−3)],

yn+1 =yn+ h
24 [9f (xn+1, y

∗
n+1)+19f (xn, yn)−5f (xn−1, yn−1)+f (xn−2, yn−2)].
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

�5õÚ{�ý�-���ªê��~

� h = 0.1, A^�5õÚ{�ý�-���ª¦)¯K
dy

dx
= x3 − y

x
, x > 1,

y(1) = 2
5 .

¯K�°()�

y =
1

5
x4 +

1

5x
.

555: ùp f (x , y) = x3 − y
x , � x > 1 �, |fy (x , y)| = 1

x < 1. Ïdk

αh|f (xn+1, y
∗
n+1)− f (xn+1, y

†
n+1)| < αh|y∗n+1 − y†n+1|, Ù¥ y∗n+1 Ú y†n+1

´wª�ªý��ÚÛª���ª�), αh ´Ûª���ª�A��

Xê. dd���)÷v |yn+1 − y†n+1| < αh|y∗n+1 − y†n+1|.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

�5õÚ{�ý�-���ªê��~

xn üÚÛªAdams �ª U?� Euler úª °()

1 0.400000 0.400000 0.400000

1.1 0.474961 0.475641 0.474638

1.2 0.582069 0.583408 0.581387

1.3 0.726138 0.728135 0.725066

1.4 0.912664 0.915329 0.911177

1.5 1.147760 1.151110 1.145833

1.6 1.438111 1.442169 1.435720

1.7 1.790945 1.795738 1.788067

1.8 2.214019 2.219578 2.210631

1.9 2.715606 2.721961 2.711683
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

üÚÛªAdams �ª�ê��~

Table: üÚÛªAdams �ª�Ø��°Ý(h = 0.1, x = 2.0)

Ú� Ø� °Ý�

h 4.4803e-003

h/2 1.11986e-003 2.00027

h/4 2.79952e-004 2.00007

h/8 6.99873e-005 2.00002

h/16 1.74968e-005 2.00000
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

�5õÚ{�ý����ª

U?� Euler úª�ê��~

Table: U?� Euler úª�Ø��°Ý(h = 0.1, x = 2.0)

Ú� Ø� °Ý�

h 1.1665e-002

h/2 2.91656e-003 1.99985

h/4 7.29160e-004 1.99996

h/8 1.82291e-004 1.99999

h/16 4.55729e-005 2.00000
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

üÚ{��N5

üÚ{���L«�{
yn+1 = yn + hϕ(xn, xn+1, yn, yn+1, h),

y0 = y(x0).

ùp ϕ(xn, xn+1, yn, yn+1, h) ¡�Oþ¼ê.

½Âµ éüÚ{, XJ�3 p > 0, ¦�ÙÛÜ�äØ�

T (x) = y(x+h)−y(x)−hϕ(x , x+h, y(x), y(x+h), h) = O(hp+1),

Ù¥ y(x) ´�A�©�§�°(), K¡�ª´ (p �)�N�.

5µüÚ{�ÛÜ�äØ�Ò��u hϕ(x , x+h, y(x), y(x+h),h)
%C

∫ xn+1

xn
f (x , y(x)) dx ��äØ�.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

üÚ{�Âñ5

½nµ �üÚ{¥�Oþ¼ê÷v Lipschitz ^�

|ϕ(x1, x2, ŷ1, ỹ1, h)−ϕ(x1, x2, ŷ2, ỹ2, h)| ≤ L1|ŷ1− ŷ2|+ L2|ỹ1− ỹ2|,

Ù¥ L1, L2 � Lipschitz ~ê, ��ª´ (p �)�N�, K�ª´
p �Âñ�, =�3~ê C > 0, ¦�

|yn − y(xn)| ≤ Chp.

y²µ - ȳn+1 = y(xn) + hϕ(xn, xn+1, y(xn), y(xn+1), h), Kk
ȳn+1 − y(xn+1) = Tn+1 = O(hp+1). u´
en+1 = (yn+1 − y(xn+1)) ÷v

|en+1|≤|yn+1−̄yn+1|+|ȳn+1−y(xn+1)|≤(1+hL1)|en|+hL2|en+1|+|Tn+1|.
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Lecture 16: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

üÚ{�Âñ5�y²£Y¤

Ø�� 2L2h < 1, - L = 2(L1 + L2), u´k 1+L1h
1−L2h

≤ 1 + Lh,
1

1−L2h
≤ 1 + 2L2h < 1 + Lh. Ïd�Ø�Ø�ª

|en+1| ≤ (1 + Lh)|en|+ (1 + Lh)|Tn+1|, n ≥ 0.

dd4í�

|en+1| ≤ (1 + Lh)n+1|e0|+
n∑

k=0

(1 + Lh)k |Tn+1−k |

≤ (1 + Lh)n+1|e0|+
(1 + Lh)n+1 − 1

Lh
max

0≤k≤n
|Tk+1|.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

üÚ{�Âñ5�y²£Y¤

y� h = (b − a)/N, 1 ≤ n ≤ N, u´

(1 + Lh)n ≤
(

1 +
L(b − a)

N

) N
L(b−a)

L(b−a)
≤ eL(b−a).

dd9cª=�üÚ{��NØ��Oµ

|en| ≤ eL(b−a)|e0|+
eL(b−a) − 1

Lh
max

1≤k≤n
|Tk |, ∀ 0 ≤ n ≤ N =

b − a

h
.

AO/, �Ð©Ø� e0 = 0, max
1≤k≤n

|Tk | = O(hp+1), =�ª� p

��, k

|en| ≤
eL(b−a) − 1

Lh
max

1≤k≤n
|Tk | = O(hp).

½n�y. �
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

üÚ{�­½5— ­½5ïÄ�é�

±þÂñ5©Û¥, ¤kO�Ñ@�´°(�. �3¢SO��,
Ø�;�/¬kO�Ø�, ù=k�\Ø�, �kS�{�íþ.

eP ỹn+1 �31 n + 1 ÚdüÚ{¢SO�¤��(J, K�N
Ø� ẽn+1 , ỹn+1 − y(xn+1) = (ỹn+1 − yn+1) + (yn+1 − y(xn+1))
= (ỹn+1 − yn+1) + en+1. Ù¥ yn+1 ´�ª�°(), Ø� |en+1|
dc¤y�dÐ©Ø�Ú�{�ÛÜ�äØ��Ñ�O.

�duO�Ø� ỹn+1 �´Cq÷v�ª, ÏdÙíþ�", =

(Rhỹ)n ,
1

h

[
ỹn+1 − ỹn − hϕ(xn, xn+1, ỹn, ỹn+1, h)

]
6= 0.


,�Ü©Ø� ỹn+1 − yn+1 �ÄdÐ©Ø�Úíþ��K´�
{­½5ïÄ�é�.
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üÚ{�­½5

½Âµ XJ�3~ê K > 0 Ú h0 > 0, ¦�é?¿��ºÝ÷
v h ≤ h0 ���!:þ����þ v, w Ñk

‖v −w‖∞ ≤ K (‖v0 −w0‖∞ + ‖Rhv −Rhw‖∞),

K¡�A�ª´­½�.

5 1µ �ìÂñ5½n�y²§ØJy²÷v Lipschitz ^��
�ª´­½�(K = (eL(b−a) − 1)/L) (��7ê�­½).

5 2µ d�k ‖ỹ− y‖∞ ≤ K (‖ỹ0 − y0‖∞ + ‖Rhỹ‖∞ + ‖Thy‖∞).

5 3µ Ïd, �OÚ��íþ Rhỹ ¤��EÚ¦^�ª��:
��. 
�OÚ��íþ Rhỹ 3���¹e´�©(J�.

5 4µ �ª�ýé­½5´���ªíþ Rhỹ �­�óä.

5 5µ eò±þ½Â�uíþ�"��þ8Ü, K�A�­½5
¡�"­½5, §�du�ªéÐ�Úmà����ëY�65.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{��N5

�5õÚ{���±L«�
k∑

i=0

αiyn+i = h
k∑

i=0

βi f (xn+i , yn+i ),

Ù¥ αk = 1, α0 Ú β0 ØÓ��". � βk = 0 �, �{¡�w
ª�, βk 6= 0 �, �{K¡�Ûª�.

½Âµ é�5õÚ{, XJ�3 p > 0, ¦�ÙÛÜ�äØ�

Tn+k ,
k∑

i=0

αiy(xn+i )− h
k∑

i=0

βi f (xn+i , y(xn+i )) = O(hp+1),

Ù¥ y(x) ´�A�©�§�°(), K¡�ª´ (p �)�N�.

5µ �y�5õÚ{�N�¿�^�´ ρ(1) = 0, ρ′(1) = σ(1)
(|^ Taylor Ðm), Ù¥ ρ(ξ) ,

∑k
i=0 αiξ

i Ú σ(ξ) ,
∑k

i=0 βiξ
i

©O¡��ª�1�Ú1�A�õ�ª.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{�­½5

é�5õÚ{, ½Âíþ�f Rh �

(Rhu)n =
1

h

( k∑
i=0

αiun+i

)
−

k∑
i=0

βi f (xn+i , un+i ).

K�aq/Ú\­½5�½Â.

½Âµ XJ�3~ê K > 0 Ú h0 > 0, ¦�é?¿��ºÝ÷
v h ≤ h0 ���!:þ����þ v, w Ñk

‖v −w‖∞ ≤ K (
k−1∑
i=0

‖vi −wi‖∞ + ‖Rhv −Rhw‖∞),

K¡�A�5õÚ{�ª´­½�.

5µ �5õÚ{�íþ Rhỹ ��|^�ª�ýé­½5��.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{�"­½5

½Âµ XJ�3~ê K > 0 Ú h0 > 0, ¦�é?¿��ºÝ÷
v h ≤ h0 ���þ�5õÚ{�ª�?Ûü�) v, w Ñk

‖v −w‖∞ ≤ K
k−1∑
i=0

‖vi −wi‖∞,

K¡�A�5õÚ{�ª´"­½�.

5 1µ �±y², �5õÚ{�ª´"­½�¿�^�´Ù1�
A�õ�ª ρ(ξ) ,

∑k
i=0 αiξ

i ÷v�^�, =Ù¤k�Ñ3ü 
�S½ü �þ, �3ü �þ���U´ü�.

5 2µ �±y², e��5õÚ{�ª´"­½�, � f ÷v
Lipscitz ^�, K� h ¿©��T�ª´­½�.

5 3µ "­½�du�ª (f ÷v Lipscitz ^�) h→ 0 ��­½5.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{�A�õ�ª

ò�5õÚ{A^uÁ��§ y ′ = λy � k ��5�©�§:
k∑

i=0

αiyn+i = λh
k∑

i=0

βiyn+i .

ò/� yi = ξiy0 �A)�\�©�§�ÙA�õ�ª:

ρ(ξ)− µσ(ξ) = 0,

Ù¥ ρ(ξ) ,
∑k

i=0 αiξ
i Ú σ(ξ) ,

∑k
i=0 βiξ

i ©O¡��ª�1
�Ú1�A�õ�ª, µ = λh.

5µ �©�§���¤Ý
/ª yn+k = Ayn+k−1, ùp�þ
yn+k = (yn+k , · · · , yn+1)T , �§|�1���§d±þ�©�§
�Ñ, Ù§� yn+i = yn+i , i = 0, · · · , k − 1. d� ρ(ξ)− µσ(ξ)
=� A �A�õ�ª.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{�ýé­½5

½Âµ e�5õÚ{3±½Ú� h ¦)Á��§

y ′ = λy , λ ∈ C,

��"Ð�¯K�, ���lÑ) yn ÷v limn→∞ yn = 0, K¡
Tê��{'u λh �ýé­½�; ÄK§¡T�{'u λh �
O�Ø­½�£½�ýé­½�¤.

d½Â�, �A��§�¤k�£¹­�¤Ñ÷v |ξ(µ)| < 1 �,
�A��5õÚ{�Ú�� h �´ýé­½�.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{�ýé­½«�

½Âµ ò���5õÚ{�A^u¦)Á��§

y ′ = λy , λ ∈ C,

�, e�3E²¡¥�«� R ⊂ C, ¦���=�Ú� h ÷v

µ = λh ∈ R ⊂ C

�, Tê��{éÚ� h �ýé­½�, K¡«� R �T�{�
ýé­½«�.

d½Â�, R = {µ ∈ C : |ξi (µ)| < 1, i = 1, · · · , k}, Ù¥ ξi (µ),
i = 1, · · · , k ��5õÚ{�A��§��£¹­ê¤.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5üÚ{ýé­½«��~

©ÛüÚ Adams Ûª�ª

yn+1 = yn +
h

2
[f (xn+1, yn+1) + f (xn, yn)]

�ýé­½«�.

d½ÂÚ α0 = −1, α1 = 1, β0 = 1
2 , β1 = 1

2 , �ª�A��§�

ρ(ξ)− µσ(ξ) , (−1 + ξ)− µ(
1

2
+

1

2
ξ) = 0.

dd��ª�A��´ ξ(µ) = 2+µ
2−µ . Ïd, �ª�ýé­½«�

´
R =

{
µ ∈ C : |2 + µ| < |2− µ|

}
.
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~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{ýé­½«��~

©ÛüÚ Adams wª�ª

yn+1 = yn +
h

2
[3f (xn, yn)− f (xn−1, yn−1)]

�ýé­½«�.

d½ÂÚ α0 = 0, α1 = −1, α2 = 1, β0 = −1
2 , β1 = 3

2 , β2 = 0, �
ª�A��§�

ρ(ξ)− µσ(ξ) , (−ξ + ξ2)− µ(−1

2
+

3

2
ξ) = 0.

dd��ª�A��´ ξ±(µ) =
1+ 3

2
µ±

√
1+µ+ 9

4
µ2

2 . Ïd, �ª�
ýé­½«�´

R =
{
µ ∈ C : |ξ±(µ)| < 1

}
.
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Lecture 16: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{��é­½5

½Âµ e�5õÚ{´"­½�, ��3~ê α > 0, ¦�3±
Ú� h ¦)Á��§

y ′ = λy , Re(λ) > 0,

��"Ð�¯K�, e�3~ê α > 0, ¦�lÑ) yn ÷v

lim
n→∞

yne
−n[Re(λh)+α(Re(λh))2] = 0,

K¡Tê��{'u λh ��é­½�; ÄK§¡T�{'u
λh ���é­½�.

5 1µ 3�é­½«�, d�\Ø�Úå�(nh ≤ X )ê�)�Ø��é��.

5 2µ P ξi (µ), i = 1, · · · , k ��5õÚ{�A��§��. �±y²�N�

"­½��5õÚ{�ª (5¿d�7k ξ1(0) = 1) ��é­½«��

R = {µ ∈ C : |ξi (µ)| < |ξ1(µ)|, i = 2, · · · , k}.
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Lecture 16: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5üÚ{�é­½«��~

©ÛüÚ Adams Ûª�ª

yn+1 = yn +
h

2
[f (xn+1, yn+1) + f (xn, yn)]

��é­½«�. dd�éÁ��§ y ′ = λy ,

yn =
(2 + λh

2− λh

)n
y0.

dd��ª�A��´ ξ(µ) = 2+µ
2−µ = 1 + µ+ 1

2−µµ
2. Ïd, �

ª��é­½«�

R =
{
µ ∈ C : Re(µ) > 0,Re(µ) 6= 2

}
.
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Lecture 16: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— �5õÚ{�ý����ª!üÚ{��5õÚ{�nØ©Û

üÚ{��5õÚ{�nØ©Û

�5õÚ{�é­½«��~

©ÛüÚ Adams wª�ª

yn+1 = yn +
h

2
[3f (xn, yn)− f (xn−1, yn−1)]

��é­½«�. �ª�A��´ ξ±(µ) =
1+ 3

2
µ±

√
1+µ+ 9

4
µ2

2 . d
d�

ξ±(µ) =

{
1 + µ+ 17

16µ
2 + O(µ3)

1
2µ−

17
16µ

2 + O(µ3)
.

Ïd, ��� h ¿©���ª��é­½�.
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SK8µ4, 8; þÅSK8µ1.

Thank You!
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