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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

�c���£wª�Ûª¤ Euler �{

�c£wª¤ Euler �ª£�{¤

�Ä·½���~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0.

�¯K�) y(x) ∈ C2[a, b].

Ú\�å!: a = x0 < x1 < · · · < xN = b, xn = nh, n = 0, 1,
· · · ,N, h = (b − a)/N. ò) y(xn+1) 3 xn ?� Taylor Ðm:

y(xn+1) = y(xn) + hy ′(xn) +
h2

2
y ′′(ξn),

Ù¥ ξn ∈ (xn, xn+1). Ñ����þ§��c Euler �ª:{
yn+1 = yn + hf (xn, yn), n = 0, 1, · · · ,N − 1,

y0 = y(a).
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

�c���£wª�Ûª¤ Euler �{

��£Ûª¤ Euler �ª£�{¤

eò) y(xn) 3 xn+1 ?� Taylor Ðm:

y(xn) = y(xn+1)− hy ′(xn+1) +
h2

2
y ′′(ηn),

Ù¥ ηn ∈ (xn, xn+1). Ñ����þ§K��� Euler �ª:{
yn+1 = yn + hf (xn+1, yn+1), n = 0, 1, · · · ,N − 1,

y0 = y(a).

5 1µ �c Euler �ª´�«wª�ª§=�½ xn, yn �, yn+1 �d
�ª�mà���O���.

5 2µ �� Euler �ª´�«Ûª�ª§=�½ xn, yn �, yn+1 ØU
d�ª�mà���O���, I�ÏL)�§¦�.

5 3µ Euler �ª�AÛ¿Â: ^à:�FÝCqý)�²þFÝ.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

�c���£wª�Ûª¤ Euler �{

Euler �ª�~

�Ä·½���~�©�§Ð�¯Kµ{
y ′ = x − y + 1, ∀x > 0,

y(0) = 1.

ùp f (x , y) = x − y + 1, y0 = 1. °() y(x) = x + e−x .

� h = 0.1. Kk§�c Euler �ª:

yn+1 = 0.1xn + 0.9yn + 0.1, n = 0, 1, · · · ,

�� Euler �ª:

yn+1 = (0.1xn+1 + yn + 0.1)/1.1, n = 0, 1, · · · ,

3 xn = 0.5 ?, �c Euler �ªÚ�c Euler �ª�Ø�
y(xn)− yn ©O´ 1.6× 10−2 Ú −1.4× 10−2. °Ý��.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

~�©�§ê��ª�ê�½5— ê��ª�ýé½5

~�©�§ê��ª�ýé½5— ©Ûê�½5�óä

½Âµ e��~�©�§ê��{3±½Ú� h ¦)Á��§

y ′ = λy , λ ∈ C,

��"Ð�¯K�, ¤�Ñ�´��5�©�§, ����lÑ
) yn ÷v limn→∞ yn = 0, K¡Tê��{'uλh �ýé½
�; ÄK§¡T�{'uλh ��ýé½, ½O�Ø½�.

5µ �Re(λ) ≥ ∂f
∂y > 0, d�\Ø�Úå�ê�)�Ø���¬

� x O�O�. �5¿�°()���´O¼ê, Ïd, ���
\Ø�O��é��=�. ê��{¡�´'uλh �é½�:
e�3~ê α > 0, ¦��AÁ��§�ê�)÷v

lim
n→∞

yne
−n[Re(λh)+α(Re(λh))2] = 0.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

~�©�§ê��ª�ê�½5— ê��ª�ýé½5

~�©�§ê��ª�ýé½«�

½Âµ ò��~�©�§ê��{A^u¦)Á��§

y ′ = λy , λ ∈ C,

�, e�3E²¡¥�«� R ⊂ C, ¦���=�Ú� h ÷v

µ = λh ∈ R ⊂ C

�, Tê��{éÚ� h �ýé½�, K¡«� R �T�{�
ýé½«�.

5 1µ ýé½«����´ê��{`��'�IO��.

5 2µ �ê��ª'u ∂f
∂y h oáu�{�ýé(�é)½«�.

KdÐ�Ø�Ú�\Ø�Úå�ê�)�ýé(�é)Ø�´�þ.
(d Gronwall Ø�ªÚ (ỹ − y)′(x) = ∂f

∂y (x , y
∗)(ỹ − y)(x))
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

~�©�§ê��ª�ê�½5— ê��ª�ýé½5

�c Euler �ª�ýé½«�

éÁ��§
y ′ = λy , λ ∈ C,

�c Euler �ª´:

yn+1 = yn + hf (xn, yn) = yn + λhyn = (1 + λh)yn, n ≥ 0.

Ïdk yn = (1 + λh)ny0. d½Â, �c Euler �ª�ýé½«
��

R = {µ ∈ C : |1 + µ| < 1}.

ù´E²¡þ± (−1, 0) �¥%, �»� 1 ��/«��SÜ.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

~�©�§ê��ª�ê�½5— ê��ª�ýé½5

�� Euler �ª�ýé½«�

éÁ��§
y ′ = λy , λ ∈ C,

�� Euler �ª´:

yn+1 = yn + hf (xn+1, yn+1) = yn + λhyn+1, n ≥ 0.

Ïdk yn = (1− λh)−ny0. d½Â, �� Euler �ª�ýé½
«��

R = {µ ∈ C : |1− µ| > 1}.

ù´E²¡þ± (1, 0) �¥%, �»� 1 ��/«��	Ü.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

~�©�§ê��ª�ê�½5— ê��ª�ýé½5

¥%�©�ª�ýéØ½5

����ª�ýé½«���8�, ¡Ù�ýéØ½�.
éÁ��§

y ′ = λy , λ ∈ C,

A^¥%�©�ª yn+1 = yn−1 + 2hf (xn, yn), �ÙA��§:

yn+1 − 2λhyn − yn−1 = 0, n ≥ 1.

½ (
yn+1

yn

)
=

(
2λh 1
1 0

)(
yn
yn−1

)
=

(
2λh 1
1 0

)n (
y1

y0

)
, ∀n.

dd�A��§ (ρ2 − 2µρ − 1 = 0)�ü��� ρ± = λh ±
√
1 + λ2h2.

dué?Û µ = λh, du ρ+ρ− = −1, ¤± |ρ±| < 1 Ø�UÓ
�¤á, Ïd¥%�©�ª´ýéØ½�.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

ê��{�ÛÜ�äØ�Ú�{��

ê��ª´é�©�§�lÑ%C

�Ä·½���~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0,

�üÚ{ (=3¦ yn+1 �, ØI^� n Ú�c�&E):

yn+1 = yn + hϕ(xn, xn+1, yn, yn+1, h),

Ù¥ ϕ � f k'. P�©�f Dy(x) , y ′(x)− f (x , y(x)), Pl
Ñ�f Dhyn+1 , yn+1−yn

h −ϕ(xn, xn+1, yn, yn+1, h), K�±@��
{�´^lÑ�f Dh CqO��©�fD ���Ñ�.

(Dh − D)y(xn+1) �N
ê��ªé�©�§�%C�°Ý. e
y(x) ´�©�§�°(), KkDy(x) ≡ 0, Ïd, ÚÑ±e½Â.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

ê��{�ÛÜ�äØ�Ú�{��

ê��{�ÛÜ�äØ�ÚÛÜ�äØ�Ì�

½Âµ � y(x) ´�©�§�°(), = Dy(x) ≡ 0, K¡

Tn+1 = y(xn+1)− y(xn)− hϕ(xn, xn+1, y(xn), y(xn+1), h)

�üÚ{�ÛÜ�äØ�.

5µ U½Âk Tn+1 = h · (Dh − D)y(xn+1).

½Âµ XJ��ê��{�ÛÜ�äØ� Tn+1 = O(hp+1), Ù
¥ p �g,ê, K¡T�{´ p ��, ½äk p �°Ý. ek

Tn+1 = g(xn, y(xn))h
p+1 + O(hp+2), g(xn, y(xn)) 6= 0,

K¡ g(xn, y(xn))h
p+1 ´T�{�ÛÜ�äØ�Ì�.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

ê��{�ÛÜ�äØ�Ú�{��

�c Euler �{�ÛÜ�äØ�ÚÛÜ�äØ�Ì�

�c Euler �ª´: yn+1 = yn + hf (xn, yn).

Ïd, d�§, ¿|^ Taylor Ðmk

Tn+1 = y(xn+1)− y(xn)− hf (xn, y(xn))

= y(xn+1)− y(xn)− hy ′(xn)

=
h2

2
y ′′(xn) + O(h3).

¤±, �c Euler �{�ÛÜ�äØ�´���§ÙÛÜ�äØ
�Ì�� h2

2 y ′′(xn).
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

ê��{�ÛÜ�äØ�Ú�{��

�� Euler �{�ÛÜ�äØ�ÚÛÜ�äØ�Ì�

�� Euler �ª´: yn+1 = yn + hf (xn+1, yn+1).

Ïd, d�§, ¿|^ Taylor Ðmk

Tn+1 = y(xn+1)− y(xn)− hf (xn+1, y(xn+1))

= y(xn+1)− y(xn)− hy ′(xn+1)

= −h2

2
y ′′(xn+1) + O(h3) = −h2

2
y ′′(xn) + O(h3).

¤±, �� Euler �{�ÛÜ�äØ��´���§ÙÛÜ�ä
Ø�Ì�� −h2

2 y ′′(xn) ½ −h2

2 y ′′(xn+1).
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

ê��{�ÛÜ�äØ�Ú�{��

¥%�©�ª�ÛÜ�äØ�ÚÛÜ�äØ�Ì�

¥%�©�ª´ (��{ü�üÚ{): yn+1 = yn−1 + 2hf (xn, yn).

Ïd, d�§, ¿|^ Taylor Ðmk

Tn+1 = y(xn+1)− y(xn−1)− 2hf (xn, y(xn))

= y(xn+1)− y(xn−1)− 2hy ′(xn)

=
h3

3
y ′′′(xn) + O(h5).

¤±, ¥%�©�ª�ÛÜ�äØ�´���§ÙÛÜ�äØ�
Ì�� h3

3 y ′′′(xn). �T�{´ýéØ½�, Ïd�7,o´ê
�Ø½�. dd��, ÛÜ�äØ�p��{�7´Ð�{.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

üÚ{�Ø�©Û

üÚ{�Ø�Ø�ª

�Ä·½���~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0,

�üÚ{: yn+1 = yn + hϕ(xn, xn+1, yn, yn+1, h),

dÛÜ�äØ��½Âk:

y(xn+1) = y(xn) + hϕ(xn, xn+1, y(xn), y(xn+1), h) + Tn+1.

P en = yn − y(xn) �ê��{�£�N¤Ø�, Kk

|en+1| ≤ |en|+ h(L1|en|+ L2|en+1|) + |Tn+1|, n ≥ 0,

Ù¥ L1, L2 ©O´ ϕ 'u yn Ú yn+1 � Lipschitz ~ê.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

üÚ{�Ø�©Û

üÚ{�Ø�Ø�ª��ª�½5 — ¯Ý©Û�óä

u´k (1− L2h)|en+1| ≤ (1 + L1h)|en|+ |Tn+1|, n ≥ 0.

Ø�� 2L2h < 1, - L = 2(L1 + L2), u´k
1+L1h
1−L2h

≤ 1 + Lh,
1

1−L2h
≤ 1 + 2L2h < 1 + Lh. Ïd�Ø�Ø�ª

|en+1| ≤ (1 + Lh)|en|+ (1 + Lh)|Tn+1|, n ≥ 0.

dd4í�

|en+1| ≤ (1 + Lh)n+1|e0|+
n∑

k=0

(1 + Lh)k |Tn+1−k |

≤ (1 + Lh)n+1|e0|+
(1 + Lh)n+1 − 1

Lh
max

0≤k≤n
|Tk+1|.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

üÚ{�Ø�©Û

üÚ{��NØ��O��NØ���

y� h = (b − a)/N, 1 ≤ n ≤ N, u´

(1 + Lh)n ≤
(
1 +

L(b − a)

N

) N
L(b−a)

L(b−a)
≤ eL(b−a).

dd9cª=�üÚ{��NØ��Oµ

‖e‖∞ ≤ eL(b−a)|e0|+
eL(b−a) − 1

Lh
max

1≤k≤n
|Tk |, ∀ 0 ≤ n ≤ N =

b − a

h
.

AO/, �Ð©Ø� e0 = 0, max
1≤k≤n

|Tk | = O(hp+1), =�ª� p

��, k

‖e‖∞ ≤
eL(b−a) − 1

Lh
max

1≤k≤n
|Tk | = O(hp).

��, d��NØ���=�dÛÜ�äØ�½Â��{��.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

üÚ{�Ø�©Û

üÚ{��N5Ú½5 (Lecture 16 ¥�¬?�ÚÐm?Ø)

½Âµ éüÚ{, XJ�3 p > 0, ¦�ÙÛÜ�äØ�

T (x) = y(x + h)− y(x)− hϕ(x , x + h, y(x), y(x + h), h) = O(hp+1),

Ù¥ y(x) ´�A�©�§�°(), K¡�ª´ (p �)�N�.

½Âíþ�f: (Rhỹ)n ,
1

h

[
ỹn+1 − ỹn − hϕ(xn, xn+1, ỹn, ỹn+1, h)

]
.

½Âµ XJ�3~ê K > 0 Ú h0 > 0, ¦�é?¿��ºÝ÷v
h ≤ h0 ���!:þ����þ v, w Ñk

‖v −w‖∞ ≤ K (‖v0 −w0‖∞ + ‖Rhv −Rhw‖∞),

K¡�A�ª´½�.

555: Ø�Ø�ª�`²
�ª'uÐ�Úmà��½5.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

üÚ{�Ø�©Û

üÚ{�Ø�Ø�ª��ª�½5 — �\Ø��K�

P1 n Úd�\Ø��5�O�Ø�� δn, KkØ�Ø�ª

|ẽn+1| ≤ (1 + Lh)|ẽn|+ (1 + Lh)(|Tn+1|+ |δn+1|), n ≥ 0.

dd4í�

|ẽn+1| ≤ (1 + Lh)n+1|ẽ0|+
n∑

k=0

(1 + Lh)k(|Tn+1−k |+ |δn+1−k |)

≤ (1 + Lh)n+1|ẽ0|+
(1 + Lh)n+1 − 1

Lh
max

0≤k≤n
(|Tk+1|+ |δk+1|).

555: ù`²½��ªÏ~�´ê�½�, O�¥I²ïz�
Ú��äØ�Úd�\Ø��5�O�Ø�±`zê�°Ý.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

Runge-Kutta �{

Runge-Kutta �{�Ä�g�

d±þüÚ{�NØ�©Û�(J�, Euler �{=äk�N��
%C°Ý, �Jpê�)��N%C°Ý, �I~�Ú�§½
æ^½�äk�pÛÜ�äØ����{.

Runge-Kutta �{´ÏL|^¼ê f (x , y) 3 (x , y) ��¥�,

:ÀJ·��Xê�|Ü, 5�EüÚ{��«XÚ5��{.
ÙAÛ¿Â´µ^eZ:FÝ�\�²þCqý)�²þFÝ.

Xê�ÀJ�K´¦¤����{k¦�Up�°Ý�¿k��
�ýé½«� (±9¦�Uõ�÷v�¡ºYÚ\�Ù§½5^�), c�8IÏ~�
±ÏL¦�{� Taylor Ðmª�°()� Taylor Ðmªk¦�
Uõ�Ü�5¼�. Runge-Kutta �{q©�wªÚÛªü�
a, wª�{�E�é{ü, Ûª�{%�±���p�°Ý
�!���ýé½«� (±9�Ð/÷vÙ§½5^�).
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

Runge-Kutta �{

��wª Runge-Kutta �{��E

1 � (x , y) Ú (x + a2h, y + b21hf (x , y));

2 ��5|Ü:
ϕ(x , y , f , h) = c1f (x , y) + c2f (x + a2h, y + b21hf (x , y));

3 ½Â�{: yn+1 = yn + hϕ(xn, yn, f , h);

4 ò y + hϕ(x , y , f , h) 3 (x , y) ?� Taylor Ðm, k

y + hϕ(x , y , f , h) = y + c1hf (x , y)+

c2h[f (x , y) + a2hfx(x , y) + b21hf (x , y)fy (x , y)] + O(h3);

5 ò°() y(x + h) 3 x ?� Taylor Ðm, k

y(x + h) = y(x) + hy ′(x) +
h2

2
y ′′(x) + O(h3)

= y + hf (x , y) +
h2

2
[fx(x , y) + fy (x , y)f (x , y)] + O(h3);

21 / 26



Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

Runge-Kutta �{

��wª Runge-Kutta �{��E

6 ÀXê¦üö Taylor Ðmª�cn�Xê�Ó�:
c1 + c2 = 1,

c2a2 = 1/2,

c2b21 = 1/2;

7 ÷v±þ�¦�XêkÃ¡õ|), ù�½5^�Jø

7��gdÝ (�E Runge-Kutta �{�Ï^�{);

8 ���±��õ«÷v�¦� Runge-Kutta �{.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

Runge-Kutta �{

�?��wª Runge-Kutta �{�~

eÀ c1 = c2 = 1/2, a2 = 1, b21 = 1, K�U?� Euler úªµ
K1 = f (xn, yn),

K2 = f (xn + h, yn + hK1),

yn+1 = yn +
h
2 (K1 + K2).

eÀ c1 = 1/4, c2 = 3/4, a2 = 2/3, b21 = 2/3, K� Heunúªµ
K1 = f (xn, yn),

K2 = f (xn +
2
3h, yn +

2
3hK1),

yn+1 = yn +
h
4 (K1 + 3K2).

d±þ©Û�, U?�Euler úªÚHeun úªÑ´�?��wª
Runge-Kutta �{.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

Runge-Kutta �{

U?�Euler úª�ýé½5

éÁ��§
y ′ = λy , λ ∈ C

A^U?�Euler úª�
K1 = λyn,

K2 = λ(yn + hλyn),

yn+1 = yn +
h
2 (λyn + λ(yn + hλyn)),

= yn+1 =
[
1 + λh+ 1

2(λh)
2
]
yn. Ïd, ��wª Runge-Kutta �

{U?�Euler úª�ýé½«��{
µ ∈ C : |1 + µ+

1

2
µ2| < 1

}
.
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Lecture 14: Numerical Solution for Ordinary Differential Equations

~�©�§ê��{— Euler �{

Runge-Kutta �{

Heun úª�ýé½5

éÁ��§
y ′ = λy , λ ∈ C

A^ Heun úª�
K1 = λyn,

K2 = λ(yn +
2
3hλyn),

yn+1 = yn +
h
4 (λyn + 3λ(yn +

2
3hλyn)),

= yn+1 =
[
1 + λh + 1

2(λh)
2
]
yn. Ïd, Heun úª�ýé½«

��´ {
µ ∈ C : |1 + µ+

1

2
µ2| < 1

}
.

5µ ¯¢þ, ¤k�?��wª Runge-Kutta �{7,Ñk�
Ó�ýé½«�. (��Ñy²).
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SK8µ1, 2, 3.

Thank You!
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