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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

O�òÈ

A^¯� Fourier C�O�òÈ

� h(x) =
∫ 2π
0 f (x − y)g(y) dy , Ù¥ f (x), g(x) ´± 2π �±Ï

�ëY¼ê. � xi = iδ, i = 0, 1, · · · ,N − 1, δ = 2π
N , òÈ©^E

ÜF/úªlÑ, ¿5¿ f (xi − x0)g(x0) = f (xi − Nδ)g(Nδ), l
k(��n)¤Ý/úª)

h(xi ) ≈
N−1∑
j=0

f (xi − xj)g(xj) δ, i = 0, 1, · · · ,N − 1.

P fi = f (xi ), gi = g(xi ), ¿½Â fi ± N �±Ï. -

hi = δ

N−1∑
j=0

fi−jgj , i = 0, 1, · · · ,N − 1.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

O�òÈ

A^¯� Fourier C�O�òÈ

P h = (h0, h1, · · · , hN−1)T , f = (f0, f1, · · · , fN−1)T ,
g = (g0, g1, · · · , gN−1)T , K�þªO� h = (h0, h1, · · · , hN−1)T ,
I� N(N + 1) g¦{Ú N(N − 1) g\{.

,��¡, d

h = (ĥ)∨ = [δ (̂f ∗ g)]∨ = [δ (f̂ ◦ ĝ)]∨.

A^ FFT, dþªO� h = (h0, h1, · · · , hN−1)T , K�I
3MN + 2N = 3

2N log2N + 2N g¦{Ú 3AN = 3N log2N g\{.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)XêÝ
�Ì�Ý
�Ý
A��¯K9�5�ê�§|

A^¯� Fourier C�¦)Ì�Ý
�Ý
A��¯K

- x = (x0, x1, · · · , xN−1)T ,

L =


c0 cN−1 · · · c1
c1 c0 · · · c2
...

...
. . .

...
cN−1 cN−2 · · · c0

 .

¦)A��¯K Lx = λx.

Ø�ò ci òÿ½Â�éeI± N �±Ï§=ci+N = ci , ∀i . u
´k (Lx)i =

∑N−1
j=0 ci−jxj , i = 0, 1, 2, · · · ,N − 1. = Lx = c ∗ x,

Ù¥ c = (c0, c1, · · · , cN−1)T ´± N �±Ï��þ.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)XêÝ
�Ì�Ý
�Ý
A��¯K9�5�ê�§|

A^¯� Fourier C�¦)Ì�Ý
�Ý
A��¯K

Äk©ÛÝ
 L �Ì©)/ª. � λk ´ L �A��, x(k) ´�
A�A��þ, Kk c ∗ x(k) = λkx(k). üà� DFT � (λk , x

(k))
´A�é�¿�^�´:

ĉ ◦ x̂(k) = λk x̂(k).

Ø�� ĉl 6= ĉk , ∀l 6= k (g�K: �KT^��(ØkÛCz?), dd�(���E¿�y)

λk = ĉk , x̂
(k)
l = δkl , k , l = 0, 1, · · · ,N − 1.

∴ x
(k)
j =(x̂(k))∨j = 1

N

∑N−1
l=0 δkle

ijl 2π
N = 1

Nω
−jk =Gjk , ½ x(k) =Gx̂(k).

=, G �1 k �T´ L �± λk = ĉk �A���A��þ x(k).

Ïdk LG = GΛ, Ù¥ Λ = diag(λ0, λ1, · · · , λN−1). u´, ·�
��
Ý
 L ��ÜA��ÚA��þ. $�þ� O(N log2N).
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)XêÝ
�Ì�Ý
�Ý
A��¯K9�5�ê�§|

A^¯� Fourier C�¦)Ì�Ý
�5�ê�§|

y�Ä¦)äkÌ�XêÝ
��5�ê�§| Lx = b.

d±þ©Û� LG = GΛ, Ù¥ Λ = diag(λ0, λ1, · · · , λN−1),
G = F−1, ùp F � Fourier Ý
. Ïd, L = F−1ΛF. ¤±k

Lx = b ⇔ F−1ΛFx = b ⇔ x = F−1Λ−1Fb

u´, ¦)�§| Lx = b ©�oÚµ

1 O� Fb, = b � FFT � b̂;

2 ¦ Λ, = c � FFT � ĉ;

3 ¦ x̂ = Λ−1b̂, = x̂k = b̂k/ĉk , k = 0, 1, · · · ,N − 1;

4 O� x = F−1x̂, = x̂ �¯� Fourier _C� (x̂)∨.

oO 3MN +N = 3
2N log2N+N g¦{Ú 3AN =3N log2N g\{.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

�� Poisson �§���¥%�ûlÑ

�Ä�� Poisson �§�àg Dirichlet >�¯K:{
u′′(x) = f (x), x ∈ (0, π),

u(0) = u(π) = 0.

é���û���¥%�ûCq:

u′′(x) ≈
u(x + h)− 2u(x) + u(x − h)

h2
,

¿3: xj = jh, j = 1, 2, · · · ,N − 1 (h = π
N ), ?��. u´, �©

�§>�¯K�lÑ¤�
�5�ê�§|:

uj−1 − 2uj + uj+1 = h2fj , j = 1, 2, · · · ,N − 1,

Ù¥, fj = f (xj), j = 1, 2, · · · ,N − 1, u0 = uN = 0, ®�;
uj ≈ u(xj), j = 1, 2, · · · ,N − 1, �¦.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

lÑ�uC� DST (Discrete Sine Transform)

du u ÷vàg Dirichlet >.^�, Ïd�ò u �Ûòÿ�
[−π, π], ,��±Ïòÿ, ��± 2π �±Ï�±ÏÛ¼ê. ù«
¼ê� Fourier ?ê=�¹ sin kx �, 3lÑ�éA¦^lÑ�
uC�(Discrete Sine Transform, {¡ DST):

Uk =
N−1∑
j=1

uj sin(jk
π

N
), k = 1, 2, · · · ,N − 1.

�A�lÑ�u_C��µ

uj =
2

N

N−1∑
k=1

Uk sin(jk
π

N
), j = 1, 2, · · · ,N − 1.

òUk �½Â�ÿÐ�−∞ < k <∞, KÙ�÷v U0 = UN = 0 �± 2N �±Ï�Û¼ê. ù�DST �

dFFT �·�C/¢y, �A�¯��{¡�FST (Fast Sine Transform).
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

A^ DST ¦)lÑz�5�ê�§|

ò uj = 2
N

∑N−1
k=1 Uk sin(jk πN ), fj = 2

N

∑N−1
k=1 Fk sin(jk πN ),

Ù¥ Fk =
∑N−1

j=1 fj sin(jk
π
N
), �\�§| uj−1 − 2uj + uj+1 = h2fj �

2

N

N−1∑
k=1

Uk

[
sin((j − 1)k

π

N
)− 2 sin(jk

π

N
) + sin((j + 1)k

π

N
)
]

=
2

N

N−1∑
k=1

h2 Fk sin(jk
π

N
).

dd9

sin((j − 1)k πN )− 2 sin(jk πN ) + sin((j + 1)k πN ) = −4 sin2( kπ
2N ) sin(jk πN ) �

2

N

N−1∑
k=1

(4 sin2(
kπ

2N
)Uk + h2 Fk) sin(k

jπ

N
) = 0, j =1, 2, · · · ,N−1,

∵ ǎ = 0⇔ a = 0, ∴ Uk = −h2Fk/
[
4 sin2( kπ

2N )
]
, k = 1, 2, · · · ,N − 1.
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¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

A^ DST ¦)lÑz�5�ê�§|

d±þ©ÛØJwÑ, λk = −4h−2 sin2( kπ
2N ), k = 1, 2, · · · ,N − 1

´�5�ê�§|XêÝ
�A��, éAu λk A��þ´
(sin(kπN ), sin(2kπ

N ), · · · , sin((N − 1)kπN ))T .

¦)�� Poisson �§�àg Dirichlet >�¯Kê�)�O�
�©�±enÚ:

1 é f = (f1, · · · , fN−1)T � FST � Fk , k = 1, 2, · · · ,N − 1.

2 O� Uk = −h2Fk/
[
4 sin2( kπ

2N )
]
, k = 1, 2, · · · ,N − 1;

3 é U = (U1, · · · ,UN−1)T �_ FST � u = Û.

5: ±þ$�o�I�ü� N − 1 �� FST ,\ 2N g¦{.
Ïdoó�þ´ O(N log2N) þ?�.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

�� Poisson �§�Ì�{

�Ä�� Poisson �§�àg Dirichlet >�¯K:{
u′′(x) = f (x), x ∈ (0, π),

u(0) = u(π) = 0.

� u(x) =
∑∞

k=1 Uk sin kx , f (x) =
∑∞

k=1 Fk sin kx . Kd

u′′(x) =
∑∞

k=1−k2Uk sin kx , �Uk = − 1
k2Fk , k = 1, 2, · · · .

- uN(x) =
∑N−1

k=1 UN
k sin kx , f N(x) =

∑N−1
k=1 FN

k sin kx . Kd∫ π
−π

d2

dx2
uN(x) sin jxdx =

∫ π
−π f

N(x) sin jxdx , j = 1, 2, · · · ,N − 1, �

UN
k = − 1

k2
FN
k , k = 1, 2, · · · ,N − 1.

3þ��{�1�ÚU^þª§K��ó�þ�Ó�,��{.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

�� Poisson �§���{

,��¡, d d2

dx2
uN( jπN ) = f N( jπN ), j = 1, 2, · · · ,N − 1, =

N−1∑
k=1

−k2UN
k sin k

jπ

N
=

N−1∑
k=1

FN
k sin k

jπ

N
, j = 1, 2, · · · ,N − 1,

��� UN
k = − 1

k2
FN
k , k = 1, 2, · · · ,N − 1.

éu�� Poisson �§, d∫ π
−π

d2

dx2
uN(x) sin jxdx =

∫ π
−π f

N(x) sin jxdx , j = 1, 2, · · · ,N − 1,

Ú d2

dx2
uN( jπN ) = f N( jπN ), j = 1, 2, · · · ,N − 1 ���'Xª�Ó.

�é����§§'Xª�UØÓ. cö¡�Ì�{§�ö¡�
��{. �A��{��äkÌ°Ý.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

¢ê|� FFT ¢y

� f = (f0, f1, f2, · · · , fN−1)T �¢�þ, Ù DFT �

Fk =
N−1∑
j=0

fje
−ijk 2π

N , k = 0, 1, · · · ,N − 1.

Kk FN−k =
∑N−1

j=0 fje
−ij(N−k) 2π

N =
∑N−1

j=0 fje
ijk 2π

N = F̄k , ∀k , �

F0, FN
2

(N �óê�) 7�¢ê.

dd�¢ê|� Fourier C��I�Ñ Fk , k = 0, 1, · · · , [N2 ], =
�, ÏÙgdÝ£z�Eêkü�gdÝ¤�ê�{

N−2
2 × 2 + 2 = N, N �óê;

N−1
2 × 2 + 1 = N, N �Ûê.

ù�k��Eê�gdÝ���. ·�Ï"ó�þ���A~�.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

¢ê|� FFT ¢y

�~�ó�þÚ�;þ, ¢SO�¥©�üÚ¢y(� N = 2m):

1 - h = (h0, h1, · · · , h N
2 −1)T , Ù¥

hj = f2j + if2j+1, j = 0, 1, · · · , N
2
− 1,

F AAA^̂̂ FFT OOO��� N
2 ��� Fourier CCC��� H , ĥ.

d½Âk

Hn = ĥn = F e
n + iF o

n , n = 0, 1, · · · , N
2
− 1,

Ù¥ F e
n =

N
2 −1∑
k=0

f2ke
−ikn 2π

N/2 , F o
n =

N
2 −1∑
k=0

f2k+1e
−ikn 2π

N/2 .

qdωN/2 �N/2 ±Ï5, � F̄ e
N
2 −n

= F e
n , F̄ o

N
2 −n

= F o
n .
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

¢ê|� FFT ¢y

2 d DFT �½Âk

Fn =
N−1∑
j=0

fje
−ijn 2π

N =

N
2 −1∑
k=0

f2ke
−ikn 2π

N/2 + e−in 2π
N

N
2 −1∑
k=0

f2k+1e
−ikn 2π

N/2

= F e
n + e−in 2π

N F o
n .

u´, d Hn = F e
n + iF o

n , � H̄ N
2 −n = F̄ e

N
2 −n
− iF̄ o

N
2 −n

= F e
n − iF o

n (5¿

F e
0 , F o

0 þ�¢ê, AO/k H N
2

= H0). Ïd,

F Fn =
1

2
(Hn + H̄N

2
−n)− i

2
e−in

2π
N (Hn − H̄N

2
−n), n = 0, 1, · · · , N

2
.

5µ duÌ�$�´ N
2 �� FFT H , ĥ, ÏdoO�þÚ�

;þÑ��!�
��.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

^ FFT ¢y FST

� f0 = 0, f = (f1, f2, · · · , fN−1)T , �'ueI�Û¼ê�±
2N �±Ï�¢ê|.

P f �lÑ�uC� DST �:

Fk =
N−1∑
j=1

fj sin(jk
π

N
), k = 1, 2, · · · ,N − 1.

- y0 = 0, yj = (fj + fN−j) sin(j πN ) + 1
2(fj − fN−j),

j = 1, 2, · · · ,N − 1.

Xc�¢ê| y = (y0, y1, · · · , yN−1)T � FFT �

ŷ = (ŷ0, ŷ1, · · · , ŷN−1), Ù¥ ŷk =
∑N−1

j=0 yje
−ijk 2π

N .
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

^ FFT ¢y FST

d½Âk

Re(ŷk) =
N−1∑
j=1

yj cos(jk
2π

N
)

=
N−1∑
j=1

(fj + fN−j) sin(j
π

N
) cos(jk

2π

N
) +

1

2

N−1∑
j=1

(fj − fN−j) cos(jk
2π

N
).

du sin((N − j)
π

N
) = sin(j

π

N
), cos((N − j)k

2π

N
) = cos jk

2π

N
,

2 sin(j
π

N
) cos(jk

2π

N
) = sin(j(2k + 1)

π

N
)− sin(j(2k − 1)

π

N
),

´�
∑N−1

j=1 (fj − fN−j) cos(jk 2π
N ) = 0,

Re(ŷk) =
N−1∑
j=1

fj
[

sin(j(2k + 1)
π

N
)− sin(j(2k − 1)

π

N
)
]

= F2k+1 − F2k−1.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

^ FFT ¢y FST

Ïd, é k = 0, 1, · · · , N2 − 1, �:

Re(ŷk) =
N−1∑
j=1

fj

[
sin(j(2k+1)

π

N
)−sin(j(2k−1)

π

N
)
]

= F2k+1−F2k−1.

aq/, d sin((N − j)k 2π
N ) = − sin jk 2π

N , sin(N − j)k πN ) = sin j πN ,
�

− Im(ŷk) =
N−1∑
j=1

yj sin(jk
2π

N
)

=
N−1∑
j=1

(fj + fN−j) sin(j
π

N
) sin(jk

2π

N
) +

1

2

N−1∑
j=1

(fj − fN−j) sin(jk
2π

N
)

=
N−1∑
j=1

fj sin(jk
2π

N
) = F2k , k = 0, 1, · · · , N

2
− 1.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

A^¯� Fourier C�¦)�©�§

^ FFT ¢y FST

¢ê| (f1, f2, · · · , fN−1)T � FST �{Xe(5¿, é DST, k
F−1 = −F1)µ

1 - y0 = 0, yj = (fj + fN−j) sin(j πN ) + 1
2(fj − fN−j),

j = 1, 2, · · · ,N − 1;

2 �¢ê| y = (y0, y1, · · · , yN−1)T � FFT �
ŷ = (ŷ0, ŷ1, · · · , ŷN−1);

3 - F1 = −F−1 = 1
2Re(ŷ0);

4 - F2k+1 = F2k−1 + Re(ŷk), k = 1, 2, · · · , N2 − 1;

5 - F2k = −Im(ŷk), k = 1, · · · , N2 − 1.

F = (F1, · · · ,FN−1)T =�¤¦� f ��uC�. dd��, FST
�ó�þÄ�þÒ´ (N �¢ê| y � FFT)

N
2 � FFT �ó�þ.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

�©�§ê�)

�©�§ê�)��'¯K

±þ?Ø
^,«�ªlÑz�©�§>�¯K, ¿^ FFT ê
�¦)lÑz¯K��{§��
ê�). ég,/§·�¬'
%µ� h→ 0 �,

ê�)´ÄÂñu�©�§�)º

ê�)´Ä½ºê�)´Äê�½º

ê�)�Ø�´õ�ºØ�´XÛ�6u h �º

XÛ�E�©�§�lÑz�{¦��A�ê�)k�Ð�
nÜ5�º

·�òÄk�é~�©�§ïÄê�)��E�{Ú©Û5�.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

�©�§ê�)

�©�§Ð�¯K

·�Äk?Ø~�©�§Ð�¯K�ê��{.

�Ä��~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0.

ùp f ´ x Ú y �®�¼ê, y0 ´�½�Ð�.

��~�©�§Ð�¯K¡�´·½�§XJ¯K

�3��)¶

)ëY/�6uÐ�Úmà�"
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

�©�§ê�)

�©�§Ð�¯K·½5½n

·�k±e��~�©�§Ð�¯K·½5½n.

½nµ XJ f ∈ C([a, b]× (−∞,+∞)), � f 'u y ÷v
Lipschitz ^�, =�3�~ê L, ¦�

|f (x , y1)−f (x , y2)| ≤ L|y1−y2|, ∀x ∈ [a, b], ∀y1, y2 ∈ (−∞,+∞).

K��~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0,

�3��) y(x ; y0) ∈ C1[a, b], � y(x ; y0) 3 C1[a, b] ¥ëY/
�6u y0, = limỹ0→y0 ‖y(x ; ỹ0)− y(x ; y0)‖C1[a,b] = 0.

·�ob½¤�9�¯K÷v·½5½n�^�.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

�©�§ê�)

�©�§Ð�¯K�lÑz

�Ä��~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0,

�lÑz¯K.

~�©�§Ð�¯KlÑzÏ~�)±eü�Ü©µ

1 ¼ê�m�lÑzµÚ\!: a = x0 < x1 < · · · < xN = b,
^½Â3!: {xi}Ni=0 þ�!:¼ê {yi}Ni=0 �O¼ê�m
C1[a, b];

2 �©�f�lÑzµê��©�O�©, ~X�©lÑ, =
^�û�O�û.
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Lecture 13: Fast Fourier Transform

¯� Fourier C��A^

�©�§ê�)

�©�§Ð�¯K�lÑz

ØÓ��lÑz�{�ÑØÓ�ê��ª.

~�©�§Ð�¯Kê��ª`���OOKµ

1 ê��ª�°Ý: ~X�©�f�lÑz�5�ÛÜ�äØ
��þ?!ê�)�ý)Ø��þ?�;

2 ê��ª�½5µ~Xê�)'uÐ�Úmà��'u�
mlÑz�I h = (b − a)/N ���ëY�65;

3 ê��ª�ê�½5µ~X'uÁ��§ê�)�ìCÂ
ñ5£ýé½5¤;

4 ê��ª�$�þ: ��#NØ�¤I�oO�þ.
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SKÊµ4, 5; þÅSKÊµ1 (1), 4.

Thank You!
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