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Lecture 12: Fast Fourier Transform

¯� Fourier C�

Fourier C�

Fourier C�— �«��©Û�O�óä

Fourier C�´�«��©Û�O�óä, 3�Æó§O�¥k
2�A^"

3ê�%C¥, ØØ3©Û�´O��¡§|^n�õ�ª%C
±Ï¼ê�^ÊÏõ�ª%C��¼êkNõ�Ï�?"

3�©�§¥§|^ Fourier C�~�ò�©�§C���ê�
§§l�©Û�5�B"

Nõp�E¥A^� Fourier C�§~X, CT ×£�Û¤�!ê
âØ !ã�?n!ªÌ©Û§��"
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

Fourier C�

Fourier C�

½Âµ � f (x) ∈ L1(−∞,+∞), K f (x) � Fourier C��

f̂ (k) =

∫ +∞

−∞
f (x)e−ikx dx .

ùp i �Jêü . XJ f (x) ∈ L1(−∞,+∞) ∩ L2(−∞,+∞),
K f̂ (k) ∈ L1(−∞,+∞) ∩ L2(−∞,+∞) k Fourier _C�

f (x) =
1

2π

∫ +∞

−∞
f̂ (k)e ikx dk.

555 1: ��Ú\�äé¡5�½Â f̂ (k) = 1√
2π

∫ +∞

−∞
f (x)e−ikx dx , f (x) = 1√

2π

∫ +∞

−∞
f̂ (k)eikx dk.

555 2: òFourier C�í2�± 2π �±Ï�±Ï¼ê f (x), Ò´~^�Fourier ?ê f (x) =
∞∑
−∞

cn exp (−inx),

cn = 1
2π

∫ +π

−π
f (x)einx dx (Eê/ª), ½ f (x) = c0 +

∞∑
n=1

(an cos(nx) + bn sin(nx)) (¢ê/ª).
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

Fourier C�

Fourier C��Ä�5�

1 ¦�CXêµ
(̂
df
dx

)
(k) = ikf̂ (k);

2 ²£5�µ
(̂
f ◦Ta

)
(k) = e ika f̂ (k), ùp Ta(x) = x − a ´²

£¼ê, f ◦Ta(x) = f (x − a);

3 òÈC¦Èµ
(̂
f ∗g

)
(k) = f̂ (k)ĝ(k);

4 Parseval �ªµ � f (x) ∈ L1(−∞,+∞) ∩ L2(−∞,+∞), K∫ +∞

−∞
|f (x)|2 dx =

1

2π

∫ +∞

−∞
|f̂ (k)|2 dk.

555: 3�äé¡5�½Âe, �A�Parseval �ª�

∫ +∞

−∞
|f (x)|2 dx =

∫ +∞

−∞
|f̂ (k)|2 dk.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C�

lÑ Fourier C� (2π±Ï¼êFourier C�(?ê)�lÑz)

½Âµ ��þ a = (a0, a1, · · · , aN−1)T , ½ÂÙlÑ Fourier C
�� c = (c0, c1, · · · , cN−1)T , â, Ù¥

ck =
N−1∑
j=0

aje
−ijk 2π

N =
N−1∑
j=0

ajω
jk , k = 0, 1, · · · ,N − 1.

ùp e−i
2π
N , ω ´ N gÄ�ü �.

½nµ �þ a �½�dÙlÑ Fourier C� c �lÑ Fourier
_C���, P� a = č, =

aj =
1

N

N−1∑
k=0

cke
ijk 2π

N =
1

N

N−1∑
k=0

ckω
−jk , j = 0, 1, · · · ,N − 1.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C�

a = č �y²

½Â Fourier Ý


F = (fkj)
N−1
k,j=0 , (ωkj)N−1k,j=0 =


1 1 · · · 1
1 ω · · · ωN−1

...
...

. . .
...

1 ωN−1 · · · ω(N−1)2

 .

d½Â� c = Fa. F ´��Eé¡ Vandermonde 1�ª, �I
y² F−1 = G �±eÝ
µ

G ,
1

N
(ω−jk)N−1j ,k=0 =

1

N


1 1 · · · 1

1 ω−1 · · · ω−(N−1)

...
...

. . .
...

1 ω−(N−1) · · · ω−(N−1)
2

 .
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C�

a = č �y²£Y¤

P Xj = (1, ωj , · · · , ω(N−1)j)T , Yk = (1, ω−k , · · · , ω−(N−1)k)T , K
k

XT
j Yk =

N−1∑
l=0

ω(j−k)l =

{
0, j 6= k,

N, j = k.

¯¢þ§� j = k �þªw,, � j 6= k �, d ωN = 1, k

N−1∑
l=0

ω(j−k)l =
1− ω(j−k)N

1− ωj−k =
1− 1

1− ωj−k = 0.

½n�y. �

5µ ±þ©ÛL² G = F−1 = 1
N F̄, ∴ NF−1 = F̄ = FT = F∗.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C��5�

lÑ Fourier C��õ�ª���m�'X

- P(x) = a0 + a1x + a2x
2 + · · ·+ aN−1x

N−1, Kd c = Fa, P
Fk = (1, ωk , · · · , ω(N−1)k), k

ck = Fka = P(ωk), k = 0, 1, 2, · · · ,N − 1.

=

¦�þ a = (a0, a1, · · · , aN−1)T �lÑ Fourier C� â =
(c0, c1, · · · , cN−1)T ��u¦õ�ª P(x) 3 ω0, ω1, · · · ,
ωN−1 ù N �:þ��.

¦ (c0, c1, · · · , cN−1)T �lÑ Fourier _C� a = č, K�
�u®���^�¦õ�ª P(x) �Xê.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C��5�

lÑ Fourier _C��õ�ª���m�'X

,��¡, - Q(x) = 1
N (c0 + c1x + · · ·+ cN−1x

N−1), Kd

a = F−1c, P F−1j = 1
N (1, ω−j , · · · , ω−(N−1)j), k

aj = Q(ω−j), j = 0, 1, 2, · · · ,N − 1.

=

¦�þ (c0, c1, · · · , cN−1)T �lÑ Fourier _C� a = č,
��u¦õ�ª Q(x) 3 ω0, ω−1, · · · , ω−(N−1) ù N �:
þ��.

¦ a = (a0, a1, · · · , aN−1)T �lÑ Fourier C� â =
(c0, c1, · · · , cN−1)T ��u®���^�¦õ�ª Q(x) �
Xê.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C��5�

lÑ Fourier C��n�õ�ª���m�'X

é [0, 2π] þ�±Ï¼ê f (x), �½Ù3: xj = 2πj
N þ�� aj ,

j = 0, 1, 2, · · · ,N − 1, �n���õ�ª

fN(x) =


∑k=N

2

k=−N
2
+1

c̃ke
ikx , N �óê;∑k=N−1

2

k=−N−1
2

c̃ke
ikx , N �Ûê,

¦� fN(xj) = aj , j = 0, 1, 2, · · ·,N−1. - ck = Nc̃k , 0 ≤ k ≤
[
N
2

]
,cN

2
+k = Nc̃−N

2
+k , k = 1, 2, · · · , N2 − 1, N �óê;

cN−1
2

+k = Nc̃−N−1
2

+k , k = 1, 2, · · · , N−12 , N �Ûê,

KdωN = 1, k e ikxj = ωkj 9 aj = fN(xj) = 1
N

∑N−1
k=0 ckω

kj , =
a = č. Ïd, c = â, =n���õ�ª�Xê c̃ �d��^��
lÑ Fourier C��B/��.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C��5�

lÑ Fourier C��òÈC¦È

òÈC¦È: � fl 'u�I´± N �±Ï�, = f−j = fN−j , ∀j .
P (f ∗ g)l =

∑N−1
j=0 fl−jgj , l = 0, 1, 2, · · · ,N − 1. Kk

̂(f ∗ g)k = f̂k ĝk , k = 0, 1, 2, · · · ,N − 1.

y²µ d½Â

̂(f ∗ g)k =
N−1∑
j=0

N−1∑
l=0

fj−lgle
−ijk 2π

N ,

f̂k ĝk =
N−1∑
j2=0

fj2e
−ij2k 2π

N

N−1∑
l=0

gle
−ilk 2π

N =
N−1∑
j2=0

N−1∑
l=0

fj2gle
−i(j2+l)k 2π

N .
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C��5�

lÑ Fourier C��òÈC¦Èy²£Y¤

��1�ª�¦Ú^S, ¿éz� l , �S�¦Ú�IC�

j =

{
j2 + l , 0 ≤ j2 ≤ N − 1− l ;

j2 + l − N, N − l ≤ j2 ≤ N − 1,

Kd fl �±Ï5�

f̂k ĝk =
N−1∑
l=0

N−1∑
j2=0

fj2gle
−i(j2+l)k 2π

N =
N−1∑
l=0

N−1∑
j=0

fj−lgle
−ijk 2π

N .

d= f̂k ĝk = ̂(f ∗ g)k . �
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

lÑ Fourier C��5�

lÑ Fourier C�� Parseval �ª

Parseval �ª: N
N−1∑
j=0

|aj |2 =
N−1∑
k=0

|ck |2.

y²µ � F � Fourier Ý
. d½Â c = Fa. du Fourier Ý

÷v NF−1 = F̄ = FT = F∗, ¤±k

N−1∑
k=0

|ck |2 = cTc = aT FTFa = NaTa = N
N−1∑
j=0

|aj |2.

�ª�y. �
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C��Ä�g�

kw�� N = 4 �~f.

F =


1 1 1 1
1 −i −1 i
1 −1 1 −1
1 i −1 −i

 , Fa =


(a0 + a2) + (a1 + a3)
(a0 − a2)− i(a1 − a3)
(a0 + a2)− (a1 + a3)
(a0 − a2) + i(a1 − a3)



��O�I� N2 = 16 g¦{Ú N(N − 1) = 12 g\{;

5¿� ω
N
4 = −i, ω

N
2 = −1, ωN = 1, ¿¿©|^oK$

��(ÜÆÚ©�Æ, K�I 1 g¦{Ú 8 g\{.
(�±y²é N = 2m �, o�I�Ø�L 1

2
N log2 N g¦{Ú N log2 N g\{.)

14 / 24



Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C��Ä�g�

ù«�{�±��í2� N = 2m ��/§lòO�þd
O(N2) þ?ü$� O(N log2N) þ?.

¯� Fourier C��Ä�g�: P ωN = e−i
2π
N , |^ ω2j

N = ωj
N
2

,

ω
N
2
+j

N = −ωj
N , ωN+2j

N = ωj
N
2

, ÚoK$��(ÜÆÚ©�Æ,

1 ¦þÜ¿Óa�±~�¦{$�;

2 òC��©þ�¿�Ä, ¦þ~�EO�.

ù«g��,��±í2������/.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C��Ä��{

·�± N = 2m ��/�~5©Û¯� Fourier C��Ä��{.

P P(x) = a0 + a1x
1 + · · ·+ aN−1x

N−1, 5¿�

P(x) = (a0+a2x
2+· · ·+aN−2x

N−2)+x(a1+a3x
2+· · ·+aN−1x

N−2)

= Pe(x2) + xPo(x2).

u´é j = 0, 1, · · · , N2 − 1, k
cj = P(ωj

N) = Pe(ω2j
N ) + ωj

NPo(ω2j
N ),

cN
2
+j = P(ω

N
2
+j

N ) = Pe(ω
2(N

2
+j)

N ) + ω
N
2
+j

N Po(ω
2(N

2
+j)

N ).
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C��Ä��{£Y 1¤

du Pe(ω2j
N ) = Pe(ωj

N
2

), Po(ω2j
N ) = Po(ωj

N
2

), j = 0, 1, · · · , N2 − 1,

Kkcj = P(ωj
N) = Pe(ωj

N
2

) + ωj
NPo(ωj

N
2

),

cN
2
+j = P(ω

N
2
+j

N ) = Pe(ωj
N
2

)− ωj
NPo(ωj

N
2

),
j = 0, 1, · · · , N

2
−1.

Ón Pe(x) = Pee(x2) + xPeo(x2), Po(x) = Poe(x2) + xPoo(x2) ,
(5¿ùp#�Iü3P�Imý, =_S). u´kPe(ωj

N
2

) = Pee(ωj
N
4

) + ωj
N
2

Peo(ωj
N
4

),

Po(ωj
N
2

) = Poe(ωj
N
4

)− ωj
N
2

Poo(ωj
N
4

),
j = 0, 1, · · · , N

4
− 1.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C��Ä��{£Y 2¤

Xd4í� N = 2m � 0 gõ�ª3 1 :���. w,§�.
��z� 0 gõ�ª3 1 :���=�A�Xê�§ÃI�?
Û$�, =I 0 g¦{Ú 0 g\{.

y�O�N
2 = 2m−1 � Fourier C�o�I� MN

2
g¦{Ú AN

2

g\{, Kd N = 2m � Fourier C��N
2 = 2m−1 � Fourier C

��m�'Xª�£I���Û�óü�N
2 = 2m−1 � Fourier

C�§	\ N
2 g¦{Ú N g\{¤, Ïdk

MN = 2MN
2

+
N

2
, AN = 2AN

2
+ N.

8B� MN = 2mM N
2m

+ mN
2 = mN

2 , AN = 2mA N
2m

+ mN = mN.

= N = 2m �, o�I� 1
2N log2N g¦{Ú N log2N g\{.

18 / 24



Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C�Ä��{�¢y

� N = 2m, d±þ©Û�§FFT �¢yÌ�©ü�Ú½µ

1 ©�: ò1m �� 2m ��þ a ©�¤ ae , ao , Ûóü�1
m−1 �� 2m−2 ��þ, 2ò§�z��©�¤Ûóü�
1m−2 �� 2m−2 ��þ aee , aeo , aoe , aoo , (� 22 �, �
IU_Sü), · · · , ��1 0 �©�¤_S� 2m �ê;

2 |Cµ �1 k �����þ akδ ©)¤ ak−1δe Ú ak−1δo ü�

k − 1 ���þ, P§��Fourier C�� ck−1δe Ú ck−1δo , P

K = 2k , ωK = e−i
2π
K , ωK = (ω0

K , · · · , ω
K
2
−1

K )T , Kk

ckδ =

(
ck−1δe + ω2k ◦ ck−1δo

ck−1δe − ω2k ◦ ck−1δo

)
, ∀δ, k = 1, · · · ,m,

Ù¥ ◦ : R
K
2 × R

K
2 → R

K
2 , x ◦ y = (x0y0, x1y1, · · · , xK

2
−1yK

2
−1)T .
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C�Ä��{�¢y

d|C��ª�±wÑ, FFT �{¢y�'�3uò N = 2m �
êâ a �Ñ��1 0 ��üS�{, ¦�µ

ò¤üêâ(N = 2m � 20 ��þ)^Süü¤é|C��
1 1 ��N/2 = 2m−1 �^Sü����£21¤�þ;

ò^Sü�� 2m−1 ���£21¤�þ^Süü¤é|C�
�1 2 �^Sü�� 2m−2 �o�£22¤�þ;

· · · · · · · · · · · · · · · · · · ;

ò^Sü��ü� 2m−1 ��þ^Süü¤é|C��1
m �^Sü�� 2m ��þ, �ª����þ�´·��
¦�¤�êâ� Fourier C�"
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C�Ä��{�¢y

·�±N = 23 �~, 5*	üS�5Æ. � a = (a0, a1, · · · , a7)T ,

1 1�Ú©�µ ae = (a0, a2, a4, a6)T , ao = (a1, a3, a5, a7)T ;

2 1�Ú©�µ aee = (a0, a4)T , aeo = (a2, a6)T ,
aoe = (a1, a5)T , aoo = (a3, a7)T ;

3 1nÚ©�µ aeee = a0, aeeo = a4, aeoe = a2, aeoo = a6,
aoee = a1, aoeo = a5, aooe = a3, aooo = a7.

ù«_S (a0, a4, a2, a6, a1, a5, a3, a7)T , =�÷v�¦�#ü
S. ��/§é?¿� N = 2m, _SÒ´·�I��#üS.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C�Ä��{�¢y

¯¢þ, rzg©���I�#L«§ò e �� 0, ò o �� 1,
K©�(J�^S� a000 = a0, a001 = a4, a010 = a2, a011 = a6,
a100 = a1, a101 = a5, a110 = a3, a111 = a7, ù�´U�?�¥
�_Sü�S.

0 = 0002; 0002 = 0;
1 = 0012; 1002 = 4;
2 = 0102; 0102 = 2;
3 = 0112; _S 1102 = 6;
4 = 1002; −→ 0012 = 1;
5 = 1012; 1012 = 5;
6 = 1102; 0112 = 3;
7 = 1112; 1112 = 7.
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Lecture 12: Fast Fourier Transform

¯� Fourier C�

¯� Fourier C�— lÑ Fourier C��¯��{

¯� Fourier C�Ä��{�¢y

|CL§´l a �_SU�#�I�ó 0 Û 1(c¡��I�Ó)
�éO��)�§z|C�g, f�þ�ê~���, �êO�
�, |C m g��� Fourier C� c (�� N = 2m ���þ).

a0, a000;
a4, a001; c00;
a2, a010; c0;
a6, a011; ± c01; ± ±

ω2◦ ω4◦ ω8◦ c.
a1, a100; −→ c10; −→ −→
a5, a101; c1;
a3, a110; c11;
a7, a111;

Ù¥ ωK = e
−i 2π

K , ωK = (ω0
K , · · · , ω

K
2
−1

K
)T , x ◦ y = (x0y0, x1y1, · · · , x K

2
−1

y K
2
−1

)T .
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SKÊµ1, 2, 3; þÅSKÊµ2, 3.

Thank You!
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