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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

Ø��5

�äØ���\Ø�

�äØ�µêÆ�.�ý)Ï~Ã{ÏLk�g$�¼�"
�d§I��OU
ÏLk�g$���(J�lÑ�.
£�{¤5¼�Cq)"dd�)�lÑ�.�ëY�.m
�Ø�¡��äØ�"

�\Ø�µO�Å�i�k�§ê�O�(J���UU,
«�½��ª�\"~X3�½k� ��o�Ê\"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

ýéØ�!�éØ�Úk�êi

ýéØ��ýéØ��

� x �,þ�°(�§x̃ �ÙCq�"

ýéØ�µe(x) = |x − x̃ |.

ýéØ�� ε : e |x − x̃ | ≤ ε.

PÒ x = x̃ ± ε ⇔ x̃ − ε ≤ x ≤ x̃ + ε.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

ýéØ�!�éØ�Úk�êi

�éØ���éØ��

� x �,�"þ�°(�§x̃ �ÙCq�"

�éØ�µer (x) =
e(x)

|x |
=
|x − x̃ |
|x |

.

�éØ�� εr : e
|x − x̃ |
|x |

≤ εr . (ε = εr |x |).

� x ���§~^
|x − x̃ |
|x̃ |

L«�éØ�, ¿^

x = x̃(1± εr ) L« x̃(1− εr ) ≤ x ≤ x̃(1 + εr ).

7 / 32



1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

ýéØ�!�éØ�Úk�êi

k�êi

k�êi´,�«��*/�NCq�°Ý�Vg"

ò x̃ �¤5�/ª x̃ = 0.a1a2 · · · ai · · · × 10m, Ù¥m ��
ê§ai ∈ {0, 1, · · · , 9}, a1 6= 0"

k�êi: e |x − x̃ | ≤ 1

2
× 10m−n, K¡ x̃ k n  k�ê

i§a1, a2, · · · , an, �Ù(n  ) k�êi"

du 0.1 ≤ 0.a1a2 · · · ai · · · < 1, ¤± x̃ k n  k�êi�
�uÙ�éØ�� εr ∈ [0.5× 10−n, 5× 10−n)"

d°(�Uo�Ê\�K�����Cq�§Ùz� êi
Ñ´k�êi"

8 / 32



1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

$��Ø�©Û

dêâØ��O$�(J�Ø�

� y dêâ x1, · · · , xn ÏL1w$� ϕ(x1, · · · , xn) ��"

� x1, · · · , xn �Cq�� x̃1, · · · , x̃n.

K$�(J�ýéØ�Ú�éØ�©O�µ
|y − ỹ | = |ϕ(x1, · · · , xn)− ϕ(x̃1, · · · , x̃n)|,

|y − ỹ |
|y |

=
|ϕ(x1, · · · , xn)− ϕ(x̃1, · · · , x̃n)|

|ϕ(x1, · · · , xn)|
.

dd�$�(J�Ø��Oµ |y − ỹ | ≤
n∑

i=1

∣∣∣∣ ∂ϕ∂xi

∣∣∣∣ |xi − x̃i |,

|y − ỹ |
|y |

≤
n∑

i=1

∣∣∣∣xiy ∂ϕ

∂xi

∣∣∣∣ |xi − x̃i |
|xi |

(� y , xi , 1 ≤ i ≤ n þ�").
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

$��Ø�©Û

êâØ�3$�(JØ�¥���£ �¤Xê

� y dêâ x1, · · · , xn ÏL1w$� ϕ(x1, · · · , xn) ��§K

êâ�ýéØ�3$�(J�ýéØ�¥©O���£ 

�¤

∣∣∣∣ ∂ϕ∂xi

∣∣∣∣ �.

êâ��éØ�3$�(J��éØ�¥©O���£ 

�¤

∣∣∣∣xiy ∂ϕ

∂xi

∣∣∣∣ �.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

$��Ø�©Û

oK$�(J�Ø���êâØ���'X

ü�ê a Ú b �oK$�´�{ü���1w$�"d±þØ
�©Û�µ

$�(J�ýéØ�µe(a± b) ≤ e(a) + e(b),
e(ab) ≤ |b|e(a) + |a|e(b), e(a/b) ≤ e(a)/|b|+ |a/b2|e(b).

$�(J��éØ�:

er (a± b) ≤ e(a) + e(b)

|a± b|
≤ |a|er (a) + |b|er (b)

|a± b|
,

er (ab) ≤ er (a) + er (b),

er (a/b) ≤ e(a/b)/|a/b| ≤ er (a) + er (b).
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

2:êXÚ

�?�2:êXÚ

1 �?�2:êXÚ F(2, t, L,U) ½Â�

F =
{
±0.d1d2 · · · dt×2m : d1 = 1, dj ∈ {0, 1}, 2 ≤ j ≤ t, L ≤ m ≤ U

}
∪{0},

Ù¥ t ���½g,ê§¡�i�¶L, U ��½��ê§
m �0u L, U �m�?¿�ê"

2 3z��O�Åþ§¢êX R Ñ´^�½�2:êXÚ5
Cq�"~X§é x = ±0.1d2 · · · dtdt+1 · · · × 2m, �ÏL�
ä½�\òÙ3 F(2, t, L,U) ¥L«� fl(x).

3 d�k

∣∣∣∣fl(x)− x

x

∣∣∣∣ ≤ 2−t . Ï~ò β−t ¡� β ?�!i�

� t �O�Å�Åì°Ý, ~P� εmach"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

Ø�!2:êX�Ä�Vg

2:êXÚ

β ?�2:êXÚ�5�

§´�¹¢êXR ¥ 2βt−1(U − L + 1) + 1 �ê�k�8;

Ù¥�"�ê'u�:é¡/�þ!/©Ùu [UFL,OFL]
Ú [−OFL,−UFL] ¥(UFL = 0.1βL, OFL = (1− β−t)βU);

m ��§êX©Ù��§m ��§êX©Ù�DÕ"
�m = L �§ 2:êm�� βL−t , �m = U �§ 2:
êm�� βU−t .

2:êX¥oK$�Ø÷v¢êX¥�{K£X(ÜÆ¤.

êÆþ�d�úª32:êX¥�O�(J�U´ØÓ�.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

O�E,ÝÚÂñ�Ý

O�E,Ý—$�þ�¯K5��'X

Ï~�ò�{��©�üaµ

��{µ3vkØ���¹e§�3k�ÚO�Ñ¯K°(
)��{¶
S�{µæ�Åg%C��{5%C¯K�°()§��3
?¿k�ÚSÑØU��°()��{"

�{�O�E,Ý´�Ùo�$�þ§Q¤k\!~!¦!
Ø$��ogê(Ï~�°(�¯K5� n ��pg�)"

~X§éu��k n �Cþ�¯K§����{I�ÏL
3n3 +20n2 +50 g\!~!¦!Ø$���(J§K¡T�
{�$�þ� 3n3.

S�{�o$�þØ=�6uÙzÚ�$�þ§��6uÙ
Âñ�ÝÚéO�(J°Ý��¦.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

O�E,ÝÚÂñ�Ý

S�{�Âñ�Ý

�,S�{�)�S� {xk} Âñu x , ��3�ê
r ∈ [1,∞) Ú�ê cr ∈ (0,∞) ¦�

lim
k→∞

‖xk − x‖
‖xk−1 − x‖r

= cr ,

K¡T�{´ r �Âñ�"

AO/§� r = 1, � 0<cr <1�, ¡�A�{��5Âñ�.

5¿, � r = 1 �§e cr > 1, KS�w,ØÂñu x ; �Ø
UØ	 cr = 1. ~X: e ‖xk − x‖ = (1− 1

k )‖xk−1 − x‖, K
k limk→∞ ‖xk − x‖ = limk→∞

1
k ‖x1 − x‖ = 0, S�Âñ; �

e ‖xk − x‖ = (1− 1
k2 )‖xk−1 − x‖, KS���ØÂñ, Ï�

limk→∞ ‖xk − x‖ = limk→∞
k+1
2k ‖x1 − x‖ = 1

2‖x1 − x‖.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

O�E,ÝÚÂñ�Ý

S�{���5Âñ

� r = 2 �§�¡T�{�²�Âñ�§½�gÂñ�"

� r = 3 �§�¡T�{�á�Âñ�§½ngÂñ�"

qe lim
k→∞

‖xk − x‖
‖xk−1 − x‖

= 0, K¡T�{���5Âñ�"w

,§� r > 1 �§ r �Âñ��{´��5Âñ�"

g�Kµ��o�é r ≥ 1 ½ÂÂñ�º
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

¯Ý©Û!��Ø�©Û�ê�½5

¯Ý�¯Ý©Û

duêâ��o¬kØ�§Ïd§=B¤k�$�Ñ´°(�§
¯K�)�¬kØ�"¯Ý´�°($����)é���êâ
Ø��¯a§Ý"¯Ý©ÛÏ~^O�¯K�^�ê5¢y"

1 ¼ê f (x) �^�êµ� x 6= 0, f (x) 6= 0, XJ�±é�
(¦�U��) �ê c(x) ¦�

|f (x + δx)− f (x)|
|f (x)|

≤ c(x)
|δx |
|x |

, ∀|δx |
|x |
� 1,

K¡ c(x) � f (x) 3 x :�^�ê"

2 c(x) é��¡ f (x) 3 x :´¾��¶c(x) ���¡ f (x)
3 x :´û��"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

¯Ý©Û!��Ø�©Û�ê�½5

¯Ý�¯Ý©Û

1 ¯Ý´¯K�á5"~X§,Ôny�£í�¤��éÐ©
êâ�©¯a§K�A�êÆ�.¯K��´¾��"

2 éu���¯K§�©ÛÙ¯Ý§½�O^�ê§Ï~´�
�(J�"

3 �� f (x) 3 x :���§kc(x) ≈ |f
′(x)||x |
|f (x)|

.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

¯Ý©Û!��Ø�©Û�ê�½5

��Ø�©Û

du$���o¬k�\Ø�§Ïd§=B¤kêâÑ´°(
�§$��(J�¬kØ�"�\Ø�éO�(J�K�§Ý´
ïþ���{`����I��"

1 �^,«�{O����¼ê f 3 x :�� ŷ . ��/`
ŷ 6= f (x), �  �3 δx 6= 0 ¦� ŷ = f (x + δx).

2 ��Ø�©Û: ©Û�Ñ���O�Å°ÝÚ�{k'��
ê ε, ¦��3 δx 6= 0 ÷v

ŷ = f (x + δx), �
|δx |
|x |
≤ ε.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

¯Ý©Û!��Ø�©Û�ê�½5

ê�½5

·��±@�§ε ��§�\Ø�é�{(J�K���"

1 � ε ���§¡�{´ê�½�¶� ε é��§¡�{
´ê�Ø½�"

2 ê�½5´�{��ká5§§�¯K�¯Ý´ü���
ØÓ�Vg"

3 d¯K�¯ÝÚ�{�ê�½5��ÑO�(J�éØ�
þ.��Oµ

|ŷ − f (x)|
|f (x)|

=
|f (x + δx)− f (x)|

|f (x)|
≤ c(x)

|δx |
|x |
≤ c(x) ε.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

¯Ý©Û!��Ø�©Û�ê�½5

Ø�!½5�O���5

Ø�: �.!êâ!�{£lÑ¤!O�£�\¤"

½5:
1 �©¯K9êÆ�.�½5£¯Ý©Û§¾�!û�¤¶
2 �{½5£°(O��§�êâØ� ⇒ �(JØ�¤¶
3 ê�½5£�\Ø�é(J�K�§��Ø�©Û¤"

dd��§������O�(J§·�I�k�é
1 '�û���©¯K9êÆ�.¶
2 k�Ð�½5Úê�½5��{¶
3 ���êâØ�Ú�{£lÑ¤Ø�"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

O�E,Ý!Âñ�Ý§9¯Ý©Û�Ø�©Û

¯Ý©Û!��Ø�©Û�ê�½5

�{�O�^�¦^

��§�3�é�
Ä��¯K©Û�Ek����{£l
Ñ¤Ø�Ú�Ð�½5��{"é�{�ê�½5��

�½�?Ø"���Ñ�´, ;��ê¯�ê�Ä��K
Ú¦þ~�$�þé�A�{�ê�½5k��^"

®k�þ�¤Ù�êÆ^�§Ù¥Nõ�{3�OÚ¢yL
§¥éÐ/�Ä
ê�½5"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

õ�ª%C¯K�J{

¼ê�õ�ª%C�I�

3A^¥§Nõ¼ê´�¦�§·����Ù,
&E§�
%I�ddÑu¼�£Cq/¼�¤Ù§�õ�&E"

~X§®��1w¼ê3 x0 :�¼ê�9Ù�� k ���
ê�§K3 x0 �¿©���¥k

Pk(x) = f (x0) +
k∑

i=1

1

i !
f (i)(x0)(x − x0)

i ≈ f (x).

��õ�ª�±3�½^�e^5%C¿©1w�¼ê"

õ�ª´kNõéÐ�©ÛÚO�5��¼ê"~XÙ$�
{ü$�þ�§AO´Ù�¼êÚ�¼êE,´õ�ª§�
3Ø�Ä�\Ø���3O�Åþ°(L�Ú$�"

23 / 32



1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

õ�ª%C¯K�J{

¼ê�õ�ª%C��15

õ�ª%C3nØþ`´�1�"¯¢þ§·�k
Weierstrass ½n(y²ò3±��Ñ)"

½nµ � f (x) ´4«m [a, b] þ�ëY¼ê"Ké?��
ε > 0, �3 N(ε) > 0, �� n ≥ N(ε) > 0, Ò�±é� n gõ�
ª Pn(x) ¦�

‖f − Pn‖∞ = ‖f − Pn‖∞,[a,b] , max
a≤x≤b

|f (x)− Pn(x)| < ε.

ù`²·��±^õ�ª3?��°ÝS%CëY¼ê"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

õ�ª%C¯K�J{

¼ê�õ�ª%C¯K�J{

3A^¥~¬��ù��¯Kµ®��ëY¼ê f (x) 3,

:(k��½��½Â�)þ��§XÛ�E�õ�ª¦Ù
3�½¿Âe�Ð�%C¼ê f (x).

��/`§·��±�Ä±e¯Kµ

��%Cµé� k gõ�ª¦Ù� f 3 k + 1 �:þ��.

���¦%Cµé� k gõ�ª¦Ù� f 3 k + m + 1 �
:þ� l2-�êe�Ø����� (Ù¥m ≥ 1).

�Z%Cµé� k gõ�ª¦Ù3�½��êe� f �Ø
�����£~^��ê�) L∞, L2, \�� L2 �¤.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

¼ê�õ�ª��¯K�J{

¼ê���õ�ª�½Â

�®�«m [a, b] þ½Â�¼ê y = f (x) 3T«mn + 1 �
ØÓ: x0, x1, · · · , xn ?�¼ê�

yi = f (xi ), i = 0, 1, 2, · · · , n.

¦��½Â3 [a, b] þ� n gõ�ª P(x), ¦Ù÷v

P(xi ) = yi , i = 0, 1, 2, · · · , n.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

¼ê�õ�ª��¯K�J{

¼ê�õ�ª��¯K�J{

½Â: ÷v±þ^��õ�ª P(x) ¡�´ f (x) ���õ�
ª§Ù¥ x0, x1, · · · , xn ¡���!:§ f (x) ¡���¼ê§
P(xi ) = yi , i = 0, 1, 2, · · · , n ¡���^�.

¯K�·½5µ÷v±þ½Â�õ�ª´Ä�3��º¯K
´Äû�º

UÄ©Û�Ñ�{��äØ�º

UÄ�EÑk�Ð½5Úê�½5��{º
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

¼ê�õ�ª��¯K�J{

��õ�ª��3��½n

½n: � n + 1 ���!:pØ�Ó�, 7�3���gêØ�
L n �õ�ª P(x)÷v��^� P(xi ) = yi , i = 0, 1, 2, · · · , n.

y²µ P P(x) = anxn + · · ·+ a1x + a0. Kk1 x0 · · · xn
0

...
...

. . .
...

1 xn · · · xn
n


a0
...

an

 =

y0
...

yn

 .
� n + 1 ���!:pØ�Ó�, T�5�§|�XêÝ

£Vandermonde Ý
¤´�ÛÉ�§Ïdé?¿�½�mà��
3��)" �
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

¼ê�õ�ª��¯K�J{

��õ�ª¯K´û�¯Kíº

1 é n = 1, dpd��{��

a1 =
y1 − y0
x1 − x0

, a0 = y0 −
y1 − y0
x1 − x0

x0 =
x1y0 − x0y1

x1 − x0
.

2 u´¤��õ�ª�

P(x) =
y1 − y0
x1 − x0

x +
x1y0 − x0y1

x1 − x0
= y0 +

y1 − y0
x1 − x0

(x − x0)

=
x − x0
x1 − x0

y1 +
x1 − x

x1 − x0
y0.

3 � x ∈ [x0, x1] �§d
∣∣∣ ∂P∂yi ∣∣∣ ≤ 1,

∣∣∣ ∂P∂xi ∣∣∣ ≤ ∣∣∣ y1−y0x1−x0

∣∣∣, ��gõ�
ª��¯K´û��.
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

¼ê�õ�ª��¯K�J{

��õ�ª¯K´û�¯Kíº

4 � n é��§~X n = 1, 2, 3, 4, 5§õ�ª��¯K��´
û��.

5 � n� 1 �, Vandermonde Ý
~~´¾��"Ù¾�§Ý
r�/�6u {xi}ni=0 �©Ù"

6 Ïd§� n� 1 �, n gõ�ª��¯K  ´�~¾�
�. �k3·����!:©Ùe¯Kâ´Ø�¾��"

7 n� 1 �, n gõ�ª��¯KÄk8(�Ïé·���!
:�¯K"
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1�ù: Ø�, 2:êXÚ, O�E,5ÚØ�©Û

¼ê�õ�ª���%C

¼ê�õ�ª��¯K�J{

XÛ�Eê�½���õ�ª?

ÏL¦)�5�§|1 x0 · · · xn
0

...
...

. . .
...
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Thank You!
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