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ê�©Û�Ø%¯K — ¯!�!O�ê��{

oK$�(J�Ø��Ø���

oK$�(J�Ø���êâØ���'X

ü�ê a Ú b �oK$��Ø�÷vµ

$�(J�ýéØ�µe(a± b) ≤ e(a) + e(b),
e(ab) ≤ |b|e(a) + |a|e(b), e(a/b) ≤ e(a)/|b|+ |a/b2|e(b).

$�(J��éØ�µ

er (a± b) ≤ e(a) + e(b)

|a± b|
≤ |a|er (a) + |b|er (b)

|a± b|
,

er (ab) ≤ er (a) + er (b),

er (a/b) ≤ e(a/b)/|a/b| ≤ er (a) + er (b).

ýéØ���µ;��Øê"

�éØ���µ;��Cê�~"
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ê�©Û�Ø%¯K — ¯!�!O�ê��{

32:êXÚ¥oK$��Ø��O�^Sk'

32:êXÚ¥k7�N�oK$��^S±~�Ø�

2:êXÚ¥�kk��'u�:é¡�þ!©Ù�ê¶

ýé����ü����2:êm�m�����.

2:êX¥oK$�Ø÷v¢êX¥�{K£X(ÜÆ¤.

êÆþ�d�úª32:êX¥�O�(J�U´ØÓ�.

·�N�oK$��^S�±òØ���3Ün���S.
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¼ê�õ�ª���%C

¼ê�õ�ª%C¯K�J{

¼ê�õ�ª%C¯K�J{

��%Cµé� (m + 1)(k + 1)− 1 gõ�ª p(x), ¦
p(i)(xj) = f (i)(xj), i = 0, · · · ,m, j = 0, · · · , k .

���¦%Cµé� (m + 1)(k + 1)− 1 gõ�ª p(x), ¦
p(i)(xj)− f (i)(xj), i = 0, · · · ,m, j = 0, · · · , k + n �:þ�
l2-�êe�Ø����� (Ù¥n ≥ 1).

�Z%Cµé� k gõ�ª¦Ù3�½��êe� f �Ø
�����£~^��ê�) L∞, L2, \�� L2 �¤.
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¼ê�õ�ª���%C

¼ê�õ�ª���{

¼ê� Lagrange .õ�ª���{

Lagrange ��{µLk(x) =
k∑

j=0

f (xj)lj(x), lj(x) =
∏

i 6=j (x−xi )∏
i 6=j (xj−xi )

.

Newton ��µNk(x) = f [x0]+· · ·+f [x0, · · · , xk ]
∏k−1

i=0 (x−xi ).

�äØ�µf [x0, · · · , xk , x ]
∏k

i=0(x−xi ) = f (k+1)(ξ)
(k+1)!

∏k
i=0(x−xi ).

y²�:µ φ(z) = f (z)− Lk(z)− f (x)−Lk (x)∏k
i=0(x−xi )

∏k
i=0(z − xi ).

Runge y��©ã$gõ�ª��.
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¼ê�õ�ª���%C

¼ê�õ�ª���{

¼ê� Hermite .õ�ª��Ú�^���{

©ãngHermite ��{µHh(x) =
n∑

i=0

[yihi (x) + mi ĥ(x)].

�äØ�µf (x)− Hh(x) = f (4)(ξ)
4! (x − xi )

2(x − xi+1)2.

y²�:µ φ(z) = f (z)−Hh(z)− f (x)−Hh(x)∏n
i=0(x−xi )2

∏n
i=0(z − xi )

2.

ng�^��µS3(x) =
n∑

i=0

[yihi (x) + mi ĥ(x)], yi = f (xi ), �

mi �¦ S3(x) ∈ C2. £�|!g,!±Ïn«>.^�¤.

�äØ�µ‖S (k)
3 − f (k)‖∞ ≤ Ck‖f (4)‖∞h4−k , k = 0, 1, 2, 3.

4�5�:
∫ b
a |g

′′(x)|2dx ≥
∫ b
a |S

′′
3 (x)|2dx (g,>^�, ½

g ′(x0) = S ′3(x0) � g ′(xn) = S ′3(xn) �).
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¼ê�õ�ª���%C

õ�ª%C��^%C¯K

õ�ª%C��^%C¯K�J{

� f (x) ´½Â3«m [a, b] þ���¼ê"

é?¿�½���ê n, é P0 ∈ Pn, ¦�

‖P0(x)− f (x)‖ = min
P∈Pn

‖P(x)− f (x)‖,

L∞-�ê(�Z��%C); L2-�ê(�Z²�%C)"

é Sm ∈ Sm(x0, x1, · · · , xn), ¦� Sm 3A½�¿Âe%C
f , Ù¥ Sm(x0, x1, · · · , xn) �«m [a, b] �¿©
a = x0 < x1 < · · · < xn = b þ½Â�¤k m g�^¼ê�
¤��5¼ê�m. ~X, Sm(x) =

∑n−1
j=−m ajBj ,m(x), Ù¥

Bj ,m(x) ��|B-�^Ä.¼ê"
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õ�ª¼ê���%C5

Weierstrass ½nµ � f (x) ´4«m [a, b] þ�ëY¼ê"Ké?�
� ε > 0, �3 N(ε) > 0, �� n ≥ N(ε) > 0, Ò�±é� n gõ�ª
Pn(x) ¦�

‖f − Pn‖∞ = ‖f − Pn‖∞,[a,b] , max
a≤x≤b

|f (x)− Pn(x)| < ε.

-En, inf
P∈Pn

4(P), ¡� Pn é f (x) ��� �½�Z%C.

Borel �3½nµ é?�� f (x) ∈ C[a, b], �3 P∗ ∈ Pn, ¦�

4(P∗) = En.

Chebyshev ½nµ f ∈ C[a, b] 3 Pn ¥�3����Z��%Cõ�
ª, � P(x) ∈ Pn � f ��Z��%Cõ�ª�¿�^�´
ε(x) = P(x)− f (x) 3 [a, b] ¥�êØ�u n + 2 �:�
x1 < x2 < · · · < xN , (N ≥ n + 2) þ�K��/�� 4(P).

½nµ ��" �õ�ª� 21−nTn(x), Ù¥ Tn(x) � Chebyshev õ
�ª Tn(x) = cos(n arccos(x)).
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¼ê�õ�ª���%C

õ�ª���¦[Ü�õ�ª�Z²�%C

���¦õ�ª[Ü¯K�J{�¦)�{

�½êâ {(xi , yi )}ni=0,

À Pk �k��%C¼ê�m, k < n (���éõ);

3 Rn+1 �îªål¿ÂeÏé�Z%C¼ê;

=

é P(x) ∈ Pk , s.t.

I (P) ,
n∑

i=0

[yi − P(xi )]2 = min
P∗∈Pk

I (P∗).

± {x i}ki=0 �Ä.�, ���¦ k gõ�ª[Ü¯K�{�
§|: k∑

j=0

(
n∑

i=0

x j+l
i

)
aj =

n∑
i=0

yix
l
i , l = 0, 1, · · · , k.

XJ¤ÀÄ. {bj(x)}kj=0 ⊂ Pk k±e/ª�5���5∑n
i=0 bj(xi )bl(xi ) = δjl , K{�§|�Ý
´ü 
"
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¼ê�õ�ª���%C

õ�ª���¦[Ü�õ�ª�Z²�%C

�Z²�%Cõ�ª¯K�J{�¦)�{

��½�êâ:Ø´k��§
´3«m [a, b] þ½Â�²
��È¼ê f (x).

k��%C¼ê�mE�� Pk .

3 L2[a, b] �¿ÂeÏé�Z%C¼ê"

=
é P(x) ∈ Pk , s.t.

I (P) ,
∫ b

a
|f (x)− P(x)|2 dx = min

P∗∈Pk

I (P∗).

aqu���¦õ�ª[Ü¯K§�Z²�%Cõ�ª¯K
�±�Ñ{�§|"XJ¤ÀÄ. {bj(x)}kj=0 ⊂ Pk k±e

/ª�5���5
∫ b
a bj(x)bl(x) dx = δjl , K{�§|�Ý


´ü 
"
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~^���õ�ªX

1 «m [−1, 1], ρ(x) ≡ 1, ���õ�ªX, Legendre õ�ªµ{
ϕ0(x) = 1, ϕ1(x) = x ,

ϕk+1(x) = 2k+1
k+1 xϕk(x)− k

k+1ϕk−1(x), k = 1, 2, · · · .

2 «m [−1, 1], ρ(x) = 1√
1−x2

� Chebyshev õ�ªµ{
T0(x) = 1, T1(x) = x ,

Tk+1(x) = 2xTk(x)− Tk−1(x), k = 1, 2, · · · .

3 «m [0,+∞), ρ(x) = exp(−x) � Laguerre õ�ªµ{
Q0(x) = 1, Q1(x) = 1− x ,

Qk+1(x) = (1 + 2k − x)Qk(x)− k2Qk−1(x), k = 1, 2, · · · .

4 «m (−∞,+∞), ρ(x) = exp(−x2) � Hermite õ�ªµ{
H0(x) = 1, H1(x) = 2x ,

Hk+1(x) = 2xHk(x)− 2kHk−1(x), k = 1, 2, · · · .
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¼ê�õ�ª���%C

kn���%C

kn���½ÂÚkn��¯K�J{�){

½Âµ �½ m + n + 1 |êâ (xi , f (xi )), i = 0, 1, · · · ,m + n, e�3
Rm,n(x) ∈ R(m, n) ¦�

Rm,n(xi ) = f (xi ), i = 0, 1, · · · ,m + n,

K¡ Rm,n(x) �¤�êâ| (xi , f (xi )), i = 0, 1, · · · ,m + n �kn�
�"

kn��¯Kµ �½êâ| {(xi , f (xi ))}m+n
i=0 , 3 R(m, n) ¥ékn©

ªRm,n(x) =
Pm(x)

Qn(x)
, ¦�Rm,n(xi ) = f (xi ), 0 ≤ i ≤ m + n.

·Üë©ª�{µ Rk,n(x) = v0(x0) +
x − x0

v1(x1) +
x − x1

v2(x2) +
· · ·

· · · +
x − xk−1

vk (xk ) +
x − xk

gn−k−1(x)

5µ R(m, n) ¥�kn��¼ê��35�¦êâ|÷v�½��N

5^�. �eØAO�½ m Ún, Ko�±ÏL·Üë©ª�{¦)"
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ê��©�ê�È©

ê��©¯K�J{��{

ê��©¯K�;.J{

� f (x) 3«m [a, b] þ½Â§a ≤ x0 < x1 < · · · < xn ≤ b ´«
m [a, b] ¥� n + 1 �!:"ê��©¯K�;.J{´µ|^
¼ê3¤�!:þ��

f (x0), f (x1), f (x2), · · · , f (xn),

¦
f ′(x0), f ′(x1), f ′(x2), · · · , f ′(xn),

f ′′(x0), f ′′(x1), f ′′(x2), · · · , f ′′(xn),

½���/, é 1 ≤ k ≤ n, ¦

f (k)(x0), f (k)(x1), f (k)(x2), · · · , f (k)(xn),

�Cq�"
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ê��©�ê�È©

ê��©¯K�J{��{

ê��©�;.�{

Taylor Ðm{: ~X f ′(xi ) = f (xi+1)−f (xi )
h − h

2 f
′′(ξ2

i1).

�ûCq{µ~X���c�ûµf ′(xi ) ≈
f (xi+1)− f (xi )

h
.

Ûª�{µX f ′(xi−1) + 4f ′(xi ) + f ′(xi+1) ≈ 3
h (fi+1 − fi−1).

��.�{µ~X f ′(xi ) = P ′n(xi ) + f (n+1)(ξ(xi ))
(n+1)! ω′n+1(xi ).
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ê��©�ê�È©

�äØ���\Ø��²ï— ê��©�nØ4�

�äØ�!�\Ø�9ê��©�nØ4�

�äØ�: ~Xé���c�ûúªk Th = − h
2 f
′′(ξ2

i1).

�\Ø�µ� f (xi ) Ú f (xi+1) ©Ok�\Ø� ε1 Ú ε2, -
ε = max{|ε1|, |ε2|}, -

f ′h(xi ) ,
f (xi+1)− f (xi )

h
, f̃ ′h(xi ) ,

f̃ (xi+1)− f̃ (xi )

h
,

Kd�\Ø��5�O�(J�Ø���

δ(f ′h(xi )) = |f ′h(xi )− f̃ ′h(xi )| ≤
|ε1|+ |ε2|

h
≤ 2ε

h
.

ê��©�nØ4�µeh(f ′(xi )) = h
2 maxx∈(xi ,xi+1) |f ′′(x)|+ 2ε

h �

h = 2
√
ε/maxx∈(xi ,xi+1) |f ′′(x)| ��� 2

√
εmaxx∈(xi ,xi+1) |f ′′(x)|.
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ê��©�ê�È©

ê�È©¯K�J{��{

ê�È©¯K�J{

� f (x) 3«m [a, b] þ½Â§a ≤ x0 < x1 < · · · < xn ≤ b ´«
m [a, b] ¥� n + 1 �®�½�½�!:"ê�È©¯K�;.
J{´µ|^¼ê3¤�!:þ��

f (x0), f (x1), f (x2), · · · , f (xn),

¦½È© ∫ b

a
f (x) dx

�Cq�"
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ê��©�ê�È©

ê�È©¯K�J{��{

¥:úª!F/úª!Simpson úªÚ Newton-Cotes úª

¦Èúª I (f ) =
∫ b
a f (x) dx ≈ In(f ) =

∑n
k=0 Ak f (xk), Ù¥

Ak , xk , k = 0, · · · , n, � f Ã', ¡�¦Èúª��Ú!:;

¥:úª(n = 0):
∫ b

a
f (x) dx ≈ f

(
a+b

2

)
(b − a);

F/úª(n = 1):
∫ b

a
f (x) dx ≈ f (a)+f (b)

2 (b − a);

Simpson úª(n=2):
∫ b

a
f (x) dx ≈ b−a

6

[
f (a)+4f

(
a+b

2

)
+f (b)

]
.

Newton-Cotes úª(�å): Ak = (−1)n−k (b−a)
k!(n−k)!n

∫ n

0

∏n
j=0
j 6=k

(t−j)dt.

P h = b−a, K��È¼ê¿©1w�, d��Ø��O�y

¥:úª��äØ�� O(h3);

F/úª��äØ�� O(h3);

Simpson úª��äØ�� O(h5).

Newton-Cotes úª��äØ�� O(hn+2) (n Û), O(hn+3) (n ó).

19 / 64



��.¦Èúª9ÙA�

½Âµ XJ En(f ) = I (f )− In(f ) = 0, ∀f ∈ Pn, K¡ê�È©úª
In(f ) ���.�"

½nµ ±eü�·K´�d�µ

1 In(f ) ���.�ê�È©úª.

2 In(f ) �dé x0, x1, · · · , xn � n g��õ�ª�È©��.

½nµ é k ≥ 0, ê�È©úª In(f ) =
∑n

i=0Ai f (xi ) ��ê°Ý�
d = n + k ��¿©7�^�´µ

1 In(f ) ���.�ê�È©úª;

2 ωn(x)=
n∏

i=0

(x − xi ) ÷v

∫ b

a

ωn(x)P(x)dx = 0, ∀P(x) ∈ Pk−1;

3 ∃Q(x) ∈ Pk , s.t.

∫ b

a

ωn(x)Q(x)dx 6= 0.

íØµ ê�È©úª In(f ) =
∑n

i=0Ai f (xi ) ��ê°Ý�õ� 2n + 1

�, = 0 ≤ k ≤ n + 1, Ï�ok
∫ b

a
ω2(x)dx > 0.
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ê��©�ê�È©

Gauss .¦Èúª

Gauss .¦Èúª

½Âµ é�½�!:ê n, �ê°Ý����� 2n − 1 �¦È
úª¡� Gauss .¦Èúª.

Gauss .¦Èúª�Ú!: Ak , xk , k = 0, · · · , n �O�:

U½Â���5�§|§¦)�"
�{Φk(x)}∞k=0 ���õ�ªS�, K Φn+1(x) � n + 1 �
":=��A Gauss .¦Èúª�!:"

½nµ � {xk}nk=0 ´«m [a, b] þ§È©�� ρ(x) � n + 1 g
��õ�ª�":. P ωn+1(x) =

∏n
k=0(x − xk). K�

f (x) ∈ C2n+2[a, b] �, �3 ξ ∈ (a, b), ¦� Gauss ¦Èúª∫ b
a f (x)dx ≈

∑n
k=0 Ak f (xk) ��äØ��±L«�

E (f ) =
f (2n+2)(ξ)

(2n + 2)!

∫ b

a
ρ(x)[ωn+1(x)]2dx .
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ê��©�ê�È©

EÜ¦Èúª

EÜ¥:úª!EÜF/úªÚEÜ Simpson úª

3 [a, b] þÚ?�å!: xi = a + ih, i = 0, 1, · · · , n,
h = (b − a)/n, ¿P xi+ 1

2
= a + (i + 1

2 )h, 3z�f«m [xi , xi+1]

þ©O¦^¥:úª!F/úªÚ Simpson úª=�

EÜ¥:úª:

∫ b

a
f (x)dx ≈ h

n∑
i=0

f (xi+ 1
2
) , M(h);

EÜF/úª:

∫ b

a
f (x)dx ≈

h

2

n∑
i=0

[f (xi ) + f (xi+1)] , T (h);

EÜSimpson úª:

∫ b

a
f (x)dx ≈

h

6

n∑
i=0

[f (xi )+4f (xi+ 1
2
)+f (xi+1)] , S(h).

5µ M for Middle-point, T for Trapezoidal and S for Simpson.
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ê��©�ê�È©

ê�È©���Ø��O�Richardson 	í\�

EÜF/úª���Ø��O�Richardson 	í\�

d
∫ b

a

f (x)dx − T (h) = −h2

12

∫ b

a

f ′′(x)dx + O(h3),∫ b

a

f (x)dx − T (h/2) = − (h/2)2

12

∫ b

a

f ′′(x)dx + O(h3),

�
T (h/2)− T (h)

3
= − (h/2)2

12

∫ b

a

f ′′(x)dx + O(h3),

= ∫ b

a

f (x)dx − T (h/2) =
T (h/2)− T (h)

3
+ O(h3).

¤± ∫ b

a

f (x)dx − 4T (h/2)− T (h)

3
= O(h3).

AO�kµ1. Äu Euler-Maclaurin úªÚRichardson 	í\�ÂñE

â�EÜF/úª� Romberg ¦È�{; 2. g·A¦È�{"
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ê��©�ê�È©

È©�§�ê�)

È©�§ê�)¯K��Ñ�ê�)�Ø�©Û

È©�§�ê�¦)Ï~�)±eÚ½

È©�lÑz: ^·�ê�È©�OÈ©;

¼ê�m�lÑz: ^ {y(ti )}ni=0 �O y(t), t ∈ [a, b];

È©�§�lÑz: òÈ©�§z�k���ê�§;

lÑ¯K¦)µ ÏLê�¦)�ê�§�� {y(ti )}ni=0;

�ÑÈ©�§Cq)µ ÏLêâ[Ü (X©ã�5��).

È©�§ê��Ø�©Û:

lÑ�ª��äØ�;

lÑ�ª�­½5µlÑ�ª�Ý
�_���k.5;

lÑ�ª�ê�­½5: lÑ�ª�Ý
�^�ê���k.5.
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��5�§�S�){

S�S�9ÙÂñ�Ý

��5�§ê�S�¦)¯K

��5�§µé x∗ ∈ R, ¦� f (x∗) = 0, Ù¥ f : R→ R
���5¼ê.
��5�§|µé x∗ ∈ Rn, n > 1, ¦� f (x∗) = 0, Ù¥
f : Rn → Rn ���5¼ê.

��5�§Ú��5�§|¦)�S�µ�½Ð� x0, �)S�
S�

xk+1 = ϕk(xk), k = 0, 1, 2, · · · .
�O�{`��OK�)Âñ�Ý!O�þ!­½5Ú­è5.

½Âµ �S� {xk}∞k=0 Âñu x∗. P ek = xk − x∗, XJ�ê
r U
�y�3�K~ê C, ¦�±e4�¤á

lim
k→∞

‖ek+1‖
‖ek‖r

= C

K¡S� {xk}∞k=0 Âñ� x∗ ��Ý´ r ��.
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��5�§�S�){

~^�S�{9ÙÂñ�Ý

~^�S�{9ÙÂñ�Ý

�5Âñ�­è��©{§":´Juí2�p�;

ÄuØ N��n�S�{, �¦ |ϕ′(x∗)| < 1. e
ϕ(m)(x∗) = 0, 1 ≤ m < r , � ϕ(r)(x∗) 6= 0, � ϕ(x) 3 x∗ �
��¥´ Cr �, KØÄ:S�S�´ r �Âñ�, ":´
E|5�r;

��Âñ� Newton {(q¶��{), ":´I���ê�
~~Âñ���;
1+
√

5
2 ≈ 1.618 �Âñ���{Ú1.84 �Âñ��Ô�{, "
:´Juí2�p�;
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��5�§�S�){

��5�§|�S�){

��5�§|�~^S�{

ÄuØ N��n�S�{, �¦ ‖∇ϕ(x∗)‖ < 1.

�½^�eÂñ���5 Jacobi S�!��5 Gauss
-Seidel S�!��5 SOR S�, ":´��Âñ�ú;

��Âñ� Newton {, ":´zÚI��FÝÝ
, �~
~Âñ���;

�½^�eÛÜ��5Âñ�[ Newton {§X Broyden
�{, ":´©Û(J;

ÓÔ�{, ":´E|5r, �©Û(J.
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¯� Fourier C�

lÑ Fourier C�Ú_C�9Ù�õ�ª���m�'X

lÑ Fourier C� c = â Ú_C� a = č

- ω , e−i
2π
N , ½Â Fourier Ý


F = (fkj)
N−1
k,j=0 , (ωkj)N−1

k,j=0 =


1 1 · · · 1
1 ω · · · ωN−1

...
...

. . .
...

1 ωN−1 · · · ω(N−1)2

 .

K c = â = Fa, a = č = F−1c, Ù¥ F−1 = G �±eÝ
µ

G ,
1

N
(ω−jk)N−1

j ,k=0 =
1

N


1 1 · · · 1

1 ω−1 · · · ω−(N−1)

...
...

. . .
...

1 ω−(N−1) · · · ω−(N−1)2

 .

28 / 64



o(

¯� Fourier C�

lÑ Fourier C�Ú_C�9Ù�õ�ª���m�'X

lÑ Fourier C�Ú_C��õ�ª���m�'X

- P(x) = a0 + a1x + a2x
2 + · · ·+ aN−1x

N−1, Kd c = Fa �

¦�þ a = (a0, a1, · · · , aN−1)T �lÑ Fourier C� â =
(c0, c1, · · · , cN−1)T ��u¦õ�ª P(x) 3 ω0, ω1, · · · ,
ωN−1 ù N �:þ��.

- Q(x) = 1
N (c0 + c1x + · · ·+ cN−1x

N−1), Kd a = F−1c �

¦�þ (c0, c1, · · · , cN−1)T �lÑ Fourier _C� a = č,
��u¦õ�ª Q(x) 3 ω0, ω−1, · · · , ω−(N−1) ù N �:
þ��.
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¯� Fourier C�

¯� Fourier C��Ä�g���{

¯� Fourier C��Ä�g�

·�± N = 2m ��/�~5�«¯� Fourier C��Ä�g�.

P P(x) = a0 + a1x
1 + · · ·+ aN−1x

N−1, 5¿�

P(x) = (a0+a2x
2+· · ·+aN−2x

N−2)+x(a1+a3x
2+· · ·+aN−1x

N−2)

= Pe(x2) + xPo(x2).

u´é j = 0, 1, · · · , N2 − 1, kcj = P(ωj
N) = Pe(ω2j

N ) + ωj
NPo(ω2j

N ),

cN
2

+j = P(ω
N
2

+j

N ) = Pe(ω
2(N

2
+j)

N ) + ω
N
2

+j

N Po(ω
2(N

2
+j)

N ).
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¯� Fourier C�

¯� Fourier C��Ä�g���{

¯� Fourier C��Ä�g�£Y¤

d Pe(ω2j
N ) = Pe(ωj

N
2

), Po(ω2j
N ) = Po(ωj

N
2

), j = 0, 1, · · · , N2 − 1, kcj = P(ωj
N) = Pe(ωj

N
2

) + ωj
NPo(ωj

N
2

),

cN
2

+j = P(ω
N
2

+j

N ) = Pe(ωj
N
2

)− ωj
NPo(ωj

N
2

),
j = 0, 1, · · · , N

2
−1.

qPe(x) = Pee(x2) + xPoe(x2), Po(x) = Peo(x2) + xPoo(x2), u´Pe(ωj
N
2

) = Pee(ωj
N
4

) + ωj
N
2

Poe(ωj
N
4

),

Po(ωj
N
2

) = Peo(ωj
N
4

)− ωj
N
2

Poo(ωj
N
4

),
j = 0, 1, · · · , N

4
− 1.

Xd4í� N = 2m � 0 gõ�ª3 1 :���. �O� N
2 �

Fourier C�o�I�M N
2
g¦{ÚA N

2
g\{, K MN =2M N

2
+ N

2 ,

AN = 2A N
2

+ N. 8B� MN = 2mM N
2m

+ mN
2 = mN

2 = 1
2N log2 N,

AN = 2mA N
2m

+ mN = mN = N log2 N.
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¯� Fourier C�

¯� Fourier C��Ä�g���{

¯� Fourier C�Ä��{�¢y

� N = 2m, d±þ©Û�§FFT �¢yÌ�©ü�Ú½µ

1 ©�µ ò1 m ���þ a ©�¤ ae , ao , Û!óü�1
m − 1 ���þ§2ò§�z��©)¤Û!óü�1
m − 2 ���þ£� 22 �¤§· · · , ��1 0 �©�¤U_
S£­üS¤� 2m �ê£���þ¤;

2 |Cµ �1 k �����þ akδ ©)¤ ak−1
eδ Ú ak−1

oδ ü�

k − 1 ���þ, P§��Fourier C�� ck−1
eδ Ú ck−1

oδ , P

K = 2k , ωK = e−i
2π
K , ωK = (ω0

K , · · · , ω
K
2
−1

K )T , Kk

ckδ =

(
ck−1
eδ + ω2k ◦ ck−1

oδ

ck−1
eδ − ω2k ◦ ck−1

oδ

)
, ∀δ, k = 1, · · · ,m,

Ù¥ ◦ : R
K
2 × R

K
2 → R

K
2 , x ◦ y = (x0y0, x1, y1, · · · , xK

2
−1yK

2
−1)T .
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¯� Fourier C�

¯� Fourier C��Ä�g���{

¯� Fourier C�Ä��{�¢y

d|C��ª�±wÑ, FFT �{¢y�'�3uò N = 2m �
êâ�Ñ��1 0 ��üS�{, ¦�µ

^Süü(20 ��þ) ò¤üêâ^Süü¤é|C��1 1
��N/2 = 2m−1 �^Sü����£21¤�þ;

ò^Sü�� 2m−1 ���£21¤�þ^Süü¤é|C�
�1 2 �^Sü�� 2m−2 �o�£22¤�þ;

· · · · · · · · · · · · · · · · · · ;

ò^Sü��ü� 2m−1 ��þ|C��1 m �^Sü�
� 2m ��þ, 
�ª����þ�´·��¦�¤�êâ
� Fourier C�"
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¯� Fourier C�

¯� Fourier C��Ä�g���{

¯� Fourier C�Ä��{�¢y

|CL§´l a �_SU�#�I�ó 0 Û 1(c¡��I�Ó)
�éO��)�§z|C�g, f�þ�ê~���, �êO�
�, |C m g��� Fourier C� c (�� N = 2m ���þ).

a000;
a100; c00;
a010; c0;
a110; ± c10; ± ±

ω2◦ ω4◦ ω8◦ c.
a001; −→ c01; −→ −→
a101; c1;
a011; c11;
a111;
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¯� Fourier C�

¯� Fourier C��A^, ¢ê|�¯� Fourier C�

¯� Fourier C��A^

A^¯� Fourier C�O�òÈ.

A^¯� Fourier C�¦)Ì�Ý
�Ý
A��¯K.

A^¯� Fourier C�¦)Ì�Ý
�5�ê�§|.

A^¯� Fourier C�¦)�©�§>�¯K.

¢ê|�¯� Fourier C�, ¯��uÚ{uC�.
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~�©�§ê��{

üÚ{— �äØ�!­½5!ýé­½5!Âñ�

ê��ª´é�©�§�lÑ%C

�Ä·½���~�©�§Ð�¯Kµ{
dy
dx = f (x , y), ∀x ∈ (a, b),

y(a) = y0,

�üÚ{ (=3¦ yn+1 �, ØI^� n Ú�c�&E):

yn+1 = yn + hϕ(xn, xn+1, yn, yn+1, h),

Ù¥ ϕ � f k'. P�©�f Dy(x) , y ′(x)− f (x , y(x)), Pl
Ñ�f Dhyn+1 , yn+1−yn

h −ϕ(xn, xn+1, yn, yn+1, h), K�±@��
{�´^lÑ�f Dh CqO��©�fD ���Ñ�.

(Dh − D)yn+1 �N
ê��ªé�©�§�%C�°Ý. 5¿,
e y(x) ´�©�§�°(), KkDy(x) ≡ 0, Ïd, ÚÑ±e
½Â.
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~�©�§ê��{

üÚ{— �äØ�!­½5!ýé­½5!Âñ�

ê��{�ÛÜ�äØ�ÚÛÜ�äØ�Ì�

½Âµ � y(x) ´�©�§�°(), = Dy(x) ≡ 0, K¡

Tn+1 = y(xn+1)− y(xn)− hϕ(xn, xn+1, y(xn), y(xn+1), h)

�üÚ{�ÛÜ�äØ�.

5µ U½Âk Tn+1 = h · (Dh − D)y(xn+1).

½Âµ XJ��ê��{�ÛÜ�äØ� Tn+1 = O(hp+1), Ù
¥ p �g,ê, K¡T�{´ p ��, ½äk p �°Ý. ek

Tn+1 = g(xn, y(xn))hp+1 + O(hp+2), g(xn, y(xn)) 6= 0,

K¡ g(xn, y(xn))hp+1 ´T�{�ÛÜ�äØ�Ì�.
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~�©�§ê��{

üÚ{— �äØ�!­½5!ýé­½5!Âñ�

üÚ{�Ø�Ø�ª!�ª�­½5��NØ���

d�äØ��½Âk, P en = yn − y(xn), Kk

|en+1| ≤ |en|+ h(L1|en|+ L2|en+1|) + |Tn+1|, n ≥ 0,

Ù¥ L1, L2 ©O´ ϕ 'u yn Ú yn+1 � Lipschitz ~ê. u´k

(1− L2h)|en+1| ≤ (1 + L1h)|en|+ |Tn+1|, n ≥ 0.

Ø�� 2L2h < 1, - L = 2(L1 + L2), 4í�Ø�Ø�ª

|en+1| ≤ (1 + Lh)n+1|e0|+
n∑

k=0

(1 + Lh)k |Tn+1−k |

≤ (1 + Lh)n+1|e0|+
(1 + Lh)n+1 − 1

Lh
max

0≤k≤n
|Tk+1|.

555: Ø�Ø�ª�`²
�ª'uÐ�Úmà��­½5, ¿�Ñ
�

ª�NØ���� O(|e0|+ h−1|Tk+1|).
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~�©�§ê��{

üÚ{— �äØ�!­½5!ýé­½5!Âñ�

~�©�§ê��ª�ýé­½5— ê�­½5�â

½Âµ e��~�©�§ê��{3±½Ú� h ¦)Á��§

y ′ = λy , λ ∈ C,

��"Ð�¯K�, ¤�Ñ�´��5�©�§, ����lÑ
) yn ÷v limn→∞ yn = 0, K¡Tê��{'uλh �ýé­½
�; ÄK§¡T�{'uλh ��ýé­½, ½O�Ø­½�.

½Âµ ò��~�©�§ê��{A^u¦)Á��§

y ′ = λy , λ ∈ C,

�, e�3E²¡¥�«� R ⊂ C, ¦���=�Ú� h ÷v

µ = λh ∈ R ⊂ C

�, Tê��{éÚ� h �ýé­½�, K¡«� R �T�{�
ýé­½«�.
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~�©�§ê��{

Runge-Kutta �{

Runge-Kutta �{´ÏL|^¼ê f (x , y) 3 (x , y) ��¥�,
:À
J·��Xê�|Ü, 5�EüÚ{��«XÚ5��{. ÙAÛ¿Â
´µ^eZ:�\�²þFÝCqý)�²þFÝ. ~X

� m ´����ê, �L¦^¼ê� f �gê. -

K1 = f (xn, yn),
K2 = f (xn + a2h, yn + hb21K1),

· · · · · · · · · · · · · · · · · · · · · · · ·

Km = f (xn + amh, yn + h
m−1∑
i=1

bmiKi ),

À�½Xê ai , bij , i = 2, · · · ,m, j = 1, · · · , i − 1, Ú ci , i = 1, · · · ,m,
�E m ?wª Runge-Kutta �ª

yn+1 = yn + h(c1K1 + · · ·+ cmKm).

Xê�ÀJ�K´¦¤����{k¦�Up�°Ý�¿k���ý

é­½«�, c�8IÏ~�±ÏL¦�{� Taylor Ðmª�°()

� Taylor Ðmªk¦�Uõ�­Ü�5¼�.
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~�©�§ê��{

Runge-Kutta �{

m ?wª Runge-Kutta �ª��ê ≤ m (≤ m − 1, m = 5, 6, 7;
≤ m − 2, m ≥ 8). 
Ûª Runge-Kutta �ª��ê%�±�� 2m �.
�k���ýé­½«�.

�½ m ≥ 1, � ai , bij , ci ∈ R1, i , j = 1, 2, · · · ,m, ��½Xê. K¡?
Ûd±e�ª�Ñ�~�©�§ê��ª

Ki = f
(
xn + aih, yn + h

m∑
j=1

bijKj

)
, i = 1, · · · ,m,

yn+1 = yn + h
m∑
i=1

ciKi ,

��� m ?Ûª Runge-Kutta �ª(�{).

Runge-Kutta �ª��E�{µ

ò°() y(xn+1) Ú�ª3 xn, yn := y(xn) ?� Taylor Ðm, Ï
L'�ÐmªXê(½�½Xê ci , ai , bij ;

ò�©�§z��d�È©�§, À��ê�p� Gauss È©ú
ªO�È©, ¿dd(½�½Xê ci , ai , i =1, · · · ,m; ,�, ò�
ª3 xn, yn := y(xn) ?� Taylor Ðm, ÏL'��°()
y(xn+1) Ðmª�A��Xê(½�½Xê bij .
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~�©�§ê��{

�5õÚ{9Ù�N5!­½5!"­½5Úýé­½5

�5õÚ{9Ù�N5

�5õÚ{���±L«�
k∑

i=0

αiyn+i = h
k∑

i=0

βi f (xn+i , yn+i ),

Ù¥ αk = 1, α0 Ú β0 ØÓ��". � βk = 0 �, �{¡�w
ª�, βk 6= 0 �, �{K¡�Ûª�.

½Âµ é�5õÚ{, XJ�3 p > 0, ¦�ÙÛÜ�äØ�

Tn+k ,
k∑

i=0

αiy(xn+i )− h
k∑

i=0

βi f (xn+i , y(xn+i )) = O(hp+1),

Ù¥ y(x) ´�A�©�§�°(), K¡�ª´ (p �)�N�.

5µ �y�5õÚ{�N�¿�^�´ ρ(1) = 0, ρ′(1) = σ(1)
(|^ Taylor Ðm), Ù¥ ρ(ξ) ,

∑k
i=0 αiξ

i Ú σ(ξ) ,
∑k

i=0 βiξ
i

©O¡��ª�1�Ú1�A�õ�ª.
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~�©�§ê��{

�5õÚ{9Ù�N5!­½5!"­½5Úýé­½5

�5õÚ{�­½5�ýé­½5

é�5õÚ{, ½Âíþ�f Rh �

(Rhu)n =
1

h

( k∑
i=0

αiun+i

)
−

k∑
i=0

βi f (xn+i , un+i ).

½Âµ XJ�3~ê K > 0 Ú h0 > 0, ¦�é?¿��ºÝ÷v
h ≤ h0 ���!:þ����þ v, w Ñk

‖v −w‖∞ ≤ K (
k−1∑
i=0

‖vi −wi‖∞ + ‖Rhv −Rhw‖∞),

K¡�A�5õÚ{�ª´­½�.

�5õÚ{�ýé­½«� R = {µ ∈ C : |ξi (µ)| < 1, i = 1, · · · , k}, Ù
¥ ξi (µ), i = 1, · · · , k ��5õÚ{�A��§ ρ(ξ)− µσ(ξ) = 0 ��

£¹­ê¤.

43 / 64



o(

~�©�§ê��{

�5õÚ{9Ù�N5!­½5!"­½5Úýé­½5

�5õÚ{�"­½5

½Âµ XJ�3~ê K > 0 Ú h0 > 0, ¦�é?¿��ºÝ÷
v h ≤ h0 ���þ�5õÚ{�ª�?Ûü�) v, w Ñk

‖v −w‖∞ ≤ K
k−1∑
i=0

‖vi −wi‖∞,

K¡�A�5õÚ{�ª´"­½�.

5 1µ �±y², �5õÚ{�ª´"­½�¿�^�´Ù1�
A�õ�ª ρ(ξ) ,

∑k
i=0 αiξ

i ÷v�^�, =Ù¤k�Ñ3ü 
�S½ü �þ, �3ü �þ���U´ü�.

5 2µ �±y², e��5õÚ{�ª´"­½�, � f ÷v
Lipscitz ^�, K� h ¿©��T�ª´­½�.

5 3µ "­½�du�ª (f ÷v Lipscitz ^�) h→ 0 ��­½5.
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~�©�§ê��{

f5~�©�§|�ê��{

f5�§|�½Â9Ùê�¦)�(J¤3

½Âµ éu�5~�©�§| y′ = Ay + φ(t), XJ A �A�� λi ,
÷v Re(λi ) < 0, i = 1, · · · ,m, � maxi |Re(λi )| � mini |Re(λi )|, K¡
T�§|�f5�§|, ¡

S =
maxi |Re(λi )|
mini |Re(λi )|

�f5'. éu��5~�©�§| y′(t) = f(t, y(t)), � ȳ �Ù°(
), - J(t) = ∂f

∂y (t, ȳ), e �5�§| z′ = J(t)z ´f5�, K¡T�

�5�§|�f5�.

(¸µ f5XÚ¥S¹�Oé���mºÝ, �mÚ���d���

�mºÝ£XÚCz�¯�fL§¤Ú�ª�ýé­½«�û½, 
µ

þ�mKd����mºÝ£XÚCz�ú�fL§¤û½.
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~�©�§ê��{

f5~�©�§|�ê��{

A ­½�ê��{

½Âµ XJ��ê��ª�ýé­½«��¹
����E²¡
Re(λh) < 0, K¡T�ª´ A-­½�.

w,, ��ê��ª´ A-­½�, KØØ�§|�f5kõ�, �ª�
ýé­½5ÑØ¬��Ú� h �À�, Ïd, Ú� h �À���d°
Ý�¦û½.

½nµ 'u A-­½�ªk±e(J:

1 ?Ûwª�5õÚ{£�)wª Runge-Kutta �{¤ÑØ´
A-­½�.

2 A-­½�Ûª�5õÚ{�°ÝØ�L��.

3 äk��Ø�~ê���A-­½Ûª�5õÚ{´F/{.

4 Gauss .� m ? 2m � (9,
 m ? 2m − 1 Ú 2m − 2 �) �
Ûª Runge-Kutta �{´ A-­½�.
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~�©�§ê��{

f5~�©�§|�ê��{

A(α)-­½5Úf5­½5

½Âµ XJ�3~ê α > 0, ¦���ê��ª�ýé­½«�
R ÷v

R ⊃
{
µ ∈ C : Re(µ) < 0, arctan

|Im(µ)|
|Re(µ)|

≤ α
}
,

K¡T�ª´ A(α)-­½�.

½Âµ XJ�3~ê a > 0, c > 0, ¦���ê��ª�ýé­
½«� R ÷v

R ⊃
{
µ ∈ C : Re(µ) ≤ −a, ½ Re(µ) < 0, |Im(µ)| ≤ c

}
,

K¡T�ª´f5­½�.

5µ e��ê��ª´f5­½�, - α = arctan c
a , KT�ª

´ A(α)-­½�.
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~�©�§ê��{

f5~�©�§|�ê��{

A(α)-­½5Úf5­½5ê��{�~ — Gear �{

Gear �{´�« k Ú k �Ûª�5õÚ{. Ù/ª�:

yn+k +
k∑

j=1

αk,jyn+k−j = hβk f(xn+k , yn+k).

k αk,1 αk,2 αk,3 αk,4 αk,5 αk,6 βk

1 −1 1

2 −4
3

1
3

2
3

3 −18
11

9
11 − 2

11
6

11

4 −48
25

36
25 −16

25
3

25
12
25

5 −300
137

300
137 −200

137
75

137 − 12
137

60
137

6 −360
147

450
147 −400

147
225
147 − 72

147
10

147
60

147
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~�©�§ê��{

� Hamilton XÚ"(��ê��{— "�{

Hamilton XÚ���m´��"�m

Hamilton XÚ���L«�
dp

dt
= −Hq(p,q),

dq

dt
= Hp(p,q).

Ù¥p = (p1, · · · , pn) ¡�2ÂÄþ, q = (q1, · · · , qn) ¡�2Â�I,
��¼ê H(p,q) ¡�XÚ� Hamilton ¼ê. eP

z =

(
p
q

)
, J2n =

(
0 In
−In 0

)
,

ùp In � n �ü Ý
, K Hamilton XÚq�L«�
dz

dt
= J−1

2n Hz = J−1
2n

(
Hp

Hq

)
.

Hamilton XÚ���m3d J2n ½Â�"SÈ [x, y] = xTJ2ny e´�

�"�m.
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~�©�§ê��{

� Hamilton XÚ"(��ê��{— "�{

½Âµ XJ��2n �Ý
 S ´�"SÈ�, = [Sx,Sy] = [x, y], K¡
Ù���"Ý
. ¤k"Ý
|¤��+, ¡�"+, P� Sp(2n).

Hamilton XÚ�)k��­��5�, =§�Ñ
Hamilton XÚ��
mþ��xüëê��N�: (p(t0),q(t0)) 7→ (p(t),q(t)), �TxN�
´�"(��(N�� Jacobi Ý
´"Ý
).

½Âµ 2n �Ý
B ¡�´Ã¡�"Ý
, XJ

BTJ2n + J2nB = 0.

Ã¡�"Ý
|¤��5�m�é´$� [A,B] = AB− BA �å½
Â
��o�ê, P� sp(2n).

Únµ Ý
B ´Ã¡�"Ý
��=�B=J2nA, Ù¥A ´é¡Ý
.

½nµ XJB ∈ sp(2n), K exp(tB) ∈ Sp(2n), ∀t ∈ R. e�k
|I2n + B| 6= 0, Kk F , (I2n + B)−1(I2n − B) ∈ Sp(2n).

½nµ �¼ê ψ(λ) 3 λ = 0 ?UÐ¤�?ê, ψ(λ)ψ(−λ) = 1, �
ψ′(0) 6= 0, ψ(0) = 1. XJ B ∈ sp(2n), K ψ(hB) ∈ Sp(2n).
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�5 Hamilton XÚ9Ù)�Ã¡�"Ý
L«

�Ä�5 Hamilton XÚ, = Halmilton ¼ê H ´ z ��g.:

H(z) =
1

2
zTSz, ST = S.

3ù«�¹e, Hamilton XÚ�±�¤

dz

dt
= Bz, B = J−1

2n S.

du B ∈ sp(2n), ¤± exp(tB) ∈ Sp(2n). d�, Hamilton XÚ
Ð�¯K�)�±L«� z(t) = exp(tB)z(0), N´wÑù´�
�dÃ¡�"Ý
��êC�½Â���mþ�"(�N�.
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Hamilton XÚ�"�ª

Hamilton XÚ�"(�k­��Ôn¿Â. ~X, é�5�©
Hamilton XÚ5`, �"(��duUþÅð.

�5 Hamilton XÚ��©�ª¡�´"�, XJ�©�ª½Â

l zm � zm+1 ��"C�£=�A�C�Ý
�"Ý
¤.

- S(t)=
∂z(t)

∂z(t0)
, K��5 Hamilton XÚ��"(�5�´

dS(t) ∈ Sp(2n), = S(t)TJ2nS(t) = J2n, ∀t, �x�.

éu��5 Hamilton XÚ�üÚÛªê��ª, -Sm =
∂zm+1

∂zm
,

XJSm∈Sp(2n), =ST
mJ2nSm =J2n, ∀m ≥ 0, K¡T�ª´"�.
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�5 Hamilton XÚ"�ª�~

½nµ � Pk(x) ´ ex �kXe/ª�kn%C:

ex =
Pk(x)

Pk(−x)
+ O(|x |2k+1),

K�5 Hamilton XÚ��©�ª

zm+1 =
Pk(hB)

Pk(−hB)
zm, k = 1, 2, · · ·

´äk 2k �°Ý�"�ª, �k 1
2z

T
m+1Szm+1 = 1

2z
T
mSzm.

Äu Gauss-Legendre ê�È©úª� s ? 2s �Ûª Runge
-Kutta �ª´"�ª.
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ê�È©� Monte Carlo �{

�Å�{�~ — ê�È©� Monte Carlo �{

éÕáÓ©Ù��ÅCþ Xi , i = 1, 2, · · · , XJ E |Xi | < +∞, P

SN =
∑N

i=1 Xi , Kdf�ê½Æ, � N →∞ �, SN/N �VÇÂñ
uEX1.

Ïd, �
O� I (f ) = Ef (X ), ��pÕá�ÓÑl«� Ω þþ!©
Ù��ÅCþ Xi , i = 1, 2, · · · ,N, �Eê�È©úª

I (f ) =

∫
Ω

f (x)dx ≈ IN(f ) ,
1

N

N∑
1

f (Xi ).

ùÒ´ê�È©� Monte Carlo �{. ÙØ� eN = |IN(f )− I (f )| ÷v

E |eN | ≤
√
E |eN |2 =

√
Var(f (X ))

N
.

dd��)ÕáÓ©Ù�ÅêS�Ú~��� Var(f (X )) �'­�.
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��Åêu)ì

�) U [0, 1] ��Åê��5Ó{{
Xn+1 = aXn + b (mod m), Ù¥ a, b, m ÷v

1 b � m p�;
2 (a− 1) ´m �?�ÛêÏf��ê;
3 e 4 ´ m �Ïf, K 4 �7½´ (a− 1) �Ïf,

KT��Åêu)ì���Ì��Ý� m, =÷�Ý.

Lewis, Goodman ÚMiller JÑ���Ì��Ý� 2.1×109

� U [0, 1] ��Åêu)ìµ Xn+1 = aXn (modm), Ù¥
a = 75 = 16807, m = 231 − 1 = 2147483647.

ÄuC�{���©Ù���Åêu)ì. (XJ�ÅCþ
X ∼ U [0, 1], K�ÅCþ Y = F−1(X ) �©Ù¼ê� F (y).)

VÇ�Ý� p(x) ��ÅCþ��)�{— �À{µ
1 U©Ù U [a, b] )¤�Åê Xi ;
2 U©Ù U [0, d ] )¤�Åê Yi , ¡�ûüCþ;
3 ûüµXJ 0 ≤ Yi < p(Xi ), K�É Xi , ÄKáý;
4 =Ú 1.
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~����E|

­�5Ä�{: I (f ) ≈ 1
N

∑N
i=1

f (Yi )
p(Yi )

, Ù¥ Yi , i = 1, · · · ,N,

´VÇ�Ý� p(x) (÷v
∫ 1

0
f 2(x)
p(x) − f 2(x)dx < 0) � i.i.d.

�ÅCþ.

��Cþ{: IN(f ) = 1
N

∑N
i=0[f (Xi )− g(Xi )] + I (g), Ù¥ Xi ,

i = 1, · · · ,N, i .i .d . ∼ U [0, 1], I (g) ®�, Var(f −g)<Var(f ).

©�Ä�{: ò«� Ω = [0, 1] ©� M �°:

Ωk = [k−1
M , k

M ], k = 1, · · · ,M; � i.i.d. X
(k)
i ∼ U(Ωk),

i = 1, · · · , n, k = 1, · · · ,M, � N = nM ��ÅCþ; -

InM(f ) =
M∑
k=1

1

nM

n∑
i=1

f (X
(k)
i ) =

1

N

M∑
k=1

n∑
i=1

f (X
(k)
i ).

éóCþ{µXJ f (x) ´üN�, X ∼ U [0, 1], K
IN , 1

2N

∑N
i=1[f (Xi ) + f (1− Xi )], k EIN = I (f ), �

Var(IN) = E |IN − I (f )|2 ≤ 1
2NVar(f ).
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Metropolis �{ — �«ê¼ó Monte Carlo �{

Metropolis �{�¦=£VÇÝ
P äkXe5�µ
1 =£VÇÝ
P ÷v: (i) pij ≥ 0, ∀i , j = 1, · · · ,Nt ; (ii)∑Nt

j=1 pij = 1, ∀i = 1, · · · ,Nt .
2 =£VÇÝ
P ´��Ý
. d�±P �=£VÇÝ
�
ê¼ó´���£H{�¤.

3 σ(i) �ÑyVÇ 1
ZM

exp{βH(σ(i))} ü¤�Nt �1�þ π ´

=£VÇÝ
P �ØC©Ù.
4 d=£VÇÝ
P ½Â�ê¼ó÷v[�²ï^�:
π(σ)P(σ → σ′) = π(σ′)P(σ′ → σ).

½nµ �ê¼óäk5� (1)-(4), �¼ê g(σ) ÷v E |g(σ)| =∑
σ∈Ω π(σ)|g(σ)| <∞. KédTê¼ó)¤�l?�Ð©G� σ(0)

Ñu�G�S� σ(1), σ(2), · · · , σ(n), · · · Ñk
1

n

n∑
i=1

g(σ(n))→
∑
σ∈Ω

π(σ)g(σ), � n→∞, a.s.
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Metropolis �{

Metropolis �{�6§

Metropolis �{µ

1 �½Ð©� σ(1) ÚoO�Úê N.

2 �â�½�ýÀ5Kd σ(n) �)ýÀ� σ′.

3 O� 4H = H(σ′)− H(σ), O�

A = min{1,R} =

{
1, 4H ≤ 0,

exp{−β4H}, Ù§.

4 )¤�þ!©Ù�Åê r ∼ U [0, 1];

5 XJ r ≤ A, K- σ(n+1) = σ′; ÄK, -σ(n+1) = σ(n).

6 XJ n + 1 < N, =Ú 2; ÄKO� 1
N

∑N
i=1 H(σ(i)).

5µ e31nÚ¥� A = (1 + exp{−β4H}), K�A��{¡
� Glauber �{. T�{��)÷v[�²ï^����ê¼ó.
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�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{¤�â�Ä�¯¢

éu`z¯K x = arg min
x∈X

H(x),

½Â H(x) ��Û4�:8 M = {x0 : H(x0) = minx∈X H(x)},
Ú\ëê β, ½ÂVÇ�Ý¼ê

Πβ(x) =
1

Zβ
exp{−βH(x)}, Zβ =

∑
x∈X

exp{−βH(x)},

�A©Ù¡� Πβ(x) ©Ù.

½nµ P |M| �8Ü M ¥����ê, K Πβ(x) k5�

lim
β→+∞

Πβ(x) = Π∞(x) ,

{
1
|M| , x ∈ M,

0, x 6∈ M,

�� β ¿©��, é?� x ∈ M, Πβ(x) �� β �¼êüNO;
é?� x 6∈ M, Πβ(x) �� β �¼êüN~.
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�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{�Ä�6§

��½�üNOS� {βn}∞n=0, limn→∞ βn = +∞.

�[ò»�{:

1 �½Ð©� n = 0, x0, β = β0, SÌ�ÚêK ÚS�ÚêN.

2 �â�½�ýÀ5Kd xk �)ýÀ� x′.

3 O� 4H = H(x′)− H(xk), O�

A = min{1,R} =

{
1, 4H ≤ 0,

exp{−β4H}, Ù§.

4 )¤�þ!©Ù�Åê r ∼ U [0, 1];

5 XJ r ≤ A, K- xk+1 = x′; ÄK, - xk+1 = xk .

6 XJ k + 1 < K , =Ú 2; ÄK, x0 := xK , k := 0.

7 XJ n < N, n := n + 1, β = βn, =Ú 2; ÄK, ÑÑ(J.
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�[ò»�{—�5��à`z¯K��«�Å5�{

�[ò»�{Âñ5�Ä�½n

�{üå�, SÌ�gê K $��±� 1. d�kÂñ5(Jµ

½nµ � X ��k�8, H(x) � X þ��~ê¼ê, G ´±
G(x, y) ����é¡Ø��ýÀ
, Pβ �d G Ú�A�ëê�
β �÷v[�²ï^��5K¤½Â�=£VÇÝ
. XJò»
�Ý βn ≤ C ln n, Ù¥ C = C (G,H) �~ê, Ké?¿Ð©©Ù
ν, k

lim
n→∞

‖νPβ1 · · ·Pβn − Π∞‖1 = 0.

5: ò»�Ý βn ≤ C ln n, ¿�Xe� βn ���½�N0 � 1 l

¦O�÷v�½�°Ý�¦, K7L� n ∼ exp(N0). ùÏ~´
Ã{=É�. ¢SO��, ~À βn ∼ p−n (p . 1 ~X0.999),  
 ����Ø��O��J(Ø�®
¦Ùg).
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[ Monte Carlo �{

[ Monte Carlo �{nØÄ:— Koksma-Hlawka ½n

½nµ é?ÛS� {xn}Nn=1 9?Ûk.C�¼ê f , ê�È©
Ø�÷v Koksma-Hlawka Ø�ªµ

E [f ] , |I (f )− IN(f )| =
∣∣∣ ∫

I d
f (x)dx − 1

N

N∑
n=1

f (xn)
∣∣∣ ≤ V [f ]D∗N ,

Ù¥ V [f ] ´ Hardy ÚKrause ¿Âe¼ê f (x) �C�, D∗N ´
[�ÅêS�

5 1µ d Koksma-Hlawka Ø�ª�, [ Monte Carlo È©�'
�3u)¤¦�U�� D∗N �[�ÅêS���É
£discrepancy¤.

5 2µ ®keZ«�{, U
�) DN ≤ Cd(lnN)kdN−1 �[�
ÅêS�, Ù¥ Cd , kd ´� d k'�~ê.
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[ Monte Carlo �{

U
�) DN ≤ Cd(lnN)dN−1 �[�ÅêS��{�~

Van der Corput S� (d = 1): xn ��)�{µ

1 ò n L«� 2 ?�ê n = amam−1 · · · a1a0;

2 �) 2 ?�ê xn = 0.a0a1 · · · am−1am.

Halton S� (d > 1): xn = (x1
n , · · · , xdn ) ��)�{µ

1 ò n L«� pk ?�ê n = akmk
akm−1k

· · · ak1ak0 , 1 ≤ k ≤ d ,

Ù¥ pk �1 k ��ê;

2 �) pk ?�ê xkn = 0.ak0a
k
1 · · · akm−1k

akmk
.

5 1µ �±y² Halton S�÷v DN ≤ Cd(lnN)dN−1.

5 2 ([ Monte Carlo �{�Û�5)µ ���·Üu�m�ê¥
�!�È¼ê1w!Ý/«�þ�È©.
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