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Summary: Finite Volume Methods for Hyperbolic Problems
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�Ä���� �©�§|µ

qt(x , t) + Aqx(x , t) = 0,

Ù¥q : R× R→ Rm, A ´m �¢Ý
.
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V.�§£|¤�½Â��.¯K

��V. �©�§|

��V. �©�§|

ÅÄ�§µ
utt(x , t) = a2uxx(x , t),

´��V. �©�§.

-v = ut , w = −aux , Kk[
v
w

]
t

+

[
0 a
a 0

] [
v
w

]
x

= 0.
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V.�§£|¤�½Â��.¯K

��V. �©�§|

��ÅðÆ�§|

e�3Ïþ¼êf (q), ¦�

qt(x , t) + f (q(x , t))x = 0,

�Ý
∇f (q) �A��Ñ´¢�§�k�|£m�¤�A��5
Ã'�A��þ§K¡±þ�§|�Åðþ(�Ý) q �VÅð
Æ"AO/§�¤k¢A��ÑpØ�Ó�§ÅðÆ�§|¡�
´î�V.�"
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V.�§£|¤�½Â��.¯K

��V. �©�§|

��Ún��mV.£ÅðÆ¤�§£|¤�½Â
Definition

~Xê���5 �©�§| qt + Aqx + Bqy = 0 ¡�´ (r)
V.�, XJé?¿�ü �þ~n = (nx , ny ), Ă = (nxA + nyB)
�¢é�z.  �©�§| qt + f (q)x + g(q)y ¡�´ (r) V
.�, XJ f̆ ′(q) = (nx f ′(q) + nyg ′(q)) é?¿�ü �þ
~n = (nx , ny ) �¢é�z.

Definition

~Xê���5 �©�§| qt + Aqx + Bqy + Cqz = 0 ¡�´
(r) V.�, XJ Ă = (nxA + nyB + nzC ) é?¿�ü �þ
~n = (nx , ny , nz) �¢é�z.

 �©�§| qt + f (q)x + g(q)y + h(q)z = 0 ¡�´ (r) V
.�, XJ f̆ ′(q) = (nx f ′(q) + nyg ′(q) + nzh′(q)) é?¿�ü 
�þ~n = (nx , ny , nz) �¢é�z.

5µaq/�½Â��Ún��mî�V.�§£|¤.
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V.�§£|¤�½Â��.¯K

��V. �©�§|

��ÅðÆ�È©/ª

é��ÅðÆ�§|3x1 < x < x2 þÈ©�µ

d

dt

∫ x2

x1

q(x , t)dx = f (q(x1, t))− f (q(x2, t))

ù`²§3[x1, x2] þ±q ��Ý�Åðþ'u�m�CzÇ=�
6u«�üà:�Ïþ�"

òþª3[t1, t2] þÈ©§�����È©/ª�ÅðÆ�§|∫ x2

x1

q(x , t2)dx =

∫ x2

x1

q(x , t1)dx −
∫ t2

t1

(f (q(x2, t))− f (q(x1, t)))dt

ù`²§3[x1, x2] þ±q ��Ý�Åðþ�Oþ�u3�A�m
ãÏLT«�à:À6\�Åðþ"

6 / 58



Summary: Finite Volume Methods for Hyperbolic Problems

V.�§£|¤�½Â��.¯K

��V. �©�§|

��Ún�ÅðÆ�È©/ªÚ�©/ª

?�Åðþ q ½Â�¥�1w«�Ω, KΩ ¥oÅðþ�C
z��5guBL1w>. ∂Ω �Ïþ. =

d

dt

∫
Ω
q(x , y , t)dx dy =BL ∂Ω ?\Ω �ÀÏþ.

P~f (q) �Ïþ�Ý, K/BL ∂Ω ?\Ω �ÀÏþ0�
−
∫
∂Ω ~n · ~f (q)ds = −

∫
Ω
~∇ · ~f (q)dx dy .

u´�È©/ª�ÅðÆ�§£|¤

d

dt

∫
Ω
q(x , y , t)dx dy = −

∫
Ω

~∇ · ~f (q)dx dy .∫
Ω
q(x , y , t2) =

∫
Ω
q(x , y , t1)−

∫ t2

t1

∫
∂Ω
~n · ~f (q)ds dt.

e q, ~f ¿©1w, Kkqt + ~∇ · ~f (q) = 0.
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V.�§£|¤�½Â��.¯K

��V.�§£|¤��.¯K

Åð��ÅðÑ$�§—��C�¡+�6

®�6�µu(x , t)£ü µ�Ý/�m¤"�q(x , t) Ú q̃(x , t) ©
O�6N¥,«Ô����Ý£ü µ�þ/�Ý¤ÚN�Ý
£ü µ�þ/NÈ¤"Kq(x , t) Ú q̃(x , t) ©O÷vÅð��
ÅðÑ$�§£�¡é6�§¤µ

Åð.Ñ$�§µ qt + (uq)x = 0.

�Åð.Ñ$£ôÚ¤�§µ q̃t + uq̃x = 0.

A��§µ
dX

dt
= u(X (t), t).

)÷A���~êµ
dq(X (t), t)

dt
= (qt + X ′(t)qx)(X (t), t) ≡ 0.
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V.�§£|¤�½Â��.¯K

��V.�§£|¤��.¯K

��V.�§£|¤��
�.¯K

�Ø 6�§µLecture1 p.26-29(��), Lecture13 p.33-34(��)

�5(Å�§: Lecture1 p.30-31(1-d), Lecture13 p.34, p.37(2,3-d)

��.¼íNÄåÆ�§: Lecture2 p.9-11.

�6�§µLecture5 p.36-37(�5), Lecture7 p.2-3(��5),
Lecture12 p.19(��5C��), Lecture13 p.2-8(�Ñ\�)

fY�§µLecture9 p.3-4(��), Lecture13 p.39-40(��)
�«lJfY�§µLecture10 p.23-25(�5òz|��>mä)

Buckley-Leverett �§µLecture11 p.30 (��ü�6, �gæh)
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V.�§£|¤iù¯K)�(�

~Xê�5V.�§|Ð�¯K)�(�

���5V. �©�§|

�Ä�����5î�V. �©�§|µ

qt(x , t) + Aqx(x , t) = 0,

Ù¥q : R× R→ Rm, A ´m ��¢é�z�¢Ý
.

PÝ
A �A���λ1 < . . . < λm, r1, . . . , rm ´Ù�A�mA
��þ§R = [r1 . . . rm] ´dmA��þ���¤�Ý
"K
L = R−1 �1l1, . . . , lm ´Ý
A ��A��A��þ§�k

A = RΛR−1, Ù¥ Λ =

λ
1

. . .

λm

 .
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V.�§£|¤iù¯K)�(�

~Xê�5V.�§|Ð�¯K)�(�

��~Xê�5V. �©�§|�é�z

-w = R−1q ½wp(x , t) = lpq(x , t), p = 1, . . . ,m, K�§z{�

wt + Λwx = 0, ½ wp
t + λpwp

x = 0, p = 1, 2, . . . ,m.

ù´m �Õá�é6�§§§��Ð�¯K�)�

wp(x , t) = wp(x − λpt, 0) = lpq(x − λpt, 0) = lp
◦
q(x − λpt).

Ïd§��§Ð�¯K�)�

q(x , t) = Rw(x , t) =
m∑

p=1

wp(x , t)rp =
m∑

p=1

[lp
◦
q(x − λpt)]rp.
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V.�§£|¤iù¯K)�(�

~Xê�5V.�§|Ð�¯K)�(�

~Xê�5V.�§|�A�!iùØCþÚ{Å)

p xA��§µX ′p(t) = λp, (1 ≤ p ≤ m);

wp(q) = lpq ¡�1p (1 ≤ p ≤ m) xA��iùØCþ;

÷p (1 ≤ p ≤ m) xA��Xp(t) = Xp(0) + λpt DÂ�p x
Å�Å.´A��þ rp, Å�DÂ�Ý�λp, Å�rÝ´i
ùØCþ wp(x , t) = lp

◦
q(x − λpt).

e) q(x , t) 3��m¥�;,á3�^ i-È©�þ, K¡
Ù�1 i-x{Å). 5¿µ3z^i-È©�þwp(q) ��~ê,

∀p 6= i ( i-iùØCþ���½Â).

~Xwp(x , 0) =
◦
wp(x) ≡ w̄p, ∀p 6= i , KÙ�{Å), Ï�

q(x , t) =
◦
w i (x − λi t)r i +

∑
p 6=i

w̄prp =
◦
q(x − λi t).

� Lecture 2, p.17-18.
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V.�§£|¤iù¯K)�(�

CXê�5V.�§|Ð�¯K)�(�

CXê�5V.�§|iù¯K)�(�

3©¡~Xê�/

Åð.�§ qt + (A(x)q)x = 0 ��:3u

iù¯K�)��3.¡üý�)ü�¥mG� q−m Ú q+
m.

üýÏþ3.¡?�ëY5 (=ALq
−
m = ARq

+
m).

.¡�£m¤ý=¹��£m¤ýDÂ�ÞáÅ (=
A+
L (q−m − qL) = 0, A−R (qR − q+

m) = 0).

�Åð.�§ qt + A(x)qx = 0 ��:3u

¦¥mG� qm, s.t.A+
L (qm − qL) = 0, A−R (qR − qm) = 0.

¢y�{µ� r−1 , · · · , r−k , � AL �¤kKA��¤éA�
A��þ, r+

k+1, · · · , r+
m , � AR �¤k�A��¤éA�A

��þ, - R = [r−1 , · · · , r
−
k , r

+
k+1, · · · , r+

m ], Kk

qm = qL + R−R−1(qr − qL) = qR + R+R−1(qR − qL)§

Ù¥ R− = [r−1 , · · · , r
−
k , 0, · · · , 0], R+ = R − R−.

� Lecture 6.
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§ªiù¯K�)�(�

��5V.ÅðÆ�§ªiù¯K�)�(�

��5VÅðÆ�§ª qt + f (q)x = 0 iù¯K�)´�q5
) q(x , t) = q(x/t), ���d-Å!¥%DÕÅ|¤.

� qr < ql �,

�8Ü {(q, y) : qr ≤q≤ql , y ≤ f (q)} �à�eã�þà�.

Tà��þ>.��deZ��ãÚeZ f (q) ��ã�
Oë�¤, 3z��ãþ f ′(·) �üN~¼ê;

Ù¥z���ãL«
��ë�T��ãüàG��-Å,
T��ã��Ç s =�-Å�Ý;

Ù¥z� f (q) ��ãKL«
��ë�T�ãüàG
��¥%DÕÅ, )3T�ãþ÷v x/t = f ′(q̃(x/t)).

AO�, � f ′′ < 0 �, �)´ë�üàG��¥%DÕÅ,
� f ′′ > 0 �, �)´ë�üàG��-Å s[|q|] = [|f (q)|].
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§ªiù¯K�)�(�

��5V.ÅðÆ�§ªiù¯K�)�(�

� qr > ql �,

�8Ü {(q, y) : ql≤q≤qr , y ≥ f (q)} �à�þã�eà�.

Tà��e>.��deZ��ãÚeZ f (q) ��ã�
Oë�¤, 3z��ãþ f ′(·) �üNO¼ê;

Ù¥z���ã½�ã©OL«��ë�T�ãüàG�
�-Å½¥%DÕÅ. ��ã��Ç s ��A-Å�Ý;

Ù¥z� f (q) ��ãKL«
��ë�T�ãüàG
��¥%DÕÅ, )3T�ãþ÷v x/t = f ′(q̃(x/t)).

AO�, � f ′′ > 0 �, �)´ë�üàG��¥%DÕÅ,
� f ′′ < 0 �, �)´ë�üàG��-Å s[|q|] = [|f (q)|].

� Lecture 11, àÏþ�/� Lecture 7.
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§ªiù¯K�)�(�

�àVÅðÆ�§ªiù¯K�Osher )

�âà�{Ú¼êà��O��{, Osher �Ñ
���àV
ÅðÆ�§ªiù¯K�q5�) q(x , t) = q̃(x/t) ���{ü
L�ª. �iùÐ�� ql , qr , - ξ = x/t, ½Â

G (ξ) =

{
minql≤q≤qr [f (q)− ξq], ql ≤ qr ,

maxqr≤q≤ql [f (q)− ξq], qr ≤ ql .

K f (q̃(ξ))− ξq̃(ξ) = G (ξ), =

q̃(ξ) =

{
argminql≤q≤qr [f (q)− ξq], ql ≤ qr ,

argmaxqr≤q≤ql [f (q)− ξq], qr ≤ ql .

5: eé,��½� ξ, ÷vþª� q �Ø��, K�)¥k��
�Ý� ξ �-Å, Ùüý�G�´÷vþªG�8�þe..

� Lecture 11, p.41.
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§ªiù¯K�)�(�

©ã½Â���5ÅðÆ�§ªiù¯K�)�(�

¦)©ã½Â���5ÅðÆ�§ªiù¯KÒ´��Lecture12, p.17

éG�Q↓l , Q↓r , ¦Ù÷v fi−1(Q↓l ) = fi (Q
↓
r ), Ó��¦

�§ qt + fi−1(q)x = 0 �iùÐ�� ql = Qi−1, qr = Q↓l �
iù¯K�)�¹�1Å;

�§ qt + fi (q)x = 0 �iùÐ�� ql = Q↓r , qr = Qi �iù
¯K�)�¹m1Å;

iù¯K�)�´d qt + fi−1(q)x = 0 �±þiù¯K)��1

Å, qt + fi (q)x = 0 �±þiù¯K)�m1Å, ÚQ↓l , Q↓r m�
·�-Å�¤( )��ÄuÏþ�©� fi (Qi)−fi−1(Qi−1)=

∑Mw
p=1Z

p

i− 1
2

).

5 1: ±þiù¯KØ�½·½, üý7L©Okv
õ��1ÅÚm1Å, �
·�-ÅA÷v·���N5^�£�^�¤.

5 2: �±þiù¯K�)Q↓l , Q↓r Ø���, AT�¦�·�-Å”� Lax5”

�é�f (=¦ [f ′r (Q↓r )− f ′l (Q↓l )] ����)���¯K��). �Lecture12, p.23
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§|iù¯K�)�(�

��5V.ÅðÆ�§|iù¯K�)�(�

�Ä qt + f (q)x = 0 iù¯K�). £=�uA�|þ�ý���5½�5òz�¤

-Hp(q∗) �L q∗ � p-Hugoniot :8, P
H−p (q∗) = {q ∈ Hp(q∗) : λp(q∗) ≥ λ(q)}.

- Ip(q∗) �L q∗ � p-È©�, P
I+
p (q∗) = {q ∈ Ip(q∗) : λp(q∗) ≤ λ(q)}.

�½iùÐ� q0 = ql , qm = qr , ¦¥mG� q1, · · · , qm−1,
s.t. qi ∈ H−p (qi−1) ∪ I+

p (qi−1), i = 1, · · · ,m;

��5V.�§|iù¯K��)´�|÷vR-H a�
mä^�ÚLax-�^��-Å(e qi ∈ H−p (qi−1)) Ú¥%D
ÕÅ�¤�ÞáÅ(e qi ∈ I+

p (qi−1)) (¹�>mä).

Hugoniot :8� Lecture 9, È©�� Lecture 10.
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§|iù¯K�)�(�

��5V.ÅðÆiù¯K�)¥¥%DÕÅ�(�

òý���5 p-x|¥�¥%DÕÅ q(x , t) = q̃(x/t) �\Åð
Æ�§| qt + f (q)x = 0 � (− x

t2 + 1
t λ

p(q̃(x/t)))q̃′(x/t) = 0, =

λp(q̃(x/t)) =


ξ1, x/t ≤ ξ1,

x/t, ξ1 ≤ x/t ≤ ξ2,

ξ2. x/t ≥ ξ2,

ù`²÷Xz�^�� x/t = ξ ∈ [ξ1, ξ2], A��ÝT� ξ, Ïd,
�� x = ξt, ξ ∈ [ξ1, ξ2] ´¥%DÕÅ�A��.

AO/, ·�k q̃(ξ1) = ql , λ
p(ql) = ξ1,

q̃(ξ2) = qr , λ
p(qr ) = ξ2.

� Lecture 10, p.5.
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§|iù¯K�)�(�

��5V.ÅðÆiù¯K�)¥¥%DÕÅ�(�

'Xª ξ = λp(q̃(ξ)) ü>é ξ ¦�� 1 = ∇λp(q̃(ξ)) · q̃′(ξ). q
d q̃(x/t) ´ p x{Å), � q̃(ξ) ´ p xÈ©�, Ïdk
q̃′(ξ) = α(ξ)rp(q̃(ξ)). u´�

α(ξ) =
1

∇λp(q̃(ξ)) · rp(q̃(ξ))
.

òd�\ q̃′(ξ) = α(ξ)rp(q̃(ξ)) � q̃(ξ) ¤A÷v�~�©�§

q̃′(ξ) =
rp(q̃(ξ))

∇λp(q̃(ξ)) · rp(q̃(ξ))
.

5: �§ª�T�§òz� (f ′(q̃(ξ)))′ = 1 ⇐ f ′(q̃(ξ)) = ξ. d�,
¥%DÕÅ��d q̃(x/t) = (f ′)−1(x/t) �Ñ.

� Lecture 10, p.6.
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V.�§£|¤iù¯K)�(�

��5V.ÅðÆ�§|iù¯K�)�(�

��5V.ÅðÆiù¯K�)¥¥%DÕÅ�(�

éuÅðÆ�§|, ��ý���5 p-x|¥�¥%DÕÅ q̃(ξ)
´±e~�©�§Ð�¯K�):{
q̃′(ξ) = rp(q̃(ξ))

∇λp(q̃(ξ))·rp(q̃(ξ)) ,

q̃(ξ1) = ql ,
±9

{
q̃′(ξ) = rp(q̃(ξ))

∇λp(q̃(ξ))·rp(q̃(ξ)) ,

q̃(ξ2) = qr ,

Ù¥ ql , qr Óá�^ p-È©�, �λp(ql) = ξ1 < λp(qr ) = ξ2.

5: �½ ql , - ξ1 = λp(ql), e p-x|´ý���5�, K�A~
�©�§Ð�¯K�3��) q̃(ξ). ∀ξ2 > ξ1, - qr = q̃(ξ2), K

q(x , t) =


ql , x/t ≤ ξ1,

q̃(x/t), ξ1 ≤ x/t ≤ ξ2,

qr , x/t ≥ ξ2,

´ë� ql Ú qr � p-¥%DÕÅ (� (13.42)).

� Lecture 10, p.7.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§�a�mä)£-Å¤�f/ª

[�5/ª���5ÅðÆ�§ª�A�����

[�5/ª���5ÅðÆ�§ª: qt + f ′(q)qx = 0.

A���§: X ′(t) = f ′(q(X (t), t)).

)÷A��÷v d
dt q(X (t), t) = qt + qxX

′(t) = 0, =)÷A
���~ê. ÏdA��´��, �)�L«� q(X (t), t)
= q(X (0), 0) , q̃(X (0)), Ù¥ q̃(ξ) �Ð©�Ý©Ù¼ê.

�L (x , t) :�A��� x-¶u ξ, K�A�A���§�
x = ξ + f ′(q(x , t))t = ξ + f ′(q(ξ, 0))t = ξ + f ′(q̃(ξ))t.

3A��pØ����ã (0 ≤ t ≤ T ) Sù�Ñ
 ξ ��
gCþ (x , t) �Û¼ê'X x = ξ + f ′(q̃(ξ))t.

� Lecture 7, p.7.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§�a�mä)£-Å¤�f/ª

[�5/ª���5ÅðÆ�§ª�A�����

dÛ¼ê½n, e 1+f ′′(q̃(ξ))q̃ξ(ξ)t 6= 0, K ξ ÛÜ���).

- tb = −1
minξ[f ′′(q̃(ξ))q̃ξ(ξ)] , K� tb < 0, 0 < t <∞, ½tb > 0,

0 < t < tb �, l x-¶Ñu�A��ÑpØ��.

Ïd�±þ^�¤á�,Û¼ê�§k��) ξ(x , t).

� t > tb > 0 �, l x-¶Ñu�A��7,¬�)��
y�. d�)Ø21w (�SK 11.1), ´¬Ñy-Å.

AO/, � f ′′ > 0 �, eÐ©©Ù÷v q̃ξ ≥ 0, K)1w.

� f ′′ < 0 �, eÐ©©Ù÷v q̃ξ ≤ 0, K)1w.

��, � f ′′ > 0 �, eÐ©©Ù÷v q̃ξ < 0, k-Å�).

� f ′′ < 0 �, eÐ©©Ù÷v q̃ξ > 0, k-Å�).

� Lecture 7, p.8.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§�a�mä)£-Å¤�f/ª

��5ÅðÆ�§ª�È©/ª�f)

ÅðÆ�§ª�È©/ª, ∀x1 < x2, t1 < t2,∫ x2

x1

q(x , t2)dx =

∫ x2

x1

q(x , t1)dx−
[ ∫ t2

t1

f (q(x2, t))dt−
∫ t2

t1

f (q(x1, t))dt
]
.

� q ¿©1w�ù�du
∫ t2

t1

∫ x2

x1
[qt + f (q)x ]dxdt = 0, ½∫∞

0

∫∞
−∞[qt + f (q)x ]χ[x1,x2]×[t1,t2]dxdt = 0 (Ù¥χ �A�¼ê).

òþª¥��êÀ�f�ê, òχ O��φ ∈ C∞0 (R× R+),
K�f)�½Â∫ ∞

0

∫ ∞
−∞

[qφt + f (q)φx ]dxdt =

∫ ∞
−∞

q(x , 0)φ(x , 0)dx .

�±y²÷v±þ½Â�f)�7,´È©/ªÅðÆ�§
ª�). ��½,.

� Lecture 7, p,19.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§�a�mä)£-Å¤�a�mä^�

a�mä)£-Å¤9ÙRankine-Hugniot ^�

3A������/¤�ÅðÆ�§ª�ÔnØ -Å)�
dA��{ + �¡È{K�� (�Lecture 7, p.13, Lecture 11, p.33).

éuÅðÆ�§(|)�á�1w-Å), =)3-Å�üý
��S©O1w, �k1w�-ÅDÂ�Ý s(t), K�dÅ
ðÆí� �Rankine-Hugniot a�mä^� (�Lecture 7, p.15):

s(qr − ql) = f (qr )− f (ql).

éu�$ÄÛ5��²ïÆ�§
qt + f (q)x = Dδ(x − X (t)), Ù¥ x = X (t) ´Û5��1
w$Ä;,, $Ä�Ý�X ′(t) = s(t), aq/���
Rankine-Hugniot a�mä^� (�Lecture 13, p.3-4):

s(qr − ql) = f (qr )− f (ql)− D.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

��5ÅðÆ�§ªf)�Ø��5

� 1 ≥ ql > qr ≥ 0 �, �6�§iù¯K�f)kü�.

Ôn)´¥%DÕÅ (�Lecture 7, p.20)

q̃(x/t) =


ql , x/t < f ′(ql);

qr , x/t > f ′(qr );
1
2

(
1− x

umaxt

)
, f ′(ql) ≤ x/t ≤ f ′(qr ).

�Ôn)´��Ý� s = 1
2 [f ′(ql) + f ′(qr )] �*Ü-Å.

f)�Ø��5�Ly3ò��5ÅðÆ�§ª=z�f/
ª��ªþ (�Lecture 7, p.21).

�§ ut +
(

1
2u

2
)
x

=0 � (u2)t +
(

2
3u

3
)
x

=0 �)1w��d.

�cö s1 = [|f1|]
[|u|] = 1

2 (ul + ur ). �ö s2 = s1 + 1
6

(ur−ul )2

ur+ul
.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

©ã½Â���5ÅðÆ�§ªiù¯Kf)�Ø��5

�Ä f (q, x) = umax(x)q(1− q) �ÅðÆ�§ªiù¯K:

Ù¥ umax(x) =

{
umax,l = 2, x < 0,

umax,r = 1, x > 0.

{
ql = 0.2,

qr = 0.1.

fl(ql) = 2× 0.2(1− 0.2) = 0.32 > fr (0.5) = 0.25.

�Q↓r = 0.5, -Q↓l > 0.5 s.t. fl(Q
↓
l ) = fr (Q↓r ) = 0.25 ⇒

2Q↓l (1− Q↓l ) = 0.25 ⇒ Q↓l ≈ 0.8535533906.

���Q↓r = 0.4, -Q↓l > 0.5 s.t. fl(Q
↓
l ) = fr (Q↓r ) = 0.24

⇒ 2Q↓l (1− Q↓l ) = 0.24 ⇒ Q↓l ≈ 0.8605551275.

ü|Q↓l , Q↓r Ñ�Ñ
���D-ÅÚ��mD¥%DÕÅ.

5 1: ¯¢þ?� Q↓r < 0.5, Ñ�±¦��A�f). �Lecture 12, p.21-22.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

��5V.ÅðÆ�§��^�— Lax �^�

Definition

éuà�ÅðÆ�§ª, ��mä�DÂ�Ý s = [|f |]
[|q|] ¡�´÷

v Lax �^��, XJ f ′(ql) > s > f ′(qr ).

5¿, éuàÏþ, = f ′′ ð�½ðK, R-H �Ý s 7,0u f ′(ql)
� f ′(qr ) �m. Ïd, Lax �^��±z{� f ′(ql) > f ′(qr ), ½

� f ′′ > 0 �, Lax �^�{z� ql > qr .

� f ′′ < 0 �, Lax �^�{z� ql < qr .

5: �íNÄåÆ¥��^�aq, Lax �^��â,�þÏL
mä�ü���üN55þOÔnmä.

�Lecture 7, p.23
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

��5V.ÅðÆ�§��^�— Oleinik �^�

Definition

� f ′′ > 0, � q(x , t) ´ qt + f (q)x = 0 �f). XJ�3~ê
E > 0 ¦�

q(x + a, t)− q(x , t)

a
<

E

t
, ∀a > 0, t > 0, x ∈ R,

K¡ q(x , t) ´ÅðÆ��).

5 1: � f ′′ > 0 �, 3)�a�mä?, d Oleinik �^��±í
Ñ ql > qr , Ïk f ′(ql) > f ′(qr ), = Lax �^�¤á.

5 2: � f ′′ < 0 �� Oleinik �^�: �3~ê E > 0 ¦�
q(x+a,t)−q(x ,t)

a > E
t , ∀a > 0, t > 0, x ∈ R.

�Lecture 7, p.25

29 / 58



Summary: Finite Volume Methods for Hyperbolic Problems

��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

·^u�à��5ÅðÆ�§ª�Oleinik �^�

Oleinik ��Ñ
±e�{ü�´uí2��à��5ÅðÆ�
§ª� Oleinik �^�:

Definition

�à��5ÅðÆ�§ª�Ê5��)£�)¤3mä?÷v

f (q)− f (ql)

q − ql
≥ s ≥ f (q)− f (qr )

q − qr
,

∀ á3 ql Úqr ½Â�4«mþ� q.

5: � f à�, = f ′′ > 0 ½ f ′′ < 0 �, dT Oleinik �^��
±íÑ Lax �^�.

�Lecture 7, p.27, Lecture 11, p.31,36
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

��5V.ÅðÆ�§^�éL«��^�
Definition

ÅðÆ�§ª qt + f (q)x = 0 �f) q(x , t) ¡�´�), XJ�
3î�à��¼ê η(q) Ú�Ïþ ψ(q) (�éÙ½Â� Lecture 7, p.28), ¦
�é?¿� [x1, x2]× [t1, t2] Ñk∫ x2

x1

η(q(x , t2))dx ≤
∫ x2

x1

η(q(x , t1))dx

+

∫ t2

t1

ψ(q(x1, t))dt −
∫ t2

t1

ψ(q(x2, t))dt,

½�d/∫ ∞
0

∫ +∞

−∞
[φtη(q) + φxψ(q)]dxdt +

∫ +∞

−∞
φ(x , 0)η(q(x , 0))dx ≥ 0,

∀φ ∈ C∞0 (R× R+), φ ≥ 0.

(5: =�Ø�ª η(q)t + ψ(q)x ≤ 0 3f/ª¿Âe¤á.)

�Lecture 7, p.30
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

^�¼ê�lÑ�ÏþL«�lÑ�^�
Definition

� (η(q), ψ(q)) ´ÅðÆ�§ qt + f (q)x = 0 �à�é (§11.14),
¡Ψn

i−1/2 = Ψ(Qn
i−1,Q

n
i ) ´�ψ(q) �N�ê��Ïþ, XJ

1 Ψ(q, q) = ψ(q), ∀q;

2 �3~êL > 0, s.t. é?¿�Qn
i−1, Qn

i Ú q Ñ
k|Ψ(Qn

i−1,Q
n
i )− ψ(q)| ≤ L(|Qn

i−1 − q|+ |Qn
i − q|).

Definition

� (η(q), ψ(q)) ´ÅðÆ�§ qt + f (q)x = 0 �à�é,
Ψn

i−1/2 = Ψ(Qn
i−1,Q

n
i ) ´�ψ(q) �N�ê��Ïþ, ¡k�Nê

�Ïþ�Åð.�ª�ê�)Q ÷vlÑ�^�, XJ

η(Qn+1
i ) ≤ η(Qn

i )− ∆t

∆x
(Ψn

i+1/2 −Ψn
i−1/2), ∀n, i .

�Lecture 8, p.28
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

��N5�ª—— Godunov �ªäk��N5

Definition

¡��ÅðÆ��N�Åð.ê��ªäk��N5, XJ: �
^u½ÂÙê�Ïþ�z�iùf¯K�(Cq))þ÷v�^�
�, �A�ê�)Ò÷vlÑ�^�.

Godunov �ªäk��N5:

1 � q̃n(x , t) 3 (xi−1/2, xi+1/2)× (tn, tn+1) þ÷v�^�∫ xi+1/2

xi−1/2

η(q̃n(x , tn+1))dx ≤
∫ xi+1/2

xi−1/2

η(q̃n(x , tn))dx

−
∫ tn+1

tn

(ψ(q̃n(xi+1/2, t))− ψ(q̃n(xi−1/2, t)))dt.
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��5V.ÅðÆ�§�f)!-Å£a�mä¤!a�mä^�!�^�

��5V.ÅðÆ�§f)�Ø��5Ú�^�

Godunov �ªäk��N5

2 d η′′ > 0, Qn+1
i = 1

∆x

∫ xi+1/2

xi−1/2
q̃n(x , tn+1)dx Ú Jensen Ø�ª

� η(Qn+1
i ) ≤ 1

∆x

∫ xi+1/2

xi−1/2
η(q̃n(x , tn+1))dx .

3 q q̃n(x , tn) = Qn
i , q̃n(xi−1/2, t) = q↓(Qn

i−1,Q
n
i ) =: Q↓i−1/2.

4 e½Âê��ÏþΨn
i−1/2 = ψ(Q↓i−1/2), Kd (1)-(3) �

η(Qn+1
i ) ≤ η(Qn

i )− ∆t

∆x
(Ψn

i+1/2 −Ψn
i−1/2).

´yΨ ´� ψ �N�ê�Ïþ, ÏdGodunov �ª�)�ê�
)÷vlÑ�Ø�ª, lÙê�)3�½¿Âe�4�´�).

�Lecture 8, p.30-31
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��V.�§£|¤�k�NÈ{

��V.ÅðÆ�§£|¤�k�NÈ�ª

����V.ÅðÆ�§µ

qt(x , t) + f (q(x , t))x = 0

ÙÈ©/ª§½¡f/ª�µ∀x1 < x2, t1 < t2,∫ x2

x1

q(x , t2) dx =

∫ x2

x1

q(x , t1) dx −
[∫ t2

t1

f (q(x2, t)) dt −
∫ t2

t1

f (q(x1, t)) dt

]
.

é�½���xi = ih, tn = nτ§����N(�¡k�NÈ, ½��ü�)

Ci = (xi− 1
2
, xi+ 1

2
), -q̄n

i = 1
4x

∫
Ci
q(x , tn) dx , k�NÈ�ª���

Qn+1
i = Qn

i −
4t

4x

(
F n
i+ 1

2
− F n

i− 1
2

)
,

Ù¥Qn
i ≈ q̄ni , F n

i− 1
2

≈ 1
4t

∫ tn+1

tn
f (q(xi− 1

2
, t)) dt ´�ã[tn, tn+1]

þx = xi+ 1
2
?�ê�Ïþ, Ï~k/ªF n

i− 1
2

= F (Qn
i−1, Q

n
i ).

� Lecture 3, p.2-3, ê�Ïþ��N5½Â� Lecture 3, p.6
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��V.�§£|¤�k�NÈ{

�{ü� REA �{ Godunov �{

1 O� xi− 1
2
?�iù¯K�£Cq¤) q↓(Qn

i−1,Q
n
i ).

2 O�ê�Ïþ

F n
i− 1

2
= F(Qn

i−1,Q
n
i )) = f (q↓(Qn

i−1,Q
n
i )).

3 ^Ïþ�úª

Qn+1
i = Qn

i −
4t

4x

(
F n
i+ 1

2
− F n

i− 1
2

)
O� tn+1 ���ü�²þ�"

REA �{� Lecture 3, p.14, Godunov �{� Lecture 3, p.17
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��V.�§£|¤�k�NÈ{

����5ÅðÆ�§ªk�NÈ{

3 f (q̃(ξ))− ξq̃(ξ) = G (ξ) ¥- ξ = 0, � (G(·) �½Â� Lecture 11, p.41)

f (q↓(ql , qr )) = f (q̃(0)) = G (0) =

{
minql≤q≤qr f (q), ql ≤ qr ,

maxqr≤q≤ql f (q), qr ≤ ql .

-Fi−1/2 = f (q↓(Qi−1,Qi )), ·�Ò�±A^Godunov �{
.

Ó�, -Q↓i−1/2 = q↓(Qi−1,Qi ), ,�½ÂÞá ('� (12.6))

A+∆Qi−1/2 = f (Qi )−f (Q↓i−1/2), A−∆Qi−1/2 = f (Q↓i−1/2)−f (Qi−1).

�
�Ep©EÇ�ª¤I�Å�Å�. ²�L², ���^�
�Å±9�A�R-H mä^�½Â�Å�Òv

:

Wi−1/2 = Qi − Qi−1, si−1/2 =
f (Qi )− f (Qi−1)

Qi − Qi−1
.

f (q↓(ql , qr )) �úª�àÏþ�/� Lecture 11, p.43, àÏþ�/� Lecture 8, p.17
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— Godunov �ª, Hº�ª�Roe �ª

ÅDÂ/ª� Godunov �{

~Xê�5V.�§|iù¯K�)�±L«��xÅ

Qn
i − Qn

i−1 =
m∑

p=1

αp

i− 1
2

rp =
m∑

p=1

Wp

i− 1
2

,

Ù¥αi− 1
2

= R−1(Qn
i − Qn

i−1).

ù
Å©O±�A�A��Ý λ1 < · · · < · · · < λm DÂ.

²L4t �m(maxp |λp|4t ≤ 4x) �§Ci þ)�²þ�C
¤


Qn+1
i = Qn

i −
4t

4x

[
A+4Qn

i− 1
2

+A−4Qn
i+ 1

2

]
.

Ù¥A−4Qn
i− 1

2
=

m∑
p=1

(λp)−Wp

i− 1
2

, A+4Qn
i− 1

2
=

m∑
p=1

(λp)+Wp

i− 1
2

, ©O¡

�4Qn
i− 1

2
��, m1ÞáÅ.

ÞáÅ/ª� Godunov �{£� Lecture 3, p.18-21¤��±À�Hº�ª, '� Lecture 3, p.12.
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— Godunov �ª, Hº�ª�Roe �ª

Roe �{

éu~Xê�5V.�§|§ê�Ïþ�±�¤

F n
i− 1

2
= AQn

i−1 +
∑
p

(λp)−Wp

i− 1
2

= f (Qn
i−1) +A−4Qn

i− 1
2
.

F n
i− 1

2
= AQn

i −
∑
p

(λp)+Wp

i− 1
2

= f (Qn
i ) − A+4Qn

i− 1
2
.

·���±�d/�Ù²þ�§�Roe �{�ê�Ïþ

F n
i− 1

2
=

1

2
A(Qn

i + Qn
i−1)− 1

2
|A|(Qn

i − Qn
i−1).

í2���5¯K�Roe �{�ê�Ïþµ

F n
i− 1

2
=

1

2

[
f (Qn

i−1) + f (Qn
i )
]
− 1

2

m∑
p=1

|λp|Wp

i− 1
2

.

Roe �ª��±@�´3Ø½�ªÄ:þ\þ
·��Ê5������ª, � Lecture 3, p.28-31
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— p��ª, �Ç�Ïþ��ì, p©EÇ?�

��~Xê�5V.�§|� Lax-Wendroff �{

äk��%C°Ý� Lax-Wendroff �ª:

Qn+1
i = Qn

i −
4t

24x
A(Qn

i+1−Qn
i−1)+

1

2
(
4t

4x
)2A2(Qn

i−1−2Qn
i +Qn

i+1).

ù��u3 Godunov �{¥�ê�Ïþ

F n
i− 1

2
=

1

2
A(Qn

i−1 + Qn
i )− 1

2

4t

4x
A2(Qn

i − Qn
i−1).

dA = A+ + A−, |A| = A+ − A− � 1
2A = A+ − 1

2 |A|,
1
2A = A− + 1

2 |A|. Ïd§Tê�Ïþ��±�¤

F n
i− 1

2
= (A+Qn

i−1 + A−Qn
i ) +

1

2
|A|(I − 4t

4x
|A|)(Qn

i − Qn
i−1).

�ª�ÛÜ�äØ�Ì�´ÚÑ�qxxx .

Lax-Wendroff �ª�±@�´3Hº�ªÄ:þ\þ
·��p�?�(�*Ñ)������ª, � Lecture 3, p.35
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— p��ª, �Ç�Ïþ��ì, p©EÇ?�

©¡�5�� REA �{

3 REA �{ 4.1 ¥, ò©¡~ê���©¡�5��

q̃n(x , tn) = Qn
i + σni (x − xi ), xi− 1

2
≤ x < xi+ 1

2
.

é?���Ç σni , ©¡�5�´Åð�.

�
��*�ÀJµ

¥%�Çµσni =
Qn

i+1−Q
n
i−1

2∆x , ⇒ Fromm �ª.

Hº�Çµσni =
Qn

i −Q
n
i−1

∆x , ū > 0, ⇒ Beam-Worming �ª.

�º�Çµσni =
Qn

i+1−Q
n
i

∆x , ū > 0, ⇒ Lax-Wendroff �ª.

±þÀJ3)1w�«�Ñäk��°Ý"�3)�mä?NC
Ñ¬Úåê���"

� Lecture 3, p.39-42
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— p��ª, �Ç�Ïþ��ì, p©EÇ?�

TVD �ª�½Â

5¿�é6�§£�)Nõ��5ÅðÆ�§ª¤�f)�oC
�ØC, = TV (q(·, t)) = TV (q(·, 0)), ∀t > 0, ����5Åð
Æ�§ª�f)�oC�ØO, = TV (q(·, t1)) ≤ TV (q(·, t0)),
∀t1 > t0 ≥ 0. ·�g,F"�A�ê��{ØO\oC�.

Definition

��ü��ª¡�´ TVD (Total Variation Deminishing) �, e
é?¿� Qn Ñk TV (Qn+1) ≤ TV (Qn).

Definition

��ü��ª¡�´ �üN� (monotonicity-preserving), e
Qn

i ≥ Qn
i+1, ∀i , Kk Qn+1

i ≥ Qn+1
i+1 , ∀i .

�N�Åð.� TVD �ª�½´�üN�.

� Lecture 4, p.4
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— p��ª, �Ç�Ïþ��ì, p©EÇ?�

3)1w?äk��°Ýq´TVD �~��{µ

minmod : σni = minmod
(
Qn

i −Q
n
i−1

∆x ,
Qn

i+1−Q
n
i

∆x

)
, Ù¥

minmod(a, b) =


a, if |a| ≤ |b| and ab > 0;

b, if |a| > |b| and ab > 0;

0, if ab ≤ 0.

superbee : σni = maxmod(σ
(1)
i , σ

(2)
i ), Ù¥

σ
(1)
i = minmod

(Qn
i+1 − Qn

i

∆x
, 2

Qn
i − Qn

i−1

∆x

)
σ

(2)
i = minmod

(
2
Qn

i+1 − Qn
i

∆x
,
Qn

i − Qn
i−1

∆x

)
MC : σni = minmod

(
Qn

i+1−Q
n
i−1

2∆x , 2
Qn

i+1−Q
n
i

∆x , 2
Qn

i −Q
n
i−1

∆x

)
.

� Lecture 3, p.6-8
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— p��ª, �Ç�Ïþ��ì, p©EÇ?�

Äu REA �{�Ïþ��ì�{

é6�§f (q) = ūq Äu©¡�5�� REA �{�ê�Ïþ

F n
i− 1

2

= (ū+Qn
i−1 + ū−Qn

i ) + 1
2 (1− |ū|∆t

∆x )(ū+σni−1∆x − ū−σni ∆x)

½:

F n
i− 1

2
= (ū+Qn

i−1 + ū−Qn
i ) +

1

2
|ū|
(

1− |ū|∆t

∆x

)
δn
i− 1

2
.

Ï~, ·��±� δn
i− 1

2

= φ(θn
i− 1

2

)∆Qn
i− 1

2

, Ù¥

θn
i− 1

2
=

∆Qn
I− 1

2

∆Qn
i− 1

2

, I =

{
i − 1, if ū > 0,

i + 1, if ū < 0.

� Lecture 3, p.11-12
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— p��ª, �Ç�Ïþ��ì, p©EÇ?�

�
~��{�Ïþ��ì

Hº�ª: φ(θ) = 0.

Lax-Wendroff �ª: φ(θ) = 1.

Beam-Warming �ª: φ(θ) = θ.

Fromm �ª: φ(θ) = 1
2 (1 + θ).

minmod: φ(θ) = minmod(1, θ).

Superbee: φ(θ) = max(0,min(1, 2θ),min(2, θ)).

MC: φ(θ) = max(0,min((1 + θ)/2, 2, 2θ)).

Van Leer: φ(θ) = θ+|θ|
1+θ .

� Lecture 3, p.13-14. CXê�5Ú��5¯K�p©EÇ?���aq, �:´O��A�m1ÞáÅ9ÙÅ�.
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— ¼�p©EÇ�Ù§å»

A^��mÚ�:Ïþ¼�p©EÇ

�ÄÄuÏþ���ªQn+1
i = Qn

i −
∆t
∆x (F n

i+1/2 − F n
i−1/2), Ù¥

F n
i−1/2 ≈

1
∆t

∫ tn+1

tn
f (q(xi−1/2, t))dt.

ò q 3 (xi−1, tn), (xi , tn) � Taylor Ðm

Q
L,n+1/2
i−1/2 ≈ q(xi−1, tn)+

∆x

2
qx(xi−1, tn)+

∆t

2
qt(xi−1, tn)+· · · ;

Q
R,n+1/2
i−1/2 ≈ q(xi , tn) +

∆x

2
qx(xi , tn) +

∆t

2
qt(xi , tn) + · · · ,

|^�§ò ∂t �� ∂x , ^HºÚ��ì�{��Ç qx .

ÏL¦)iù¯K� Q
n+1/2
i−1/2 = q↓(Q

L,n+1/2
i−1/2 ,Q

R,n+1/2
i−1/2 ).

p©EÇ�ª: Qn+1
i = Qn

i −
∆t
∆x (f (Q

n+1/2
i+1/2 )− f (Q

n+1/2
i−1/2 )).

":3ué qx ��I�Äuz�ü�þ�A�©), Ï~I�æ^Cq½{z��{. � Lecture 6, p.17-19
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— ¼�p©EÇ�Ù§å»

�m�lÑzÚÄu�¼ê���{(ENO,WENO)

^ Qi (t) Cq t ��ü�²þ� q̄i (t), �·�ê�Ïþ
Fi−1/2(Q(t)), KdÅðÆ�

Q ′i (t) = − 1

∆x
[Fi+1/2(Q(t))− Fi−1/2(Q(t))] ≡ Li (Q(t)).

¼��mp°Ý�'�3u�ÑÏþ f (q(xi−1/2, t)) �p�
Cqê�Ïþ Fi−1/2.

~X, ÏL¦^��Ç��ì�©¡�5�½ÂQR
i−1, QL

i ,

2diù¯K�)�Ñ��Cq Qi−1/2 = q↓(QR
i−1,Q

L
i ).

��±^ENO,WENO �Äu�¼ê���{½ÂQR
i−1,

QL
i , ¼�p©EÇ�m�lÑz.

dd�Ñ��'uü�²þ� Q(t) �ÍÜ�~�©�§|:

Q ′(t) = L(Q(t)).

�m�lÑz� Lecture 6, p.22, ENO,WENO �� Lecture 6, p.27-32.
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��V.�§£|¤�k�NÈ{

��~Xê�5V.�§|�k�NÈ{— ¼�p©EÇ�Ù§å»

�lÑz —— òü�²þ��uÐ�§'u�m�lÑz

- Qn
i ≈ Qi (tn), éü�²þ��uÐ�§'u�m�lÑz. ~

X, ^Ú�� ∆t �î.{� Godunov �ª

Qn+1
i = Qn

i + ∆tLi (Qn) = Qn
i −

∆t

∆x
[Fi+1/2(Qn)− Fi−1/2(Qn)].

���m��p°Ý�{�~, �Äü?wªRunge-Kutta �ª:

Q∗i = Qn
i −

∆t

2∆x
[Fi+1/2(Qn)− Fi−1/2(Qn)] = Qn

i +
1

2
∆tLi (Qn),

Qn+1
i = Qn

i −
∆t

∆x
[Fi+1/2(Q∗)− Fi−1/2(Q∗)] = Qn

i + ∆tLi (Q∗).

½,��ü?wªTVD Runge-Kutta �ª

Q∗ = Qn+∆tL(Qn), Q∗∗ = Q∗+∆tL(Q∗), Qn+1 =
1

2
(Q∗+Q∗∗).

� Lecture 6, p.23-26.
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��V.�§£|¤�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì

����5VÅðÆ�§|iù¯K��5z�{

3ü��.¡NCò�§| qt + f (q)x = 0 ^ÙÛÜ�5z�§

q̂t + Âi−1/2q̂x = 0 (½{P�qt + Âi−1/2qx = 0)

CqO�, Ù¥ Âi−1/2 ≈ f ′(q̃), q̃ 3 Qi−1 Ú Qi �,���¥,

q ≈ q̃ + q̂. Âi−1/2 AT÷v±eÄ�^�:

1 Âi−1/2 �¢é�z (lk∆Qi−1/2 =
∑m

p=1 α
p
i−1/2r̂

p
i−1/2).

2 � Qi−1, Qi → q̄ �, Âi−1/2 → f ′(q̄).

F (Qi−1,Qi ) = Âi−1/2Q̂
↓
i−1/2 'u Qi−1, Qi Lipschitz ëY.

3 Âi−1/2 ÷v'Xª: Âi−1/2(Qi − Qi−1) = f (Qi )− f (Qi−1).

Roe �5z�{—– Ó�¢y^� (1), (2), (3) ��{.

� Lecture 10, p.36-42
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��V.�§£|¤�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì

����5VÅðÆ�§|iù¯K��5z�{

,�«�{´òÏþ�©�¤±Å� spi−1/2 DÂ�Å, =

f (Qi )− f (Qi−1) =
∑Mw

p=1Z
p
i−1/2,

,���|^Zp
i−1/2 ½ÂÞáA

±∆Qi−1/2 =
∑

p:sp
i−1/2

≷0Z
p
i−1/2,

Ïþ�©��´¢y. ~X, �� Âi−1/2 = f ′( 1
2 (Qi−1 + Qi )) . Ä

uÏþ�©���{o�±�y�5zÝ
 Âi−1/2 ÷vÄ�5
� (1)-(3), =

1 �¢é�z;

2 � Qi−1, Qi → q �, Âi−1/2 → f ′(q),

F (Qi−1,Qi ) = Âi−1/2Q̂
↓
i−1/2 'u Qi−1, Qi Lipschitz ëY.

3 Âi−1/2∆Qi−1/2 = f (Qi )− f (Qi−1).

� Lecture 11, p.14-15
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��V.�§£|¤�k�NÈ{

��5ÅðÆ�§|iù¯K��5z�{—— �5z�{�":9?Ö�{

�5z�{�":9Ö��{—– �?E

�ÑyªÑ�¥%DÕÅ�, =�3 p ¦�3 p-Å��ýλp < 0,
Ó�3 p-Å�mýλp > 0, K�5z�{ (�) Roe �{) �Ñ
� p-Åmä)Ø÷v Lax �^�. ÏdI��·��?Ö, =¤
¢�?E (Entropy Fixes).

Roe �{�ê�Ïþ�±ÏLÝ
 Âi−1/2 �A��L«�

Fi−1/2 =
1

2
[f (Qi−1) + f (Qi )]− 1

2

∑
p

|λ̂pi−1/2|W
p
i−1/2.

Harten-Hyman ��: ^ (λ̂k)+−(λ̂k)−=(1−β)λkr +β|λkl | O�

|λ̂ki−1/2|, Ù¥β = λkr−λ̂k

λkr−λkl
, ùk�/O\
 k-Å�ê�Ê5.

Harten ���: ò |λ̂pi−1/2| �� φδ(λ̂
p
i−1/2), Ù¥

φδ(λ) =

{
|λ|, |λ| ≥ δ,
λ2+δ2

2δ , |λ| < δ.
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��V.�§£|¤�k�NÈ{

��5ÅðÆ�§|iù¯K��5z�{—— �5z�{�":9?Ö�{

�5z�{�":9Ö��{—– �?E

Roe �5z�{+LLF ���: ½Âê�Ïþ

Fi−1/2 =
1

2
[f (Qi−1) + f (Qi )]− 1

2

∑
p

αp
i−1/2W

p
i−1/2,

Ù¥ αp
i−1/2 = max{|λpi−1|, |λ

p
i |}, λ

p
i−1, λpi ´ f ′(Qi−1), f ′(Qi ) �

1 p�A��.¿|^ f (Qi )− f (Qi−1) =
∑m

p=1 λ̂
p
i−1/2W

p
i−1/2, �

A∓∆Qi−1/2 =
1

2

∑
p

(λ̂pi−1/2 ∓ α
p
i−1/2)Wp

i−1/2.

5: ±þA«����{3��5�§ªàÏþ�/�Ñ�Ñ
´E �ª, Ïd�±y²�Aê�)Âñu�). é�§|vk
�A(J, 3�
AÏ�¹e�5z�{�U¬�Ñ�Ôn).

� Lecture 11, p.2-8. iù¯K� HLL Ú HLLE Cq¦)�{� Lecture 11, p.9-11, E �ª� Lecture 8, p.17
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�
nØ(J

Harten ½n
Harten ½n´y²�ª� TVD �Ä�óä.

Theorem

�Ä�ª
Qn+1

i = Qn
i − Cn

i−1(Qn
i − Qn

i−1) + Dn
i (Qn

i+1 − Qn
i ),

Ù¥Xê Cn
i−1, D

n
i �±�6u Qn. eXê÷v'X

Cn
i−1 ≥ 0, Dn

i ≥ 0, Cn
i + Dn

i ≤ 1, ∀i .

Kk TV (Qn+1) ≤ TV (Qn).

yyy²²²: d�ªk |Qn+1
i+1 − Qn+1

i | ≤ (1− Cn
i − Dn

i )|Qn
i+1 − Qn

i |+
Cn
i−1|Qn

i − Qn
i−1|+ Dn

i+1|Qn
i+2 − Qn

i+1|. òTØ�ªé i l −∞
� +∞ ¦Ú=�½n(Ø. �

� Lecture 4, p.15.
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�
nØ(J

Lax-Wendroff ½n

��½
�x�� ∆t(j), ∆x (j), j = 1, 2, · · · , � j →∞ �,

∆t(j) → 0, ∆x (j) → 0. �ê�ÏþF
(j)n
i−1/2 = F(Q

(j)n
i−1 ,Q

(j)n
i ) �

f (q) �N. � Q(j)n �ê�). ½Â Q(j)(x , t) = Q
(j)n
i , ∀(x , t) ∈

Ω
(j)n
i = (x

(j)
i−1/2, x

(j)
i+1/2)× [t

(j)
n , t

(j)
n+1). ¡Q(j)(x , t) ´ TV ½�,

eé?��T > 0, �3R > 0, ¦�

TV (Q(j)(·, t)) < R, ∀t ∈ [0,T ], j = 1, 2, · · · .
Theorem

�k�Nê�Ïþ�Åð.�ª�ê�)S�Q(j) ´TV ½
�. e�3ÛÜ�È¼ê q(x , t), ¦�é ∀Ω = [a, b]× [0,T ], k

lim
j→∞
‖Q(j) − q‖1,Ω = 0.

K q(x , t) ´ÅðÆ�§���f).

Lax-Wendroff ½n9Ùy²� Lecture 8, p.23-27.
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�
nØ(J

lÑ�^� + Lax-Wendroff ½n^�⇒ �)
� (η(q), ψ(q)) ´ÅðÆ�§ qt + f (q)x = 0 �à�é (§11.14),
�Ψn

i−1/2 = Ψ(Qn
i−1,Q

n
i ) ´�ψ(q) �N�ê��Ïþ. Kk

Theorem

�k�Nê�Ïþ�Åð.�ª�ê�)S�Q(j) ´TV ½
�, �÷vlÑ�^�

η(Qn+1
i ) ≤ η(Qn

i )− ∆t

∆x
(Ψn

i+1/2 −Ψn
i−1/2).

e�3ÛÜ�È¼ê q(x , t), ¦�é ∀Ω = [a, b]× [0,T ], k

lim
j→∞
‖Q(j) − q‖1,Ω = 0.

K q(x , t) ´ÅðÆ�§��).

5: ½n�y²�Lax-Wendroff ½n�y²aq.

� Lecture 8, p.29. Godunov �ª�)�ê�)÷vlÑ�^�.
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�
nØ(J

üN�ª9Ù��5½5ÚÂñ5

��5¯Kê��{�½5ÚÂñ5��5`´���©(J
�¯K. ��A~´Ø �f (�§8.3.1). üN�ª��
ê��
ª�|^Ø �f��{y²��5½5ÚÂñ5.

Definition

ê��ª Qn+1
j = N (Qn; j) = N (Qn

j−p, · · · ,Qn
j+r ) ¡�´üN�

ª, XJ ∂
∂Qn

i
N (Qn; j) ≥ 0, ∀i , j , Qn.

Theorem

Åð.�üN�ª´ L1-Ø �.

5 1: Åð.�üN�ª´ L1-½�ÚÂñ�.

5 2: Godunov �ª´üN�ª (SK), Ïd´L1-½ÚÂñ�.

5 3: üN�ªÑ´���, Ù©Û�{Ø·^up©EÇ�ª.

� Lecture 8, p.32.
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�
nØ(J

�N�TV-½�Åð.�ª´Âñ�

Theorem

�Ð� q0 k;|8�TV k.. � Q(∆t) ´däkÛÜ
Lipschitz ëYê�ÏþF n

i−1/2 ��,ÅðÆ�§ª�N�TV-

½�Åð.�ª�)�ê�)S�. � W ´TÅðÆ�§ª�
AÐ�¯K�f)8. K

lim
∆t→0

dist(Q(∆t),W) = 0.

=�ª´Âñ�.

y²: �y{. � ∃ ε > 0, lim
j→∞

∆tj = 0, s.t. dist(Q(∆t),W) > ε.

dTV-½5�∃R, M > 0, s.t. Q(∆tj ) ∈ K(R,M), ∀j .
dK(R,M) ;, Ø���3 v ∈ L1 s.t. lim

j→∞
‖Q(∆tj ) − v‖1,T = 0.

Ïd Lax-Wendroff ½n, v ∈ W. ù� dist(Q(∆t),W) > ε gñ.

� Lecture 8, p.44. TV-½5�½ÂÚ�N�Åð.�ª�TV-½5� Lecture 8, p.41-43.
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