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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5ÅðÆ�§|iù¯K)�(�—— Vã

��5V­ÅðÆ�§|iù¯K)�(�—— Vã

=�u?Øg£�ý���5V­ÅðÆ�§|iù¯K)�(�.

~Xê�5V­.�§ªiù¯K�)´±ÙA��ÝDÂ
�Å (iùÐ��a�mä).

~Xê�5V­.�§|iù¯K�)´±Ù�|A��
Ý (XêÝ
�A��)DÂ�Å (iùÐ��a�mäUÝ

�A��þ¤��©)).

��5V­.�§ªiù¯K�f)´��±÷vR-H a
�mä^��A��Ý s DÂ�-Å (iùÐ��a�mä)
½´��.½u f ′(ql) Ú f ′(qr ) �m�¥%DÕÅ.

��5V­.�§|iù¯K�f)´�|±÷vR-H a
�mä^��A��Ý s DÂ�-Å (iùÐ��a�mä)
Ú¥%DÕÅ�¤�ÞáÅ.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5V­ÅðÆ�§|�{ü�²;�.¯K—— ��fY�§

��fY�§��Ñ

��fY�§�[°Ý�½�±�¥�Ýéf (�Ý��uÅ�)
�Ø�Ø6N�$Ä. ·��±eÄ�b�

z�î�¡þ6N�Y²�Ý�� u(x , t), R��Ý��Ñ.

±��°Ý� 1, z�î�¡þ6N��Ý�� h(x , t).

6N��þ�Ý ρ̄ �~þ(þj�µ�þ/NÈ. Ø�Ø⇒ ρ = ~þ).

­å\�Ý g �~þ.

u´k: �� t, [x1, x2] ¥6N�o�þ=
∫ x2
x1
ρ̄h(x , t)dx ,

�� t, �¡ x ?6N�þ�Ïþ= ρ̄u(x , t)h(x , t).

dd��þÅð�§: ht + (uh)x = 0,
(uh ~¡�üþ discharge).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5V­ÅðÆ�§|�{ü�²;�.¯K—— ��fY�§

��fY�§��Ñ

q: �� t, [x1, x2] ¥6N�oÄþ=
∫ x2
x1
ρ̄h(x , t)u(x , t)dx ,

�� t, �¡ x ?6NÄþ�Ïþ= ρ̄h(x , t)u2(x , t) + p(x , t).

Ù¥ p=
∫ h
0 ρ̄g(h− y)dy = 1

2 ρ̄gh
2 ��� t �¡ x þ6N�oØå.

dd�ÄþÅð�§: (ρ̄hu)t + (ρ̄hu + p)x = 0, ½

(hu)t +
(
hu2 +

1

2
gh2
)
x

= 0.

��fY�§|:

[
h
hu

]
t

+

[
hu

hu2 + 1
2gh

2

]
x

= 0.

5: ÏLCþO���±�ÑÙ§/ª�ÅðÆ�§|. �e�
ÔnÅðþ�ÅðÆ�§|, K�¦)�1wf), cÙ´-Å
)�, ��¬���Ôn).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5V­ÅðÆ�§|�{ü�²;�.¯K—— ��fY�§

��fY�§—— [�5/ª, A���A��þ

- q(x , t) =

[
q1

q2

]
=

[
h
hu

]
, ùp u = q2/q1, h = q1;

f (q) =

[
hu

hu2 + 1
2gh

2

]
=

[
q2

(q2)2/q1 + 1
2g(q1)2

]
.

K f ′(q) =

[
0 1

−(q2/q1)2 + gq1 2q2/q1

]
=

[
0 1

−u2 + gh 2u

]
.

��fY�§�[�5/ª qt + f ′(q)qx = 0.

f ′ �A���λ1,2 = u ∓
√
gh, A��þ� r1,2 =

[
1

u ∓
√
gh

]
.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5V­ÅðÆ�§|�{ü�²;�.¯K—— ��fY�§

���5fY�§—— �x h0 > 0, u0 NC��6Ä

�Ä~� h0>0, u0 NC��6Ä, - q=

[
h−h0

hu−h0u0

]
, q0 =

[
h0
h0u0

]
.

d f ′(q0 + q) = f ′(q0) + f ′′(q0 + ξq)q ≈ f ′(q0), �Ñp��þ, K
q Cq÷v�5V­.�§| qt + f ′(q0)qx = 0.

Ïd, �6Ä�Å�A��Ý�λ1,2 = u0 ∓ c0, c0 =
√
gh0. ù�

�5(Åaq (c0 =
√
K0/ρ0). ØÓ�?3u, (Å´�Ø6N¥

�pÅ, 
fYÅ´Ø�Ø6N¥d (Øþ!) ­åÚå�î
Å (�¡­åÅ), �ö��ÝÏ~�úNõ.

'�Fr = |u|/c ¡�Froude ê ('�(Å¥�êâê).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5V­ÅðÆ�§|�{ü�²;�.¯K—— ��fY�§

��fY�§1wÐ�¯K)�½51�

1wÐ�ò�©)�ü�A�Å r1,2 =

[
1

u ∓
√
gh

]
��5|Ü,

¿±A��Ýλ1,2 = u ∓
√
gh DÂ. �§��DÂÏ~´ÍÜ�.

3�Ý h ��?ü�A�Å�DÂ�Ý�� 2
√
gh ���, ��

K��. � h, u ÑCzé��, K�±@�Å��~ê, ü�A
��~�þ. ù�¯K�)�ÏL¦)�5V­|��{¦�
(~XA��{).

3{Å�/, ~XÐ��¹1�xA�, KÙÅ¸òÅìJþc
¡���Å�, ¦Å¸c÷C��\Í� (=/¤Ø Å), 
Å
��c¡��Å¸m�ålKò�.��, ¦Å¸�÷C��\
²" (/¤DÕÅ). 1�x{Å��/�aq (�p.257, ã 13.1).

ù«;.���5y��ÏL{ü¢�*	� (�ã 13.2, 13.3).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

Yt�¥¯K —— ��fY�§�iù¯K

��fY�§�iù¯K —— Yt�¥¯K

1 �Ä��fY�§|

[
h
hu

]
t

+

[
hu

hu2 + 1
2gh

2

]
x

= 0 �iù¯

K: h(x , 0) =

{
hl , x < 0,

hr , x > 0,
u(x , 0) = 0.

2 g£��5V­ÅðÆ�§|iù¯K��)´�q5)
q(x , t) = q̃(x/t), (�§11.10, Ú�� FDM2-Nonlinear-9-c11
116 �), ∴ (f ′(q̃( xt ))− x

t I )q̃
′( xt ) = 0 (= q̃′ = 0 ½q̃′ = rp(q̃), λp(q̃) = x

t
).

3 üxA��: dX 1

dt = λ1 , u −
√
gh Ú dX 2

dt = λ2 , u +
√
gh.

4 f ′(q) �ü�A��þ: (1, u −
√
gh)T Ú (1, u +

√
gh)T .

5 du (2)—(4), �)�U´ 1-¥%DÕÅ (-Å), 2--Å (¥
%DÕÅ) ��«|Ü (diùÐ�û½).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

Yt�¥¯K —— ��fY�§�iù¯K

Yt�¥¯K�)�A�(�

6 � hl > hr �, �)o´ 1-¥%DÕÅÚ 2--Å (ã 13.5-6).

7 -Å�Ý÷vR-H a�mä^� s(ql−qr )= f (ql)−f (qr ).

8 ¥%DÕÅKA÷v f ′(q̃(x/t))q̃′(x/t) = x
t q̃
′(x/t) ('�

p.214 (11.26)).

9 üxA��Ø
3 1-DÕÅ«�, 1-A���Ñm���x,
3Ù{«�Ñ´²1���x(�p.261, ã 13.6).

10 1-A��lmà?\ 2--Å, l�àBÑ 2--Å. 
 2-A��
K©Ol�müà?\ 2--Å. q 2-A��l�à?\ 1-¥
%DÕÅ, lmàBÑ 1-¥%DÕÅ, 3¥%DÕÅ«�K
²wLÞ(�p.261, ã 13.6).

11 6Nâf±�Ý u $Ä. ¤±, � 1-¥%DÕÅ�àc÷�
�þi�, T?�6Nâfm©\�, ��3�� 1-¥%D
ÕÅmà������. ,��¡, � 2--Å��ei�, �
�?�6Nâf�Ýâ,\�����(�p.260, ã 13.5).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��fY�§�iù¯K —— ��V-Å)�Ð�¯K

��fY�§V-Å)�iùÐ�¯K

1 �ÄiùÐ� h(x , 0) = h0, u(x , 0) =

{
ul , x < 0,

−ul , x > 0,
ul > 0.

2 dÐ��é¡5, �)7,k�Ó�é¡5. Ïd, ¥mG�
÷v um = 0.

3 du6Nlüà6\¥m«�, �� hm > hl = hr = h0.

4 Ïdk λ2r = ur +
√
gh0 < λ2m =

√
ghm, = 2-Å´-Å.

5 d�)�é¡5 1-Å´�����±Ó��ÝDÂ�-Å.

6 ã 13.7 �Ñ
 h0 = 1, ul = 0.5 ��)�� x/t �¼ê.

7 ã 13.8 KÐ«1-A��l�müà?\ 1--Å, lmà?
\ 2--Å, l�àBÑ 2- -Å. 
 2-A��K©Ol�mü
à?\ 2--Å, q 2-A��l�à?\ 1--Å, lmàBÑ
1--Å. (-Å�Ý s2 Ú hm �dR-H^���)�).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5ÅðÆ�§|�²;A�(�

��5ÅðÆ�§|�²; Lax -Å

l±þ~f¥·��±w���5ÅðÆ�§|²;�A�(
�— ²; Lax -Å.

éukm �©þ���5ÅðÆ�§|�1 p x-Å, XJ
k i-A� (i ≤ p − 1) m?�Ñ, j-A� (j ≥ p + 1) �?mÑ,
1 p-A�©Olüà?\, Qo�km + 1 �A�?\T-Å,
K¡T-Å� Lax -Å.

±þ~f¥�-ÅÑ´ Lax -Å. ¿�Ñy3NõÔn¯K¥.

·�òw�, éî�V­.���5ÅðÆ�§|, XJÙÏþ f
´ý���5� (��uà5^�3�§ª¥��^), K�)�
¤k-Å�½´ Lax -Å.


3�����¹e, Kk�UÑyLØ  (overcompressive) -
ÅÚjØ  (undercompressive) -Å. ,	, 3�î�V­.�/
k�UÃ{�O��-Å´1Ax�.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5ÅðÆ�§|iù¯K�¦)

¦)iù¯K���

¦)iù¯K���:

1 (½ m �Å�5� (-Å�´DÕÅ) (A^·���^�);

2 (½m − 1 é��ü�Å�m�m − 1 �¥mG�;

3 (½BLDÕÅ�)�(�.

Ù¥ (1), (3) ���5ÅðÆ�§ª�/aq, (2) K�È©­�
9 Rankine-Hugniot a�mä^��'.

éufY�§5`, m = 2, Ïd��k��¥mG�.

��5`ù
���)û´ÍÜ3�å�.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

��5ÅðÆ�§|iù¯K�¦)

~Xê�5î�V­.ÅðÆ�§|iù¯K)�(�

éu~Xê�5î�V­.�§| qt + Aqx = 0:

1 ¤k m �ÅÑ´-Å;

2 1 p x-Å�a�mä²1uA �1 p xA��þ rp;

3 � qr − ql = α1r1 + · · ·+ αmrm, Km − 1 �¥mG��g�
qi = ql +

∑i
j=1 α

j r j , i = 1, · · · ,m − 1.

dd��, 3d A �A��þX�¤����IX¥, ¥mG�
�d ql , qr ��I��O���.

13 / 41



Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— -Å�Hugoniot :8 (Hugoniot Loci)

ÅðÆ�§|'u�½G� q∗ �Hugoniot : (locus)

ÅðÆ�§|�f)3mä?7L÷vRankine-Hugoniot a
�mä^� s(q∗ − q) = f (q∗)− f (q). ù´km + 1 ���
Cþ�m��§. Ïd, z�)��ÑéA��üëêx).

¡z�÷v±þ�§� q �XÚ'u q∗ ���Hugoniot :.

� f (q) = Aq �, =é~Xê�5¯K, þã�§km x),
éAu A �m �A����A�A��þ�m. 'u q∗ �
Hugoniot :8´L q∗ �m ^A��.

é��5î�V­.¯K, �± (^Û¼ê½n) y²�§�
km x), ��3ëêα, ¦�1 p x) (sp(α), qp(α)) ÷v
sp(0) = λp(f ′(q∗)), q′p(0) = rp(f ′(q∗)), p = 1, 2, · · · ,m.

üëê­� qp(α) ½Â
XÚL q∗ �1 p xHugoniot :
8, Ùþz�:Ñ�� q∗ mÏL�� p--Åë�.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— -Å�Hugoniot :8 (Hugoniot Loci)

fY�§�Hugoniot :8

±fY�§�~.

1 ò�§ s(q∗ − q) = f (q∗)− f (q) L«¤±e/ª

s(h∗ − h) = h∗u∗ − hu,

s(h∗u∗ − hu) = h∗u
2
∗ − hu2 +

1

2
(h2∗ − h2).

2 ùü��§¥kn���¼ê, Ïd)��ATk�üëê.

3 d1���§� s = h∗u∗−hu
h∗−h , òÙ�\1���§z{�

u2 − 2u∗u +
[
u2∗ −

g

2

(h∗
h
− h

h∗

)
(h∗ − h)

]
= 0.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— -Å�Hugoniot :8 (Hugoniot Loci)

fY�§�Hugoniot :8

4 T�§kü�� u±(h) = u∗ ±
√

g
2

(
h∗
h −

h
h∗

)
(h∗ − h).

5 �α = h − h∗ �ëê. d�k h(0) = h∗, h(α) = h∗ + α.

6 ò u±(h) �L�ªüàÓ¦± h, z{�

hu± = h∗u∗ + α

[
u∗ ±

√
gh∗
(

1 +
α

h∗

)(
1 +

α

2h∗

) ]
.

AO/, dd��α > 0 �, sα+ > λ2(q∗) > λ1(q∗) > sα−, 

�α < 0 �, λ2(q∗) > sα+ > sα− > λ1(q∗).

7 ù�Ò��
 (q1(α), q2(α))T = (h(α), h(α)u(α))T �üx
üëêHugoniot :8.

8 �
w ± Ò©OéA1��´1�xHugoniot :8, ·�
I�O��A­��α ªu"������.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— -Å�Hugoniot :8 (Hugoniot Loci)

fY�§�Hugoniot :8

9 d (5), (6), � |α| � 1 �k

q± = q∗ + α

[
1

u∗ ±
√
gh∗ + O(α)

]

10 Ïd, dq±

dα

∣∣
α=0

=

[
1

u∗ ±
√
gh∗

]
, = ”+”éA r2, ”−”éA r1.

11 d (1), (5), (6),

lim
α→0

s±(α) = lim
α→0

hu± − h∗u∗
h − h∗

= u∗ ±
√
gh∗ = λ±(q∗).

12 = (6) ¥� ”−” Ò�, ���´ 1--ÅHugoniot :8.

13 = (6) ¥� ”+” Ò�, ���´ 2--ÅHugoniot :8.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �-Å), -Å� Lax �^�

��5ÅðÆ�§|iù¯K��-Å)

�±?�Úy² (Ó�^Û¼ê½n, ��� ql , qr ��Ø�
��) ��5ÅðÆ�§|iù¯K�±k����d-Å
�¤�f). �¤f)�ù
-Å�7Ñ÷v Lax �^�.

Lax �^�: �G� ql , qr m�a�±�Ý s DÂ. e�3�
I p, ¦�

λp(ql) > s > λp(qr );

λj(ql) < s, λj(qr ) < s, ∀j < p;

λj(ql) > s, λj(qr ) > s, ∀j > p,

Ù¥A��üS�λ1< · · ·<λm, K¡Ta�´÷v Lax�^
��1 p x-Å.

éý���5î�V­.ÅðÆ�§|, �±y²Ôn-Å
÷v Lax �^�, ��½,. ,	, L�:�zxHugoniot
:8Tk�� (α > 0 ½α < 0) ÷v Lax �^�.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �-Å), -Å� Lax �^�

fY�§iù¯K��-Å)Ú-Å)� Lax �^�

1 fY�§iù¯K��-Å)d ql �¥mG� qm �m/
¤� 1--Å, Ú qm � qr �m/¤� 2--Å|¤.

2 dd� qm ´L ql � 1--ÅHugoniot :, Ó��´L qr
� 2--ÅHugoniot :. = qm ´ü�Hugoniot :8��:.

3 éá¦)ü�Hugoniot :8��§ ((13.18), Ù¥α=h−h∗,
ò ∗ ©O�� l Ú r , l � ”−”Ò(1-x), r � ”+”Ò(2-x)),

=�¥mG� qm. -Å�Ý©O� s∗± = h∗u∗−hmu±m
h∗−hm .

4 éu 1--Å, d s1 = hlul−hmu−m
hl−hm �^� λ1(ql) > s1 > λ1(q−m)

�wª/L«�

ul −
√
ghl >

hlul − hmu
−
m

hl − hm
> u−m −

√
ghm.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �-Å), -Å� Lax �^�

fY�§iù¯K��-Å)Ú-Å)� Lax �^�

5 - c = ul−u−m
hl−hm , K hlul−hmu−m

hl−hm = ul + chm = u−m + chl , Kþª�

du
−
√

ghl − chm > 0 > −
√
ghm − chl ,

⇔ −√gh3/2l −chmhl > 0 > −√gh3/2m −chlhm, ⇒ hl < hm.

6 aq/�yλ2(q+m) > s2 > λ2(qr ), ⇒ hr < hm.

7 
� hl < hm Ú hr < hm Ó�¤á�, λ2(qm) > s2 > s1 >
λ1(qm), � λ2(ql) > λ1(ql) > s1, λ1(qr ) < λ2(qr ) < s2 (�µ

fffYYY���§§§��� Hugniot :::888 (6)), ¤± 1--ÅÚ 2--ÅÑ÷v Lax �^�.

8 ��=� hl < hm Ú hr < hm Ó�¤á�, �-Å)´�).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �-Å), -Å� Lax �^�

fY�§iù¯K�-Å)�~

~ 1(~13.6, p267) hl = hr = 1, ul = −ur = 0.5. d (13.18), ë�
�à� 1--ÅHugoniot :8 (3h-(hu) �I¥�­��§) �

hu = 0.5 + (h − 1)
[
0.5−

√
gh(1 + h)/2

]
.

ë�mà� 2--ÅHugoniot :8� (�p.267 ã13.10(a))

hu = −0.5 + (h − 1)
[
− 0.5 +

√
gh(1 + h)/2

]
.

Ôn-ÅéA h > 1 �Ü©(¢�), �Ôn-ÅéA h < 1 �Ü
©(J�). 1--ÅHugoniot :8�¢�Ü©Ú 2--ÅHugoniot :
8�¢�Ü©�u (hm, hmum) ≈ (?2.1701, 0). Ïd, ¤��-Å
)�ü�-ÅÑ´ Lax -Å. =�-Å)´Ôn).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �-Å), -Å� Lax �^�

fY�§iù¯K�-Å)�~

~ 2(~13.7, p267, ~13.4, p259) hl = 3, hr = 1, ul = ur = 0.
d (13.18), ë��à� 1--ÅHugoniot :8 (3h-(hu) �I¥�
­��§) � (�ã 13.10(b))

hu = 0 + (h − 3)
[
0−

√
gh(3 + h)/6

]
.

ë�mà� 2--ÅHugoniot :8� (�ã 13.10(b))

hu = 0 + (h − 1)
[
0 +

√
gh(1 + h)/2

]
.

1--Å�Ôn-ÅéA h > 3 �Ü©(¢�), �Ôn-ÅéA
h < 3 �Ü©(J�). 2--Å�Ôn-ÅéA h > 1 �Ü©(¢�),
�Ôn-ÅéA h < 1 �Ü©(J�).

1--ÅHugoniot :8�J�Ü©Ú 2--ÅHugoniot :8�¢�
Ü©�u (hm, hmum) ≈ (1.7, 1.3). =¤��-Å)¥ 1--ÅØ
´ Lax -Å. Ïd, �-Å)Ø´Ôn).
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �-Å), -Å� Lax �^�

fY�§iù¯K�-Å)�~

¯¢þ, 1--ÅATO�� 1-DÕÅ.

ã 13.11 w«�´�Ôn�-Å)�A�ã. lã 13.11(a) �±
wÑλ1(ql) < s1 < λ1(qm), Ïd, 1--ÅØ÷v Lax �^�, ´�
�*Ü.-Å.

,��¡, lã 13.11(a) �±wÑ λ1(qm) < s2, λ1(qr ) < s2, q
dã 13.11(b) �±wÑλ2(qm) > s2 > λ2(qr ), Ïd, 2--Å÷v
Lax �^�.

5: d λ1(q) = u −
√
gh < u < λ2(q) = u +

√
gh, ±9Ôn 1--

Åo÷v hm > hl , 2--Åo÷v hm > hr , ·��±��±e(
Ø: 6N�:BL-Å��ÝO\.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

^Û¼ê½ny²Hugoniot :8��35±9�-Å)��35

^Û¼ê½ny²Hugoniot :8��35

8I: ¦ s(q − q∗) = f (q)− f (q∗) �m �üëê)x
(sp(αp), qp(αp)) s.t. sp(0) = λp(f ′(q∗)), q′p(0) = rp(f ′(q∗)).

- ξp = {ξip : 1 ≤ i ≤ m, � i 6= p}, P {(λi , ri )}mi=1 � f ′(q∗) �

A��ÚA��þ. - qp(αp, ξp) = q∗ + αp(rp +
∑

i 6=p ξ
i
pri ). ½

ÂN�

F (αp, βp, ξp) =


f (qp(αp ,ξp))−f (q∗)

αp
− (λp + βp)[rp +

∑
i 6=p

ξipri ], αp 6= 0,

[f ′(q∗)− (λp + βp)I ][rp +
∑
i 6=p

ξipri ], αp = 0.

KkF (0) = 0, qd ∂F
∂βp

(0) = rp, ∂F
∂ξip

(0) = [f ′(q∗)− λpI ]ri , i 6= p,

� ∂F
∂(βp ,ξp)

(0) �ÛÉ.
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��5ÅðÆ�§|

^Û¼ê½ny²Hugoniot :8��35±9�-Å)��35

^Û¼ê½ny²Hugoniot :8��35

u´, dÛ¼ê½n�, 3 αp = 0 ���¥, �3¿©1w�¼
ê (βp(αp), ξp(αp)) ÷v (βp(0), ξp(0)) = 0, ¿�k
F (αp, βp(αp), ξp(αp)) ≡ 0.

- sp = (λp + βp(αp)), αp 6= 0, KdF Ú qp(αp, ξp) �½Â�
f (qp(αp, ξp(αp)))− f (q∗)=sp(qp(αp, ξp(αp))− q∗).

,��¡, ØJ�y
dq(αp ,ξp(αp))

dα

∣∣∣
α=0

= rp; sp(0) = λp.

Ïd, (sp(α), qp(α)) = (λp +βp(αp), q∗+αp(λp +
∑

i 6=p ξ
i
p(αp)ri ),

p = 1, 2, · · · ,m, =�¤¦�m �üëêx, §�©O½Â
L
q∗ � p--Å�Hugoniot :8Ú�A�-Å�Ý, p = 1, · · · ,m.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

^Û¼ê½ny²Hugoniot :8��35±9�-Å)��35

^�¼ê½ny²�-Å)��35

�l q̂ Ñu�üëêα1 ��L q̂ � 1--ÅHugoniot : q̂1, 2
l q̂1 Ñu�üëêα2 ��L q̂1 � 2--ÅHugoniot : q̂2, · · ·
· · · , ��l q̂m−1 Ñu�üëêαm ��L q̂m−1 �m--Å
Hugoniot : q̂m. ù�L§½Â
��lëê�m�G��m�
1wN� G (q̂) : (α1, · · · , αm) 7→ q̃.

d½ÂÚ p--ÅHugoniot :8�½Â, TN�÷v: G (q̂; 0) = q̂,
∂G(q̂;0)
∂αp

= rp, rp � f ′(q̂) �1 p �A��þ, p=1, 2, · · · ,m. Ïd,
∂G(q̂;0)

∂(α1,··· ,αm)
�ÛÉ.

d�¼ê½n�, é q̂ ��¥� q̃, �3 α = (α1, · · · , αm), s.t.
G (q̂;α) = q̃.
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��5ÅðÆ�§|

^Û¼ê½ny²Hugoniot :8��35±9�-Å)��35

^�¼ê½ny²�-Å)��35

dG (q̂;α) �½Â�, l q̂ Ñudëêα1 �Ñ�L q̂ � 1--Å
Hugoniot : q̂1, l q̂1 Ñudëêα2 �Ñ�L q̂1 � 2--Å
Hugoniot : q̂2, · · · · · · , l q̂m−1 Ñudëêαm �Ñ�L q̂m−1
�m--Å Hugoniot : q̂m = q̃, �Ñ
± ql = q̂, qr = q̃ ��-
Å), =

q̂
1--Å7−→ q̂1

2--Å7−→ q̂2 · · · · · · · · ·
(m-1)--Å7−→ q̂m−1

m--Å7−→ q̂m = q̃.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ

g£��5V­ÅðÆ�§|)�(�—— Vã

��5V­ÅðÆ�§|)�(�Ï~�©E,.

��3z�:þÑ¬km �A�Å±�g�A��ÝÏL.
·�*	���´ù
Å��ä(superposition).

ù
Å3DÂL§¥Ø
�pÕá��)C/�	, �3Ø
ä/�p�^. �����¹eÃ{)Û¦).

)Û�{�Ø%3u�Ä=áu,��A�x�AÏ�Å9
ÙDÂ.

z��-Å—– d÷vRankine-Hugoniot a�mä^��©
¡~G�|¤—– Ñ´ù��«=áu,��A�x�AÏ
�Å. ·�éd®?1
ïÄ (�)iù¯K��-Å)).

e¡·�ïÄ�áu,�A�x�1w)—– {Å.
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��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ

g£��5ÅðÆ�§|�AÏ{Å—— ¥%DÕÅ

{Å���A~´¥%DÕÅ. ÙAÏ5Ny3§�´iù
¯K�), Ï
äk�q5, = q(x , t) = q̃(x/t), �÷v�
§ (� (11.26))

f ′(q̃(x/t))q̃′(x/t) =
(x
t

)
q̃′(x/t).

3�§ª�/, þª�Ñ q̃′(x/t) = 0 ½ f ′(q̃(x/t)) = x/t.

3�§|�/, ù`²� q̃′(x/t) 6= 0 � (x/t, q̃′(x/t)) ´Ý

 f ′(q̃(x/t)) �A��Ú�A�A��þ.

e¡·�ò?Øg£��5ÅðÆ�§|���{Å, ¿±
fY�§�~ïÄÙ¦)�{.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

XÚ3G��m�È©­�

� f (q) ´î�V­.g£��5ÅðÆ�§|�1wÏþ, K
f ′(q) �A��þ r1(q), · · · , rm(q), 3G��m£�¡��m¤
þ, ½Â
m x�5Ã'�1w�þ|.

Definition

��m¥�­� qp(ξ) ¡�´1 p x�È©­�, XJ3T­�
�z:þÑk q′p(ξ) � rp(qp(ξ)) ²1, =�3α(ξ) 6= 0, s.t.

q′p(ξ) = α(ξ)rp(qp(ξ)), ∀ξ.

5: α(ξ) �­��ëêz9 rp �8�z£IOz¤�k'. ½Â
��:3u­����´A���.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

fY�§�È©­�

~X, éufY�§ q =

[
q1

q2

]
=

[
h
hu

]
, f ′(q) �A���

λ1,2 = u ∓
√
gh, A��þ� r1,2 =

[
1

u ∓
√
gh

]
. du rp �1��

©þ�", =÷È©­� dh 6= 0, Ïd�±� h �È©­��ë
CþòÈ©­�ëêz (�du� ξ = h, d�kα(ξ) = 1).

KfY�§�1�xÈ©­��§�

q̃′(ξ) = r1(q̃(ξ)) =

[
1

q̃2/q̃1 −
√

gq̃1

]
.

u´� (q̃1)′ = 1. ¤±§·��±� q̃1(ξ) = ξ. 1���§Ò{
z� (q̃2)′ = q̃2/ξ −

√
gξ.
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��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

fY�§�È©­�

ù�du ( q̃
2

ξ )′ = −
√

g
ξ , dd� q̃2

ξ = −2
√
gξ + c , Ù¥ c �È

©~ê. d½Â q̃2(h∗) = h∗u∗, Ïd� c = u∗ + 2
√
gh∗. ¤±,

L�: (h∗, h∗u∗) �1�xÈ©­�� (�ã 13.12(a))

hu = hu∗ + 2h(
√

gh∗ −
√
gh).

aq/, �±��L�: (h∗, h∗u∗) �1�xÈ©­�� (�
ã 13.12(b))

hu = hu∗ − 2h(
√

gh∗ −
√
gh).
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��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

XÚ3G��m�È©­�—— XÚ�iùØCþ

nØþ, ·�o�±òL,�: q∗ �È©­�ÏL)~�©�§
Ð�¯K¦Ñ. XÚ�,
Åð5��ÙÈ©­�~~¬k,«
éX, |^ù
'X�±�XÚ�¦)Jø�Ï.

Definition

¡¼êwp(q) �XÚ� p-iùØCþ, XJ§3z�^ p xÈ©
­�þþ�~ê, = d

dξw
p(q̃(ξ)) = 0, ½�d/

∇wp(q̃(ξ)) · q̃′(ξ) = ∇wp(q̃(ξ)) · rp(q̃(ξ)) = 0.

5 1: p-iùØCþwp(q) 3ØÓ� p È©­�þ���ØÓ�
~ê�. p È©­�´ p-iùØCþwp(q) ����.

5 2: ¼êwp(·)�XÚ� p-iùØCþ ⇔ ∇wp(q)rp(q)≡0.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

fY�§�iùØCþ

fY�§�1�xÈ©­�� hu = hu∗ + 2h(
√
gh∗ −

√
gh), ½�

d/
u + 2

√
gh = u∗ + 2

√
gh∗.

d½Â�w1(q) = u + 2
√
gh �fY�§� 1-iùØCþ.

fY�§�1�xÈ©­�� hu = hu∗ − 2h(
√
gh∗ −

√
gh), ½�

d/
u − 2

√
gh = u∗ − 2

√
gh∗.

d½Â��, w2(q) = u − 2
√
gh �fY�§� 2-iùØCþ.

5: éum ≥ 2 �XÚ, p È©­�þ��km − 1 ��pÕá
� p-iùØCþ. z� p-iùØCþÑ´ p È©­����Ä
gÈ©.
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��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

XÚ�m xÈ©­��¤��m���­��IX

éu��î�V­.���5XÚ, È©­�3��m�Ñ
�
�£ÛÜ¤­��IX, ± ξ1, · · · , ξm �Ùëê�I.

�l q̂ Ñu�ëê ξ1 ��L q̂ � 1-È©­�þ�: q̂1, 2l q̂1
Ñu�ëê ξ2 ��L q̂1 � 2-È©­�þ�: q̂2, · · · · · · , ��
l q̂m−1 Ñu�ëê ξm ��L q̂m−1 �m-È©­�þ�: q̂m.
ù�L§½Â
��lëê�m���m�1wN�

G (q̂) : (ξ1, · · · , ξm) 7→ q̃.
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Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— XÚ3G��m�È©­�

XÚ�m xÈ©­��¤��m���­��IX

d G (q̂) ½ÂÚ p-È©­��½Â, TN�÷v: G (q̂; 0) = q̂,
∂G(q̂;0)
∂ξp

= rp, rp � f ′(q̂) �1 p �A��þ, p=1, 2, · · · ,m.

Ïd, ∂G(q̂;0)
∂(ξ1,··· ,ξm) �ÛÉ.

d�¼ê½n�, é q̂ ��¥� q̃, �3 ξ = (ξ1, · · · , ξm), s.t.
G (q̂; ξ) = q̃.

5: �Hugoniot :8aq, ��m¥�ü:��±^È©­��
g�ë. ·�òw�éiù¯KÈ©­�éA�´¥%DÕÅ).

36 / 41



Lecture 9: Chap. 13, §13.1 –§13.8
��5ÅðÆ�§|

g£��5ÅðÆ�§|�{Å�¥%DÕÅ—— {Å)9Ù�È©­��'X

g£��5ÅðÆ�§|�{Å)

ÅðÆ�§|�(1 p x�){Å)´��±�¤±e/ª�):

q(x , t) = q̃(ξ(x , t)),

Ù¥ q̃(ξ) ´XÚ�1 p xÈ©­� (= q′(ξ) = α(ξ)rp(q(ξ))),
ξ(x , t) ´ (x , t) 7→ ξ �1w¼ê.

ò{Å)�\ÅðÆ�§|� [ξt + ξx f
′(q̃(ξ))]q̃′(ξ) = 0, ½

[ξt + λp(q̃(ξ))ξx ]q̃′(ξ) = 0. Ïd, ξ(x , t) 7L÷v��5(î�/
`´[�5)V­.�§ª

ξt + λp(q̃(ξ))ξx = 0.
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��5ÅðÆ�§|

g£��5ÅðÆ�§|�{Å�¥%DÕÅ—— {Å)9Ù�È©­��'X

g£��5ÅðÆ�§|�{Å)

,��¡, � ξ0(x) ´?��½�1w¼ê, � q̃(ξ) ´ÅðÆ�
§|�1 p xÈ©­�, XJ ξ(x , t) ´±e��5V­.�§ª
Ð�¯K {

ξt + λp(q̃(ξ))ξx = 0,

ξ(x , 0) = ξ0(x),

�), K q(x , t) = q̃(ξ(x , t)) ´ÅðÆ�§| qt + f (q)x = 0 �
��± q(x , 0) = q̃(ξ0(x)) �Ð��(1 p x�){Å).

5: 3{Å)�/, q(x , t) ¤÷v���5ÅðÆ�§|Ð�¯
K�z¤
 ξ(x , t) ¤÷v���5V­.�§ªÐ�¯K.
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g£��5ÅðÆ�§|�{Å�¥%DÕÅ—— {Å)9Ù�È©­��'X

g£��5ÅðÆ�§|�{Å)�A�

5¿�, ξ(x , t) ÷��5V­.�§ª ξt + λp(q̃(ξ))ξx = 0 �A
�­�X ′(t) = λp(q̃(ξ(X (t), t))) ´~ê, Ïd, A�­����.

q q(X (t), t) = q̃(ξ(X (t), t)), ¤±, (1 p x){Å)÷�A�
(1 p x)A��£��¤´~�(~�þ). ({Å)�A�5�)

dul q̃(ξ(X (0), 0)) Ñu�(1 p x){Å)�G�©ªá3�^
1 p x�È©­�þ, Ïd, ?� p-iùØCþ wp(q) 3T)�
uÐL§¥ð�~ê, =wp(q̃(ξ(X (t), t))) = wp(q̃(ξ0(X (0)))).

5: A��½Â3 x-t ²¡, È©­�K½Â3��m.
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g£��5ÅðÆ�§|�{Å�¥%DÕÅ—— {Å)9Ù�È©­��'X

ÅðÆ�§|{Å)�AÏ/ª—— DÕÅ�Ø Å

�Ð�÷vλp(q̃(ξ(x , 0)) ´ x �üNO¼ê�, 1 p xA��ò
��muÐì1ì�, Ïd, d��{Å)´��XDÕÅ.

�Ð�¦�λp(q̃(ξ(x , 0)) 3,�«mþ´ x �üN~¼ê�, l
ùpÑu�1 p xA��ò��muÐÅÚ� , �AÜ©�{
Å)´��Ø Å. duù
A��3k��mSªò�E, Ï
dù��{Å)òuÐÑ-Å.

5 1: g£��5ÅðÆ�§|�{Å)�ù
5��g£��
5ÅðÆ�§ª�)�5����Ó.

5 2: A���E�uÐÑ� ξ(x , t) �-ÅØ�½U�Ñ��§
|�-Å)£�mü�G�Ø�½á3*d� Hugniot :8þ,
=B3, -Å�Ý�I­#O�¤.
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��: 13.4, 13.6, 13.7(b),(g).

Thank You!
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