
Finite Volume Methods for Hyperbolic Problems

Zhiping Li

LMAM and School of Mathematical Sciences
Peking University



Lecture 8: Chap. 12

��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — ÏL)iù¯KO�ê�Ïþ F n
i−1/2

REA �{ÄkO��c��Åðþ�ü�²þ�, ,�ÏL
)iù¯KO�e��mÚÅðþ�ü�²þ�.

PQ↓i−1/2 = q↓(Qn
i−1,Q

n
i ) � xi−1/2 ?�Aiù¯K��).

iù¯K��)´�q5), Ïd)÷�� xi−1/2 �~ê.

�∆t ÷vCFL ^��, ��ü�.¡þiù¯K�)¤�
)�Å3���mÚSØ¬DÂ�Ù§ü��.¡.

- F n
i−1/2 = f (Q↓i−1/2) K�� Godunov �ª.

� f î�à (]) �, iù¯K��)´-Å½¥%DÕÅ.
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��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — f î�à�iù¯K��)

± f ′′ > 0 �~, ql > qr �´-Å; ql < qr �´¥%DÕÅ.

Q↓i−1/2 ���©� 5 «�¹ (�ã 12.1(a)—(e)).

(a). Qi−1 > Qi , -Å; -Å�Ý s = [|f |]
[|q|] < 0, Q↓i−1/2 = Qi .

(b). Qi−1 < Qi , ¥%DÕÅ; f ′(Qi ) < 0, Q↓i−1/2 = Qi .

(c). Qi−1 < Qi , ¥%DÕÅ; f ′(Qi−1) <0 = f ′(qs) < f ′(Qi ),

Q↓i−1/2 = qs . qs = (f ′)−1(0) ¡�(�:.

(d). Qi−1 < Qi , ¥%DÕÅ; f ′(Qi−1) > 0, Q↓i−1/2 = Qi−1.

(e). Qi−1 > Qi , -Å; -Å�Ý s = [|f |]
[|q|] > 0, Q↓i−1/2 = Qi−1.
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��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — f î�à�ê�Ïþ F n
i−1/2 �O�

du·�=iù¯K��)3 xi−1/2 ?�� Q↓i−1/2, 5¿�

f ′(qs) = 0, f ′′ > 0, ¤±qs ´ f ��Û���:;

3DÕÅ�^� (b), (c), (d) e, Q↓i−1/2 = min
Qi−1≤q≤Qi

f (q);


3-Å�^� (a), (e) e, Q↓i−1/2 = max
Qi≤q≤Qi−1

f (q);

f ′′ > 0 ⇒ max
Qi≤q≤Qi−1

f (q) = max{f (Qi−1), f (Qi )}.

Ïd, f î�à��)ÏþF n
i−1/2 ����L«�

F n
i−1/2 =

 min
Qi−1≤q≤Qi

f (q), Qi−1 ≤ Qi ;

max{f (Qi−1), f (Qi )}, Qi < Qi−1.

SSSKKK: ���ÑÑÑ f ′′ < 0 ���iiiùùù¯̄̄KKK���)))ÏÏÏþþþ Fn
i−1/2 ���������úúúªªª.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— Þá!Å�Å�

^ÞáO�� Godunov �{�Å�DÂ/ª

Godunov �{��±æ^IO�^ÞáO��Å�DÂ/ª

Qn+1
j = Qn

j −
∆t

∆x

(
A+∆Qi−1/2 +A−∆Qi+1/2

)
,

Ù¥Þá½ÂXe (é'�5�/, p.82, (4.52), (4.53))

A+∆Qi−1/2 = f (Qi )− f (Q↓i−1/2),

A−∆Qi−1/2 = f (Q↓i−1/2)− f (Qi−1).

�ª�duc¡��� Godunov �{�k�NÈ�ª

Qn+1
j = Qn

j −
∆t

∆x

(
f (Q↓i+1/2)− f (Q↓i−1/2)

)
.

5 / 46



Lecture 8: Chap. 12

��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— Þá!Å�Å�

Å�Å���-ÅÀJ

�
½ÂGodunov �ª�p©EÇ���, ·�I�O��Ai
ù¯K¤éA�ÅWi−1/2 �Å� si−1/2. �g,{ü��{´�

Wi−1/2 = ∆Qi−1/2 = Qi − Qi−1,

si−1/2 =

{
[f (Qi )− f (Qi−1)]/(Qi − Qi−1), Qi−1 6= Qi ,

f ′(Qi ), Qi−1 = Qi .

ù��u3?Û�¹eÑò÷v R-H a�mä^��-Å)
(ÃØ´Ø �´*Ü) ��iù¯K�). Ïd, ·�{¡Ù�
Å�Å���-ÅÀJ.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— Þá!Å�Å�

Å�Å���-ÅÀJ�Ün5

�iù¯K��)�-Å�, ±þÀJvk?Û¯K.

�iù¯K��)��ª(�DÕÅ�, ÅØ2±ü��Ý
DÂ. �d��A�*Ü-Å�DÕÅÑ´ÅðÆ�f),
Ïd, �CFL ^�÷v�, üöäk�Ó�ü�²þ�.


�, �iù¯K�f)Ø´ª(�DÕÅ�, ØØ´Ø 
-Å�´*Ü-Å, ok (é' p.228, (12.2))

f (Q↓i−1/2) = f (Qi−1) ⇔ si−1/2 > 0,

f (Q↓i−1/2) = f (Qi ) ⇔ si−1/2 < 0.

ù�|^�)¤��O���.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— Þá!Å�Å�!ª(�DÕÅ����

Å�Å���-ÅÀJ�"���Ö�{— ���

¤±, ��iù¯K��)Ø´ª(�DÕÅ, Ko�±ò
ÞáL«(½CqL«)��-ÅÞáúª

A+∆Qi−1/2 = s+
i−1/2Wi−1/2,

A−∆Qi−1/2 = s−i−1/2Wi−1/2.

�iù¯K��)�ª(�¥%DÕÅ�, �)òiùÐ�
©)��!m1DÕÅ. þª�dî­ØÎ, UYA^þª
ò���Ôn). ª(�¥%DÕÅ�Þá�L«�

A+∆Qi−1/2 = f (Qi )− f (qs),

A−∆Qi−1/2 = f (qs)− f (Qi−1).

·�¡d�£é�-ÅÞáúª�¤���.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— Þá!Å�Å�!ª(�DÕÅ����

é�-ÅÞáúª�����7�5 —— ~

�ÄBurger’s �§�iù¯K, Ð�� ul = −1, ur = 2.

�)��¥%DÕÅ u(x , t) =


−1, x < −t,
x/t, −t ≤ x ≤ 2t,

2, x > 2t.

¹*Ü-Å�,�f) ⇒ u(x , t) =


−1, x < 0,

1, 0 < x ≤ t,

x/t, t ≤ x ≤ 2t,

2, x > 2t.
(�-Å�{Âñud), �ã 12.2(a), p.231)

��Ø\�����-Åúª�UÂñu�Ôn�f).
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— Þá!Å�Å�!ª(�DÕÅ����

�-ÅÞáúª+���+p©EÇ?���J

�-ÅÞáúª+����Godunov �ª�Ñ�ê�)Âñ
u�) (�ã 12.2(b)), ¦+du3(�:NC�ªê�Ê5
��
��3(�:?Ek��∆x þ?�*Ü-Å.

�-ÅÞáúª+p©EÇ?��p©EÇ�ª�Ñ�ê�
)�Âñu�) (�ã 12.2(c)), �°Ý�Öu�-ÅÞáú
ª+����Godunov �ª.

�-ÅÞáúª+���+p©EÇ?��p©EÇ�ª�
Ñ�ê�)�(±�p�°ÝÂñu�) (ã 12.2(d)).

5: �Ïþ�/ª� Godunov �ª�', ������-ÅÞá
Å/ª� Godunov �ª�,O��éE,, �´u�p©EÇ
?�, �´uí2A^u��5ÅðÆ�§|.
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��5ÅðÆ�§ª�k�NÈ{

ê�Ê5������,�a�{—— Lax-Friedrichs �ªÚÛÜ Lax-Friedrichs �ª

þ~*Ü-ÅGodunov�ª)�Ûkã 12.2(a)�(�?

d (12.6), æ^�-ÅÞáúª (� (12.8))

A+∆Qi−1/2 = s+
i−1/2Wi−1/2,

A−∆Qi−1/2 = s−i−1/2Wi−1/2.

��u3Godunov �ª¥�Fi−1/2 = f (Qi )−A+∆Qi−1/2,
½Fi−1/2 = f (Qi−1) +A−∆Qi−1/2, ½üö�²þ�

Fi−1/2 =
1

2
[f (Qi−1) + f (Qi )− |si−1/2|(Qi − Qi−1)].

Ù¥ 1
2 [f (Qi−1) + f (Qi )] Ú −1

2 |si−1/2|(Qi − Qi−1)©O´Ø­½
�¥%ÏþÚå­½�^�ê�Ê5(*Ñ)Ïþ('��5�/
� Roe �ª (4.61)). �� Qi−1 ≈ −Qi �, si−1 ≈ 0, Ã{Jø
v±¦�{­½�Ê5. 
ù�´þ~¥�ªÑy��¹.
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��5ÅðÆ�§ª�k�NÈ{

ê�Ê5������,�a�{—— Lax-Friedrichs �ªÚÛÜ Lax-Friedrichs �ª

Lax-Friedrichs (LxF) �{, ÛÜ Lax-Friedrichs (LLF) �{

±þ©ÛJ«, 3ª(�DÕÅ�/, �±}Áæ^�{ü��
���{, =3¥%Ïþ�Ä:þ\þ·��Ê5Ïþ��{.

Lax-Friedrichs �{(ê��J�ã 12.3(a)):
Fi−1/2 = 1

2 [f (Qi−1) + f (Qi )− a(Qi −Qi−1)], a ∼ ∆x/∆t. d
uk
v
�Ê5, ê�)�(Âñu�). �(Jw«�
ª�ê�Ê5 �, �ê�)k�FGy�.

ÛÜ Lax-Friedrichs �{(ê��J�ã 12.3(b)):
Fi−1/2 = 1

2 [f (Qi−1) + f (Qi )− ai−1/2(Qi − Qi−1)], Ù¥
ai−1/2 = max{|f ′(q)| : q0u Qi−1 Ú Qi �m}.

�CFL ^�÷v�, ok |f ′(q)| ≤ ∆x/∆t. �±y² (�
§12.7) ù��Ê5v±�yê�)ÂñuÊ5��).
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��5ÅðÆ�§ª�k�NÈ{

ê�Ê5������,�a�{—— Lax-Friedrichs �ªÚÛÜ Lax-Friedrichs �ª

ÛÜ Lax-Friedrichs (LLF) �{�Å�DÂ/ª

dÞáÅ�iù)Ïþ�'XA+∆Qi−1/2 = f (Qi )− f (Q↓i−1/2),

A−∆Qi−1/2 = f (Q↓i−1/2)− f (Qi−1), ÚFi−1/2 ≈ f (Q↓i−1/2), �-

A−∆Qi−1/2 =
1

2
[f (Qi )− f (Qi−1)− ai−1/2(Qi − Qi−1)],

A+∆Qi−1/2 =
1

2
[f (Qi )− f (Qi−1) + ai−1/2(Qi − Qi−1)],

K��±òÛÜ Lax-Friedrichs �{L«�Å�DÂ/ª.

e- s±i−1/2 = 1
2

[
f (Qi )−f (Qi−1)

(Qi−Qi−1) ± ai−1/2

]
, Wi−1/2 = Qi − Qi−1, K

ÛÜ Lax-Friedrichs �{��±(Üp©EÇ?��{¦^.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— �DÕÅÀJ� Engquist-Osher �{

Engquist-Osher �{

Engquist Ú Osher Ú\
�«��-ÅÀJ�,����{, =
�DÕÅÀJ, =¦�DÕÅ��õ�)��ÿ�E,ÀDÕÅ.

du�òÞáÅ A±∆Qi−1/2 ©OÀ��mýÚ�ýDÂ�Å�
Ïþ� (� (12.6)), Ïd�±U±eúªO�

A+∆Qi−1/2 =

∫ Qi

Qi−1

(f ′(q))+dq, A−∆Qi−1/2 =

∫ Qi

Qi−1

(f ′(q))−dq.


�A�ÏþK�±L«� (� (12.6), '� (4.55))

Fi−1/2 = f (Qi−1) +

∫ Qi

Qi−1

(f ′(q))−dq = f (Qi )−
∫ Qi

Qi−1

(f ′(q))+dq

=
1

2
[f (Qi−1) + f (Qi )]− 1

2

∫ Qi

Qi−1

|f ′(q)|dq.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— �DÕÅÀJ� Engquist-Osher �{

Engquist-Osher �{ (f ′′ > 0)

? �Qi−1, Qi < qs , Fi−1/2 = f (Qi−1) +
∫ Qi

Qi−1
(f ′(q))−dq = f (Qi ).

? �Qi−1, Qi > qs , Fi−1/2 = f (Qi )−
∫ Qi

Qi−1
(f ′(q))+dq = f (Qi−1).

? �Qi−1<qs<Qi , Fi−1/2 = f (Qi−1) +
∫ qs
Qi−1

(f ′(q))−dq= f (qs).

? �Qi−1 > qs > Qi (ª(�-Å�/), Kk

Fi−1/2 = f (Qi−1) +
∫ Qi

Qi−1
(f ′(q))−dq= f (Qi−1) + f (Qi )− f (qs).

��)�Ïþ (12.2) '���, cü«�¹e, ÃØ�)´-Å
�´DÕÅ, ±þúªÑ�Ñ
�)�Ïþ; 1n«´ª(�D
ÕÅ�/, ±þúª��Ñ
�)�Ïþ; �éª(�-Å�/
K��)�Ïþ (f ′′ > 0 �� max{f (Qi−1), f (Qi )}) ØÓ.
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��5ÅðÆ�§ª�k�NÈ{

Godunov �{�Å�DÂ/ª —— �DÕÅÀJ� Engquist-Osher �{

Engquist-Osher �{

5 1:Engquist-Osher �{½Â�Ïþ�ÅðÆ�N. ¯¢þ, N´
�yê�Ïþ Fi−1/2 'u (Qi−1,Qi ) ´ Lipschitz ëY�, ��
Qi−1 = Qi �, Fi−1/2 = f (Qi−1) = f (Qi ).

5 2: �±y²Engquist-Osher �{�CFLê¿©��´TVD �
(SK 12.3), �Âñu÷v�^��f).

5 3:Engquist-Osher �{�Ñ�iù¯Kê�)÷vOleinik�^
�. �I©Ûª(�-Å�/. �)�-Å(ÞáÅ si− 1

2
∆Qi− 1

2
)

d��©)¤ü��f�©O�üýDÂ�-Å
∫ Qi

Qi−1
f ′(q)dq =∫ Qi

qs
(f ′(q))−dq +

∫ qs
Qi−1

(f ′(q))+dq. ù��uÚ\
��*Ñ, é

�)å�ÑÑ�1��^, 
¿Ø¬UCOleinik�Ø�ª.

5 4: Engquist-Osher �{�±í2A^u�§|�iù¯K�
)�CqO�.
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��5ÅðÆ�§ª�k�NÈ{

E-�ª

E-�ª

Osher Ú\
±eVg (� f ′′ > 0)

Definition

eê�Ïþé¤k0uQi−1 ÚQi �m� q ÷vØ�ª

sgn(Qi − Qi−1)[Fi−1/2 − f (q)] ≤ 0,

K¡�A�k�NÈ�ª�E-�ª.

FG
i−1/2 =


min

Qi−1≤q≤Qi

f (q), Qi−1 ≤ Qi ;

max
Qi≤q≤Qi−1

f (q), Qi−1 > Qi .
w,÷vØ�ª

(� (12.4)).

E-�ª ⇔ Fi−1/2 ≤ FG
i−1/2, Qi−1 ≤ Qi ; &

Fi−1/2 ≥ FG
i−1/2, Qi−1 ≥ Qi .
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��5ÅðÆ�§ª�k�NÈ{

E-�ª

E-�ª

Godunov �ª, LxF �ª, LLF �ª, E-O �ªÑ´E-�ª.

�Courant ê¿©��, E-�ª´TVD �(SK 12.3).

Osher y²
E-�ªÂñu�), �Âñ��õ´���.

5: �u���ª3¢S¯K¥��¦^�¿ÂØ�, 
p��
ªq  3)�mäNC�)��, aqu�5�/, ·�I�
3���ª�Ä:þuÐ��5ÅðÆ�§ª�p©EÇ�ª.
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��5ÅðÆ�§ª�k�NÈ{

p©EÇTVD �ª!æ^Åð.�ª�­�5

���ª+p©EÇ?�� ⇒ p©EÇ�ª

�18Ù (� (6.59), (6.60)) Ú1ÊÙ (� (9.18), (9.19)) aq
/, ·��±ò�Ù¥0��A����ªUE¤p©EÇ�ª

Qn+1
j = Qn

j −
∆t

∆x

(
A+∆Qi−1/2+A−∆Qi+1/2

)
−∆t

∆x
(F̃i+1/2−F̃i−1/2),

F̃i−1/2 =
1

2
|si−1/2|

(
1− ∆t

∆x
|si−1/2|

)
W̃i−1/2,

Ù¥ W̃i−1/2 ´Wi−1/2 �,«��/ª.

5 1: �±y², XJ¦^ TVD ��ì (�§6.12), K¤����
ª´TVD �.

5 2: éu�§ª�±y², TVD �ª´­½�, Âñ�.
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��5ÅðÆ�§ª�k�NÈ{

p©EÇTVD �ª!æ^Åð.�ª�­�5

¦^TVD ��ì����ª´TVD � (y²g´)

·�3±eAÏ^�ey²ù�(Ø. =� Qn
i 'u i üN~,

�3¤�9«� f ′(q) > 0. ,	, � ∆t
∆x max |f ′(q)| < 1

2 .

Äké Qn �TVD (ÏdüN~) �©¡�5­� q̃(x , tn)
£5¿§��ì3�=3ùpu��^¤.

éÏþ f (·) �©¡�5��� f̂ (·) (�ã 12.4(a)).

3uÐÚ(^A��{+�¡ÈuK) )Ïþ f̂ (·) �ÅðÆ�
§ (�ã12.4(b)). Ù(J´ÅðÆ��), Ïd´TVD �.

3xi−1/2NC, Ïþf̂ (·)´�5�, �Çsi−1/2 =
f (Qn

i )−f (Qn
i−1)

Qn
i −Q

n
i−1

T�p©EÇ?��£12.22¤3T:�Å�(é'ÅðÆ�
§©¡~êlÑ��ü���§ª qt + si−1/2qx = 0).
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��5ÅðÆ�§ª�k�NÈ{

p©EÇTVD �ª!æ^Åð.�ª�­�5

¦^TVD ��ì����ª´TVD � (y²g´)

l�Ç��ì��Ýn)�p©EÇ?��£12.22¤��
ª£12.21¤§KuÐÚ�Ñ�ê�)3 xi−1/2 ?�ê�Ï

þT�±Ïþ f̂ (·) �ÅðÆ�§3���mÚ¥�ý)3
xi−1/2 ?�Ïþ"

Ïd§�p©EÇ?��£12.22¤��ª£12.21¤3uÐ
Ú�Ñ�ê�)�ü�²þ���T�±Ïþ f̂ (·) �ÅðÆ
�§�ý)3#�mÚ�ü�²þ�. Ïd�ª´TVD �.

Ù§�¹e�ª�TVD 5��daq�©Û��.
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��5ÅðÆ�§ª�k�NÈ{

p©EÇTVD �ª!æ^Åð.�ª�­�5

æ^Åð.�ª�­�5

�ÄBerger’s �§ ut + ( 1
2u

2)x = 0. � u ð�.

KÅð.Hº�ª�

Un+1
i = Un

i −
∆t

∆x

(1

2
(Un

i )2−1

2
(Un

i−1)2
)

= Un
i −

∆t

∆x

Un
i−1 + Un

i

2
(Un

i −Un
i−1).


Äu[�5�§ ut + uux = 0 �Hº�ª�

Un+1
i = Un

i −
∆t

∆x
Un
i (Un

i − Un
i−1).

½�d�Un+1
i = Un

i −
∆t
∆x

Un
i−1+Un

i

2 (Un
i −Un

i−1)− ∆t∆x
2 (

Un
i −U

n
i−1

∆x )2.

Ù¥����1
2ν(Un

i − Un
i−1)2�∆t,∆x → 0 �3)mä?��

¿Øªu". ù�±À��ö'cöõ
��K�Û5�
�,
Ïd¬E¤-Å�Ý~ú (�§17.12). üöéÐ�� ul = 2,
ur = 1 �iù¯K�ê�(J (t = 2) �ã 12.5.
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��5ÅðÆ�§ª�k�NÈ{

Lax-Wendroff ½n —— �N�Åð.�ª�ê�)�4�´f)

Lax-Wendroff ½n

��½
�x�� ∆t(j), ∆x (j), j = 1, 2, · · · , � j →∞ �,

∆t(j) → 0, ∆x (j) → 0. �ê�ÏþF
(j)n
i−1/2 = F(Q

(j)n
i−1 ,Q

(j)n
i ) �

f (q) �N. � Q(j)n �ê�). ½Â Q(j)(x , t) = Q
(j)n
i , ∀(x , t) ∈

Ω
(j)n
i = (x

(j)
i−1/2, x

(j)
i+1/2)× [t

(j)
n , t

(j)
n+1). ¡Q(j)(x , t) ´ TV ­½�,

eé?��T > 0, �3R > 0, ¦�

TV (Q(j)(·, t)) < R, ∀t ∈ [0,T ], j = 1, 2, · · · .
·�k±e Lax-Wendroff ½n:

Theorem

�k�Nê�Ïþ�Åð.�ª�ê�)S�Q(j) ´TV ­½
�. e�3ÛÜ�È¼ê q(x , t), ¦�é ∀Ω = [a, b]× [0,T ], k

lim
j→∞
‖Q(j) − q‖1,Ω = 0.

K q(x , t) ´ÅðÆ�§���f).
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Lax-Wendroff ½n —— �N�Åð.�ª�ê�)�4�´f)

Lax-Wendroff ½n�y²

1 ·��y² q(x , t), é ∀φ ∈ C∞0 (R× R+), ÷v∫ ∞
0

∫ +∞

−∞
[φtq + φx f (q)]dxdt = −

∫ +∞

−∞
φ(x , 0)q(x , 0)dx .

2 -Φ
(j)n
i = φ(x

(j)
i , t

(j)
n ), ½ÂΦ(j) (�Q(j) aq). d�ªk

∞∑
n=0

∞∑
i=−∞

Φ
(j)n
i (Q

(j)(n+1)
i −Q(j)n

i ) = −∆t(j)

∆x (j)

∞∑
n=0

∞∑
i=−∞

Φ
(j)n
i (F

(j)n
i+1/2−F

(j)n
i−1/2).

3 �ÑþI j , d φ äk;|8, ¿|^©Ü¦Ú�ª∑m
i=1 ai (bi − bi−1) = ambm − a1b0 −

∑m−1
i=1 (ai+1 − ai )bi , �[ ∞∑

n=1

∞∑
i=−∞

(Φn
i − Φn−1

i

∆t

)
Qn

i +
∞∑
n=0

∞∑
i=−∞

(Φn
i+1 − Φn

i

∆x

)
F n
i−1/2

]
∆x∆t

= −∆x
∞∑

i=−∞
Φ0
i Q

0
i .
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��5ÅðÆ�§ª�k�NÈ{

Lax-Wendroff ½n —— �N�Åð.�ª�ê�)�4�´f)

Lax-Wendroff ½n�y² (Y)

4 dφ ∈ C∞0 (R×R+) �Φ(j) ⇒ φ(x , t), qQ(j) k.�L1
loc Â

ñu q(x , t), �

lim
j→∞
−∆x

∞∑
i=−∞

Φ0
i Q

0
i = −

∫ ∞
−∞

φ(x , 0)q(x , 0)dx .

5 d
(

Φn
i −Φn−1

i
∆t

)
Qn

i ∆x∆t =
∫

Ωni
φt(xi , t)Qn

i dtdx , Q(j) k.

�L1
loc Âñu q(x , t), φt(xi , t) ⇒ φt(x , t), �

lim
j→∞

∞∑
n=1

∞∑
i=−∞

(Φn
i − Φn−1

i

∆t

)
Qn

i ∆x∆t =

∫ ∞
0

∫ +∞

−∞
φtqdxdt.

25 / 46



Lecture 8: Chap. 12

��5ÅðÆ�§ª�k�NÈ{

Lax-Wendroff ½n —— �N�Åð.�ª�ê�)�4�´f)

Lax-Wendroff ½n�y² (Y)

6

(
Φn

i+1−Φn
i

∆x

)
F n
i−1/2∆x∆t =

∫
Ωni

φx(ξni , tni )F(Qn
i−1,Q

n
i )dxdt.

7 dê�Ïþ��N5k

|F(Qn
i−1,Q

n
i )−f (q)| ≤ L(|Qn

i−1−q|+|Qn
i −q|) ≤ L(2|Qn

i −q|+|Qn
i −Qn

i−1|).

8 dQ(j) k���k.C�, k

∞∑
i=−∞

L|φx(ξni , tni )||Qn
i −Qn

i−1|∆x ≤ Lmax
(x ,t)
|φx |TV (Q(·, t))∆x .

9 Ïd, dQ(j) k.�L1
loc Âñuq(x , t), φx(xi , t) k;|8,

� ∞∑
n=1

∞∑
i=−∞

∫
Ωni

φx(ξni , tni )|F(Qn
i−1,Q

n
i )− f (q)|dxdt → 0.
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��5ÅðÆ�§ª�k�NÈ{

Lax-Wendroff ½n —— �N�Åð.�ª�ê�)�4�´f)

Lax-Wendroff ½n�y² (Y)

10 dQ(j) k.�L1
loc Âñu q(x , t), φx(ξni , tni ) ⇒ φx(x , t),

(Ü (6)-(9), �

lim
j→∞

∞∑
n=0

∞∑
i=−∞

(Φn
i+1 − Φn

i

∆x

)
F n
i−1/2∆x∆t =

∫ ∞
0

∫ +∞

−∞
φx f (q)dxdt.

11 d (4), (5) Ú (10), =� (1). �

5: Lax-Wendroff ½n�`²ê�)3�½¿Âe�4�´f),
�¿vk`²ê�)3�o^�e¬k4�.
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lÑ�^� —— �N�Åð.�ª�÷vlÑ�^��ê�)�4�´�)

^�¼ê�lÑ�ÏþL«�lÑ�^�

Definition

� (η(q), ψ(q)) ´ÅðÆ�§ qt + f (q)x = 0 �à�é (§11.14),
¡Ψn

i−1/2 = Ψ(Qn
i−1,Q

n
i ) ´�ψ(q) �N�ê��Ïþ, XJ

1 Ψ(q, q) = ψ(q), ∀q;

2 �3~êL > 0, s.t. é?¿�Qn
i−1, Qn

i Ú q Ñ
k|Ψ(Qn

i−1,Q
n
i )− ψ(q)| ≤ L(|Qn

i−1 − q|+ |Qn
i − q|).

Definition

� (η(q), ψ(q)) ´ÅðÆ�§ qt + f (q)x = 0 �à�é,
Ψn

i−1/2 = Ψ(Qn
i−1,Q

n
i ) ´�ψ(q) �N�ê��Ïþ, ¡k�Nê

�Ïþ�Åð.�ª�ê�)Q ÷vlÑ�^�, XJ

η(Qn+1
i ) ≤ η(Qn

i )− ∆t

∆x
(Ψn

i+1/2 −Ψn
i−1/2), ∀n, i .
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��5ÅðÆ�§ª�k�NÈ{

lÑ�^� —— �N�Åð.�ª�÷vlÑ�^��ê�)�4�´�)

lÑ�^� —— \ Lax-Wendroff ½n^�⇒ �)
� (η(q), ψ(q)) ´ÅðÆ�§ qt + f (q)x = 0 �à�é (§11.14),
�Ψn

i−1/2 = Ψ(Qn
i−1,Q

n
i ) ´�ψ(q) �N�ê��Ïþ. Kk

Theorem

�k�Nê�Ïþ�Åð.�ª�ê�)S�Q(j) ´TV ­½
�, �÷vlÑ�^�

η(Qn+1
i ) ≤ η(Qn

i )− ∆t

∆x
(Ψn

i+1/2 −Ψn
i−1/2).

e�3ÛÜ�È¼ê q(x , t), ¦�é ∀Ω = [a, b]× [0,T ], k

lim
j→∞
‖Q(j) − q‖1,Ω = 0.

K q(x , t) ´ÅðÆ�§��).

5: ½n�y²�Lax-Wendroff ½n�y²aq, �Iò Q �
� η(Q), F ��Ψ, Ó�5¿ φ ≥ 0 �^�. y²[!3�SK.
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lÑ�^� —— �N�Åð.�ª�÷vlÑ�^��ê�)�4�´�)

��N5�ª—— Godunov �ªäk��N5

Definition

¡��ÅðÆ��N�Åð.ê��ªäk��N5, XJ: �
^u½ÂÙê�Ïþ�z�iùf¯K�(Cq))þ÷v�^�
�, �A�ê�)Ò÷vlÑ�^�.

Godunov �ªäk��N5:

1 � q̃n(x , t) 3 (xi−1/2, xi+1/2)× (tn, tn+1) þ÷v�^�∫ xi+1/2

xi−1/2

η(q̃n(x , tn+1))dx ≤
∫ xi+1/2

xi−1/2

η(q̃n(x , tn))dx

−
∫ tn+1

tn

(ψ(q̃n(xi+1/2, t))− ψ(q̃n(xi−1/2, t)))dt.
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��5ÅðÆ�§ª�k�NÈ{

lÑ�^� —— �N�Åð.�ª�÷vlÑ�^��ê�)�4�´�)

Godunov �ªäk��N5

2 d η′′ > 0, Qn+1
i = 1

∆x

∫ xi+1/2

xi−1/2
q̃n(x , tn+1)dx Ú Jensen Ø�ª

� η(Qn+1
i ) ≤ 1

∆x

∫ xi+1/2

xi−1/2
η(q̃n(x , tn+1))dx .

3 q q̃n(x , tn) = Qn, q̃n(xi−1/2, t) = q↓(Qn
i−1,Q

n
i ) =: Q↓i−1/2.

4 e½Âê��ÏþΨn
i−1/2 = ψ(Q↓i−1/2), Kd (1)-(3) �

η(Qn+1
i ) ≤ η(Qn

i )− ∆t

∆x
(Ψn

i+1/2 −Ψn
i−1/2).

´yΨ ´� ψ �N�ê�Ïþ, ÏdGodunov �ª�)�ê�
)÷vlÑ�Ø�ª.

5: ±þ©ÛL²Godunov �ª�)�ê�)3�½¿Âe�4
�´�), �·��Ø��ê�)´Ä3T¿Âek4�.
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��5ÅðÆ�§ª�k�NÈ{

üN�ª9Ù��5­½5ÚÂñ5

üN�ª9Ù��5­½5ÚÂñ5

��5¯Kê��{�­½5ÚÂñ5��5`´���©(J
�¯K. ��A~´Ø �f (�§8.3.1). üN�ª��
ê��
ª�|^Ø �f��{y²��5­½5ÚÂñ5.

Definition

ê��ª Qn+1
j = N (Qn; j) = N (Qn

j−p, · · · ,Qn
j+r ) ¡�´üN�

ª, XJ ∂
∂Qn

i
N (Qn; j) ≥ 0, ∀i , j , Qn.

Theorem

Åð.�üN�ª´ L1-Ø �.

5 1: Åð.�üN�ª´ L1-­½�ÚÂñ�.

5 2: Godunov �ª´üN�ª (SK), Ïd´L1-­½ÚÂñ�.

5 3: üN�ªÑ´���, Ù©Û�{Ø·^up©EÇ�ª.

32 / 46



Lecture 8: Chap. 12

��5ÅðÆ�§ª�k�NÈ{

üN�ª9Ù��5­½5ÚÂñ5

Åð.üN�ª L1-Ø 5�y²

1 �Un+1
j =N (Un; j), V n+1

j =N (V n; j). PW n =max{Un,V n}.

2 düN5Ú Un+1
j = N (Un; j) k

Un+1
j ≤ N ((U ∨ V )n; j), Un+1

j ≥ N ((U ∧ V )n; j),

Ù¥ (U ∨ V )ni = max{Un
i ,V

n
i }, (U ∧ V )ni = min{Un

i ,V
n
i }.

3 Ón, V n+1
j �÷v±þØ�ª. Ïdk∑

j

|Un+1
j − V n+1

j | =
∑
j

[(U ∨ V )n+1
j − (U ∧ V )n+1

j ]

≤
∑
j

[N ((U ∨ V )n; j)−N ((U ∧ V )n; j)].
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üN�ª9Ù��5­½5ÚÂñ5

Åð.üN�ª L1-Ø 5�y² (Y)

4 -W n,k
j =

{
(U ∨ V )nj , j ≥ k ,

(U ∧ V )nj , j < k .
Kk

(W n,k
j −W n,k+1

j ) =

{
0, j 6= k ,

|Un
k − V n

k |, j = k ;
±9

∑
k

(N (W n,k ; j)−N (W n,k+1; j)) = N ((U∨V )n; j)−N ((U∧V )n; j)

� ∑
j

|Un+1
j − V n+1

j | ≤
∑
k

∑
j

(N (W n,k ; j)−N (W n,k+1; j)).
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üN�ª9Ù��5­½5ÚÂñ5

Åð.üN�ª L1-Ø 5�y² (Y)

5 dW n,k �½ÂÚ�ª�Åð5�∑
j

(N (W n,k ; j)−N (W n,k+1; j)) = (W n,k
k −W

n,k+1
k ) = |Un

k−V n
k |.

6 Ïd� h
∑

j |U
n+1
j − V n+1

j | ≤ h
∑

j |Un
j − V n

j |. �
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ÅðÆ�§Ð�¯Kf)Ø���ê��ªÂñ5�ºÂ!¼ê�m�;5

ÅðÆ�§Ð�¯Kf)Ø����ªÂñ5�ºÂ

é�½���, ½ÂQ(∆t)(x , t) = Qn
i , ∀(x , t) ∈ [xi−1/2, xi+1/2)

×[tn, tn+1). P W = {q : q(x , t) ´ÅðÆ�§Ð�¯Kf)}.

ê�)��NØ�½Â�

dist(Q(∆t),W) = inf
q∈W
‖Q(∆t)−q‖1,T = inf

q∈W

∫ T

0

∫ ∞
−∞
|Q(∆t)−q|dxdt.

ê��{3�½�\�´»^�e�Âñ5´�

lim
∆t→0

dist(Q(∆t),W) = 0.

·�F"y²�N�Åð.�ª3�½­½5^�ekÂñ5.
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ÅðÆ�§Ð�¯Kf)Ø���ê��ªÂñ5�ºÂ!¼ê�m�;5

O;5 (precompactness) Ú;5 (compactness)

Definition

3D��m¥�8ÜK ¡�´O;8, XJK ¥�?�Ã¡S
��3Âñ�fS�ÂñuTD��m¥,:.

Definition

3D��m¥�8ÜK ¡�´;8, XJK ¥�?�Ã¡S�
�3ÂñuK ¥,:�fS�.

;8�½´O;8. ��Ø,.

(0, 1) ⊂ R O;�Ø;. { 1
n}
∞
n=1 ⊂ (0, 1), lim

n→∞

1

n
= 0 6∈ (0, 1).

[0,∞) ⊂ R Ø´O;8.

Rn ¥�k.8Ü´O;8. Rn ¥�k.48´;8.
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ÅðÆ�§Ð�¯Kf)Ø���ê��ªÂñ5�ºÂ!¼ê�m�;5

¼ê�m�;5

ïÄV­ÅðÆ�, ~^¼ê�mL1,T = {v : ‖v‖1,T <∞}.

L1 = {v : ‖v‖1 <∞} ¥�k.48��Ø´;8. ~X

vj(x) =

{
1, j < x < j + 1,

0, otherwise.

K {vj}∞j=1 ⊂ B1 = {v : ‖v‖1 ≤ 1} vkÂñf�.

L1 ¥k;|8�¼ê�k.48��Ø´O;8. ~X

vj(x) =

{
sin(jπx), |x | ≤ 1,

0, |x | > 1.
Ø�33L1 ¥Âñ�f�.

5: ò�~¥� {vj}∞j=1 À� C∞0 (R) þ�k.�5�¼S�, K

k vj
∗
⇀ 0, = ∗-fÂñu".

¯K: XÛ�x L1,T ¥� (O) ;8º
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ÅðÆ�§Ð�¯Kf)Ø���ê��ªÂñ5�ºÂ!¼ê�m�;5

L1 ¥k�Ó;|8�oC���k.�8Ü´;8

1 ?�k;|8 [−M,M] �k.C�¼ê v(x) �L«�
v(x) = v+(x)− v−(x), Ù¥ v+(x) =

∫ x
−∞(v ′(s))+ds,

v−(x) = v+(x)− v(x) ��KüNO¼ê, �÷v

v+(−M) = v−(−M) = 0, v+(M) = v−(M) = TV (v)/2.∫ ∞
−∞
|v(x)| dx ≤

∫ M

−M
max{v+(x), v−(x)} dx ≤ M · TV (v).

2 k.«mþ���k.�KüN¼ê8Ü3L1 ¥´;8.

3 L1 ¥k�Ó;|8�oC���k.�8Ü´;8. =8
Ü {v ∈ L1 : TV (v) ≤ R, supp(v) ⊂ [−M,M]} ´ L1 ¥�
;8.
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ÅðÆ�§Ð�¯Kf)Ø���ê��ªÂñ5�ºÂ!¼ê�m�;5

L1,T ¥k�Ó;|8�oC���k.�8Ü´;8

·�½Â q(x , t) 3«� R× [0,T ] þ�oC��

TVT (q) = limε→0
1

ε

∫ T

0

∫ ∞
−∞
|q(x + ε, t)− q(x , t)| dxdt

+ limε→0
1

ε

∫ T

0

∫ ∞
−∞
|q(x , t + ε)− q(x , t)| dxdt.

L1,T ¥k�Ó;|8�oC���k.�8Ü´;8, =

K(R,M) = {q ∈ L1,T : TVT (q) ≤ R,

supp(q(·, t)) ⊂ [−M,M], ∀t ∈ [0,T ]}

´ L1,T ¥�;8.
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ê��ª�oC�­½5 (TV-­½5)

��¼ê�oC�Úê��{�TV ­½5

U½Â, þ!��þ½Â�¼êQ(∆t)(x , t) �oC��

TVT (Q(∆t)) =

T/∆t∑
n=0

∞∑
j=−∞

[∆t|Qn
j+1 − Qn

j |+ ∆x |Qn+1
j − Qn

j |]

=

T/∆t∑
n=0

[∆tTV (Qn) + ‖Qn+1 − Qn‖1].

Definition

¡��ê��{´TV-­½�, XJé?¿�½�àÏþ¼
ê f (q), äk;|8�TV k.�Ð� q0, Ú T > 0, �3
∆t0 > 0, R > 0 Ú M > 0, ¦�, � ∆t < ∆t0 �, dT�{�)
�ê�)Ñ÷v Q(∆t) ∈ K(R,M).
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ê��ª�oC�­½5 (TV-­½5)

�N�Åð.�ª�TV-­½5

é�N�Åð.�ª, ±e½n�Ñ
ÙTV-­½5��´u�
y�^�.

Theorem

�äkÛÜ Lipschitz ëYê�ÏþF n
i−1/2 �Åð.�ª÷v: é

?�k;|8TV k.�Ð� q0, Ú T > 0, ∃∆t0 > 0, R > 0,
s.t. TV (Qn) ≤ R, ∀∆t < ∆t0, n∆t ≤ T .

KÙ7�TV-­½�.

y²: dÐ�äk;|8Úê�)DÂ�Ýk�� {Q(∆t)}t≤T
äk;|8. d TV (Q(∆t)) �L�ª (12.52), �Iy²∃α > 0,
s.t. ‖Qn+1 − Qn‖1 ≤ α∆t, ∀∆t < ∆t0, n∆t ≤ T , Òk

TVT (Q(∆t)) =

T/∆t∑
n=0

[∆tTV (Qn) + ‖Qn+1 − Qn‖1] ≤ (R + α)T .
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ê��ª�oC�­½5 (TV-­½5)

�N�Åð.�ª�TV-­½5—— y²(Y)

,��¡, d Q(∆t) äk;|8ÚTV (Qn) ≤ R � |Qn
i | ≤ R/2.

Ï
dÅð.�ª Qn+1
i = Qn

i −
∆t
∆x (F n

i+1/2 − F n
i−1/2) 9Ùê�

ÏþF n
i−1/2 = F(Qn

i−p, · · · ,Qn
i+r ) äkÛÜ Lipschitz ëY5�

|Qn+1
i −Qn

i | = ∆t
∆x |F

n
i+1/2−F n

i−1/2| ≤
∆t
∆xK

∑r
j=−p |Qn

i+j+1−Qn
i+j |.

¤±

‖Qn+1 − Qn‖1 = ∆t
∞∑

i=−∞
|F n

i+1/2 − F n
i−1/2|

≤ ∆tK
∞∑

i=−∞

r∑
j=−p

|Qn
i+j+1 − Qn

i+j | = ∆tK
r∑

j=−p
TV (Qn).

�α = K (p + r + 1), =� ‖Qn+1 − Qn‖1 ≤ α∆t. �
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��5ÅðÆ�§ª�k�NÈ{

�N�TV-­½�Åð.�ª�Âñ5½n

�N�TV-­½�Åð.�ª´Âñ�

Theorem

�Ð� q0 k;|8�TV k.. � Q(∆t) ´däkÛÜ
Lipschitz ëYê�ÏþF n

i−1/2 ��,ÅðÆ�§ª�N�TV-­

½�Åð.�ª�)�ê�)S�. � W ´TÅðÆ�§ª�
AÐ�¯K�f)8. K

lim
∆t→0

dist(Q(∆t),W) = 0.

=�ª´Âñ�.

y²: �y{. � ∃ ε > 0, lim
j→∞

∆tj = 0, s.t. dist(Q(∆t),W) > ε.

dTV-­½5�∃R, M > 0, s.t. Q(∆tj ) ∈ K(R,M), ∀j .
dK(R,M) ;, Ø���3 v ∈ L1 s.t. lim

j→∞
‖Q(∆tj ) − v‖1,T = 0.

Ï
d Lax-Wendroff ½n, v ∈ W. ù� dist(Q(∆t),W) > ε gñ.
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Lecture 8: Chap. 12

��5ÅðÆ�§ª�k�NÈ{

�N�TV-­½�Åð.�ª�Âñ5½n

Ð��;|8b��U�Ð�3;|8	� ql Ú qr

5 1: {v ∈ L1 : TV (v) ≤ R, v(x) = vl , x < −M; v(x) = vr , x > M},
{q ∈ L1,T : TVT (q) ≤ R, q(x , t) = ql , x < −M; q(x , t) = qr , x > M;
∀t ∈ [0,T ]} ©O´ L1 Ú L1,T ¥�;8.

5 2: ±þÂñ5½n�í2�Ð�3;|8	� ql Ú qr ��/.

5 3: 3A^¥, �I�yê��{äk;|8TV-­½5=�.

5 4: ØÓS��UÂñ�ØÓf). ���∆t ¿©�, Kê�)o�
,�f)éC. AO/, ��{�÷vlÑ�^��, Q(∆t) Âñu�).

5 5: du��5�§|�)��Ø´TV k.�, ¤±±þ�{��
ØU^uy²��5�§|�/ê��{�Âñ5.

5 6: éup���5�§ª, �±y² TVD �{���´���.

5 7: éu��5�§ª, kÙ§Ø^TV-­½5�Âñ5©Û�{.
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��: 12.1, 12.2, 12.3.

Thank You!


	非线性守恒律方程式的有限体积法
	非线性守恒律方程式的 Godunov 方法
	Godunov 方法的波的传播形式 �� 涨落、波与波速
	Godunov 方法的波的传播形式 �� 涨落、波与波速、跨声速稀疏波与熵校正
	数值粘性与做熵校正的另一类方法 �� Lax-Friedrichs 格式和 局部Lax-Friedrichs 格式
	Godunov 方法的波的传播形式 �� 全稀疏波选择的 Engquist-Osher 方法
	E-格式
	高分辨率TVD 格式、采用守恒型格式的重要性
	Lax-Wendroff 定理 �� 相容的守恒型格式的数值解的极限是弱解
	离散熵条件 �� 相容的守恒型格式的满足离散熵条件的数值解的极限是熵解
	单调格式及其非线性稳定性和收敛性
	守恒律方程初值问题弱解不唯一时数值格式收敛性的涵义、函数空间的紧性
	数值格式的总变差稳定性(TV-稳定性)
	相容的TV-稳定的守恒型格式的收敛性定理


