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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª

��5�6¯K —— ��5ÅðÆ�§ª��.¯K

��5�6¯K

{zb�:

1 �6�Ý q(x , t) (�ýê/�ý���Ý), 0 ≤ q(x , t) ≤ 1;

2 ü��, �� u = U(q) =�6u�6�Ý;

3 Ï�6þ� f (q) = U(q)q (ÏL�ýê/ü �m);

4 ddí� q(x , t) ÷v�ÅðÆ�§: qt + (U(q)q)x = 0.

51: é�5�6¯K u = u(x), �:$Ä;,�A��Ü, 
��5�KØ,. ���1¨�Ý�6u�6�Ý�, K�Ñ�
ÎÜ¢S���5�6�..

52: 3�Ù, ·��Ä��5ÅðÆ�§ª qt + f (q)x = 0, Ù
¥ f (q) ´ q ���5¼ê, = f ′′(q) 6≡ 0. ?�Úb½ f ′′(q)
ØCÒ, =ð�½öðK. d�Ú¡ f (q) �àÏþ(�(Ø�à]Ã'�).
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª

��5�6¯K —— ��5ÅðÆ�§ª��.¯K

��5�6¯K�~

�U(q) = umax(1− q), 0 ≤ q ≤ 1, �p��� umax.

f (q) = umaxq(1− q), f ′(q) = umax(1− 2q).

f ′′(q) = −2umax < 0.

1 k ý���� X ′k(t) = U(q(Xk(t), t)) = U((Xk+1(t)− Xk (t))−1).

A���§ X ′(t) = f ′(q(X (t), t)) < U(q(X (t), t)).

dcü^��, ��=� f (q) ��5�, ;,´A��.

dÅðÆ, ÷A��, q �~ê, Ïd, A��´��.

zý�31¨L§¥¬B�A��(f ′(q) < U(q)), ���
¬ÏdØäCz.
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��5ÅðÆ�§ª

��5�6¯K —— ��5ÅðÆ�§ª��.¯K

��5�6¯K�~ —— ¥m��üàÅìCD�1wÐ©©Ù

��6�ÝÐ©©Ù�¥m��,  üàÅìCDªu~�.

Kl�?¨5��ý¬Äkduc¡��6�Ý�5��
Åì~�(U(q) = umax(1− q) > umax(1− 2q) = f ′(q)).

éu·�8c��.¯K, �ã�m�¬�)-Å. -Åc
���ÝÚ��¬ka�mä.

�ýBL-Å�, duc¡��6�ÝÅìC�, ��Åì
O\, l/¤DÕÅ.

)�«¿ã�ã 11.1 £p. 205¤.
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��5ÅðÆ�§ª

��5�6¯K —— ��5ÅðÆ�§ª��.¯K

��5�6�~ —— Ð©� x < 0, q = q0 <
1
2
, x > 0, q = q1 >

1
2

�6�ÝÐ©©Ù: x < 0, q = q0 <
1
2 ; x > 0 q = q1 >

1
2 .

�à�A��Ý f ′(q0) = umax(1− 2q0) > 0, cà�A��
Ý f ′(q1) = umax(1− 2q1) < 0.

/¤�Ý� s =
f (q1)− f (q0)

q1 − q0
= 1− (q0 + q1) �-Å).

�ýBL-Å�, c¡��6�ÝÍ,O\, ��×=~�.

q0 + q1 > 1 �, p�Ýå©:�£, ´¹�z; ��KUõ.

)�«¿ã�ã 11.2 £p. 206¤.
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��5ÅðÆ�§ª

��5�6¯K —— ��5ÅðÆ�§ª��.¯K

��5�6�~ —— Ð©� x < 0, q = q0 >
1
2
, x > 0, q = q1 <

1
2

�6�ÝÐ©©Ù: x < 0, q = q0 >
1
2 ; x > 0 q = q1 <

1
2 .

�à�A��Ý f ′(q0) = umax(1− 2q0) < 0, cà�A��
Ý f ′(q1) = umax(1− 2q1) > 0.

duiù¯K�)÷L":����~ê, Ïd3I/«�
f ′(q0) < x/t < f ′(q1) þ)�L«� q(x , t) = q̃(x/t) = q̃(ξ).

dA���§ X ′(t) = f ′(q̃(ξ)), ÷A��k x = f ′(q̃(ξ))t.

dd�¥%DÕÅ) q̃(ξ) = (f ′)−1(ξ) (∵ f à, ∴ f ′ �_).
é·��~k q̃(ξ) = 1

2 (1− ξ
umax

), = q(x , t) = 1
2 (1− x

umaxt
).

)�«¿ã�ã 11.3 £p. 207¤.

6 / 43
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��5ÅðÆ�§ª

[�5/ª���5ÅðÆ�§ª9ÙA��

[�5/ª���5ÅðÆ�§ª�A�����

[�5/ª���5ÅðÆ�§ª: qt + f ′(q)qx = 0.

A���§: X ′(t) = f ′(q(X (t), t)).

)÷A��÷v d
dt q(X (t), t) = qt + qxX

′(t) = 0, =)÷A
���~ê. ÏdA��´��, �)�L«� q(X (t), t)
= q(X (0), 0) , q̃(X (0)), Ù¥ q̃(ξ) �Ð©�Ý©Ù¼ê.

�L (x , t) :�A��� x-¶u ξ, K�A�A���§�
x = ξ + f ′(q(x , t))t = ξ + f ′(q(ξ, 0))t = ξ + f ′(q̃(ξ))t.

3A��pØ����ã (0 ≤ t ≤ T ) Sù�Ñ
 ξ ��
gCþ (x , t) �Û¼ê'X x = ξ + f ′(q̃(ξ))t.
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��5ÅðÆ�§ª

[�5/ª���5ÅðÆ�§ª9ÙA��

[�5/ª���5ÅðÆ�§ª�A�����

dÛ¼ê½n, e 1+f ′′(q̃(ξ))q̃ξ(ξ)t 6= 0, K ξ ÛÜ���).

- tb = −1
minξ[f ′′(q̃(ξ))q̃ξ(ξ)] , K� tb < 0, 0 < t <∞, ½tb > 0,

0 < t < tb �, l x-¶Ñu�A��ÑpØ��.

Ïd�±þ^�¤á�,Û¼ê�§k��) ξ(x , t).

� t > tb > 0 �, l x-¶Ñu�A��7,¬�)��
y�. d�)Ø21w (�SK 11.1), ´¬Ñy-Å.

AO/, � f ′′ > 0 �, eÐ©©Ù÷v q̃ξ ≥ 0, K)1w.

� f ′′ < 0 �, eÐ©©Ù÷v q̃ξ ≤ 0, K)1w.

��, � f ′′ > 0 �, eÐ©©Ù÷v q̃ξ < 0, k-Å�).

� f ′′ < 0 �, eÐ©©Ù÷v q̃ξ > 0, k-Å�).
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��5ÅðÆ�§ª

�6¯K´ f ′′ < 0 ��{ü�~f, ÃÊ Burger’s �§K´ f ′′ > 0 ��{ü�~f

ÃÊ Burger’s �§

ÃÊBurger’s �§: ut +
(

1
2u

2
)
x

= 0. {¡Burger’s �§.

[�5/ª�Burger’s �§: ut + uux = 0.

�©��Ê5�� Burger’s �§: ut +
(

1
2u

2
)
x

= εuxx .

ÃÊBurger’s �§£�)[�5/ª�¤���{ü���
5ÅðÆ�§3�{ïÄ¥Ók��/ .

'�6NåÆ¥�ÄþÅð�§ (ρu)t + (ρu2 + p)x = 0, �
�ÃÊ Burger’s �§äk�Ù�q���55.

Ó�, �Ê5�� Burger’s �§�Ê56N�ÄþÅð�§
�äk�q���55.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�DÕÅÚØ Å

�6¯K�DÕÅ)

±�6¯K qt + (umax(1− q)q)x = 0 �~.

�Ð©�6�Ý©Ù÷v qx(x , 0) < 0, =�ÝüN~.

u´A���ÇX ′(0) = umax(1− 2q(x , 0)) üNO.

A��x�ÅìÑm���x. Ty�¡�DÕz, )��
AÜ©¡�DÕÅ (�ã 11.4(a), 11.5(a)(b) Å¸c).

du�ý31¨L§¥¬B�A��(f ′(q) < U(q)), Ïd�
ý31¨L§¥�� U(q) = umax(1− q) üNO.

é�½�÷v qx(x , 0) < 0 �1wÐ©©Ù, �±ÏLA�
�{¦�1wDÕÅ) (�ã 11.4(a), p. 209).

é ql > qr �iù¯KÐ©©Ù, �±¦�¥%DÕÅ)
q̃(x/t) = 1

2 −
1

2umax
x/t (�ã 11.3(b), p. 207).
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�DÕÅÚØ Å

�6¯K�Ø Å)

�Ð©�6�Ý©Ù÷v qx(x , 0) > 0, =�ÝüNO.

u´A���ÇX ′(0) = umax(1− 2q(x , 0)) üN~.

� t ���, A��x�Åì�C���x, )��AÜ©
¡�Ø Å (�ã 11.5(a) Å¸�).

du�ý31¨L§¥¬B�A��(f ′(q) < U(q)), Ïd�
ý31¨L§¥�� U(q) = umax(1− q) üN~.

é�½�÷v qx(x , 0) > 0 �1wÐ©©Ù, � t ���,
�±ÏLA��{¦�1wØ Å) (�ã 11.5(a)).

� t ��, =A�����, �§Ø2k1w). d�, A
��{ò�Ñ�Ôn) (�ã 11.4(b) Ú11.5(b) Å¸�).
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— Ê5��{!�¡È{K!-Å�Ý� Rankine-Hugniot ^�

^Ê5��{¦)��5ÅðÆ�§ª

éu���Ð©�6�Ý©Ù, AT�ÄÙÈ©/ª�Åð
Æ�§ª, ¿�Ä¦÷vÈ©/ª�ÅðÆ�§ª�f).

��±�Ä\Ê5��§ª: qt + f (q)x = εqxx .

\Ê5��§ªØ2´V.�, ´�Ô.�. é?¿�
½� ε > 0, Ù)´�Û1w�.

� ε→ 0+ �, �A�)x qε ò3�½¿ÂeÂñu��
5ÅðÆ�§ª�f), §��´�¯K�Ôn).

Ê5��{g¦)íNÄåÆ�§|. 3 qxx �?, Ê5
é)�K��±�ÑØO, u´��.¯K qt + f (q)x = 0.

�3-ÅNC, εqxx ��^Ø��Ñ.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— Ê5��{!�¡È{K!-Å�Ý� Rankine-Hugniot ^�

A��{ + �¡È{K ⇒ ÔnØ -Å)

3A�����c, A��{�ÑÅðÆ�§ª�1w).

3A������, A��{K�ÑÅðÆ�§ª�õ��
�Ôn) (�ã 11.4(b), 11.5(b)).

3A������/¤�ÅðÆ�§ª�ÔnØ -Å)�
dA��{ + �¡È{K�� (�ã 11.6(a), (b)).

�¡È{K: �-Å}K�Å�¡ÈTÐ�I�WÖ±/¤
-Å�¡È�� (��ã 15(b)). ¯¢þ, dÅðÆk∫ xr

xl

qsdx =

∫ xr

xl

qmdx .

�¡È{K�AÛ)º: -Å3)õ�«�S/¤� �T
¦Ø -Å)¤��¡È�õ�)¤��k�¡È��.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— Ê5��{!�¡È{K!-Å�Ý� Rankine-Hugniot ^�

-ÅDÂ�Ý9ÙRankine-Hugniot ^�

¦+|^�¡È{K�±O�-Å3�½��� �, �%
Ã{��O�-ÅDÂ�Ý s(t).

éuÅðÆ�§ª�á�1w-Å), =)3-Å�üý�
�S©O1w, �k1w�-ÅDÂ�Ý s(t), K�dÅð
Æí� s �{üO�úª.

¯¢þ, �-ÅL (x1 + ∆x , t1) Ú (x1, t1 + ∆t) ü:, Kd
ÅðÆk (�ã 11.7, éAu-Å�Ý s(t) < 0)∫ x1+∆x

x1

q(x , t1 + ∆t)dx −
∫ x1+∆x

x1

q(x , t1)dx

=

∫ t1+∆t

t1

f (q(x1, t))dt −
∫ t1+∆t

t1

f (q(x1 + ∆x , t))dt
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— Ê5��{!�¡È{K!-Å�Ý� Rankine-Hugniot ^�

-ÅDÂ�Ý9ÙRankine-Hugniot ^�

ò)9ÙÏþ3-Åüý©O� Taylor Ðm, Kþªz�

∆xqr −∆xql = ∆tf (ql)−∆tf (qr ) + O(∆t2).

5¿, 3¤��/, ∆x = −s(ξ)∆t. þªüàÓØ± −∆t,
- ∆t → 0 �Rankine-Hugniot a�mä^�:

s(qr − ql) = f (qr )− f (ql).

é-ÅL (x1, t1) Ú (x1 + ∆x , t1 + ∆t) ü:��/, aq�
í��±���Ó�(Ø: s[|q|] = [|f |]. (�í2��§|)

~ 1: �6¯K, f (q) = umaxq(1− q), s = umax[1− (ql + qr )].

~ 2: Burger’s �§, f (q) = 1
2q

2, s = ql+qr
2 .

5: �f (q)´q��gõ�ª�, oks = f ′(ql )+f ′(qr )
2 = f ′(ql+qr

2 ).
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��5ÅðÆ�§ª

iù¯K��q5)�¥%DÕÅ

iù¯K�Ôn)´�q5)

�ÄiùÐ�: q(x , 0) =

{
ql , x < 0,

qr , x > 0.
.

� q(x , t) ´÷v�§ÚiùÐ�, �÷v�^��), ¡�
Ôn). K q̃(x , t; a) , q(ax , at), a 6= 0, �Ó�÷v�§!
iùÐ�Ú�^�. Ïd, q̃(x , t; a) �´Ôn).

dÔn)���5� q(x , t) ≡ q(ax , at) ≡ q( xt , 1), ∀a 6= 0.

(Ø: ÅðÆ�§ªiù¯K�Ôn)´�q5), =�±
�¤ q(x , t) = q̃(x/t).
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��5ÅðÆ�§ª

iù¯K��q5)�¥%DÕÅ

iù¯K�q5)¤÷v��§

ÅðÆ�§ªiù¯K�Ôn)3)1w�«�k
qt(x , t) = − x

t2 q̃
′(x/t), ±9 f (q)x = 1

t f
′(q̃(x/t))q̃′(x/t).

dd� q̃(x/t) ÷v�§ q̃′(x/t)[x/t − f ′(q̃(x/t))] = 0.

u´k

{
½ q̃′(x/t) = 0, =3�A«�S q̃ �~ê;

½ f ′(q̃(x/t)) = x/t.

(Ø: �3 ξl ≤ ξr , ÅðÆ�§ªiù¯K�Ôn)÷v

q̃(x/t) = ql , x/t < ξl ; q̃(x/t) = qr , x/t > ξr ;

f ′(q̃(x/t)) = x/t, ξl < x/t < ξr .

AO/, � f à�k q̃(ξ) = (f ′)−1(ξ), ξl ≤ ξ ≤ ξr .
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��5ÅðÆ�§ª

iù¯K��q5)�¥%DÕÅ

ÅðÆ�§ªiù¯K�¥%DÕÅ)

±�6¯K�~, f (q) = umaxq(1− q), 1 ≥ ql > qr ≥ 0.

d�k f ′(ql) = umax(1− 2ql) < umax(1− 2qr ) = f ′(qr ).

(f ′)−1(ξ) = 1
2

(
1− ξ

umax

)
, ¤± q̃(x/t) = 1

2

(
1− x

umaxt

)
.

� 1 ≥ ql > qr ≥ 0 �, �6iù¯K�Ôn)�¥%DÕÅ

q̃(x/t) =


ql , x/t < f ′(ql);

qr , x/t > f ′(qr );
1
2

(
1− x

umaxt

)
, f ′(ql) ≤ x/t ≤ f ′(qr ).
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

��5ÅðÆ�§ª�È©/ª�f)

ÅðÆ�§ª�È©/ª, ∀x1 < x2, t1 < t2,∫ x2

x1

q(x , t2)dx =

∫ x2

x1

q(x , t1)dx−
[ ∫ t2

t1

f (q(x2, t))dt−
∫ t2

t1

f (q(x1, t))dt
]
.

� q ¿©1w�ù�du
∫ t2

t1

∫ x2

x1
[qt + f (q)x ]dxdt = 0, ½∫∞

0

∫∞
−∞[qt + f (q)x ]χ[x1,x2]×[t1,t2]dxdt = 0 (Ù¥χ �A�¼ê).

òþª¥��êÀ�f�ê, òχ O��φ ∈ C∞0 (R× R+),
K�f)�½Â∫ ∞

0

∫ ∞
−∞

[qφt + f (q)φx ]dxdt =

∫ ∞
−∞

q(x , 0)φ(x , 0)dx .

�±y²÷v±þ½Â�f)�7,´È©/ªÅðÆ�§
ª�). ��½,.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

��5ÅðÆ�§ªf)�Ø��5

±þf)½Â�Ú\¦���5ÅðÆ�§ª3�½¿Âe
�y
Ð�¯K)��35, ¿�?�Ú�©Û�5
Nõ
�B. �f)¯K�J{E,´Ø·½�.

~X, � 1 ≥ ql > qr ≥ 0 �, �6iù¯K�f)kü�.

Ôn)´¥%DÕÅ

q̃(x/t) =


ql , x/t < f ′(ql);

qr , x/t > f ′(qr );
1
2

(
1− x

umaxt

)
, f ′(ql) ≤ x/t ≤ f ′(qr ).

�Ôn)´��Ý� s = 1
2 [f ′(ql) + f ′(qr )] �*Ü-Å.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

��5ÅðÆ�§ªf)�Ø��5

f)�Ø��5�Ly3ò��5ÅðÆ�§ª=z�f/
ª��ªþ.

�Ä Burger’s �§ ut +
(

1
2u

2
)
x

= 0, ±9�)1w��Ù

�d��§ (u2)t +
(

2
3u

3
)
x

= 0.

Burger’s �§�Åðþ� u, Ïþ¼ê� f1(u) = 1
2u

2.

���§�Åðþ� u2, Ïþ¼ê� f2(u2) = 2
3 (u2)

3
2 .

éu�½�iùÐ� ul > ur , ü�§�f)þ�-Å.

Burger’s �§�-Å�Ý s1 = [|f1|]
[|u|] = 1

2 (ul + ur ).

�ö�-Å�Ý s2 = [|f2|]
[|u|] = 2

3
u3
r−u3

l

u2
r−u2

l
= s1 + 1

6
(ur−ul )2

ur+ul
.

�é�Ôn), Äk�²(Ôn�ÅðþÚ�A�Ïþ, Ù
g7L�üØ�Ôn�*Ü-Å.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

Ôn)�A�(���N5^�!�^��Ú\

Ôn)'u�6ÄAT´½�, *Ü-ÅØ´�6Ä
½� (�ã 11.4(a)), Ïd*Ü-ÅØ´Ôn).

\Ê5�ÅðÆ�§ª�)�Ê5ªu"�, �¬��Ø 
-ÅÚDÕÅ. �±y²Ê5��)´Ôn).

Ê5��)3©Ûþäk��^, �éJ��òÊ5��
)A^u��5VÅðÆ�§Ôn)�CqO�.

3íNÄåÆ�Ôn¯K¥, Ôn)��O\, �Ôn)
��~�, dd�Ñ
�OÔn)��^�. 3vk��¯
K¥, äkaqõU��N5^��¡��^�.

Ø -Å^�éN´�y. âduÐÑ
���A�(��
'��N5^�, ½�^�.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

Lax �^�

Definition

éuà�ÅðÆ�§ª, ��mä�DÂ�Ý s = [|f |]
[|q|] ¡�´÷

v Lax �^��, XJ f ′(ql) > s > f ′(qr ).

5¿, éuàÏþ, = f ′′ ð�½ðK, R-H �Ý s 7,0u f ′(ql)
� f ′(qr ) �m. Ïd, Lax �^��±z{� f ′(ql) > f ′(qr ), ½

� f ′′ > 0 �, Lax �^�{z� ql > qr .

� f ′′ < 0 �, Lax �^�{z� ql < qr .

5: �íNÄåÆ¥��^�aq, Lax �^��â,�þÏL
mä�ü���üN55þOÔnmä.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

Lax �^�J±�Oê�)�,
mä´ÄÔn

=Bý)´1w�, ê�)���ØëY, ~X©¡~ê½©¡
õ�ª%C. Ïd, ê�)�mä�7�Ný)�mä. Lax �^
��Ñ�´ý)mä?�^�, éê�)¥@
¿��Ný)
mä�mäKÃ{�Ñ�ä.

�	 f ′′ > 0, q0
x ≥ 0, d�ý)�DÕÅ, ÏdÃmä. dA��

�§9)÷A���~ê�X (0) = X (t)− tf ′(q(X (t), t)). ¤±

q(x , t) = q0(x − tf ′(q(x , t))) ⇒ qx =
q0
x

1 + q0
x f
′′(q)t

.

e q0
x (x − tf ′(q(x , t))) = 0, K qx = 0; e q0

x (x − tf ′(q(x , t))) > 0,
K qx ≤ 1/(f ′′(q)t). P E = (inf f ′′)−1, K�ý)÷vØ�ª

qx(x , t) ≤ E/t, ∀ t > 0, x ∈ R.

� q0
x (X (0)) < 0 �, K t → −1

q0
x (X (0))f ′′(q0(X (0)))

⇒ qx(X (t), t)→ −∞ (-Å).
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

Oleinik �^�

,��¡, Ôn)�mä�¦ ql > qr . u´ÚÑ
±e��BA
^uê�O�� Oleinik �^�:

Definition

� f ′′ > 0, � q(x , t) ´ qt + f (q)x = 0 �f). XJ�3~ê
E > 0 ¦�

q(x + a, t)− q(x , t)

a
<

E

t
, ∀a > 0, t > 0, x ∈ R,

K¡ q(x , t) ´ÅðÆ��).

5: � f ′′ > 0 �, 3)�a�mä?, d Oleinik �^��±íÑ
ql > qr , Ïk f ′(ql) > f ′(qr ), = Lax �^�¤á.

SK: �Ñ f ′′ < 0 �� Oleinik �^�.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

Oleinik �^��íØ —— Ôn)äkÛÜk.C�

Oleinik �^���±À�Ôn)��K5^�. ¯¢þ, �
q(x , t) ��), �~êC1 > E , - u(x , t) = q(x , t)− C1x/t, Kk

u(x + a, t)− u(x , t) = q(x + a, t)− q(x , t)− C1a/t

< a(E − C1)/t < 0, ∀a > 0.

= u(x , t) 'u x ´üN�, lé?¿�½� t > 0, q(x , t)
'u x äkÛÜk.�C�.

dd�, =BÐ��´ L∞ �, � t > 0 �, �)�õ�Uk�ê
õ�a�mä, �A�??��. ù´��5Ak�y�. ,	,
�±y²�)´�3���.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

·^u�à��5ÅðÆ�§ª�Oleinik �^�

Oleinik ��Ñ
±e�{ü�´uí2��à��5ÅðÆ�
§ª� Oleinik �^�:

Definition

�à��5ÅðÆ�§ª�Ê5��)£�)¤3mä?÷v

f (q)− f (ql)

q − ql
≥ s ≥ f (q)− f (qr )

q − qr
,

∀ á3 ql Úqr ½Â�4«mþ� q.

5: � f à�, = f ′′ > 0 ½ f ′′ < 0 �, dT Oleinik �^��
±íÑ Lax �^�.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

�¼ê��Ïþ

�Ñ�^��,�a�{´½Â�¼ê��Ïþ.

Definition

� η′′(q) > 0, ∀q. ¡ η(q), ψ(q) �ÅðÆ�§ª qt + f (q)x = 0
��¼êÚ�Ïþ£{¡�é¤, XJéTÅðÆ�§ª�?Û
1w) q(x , t) Ú?¿� [x1, x2]× [t1, t2] Ñk∫ x2

x1

η(q(x , t2))dx =

∫ x2

x1

η(q(x , t1))dx

+

∫ t2

t1

ψ(q(x1, t))dt −
∫ t2

t1

ψ(q(x2, t))dt.

5: ½Â¥�ªf�À�ÅðÆ η(q)t + ψ(q)x = 0 �È©/ª.
e qt + f (q)x = 0 �?¿1w)Ñ´ η(q)t + ψ(q)x = 0 �f),
K¡ (η(q), ψ(q)) � qt + f (q)x = 0 ��é.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

�¼ê η(q), �Ïþ ψ(q) �Ïþ f (q) �'X

� q, f , η, ψ 1w�, d η(q)t + ψ(q)x = 0 �

η′(q)qt + ψ′(q)qx = 0.

dd±9 qt + f (q)x = 0 � −η′(q)f ′(q)qx + ψ′(q)qx = 0.

Ïd, 1w��¼ê��Ïþ7÷v'Xª

ψ′(q) = η′(q)f ′(q).

��, � f , η, ψ 1w, η′′ > 0, �þª¤á, K (η(q), ψ(q))
� qt + f (q)x = 0 ��é. �é��Ø��.

5: �¦ η′′(q) 6= 0 ´7��. ÄK, η(q) = q, ψ(q) = f (q) U½
Â´�é. ù���éw,ÃÏuþO�Ôn).
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

^�éLÑ�ÅðÆ�§ªf)��^�
Definition

ÅðÆ�§ª qt + f (q)x = 0 �f) q(x , t) ¡�´�), XJ�
3î�à��¼êÚ�Ïþ£�é¤ η(q), ψ(q), ¦�é?¿�
[x1, x2]× [t1, t2] Ñk∫ x2

x1

η(q(x , t2))dx ≤
∫ x2

x1

η(q(x , t1))dx

+

∫ t2

t1

ψ(q(x1, t))dt −
∫ t2

t1

ψ(q(x2, t))dt,

½�d/∫ ∞
0

∫ +∞

−∞
[φtη(q) + φxψ(q)]dxdt +

∫ +∞

−∞
φ(x , 0)η(q(x , 0))dx ≥ 0,

∀φ ∈ C∞0 (R× R+), φ ≥ 0.

(5: =�Ø�ª η(q)t + ψ(q)x ≤ 0 3f/ª¿Âe¤á.)

5: é�§|, Ôn¯KÏ~kÔn�¼ê, é¡|ok�¼ê η(q) = qTq.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

äkà�é�ÅðÆ�§�Ê5��)÷v�Ø�ª

� qε(x , t) ´Ê5�§ qεt + f (qε)x = εqεxx �) (o´1w�).

�§üàÓ¦± η′(qε) � η(qε)t + ψ(qε)x = εη′(qε)qεxx ⇔
η(qε)t + ψ(qε)x = ε[η(qε)]xx − εη′′(qε)(qεx)2.

þª¦±φ ∈ C∞0 (R× R+), φ ≥ 0, 3R× R+ ©ÜÈ©�∫ ∞
0

∫ +∞

−∞
[φtη(qε) + φxψ(qε)]dxdt +

∫ +∞

−∞
φ(x , 0)η(qε(x , 0))dx

= −ε
∫ ∞

0

∫ +∞

−∞
η(qε)φxxdxdt+ε

∫ ∞
0

∫ +∞

−∞
η′′(qε)(qεx)2φdxdt.

y� qε ��k., limε→0 q
ε(x , t) = q(x , t), in L1

loc(R× R+).

d η(qε) �k.5, þªmà1�� ε→ 0 �4�´".

d η′′(qε) > 0, þªmà1�� ≥ 0.
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��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

äkà�é�ÅðÆ�§�Ê5��)÷v�Ø�ª

d η Úψ �1w5Ú��Âñ½n�þª�àü��4�
�
∫∞

0

∫ +∞
−∞ [φtη(q) + φxψ(q)]dxdt Ú

∫ +∞
−∞ φ(x , 0)η(q(x , 0))dx .

Ïd q(x , t) ÷v�Ø�ª∫ ∞
0

∫ +∞

−∞
[φtη(q)+φxψ(q)]dxdt+

∫ +∞

−∞
φ(x , 0)η(q(x , 0))dx ≥ 0,

∀φ ∈ C∞0 (R× R+), φ ≥ 0.

5: ^í� R-H a�mä^���{, d�d�È©/ª��Ø�ª∫ x2

x1

η(q(x , t2))dx ≤
∫ x2

x1

η(q(x , t1))dx+

∫ t2

t1

ψ(q(x1, t))dt−
∫ t2

t1

ψ(q(x2, t))dt

�±aq/���)�a�mä^� s(η(qr )− η(ql)) ≥ ψ(qr )− ψ(ql).
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

|^�éÚ�Ø�ªþO�)�~

éBurger’s �§: ut + ( 1
2u

2)x = 0, � η(u) = u2,
ψ(u) = 2

3u
3. dR-H ^� s = ul+ur

2 .

d�Ø�ª s(η(ur )− η(ul)) ≥ ψ(ur )− ψ(ul) Ak

ul + ur
2

(u2
r − u2

l ) ≥ 2

3
(u3

r − u3
l ).

ddí�^� ul > ur . ù� Lax �^����(J��.

5: ¯¢þ, 3����¹e�±y²e q ÷v�Ø�ª, KÙ
7÷v Lax �^�.
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

��5àÅðÆ�§ª)���m1�� N-ÅP~

é?¿�½�äk;|8�1wÐ� u0(x), �Ä Burger’s
�§ ut + ( 1

2u
2)x = 0 Ð�¯K��).

3�Ð�ã, ¯K��)3 u0
x > 0 ?/¤DÕÅ, 3

u0
x < 0 ?/¤Ø Å.

�ã�m��, �ãØ Å�g�ª/¤eZ�-Å.

d��)deZ�ÝØÓ�-Å��mÙ¥�DÕÅ�¤.

du�-Å�Ý�ØÓ, k
-Å�m�ål¬Åì~�¿
�ªÜ¿��r�-Å. ,�
-ÅmKì1ì�.

ì1ì��-Åm´Åì.��DÕÅ (ìC�Ç 1/t, t � 1).

�ª�)uÐ�¥m´�ãìC�5�DÕÅ, üà�ì1
ì��-Å� N-Å (��U�k��-ÅÚ�ãDÕÅ).
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª

��5ÅðÆ�§ª�f) —— f)��d½Â!f)�Ø��5Ú�^�

��5àÅðÆ�§ª)���m1�� N-ÅP~

N-Å´��5àÅðÆ�§ªÐ�¯K�)�ÊHy�.

N-Åy�L²��5àÅðÆ�§ª�)�Ð©&E3u
ÐL§¥A�¿��¦.

¯¢þ, z�g-ÅÜ¿��X�gØ�_�&E¿�. �
ªl?¿Ð�Ñu��)ÑuÐ¤�A�Ã{«O�N-Å.

DÕÅ�4�/G�Ïþ f k', �k� f ´�g¼ê�
�ª�DÕÅ´ìC�5� (��d q(x , t) = q0(x − tf ′(q(x , t)))

k qx =
q0
x

1+q0
x f
′′(q0)t

, Ïd t � 1 ����Ç�� 1/(f ′′(q0)t)).
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

d��5�ê�¦)�5�#�(J

��5¯K�',

ê��ª�½5ÚÂñ5�nØ©Û�\(J.

ê��{7L�Äkmä�), ¦f)´7L�.

f)��Ø��, I�ê��{�·��ê��^��N.

��y¦���5ÅðÆ�§ª�Cq), 7Læ^Åð.
��©�ª (k�NÈ�ª)

Qn+1
j = Qn

j −
∆t

∆x

(
F n
i+1/2 − F n

i−1/2

)
.

¦+Xd, ¦�5¯K��
�{Úg�Ek����¿Â.
~X, REA �{(Üiù¯K¦)ì�g´.
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

d��5�ê�¦)�5�#�(J

��5¯K�',

ê��ª�½5ÚÂñ5�nØ©Û�\(J.

ê��{7L�Äkmä�), ¦f)´7L�.

f)��Ø��, I�ê��{�·��ê��^��N.

��y¦���5ÅðÆ�§ª�Cq), 7Læ^Åð.
��©�ª (k�NÈ�ª)

Qn+1
j = Qn

j −
∆t

∆x

(
F n
i+1/2 − F n

i−1/2

)
.

¦+Xd, ¦�5¯K��
�{Úg�Ek����¿Â.
~X, REA �{(Üiù¯K¦)ì�g´.
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — ÏL)iù¯KO�ê�Ïþ F n
i−1/2

REA �{ÄkO��c��Åðþ�ü�²þ�, ,�ÏL
)iù¯KO�e��mÚÅðþ�ü�²þ�.

PQ↓i−1/2 = q↓(Qn
i−1,Q

n
i ) � xi−1/2 ?�Aiù¯K��).

iù¯K��)´�q5), Ïd)÷�� xi−1/2 �~ê.

�∆t ÷vCFL ^��, ��ü�.¡þiù¯K�)¤�
)�Å3���mÚSØ¬DÂ�Ù§ü��.¡.

- F n
i−1/2 = f (Q↓i−1/2) K�� Godunov �ª.

� f î�à (]) �, iù¯K��)´-Å½¥%DÕÅ.
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — f î�à�iù¯K��)

± f ′′ > 0 �~, ql > qr �´-Å; ql < qr �´¥%DÕÅ.

Q↓i−1/2 ���©� 5 «�¹ (�ã 12.1(a)—(e)).

(a). Qi−1 > Qi , -Å; -Å�Ý s = [|f |]
[|q|] < 0, Q↓i−1/2 = Qi .

(b). Qi−1 < Qi , ¥%DÕÅ; f ′(Qi ) < 0, Q↓i−1/2 = Qi .

(c). Qi−1 < Qi , ¥%DÕÅ; f ′(Qi−1) <0 = f ′(qs) < f ′(Qi ),

Q↓i−1/2 = qs . qs = (f ′)−1(0) ¡�(�:.

(d). Qi−1 < Qi , ¥%DÕÅ; f ′(Qi−1) > 0, Q↓i−1/2 = Qi−1.

(e). Qi−1 > Qi , -Å; -Å�Ý s = [|f |]
[|q|] > 0, Q↓i−1/2 = Qi−1.
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Lecture 7: Chap. 11 & Chap. 12.1

��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — f î�à�ê�Ïþ F n
i−1/2 �O�

du·��I�O�iù¯K��)3 xi−1/2 ?�� Q↓i−1/2,

±þ©Û�?�Ú{z. �ÄDÕÅ(b), (d) ��Ôn-Å).

d f ′(Qi−1) < f ′(Qi ) < 0, � s = [|f |]
[|q|] < 0, � q̃↓i−1/2 = Qi .

d 0 < f ′(Qi−1) < f ′(Qi ), � s = [|f |]
[|q|] > 0, � q̃↓i−1/2 = Qi−1.

dd��, Ø
ª(�DÕÅ�/ f ′(Qi−1) <0 = f ′(qs) < f ′(Qi ),

d�Q↓i−1/2 = qs , Ù{�/þ�U-Å (ÃØ´ÄÔn) ?n. =

F n
i−1/2 =


f (Qi−1), Qi−1 > qs , s > 0;

f (Qi ), Qi < qs , s < 0;

f (qs), Qi−1 < qs < Qi .
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��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — f î�à��)Ïþ F n
i−1/2 �O�

±þ©ÛL², � f ′(Qi−1) � f ′(Qi ) ÓÒ�, �)�ê�ÏþT
�HºÏþ. � f ′(Qi−1) � f ′(Qi ) ÉÒ�, &EÓ��ü��
�DÂ, Ïþ�O�KÑ�E,. ØL5¿�

f ′(qs) = 0, f ′′ > 0, ¤±qs ´ f ��Û���:;

3DÕÅ�^� (b), (c), (d) e, Q↓i−1/2 = min
Qi−1≤q≤Qi

f (q);

3-Å�^� (a), (e) e, Q↓i−1/2 = max
Qi≤q≤Qi−1

f (q).

Ïd, f î�à (f ′′ > 0) ��)ÏþF n
i−1/2 ���q�L«�

F n
i−1/2 =


min

Qi−1≤q≤Qi

f (q), Qi−1 ≤ Qi ;

max
Qi≤q≤Qi−1

f (q), Qi < Qi−1.
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��5ÅðÆ�§ª�k�NÈ{

��5ÅðÆ�§ª� Godunov �{

Godunov �{ — f î�à��)Ïþ F n
i−1/2 �O�

5: du f ′′ > 0, Ïdqk

max
Qi≤q≤Qi−1

f (q) = max{f (Qi−1), f (Qi )};

¤±, f î�à (f ′′ > 0) ��)ÏþF n
i−1/2 ���q�{z�

F n
i−1/2 =


min

Qi−1≤q≤Qi

f (q), Qi−1 ≤ Qi ;

max{f (Qi−1), f (Qi )}, Qi < Qi−1.

z f î�] (f ′′ < 0) ��)ÏþF n
i−1/2 ���úª3�SK.
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��: 11.4, 11.5, 11.8(c), 11.9.

Thank You!
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