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Lecture 13: Chap. 17, § 17.11 —; Chap. 18; Chap. 19, § 19.1

��²ïÆ

�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

kÑ\���5�6¯K

�Ä�5�6�§ qt + ūqx = Dδ(x − x0), Ù¥ ū ��� (�~ê),
q ∈ [0, 1] ��6�Ý (²þ�ýê/ü ��Ý), D ´ü �m3 x0

??\�6��ýê (\� D > 0, Ñ�D < 0).

�ÄiùÐ� ql (x < x0), qr (x > x0).

^©Ú{ (~Xê�5�§�U\�n) ¦):

qt + ūqx = 0, iù¯K�)
q∗(x , t) = ql + (qr − ql)H((x − x0)− ūt).

Û5��z: �6�Ý�Oþ= D/ū, 0 < x − x0 < ūt.

iù¯K�): q(x , t) = q∗(x , t) + D
ū H(x0)H(ūt − (x − x0)).

5: T)('�(16.33))��ÏL3§16.3.1 ¥- v = 0, u = ū, −β = ū,

d (16.28) 9 ψ(x , t) = −βo
q2
x(x) = Dδ(x − x0) ��.
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��²ïÆ

�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

�$ÄÛ5�²ïÆ�§���){—— f/ª

�Ä$ÄÛ5�²ïÆ�§ qt + f (q)x = Dδ(x − X (t)), Ù¥
x = X (t) ´Û5��1w$Ä;,, $Ä�Ý�X ′(t) = s(t).

� s(t) > 0, �: (x1, t1), (x1+∆x , t1+∆t) Ñá3 x =X (t) þ,
Kd²ïÆ�§�f/ªk∫ x1+∆x

x1

q(x , t1 + ∆t)dx −
∫ x1+∆x

x1

q(x , t1)dx

=

∫ t1+∆t

t1

f (q(x1, t))dt −
∫ t1+∆t

t1

f (q(x1 + ∆x , t))dt

+

∫ t1+∆t

t1

∫ x1+∆x

x1

Dδ(x − X (t))dxdt.
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��²ïÆ

�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

�$ÄÛ5�²ïÆ�§���){—— R-H ^�

� x = X (t) ´f)��á�mä�, �f)3 x = X (t) ��

�¥1w. 5¿
∫ x1+∆x
x1

Dδ(x − X (t))dx ≡ D, 3±þf/ª¥

-∆t → 0 �4�� s(qr − ql) = f (qr )− f (ql)− D.

aq/�±©Û s(t) < 0 Ú s = 0 ��/. (Jo(��$ÄÛ
5�²ïÆ�§f)�Rankine-Hugoniot a�mä^�

s(qr − ql) = f (qr )− f (ql)− D.

5: ±þ©ÛL§�L², e�¥��¹�ÛÉÜ©, �ÛÉ
Ü©��Ø¬UC Rankine-Hugoniot a�mä^�.
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��²ïÆ

�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

kÑ\���5�6�§iù¯K�)

E�ÄiùÐ�� ql (x < x0), qr (x > x0) ��5�6�§
qt + ūqx = Dδ(x − x0) �iù¯K, Ù¥ ū ��� (��~ê),
q ∈ [0, 1] ��6�Ý (²þ�ýê/ü ��Ý), D ´ü �m3 x0

??\�6��ýê (\� D > 0, Ñ�D < 0).

ùp s = 0, f (q) = ūq. �D > 0, dRankine-Hugoniot a�mä
^��¥mG� qm ÷v qm − ql = D/ū. Ïdiù¯K�)�

q(x , t) =


ql , (x − x0)/t < 0;

ql + D/ū, 0 < (x − x0)/t < ū;

qr , (x − x0)/t > ū.
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��²ïÆ

�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

kÑ\����5�6�§iù¯K�)

�ÄiùÐ�� ql (x < 0), qr (x > 0) ���5�6�§
qt + f (q)x = Dδ(x) �iù¯K, Ù¥ f (q) = umaxq(1− q).

��5`, ±þiù¯K�)�Ukü�¥mG� qm,l , qm,r . ql
Ú qm,l �m�iù¯K)�¹��Å�≤ 0 �Å, qm,r Ú qr �
m�iù¯K)�¹��Å�≥ 0 �Å, f (qm,r )− f (qm,l) = D.

~ 1: ql =qr =0.4, D =0.008umax. K qm,l =0.4, qm,r = 1−
√

0.008
2

≈ 0.45527864 > 0.4 = qr , ¤±qm,r Ú qr �m�iù¯K)´�
¥%DÕÅ, ÙÅ�©Ù3 [umax(1− 2× qm,r ), umax(1− 2× qr )]
≈ [0.089442719umax, 0.2umax]. (�ã 17.6(a), umax = 1, t = 20).

=� f (ql) + D ≤ 0.25umax (��Ïþ)�, � qm,l = ql , ¿� qm,r ≤ 0.5
÷v f (qm,r ) = f (qm,l) + D.
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�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

kÑ\����5�6�§iù¯K�)

~ 2: ql =qr =0.4, D =0.012umax. K qm,r =0.5, qm,l = 1+
√

0.048
2

≈ 0.60954451 > 0.4 = ql . ¤±qm,r Ú qr �m�iù¯K)´�
¥%DÕÅ, ÙÅ�©Ù3 [umax(1− 2× qm,r ), umax(1− 2× qr )]

≈ [0, 0.2umax]. ql Ú qm,l �m´�Å�� s =
f (qm,l )−f (ql )

qm,l−ql ≈
−0.00954451umax ��D-Å. (�ã 17.6(b), umax = 1, t = 20).

=� f (ql) + D > 0.25umax �, � qm,r = 0.5, ¿� qm,l > 0.5 ÷v
f (qm,r ) = f (qm,l) + D, i.e. f (qm,l) = 0.25umax − D. AO/, �
D = 0.25umax �, f (qm,l) = 0, x < 0 Ü©´ã®���×k.

5 1: ��5`, ¦ql Ú qm,l �m�iù¯K)�¹��Å
�≤ 0 �Å, qm,r Ú qr �m�iù¯K)�¹��Å�≥ 0 �
Å, Ó� f (qm,r )− f (qm,l) = D �¥mG�é qm,l , qm,r ¿Ø�
�. ~X, qm,r =0.495, qm,l≈0.60965856 �÷v�¦.
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��²ïÆ

�Û5�²ïÆ�§�){ —— �Û5��~: kÑ\���6¯K

kÑ\����5�6�§iù¯K��)

5 2: f)� qm,l Ú qm,r �m�a�mäØ÷v Lax-�^�, $
�Ø÷vOleinik �^�. ~X, ql =qr =0.4, D =0.012umax �, ¤
kf)Ñk f ′(qm,l) < 0 ≤ f ′(qm,r ). ~ 2 �Ñ�)´¤kf)¥
��Cu÷v Lax-�^��, =¦ (f ′(qm,r )− f ′(qm,l)) ����
� (AÏ¿Âe��)).

5 3: e qm,l Ú qm,r ´¤k¦ ql Ú qm,l �miù¯K)¹�÷
v Lax �^��Å�≤ 0 �Å, qm,r Ú qr �miù¯K)¹�÷
v Lax �^��Å�≥ 0 �Å, �÷v f (qm,r )− f (qm,l) = D �
f)¥ qm,l Ú qm,r �m�a�mä¦ (f ′(qm,r )− f ′(qm,l)) ��
��, K¡Tf)�kÑ\����5�6�§iù¯K��).
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��²ïÆ

[·�¯K�p©EÇ){

[·�¯K�p©EÇ){

©Ú{��Ø�·^u[·�, = f (q)x �ψ(q) Ñ'��, �
ψ(q)−f (q)x≈0 �¯K. d�, ��Ä¦^±e�©�.�{:

ò�lÑz¤8¥3�ü�.¡?� delta-¼ê�Ú.

�§CqL«� qt + f (q)x =
∑

i ∆xΨi−1/2(t)δ(x − xi−1/2).

3 tn, xi−1/2 ?�ÄÐ��Qi−1, Qi �±e�§�iù¯K

qt + f (q)x = ∆xΨi−1/2(t)δ(x − xi−1/2).

Tiù¯K�)Ø
¹�ü>DÂ�Å�	, ��¹��
3 xi−1/2 ?�a�mä.
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��²ïÆ

[·�¯K�p©EÇ){

[·�¯K�p©EÇ){

±þiù¯KÏ~I�Cq¦). ~X, ^ Âi−1/2q �O f (q) �

iù¯K�5zCq¦)�{, Ù¥ Âi−1/2 ´dQi−1, Qi û½�
Cq Jacobi Ý
.

3 tn, xi−1/2 ?�ÄÐ��Qi−1, Qi �±e�§�iù¯K

qt + Âi−1/2qx = ∆xΨn
i−1/2δ(x − xi−1/2).

Tiù¯K�)��d± Âi−1/2 �A��Ý spi−1/2 = λ̂pi−1/2

DÂ�A�ÅWp
i−1/2 = αp

i−1/2r̂
p
i−1/2, Ú��d delta-��

)�÷vR-H a�mä^� Âi−1/2(Q↓r − Q↓l ) = ∆xΨi−1/2

�ü�¥mG� Q↓l , Q↓r .
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[·�¯K�p©EÇ){

[·�¯K�p©EÇ){

ü�¥mG�Q↓l , Q↓r ÚA�Å÷v'Xª

Âi−1/2Q
↓
l − Âi−1/2Qi−1 =

∑
p:sp

i−1/2
<0

spi−1/2W
p
i−1/2,

Âi−1/2Qi − Âi−1/2Q
↓
r =

∑
p:sp

i−1/2
>0

spi−1/2W
p
i−1/2,

u´�

Âi−1/2(Qi − Qi−1)−∆xΨi−1/2 =
m∑

p=1

spi−1/2W
p
i−1/2,
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[·�¯K�p©EÇ){

[·�¯K�p©EÇ){

£�3Roe �{¥, ef)T��-Å�, �5z�{��
ÑÓ��-Å. ù�¦ Âi−1/2(Qi −Qi−1) = f (Qi )− f (Qi−1).

ùp·�JÑaq��¦(±þ©ÛL²ùE�ÏLRoe �{¢y). =

f (Qi )− f (Qi−1)−∆xΨi−1/2 =
m∑

p=1

spi−1/2W
p
i−1/2.

^ Âi−1/2 �A��þ|�Ïþ�©)

f (Qi )− f (Qi−1)−∆xΨi−1/2 =
m∑

p=1

βpi−1/2r̂
p
i−1/2.

¿-

Wp
i−1/2 = αp

i−1/2r̂
p
i−1/2, αp

i−1/2 =

{
βpi−1/2/s

p
i−1/2, spi−1/2 6= 0,

0, spi−1/2 = 0.
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[·�¯K�p©EÇ){

[·�¯K�p©EÇ){

- (�p.315 (15.10))

A−∆Qi−1/2 =
m∑

p=1

(spi−1/2)−Wp
i−1/2, A

+∆Qi−1/2 =
m∑

p=1

(spi−1/2)+Wp
i−1/2.

B�½Âp©EÇ�ª (�p.362 363 (15.62), (15.63))

Qn+1
i = Qn

i −
∆t

∆x
(A−∆Qi+1/2+A+∆Qi−1/2)−∆t

∆x
(F̃i+1/2−F̃i−1/2),

Ù¥ F̃i−1/2 =
1

2

m∑
p=1

|spi−1/2|
(

1− ∆t

∆x
|spi−1/2|

)
W̃p

i−1/2.

5: ±þ�{��Øäk/ªþ���°Ý, 3�l²ï���
UØX©Ú{, �éu[·�¯K%kÙÕA�`³. Ï�, §8
4
 f (Qi )− f (Qi−1)−∆xΨi−1/2 ('��þ) é)��z.
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��²ïÆ

��²ïÆ —— �� delta-¼êf5��²ïÆ�§

�� delta-¼êf5��Burgers �§

�Ä ut + 1
2 (u2)x = ψ(u), Ù¥ψ(u) = 1

τ u(1− u)(u − β), ë
ê τ > 0 Ï~é�, 0 < β < 1.

�ÄODE u′(t) = ψ(u(t)). du ψ(0) = ψ(1) = ψ(β) = 0,
ψ′(0) < 0, ψ′(1) < 0, ψ′(β) > 0, Ïd, u = 0, 1 ´ODE �
½�²ï:,  u = β K´ODE �Ø½�²ï:.

l?ÛÐ�
o
u 6= β Ñu, ODE �)ÑòìCÂñu 0

(
o
u < β), ½ 1 (

o
u > β). τ ��Âñ�¯.

� τ é��, �§ ut + 1
2 (u2)x = ψ(u) �)¬3éá��m

Süz¤�Cq� 0, 1 m��F¼ê (3
o
u B�β ?uÐ

ÑC�a�mä�(�).

14 / 45



Lecture 13: Chap. 17, § 17.11 —; Chap. 18; Chap. 19, § 19.1

��²ïÆ

��²ïÆ —— �� delta-¼êf5��²ïÆ�§

�� delta-¼êf5��Burgers �§

� τ é��, ±þüzL§��mºÝ��ué6���m
ºÝ. Ïd, é�þã��Burgers �§��Ð�¯K�)
�üzL§�ïÄ�Cq{z�éiùÐ�� ul =0, ur =1,
½ ul = 1, ur = 0 �iù¯K)�ïÄ.

�iùÐ�� ul = 1, ur = 0 �, Ã��Burgers �§iù
¯K�)´��-Å, dRankine-Hugoniot a�mä^�-
Å�Ý� s = 1/2. T-Å�TÐ´�þã��Burgers
�§iù¯K�) (�3T-Åþ���").

�iùÐ�� ul = 0, ur = 1 �, Ã��Burgers �§iù
¯K�)´��¥%DÕÅ. �d�å���^´òá
3 (0, β) m� u  0 ., Ó�òá3 (β, 1) m� u  1 ..
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��²ïÆ —— �� delta-¼êf5��²ïÆ�§

�� delta-¼êf5��Burgers �§

¥%DÕÅòmä��1�^Ú�ò�1�¼ê.�mä
��^¬3,�AÏ ��p²ï. ù�²ï �Ò´·�
�Ï¦�1Å): u(x , t) = w( x−stτ ) (�p.402 ã17.7(a)).

ò1Å)�\�§ ut + 1
2 (u2)x = ψ(u) �ODE

−sw ′+ww ′ = w(1−w)(w−β), ⇒ w ′ =
w(1− w)(w − β)

w − s
.

d�¯K�iùÐ��w ÷v^�w(−∞) = 0, w(∞) = 1.

e s < β, Ké?¿�max{0, s} < w < β, w ′ < 0, Ïd, ÷
vw(−∞) = 0 �)7÷vw < β ⇒ w(∞) < 1.

e s > β, Ké?¿�min{1, s} > w > β, w ′ > 0, Ïd, ÷
vw(∞) = 1 �)7÷vw > β ⇒ w(−∞) > 0.
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��²ïÆ

��²ïÆ —— �� delta-¼êf5��²ïÆ�§

�� delta-¼êf5��Burgers �§

Ïd, =� s = β �, â�Uk·�I��).

d�ODE �z�w ′ = w(1− w), Ù÷vÃ¡�^��)�

w(ξ) =
eξ

1 + eξ
=

1

2
[1 + tanh(ξ/2)].

5 1: eò 1
2u

2 �¤���(f ′′ > 0�)Ïþ¼ê f (u), �y s = f ′(β).

5 2: �ψ(w((x − st)/τ)) 3°Ý�O(τ) �«��	���C
��", 3T«��S�����O(1/τ) þ? (�ã17.7(b)).

5 3:
∫∞
−∞ ψ(w((x − st)/τ))dx = 1

2 − β (� (17.81), (17.82))

⇒ limτ→0 ψ(w((x − st)/τ)) = ( 1
2 − β)δ(x − st).

5 4: 1Å)��Ý s �6u�3é��ºÝ��Sk¢�Cz
���(�, ù¬�3�o���þ¦Cq)�5(J.
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��²ïÆ

²ïÆ�§�){ —— �f5�¯K�ê�(J

�f5��V�§'f5ODE �ê�(J�î

f5ODE 3��ã�m�, )Ò��á3
ú6/NC.

�f5��V�§�)%o3��«�S�lú6/.

±�§ qt + f (q)x = ψ(q) �Godunov ©�{�~.{
f¯KA: qt + f (q)x = 0,

f¯KB: qt = ψ(q).

e=�u¦)f5ODEf¯KB, ÛªF/úª (� (17.41))
Qn+1

i = Q∗i + ∆t
2 [ψ(Q∗i ) + ψ(Qn+1

i )] iAk{ (∵ A-½).

�ÛªF/úª3)�§ qt + f (q)x = ψ(q) �Godunov ©
�{¥?nf5�f¯KB �%åØl% (�p.406 ã17.8).

5: ODE �{Qn+1 =R(z)Q∗ ¡�´A-½�, XJ |R(z)|≤1, ∀z ∈
{z ∈ C : Re(z) ≤ 0}; e�k lim|z|→∞ R(z) = 0, K¡�´ L-½�.
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��²ïÆ

²ïÆ�§�){ —— �f5�¯K�ê�(J

�f5��V�§�ê�(J

3)�§ qt + f (q)x = ψ(q) �Godunov ©�{¥?nf5
�f¯KB �, 7Læ^ L-½�ODE ê��{.

ã 17.9 w«
æ^�� L-½�TR-BDF �{O�f5
�f¯KB �Godunov ©�{�ê�(J. �±wÑ, �,
�Ø
��Ú�ÔnG�, �3g©EÇ��þ�ê�1Å
)��Ý²wØé. ¯¢þ, d��Ý��d��ºÝû½ (p.408).

�Ï´A-Ú�ê�Ê5¬�1mä (��uý)�LÞ«
�), ùE¤B-Ú¥f5��LÝ�A, ��z�Cz
¿�XÅ��Cz (ë�p.404, s = 1

2 − D).

��(J3u�§ qt + f (q)x = ψ(q) + εqxx �)k5�

lim
τ→0

(
lim
ε→0

qτ,ε
)
6= lim

ε→0

(
lim
τ→0

qε,τ
)
. ~f�p.409 (17.92), (17.93)

�þã4����^S�, K��O,
�§�tµz�{.
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��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

²ï�Ú²ï'Xª

3NõÔn¯K¥, �|G�CþkeZ²ï�. �G�C
þ l²ï��, XÚ¬ò§�×=.£�,�²ï�.

�kNõÔn¯K, Ù?u²ï���|G�Cþ÷v��
�²ï'Xª.

�Ä±eü��§��.¯K (0 < τ � 1, a > 0):{
ut + vx = 0,

vt + aux = f (u)−v
τ .

²ï�'X� v = f (u). � v 6= f (u) �, 1���§¬×=
òÙ.£�²ï�NC (Ø
3 ux �~����éÄ��
A«S).
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��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

tµXÚ —— gA�^�

�G�Cþ©ª?u²ï�, Ï÷v²ï'X v = f (u).
K�.¯K�z�A��Ý� f ′(u) ���5ÅðÆ�§ª

ut + f (u)x = 0.

�.¯K�¡�´Ù�z�§�tµXÚ.

5¿, e�z�§�A� |f ′(u)| >
√
a, KtµXÚ, ÙA�

�Ý� λ± = ±
√
a (��Ã'), �)� τ → 0 �, Ø�U

Âñu�z�§�) (dCFL ^�).

ddÚÑgA�^�: |f ′(u)| ≤
√
a. ½���/, �z�§

�A��Ý4uàg�.�§�A��Ý.

��.¯K÷vgA�^�, � 0 < τ � 1 �, �z�§�
±3g©EÇ��þ�Ñ�.¯K�Ð�Cq).

�.¯K÷vgA�^��, �^uCqO��z�§�).

21 / 45



Lecture 13: Chap. 17, § 17.11 —; Chap. 18; Chap. 19, § 19.1

��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

tµXÚ9Ù�z�§�~—— ��{ü�ê��~

íNÄåÆî.�§�À�´�¹d©fm-EÚå���
½zÆ�²ï��Ônþ�°(��.��z�§.

c¡ïá��6�§Kb½iÅU3]mò�����nØ
þ�½�²ï�Ý, Ïd, �´�E,XÚ��z�§.

�ÄtµXÚ
{
ut + vx = 0,

vt + ux =
1
2
u2−v
τ ,

Ð�� ul = 1, ur = 0, vl = f (ul) = 1/2, vr = f (ur ) = 0 �i
ù¯K�), ¿òÙ��z�§ (Burgers �§) �Aiù¯
K)�'�. p.412 ã17.10 w«
©Ú{�Ñ�ê�(J.
�� τ → 0 �, tµXÚ�)ÂñuBurgers �§�).

��5¿, 3 τ = 0.001 �, �,±þê�(J´3g©EÇ
��þ���, �ê�)éÐ/%C
Burgers �§�).
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��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

�zCþ!tµCþ�Chapman-Enskog Ðm

1 3tµXÚ
{
ut + vx = 0,

vt + aux = f (u)−v
τ ,

¥, Ï~¡ u ��zCþ, v �tµCþ.

2 du limτ→0 v = f (u), �±�k±eChapman-Enskog Ðm

v(x , t) = f (u(x , t)) + τv1(x , t) + τ2v2(x , t) + · · · .

3 òChapman-Enskog Ðm�\tµXÚ�1���§�

ut + f (u)x = −(τv1 + τ2v2 + · · · )x .

4 òChapman-Enskog Ðm�\tµXÚ�1���§�

f ′(u)ut + [τv1 + τ2v2 + · · · ]t + aux = −(v1 + τv2 + · · · ).
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��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

tµCþ�Chapman-Enskog Ðm�p��z�§

5 ò (4) ¥� ut ^ (3) O�, ¿Ü¿ τ ���Óa��

(v1 − f ′(u)f (u)x + aux) + τ [v2 − f ′(u)v1x + v1t ] + · · · = 0.

6 Ïdk v1 = −[a− f ′(u)2]ux . òÙ�\ (3) ����z�§

ut + f (u)x = τ(β(u)ux)x ,

Ù¥β(u) = a− f ′(u)2. Ón, �íÑ�p���z�§.

7 ���z�§·½�¿�^�´tµXÚ÷vgA�^�.
d�, τ(β(u)ux)x � ("�) �z�§\þ
Ê5�. 5¿,
��tµXÚ\þ�	�Ê5� εuxx �, 4�L§ limτ→0,
limε→0 ���^S⇒ ^tµXÚCqO��zXÚ�1.

8 �Ø÷vgA�^��, tµXÚ�UØ½. ØL f (u) �
��55�k��U¬å�½z��^£p.413¤.
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��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

tµ�ª

NõÅðÆ�§Ñ´�°(�tµXÚ��z�§. ���
z�§�'�tµ¯KCþ��, )�(�Ï~��{ü,
�, duvkf5�ÚCzì���A«�, O�JÝ
Ï~��$.

�z�§3CqO�¢StµXÚ�å��©���^.

,��¡, 3¦)ÅðÆ�§| ut + f (u)x = 0 �, �±�Ä
<�/Ú\tµCþ v ÚtµXÚ{

ut + vx = 0,

vt + Aux = f (u)−v
τ ,

Ù¥Ý
A �½é¡, |λ(f ′(u))| ≤ maxλ(A) (gA�^�).

�´uO�, ��A = diag(λ1, · · · , λm), 0 < λi < λj , i < j .
��ATÄuéÅðÆ�§|�¯��úÅ���O, ±(
�÷vgA�^�.
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��²ïÆ

²ïÆ�§�){ —— ²ï�!tµXÚÚgA�^�

tµ�ª�~

éNõ¢S¯K, $��±3 τ → 0 �¿ÂeA^tµ�ª. ~
X, e¡�Ñ����mÚ¥©Ú{/ª�tµ�ª:

1 ±Un, V n �Ð�, )àg�5V�§{
ut + vx = 0,

vt + Aux = 0,

(JP�U∗, V ∗.

2 ±U∗, V ∗ �Ð�, )=¹��ODE ut = 0, vt = f (u)−v
τ .

�Ù3 τ → 0 ¿Âe�)�e��mÚ�Cq):{
Un+1 = U∗,

V n+1 = f (Un+1).

5: ±þ�ª=·^uf5�Ø¬étµXÚ3g©EÇ��
þ�O��5ê�(J�¯K(=µlimτ→0, limε→0 ���^S, Ù¥ ε �ê�Ê5).
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1�lÙµp�V.¯K

p�ÅðÆ�V.�§�/ª

¢S¯K¥�ÅðÆÚVXÚ¥��mCþÏ~Ñpu��.

��ÅðÆk±e/ª: qt + f (q)x + g(q)y = 0, Ù¥
q(x , y , t) ´dm �Åðþ|¤��þ, f (q), g(q) ©O� x-
Ú y -���Åðþ�þ q �Ïþ£�þ¤¼ê.

��[�5V.�§|��k±e/ª
qt + A(q, x , y , t)qx + B(q, x , y , t)qy = 0.

n�ÅðÆk±e/ª: qt + f (q)x + g(q)y + h(q)z = 0.

n�[�5V.�§|��k±e/ª
qt+A(q, x , y , z , t)qx+B(q, x , y , z , t)qy+C (q, x , y , z , t)qz = 0.

5: Ý
∇qf , ∇qg , ∇qh, A, B, C L÷vV.^� (� § 18.5).
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1�lÙµp�V.¯K

��Ún��mV.�§�½Â
Definition

~Xê���5 �©�§| qt + Aqx + Bqy = 0 ¡�´ (r)
V.�, XJé?¿�ü �þ~n = (nx , ny ), Ă = (nxA + nyB)
�¢é�z.  �©�§| qt + f (q)x + g(q)y ¡�´ (r) V
.�, XJ f̆ ′(q) = (nx f ′(q) + nyg ′(q)) é?¿�ü �þ
~n = (nx , ny ) �¢é�z.

Definition

~Xê���5 �©�§| qt + Aqx + Bqy + Cqz = 0 ¡�´
(r) V.�, XJ Ă = (nxA + nyB + nzC ) é?¿�ü �þ
~n = (nx , ny , nz) �¢é�z.

 �©�§| qt + f (q)x + g(q)y + h(q)z = 0 ¡�´ (r) V
.�, XJ f̆ ′(q) = (nx f ′(q) + nyg ′(q) + nzh′(q)) é?¿�ü 
�þ~n = (nx , ny , nz) �¢é�z.

5µaq/�½Âî�V..
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1�lÙµp�V.¯K

p�ÅðÆ�§�í�

��ÅðÆ�§�í�

?�Åðþ q ½Â�¥�1w«�Ω, KΩ ¥oÅðþ�C
z��5guBL1w>. ∂Ω �Ïþ. =

d

dt

∫
Ω
q(x , y , t)dx dy =BL ∂Ω ?\Ω �ÀÏþ.

P~f (q) = (f (q), g(q)), P~n(s) = (nx(s), ny (s)) � ∂Ω þ
: (x(s), y(s)) ? ∂Ω �ü 	{�þ.

K3 (x(s), y(s)) :?÷��~n(s) �Ïþ�

~n(s) · ~f (q(x(s), y(s), t)) = nx(s)f (q) + ny (s)g(q).

dd�/BL ∂Ω ?\Ω �ÀÏþ0= −
∫
∂Ω ~n · ~f (q)ds.
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Lecture 13: Chap. 17, § 17.11 —; Chap. 18; Chap. 19, § 19.1

1�lÙµp�V.¯K

p�ÅðÆ�§�í�

��ÅðÆ�§�í�

P ~∇ · ~f (q) = f (q)x + g(q)y , KdÑÝ½nk∫
∂Ω ~n · ~f (q)ds =

∫
Ω
~∇ · ~f (q)dx dy .

nÜ±þ©Û�È©/ª�ÅðÆ�§

d

dt

∫
Ω
q(x , y , t)dx dy = −

∫
Ω

~∇ · ~f (q)dx dy .

∫
Ω
q(x , y , t2) =

∫
Ω
q(x , y , t1)−

∫ t2

t1

∫
∂Ω
~n · ~f (q)ds dt.

e q, ~f ¿©1w, KdΩ �?¿5, =�Ñ�©/ª�Åð
Æ�§

qt + ~∇ · ~f (q) = 0.
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1�lÙµp�V.¯K

p�ÅðÆ�§�í�

n�ÅðÆ�§

?� q ½Â�¥�1w«�Ω, P~f (q) = (f (q), g(q), h(q)),
P~n(s) = (nx(s), ny (s), nz(s)) � ∂Ω þ: (x(s), y(s), z(s))
? ∂Ω �ü 	{�þ. P

f̆ (q) = ~n · ~f (q, t) = nx f (q) + nyg(q) + nzh(q),

~∇ · ~f (q) = f (q)x + g(q)y + h(q)z .

K�aq/íÑÈ©/ªÚ�©/ª�ÅðÆ�§

d

dt

∫
Ω
q(x , y , t)dx dy = −

∫
Ω

~∇ · ~f (q)dx dy .

∫
Ω
q(x , y , t2) =

∫
Ω
q(x , y , t1)−

∫ t2

t1

∫
∂Ω
~n · ~f (q)ds dt.

qt + ~∇ · ~f (q) = 0.
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1�lÙµp�V.¯K

p��m�é6�§

���m�é6�§

�®����m¥6N�6�~u = (u(x , y , t), v(x , y , t)).

� q(x , y , t) ´6N¥,Ô���Ý (�þ/¡È).

KTÔ��Ïþ¼ê�~f (q) = (f (q), g(q)) = ~uq, =

f = u(x , y , t)q(x , y , t), g = v(x , y , t)q(x , y , t).

Ïd�AÏ�ÅðÆ�§: é6�§

qt + (uq)x + (vq)y = 0.

AO/, ~6� (ū, v̄) �é6�§�

qt + ūqx + v̄qy = 0.

T�§Ð�¯K�)� q(x , y , t) =
o
q(x − ūt, y − v̄ t).
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1�lÙµp�V.¯K

p��m��Ø 6�§

���m��Ø 6

�ÄïáG��§� p = P(ρ) ����Ø 6�§.

Åðþ��þÚÄþ. P q1 = ρ ��þ�Ý (�þ/¡È),
(u, v) ��Ý�þ, (q2, q3) = (ρu, ρv) �Äþ�Ý.

x-��Ïþ f (q) =

 ρu
ρu · u + p
ρv · u

 =

 q2

(q2)2/q1 + P(q1)
q2q3/q1

,

y -��Ïþ g(q) =

 ρv
ρu · v

ρv · v + p

 =

 q3

q2q3/q1

(q3)2/q1 + P(q1)

.
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1�lÙµp�V.¯K

p��m��Ø 6�§

���m��Ø 6

dd��Ñ���Ø 6�§: qt + f (q)x + g(q)y = 0:
ρt + (ρu)x + (ρv)y = 0,

(ρu)t + (ρu2 + P(ρ))x + (ρuv)y = 0,

(ρv)t + (ρv)x + (ρv2 + P(ρ))y = 0.

�§�[�5/ª: qt + f ′(q)qx + g ′(q)qy = 0, Ù¥

f ′(q) =

 0 1 0
−u2 + P ′(ρ) 2u 0
−uv v u

 , g ′(q) =

 0 0 1
−uv v u

−v2 + P ′(ρ) 0 2v

 .
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1�lÙµp�V.¯K

p��m��5(Å�§

���5(Å�§

���5(Å�§Ò´���Ø 6�§3�½�~G�
q0 = (ρ0, u0, v0) ?��5z�§ qt + f ′(q0)qx + g ′(q0)qy = 0.

A^¥~ò���5(Å�§��Cþ (p, u, v) ��§.

ù����5(Å�§���/ª�: qt + Aqx + Bqy = 0,
Ù¥

q =

pu
v

 ,A =

 u0 K0 0
1/ρ0 u0 0

0 0 u0

 ,B =

 v0 0 K0

0 v0 0
1/ρ0 0 v0

 ,
K0 = ρ0P

′(ρ0) ��Ø6N�NØ �þ.

AO/, �6N��µ6� u0 = v0 = 0 �k

q =

pu
v

 ,A =

 0 K0 0
1/ρ0 0 0

0 0 0

 ,B =

 0 0 K0

0 0 0
1/ρ0 0 0

 .
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Lecture 13: Chap. 17, § 17.11 —; Chap. 18; Chap. 19, § 19.1

1�lÙµp�V.¯K

p��mV.�§�½Â

���mV.�§�½Â

��V.�§| qt + Aqx = 0 �¦A �¢é�z, Ï?
Û1Å)q(x − λpt) 7÷vAq′ = λpq′.

3���m, ÷~n = (nx , ny ) DÂ�²¡Å q(x , y , t) =
q̆(~n · ~x − st) = q̆(nxx + nyy − st) XJ´��V.�§
| qt + Aqx + Bqy = 0 �), KATk (nxA + nyB)q̆′ = sq̆′.

Ïd, é?¿�ü �þ~n = (nx , ny ), Ă = (nxA + nyB) A
T�¢é�z.

Definition

~Xê���5 �©�§| qt + Aqx + Bqy = 0 ¡�´ (r)
V.�, XJé?¿�ü �þ~n = (nx , ny ), Ă = (nxA + nyB)
�¢é�z.  �©�§| qt + f (q)x + g(q)y ¡�´ (r) V
.�, XJ f̆ ′(q) = (nx f ′(q) + nyg ′(q)) é?¿�ü �þ
~n = (nx , ny ) �¢é�z.
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1�lÙµp�V.¯K

p��mV.�§�½Â

��(Å�§|�V5

é��(Å�§, P ŭ0 = ~n · ~u0, c0 =
√

K0/ρ0, Z0 = ρ0c0 K

Ă =

 ŭ0 nxK0 nyK0

nx/ρ0 ŭ0 0
ny/ρ0 0 ŭ0

, r̆1 =

−Z0

nx

ny

, r̆2 =

 0
−ny
nx

, r̆3 =

Z0

nx

ny

,
λ̆1 = ŭ0 − c0, λ̆

2 = ŭ0, λ̆
3 = ŭ0 + c0.

��=� AB = BA �, rV.�§| qt + Aqx + Bqy = 0
3C�w = R−1q eé�z�wt + Λxwx + Λywy = 0.

��(Æ�§|Ø�z�é��§|. Ïd, ��(Æ�§
|�)�(�AT'��(Æ�§|�)�(��´L: 1
�xA�ÅW 2 = α2r̆

2 �L�~n �����}�Å.
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1�lÙµp�V.¯K

p��mV.�§�½Â

n��mV.�§�½Â—– n�(Å�§�V5
Definition

~Xê���5 �©�§| qt + Aqx + Bqy + Cqz = 0 ¡�´ (r)

V.�, XJ Ă = (nxA + nyB + nzC ) é?¿�ü �þ
~n = (nx , ny , nz) �¢é�z.

 �©�§| qt + f (q)x + g(q)y + h(q)z = 0 ¡�´ (r) V.�,

XJ f̆ ′(q) = (nx f ′(q) + nyg ′(q) + nzh′(q)) é?¿�ü �
þ~n = (nx , ny , nz) �¢é�z.

én�(Å�§, P ŭ0 = ~n · ~u0, c0 =
√

K0/ρ, Z0 = ρ0c0 K

Ă =


ŭ0 nxK0 nyK0 nzK0

nx/ρ ŭ0 0 0
ny/ρ 0 ŭ0 0
nz/ρ 0 0 ŭ0

, r̆1 =


−Z0

nx

ny

nz

, r̆4 =


Z0

nx

ny

nz

,
λ̆1 = ŭ0 − c0, λ̆

2 = λ̆3 = ŭ0, λ̆
4 = ŭ0 + c0, r̆2, r̆3 ´1��©þ

� 0, � r̆1 ��, ��5Ã'�ü��þ (�L}�Å).
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1�lÙµp�V.¯K

��fY�§

��fY�§

3���Ø6�§¥ò ρ �� h (N�þ�Ý� 1, �Ý� h
�6N�¡�þ�Ý=� h), (du�Ý� h ?�Ør� gh,

¤±�Ýl 0 � h �¡þ�oØå�
∫ 1

0 ghdh = 1
2gh

2) òG
��§P(ρ) ��P(h) = 1

2gh
2, ���fY�§

ht + (hu)x + (hv)y = 0,

(hu)t + (hu2 +
1

2
gh2)x + (huv)y = 0,

(hv)t + (huv)x + (hv2 +
1

2
gh2)y = 0.

q =

 h
hu
hv

, f (q) =

 hu
hu2 + 1

2gh
2

huv

, g(q) =

 hv
hvu

hv2 + 1
2gh

2

.
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1�lÙµp�V.¯K

��fY�§

��fY�§�V5

dd�

f ′(q) =

 0 1 0
−u2 + gh 2u 0
−uv v u

, g ′(q) =

 0 0 1
−uv v u

−v2 + gh 0 2v

.
é~n = (nx , ny ), P ŭ = ~n · ~u, c =

√
gh, K

f̆ ′(q) = ~n · ~f ′(q) =

 0 nx ny

nxgh − uŭ ŭ + nxu nyu
nygh − v ŭ nxv ŭ + nyv

 ,
r̆1 =

 1
u − nxc
v − nyc

 , r̆2 =

 0
−ny
nx

 , r̆3 =

 1
u + nxc
v + nyc

 ,
λ̆1 = ŭ − c, λ̆2 = ŭ, λ̆3 = ŭ + c .
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1�lÙµp�V.¯K

��fY�§

��fY�§�²¡Åiù¯K

� (h, hu, hv) =´ (x , t) �¼ê. Kk h
hu
hv


t

+

 hu
hu2 + 1

2gh
2

hvu


x

= 0.

�ÄiùÐ� hl = 3, hr = 1, ul = ur = 0, vl 6= vr .

'�����lJ�fY�§ (� p.284 (13.63)), �d? v
�/ �cö¥φ �/ �Ó. cö�)�ã 13.20. T)3
�ö¥�Ôn)º� p.431 ã18.1 (v ��Ýmä´���
>mä, Ny�}�Å).

5: XJ6Nk��Ê5, K�>mä¬��1, �Ê5����
�UÑyKelvin-Helmholtz Ø½5(Ôny�). dd�éuÃÊ
6Nê�Ê5����¬K��>mä�ê�°ÝÚ½5.
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1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k��©{ —— Lax-Wendroff �ª

p�VÅðÆ�k��©{

Äk�u�Ä��þ!©Ù�Ý/��. �©{¥Qn
ij �

L q 3��: (xi , yj , tn) þ�Cq�, 3k�NÈ{¥Qn
ij

Ï~Cqý)���²þ�
Qn

ij ≈
1

∆x∆y

∫ yj+1/2

yj−1/2

∫ xi+1/2

xi−1/2
q(x , y , t)dx dy .

�©{���±A^Taylor ÐmÚ�§, ¿ò�û�¤·�
��û��{ò�§lÑ��©�ª.

~X, é���5V.�§| qt + Aqx + Bqy = 0, �)¿

©1w�, d�§k ∂jtq = [−(A∂x + B∂y )]jq.

òÙ�\Taylor Ðmª qn+1
ij = [q + ∆tqt + ∆t2

2 qtt + · · · ]nij �
qn+1
ij =

[
q −∆t(Aqx + Bqy )

+
∆t2

2
(A(Aqx)x +A(Bqy )x +B(Aqx)y +B(Bqy )y ) + · · ·

]n
ij
.
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1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k��©{ —— Lax-Wendroff �ª

��~Xê�5V.�§|� Lax-Wendroff �ª

é��~Xê�5V.�§| qt + Aqx + Bqy = 0 k

qn+1
ij =

[
q −∆t(Aqx + Bqy )

+
∆t2

2
(A2qxx + (AB + BA)qxy + B2qyy ) + · · ·

]n
ij
.

^¥%�û�O�A�û���°Ý� Lax-Wendroff �ª

Qn+1
ij = Qn

ij −
∆t

2∆x
A(Qn

i+1,j − Qn
i−1,j)−

∆t

2∆y
B(Qn

i ,j+1 − Qn
i ,j−1)

+
∆t2

2∆x2
A2(Qn

i+1,j − 2Qn
ij + Qn

i−1,j) +
∆t2

2∆y2
B2(Qn

i ,j+1 − 2Qn
ij + Qn

i ,j−1)

+
∆t2

8∆x∆y
(AB + BA)[(Qn

i+1,j+1 − Qn
i−1,j+1)− (Qn

i+1,j−1 − Qn
i−1,j−1)].
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Lecture 13: Chap. 17, § 17.11 —; Chap. 18; Chap. 19, § 19.1

1�ÊÙµp�VÅðÆ�ê��{

p�VÅðÆ�k�NÈ{

p�VÅðÆ�k�NÈ{

Lax-Wendroff �ª3)�mä½FÝé�?duê�ÚÑ¬
��ê���.

Nõ��k�NÈ{��{Ñ�±í2�p�. ~X, Hº
Ïþ, Ïþ��ì, p©EÇ���. �~��k�NÈ{�
8(�±ena:

1 �lÑÏþ��{ (k�NÈþÈ©/ª�ÅðÆ).

2 �lÑ+ Runge-Kutta �{ (ENO, WENO).

3 �ê©� (©Ú{, �O��{).
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��: 17.6, 17.9, 18.3, 18.4

Thank You!
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