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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

f ′(q) k­A����¯K¦)�5��
#(J

éu��5V­.�§|

� f ′(q) �¢é�z, �Ã­A���, Hugoniot :8�È©
­����Ñ
��ÛÜ/�IX0, =?¿ü� (��Ø
���) G� ql Ú qr m�ÏL p-Å^Së�å5, l
�
Ñ�Aiù¯K��q5).

� f ′(q) �¢é�z, �k­A���, 3G��m¥, ­A
��¤éA�A��þ���kÃ¡õ�. Ïd, òkÃ¡
õ^éAuTA���Hugoniot :8�È©­�®àu q
:. ù¦XÚ��
S3�ÛÜ/�IX0, l
�iù¯
K¦)�5(J.
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�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

f ′(q) k­A����¯K¦)�5��
#(J

k­A���, ~~¬ÑyÔn-ÅØ÷v Lax-�^� (=
p-x-ÅATkm− p + 1 xA��l�ý, p xA��lm
ý?\T-Å) �y�, ~¬��jØ  (undercompressive)
ÚLØ  (overcompressive) -Å, =?\-Å�oA��x
�ê8�u½õum + 1. ù��OÔn-Å�5(J. ,
	, J±©E-Å´=�x�, �¬�O��5(J.

·�ÏLA�{ü�~f5ÐÚ/@£�eÙ¥��
(J.
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�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

f ′(q) k­A���~—— �ÍÜ��5é6�§|

�Ä�ÍÜ��5é6�§|
[
q1

q2

]
t

+

[
ū 0
0 ū

] [
q1

q2

]
x

= 0.

é?��iùÐ� ql , qr , Ñ�±�W1 = qr − ql , s
1 = s2 = ū,

W2 = 0. ùØ¬�5¢��(J½¯K. ØL, ù�?n, Ù¥�
�©þ�a�mäò¦,��1w©þ�O���°Ý (p©E
Ç�{3)1w?kp�°Ý, �3a�mä?du¦^��ì

%C°Ýeü).

�Ð��{´�

[
q1
r − q1

l

0

]
,

[
0

q2
r − q2

l

]
, s1 = s2 = ū.


3��5ÍÜ�k­A���¯K¥, ATN�½ÂÅ±~�
Ø7��°Ý��¿Øw,.
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�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

f ′(q) k­A���~—— �ÍÜ�Burgers �§|

�Ä�ÍÜ�Burgers �§|

[
u
v

]
t

+
1

2

[
u2

v2

]
x

= 0.

Ù¥ q =

[
u
v

]
, f (q) =

1

2

[
u2

v2

]
, f ′(q) =

[
u 0
0 v

]
. dd�

λ1 = min{u, v}, λ2 = max{u, v}, �A�

r1 =

{
(1, 0)T , u < v ,

(0, 1)T , u > v ,
r2 =

{
(0, 1)T , u < v ,

(1, 0)T , u > v .

dd��, 3��m¥÷ u = v , 1-xÚ 2-xA��þ|Ñka�
mä (�ã 16.6(a)). 3 u = v ù^�þ, z���Ñ´A���,

ªLù^�üxA��þÑ¬^=90Ý. ùg,¬�|^È©
­�Ú Hugoniot :8¦)iù¯K�5(J.
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�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

f ′(q) k­A���~—— �ÍÜ�Burgers �§|

~X, e ql = (1, 0)T , qr = (3, 2)T (�ã 16.6(b)).

ÏL) u Ú v �g�Burgers �§iù¯K, ·��) u(x , t) ´
ë� ul = 1, ur = 3 �¥%DÕÅ (1 ≤ x/t ≤ 3), 
) v(x , t) ´
ë� vl = 0, vr = 2 �¥%DÕÅ (0 ≤ x/t ≤ 2). 3��m¥, T
)kü�¥mG� q∗l = (1, 1)T , q∗r = (2, 2)T ÚnãÈ©­�|
¤�n�¥%DÕÅ (�ã 16.6(b))

é 0 ≤ x/t ≤ 1, )÷ 1-È©­�d ql ë� q∗l . = v O;

é 1≤ x/t≤ 2, )÷ u=v -È©­�d q∗l ë� q∗r . u, v ÓO.

é 2 ≤ x/t ≤ 3, )÷ 2-È©­�d q∗r ë� qr . = u O.

5: éum = 2 �î�V­.�§|iù¯K, �¬k��¥m
G� q∗, ql � q∗ �m� 1-S(R), q∗ � qr �m� 2-S(R). þ~L
², é�î�V­.�§|iù¯K, )K�UE,�õ.
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�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

jØ -Å�~—— �ÍÜBurgers �§|iù¯K

E�Ä�ÍÜ�Burgers �§|

[
u
v

]
t

+
1

2

[
u2

v2

]
x

= 0.

�iùÐ� ql = (2, 0)T , qr = (0, 2)T . Ù)d�� u ��Ý

s =
1
2

22−0

2−0 =1 �-ÅÚ�� v �Å�d 0 � 2 �¥%DÕÅ|¤.

5¿, ùp-Å�Ý u¥%DÕÅÅ����S. -Å�mü
ý�G�©O� q∗l = (2, 1)T Ú q∗r = (0, 1)T . Ïdλ1(q∗l ) = 1,
λ2(q∗l ) = 2, λ1(q∗r ) = 0, λ2(q∗r ) = 1. dd�, �k 2-xA��l
�ý, 1-xA��lmýùüxA��?\-Å, 
Ø´î�V­
.m = 2 �Ak� 3 x. ù´��;.�jØ -Å.

,��¯K´, ·�Ãl��T-Å´ 1--Å�´ 2--Å.
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�
�²;���5V­.¯K

�î�V­.�§|9Ùiù¯K)�5��~

LØ -Å�~—— �ÍÜ�Burgers �§|iù¯K

Ó��Ä�ÍÜ�Burgers �§|

[
u
v

]
t

+
1

2

[
u2

v2

]
x

= 0.

e�iùÐ� ql = (5, 4)T , qr = (1, 2)T , KÙ)d�� u ��Ý

s =
1
2

52− 1
2

12

5−1 =3 �-ÅÚ�� v ��Ý s =
1
2

42− 1
2

22

4−2 =3 �-Å|

¤. Ïddλ1(ql) = 4, λ2(ql) = 5, λ1(qr ) = 1, λ2(qr ) = 2 �l-
Å�müý�küxA��?\T-Å.

ù´��;.�LØ -Å, �k 4x
Ø´ 3xA��?\-
Å. ·�Ó�Ãl��T-Å´ 1--Å�´ 2--Å.
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�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— fV­.�§|9Ùiù¯K)�5��~

fV­.�§|—— f ′(q) A��þ�¢ê, �Ø�¢é�z

·���, � f ′(q) A��þ�¢ê, k­A��λ, �'uλ �
AÛ­ê�uÙ�ê­ê�, f ′(q) Ø�¢é�z. �A��§|
¡�fV­.�§|. c¡¤ïÄ�¤knØÚ�{ÑØ·^u
fV­.�§|.

,��¡, ��A��þ�¢ê, �Ø�¢é�z�Ý
�±Ï
L?¿��6ÄC�¤��A��pÉ��¢é�z�Ý
.

Ïd�±��, ���rV­.�§|�A�Ø�¢é�z�Ý

Âñu��Ø�¢é�z�Ý
�, �AXÚ�)3dL§¥
AT¬LyÑ,«Û5. ·�F"dd�±
)�AfV­.�
§|�)�,
5�.
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�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— fV­.�§|9Ùiù¯K)�5��~

A�Ø�¢é�zrV­.�§|iù¯K)�5�

�Ä�§|

[
q1

q2

]
t

+

[
u β
0 v

] [
q1

q2

]
x

= 0.P A :=

[
u β
0 v

]
.

Ù¥β 6= 0, v < u. ·���	 u → v �)�5�. Äk, XêÝ

�A���λ1 = v , λ2 = u, r1 = (β, v − u)T , r2 = (1, 0)T .

R =

[
β 1

v − u 0

]
, R−1 =

1

u − v

[
0 −1

u − v β

]
, R−1AR =

[
v 0
0 u

]
.

- u=v+ε, ε > 0. ?�iùÐ� ql , qr , -α=R−1(qr−ql), Kk

α1 = −1

ε
(q2

r − q2
l ), α2 = q1

r − q1
l +

β

ε
(q2

r − q2
l ).

qr − ql = α1r1 + α2r2.

5µ � u → v �, r1 � r2 ²1, Å�rÝ=� q2
l = q2

r �k�.
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�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— fV­.�§|9Ùiù¯K)�5��~

A�Ø�¢é�zrV­.�§|iù¯K)�4�5�

iù¯K)�¥mG�� (�ã 16.7(a), 0 < ε� β, q2
r < q2

l )

qm = ql + α1r1 =

[
q1
l − β(q2

r − q2
l )/ε

q2
r

]
.

��, � q2
r 6= q2

l �, limε→0 q
1
m =∞.

ã 16.7(b) 3 x-t ²¡w«
iù¯K�). ��, 3 x = λ1t
= vt Ú x = λ2t = ut �m��I/«�þ�¥mG� qm, � qm
÷ t = ~êÈ©� ε→ 0 �� (−βt(q2

r − q2
l ), 0)T .

±þ©ÛL², � ε→ 0 �, iù¯K)�4��±À�´��
±�Ý v DÂ�ë� ql � qr �-Å (a�mä) Ú���-Å?
3Ó�� �¿±Ó��ÝDÂ�äk delta-¼êÛ5�Å.
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�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— fV­.�§|9Ùiù¯K)�5��~

u = v �)¹ delta-¼êÛ5Å�Û5
)º

1 5¿, �§|�1���§ q2
t + vq2

x = 0 �±Õá¦):

q2(x , t) =
o
q2(x − vt).

2 òÙ�\1���§���®�
��é6�§:

q1
t + uq1

x = −βo
q2
x(x − vt)

3 dDuhamel �n, 
�ψ(x , t) �, )�L�ª�

q1(x , t) =
o
q1(x − ut) +

∫ t

0
ψ(x − u(t − τ), τ)dτ.

4 d x − u(t − τ)− vτ = x − ut + (u − v)τ , �È©CþO�
s = x − ut + (u − v)τ , e u 6= v , K�∫ t

0

o
q2
x(x − u(t − τ)− vτ)dτ =

1

u − v

∫ x−vt

x−ut

o
q2
x(s)ds.

12 / 46



Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— fV­.�§|9Ùiù¯K)�5��~

u = v �)¹ delta-¼êÛ5Å�Û5
)º

5 dd�, � u 6= v �,

q1(x , t) =
o
q1(x − ut)− β

u − v

[o
q2(x − vt)− o

q2(x − ut)
]
.

6 e u = v , K
∫ t

0

o
q2
x(x − u(t − τ)− vτ)dτ =

∫ t
0

o
q2
x(x − vt)dτ

= t
o
q2
x(x − vt). Ïdk (��3 (5) ¥- u → v �4��)

q1(x , t) =
o
q1(x − vt)− βt oq2

x(x − vt).

7 ���Ñ�´, (6) �Ñ�)(Ù¥1��rÝ� t Cz) ¿
����5V­.�§Ð�¯K¤äk�1Å).

8 òiùÐ�^Heaviside ¼êL«, K
o
q2(x) = q2

l +(q2
r −q2

l )H(x) ⇒ o
q2
x(x−vt) = (q2

r −q2
l )δ(x−vt).

9 Ïdiù¯K�)� q1 ©þ� (�rV­)�4��Ó)

q1(x , t) = q1
l + (q1

r − q1
l )H(x − vt)− βt(q2

r − q2
l )δ(x − vt).

13 / 46



Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— fV­.�§|9Ùiù¯K)�5��~

u = v �)¹ delta-¼êÛ5Å�Ôn)º

þ~k��{ü�Ôn)º.

� v = 0, u ≥ 0. K q2(x , t) =
o
q2(x − vt) =

o
q2(x).

-D = −β(q2
r − q2

l ), Kd (2) � q1 ÷v�§

q1
t + uq1

x = Dδ(x).

ù´�[6�� u 3 x = 0 ?k��á�«lJ
�+�6
¥�«lJ�Ñ$�§.

� u > 0 �, Ï�«lJ� eiÑ$, q1 3 x = 0 ?k�
d q1

l � q1
m a�, a�rÝ�6uD (
�rÝ) Ú u ( e

i�6�). a�rÝ� u �eü
þ,.

� u → 0 �, du#?\�«lJ¢33 x = 0 ?, q1

3 x = 0 ?�)��rÝ�'uDt � delta ¼ê.

v 6= 0 �/, e�á«lJ
� �� vt, KÔn)ºaq.
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�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— V­�ý�·Ü.�§|�~

�5ý�.�§|�~

,
Ôn¯K¥, f ′(q) Ø�¢é�z, %k¤é��ÝEA��.

�Ä�5�§| ('� (3.30) ¥�K0 = ρ0 = 1 u0 = 0 �(Å�§):[
p
u

]
t

+

[
0 1
−1 0

] [
p
u

]
x

= 0.

K�§|�Ý
k�é�ÝEA��λ1,2 = ±i.

d ptt = −uxt , utx = pxx , utt = pxt , ptx = −uxx �

ptt + pxx = 0, utt + uxx = 0.

��d�, p Ú u Ñ´ý�.�§�). Ïd��§|�A
��Ñ´¤é��ÝEA���, ¡Ù�ý�.�§|.
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�
�²;���5V­.¯K

fV­.�§|Ú·Ü.�§| —— V­�ý�·Ü.�§|�~

��5V­�ý�·Ü.�§|�~

,
Ôn¯K¥, f ′(q) 3G��m¥�,
«�¥�¢é�z,
�3,�
«�¥%Ñ´¤é��ÝEA��. ù�¡T�§|
�V­�ý�·Ü.�§|. ~X, kí��C�6N0�¥�
(Å�.�§ (Ù¥ v ´'N, u ´�Ý, p(v) �ã 16.8){

vt − ux = 0,

ut + p(v)x = 0,
p(v) =

RT

v − b
− a

v2
. f ′(q) =

[
0 −1

p′(v) 0

]
.

f ′(q) �A��� ±
√
−p′(v). Ïd, �§|3��m¥

α < v < β �«�þ´ý�.�, 3 v < α Ú v > β �«�
þ´V­.�. (�ã 16.8)

�ÄiùÐ� vl , vr > β, ul > 0, ur < 0 (=ü�í6�E).
XJ�Ev
ì�, Kiù¯K�)Ø
��müýíN¥
=Â�-Å�	, �¬kü�í�>.©O��müý$Ä.
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�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— lÑ�§iù¯K�)

ÅðÆ�§ qt + f (q, x)x = 0 Cqiù¯K)�(�

�ÅðÆ�§ qt + f (q, x)x = 0 �Ïþwª�6u x �, ·��
±òÙlÑz¤ qt + fi (q)x = 0, ∀x ∈ Ci , ∀i .

.¡ xi−1/2 ?ÅðÆ�§ qt + f (q, x)x = 0 �Cqiù¯K�:

�§:

{
qt + fi−1(q)x = 0, x < xi−1/2,

qt + fi (q)x = 0, x > xi−1/2,
Ð�:

{
Qi−1, x < xi−1/2,

Qi , x > xi−1/2.

Ù)��E��q5), = q(x , t) = q̃(
x−xi−1/2

t−tn ), �÷v

��DÂ�Å��Ïþ fi−1(q) �'�-Å½DÕÅ;

�mDÂ�Å��Ïþ fi (q) �'�-Å½DÕÅ;

3
x−xi−1/2

t−tn = 0 ?k�·��G�Q↓l , Q↓r m�a�mä,

�k fi−1(Q↓l ) = fi (Q
↓
r ).
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�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— lÑ�§iù¯K�)

ÅðÆ�§ qt + f (q, x)x = 0 Cqiù¯K�¦)

Ïd, ¦) qt + f (q, x)x = 0 �±þCqiù¯KÒ´�

éG�Q↓l , Q↓r , ¦Ù÷v fi−1(Q↓l ) = fi (Q
↓
r ), Ó��¦

�§ qt + fi−1(q)x = 0 �iùÐ�� ql = Qi−1, qr = Q↓l �
iù¯K�)�¹�1Å;

�§ qt + fi (q)x = 0 �iùÐ�� ql = Q↓r , qr = Qi �iù
¯K�)�¹m1Å;

Cqiù¯K�)�´d qt + fi−1(q)x = 0 �±þiù¯K)�

�1Å, qt + fi (q)x = 0 �±þiù¯K)�m1Å, ÚQ↓l , Q↓r
m�·�-Å�¤( )��ÄuÏþ�©� fi (Qi)−fi−1(Qi−1)=

∑Mw
p=1Z

p

i− 1
2

).

5: ±þCqiù¯KØ�½·½, üý7L©Okv
õ��
1ÅÚm1Å, �·�-ÅA÷v·���N5^�£�^�¤.

18 / 46
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�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— �.¯K: C���6�§9Ùiù¯K�)

�.¯K~: C���6�§9Ùiù¯K�)

�Ä f (q, x) = umax(x)q(1− q) �ÅðÆ�§ªiù¯K:

Ù¥ umax(x) =

{
umax,l = 2, x < 0,

umax,r = 1, x > 0.

{
ql = 0.13,

qr = 0.1.

(�p.369 ã16.9(a))

fl(ql) = 2× 0.13(1− 0.13) = 0.2262 < fr (0.5) = 0.25.

-Q↓r < 0.5, s.t. fr (Q↓r ) = 0.2262 ⇒ Q↓r ≈ 0.3457275138.

fr (q) = q(1− q), iùÐ�� q̃l = Q↓r > q̃r = 0.1 �iù¯

K�)´�¥%DÕÅ (f ′r (q) = 1− 2q, f ′r (Q↓r ) < f ′r (qr )).
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�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— �.¯K: C���6�§9Ùiù¯K�)

�.¯K~: C���6�§9Ùiù¯K�)

dd�±þC���6�§iù¯K�)� (�p214
(11.28), (11.29), p369 ã16.9(b) w«�´ t = 40 �(J)

q(x , t) =


ql = 0.13, x < 0,

Q↓r , 0 < x/t < f ′r (Q↓r ) ≈ 0.3085449724,
1
2 (1− x/t), f ′r (Q↓r ) ≤ x/t ≤ f ′r (qr ),

qr = 0.1, x/t > f ′r (qr ) = 0.8

5: 3±þ¯K�)¥, Q↓l = ql = 0.13. Ïd, vk�1Å.
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�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— �.¯K: C���6�§9Ùiù¯K�)

�.¯K~: C���6�§9Ùiù¯K�)

y�Ä umax(x) =

{
umax,l = 2, x < 0,

umax,r = 1, x > 0.

{
ql = 0.2,

qr = 0.1.

(�p370 ã16.10(a))

fl(ql) = 2× 0.2(1− 0.2) = 0.32 > fr (0.5) = 0.25.

�Q↓r = 0.5, -Q↓l > 0.5 s.t. fl(Q
↓
l ) = fr (Q↓r ) = 0.25 ⇒

2Q↓l (1− Q↓l ) = 0.25 ⇒ Q↓l ≈ 0.8535533906.

fl(q) = 2q(1− q), iùÐ�� q̂l = 0.2 < q̂r = Q↓l �iù¯

K�)´�Ý� s =
fl (Q

↓
l )−fl (ql )
Q↓l −ql

≈ −0.1071067812 �-Å.

fr (q) = q(1− q), iùÐ�� q̃l = Q↓r > q̃r = 0.1 �iù¯

K�)´�¥%DÕÅ (f ′r (q) = 1− 2q, f ′r (Q↓r ) < f ′r (qr )).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— �.¯K: C���6�§9Ùiù¯K�)

�.¯K~: C���6�§9Ùiù¯K�)

dd�d�C���6�§iù¯K�)� (� (11.28),
(11.29), ã 16.10(b) w«�´ t = 40 �(J)

q(x , t) =


ql = 0.2, x/t < s = −0.1071067812,

Q↓l ≈ 0.8535533906, s ≤ x/t < 0,
1
2 (1− x/t), 0 ≤ x/t ≤ f ′r (qr ) = 0.8,

qr = 0.1, x/t > f ′r (qr ) = 0.8

5 1: 3±þ¯K�¦)L§¥, e�?¿ Q↓r < 0.5, ��±¦�
�A�f). ��Q↓r = 0.5 �(J�', d)3 x = 0 ��ý�
ÝO\, mý�Ýeü. �¢S�6y�ØÎ.

5 2: ·�-Å� Lax--Å. Q↓r =0.5�, f ′l (Q↓l ) < 0, f ′r (Q↓r ) = 0.

�3Q↓r ≤0.5�f)”� Lax5”�f (f ′l (Q↓l )=max, f ′r (Q↓r)=min).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

�
�²;���5V­.¯K

Ïþ¼ê��m �Cz���5V­ÅðÆ�§—— �.¯K: C���6�§9Ùiù¯K�)

ÅðÆ�§ qt + f (q, x)x = 0 Cqiù¯K�¦)

±þ~fJ«, �¦)ÅðÆ�§ qt + f (q, x)x = 0 Cqiù¯

K, eQ↓l , Q↓r �)Ø���, AT�¦�·�-Å”� Lax5”�

é�f (=¦ [f ′r (Q↓r )− f ′l (Q↓l )] ����)���¯K�).

öS: ¦±þ�6�§iùÐ� ql = 0.2, qr = 0.6; ql = 0.8,
qr = 0.4 Ú ql = 0.6, qr = 0.2 �).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

�
�²;���5V­.¯K

�Åð.��5V­�§| qt + A(q, x)qx = 0

'u�Åð.��5V­�§| qt + A(q, x)qx = 0

û½�Åð.��5V­�§| qt + A(q, x)qx = 0 iù¯K)
�(�  '�E,"mä)vk�A�R-H a�mä^�.

5 1: �Åð.��5V­�§|�U�eZØÓ�ÅðÆ�§
|�N. 
ØÓ�ÅðÆ�§|iù¯K)�(���´ØÓ�.
ÏdAT¦�Uò¯Kz�kÔn¿Â�ÅðÆ�§|.

5 2: éÃ{z�kÔn¿Â�ÅðÆ�§|��Åð.��5
V­�§|§��I�|^ÔnL§[��(�5'X©Û�Ñ
iù¯K)�(�.

5 3: �iù¯K)kmä�, A(q, x)qx ´vk²(½Â�
Heaviside-¼ê�δ-¼ê�¦È. ØÓ�1wz�{�Ñ�)�4
�  ��»Ì"
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ


��²ïÆ —— 
���)µzÆ
!Ôn
!AÛ
, (�.)p��


��²ïÆ —— 
��a.

�Ä²ïÆ�§ qt + f (q)t = ψ(q), Ù¥ψ(q) ¡�
�. 
��
dNõØÓ�ª�), ~��k±ea.:

zÆ
: ~X, �A6. 6N¥¹k¬�)zÆ�A�Ô�,
zÆ�A¬UCÔ���Ý©ÙÚoþ, �~~¬K�6N
�ÄåÆ1� (-�, �¿��)�þ�9). �'ué6�
§, zÆ�A��mºÝÏ~���õ, �A�
��¡�
f5
�.

Ôn
: ~X, 3^6N¥�Ä­å!>^å���K�.

AÛ
: 3���IXe�ÅðÆ�§, ÏL�IC�, 3,
���IXeK�ULy��
��²ïÆ�§.

(�.)p��: ~X, 3ïáÑ$¯K��ÄÊ5½*Ñ�
A�K�, K� qt + ūqx = µqxx .
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: ©Ú{ (fractional-step methods or operator-splitting methods)

²ïÆ�§�©Ú{

�
�ψ(q) �´ q �¼ê. �Ð��
o
q(x). K²ïÆ�§

qt + f (q)x = ψ(q) Ð�¯K�©Ú{d±eÚ½�¤:

1 ��mÚ�∆t>0. - tn = n∆t.

2 �®� q(x , t) 3 tn �Cq) q(x , tn) ≈ qn(x).

3 )Ð�� qn(x) �àg�§ qt + f (q)x = 0 �Ð�¯K. �
)� q̂n(x , t). - q̄n(x) = q̂n(x ,∆t).

4 )Ð�� q̄n(x) �~�©�§ qt = ψ(q) �Ð�¯K. �)
� q̃n(x , t). - qn+1(x) = q̃n(x ,∆t).

5: ©Ú{�¡��f©�{. �¡·�¬w�ù«¡���Ï.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: ©Ú{ (fractional-step methods or operator-splitting methods)

é6-�A�§9Ùê��{—— �©�.�{

��~f, �Ä�§ qt + ūqx = −βq, (ū, β > 0 �~ê).

) q(x , t) ÷A�� dx/dt = ū ÷v�§ dq/dt = −βq.

�Ð��
o
q(x). KÐ�¯K�)� q(x , t) = e−βt

o
q(x − ūt).

� ū > 0, éé6Ü©A^Hº�ª�é6-�A�§����ª

Qn+1
i = Qn

i −
ū∆t

∆x
(Qn

i − Qn
i−1)−∆tβQn

i .

��E���ª, Äk�'u�mÚ� ∆t �Taylor Ðm

q(x , t + ∆t) ≈ q(x , t) + ∆tqt(x , t) +
1

2
∆t2qtt(x , t).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: ©Ú{ (fractional-step methods or operator-splitting methods)

é6-�A�§9Ùê��{—— �©�.�{

5¿, d�§k ∂tq = (−ū∂x − β)q, Ïdk

∂2
t q = (−ū∂x − β)2q = (ū2∂2

x + 2ūβ∂x + β2)q.

ò ∂tq, ∂2
t q �L�ª�\Taylor Ðmª�

q(x , t+∆t) ≈ (1−∆tβ+
1

2
∆t2β2)q−∆tū(1−∆tβ)qx+

1

2
∆t2ū2qxx .

dd�Ñ���ª

Qn+1
i = (1−∆tβ +

1

2
∆t2β2)Qn

i −
ū∆t

2∆x
(1−∆tβ)(Qn

i+1 − Qn
i−1)

+
ū2∆t2

2∆x2
(Qn

i−1 − 2Qn
i + Qn

i−1).

28 / 46



Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: ©Ú{ (fractional-step methods or operator-splitting methods)

é6-�A�§9Ùê��{—— �©�.�{

5 1: |^�§ ∂tq = (−ū∂x − β)q �ò Taylor Ðmª��

q(x , t + ∆t) =
∞∑
j=0

∆t j

j!
∂jtq(x , t) =

∞∑
j=0

∆t j

j!
(−ū∂x − β)jq(x , t).

¤±/ªþk: q(x , t + ∆t) = exp(−∆t(ū∂x + β))q(x , t).

5 2: d (1) �é6-�A�§�)�f� exp(−∆t(ū∂x + β)).

5 3: éu�E,��§, qtt (���/, Cq)�f) �UJu
O�, Ïd�E��½�p���©�.�ª¬k(J.

5 4: �)kmä�, ��¿Ø�ÙATXÛ3é6-�A�§�
���©�.�ª¥k�/Ú\��ì.

5 5: ØL3,
�¹e, E�òÄuiù¯K¦)ì�p©E
Ç�{�g�í2��
���§��©�.�ª.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: ©Ú{ (fractional-step methods or operator-splitting methods)

é6-�A�§9Ùê��{—— ©�.�{: ©Ú{

òé6-�A�§ qt + ūqx = −βq, (ū > 0, β > 0 �~ê) ©��
ü�f¯K:

¯KA: qt + ūqx = 0, )�f� exp(−ū∆t∂x);

¯KB: qt = −βq, )�f� exp(−β∆t).

lÑO��, z��mÚ©�A, B üfÚ, ©OCq)�f�
exp(−ū∆t∂x) Ú exp(−β∆t) �ü�f¯K. ~X:

A-Ú (æ^��Hº�ª): Q∗i = Qn
i −

ū∆t

∆x
(Qn

i − Qn
i−1);

B-Ú (æ^�cî.�ª): Qn+1
i = Q∗i − β∆tQ∗i .

5: ±þf¯KA, B �)�f�¦È exp(−ū∆t∂x) · exp(−β∆t)
�u�¯K�)�f exp(−∆t(ū∂x + β)). ��¡f¯K)�f
�¦È£�¤�u�¯K�)�f��{��f©�.�{.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: ©Ú{ (fractional-step methods or operator-splitting methods)

é6-�A�§9Ùê��{—— ©�.�{: ©Ú{

±þ�ª�üÚ���ª� ('��©���Hº�©�ª (17.9))

Qn+1
i = Qn

i −
ū∆t

∆x
(Qn

i − Qn
i−1)−∆tβQn

i +
ūβ∆t2

∆x
(Qn

i − Qn
i−1).

N´�yùE´�����ª.

XJ3A-Úæ^ Lax-Wendroff �ª����ª, 3B-Úæ^ü
?Runge-Kutta �{����{, K����¯KÛÜ�äØ�
�����ª.

5: �� ū, β Ø´~ê¼ê�, =BA, B üÚÑæ^���{,
ÙüÚ���ªE�U�k��. =©�.�{�U¬Ú\©�
Ø�.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: f¯K)�f����5�©�Ø�

f¯K)�f����5�©�Ø�

� ū, β > 0 þ�~ê�, f¯KA, B �)�f´����,
= exp(−ū∆t∂x) · exp(−β∆t) = exp(−β∆t) · exp(−ū∆t∂x).

¯¢þ, éu?��Ð�
o
q(x), N´�yk)¯KA, ,�±

���)�Ð�2)¯KB, � q(x , t) = exp(−βt)
o
q(x − ūt).

(� p.381, 1n!oã)

éuÓ��Ð�
o
q(x), N´�yk)¯KB, ,�±���

)�Ð�2)¯KA, Ó�� q(x , t) = exp(−βt)
o
q(x − ūt).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: f¯K)�f����5�©�Ø�

f¯K)�f����5�©�Ø�

ù`², � ū, β > 0 þ�~ê�, L§ (1) k�A2é6;
(2) ké62�A; (3) é6Ú�AÓ�?1, (J´Ó��.
d=L§����5. �N��§þÒ´)�f����5.
(�p382 ã17.1)

� ū, β > 0 þ�~ê�, f¯KB �)�f exp(−β∆t) ´
)�Taylor Ðmª��f/ª (� (17.25)); 
f¯KA �
)�f exp(−ū∆t∂x) K´3)�Taylor Ðmª�Ä:þ
ò ∂t O�¤−ū∂x �����f/ª (� (17.24)).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �f©�.�{: f¯K)�f����5�©�Ø�

f¯K)�f����5�©�Ø�

±þ|^Taylor Ðmª�{äk��5, �±^5u�)�
f����5.

~X, �β(x) ´ x �¼ê�, N´�y

exp(−ū∆t∂x)·exp(−β(x)∆t) 6= exp(−β(x)∆t)·exp(−ū∆t∂x).

¯¢þ, cöÐm�Ø
k�ö¤k��	��¹Xe?ê∑∞
k,j=1

(−∆t)j+k ūj

k!j!

∑j
l=1 C

l
j ∂

l
x(βk(x)) ∂j−lx .

���¹e, L§ (1) k�A2é6; (2) ké62�A; (3)
é6Ú�AÓ�?1, (JpÉ. =L§äkØ���5. �
N��§þÒ´)�f�Ø���5. (�p384 ã17.2)
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �5¯K©Ú{���/ª: Godunov ©�{9Ù©�Ø�

�5¯K©Ú{���/ª9Ù©�Ø�

�Ä/X qt =(A+ B)q ��5uÐ. �©�§, Ù¥A,
B �'u x ��©�f. �{üå�, �A, B Øwª�6u t.

u´k qtt = (A+ B)qt = (A+ B)2q, · · · ∂jtq = (A+ B)jq.

dd9 q(x ,∆t) 'u∆t 3 0 :�Taylor Ðmª�

q(x ,∆t)=
∞∑
j=0

∆t j

j!
∂jtq(x , 0)=

∞∑
j=0

∆t j

j!
(A+B)jq(x , 0)=e∆t(A+B)q(x , 0).

©Ú{¥, ek) qt =Aq � q∗(x ,∆t) = e∆tAq(x , 0); 2)
qt =Bq � q∗∗(x ,∆t) = e∆tBq∗(x ,∆t) = e∆tBe∆tAq(x , 0).

Ïd, ±þ©Ú{3���mÚ¥�)�©�Ø��

q(x ,∆t)− q∗∗(x ,∆t) = (e∆t(A+B) − e∆tBe∆tA)q(x , 0).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �5¯K©Ú{���/ª: Godunov ©�{9Ù©�Ø�

�5¯K©Ú{���/ª9Ù©�Ø�

©Oò q∗∗(x ,∆t) Ú q(x ,∆t) Taylor Ðm����

q∗∗(x ,∆t) =
(
I+∆tB+

∆t2

2
B2
)(

I+∆tA+
∆t2

2
A2
)
q(x , 0)+O(∆t3)

=
(
I+∆t(A+B)+

∆t2

2
(A2+2BA+B2)

)
q(x , 0)+O(∆t3).

q(x ,∆t) =
(
I+∆t(A+B)+

∆t2

2
(A2+AB+BA+B2)

)
q(x , 0)+O(∆t3).

Ïd, ±þ©Ú{ (q¡Godunov ©�{) �©�Ø��

q(x ,∆t)− q∗∗(x ,∆t) =
∆t2

2
(AB − BA)q(x , 0) + O(∆t3).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �5¯K©Ú{���/ª: Godunov ©�{9Ù©�Ø�

�5¯K©Ú{���/ª9Ù©�Ø�

dd�, ���fAB − BA 6= 0, =�fA, B Ø����,
Godunov ©�{z��mÚ¬�)�����©�Ø�.


���fAB − BA = 0, =�fA, B ����, ´y
Godunov ©�{Ø�)©�Ø�.

~ 1: éA = −ū∂x , B = −β (~ê). ABq = BAq = ūβqx . Ïd,
�A¯K�Godunov ©�{vk©�Ø�.

~ 2: éA = −ū∂x , B = −β(x). ABq − BAq = ūβ′(x)q. Ïd,

Godunov ©�{�©�Ø�� ∆t2

2 ūβ′(x)q(x , 0) + O(∆t3).

5 1: ���fAB − BA 6= 0 �, ©�Ø�3z���mÚ�)
O(∆t2) �Ø�. ¤±, ±þ©ÛL²=Bz�f¯KÑæ^p�
lÑ�ªO� ($�^ý)), �NØ��UE,�´���.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �5¯K©Ú{���/ª: Godunov ©�{9Ù©�Ø�

�5¯K©Ú{���/ª9Ù©�Ø�

5 2: ±þ©Û^�
Taylor Ðmª, Ïd=·^u1w). ¯¢
þ, é��¯K, �)kmä�, ê�O��(J�(°Ý�$.

5 3: ,��¡, �)kmä�, ©Ú{�`³��´�±|^®
��p©EÇ�{, ¦+"y¿©�nØ|  (k'�Âñ5(
J�ë�)7, c�µ��ó�).

5 4: k¿g�´, éu1w), Godunov ©�{ê�)�¢S°
Ý��ÑUÄ�þ����. ùL²±þ©Û�kU?�{/.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— Strang ©�{9Ù©�Ø�

Strang ©�{9Ù©�Ø�

Strang éGodunov ©�{JÑ
±eU?�Y: z��mÚ¹n
�©Ú


1
2 A-Ú q∗(x , t) = e

1
2

∆tAq(x , 0);

B-Ú q∗∗(x , t) = e∆tBq∗(x ,∆t);
1
2 A-Ú q∗∗∗(x , t) = e

1
2

∆tAq∗∗(x , 0).

���Taylor ÐmØJ�y

exp
(1

2
∆tA

)
exp

(
∆tB

)
exp

(1

2
∆tA

)
=
(
I+∆t(A+B)+

∆t2

2
(A2+AB+BA+B2)

)
q(x , 0)+O(∆t3).

dd�éu1w), Strang ©�{�©�Ø��O(∆t3).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— Strang ©�{9Ù©�Ø�

Strang ©�{�Cq¢y/ª

5 1: d
(
e

1
2

∆tAe∆tBe
1
2

∆tA)n = e
1
2

∆tAe∆tB(e∆tAe∆tB)n−1
e

1
2

∆tA,
'� Godunov ©�{� n Ú�f

(
e∆tAe∆tB)n, � Strang ©�

{� Godunov ©�{�«O=3ucöc¡�
�� e
1
2

∆tA,

�¡õ
�� e

1
2

∆tA. Ïd, ØJn) Godunov ©�{��N
Ø���þ�k��°Ý.

5 2: e

{
ÛêÚ q∗(x , t) = e∆tAe∆tBq(x , 0);

óêÚ q∗∗(x , t) = e∆tBe∆tAq∗(x ,∆t),
KÙ�du

Ú� 2∆t � Strang ©�{. Ïd, �NØ���þ�´��.

5 3: � Strang ©�{zÚdü���mÚ�fÚÚ����m
Ú�fÚ�', ±þ�{��þzÚ�¹ü���mfÚ. Ïd
�ö�NO��d�$. ������°Ý, �ö7Lüü�m
Ú¤é��, �é�ÛêÚ�óêÚ��mÚ�7L�Ó (3�
�°Ý¿Âe), cÙ3CÚ��/IAO5¿.

40 / 46



Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— Godunov ©�{ÚStrang ©�{�°Ý

Godunov ©�{Ú Strang ©�{�°Ý

±þ©ÛL², 3��mÚ�^�e, �{ü�O�þ���
Godunov ©�{� Strang ©�{��äk����N©�Ø�.
Ïd, 3� Lax-Wendroff �ªÚü?��Runge-Kutta �ª�Ü
¦^�, ê�°ÝAT�Ñ´���.

�Äé6-�A�§Ð�¯K, Ù¥ ū = 1, β(x) = 1− x , Ð�´
þ�= 0.25 �pd©Ù¼ê. ��mÚ�∆x = 0.02, 3©�{�
�AÚ¥þæ^ü?��Runge-Kutta�ª (�p388 ~17.5).

ã 17.3 '�
3 t = 0.5 ?, Strang ©�{©O�ÜHº�ª
Ú Lax-Wendroff �ª, ±9 Godunov ©�{�Ü Lax-Wendroff
�ª, ùn«�{�ê�Ly.

(Jw«, ü«©�{3�Ü Lax-Wendroff �ª��ê�°Ý�
(�~�C�²w`u Strang ©�{�ÜHº�ª�ê�°Ý.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— �AÚ¥ODE ê��{9�mÚ��À�

�AÚ¥ODE ê��{9�mÚ��À�

ODE ê��{À��A�5¿¯�.

¤À��ODE ê��{AT��k��°Ý.

��ØU^õÚ{: Q∗i ´dQn ²¦),� �©�§ (~
Xé6�§) ���, 
þ��mÚ��A��dÎÃ'X.

wªRunge-Kutta �{~~�Ç�p. ��½�5¿�mÚ
�7LU�y�ª�­½5. 7���æ^����mÚ
�∆t/N O�N ÚdQ∗i �Qn+1

i .

�ODE Ü©´f5�, k7�æ^Ûª�ª, XF/úª.

�
�ψ ¹p��ê (XÊ5) �, �ATæ^Ûª�ª.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— ¦½~)

©Ú{¦½~)��U¬��Âñ5(J

©Ú{¦½~)��U¬��Âñ5(J (�p.391 §17.8).

~Xé qt + ūqx = −βq, e qt = 0, Kk ūqx = −βq. �^©
Ú{ê�þéJ¦ü���^��-�.

^©Ú{¦½~)§���«S�{, ���Ç¿Øp.

^©Ú{¦½~)§k��UÑy3½~)NC���ØÂ
ñ��¹§AO´3é6Ú¦^
���ì�p©EÇ�ª
� (� p.393, 2ã).

^©Ú{¦½~)§k��UÑy^ØÓ��mÚ�ê�)
Âñ�ØÓ�ê�½~) (� p.393, 3ã).
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— ©Ú{¥�>.^�?n

©Ú{¥�>.^�?n

�Äé6-�A�§Ð>�¯K (ū > 0):
qt + ūqx = −βq, x ∈ (0, 1), t > 0,

q(x , 0) =
o
q(x), x ∈ (0, 1),

q(0, t) = g0(t), t > 0.

�
o
q(x) = e−(β/ū)x , g0(t) ≡ 1. K)� q(x , t) = e−(β/ū)x .

3©Ú{¥æ^Godunov ©�{. �∆x = 1/N, ū∆t = ∆x .
KAÚQ∗i =Qn

i−1 �Ñé6�§ qt + ūqx =0 �°(). BÚ

Qn+1
i = e−β∆tQ∗i �ÑODE qt = −βq Ð�¯K�°().

duÃ©�Ø�, eÐ��ü�²þ�, e�U·��Ñ°
(>.^�, K�{Qn+1

i = e−β∆tQn
i−1 ò�Ñ) q(x , tn+1)

= e−(β/ū)x �°(ü�²þ�.
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Lecture 12: Chap. 16, § 16.2 — § 16.6; Chap. 17, § 17.1 — § 17.9

1�ÔÙ: 
��²ïÆ

²ïÆ�§�){ —— ©Ú{¥�>.^�?n

©Ú{¥�>.^�?n

ý)1�ü�²þ�´

1

∆x

∫ ∆x

0
e−(β/ū)xdx = − ū

β∆x
(e−(β/ū)∆x−1) = 1−1

2
(β/ū)∆x+O(∆x2).

elÑ>.^��Qn
0 = g0(tn) = 1, Kk

Qn+1
1 = e−β∆t = e−(β/ū)∆x = 1− (β/ū)∆x + O(∆x2).

elÑ>.^��Qn
0 = ū

β∆x (e(β/ū)∆x − 1), Kk

Qn+1
1 = e−β∆tQn

0 = − ū

β∆x
(e−(β/ū)∆x − 1),

ù�ý)�1�ü�²þ�°(��.

5: ���- q∗(0, t)=eβ(t−tn)g0(t), �Qn
0 = ū

∆x

∫ tn+ ∆x
ū

tn
q∗(0, τ)dτ ,

½Ù��CqQn
0 = eβ

∆x
2ū g0(tn + ∆x

2ū ).
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��: 16.5, 17.1, 17.4

Thank You!
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