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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5��5òz

��5ÅðÆ�§|�ý���5 p-x| (p-th field)

Definition

eλp(q̃(ξ)) ÷Xz�^ p-xÈ©�Ñ´ ξ �î�üN¼ê, K
¡T��5ÅðÆ�§|� p-x|´ý���5�.

d d
dξλ

p(q̃(ξ)) = ∇λp(q̃(ξ)) · q̃′(ξ) = ∇λp(q̃(ξ)) · rp(q̃(ξ)), �

∇λp(q) · rp(q) 6= 0, ∀q ⇒ p-x|´ý���5�.

éu��5ÅðÆ�§ª, �k��A��, =λ1(q) = f ′(q), Ø
���A� 1-�A��þr1(q) ≡ 1, u´ ∇λ1(q) · r1(q) = f ′′(q).
��3�§ª�/ ∇λp(q) · rp(q) 6= 0, ∀q ⇔ f ′′(q) 6= 0, ∀q.

5: ý���5´��5ÅðÆ�§ªÏþà5, = f ′′ ð�½
ðK, �Vg3��5ÅðÆ�§|¥�í2.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5��5òz

��5ÅðÆ�§|��5òz p-x|

Definition

eλp(q̃(ξ)) ÷Xz�^ p-xÈ©�Ñ´~ê, K¡T��5Å
ðÆ�§|� p-x|´�5òz�.

d d
dξλ

p(q̃(ξ)) = ∇λp(q̃(ξ)) · q̃′(ξ) = ∇λp(q̃(ξ)) · rp(q̃(ξ)), �

∇λp(q) · rp(q) ≡ 0 ⇔ p-x|´�5òz�.

5 1: �5òz� p-x|¥�{Å)þ�A��Ñ´�p²1�.
d�, {Å)�±L«� q(x , t) = q0(x − λpt).

5 2: p-x|�5òz�, λp(q) 3ØÓ� p-xÈ©�þ���
��¿Ø�Ó. �´d� p-xÈ©�T|´λp(q) ���� ½ö

�(�/`, ´á3λp(q) ���¡þ.

5 3: fY�§�ü�|Ñ´ý���5�£�ã 13.13(a)(b)¤.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5 p-x|¥�¥%DÕÅ

ý���5 p-x|¥�¥%DÕÅ

Definition

��ý���5 p-x|¥�{Å) q(x , t) = q̃(ξ(x , t)) ¡�´�
�¥%DÕÅ, XJξ(x , t) = x/t, ��3 ξ1 < ξ2 ¦�

q(x , t) =


ql , q̃(ξ1), x/t ≤ ξ1,

q̃(x/t), ξ1 ≤ x/t ≤ ξ2,

qr , q̃(ξ2), x/t ≥ ξ2,

Ù¥ ql Ú qr ÷vüNO^� λp(ql) < λp(qr ).

5: üNO^� λp(ql) < λp(qr ) ´�
�y�X�m�O\A
��´ì1ì��. "�T^�ò��õ�).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5 p-x|¥�¥%DÕÅ

ý���5 p-x|¥�¥%DÕÅ�A��Ý

òý���5 p-x|¥�¥%DÕÅ q(x , t) = q̃(x/t) �\Åð
Æ�§| qt + f (q)x = 0 � (− x

t2 + 1
t λ

p(q̃(x/t)))q̃′(x/t) = 0, =

λp(q̃(x/t)) =


ξ1, x/t ≤ ξ1,

x/t, ξ1 ≤ x/t ≤ ξ2,

ξ2. x/t ≥ ξ2,

ù`²÷Xz�^�� x/t = ξ ∈ [ξ1, ξ2], A��ÝT� ξ, Ïd,
�� x = ξt, ξ ∈ [ξ1, ξ2] ´¥%DÕÅ�A��.

AO/, ·�k q̃(ξ1) = ql , λ
p(ql) = ξ1,

q̃(ξ2) = qr , λ
p(qr ) = ξ2.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5 p-x|¥�¥%DÕÅ

ý���5 p-x|¥¥%DÕÅ÷v�~�©�§

�
�Ñ��ý���5 p-x|¥�¥%DÕÅ, ·�7L�Ñ
¼ê q̃(x/t). d±þ©Û� q̃(x/t) ÷v'Xª ξ = λp(q̃(ξ)).

ü>é ξ ¦�� 1 = ∇λp(q̃(ξ)) · q̃′(ξ). qd q̃(x/t) ´ p x{Å
), � q̃(ξ) ´ p xÈ©�, Ïdk q̃′(ξ) = α(ξ)rp(q̃(ξ)). u´
�

α(ξ) =
1

∇λp(q̃(ξ)) · rp(q̃(ξ))
.

òd�\ q̃′(ξ) = α(ξ)rp(q̃(ξ)) � q̃(ξ) ¤A÷v�~�©�§

q̃′(ξ) =
rp(q̃(ξ))

∇λp(q̃(ξ)) · rp(q̃(ξ))
.

5: �§ª�T�§òz� f ′′(q̃(ξ))q̃′(ξ) = 1 (⇐ f ′(q̃(ξ)) = ξ).
d�, ¥%DÕÅ��d q̃(x/t) = (f ′)−1(x/t) �Ñ.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5 p-x|¥�¥%DÕÅ

ý���5 p-x|¥¥%DÕÅ�~�©�§Ð�¯K

éuÅðÆ�§|, ��ý���5 p-x|¥�¥%DÕÅ q̃(ξ)
´±e~�©�§Ð�¯K�):{
q̃′(ξ) = rp(q̃(ξ))

∇λp(q̃(ξ))·rp(q̃(ξ)) ,

q̃(ξ1) = ql ,
±9

{
q̃′(ξ) = rp(q̃(ξ))

∇λp(q̃(ξ))·rp(q̃(ξ)) ,

q̃(ξ2) = qr ,

Ù¥ ql , qr Óá�^ p-È©�, �λp(ql) = ξ1 < λp(qr ) = ξ2.

5: �½ ql , - ξ1 = λp(ql), e p-x|´ý���5�, K�A~
�©�§Ð�¯K�3��) q̃(ξ). ∀ξ2 > ξ1, - qr = q̃(ξ2), K

q(x , t) =


ql , x/t ≤ ξ1,

q̃(x/t), ξ1 ≤ x/t ≤ ξ2,

qr , x/t ≥ ξ2,

´ë� ql Ú qr � p-¥%DÕÅ (� (13.42)).
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��5ÅðÆ�§|

��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5 p-x|¥�¥%DÕÅ

fY�§� 1-¥%DÕÅ

éufY�§, λ1 = u −
√
gh = q2/q1 −

√
gq1,

r1 =

[
1

q2/q1 −
√
gq1

]
, ∇λ1 =

[
−q2/(q1)2 − 1

2

√
g/q1

1/q1

]
.

∇λ1 · r1 = −3
2

√
g/q1 < 0. ¤± 1-¥%DÕÅ÷v�~�©�§

´

q̃′ = −2

3

√
q̃1/g

[
1

q̃2/q̃1 −
√
gq̃1

]
.

T�§|�1���§´ h̃′(ξ) = −2
3

√
h̃(ξ)/g , ÙÏ)�

h̃(ξ) =
1

9g
(A− ξ)2.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5ÅðÆ�§|�{ÅÚ¥%DÕÅ—— ý���5 p-x|¥�¥%DÕÅ

fY�§� 1-¥%DÕÅ

���«AÏ� 1-x{Å) q̃(ξ) =

[
h̃(ξ)

h̃(ξ)ũ(ξ)

]
�Üá3

,�^ 1-È©�þ. ,��¡, fY�§� 1-iùØCþ
w1(q) = u + 2

√
gh 3z�^ 1-È©�þþ�~ê. Ïd,

ũ(ξ) + 2

√
gh̃(ξ) = ul + 2

√
ghl = ur + 2

√
ghr .

Ù¥���ª��u�¦¤Jø�Ð� (hl , ul), (hr , ur ) 7Lá3
Ó�^ 1-È©�þ. ,	, �� 1-¥%DÕÅ¤Jø�Ð��
A÷v λ1(ql) < λ1(qr ), = ul −

√
ghl < ur −

√
ghr .

��L (hl , ul) �¥%DÕÅ, q̃(ξ) 7L÷vÐ©^�: q̃(ξ1) = ql
Ú ξ1 = λ1(ql) = ul −

√
ghl . dd�

1
9g (A− (ul −

√
ghl))2 = hl ,

= A = ul + 2
√
ghl . 2dÐ�O� ξ2 = λ1(qr ) = ur −

√
ghr . �

�, �â (13.42) �Ñë� (hl , ul), (hr , ur ) � 1-¥%DÕÅ.

555: NNN´́́���yyy���A ���,,,������������ÑÑÑ���´́́ÓÓÓ��� 1-¥¥¥%%%DDDÕÕÕÅÅÅ))).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �¥%DÕÅ)

g£��5V.�§|iù¯K��¥%DÕÅ)

éu��ý���5î�V.�§|�iù¯K, XJ�3
q0 = ql , q1, · · · , qm−1, qm = qr , ÷v qp−1 Ú qp á3Ó�
^ p-È©�þ, �÷v λp(qp−1) < λp(qp), p = 1, · · · ,m, K
ql Ú qr �m�iù¯K�)d m �¥%DÕÅ|¤:

q(x , t) =


ql , x/t ≤ λ1(ql),

q̃p(x/t), λp(qp−1) ≤ x/t ≤ λp(qp), p = 1, · · · ,m,
qp, λp(qp) ≤ x/t ≤ λp+1(qp), p = 1, · · · ,m − 1,

qr , x/t ≥ λm(qr ).

Ù¥ q̃p(x/t) ´ë� qp−1 Ú qp � p-¥%DÕÅ.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �¥%DÕÅ)

fY�§iù¯K��¥%DÕÅ)

�ÄfY�§�iù¯K, iùÐ��:

h(x , 0) ≡ h0 > 0, u(x , 0) =

{
−ur , x < 0,

ur , x > 0,
ur > 0.

duÐ�´'u¥%é¡�, ¤±)�kÓ��é¡5. dd�
um = 0. qduY ü>6, Ïd7k hm < h0. ¤±�q5)�
U´¥%DÕÅ(-Å�)7k hm > hr = hl = h0).

(hm, um) 7L=3L (hl , ul) � 1-È©�þ, �3L (hr , ur ) �
2-È©�þ (�~�/�ã 13.15(a)). =

um + 2
√

ghm = ul + 2
√
ghl , um − 2

√
ghm = ur − 2

√
ghr .
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �¥%DÕÅ)

fY�§iù¯K��¥%DÕÅ)

dd� hm ÷v 4
√
ghm = (ul − ur ) + 2(

√
ghl +

√
ghr ), =

hm =
1

16g

[
(ul − ur ) + 2(

√
ghl +

√
ghr )

]2
.

� ul = −ur , hl = hr = h0 �k

hm =
1

16g

[
− 2ur + 4

√
gh0

]2
=

1

4g

[
2
√
gh0 − ur

]2
.

qλ1(ql)=−ur −
√
gh0 <

1
2ur −

√
gh0 = 0−

√
ghm =λ1(qm)

< λ2(qm)=0 +
√
ghm = 1

2ul +
√
gh0 < ur +

√
gh0 =λ2(qr ).

5551µ1�Ú1Ê��ª´dL qm �1�Ú1�iùØCþÚ um = 0 ���.

5552µÔn)�¦ hm ≥ 0, d1�1�ù�du 2(
√
ghl +

√
ghr ) ≥ (ur − ul).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5ÅðÆ�§|iù¯K�¦)—— �¥%DÕÅ)

fY�§iù¯K��¥%DÕÅ)

d±þ©Û, fY�§iù¯K��¥%DÕÅ)�

q(x , t) =



(h0,−ur ), x/t < −ur −
√
gh0,

q̃1(x/t), −ur −
√
gh0 ≤ x/t ≤ 1

2ur −
√
gh0,

( 1
4g

[
2
√
gh0 − ur

]2
, 0), 1

2ur −
√
gh0 ≤ x/t ≤ −1

2ur +
√
gh0,

q̃2(x/t), −1
2ur +

√
gh0 ≤ x/t ≤ ur +

√
gh0,

(h0, ur ), x/t > ur +
√
gh0.

Ù¥ q̃1(x/t) ´ë� (h0,−ur ) Ú (hm, 0) � 1-¥%DÕÅ.
q̃2(x/t) ´ë� (hm, 0) Ú (h0, ur ) � 2-¥%DÕÅ.

555µµµ Ôn)éÐ�JÑ�^�: − 1
2
ur +

√
gh0 ≥ 1

2
ur −

√
gh0, Q ur ≤ 2

√
gh0.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

ý���5î�V.�§|�È©��IX�iù¯K��¥%DÕÅ)

ý���5î�V.�§|iù¯K��¥%DÕÅ)

3ý���5î�V.�§|���m¥?�ü: q0 = ql ,
qm = qr , (d�¼ê½n) Ø���3¥mG� q1, · · · , qm−1, s.t.
qp−1 Ú qp Óá3�^ p-È©�þ"dd�±½Âdùm �
¥%DÕÅ (�U´õ���Ôn)) |¤�iù¯K�f).

�ù
 p-¥%DÕÅÑ´Ôn), K�¦λp(qp−1) < λp(qp),
p = 1, · · · ,m. = qp 7Lá3L qp−1 �λp(q) > λp(qp−1) ��
^ p-È©�þ.

5 1: é'��5î�VÅðÆ�§|��-Å)—— qp 7
Lá3L qp−1 �λp(q) < λp(qp−1) ��^ p-Hugoniot :8þ.

5 2: �±y²L qp−1 � p-È©�Ú p-Hugoniot :8£
�¤3 qp−1 :���k�Ó�Ç.
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��5ÅðÆ�§|

ý���5î�V.ÅðÆ�§|iù¯K�¦)

��5VÅðÆ�§|iù¯K)�(�

3ý���5î�VÅðÆ�§|���m¥?��: q∗, k
LT:� p-È©�Ú p-Hugoniot :8£�¤, §�3 q :�
��k�Ó�Ç. �λp(q) > λp(q∗) ��^ p-È©�
Úλp(q) < λp(q∗) ��^ p-Hugoniot :8©¤�^L q∗ :
� p-Å�.

é?����m¥ü: q0 = ql , qm = qr , ^�¼ê½n�y£�
�� ‖ql − qr‖ ���¤�3¥mG� q1, · · · , qm−1, s.t. qp−1 Ú
qp Óá3�^ p-Å�þ. �âù
¥mG�é©Oá3�
^ p-È©��´�^ p-Hugoniot :8þ, �±½Â�A� p-¥
%DÕÅ½ p--Å.

��5VÅðÆ�§|iù¯K�)Ò´dù
 p-¥%DÕÅ
½ p--Å, p = 1, · · · ,m, |¤�.
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��5ÅðÆ�§|

ý���5î�V.ÅðÆ�§|iù¯K�¦)

fY�§iù¯K�¦)

éu�½�iùÐ� ql , qr ,

O�fY�§� 1-Å�

φl(h) =

{
ul + 2(

√
ghl −

√
gh), h < hl , (1-È©�)

ul − (h − hl)
√

g
2 ( 1

h + 1
hl

), h > hl , (1-Hugoniot :8).

O�fY�§� 2-Å�

φr (h) =

{
ur − 2(

√
ghr −

√
gh), h < hr , (2-È©�)

ur + (h − hr )
√

g
2 ( 1

h + 1
hr

), h > hr , (2-Hugoniot :8).

O� 1-ÅÚ 2-Å���:, =¦ hm, s.t. φl(hm)=φr (hm).

��, �â hm � hl , hr �'X, ±9 um = φl(hm) O�Ñä
N� 1-ÅÚ 2-Å´¥%DÕÅ�´-Å.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

ý���5î�V.ÅðÆ�§|iù¯K�¦)

fY�§$t¯K�¦)

�ÄfY�§$t¯K�iùÐ�: hl > hr > 0, ul = ur = 0.

O�fY�§� 1-Å� (1-È©�) Ú 2-Å�
(2-Hugoniot :8) ��:�I÷v��§

ul + 2(
√

ghl −
√

ghm) = ur + (hm − hr )

√
g

2
(

1

hm
+

1

hr
).

)�§�¥mG��Y� hm, - um = ul + 2(
√
ghl −

√
ghm).

d (hl , 0), (hm, um) �Ñ 1-¥%DÕÅ q̃1(x/t), d (hm, um),
(hr , 0) �Ñ 2--Å��Ý s = hmum−hrur

hm−hr (� (13.16)).

q(x , t) =


(hl , 0), x/t ≤ λ1

l = 0−
√
ghl ,

q̃1(x/t), λ1
l ≤ x/t ≤ λ1

m = um −
√
ghm,

(hm, hmum), λ1
m ≤ x/t ≤ s = hmum

hm−hr ,

(hr , 0), x/t ≥ s.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5V.ÅðÆ�§|-Å-E¯K

-Å-E¯K

éuäkàÏþ��§ª, ü�-Å-E��Ò¬Ü¿¤�
��r�-Å.

éukm �©þ�ý���5î�V.�§|, ü�-Å
-E����¬)¤��dm �Å (-Å½¥%DÕÅ) |
¤��q5).

�{ü��/´ü�Ó�x�-Å�p-E, ��-E��,
Ø
�)Ó�x����r�-Å�	, �¬Ó��)�

�é�f�Ù§x�Å (-Å½¥%DÕÅ).

¯¢þ, ü�-Å-E�]mÒ´��#�iù¯K�m©,
iùÐ�±�ý-Å��ýG��#��ýG�, ±mý-
Å�mýG���#�mýG�. #iù¯K�)=�-E
��).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5V.ÅðÆ�§|-Å-E¯K

fY�§-Å-E¯K�~

�ÄfY�§�Ð�¯K:

q(x , 0) =


q1, x < x1,

q2, x1 ≤ x ≤ x2,

q3, x > x2,

Ù¥ q1, q3 Ñá3 S2(q2), =L q2 �Hugoniot :8þ (3
(13.18) ¥� (h∗, u∗) = (h2, u2), � h1 > h2, h3 < h2, � p282
ã13.18(a)), d�k λ2(q1) > λ2(q2) > λ2(q3). dd� q1�q2

�miù¯K�)��Ôn 2--Å S12.

d q3 ∈ S2(q2) � s(q2 −q3)= f (q2)−f (q3) ⇒ q2 ∈ S2(q3). Ïd,
q2 � q3 �miù¯K�)�´�Ôn 2--Å S23.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

g£��5V.ÅðÆ�§|-Å-E¯K

fY�§-Å-E¯K�~

d^�λ2(q1) > λ2(q2) > λ2(q3) � q1 � q2 �m� 2--Å�Ý
s12 �u q2 � q3 �m� 2--Å�Ý s23. Ïd, ²L�ã�m�
S12 òJþ S23.

,��¡, q1 6∈ S2(q3) (�ã 13.18(b)), R1(q1) � S2(q3) �u
q4. �±�y, λ1(q1) < λ1(q4), λ2(q4) > λ2(q3). Ïd, 3ü�-
ÅS12 � S23 �E��ò�) q1 � q4 �m� 1-¥%DÕÅÚ
q4 � q3 �m� 2--Å.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ØÓuý���5|�¥%DÕÅÚ-Å�,�aAÏ�Å

�5òz(|)Ú�>mä(Å)

fY�§�ü�|Ñ´ý���5�, =∇λp(q) · rp(q) ?
?Ø�". ÏdÙ{Å)�o�Ø �o�*Ü, Ùiù¯
K�)��o´dü�½´-Å½´¥%DÕÅ�Å|¤.

,�«4à��/´é,� p, ∇λp(q) · rp(q) ≡ 0, Ï3z
�^ p-x�È©� q̃(ξ) þ, λp(q̃(ξ)) ��~ê (ØÓ�È
©�þ�UØÓ). ù�¡ p-|´�5òz�.

e p-|´�5òz�, XJ ql , qr á3Ó�^ p-È©�
þ, K ql Ú qr �á3Ó�^ p-Hugoniot :8þ

f (qr )−f (ql) =

∫ ξ2

ξ1

f ′(q̃(ξ))q̃′(ξ)dξ = λp(ql)

∫ ξ2

ξ1

q̃′(ξ)dξ = λp(ql)(qr−ql).

ù¿�X�Aiù¯K�)Ò´±�Ý s = λp(ql) = λp(qr )
DÂ�ù�a�mä.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ØÓuý���5|�¥%DÕÅÚ-Å�,�aAÏ�Å

�5òz(|)Ú�>mä(Å)

dd��, e p-|´�5òz�, K p-È©��
p-Hugoniot :8Ü.

�� ql , qr á3Ó�^ p-È©�þ�, ±�Ý s = λp(ql)
= λp(qr ) DÂ�ù�a�mä¿�Ï~¿Âe� Lax -Å,
Ï� Lax -Åüý�A�´?\mä�� (= λp(ql) > s
> λp(qr ) ), ùp, üý�A�´�mä�²1�. ù��
mä¡��>mä.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ��{ü�~

�5òz(|)Ú�>mä(Å)�~—— O*.fY�§

3�fY�§�Ä:þ§O\��/��6$Ä�Åð.�§
(hφ)t + (uhφ)x = 0, Ù¥ φ(x , t) ´ x ? t ��/��ßÝ£ü
 : �þ/NÈ), 5¿du±��°Ý� 1, Ïd, hφ(x , t) ��L
/�ßÝ, �ü ´: �þ/�Ý.

- q=

 h
hu
hφ

=

q1

q2

q3

, f (q)=

 hu
hu2 + 1

2gh
2

uhφ

=

 q2

(q2)2/q1 + 1
2g(q1)2

q2q3/q1

.

KO*.fY�§� qt + f (q)x = 0. ��O��

f ′(q)=

 0 1 0
−(q2)2/(q1)2 + gq1 2q2/q1 0
−q2q3/(q1)2 q3/q1 q2/q1

=

 0 1 0
−u2 + gh 2u 0
−uφ φ u

 .
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ��{ü�~

�5òz(|)Ú�>mä(Å)�~—— O*.fY�§

N´wÑ, Ý
 f ′(q) ��þ� 2× 2 fÝ
=��fY�§�Ý

, 1n��cü���þ�", ¤±, O*.fY�§�A�
�´�fY�§�ü�A��2\þ u = f ′(q)3,3. u´k

λ1 = u −
√
gh, λ2 = u, λ3 = u +

√
gh,

r1 =

 1
u −
√
gh

φ

 , r2 =

0
0
1

 , r3 =

 1
u +
√
gh

φ

 ,

∇λ1 =

−u
h −

1
2

√
g
h

1
h
0

 , ∇λ2 =

−u
h

1
h
0

 , ∇λ3 =

−u
h + 1

2

√
g
h

1
h
0

 .
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ��{ü�~

�5òz(|)Ú�>mä(Å)�~—— O*.fY�§

d ∇λ1 · r1 = −3
2

√
g
h < 0, ∇λ3 · r3 = 3

2

√
g
h > 0, � 1-|Ú 3-|

Ñ´ý���5�. q ∇λ2 · r2 ≡ 0, Ïd, 2-|´�5òz�.

5¿, du r2 = (0, 0, 1)T , Ïd3��m¥, �5òz 2-|�È©
�£� Hugoniot :8Ü¤´²1u q3-¶���. dd�3
2-|�?�{Å)þÑk h, u þ�~ê, �kφ �Cþ.

qd λ2 = u � 2-|¥�?�{Å)�A��Ý�~ê u.

�ÄO*.fY�§Ð��: (hl , ul , φl), (hr , ur , φr ) �iù¯K.
·��é¥mG� q1, q2, ¦� q1 á3L ql � 1-Å� (d�
^ 1-È©�Ú�^ 1-Hugoniot :8©¤) þ, q2 á3L qr
� 3-Å� (d�^ 3-È©�Ú�^ 3-Hugoniot :8©¤) þ,
Ó�, q1 � q2 qá3Ó�^ 2-Å�£2-È©�¤þ.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ��{ü�~

O*.fY�§iù¯K�¦)

d±þ©Û�, éuÐ��: (hl , ul , φl), (hr , ur , φr ) �O*.fY
�§iù¯K,¥mG� q1, q2 ÷v h1 = h2 = hm, u1 = u2 = um.

Ïd, q1 = (hm, hmum, hmφ1) á3L ql = (hl , hlul , hlφl) � 1-Å
� (d�^ 1-È©�Ú�^ 1-Hugoniot :8©¤) þ,
q2 = (hm, hmum, hmφ2) á3L qr = (hr , hrur , hrφr ) � 3-Å
� (d�^ 3-È©�Ú�^ 3-Hugoniot :8©¤) þ.

e (hm, um) �fY�§Ð��: (hl , ul), (hr , ur ) �iù¯K)�
¥mG�, K q1 = (hm, hmum, hmφl), q2 = (hm, hmum, hmφr ) =
�O*.fY�§iù¯K)�ü�¥mG� (N´�y q1,q2

©Oá3 (hl , hlul , hlφl) Ú (hr , hrur , hrφr ) � 1-ÅÚ 3-Å�þ).

q1 Ú q2 �m��>mä±A��Ý s = λ2(q1) = um DÂ.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|

��5V.ÅðÆ�§|��5òz(|)Ú�>mä(Å) —— ��{ü�~

O*.fY�§$t¯K�)

$t¯K�Ð��: (hl , 0, φl), (hr , 0, φr ), hl > hr .

e� (hm, um) �fY�§Ð��: (hl , 0), (hr , 0) �iù¯K)
�¥mG�, KÙ�L (hl , 0) � 1-È©�ÚL (hr , 0) � 2-
Hugoniot :8��:(� (13.57), (13.58)Úã13.17)§Ïdk

2(
√

ghl −
√

ghm) = (hm − hr )

√
g

2

( 1

hm
+

1

hr

)
,

um = 2(
√

ghl −
√
ghm).

O*.fY�§ hl = 3, hr = 1 $t¯K�)�p286 ã 13.20
('�p260 ã 13.5).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|�k�NÈ{—— Godunov �{

Godunov �{—— l��5ÅðÆ�§ª��§|

��5ÅðÆ�§ª�Godunov �{�±��í2���5Å
ðÆ�§�§| (PQn

i � q 3 tn ��ü� Ci þ�È©²þ�)

Qn+1
i = Qn

i −
∆t

∆x
(F n

i+1/2 − F n
i−1/2).

cJ´·�¬O�£½CqO�¤ü�.¡?iù¯K�)3
x/t = 0 ?�� q↓(Qn

i−1,Q
n
i ), lO�Ñê�Ïþ

F n
i−1/2 = F(Qn

i−1,Q
n
i ) = f (q↓(Qn

i−1,Q
n
i )).

5: �{�½5�¦ Courant ê smax∆t/∆x ≤ 1, Ù¥ smax

´¤kiù¯K�)¥�¯�Å�. ù�^��y
=B3��
.¡�Å�pZ���, ¤/¤�#�Å3�c�mÚSE��
3¤3ü�SDÂ (�p312 ã 15.1).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|�k�NÈ{—— Godunov �{

Godunov �{—— CqO��7�5Ú�15

nØþ`iù¯K�)´�±O��. �113Ù�?ØL²
ÙO�´�©E,�ó�þ��.

Godunov �{¿Ø�¦��iù¯K�)���(�, ý
�I���´ Q↓i−1/2 = q↓(Qn

i−1,Q
n
i ) ½ÙCq�.

��§ª�/aq, Q↓i−1/2 3�õê�/���,ü���

x� (Hugoniot :8½È©�) �:?�¥mG�, �

k�,x¥%DÕÅT|�ª(�¥%DÕÅ�Q↓i−1/2 �

T¥%DÕÅ3 ξ = x/t = 0 ?��.

|^ù
A:, ·��±ÏL{z�$��Eiù¯K�C
q), ¿3dÄ:þ�E Godunov .�ª.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|�k�NÈ{—— Godunov �{

Godunov �{�Å�DÂ/ª

�
?�Ú�Ep©EÇ�ª, �±ò Godunov �{�¤Å�
DÂ/ª

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2 +A−∆Qn
i+1/2),

Ù¥ (� (15.6), '� (12.6))

A−∆Qi−1/2 = f (Q↓i−1/2)− f (Qi−1),

A+∆Qi−1/2 = f (Qi )− f (Q↓i−1/2).

5: Godunov �{�^�iù¯K)�é���Ü©&E, ùL
²��{zCqO�´�U�.

30 / 47



Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|�k�NÈ{—— Godunov �{

Godunov �{�Âñ5

§ 12.10 ¥'u��5ÅðÆ�§ª� Lax-Wendroff ½n�
Ó�·^u��5ÅðÆ�§|µ�N�Åð.�ª�)�
ê�)S�XJ´ÛÜL1Âñ, ���TVk.�(� (12.28),
(12.29)), KÙ4�¼ê q(x , t) �½´��5ÅðÆ�§|
�f).

§ 12.11 ¥'u��5ÅðÆ�§ª�÷v�Ø�ª�ê�
)S��4��½´�)�(Ø�Ó�·^u��5ÅðÆ
�§|µ3 Lax-Wendroff ½n�^�e, e��5ÅðÆ�
§|�3à��¼êÚ�Ïþ, �ê�)S�÷vd���
N�ê��Ïþ½Â��Ø�ª(� (12.38)), KÙ4�¼ê
q(x , t) �½´��5ÅðÆ�§|��).

7L�Ñ: �N�Åð.�ªÚ�Ø�ª£½�A��^�,
X Lax �^��¤´�'��^�.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|�k�NÈ{—— Godunov �{

Godunov �{�Âñ5

éu��5ÅðÆ�§ª, Godunov �{´TVD �, Ïd´
Âñ� (�½n 12.3). �éu��5ÅðÆ�§|µÙ)�
�ØäkTVB 5�(§ 8.3.5), Ïd���ØUÏ"ê�)S
�äkTVB 5�.

éu��5ÅðÆ�§ª, Godunov �{´üN�ª, Ï
´ L1 Ø � (��� ˜ 11-c12.pdf p.14 ÚSK). �ù�Vg
�Ã{í2��§|.

Godunov �{´��N� (�§ 12.11.1), ÏdÙ�)�ê�
)S��4�£e�3¤7´�).

éu��5ÅðÆ�§|, Godunov �{kéÐ�ê�Ly,
�=BéfY�§�vk���Âñ5nØ(J.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Cqiù¦)ì

Äuiù¯KCq)�Å�DÂL«�ü«�ª

�
(½ q↓(Qn
i−1,Q

n
i ) 3��m� �, ±9?�Ú�Ep©E

Ç�ª�I�, ·�F"òiù¯K�)Cq/L«¤�|±A
½�Ý spi−1/2 DÂ�ÅQi − Qi−1 =

∑Mw
p=1W

p
i−1/2. ·��±

1 - Q̂↓i−1/2 = Q̂i−1/2(0) = Qi−1 +
∑

p:sp
i−1/2

<0W
p
i−1/2, ½Âê

�Ïþ Fi−1/2 = f (Q̂↓i−1/2). ½Â

A−∆Qi−1/2 = f (Q̂↓i−1/2)− f (Qi−1),

A+∆Qi−1/2 = f (Qi )− f (Q̂↓i−1/2).

5: duü�.¡üý�A��þ|ØÓ, Mw �UØ�um.

33 / 47



Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Cqiù¦)ì

Äuiù¯KCq)�Å�DÂL«�ü«�ª

½ö�±

2 |^iù¯K�Cq)�Ñ�Å9Å���½Â

A−∆Qi−1/2 =
Mw∑
p=1

(spi−1/2)−Wp
i−1/2,

A+∆Qi−1/2 =
Mw∑
p=1

(spi−1/2)+Wp
i−1/2.

,�O�e��mÚ�Cqü�²þ�

Qn+1
i = Qn

i −
∆t

∆x
(A+∆Qn

i−1/2 +A−∆Qn
i+1/2).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Cqiù¦)ì

Äuiù¯KCq)�Å�DÂL«�ü«�ª

5 1: �ª 1 ´Åð.�ª, �ª 2 ��Ø´Åð.��ª.

5 2: �iù¯K�)��d-Å�¤�, �ª 1 Ú�ª 2 �Ó,
d� spi−1/2 =� p--Å��Ý.

5 3: �iù¯K�)Ø´��d-Å�¤�, �ª 1 ��ª 2
ØÓ. =B3vkªÑ�¥%DÕÅ�, ���´ØÓ�. ù:�
�§ª�/k��«O.

e¡, ·�50�A«~^�iù¯KCq¦)ì.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì——iù¯K��5z¦){

�5z�§Ý
�/ª�Ä�^�

3ü��.¡NCò�§| qt + f (q)x = 0 ^ÙÛÜ�5z�§

q̂t + Âi−1/2q̂x = 0 (½{P�qt + Âi−1/2qx = 0)

CqO�, Ù¥ Âi−1/2 ≈ f ′(q̃), q̃ 3 Qi−1 Ú Qi �,���¥,
q ≈ q̃ + q̂. �
�yCq��5z�§U
�Ñ����5V
.ÅðÆ�§|�N��5V.�§|, Âi−1/2 AT÷v±e
Ä�^�(555¿¿¿~~~XXXêêê���555VVV...���§§§|||���ÀÀÀ���VVVÅÅÅðððÆÆÆ���§§§|||):

1 Âi−1/2 �¢é�z, ¦��5z�§´î�V.�.

2 � Qi−1, Qi → q̄ �, Âi−1/2 → f ′(q̄) ´�5z�§�Ïþ�

�Ïþ�N�Ä�^���. F (Qi−1,Qi ) = Âi−1/2Q̂
↓
i−1/2 '

u Qi−1, Qi � Lipschitz ëY5´,��Ä�^�. �öÏ
~�d ‖f ′(·)‖ �k.5Ú·��½Â q̃ ��.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì——iù¯K��5z¦){

�5z�{�Ñ�iù¯KCq)

�λ̂pi−1/2, r̂pi−1/2, p=1, · · ·,m ´ Âi−1/2 �A���A��þ.

�Qi − Qi−1 =
m∑

p=1

αp
i−1/2r̂

p
i−1/2, - Wp

i−1/2 = αp
i−1/2r̂

p
i−1/2.

Kd�{ (1), - Q̂↓i−1/2 = Qi−1 +
∑

p:sp
i−1/2

<0W
p
i−1/2, ½Â

ê�Ïþ Fi−1/2 = f (Q̂↓i−1/2), �����N�Åð.�ª.

d�{ (2) ���ª (� (15.10), Ù¥� spi−1/2 = λ̂pi−1/2,

Mw = m) =� f (Qi )− f (Qi−1) =
∑Mw

p=1 s
p
i−1/2W

p
i−1/2 �â

´Åð.�. ùÏ~I� Âi−1/2 ÷vN\�^�.

���5z�{�{ü�~�� Âi−1/2 = f ′(
Qi−1+Qi

2 ).

37 / 47



Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì——iù¯K��5z¦){

�5z�{3�õê.¡?´��Ün�ÀJ

ÅðÆ�§|�)���¹e�k�êØõ��á-ÅÚ�
>mä, Ù{/�K�1w�.

Ïd, Ø
3�Oü�.¡?, ý�Ü©/�Qi−1, Qi ��
Ñé�(O(∆x) þ?). d�, 3§����S, p-Hugoniot :
8Úp-È©�ÑCq�²1��x.

ù`²3ý�Ü©ü�.¡?, dù«ÛÜ���IX�Ñ
�¥mG�´iù¯K¥mG��éÐ�Cq.

Ï, 3daü�.¡?, Ø�TÐÑyªÑ�DÕÅ�/,
Q↓i−1/2 ´iù¯K)�éÐ�Cq.

dd�Ø
�êØõ��á-ÅÚ�>mäü�, ±9iù
¯K)¹ªÑ�¥%DÕÅ�AÏ�/�	, �5z�{�
��Cq)ÑATkéÐ�%C�J.
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{—– ?n�rõfA�Å��5z�{

ÄÅ: ��, =B3��-ÅNC, iù¯K�)Ï~��¬3,
��A�x (Wp) þk����mä, 3Ù§A�xþKk
‖W j‖ = O(∆x), ∀j 6= p. =�ü�½�õ-Å�E�]m, iù
¯K�)â¬kØÓx�rÅ. Ïd, ·�F"�E�«m��,
´u¢y��k�%C�rõfA�Å��5z�{.

Äu±þnd, ·�F"�5zÝ
 Âi−1/2 Ø
÷vÄ�^�
(1), (2) �	, �Aä�±e5�:

z eWp = Qi −Qi−1 ´iù¯Ký)���ü��-Å�,
= spi−1/2(Qi −Qi−1) = f (Qi )− f (Qi−1) �, K (spi−1/2, Qi −Qi−1)

½� Âi−1/2 �A�é. �d§·��±���/�¦

Âi−1/2(Qi − Qi−1) = f (Qi )− f (Qi−1).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

z 5���:: Âi−1/2(Qi − Qi−1) = f (Qi)− f (Qi−1)

d±þ©Û, ·�é�5z�{�Ý
JÑ1n�^�:

3 Âi−1/2 ÷v'Xª: Âi−1/2(Qi − Qi−1) = f (Qi )− f (Qi−1).

5 1: 3 z ù«AÏ�¹e, �5zCq)�ý)���Ó.

5 2: ÷v'Xª (3) ��5z�{´Åð.�{, Ï�d�ok

A−∆Qi−1/2 +A+∆Qi−1/2 = f (Qi )− f (Qi−1).

�E÷v'Xª (3) �Ý
 Âi−1/2 ��«�*��{´÷��
q(ξ) = Qi−1 + ξ(Qi − Qi−1) O� f ′(q) �È©²þ�:

f (Qi )−f (Qi−1) =

∫ 1

0

d f (q(ξ))

dξ
dξ =

[ ∫ 1

0
f ′(q(ξ))dξ

]
(Qi−Qi−1).
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Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{—– Ó�¢y^� (1), (2), (3) ��{

±þ÷���È©²þ���{�,U�y (2) Ú (3), �Ï~
ØU�y (1), =Ý
��¢é�z. ,	, È©��7Ð�.

Roe �é��aÅðÆ�§|ÏLÚ\·���_�CþO�
z = z(q) )û
±þ¯K. ÙnØe��µ

1: - z(ξ) = Zi−1 + (Zi − Zi−1)ξ, ÷ q(z(ξ)) È©�

f (Qi )−f (Qi−1) =

∫ 1

0

d f (q(z(ξ)))

dξ
dξ =

∫ 1

0

d f (q(z(ξ)))

dz
Z ′(ξ)dξ

=
[ ∫ 1

0

d f (q(z(ξ)))

dz
dξ
]
(Zi − Zi−1) , Ĉi−1/2(Zi − Zi−1).
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��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{—– Ó�¢y^� (1), (2), (3) ��{

2: q÷ q(z(ξ)) È©�

Qi − Qi−1 =

∫ 1

0

d q(z(ξ))

dξ
dξ =

∫ 1

0

d q(z(ξ))

dz
Z ′(ξ)dξ

=
[ ∫ 1

0

d q(z(ξ))

dz
dξ
]
(Zi − Zi−1) , B̂i−1/2(Zi − Zi−1).

8I: �·���_C� z(q), ¦� B̂i−1/2, Ĉi−1/2 N´O�, �

B̂−1
i−1/2 ´¦§Ĉi−1/2B̂

−1
i−1/2 �¢é�z. ù�·�Ò�±�B�

��:
Âi−1/2 = Ĉi−1/2B̂

−1
i−1/2.

5: Harten Ú Lax y²
, �XÚ�3à�¼ê η(q) �, e�
z(q) = η′(q), KRoe �5z�½�1. (ØüØkÙ§�1�{.)
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��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{3fY�§¥�¢y

éufY�§, q(x , t) =

[
q1

q2

]
=

[
h
hu

]
, ùp u = q2/q1, h = q1;

f (q) =

[
hu

hu2 + 1
2gh

2

]
=

[
q2

(q2)2/q1 + 1
2g(q1)2

]
,

f ′(q) =

[
0 1

−(q2/q1)2 + gq1 2q2/q1

]
=

[
0 1

−u2 + gh 2u

]
.

� z = 1√
h
q =

[
z1

z2

]
=

[ √
h√
hu

]
K q(z) =

[
(z1)2

z1z2

]
, ∂q
∂z =

[
2z1 0
z2 z1

]
,

f (q(z)) =

[
z1z2

(z2)2 + 1
2g(z1)4

]
, ∂f (q(z))

∂z =

[
z2 z1

2g(z1)3 2z2

]
.
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��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{3fY�§¥�¢y

±þ�{����(J´Ý
 ∂q
∂z , ∂f (q(z))

∂z ���©þÑ´
z1, z2 �õ�ª, �Ù¥Ø
��´ng	Ù{Ñ´�g�. Ï
d, ÷´» z(ξ) = Zi−1 + (Zi − Zi−1)ξ O�È©²þ��©{ü.

d
∫ 1

0 zp(ξ)dξ = 1
2 (Zp

i−1 + Zp
i ) =: Z̄p,

- x(ξ)=Xi−1+(Xi−Xi−1)ξ, K∫ 1

0
x3(ξ)dξ=

x4(ξ)

4(Xi − Xi−1)

∣∣∣Xi

Xi−1

=
X 4
i − X 4

i−1

4(Xi − Xi−1)
=

Xi + Xi−1

2

X 2
i + X 2

i−1

2
.

� x = z1 =
√
h �

∫ 1
0 (z1(ξ))3dξ =

Z1
i +Z1

i−1

2

(Z1
i )2+(Z1

i−1)2

2 = Z̄ 1h̄.
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��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{3fY�§¥�¢y

u´k

B̂i−1/2 =

∫ 1

0

[
2z1 0
z2 z1

]
dξ=

[
2Z̄ 1 0
Z̄ 2 Z̄ 1

]
, B̂−1

i−1/2 =
1

2(Z̄ 1)2

[
Z̄ 1 0
−Z̄ 2 2Z̄ 1

]
,

Ĉi−1/2 =

∫ 1

0

[
z2 z1

2g(z1)3 2z2

]
dξ =

[
Z̄ 2 Z̄ 1

2gZ̄ 1h̄ 2Z̄ 2

]
,

�ª� Âi−1/2 = Ĉi−1/2B̂
−1
i−1/2 =

[
0 1

−û2 + gh̄ 2û

]
= f ′(q̂),

Ù¥ û = Z̄2

Z̄1 =
√
h1u1+

√
h2u2√

h1+
√
h2

(Roe ²þ), q̂ = (h̄, h̄û)T . AO/,

�Qi−1 = Qi �k q̂ = Qi . ��fY�§Roe �5z�{�Ý

Âi−1/2 (1) �¢é�z; (2) k�N5; (3) kz 5�; (4) ´�.

45 / 47



Lecture 10: Chap. 13, § 13.8 — §13.12; Chap. 15, §15.1 – §15.3.4

��5ÅðÆ�§|�k�NÈ{

��5ÅðÆ�§|iù¯K�Cq¦)ì—— Roe �5z�{

Roe �5z�{3íNÄåÆî.�§¥�¢y

Roe �5z�{3n�õ�íN�íNÄåÆî.�§�¢yL
§¥Ú\ëêC�: z = ρ−1/2q.¤���Ý
 Âi−1/2 Ó�÷v
(1) �¢é�z; (2) k�N5; (3) kz 5�; (4) ´�; �5�.
(�§ 15.3.4, p.322-323)

Roe �5z�{3�E,�íNÄåÆî.�§¥�k¤õA
^. (ë�Ö¥¤�ë�©z).
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��: 13.9, 13.12, 15.1 (a), (b).

Thank You!


	非线性守恒律方程组
	自治非线性守恒律方程组的简波和中心稀疏波�� 真正非线性与线性退化
	非线性守恒律方程组的简波和中心稀疏波�� 真正非线性p-族场中的中心稀疏波
	自治非线性守恒律方程组黎曼问题的求解�� 全中心稀疏波解
	真正非线性严格双曲型方程组的积分曲线坐标系与黎曼问题的全中心稀疏波解
	真正非线性严格双曲型守恒律方程组黎曼问题的求解
	自治非线性双曲型守恒律方程组激波碰撞问题
	非线性双曲型守恒律方程组的线性退化(场)和接触间断(波)�� 不同于真正 非线性场的中心稀疏波和激波的另一类特殊的波
	非线性双曲型守恒律方程组的线性退化(场)和接触间断(波)�� 一个简单的例

	非线性守恒律方程组的有限体积法
	非线性守恒律方程组的有限体积法�� Godunov 方法
	非线性守恒律方程组黎曼问题的近似求解器�� 近似黎曼求解器
	非线性守恒律方程组黎曼问题的近似求解器��黎曼问题的线性化求解法
	非线性守恒律方程组黎曼问题的近似求解器�� Roe 线性化方法


